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Abstract 
 

In this paper, we introduce a generalization of a bipolar fuzzy subsemigroup, namely a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-bipolar fuzzy 

subsemigroup. The notions of (𝛼1, 𝛼2; 𝛽1, 𝛽2)-bipolar fuzzy left (right, bi-) ideals are discussed. Some necessary and sufficient 

conditions of (𝛼1, 𝛼2; 𝛽1, 𝛽2)-bipolar fuzzy left (right, bi-) ideals are obtained. Furthermore, any regular semigroup is 

characterized in terms of generalized bipolar fuzzy semigroups.  
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1. Introduction 
 

Mostly bipolarity separates positive and negative 

information. The bipolar information can be seen in many 

situations, such as in decision making problems, organization 

problems, economic problems, evaluation, risk management, 

environmental and social impact assessment etc. Therefore 

bipolar information affects the effectiveness and efficiency of 

problem solving. Thus the concept of bipolar fuzzy sets is of 

high interest in mathematics. 

Zadeh (1965) introduced the concept of a fuzzy set 

that can be applied in many areas including mathematics, 

statistics, computer science, electrical instruments, industrial 

operations, business, engineering, social decisions, etc. Fuzzy 

sets are used to mathematically deal with imprecise and 

uncertain conditions. Rosenfeld (1971) applied fuzzy sets to 

fuzzy subgroups. Then, fuzzy sets were used in the theory of 

semigroups in 1979. Kuroki (1981) initiated fuzzy semigroups 

based on the notion of fuzzy ideals of semigroups and 

introduced some properties of fuzzy ideals and fuzzy bi-ideals 

 
of semigroups. Davvaz and Khan (2011) studied and cha-

racterized regular ordered semigroups in terms of (𝛼, 𝛽)-fuzzy 

generalized bi-ideals. Siripitukdet and Ruanon (2013) intro-

duced a fuzzy interior ideal with threshold (s,t] and gave some 

interesting properties of fuzzy interior ideals with threshold 

(s,t]. Jun and Song (2017) introduced (�̃�, �̃�)-fuzzy left (right, 

bi-) ideals of semigroups. 
The fundamental concepts of bipolar fuzzy sets 

were introduced by Zhang (1994). He innovated the bipolar 

fuzzy set for bipolar fuzzy logic, which has been widely 

applied to solve many real-world problems. After that, the 

notions of bipolar fuzziness and interval-based bipolar fuzzy 

logic have been generalized to real-valued bipolar fuzzy logic 

by Zhang (1998).  Lee (2000) studied the notion of bipolar 

valued fuzzy sets, which are an extension of fuzzy sets. The 

concepts of bipolar fuzzy subalgebra and ideals in BCK/BCI-

algebras have been presented by Lee (2009). Jun and Park 

(2009) proposed bipolar fuzzy regularity, regular subalgebra, 

filter, and closed quasi filter in BCH-algebras. Kim et al. 

(2011) studied the notions of bipolar fuzzy subsemigroups, 

bipolar fuzzy left (right) ideals and bipolar fuzzy bi-ideals. 

They provided some necessary and sufficient conditions for a 

bipolar fuzzy subsemigroup and a bipolar fuzzy left (right, bi-) 

ideal of semigroups. Yaqoob (2012) investigated some
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   properties of bipolar-valued fuzzy left (right, bi-, interior) 

ideals of LA-subsemigroups.  In the same year, the notion of 

bipolar fuzzy sets in Γ-semigroups was presented by Majum-

der (2012). Ban et al. (2012) proposed bipolar fuzzy ideals 

with operators in semigroups by using a set Ω and gave the 

notion of bipolar valued fuzzy subsemigroups by using bipolar 

Ω-fuzzy subsemigroups. Faisal et al. (2012) introduced the 

concepts of bipolar-valued fuzzification of ordered 𝐴𝐺-

groupoids and investigated some properties of bipolar-valued 

fuzzy ideals of intra-regular ordered 𝐴𝐺-groupoids. Min and 

Shenggang (2014) introduced the concept of bipolar fuzzy ℎ-

ideals. They obtained relations of bipolar fuzzy ℎ-ideals and 

ℎ-ideals of hemirings. Yaqoob et al. (2016) studied bipolar 

(𝜆, 𝛿)-fuzzy sets in Γ-semihypergroups. Faruk et al. (2016) 

studied the group structure on bipolar soft sets and investi-

gated some of its properties. 

 

In this paper, generalizations of bipolar fuzzy 

semigroups are introduced. Definitions and properties of 

(𝛼1, 𝛼2; 𝛽1 , 𝛽2)-bipolar fuzzy left (right, bi-) ideals are 

provided. Some necessary and sufficient conditions of 

(𝛼1, 𝛼2; 𝛽1 , 𝛽2)-bipolar fuzzy left (right, bi-) ideals are ob-

tained. Finally, we characterize a regular semigroup in terms 

of generalized bipolar fuzzy semigroups.  

 
2. Preliminaries 
 

In this section, we give definitions that are used in 

this paper along with examples. By a subsemigroup of a semi-

group 𝑆 we mean a non-empty subset 𝐴 of 𝑆 such that 𝐴2 ⊆ 𝐴 

and by a left (right) ideal of 𝑆 we mean a non-empty subset 𝐴 

of 𝑆 such that 𝑆𝐴 ⊆ 𝐴(𝐴𝑆 ⊆ 𝐴). By two-sided ideal or simply 

ideal, we mean a non-empty subset of a semigroup 𝑆 which is 

both a left and a right ideal of 𝑆. A subsemigroup 𝐴 of a 

semigroup 𝑆 is called a bi-ideal of S if 𝐴𝑆𝐴 ⊆ 𝐴. A semigroup 

𝑆 is called regular if for all 𝑎 ∈ 𝑆 there exists 𝑥 ∈ 𝑆 such that 

𝑎 = 𝑎𝑥𝑎.  

The following theorems are provided in the next 

section. 

 

Theorem 2.1 (Mordeson, Malik, & Kuroki, 2003) For a semi-

group 𝑆, the following statements are equivalent. 

(i) 𝑆 is regular. 

(ii) 𝑅 ∩ 𝐿 = 𝑅𝐿 for every right ideal 𝑅 and every 

left ideal 𝐿 of 𝑆. 
 

Definition 2.2 Let 𝑋 be a set, a fuzzy subset (or fuzzy set) 𝑓 

on 𝑋 is mapping 𝑓: 𝑋 → [0,1] where [0,1] is the usual interval 

of real numbers. 

The symbols 𝑓 ∧ 𝑔 and 𝑓 ∨ 𝑔 will mean the fol-

lowing fuzzy sets on 𝑆 defined by  
 

(𝑓 ∧ 𝑔)(𝑥) = 𝑓(𝑥) ∧ 𝑔(𝑥), 

(𝑓 ∨ 𝑔)(𝑥) = 𝑓(𝑥) ∨ 𝑔(𝑥) 

for all 𝑥 ∈ 𝑆. 
 

A product of two fuzzy sets 𝑓 and 𝑔, denoted by 𝑓 ∘
𝑔, is defined by 

 

(𝑓 ∘ 𝑔)(𝑥) = {
⋁ {𝑓(𝑦) ∧ 𝑔(𝑧)}

𝑥=𝑦𝑧

, if   𝑥 = 𝑦𝑧  for some  𝑦, 𝑧 ∈ 𝑆;

0, if   otherwise.

 

Definition 2.3 (Kim et al., 2011) Let 𝑆 be a non-empty set. A 

bipolar fuzzy set (BF-set) 𝑓 on 𝑆 is an object having a form 

 

𝑓: = {(𝑥, 𝑓𝑝(𝑥), 𝑓𝑛(𝑥)): 𝑥 ∈ 𝑆}, 

where 𝑓𝑝: 𝑆 → [0,1] and 𝑓𝑛: 𝑆 → [−1,0]. 
 

Definition 2.4 A BF-set  𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) and 𝛼 ∈ [0,1], 𝛽 ∈
[−1,0], the sets 
 

𝑃(𝑓; 𝛼): = {𝑥 ∈ 𝑆|𝑓𝑝(𝑥) ≥ 𝛼} 

and  

𝑁(𝑓; 𝛽): = {𝑥 ∈ 𝑆|𝑓𝑛(𝑥) ≤ 𝛽} 

 
are called a positive 𝛼 –cut and negative 𝛽-cut of 𝑓, res-

pectively. The set 𝐶(𝑓; (𝛼, 𝛽)): = 𝑃(𝑓; 𝛼) ∩ 𝑁(𝑓; 𝛽) is called 

the bipolar ( 𝛼,𝛽)-cut of 𝑓. 

 

Definition 2.5 (Kim et al., 2011) A .BF-set 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on 

a semigroup 𝑆 is called BF-subsemigroup on 𝑆 if it satisfies 

the following conditions: 

 

1. 𝑓𝑝(𝑥𝑦) ≥ 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦), 

2. 𝑓𝑛(𝑥𝑦) ≤ 𝑓𝑛(𝑥) ∨ 𝑓𝑛(𝑦) 

for all 𝑥, 𝑦 ∈ 𝑆. 

 
Definition 2.6 (Kim et al., 2011) A .BF-set 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on 

a semigroup 𝑆 is called BF-left (right) ideal on 𝑆 if it satisfies 

the following conditions: 

 

1. 𝑓𝑝(𝑥𝑦) ≥ 𝑓𝑝(𝑦) (𝑓𝑝(𝑥𝑦) ≥ 𝑓𝑝(𝑥),) 

2. 𝑓𝑛(𝑥𝑦) ≤ 𝑓𝑛(𝑦) (𝑓𝑛(𝑥𝑦) ≤ 𝑓𝑛(𝑥)) 

for all 𝑥, 𝑦 ∈ 𝑆. 

 

Definition 2.7 (Kim et al., 2011) A .BF-set 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on 

a semigroup 𝑆 is called BF-bi-ideal on 𝑆 if it is a BF-sub-

semigroup on 𝑆 that satisfies the following conditions: 

 

1. 𝑓𝑝(𝑥𝑎𝑦) ≥ 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦), 

2. 𝑓𝑛(𝑥𝑎𝑦) ≤ 𝑓𝑛(𝑥) ∨ 𝑓𝑛(𝑦) 

for all 𝑥, 𝑎, 𝑦 ∈ 𝑆. 

 

We shall give the generalization on BF-subsemi-

group which is defined by Kim et al. (2011). 

 
Definition 2.8 A .BF-set 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) on a semigroup 𝑆 is 

called a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-subsemigroup  on  𝑆  where 𝛼1, 𝛼2 

∈ [0,1], 𝛽1 , 𝛽2 ∈ [−1,0] if it satisfies the following conditions: 

 
1. 𝑓𝑝(𝑥𝑦) ∨ 𝛼1 ≥ 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦) ∧ 𝛼2, 

2. 𝑓𝑛(𝑥𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑥) ∨ 𝑓𝑛(𝑦) ∨ 𝛽1 

for all 𝑥, 𝑦 ∈ 𝑆. 

 
Note that every BF-subsemigroup is a (0,1, −1,0)-

BF-subsemigroup. 

 
 

The following examples show that 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) is 

a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-subsemigroup on 𝑆 but 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) is 

not a BF-subsemigroup on 𝑆. 
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Example 2.9 The set 𝑆 = {2, 3, 4, . . . } is a semigroup under usual multiplication and let 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) be a BF-set on 𝑆 defined 

as follows: 

𝑓𝑝(𝑥) ≔ (2𝑥 + 1)−1  and  𝑓𝑛(𝑥) ≔ −(2𝑥 + 1)−1 

for all 𝑥 ∈ 𝑆. 

 

Let 𝑥, 𝑦 ∈ 𝑆. Then  

𝑓𝑝(𝑥𝑦) = (2𝑥𝑦 + 1)−1 < (2𝑥 + 1)−1 = 𝑓𝑝(𝑥) 

and 

𝑓𝑝(𝑥𝑦) = (2𝑥𝑦 + 1)−1 < (2𝑦 + 1)−1 = 𝑓𝑝(𝑦), 

and so 𝑓𝑝(𝑥𝑦) < 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦).  

 

Therefore  𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) is not a BF-subsemigroup on 𝑆. 

Let 𝛼2 ∈ [0,1], 𝛽1 ∈ [−1,0], 𝛼1 =
1

5
 and  𝛽2 = −

1

5
. Then for all 𝑥, 𝑦 ∈ 𝑆, 𝑓𝑝(𝑥𝑦) ∨

1

5
≥ (2𝑥 + 1)−1 ∧ (2𝑦 + 1)−1 ≥

𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦) ∧ 𝛼2 

and 

𝑓𝑛(𝑥𝑦) ∧ −
1

5
≤ −(2𝑥 + 1)−1 ∨ −(2𝑦 + 1)−1 ≤ 𝑓𝑛(𝑥) ∨ 𝑓𝑛(𝑦) ∨ 𝛽1. 

Hence 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) is a (
1

5
, 𝛼2, 𝛽1, −

1

5
)-BF-subsemigroup on 𝑆. 

Note that 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-subsemigroup on 𝑆 for all 𝛼1 ≥
1

5
 and 𝛽2 ≤ −

1

5
. 

 

Definition 2.10 A .BF-set 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on a semigroup 𝑆 is called a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-left (right) ideal on 𝑆 where 𝛼1, 𝛼2 ∈

[0,1], 𝛽1, 𝛽2 ∈ [−1,0] if it satisfies the following conditions: 

 

1. 𝑓𝑝(𝑥𝑦) ∨ 𝛼1 ≥ 𝑓𝑝(𝑦) ∧ 𝛼2 (𝑓𝑝(𝑥𝑦) ∨ 𝛼1 ≥ 𝑓𝑝(𝑥) ∧ 𝛼2), 

2. 𝑓𝑛(𝑥𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑦) ∨ 𝛽1 (𝑓𝑛(𝑥𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑥) ∨ 𝛽1) 

for all 𝑥, 𝑦 ∈ 𝑆. 

 

A BF- set 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on 𝑆 is called a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-ideal on 𝑆, (𝛼1, 𝛼2 ∈ [0,1], 𝛽1 , 𝛽2 ∈ [−1,0]), if it is both a 

(𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-left ideal and a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF- right ideal on 𝑆. 

 

Definition 2.11 A (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-subsemigroup 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) on a semigroup 𝑆 is called a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-bi-ideal on 

𝑆 that satisfies the following conditions: 

 

1. 𝑓𝑝(𝑥𝑎𝑦) ∨ 𝛼1 ≥ 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦) ∧ 𝛼2, 

2. 𝑓𝑛(𝑥𝑎𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑥) ∧ 𝑓𝑛(𝑦) ∨ 𝛽1 

for all 𝑥, 𝑎, 𝑦 ∈ 𝑆.  
 

Example 2.12 Let 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑} be a semigroup having this Cayley table: 

 

∘ a b c d 

a a a a a 

b a a a a 

c a a b a 

d a a b b 
 

Define a BF-set 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) on 𝑆 as follows: 
 

∘ a b c d 

𝑓𝑝 0.5 0.6 0.8 0.9 

𝑓𝑛 
-

0.6 

-

0.4 

-

0.3 

-

0.3 

 

It is easy to show that 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) is a (0.6,0.7; −0.4, −0.3)-BF-bi-ideal on 𝑆. But we see that 𝑓 is not a 

(0.6,0.7; −0.4, −0.3)-BF-ideal on 𝑆 since 𝑓𝑝(𝑐𝑑) ∨ 0.6 = 𝑓𝑝(𝑎) ∨ 0.6 = 0.5 ∨ 0.6 = 0.6 < 0.7 = 𝑓𝑝(𝑐) ∧  0.7; and 𝑓 is not a 

BF-bi-ideal on 𝑆 since 𝑓𝑝(𝑏𝑎𝑏) = 𝑓𝑝(𝑎) = 0.5 < 0.6 = 𝑓𝑝(𝑏). 

 

Remark 2.7 (i) Every (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-ideal of a semigroup  𝑆 is a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-subsemigroup of 𝑆. 

  (ii)  Every BF-left (right, bi-) ideal is  (0,1, −1,0)-BF-left (right, bi-) ideal.   

      (iii) Every (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-bi-ideal of a semi-group 𝑆 is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-subsemigroup of 𝑆. 
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3. Regular Semigroups 

 
In this section, we introduce a product of BF-sets and characterize a regular semigroup by generalized bipolar fuzzy 

subsemigroups. 

 

Let 𝑓 = (𝑆: 𝑓𝑝 , 𝑓𝑛) and 𝑔 = (𝑆: 𝑔𝑝, 𝑔𝑛) be two BF-sets on a semigroup S and 𝛼1, 𝛼2 ∈ [0,1], 𝛽1, 𝛽2 ∈ [−1,0]. Define two fuzzy 

sets 𝑓𝑝
(𝛼1, 𝛼2)

 and 𝑓𝑛
(𝛽1, 𝛽2)

 on S as follows: 

 

𝑓𝑝
(𝛼1, 𝛼2)

(𝑥) = (𝑓𝑝(𝑥) ∧ 𝛼1) ∨ 𝛼2, 

𝑓𝑛
(𝛽1, 𝛽2)

(𝑥) = (𝑓𝑛(𝑥) ∨ 𝛽2) ∧ 𝛽1 

 

for all 𝑥 ∈ 𝑆. 

 

Define two operations ∧
(𝛼1,   𝛼2)

 and ∨
(𝛽1, 𝛽2)

 on S as follows: 

 

(𝑓𝑝 ∧
(𝛼1,   𝛼2)

𝑔𝑝) (𝑥) = ((𝑓𝑝 ∧ 𝑔𝑝)(𝑥) ∧ 𝛼1) ∨ 𝛼2, 

 (𝑓𝑛 ∨
(𝛽1,   𝛽2)

𝑔𝑛) (𝑥) = ((𝑓𝑛 ∨ 𝑔𝑛)(𝑥) ∨ 𝛽2) ∧ 𝛽1 

 

for all 𝑥 ∈ 𝑆, and define products 𝑓𝑝 ∘
(𝛼1,    𝛼2)

𝑔𝑝 and 𝑓𝑛 ∘
(𝛽1,    𝛽2)

𝑔𝑛 as follows: For all 𝑥 ∈ 𝑆, 

 

(𝑓𝑝 ∘
(𝛼1, 𝛼2)

𝑔𝑝) (𝑥) = ((𝑓𝑝 ∘ 𝑔𝑝)(𝑥) ∧ 𝛼1) ∨ 𝛼2, 

(𝑓𝑛 ∘
(𝛽1,    𝛽2)

𝑔𝑛) (𝑥) = ((𝑓𝑛 ∘ 𝑔𝑛)(𝑥) ∨ 𝛽2) ∧ 𝛽1, 

 

Where 
 

(𝑓𝑝 ∘ 𝑔𝑝)(𝑥) = {
⋁ {𝑓𝑝(𝑦) ∧ 𝑔𝑝(𝑧)}

𝑥=𝑦𝑧

if   𝑥 = 𝑦𝑧  for some  𝑦, 𝑧 ∈ 𝑆;

0 if   otherwise,

 

(𝑓𝑛 ∘ 𝑔𝑛)(𝑥) = {
⋀ {𝑓𝑛(𝑦) ∨ 𝑔𝑛(𝑧)}

𝑦=𝑦𝑧

if   𝑥 = 𝑦𝑧  for some  𝑦, 𝑧 ∈ 𝑆;

0 if   otherwise.

 

 

Set 

 

𝑓 ∘
(𝛼1,𝛼2)

(𝛽1,𝛽2)
𝑔 ∶= (𝑆; 𝑓𝑝 ∘

(𝛼1,𝛼2)
𝑔𝑝, 𝑓𝑛 ∘

(𝛽1, 𝛽2)
𝑔𝑛). 

 

Then it is a BF-set. 

 

Note that 

(i) 𝑓𝑝
(1,0)

(𝑥) = 𝑓𝑝(𝑥), 

(ii) 𝑓𝑛
(0,−1)

(𝑥) = 𝑓𝑛(𝑥), 

(iii) 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) = (𝑆; 𝑓𝑝
(1,0)

, 𝑓𝑛
(0,−1)

), 

(iv) (𝑓 ∘
(𝛼1,𝛼2)

(𝛽1,𝛽2)
𝑔)𝑝 = 𝑓𝑝 ∘

(𝛼1,𝛼2)
𝑔𝑝 and (𝑓 ∘

(𝛼1,𝛼2)

(𝛽1,𝛽2)
𝑔)𝑛 = 𝑓𝑛 ∘

(𝛽1,𝛽2)
𝑔𝑛. 

 
Theorem 3.1 Let 𝑓 = (𝑆; 𝑓𝑝 ,  𝑓𝑛) be a BF-set on a semigroup S. Then f is a (𝛼1,  𝛼2;  𝛽1, 𝛽2)-BF-subsemigroup on 𝑆 if and only if 

𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

 and 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑓𝑛 ≥ 𝑓𝑛
(𝛽2,  𝛽1)

. 

 

Proof.  () It is true for the trivial case. Consider, for x  S, 
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(𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝) (𝑥) = ((𝑓𝑝 ∘ 𝑓𝑝)(𝑥) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑦) ∧ 𝑓𝑝(𝑧)} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑦) ∧ 𝑓𝑝(𝑧) ∧ 𝛼2} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

≤ ( ⋁ {𝑓𝑝(𝑦𝑧) ∨ 𝛼1} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑥) ∨ 𝛼1} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ((𝑓𝑝(𝑥) ∨ 𝛼1) ∧ 𝛼2) ∨ 𝛼1

= (𝑓𝑝(𝑥) ∧ 𝛼2) ∨ 𝛼1

= 𝑓𝑝
(𝛼2,   𝛼1)(𝑥).

 

Hence, 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

. 
 

Similarly, we can show that 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑓𝑛 ≥ 𝑓𝑛
(𝛽2,  𝛽1)

. 

 

() Conversely, let 𝑥, 𝑦 ∈ 𝑆. Then 

𝑓𝑝(𝑥𝑦) ∨ 𝛼1 ≥ (𝑓𝑝(𝑥𝑦) ∧ 𝛼2) ∨ 𝛼1

≥ (𝑓𝑝(𝑥𝑦) ∧ 𝛼2) ∨ 𝛼1

= 𝑓𝑝
(𝛼2, 𝛼1)

(𝑥𝑦)

≥ (𝑓𝑝 ∘
(𝛼2, 𝛼1)

𝑓𝑝) (𝑥𝑦)

= ((𝑓𝑝 ∘ 𝑓𝑝)(𝑥𝑦) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑎) ∧ 𝑓𝑝(𝑏)} ∧ 𝛼2

𝑥𝑦=𝑎𝑏

) ∨ 𝛼1

≥ ((𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦)) ∧ 𝛼2) ∨ 𝛼1

≥ 𝑓𝑝(𝑥) ∧ 𝑓𝑝(𝑦) ∧ 𝛼2.

 

 
Similarly, we can show that 𝑓𝑛(𝑥𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑥) ∨ 𝑓𝑛(𝑦) ∨ 𝛽1 for all 𝑥, 𝑦 ∈ 𝑆. Therefore 𝑓 is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-

subsemigroup on 𝑆 for all 𝛼1, 𝛼2 ∈ [0,1], 𝛽1 , 𝛽2 ∈ [−1,0]. 
 

Let 𝑆 be a semigroup and ∅ ≠ 𝐼 ⊆ 𝑆. A positive characteristic function and a negative characteristic function are 

respectively defined by 

 

𝐶𝐼
𝑝

: 𝑆 → [0,1], 𝑥 ↦ 𝐶𝐼
𝑝(𝑥) ≔ {

1, 𝑥 ∈ 𝐼;
0, 𝑥 ∉ 𝐼,

 

and 

𝐶𝐼
𝑛: 𝑆 → [−1,0], 𝑥 ↦ 𝐶𝐼

𝑛(𝑥) ≔ {
−1, 𝑥 ∈ 𝐼;
0, 𝑥 ∉ 𝐼.

 

Remark 3.2  

(i) For the sake of simplicity, we shall use the symbol 𝐶𝐼 = (𝑆; 𝐶𝐼
𝑝

, 𝐶𝐼
𝑛) for the BF- set. That is, 𝐶𝐼 = (𝑆; 𝐶𝐼

𝑝
, 𝐶𝐼

𝑛) =
(𝑆; (𝐶𝐼)𝑝, (𝐶𝐼)𝑛). We call a bipolar characteristic function. 
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(ii) If 𝐼 = 𝑆, then 𝐶𝑆 = (𝑆; 𝐶𝑆
𝑝

, 𝐶𝑆
𝑛). In this case, we shall denote 𝒮 = (𝑆, 𝒮𝑝 , 𝒮𝑛). Hence 𝒮𝑝(𝑥) = 1 and 𝒮𝑛(𝑥) = −1 for all 𝑥 ∈

𝑆. 

In the following theorem, some necessary and sufficient conditions of (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-bipolar fuzzy left (right) ideals 

are obtained. 

 

Theorem 3.3 Let 𝑓 = (𝑆; 𝑓𝑝 ,  𝑓𝑛) be a BF-set on a semigroup S. Then the following statements are equivalent. 

(i) 𝑓 is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-left (right) ideal on 𝑆. 

(ii) 𝒮𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

(𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝒮𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

) and   𝒮𝑛 ∘
(𝛽2,  𝛽1)

𝑓𝑛 ≥ 𝑓𝑛
(𝛽2,  𝛽1)

(𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝒮𝑛 ≥ 𝑓𝑛
(𝛽2,   𝛽1)

). 

 

Proof. () It is true for the trivial case. Consider, for 𝑥 ∈ 𝑆, 

 

(𝒮𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝)(𝑥) = ((𝒮𝑝 ∘ 𝑓𝑝)(𝑥) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝒮𝑝(𝑦) ∧ 𝑓𝑝(𝑧)} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {1 ∧ 𝑓𝑝(𝑧) ∧ 𝛼2} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑧) ∧ 𝛼2} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

≤ ( ⋁ {𝑓𝑝(𝑦𝑧) ∨ 𝛼1} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑥) ∨ 𝛼1} ∧ 𝛼2}

𝑥=𝑦𝑧

) ∨ 𝛼1

= ((𝑓𝑝(𝑥) ∨ 𝛼1) ∧ 𝛼2) ∨ 𝛼1

= (𝑓𝑝(𝑥) ∧ 𝛼2) ∨ 𝛼1

= 𝑓𝑝
(𝛼2,   𝛼1)

(𝑥).

 

Hence, 𝒮𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

.  

Similarly, we can show that 𝒮𝑛 ∘
(𝛽2,  𝛽1)

𝑓𝑛 ≥ 𝑓𝑛
(𝛽2,  𝛽1)

. 

() Conversely, let 𝑥, 𝑦 ∈ 𝑆. Then 

𝑓𝑝(𝑥𝑦) ∨ 𝛼1 ≥ (𝑓𝑝(𝑥𝑦) ∧ 𝛼2) ∨ 𝛼1

= 𝑓𝑝
(𝛼2,   𝛼1)

(𝑥𝑦)

≥ (𝒮𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝) (𝑥𝑦)

= ((𝒮𝑝 ∘ 𝑓𝑝)(𝑥𝑦) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝒮𝑝(𝑎) ∧ 𝑓𝑝(𝑏)} ∧ 𝛼2

𝑥𝑦=𝑎𝑏

) ∨ 𝛼1

= ( ⋁ {1 ∧ 𝑓𝑝(𝑏)} ∧ 𝛼2

𝑥𝑦=𝑎𝑏

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑏)} ∧ 𝛼2

𝑥𝑦=𝑎𝑏

) ∨ 𝛼1

≥ (𝑓𝑝(𝑦) ∧ 𝛼2) ∨ 𝛼1

≥ 𝑓𝑝(𝑦) ∧ 𝛼2.

 

 

Similarly, we can show that  𝑓𝑛(𝑥𝑦) ∧ 𝛽2 ≤ 𝑓𝑛(𝑦) ∨ 𝛽1 for all 𝑥, 𝑦 ∈ 𝑆. Therefore 𝑓 is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-left ideal on 𝑆 for all 

𝛼1, 𝛼2 ∈ [0,1], 𝛽1 , 𝛽2 ∈ [−1,0]. 
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In the following theorem, some necessary and sufficient conditions of (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-bipolar fuzzy bi-ideals are 

obtained. 

 

Theorem 3.4 Let 𝑓 = (𝑆; 𝑓𝑝 ,  𝑓𝑛) be a BF-set on a semigroup S. Then the following statements are equivalent. 

(i) 𝑓 is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-bi-ideal on a semigroup 𝑆.  

(ii) 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝒮𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝
(𝛼2,   𝛼1)

 and   𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝒮𝑛 ∘
(𝛽2,  𝛽1)

𝑓𝑛 ≥ 𝑓𝑛
(𝛽2,  𝛽1)

. 

 

Proof. The proof is similar to the proof of Theorem 3.3. 

The following theorem will be used in Theorem 3.5.  

 

Theorem 3.4. Let 𝑆 be a semigroup. Then 𝐼 is a left (right, bi-) ideal of 𝑆 if and only if the bipolar characteristic function 𝐶𝐼 =

(𝑆; 𝐶𝐼
𝑛, 𝐶𝐼

𝑝
) is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-left (right, bi-) ideal on 𝑆 for all 𝛼1, 𝛼2 ∈ [−1,0], 𝛽1 , 𝛽2 ∈ [0,1]. 

 

Proof. The proof is straightforward. 

 

Theorem 3.5 If 𝑓 = (𝑆; 𝑓𝑝 , 𝑓𝑛) is a (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-left ideal and 𝑔 = (𝑆; 𝑔𝑝, 𝑔𝑛) is a (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-right ideal on a 

semigroup 𝑆, then 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝 ≤ 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝 and 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑔𝑛 ≥ 𝑓𝑛 ∨
(𝛽2,  𝛽1)

𝑔𝑛. 

 

Proof. ()We omit the trivial case. Consider,  

(𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝)(𝑥)

= ((𝑓𝑝 ∘ 𝑔𝑝)(𝑥) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑦) ∧ 𝑔𝑝(𝑧)} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑦) ∧ 𝑔𝑝(𝑧) ∧ 𝛼2 ∧ 𝛼2}

𝑥=𝑦𝑧

) ∧ 𝛼2 ∨ 𝛼1

≤ ( ⋁ {(𝑓𝑝(𝑦𝑧) ∨ 𝛼1) ∧ (𝑔𝑝(𝑦𝑧) ∨ 𝛼1)} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

=  ( ⋁ {(𝑓𝑝(𝑦𝑧) ∧ 𝑔𝑝(𝑦𝑧)) ∨ 𝛼1} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

= ( ⋁ {(𝑓𝑝(𝑥) ∧ 𝑔𝑝(𝑥)) ∨ 𝛼1} ∧ 𝛼2

𝑥=𝑦𝑧

) ∨ 𝛼1

≤ ((𝑓𝑝(𝑥) ∧ 𝑔𝑝(𝑥) ∨ 𝛼1) ∧ 𝛼2) ∨ 𝛼1

= (((𝑓𝑝 ∧ 𝑔𝑝)(𝑥) ∨ 𝛼1) ∧ 𝛼2) ∨ 𝛼1

= ((𝑓𝑝 ∨ 𝑔𝑝)(𝑥) ∧ 𝛼2) ∨ 𝛼1

= (𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝)(𝑥)

 

for all 𝑥 ∈ 𝑆. 

 

Hence, 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑓𝑝 ≤ 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝. Similarly, we can show that 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑔𝑛 ≥ 𝑓𝑛 ∨
(𝛽2,  𝛽1)

𝑔𝑛. 

The following lemma is clearly true. 

 

Lemma 3.6 Let 𝐴 and 𝐵 be non-empty subsets of a semigroup 𝑆. Then the following holds. 

(i) (𝐶𝐴)𝑝 ∧
(𝛼2,   𝛼1)

(𝐶𝐵)𝑝 = (𝐶𝐴∩𝐵)𝑝
(𝛼2,   𝛼1)

. 

(ii) (𝐶𝐴)𝑛 ∨
(𝛽2,  𝛽1)

(𝐶𝐵)𝑛 = (𝐶𝐴∪𝐵)𝑝
(𝛽2,  𝛽1)

. 

(iii) (𝐶𝐴)𝑝 ∘
(𝛼2,   𝛼1)

(𝐶𝐵)𝑝 = (𝐶𝐴𝐵)𝑝
(𝛼2,   𝛼1)

. 

(iv) (𝐶𝐴)𝑛 ∘
(𝛽2,  𝛽1)

(𝐶𝐵)𝑛 = (𝐶𝐴𝐵)𝑝
(𝛽2,  𝛽1)

. 

 

Next, we characterize a regular semigroup by generalizations of BF-subsemigroups.  
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Theorem 3.7 For a semigroup 𝑆, the following conditions are equivalent. 

(i) 𝑆 is regular, 

(ii) 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝 = 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝 and 𝑓𝑛 ∨
(𝛽2,  𝛽1)

𝑔𝑛 = 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑔𝑛 for every (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-right ideal 𝑓 = (𝑆; 𝑓𝑝, 𝑓𝑛) on 𝑆 

and every (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-left ideal 𝑔 = (𝑆; 𝑔𝑝, 𝑔𝑛) on 𝑆. 

 

Proof. () Let 𝑓 be (𝛼1, 𝛼2; 𝛽1 , 𝛽2)-BF-right ideal 𝑓 and let 𝑔 be (𝛼1, 𝛼2; 𝛽1, 𝛽2)-BF-left ideal on 𝑆. Then by Theorem 3.5, we 

have 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝 ≤ 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝 and 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑔𝑛 ≥ 𝑓𝑛 ∨
(𝛽2,  𝛽1)

𝑔𝑛. Let 𝑎 ∈ 𝑆. Then there exists 𝑥 ∈ 𝑆 such that 𝑎 = 𝑎𝑥𝑎. This 

is true for the trivial case. Consider, 

 

(𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝) (𝑎) = ((𝑓𝑝 ∘ 𝑔𝑝)(𝑎) ∧ 𝛼2) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑎𝑥) ∧ 𝑔𝑝(𝑎)} ∧ 𝛼2

𝑎=𝑎𝑥𝑎

) ∨ 𝛼1

= ( ⋁ {𝑓𝑝(𝑎𝑥) ∧ 𝑔𝑝(𝑎) ∧ 𝛼2}

𝑎=𝑎𝑥𝑎

) ∨ 𝛼1

= ⋁ {(𝑓𝑝(𝑎𝑥) ∨ 𝛼1) ∧ (𝑔𝑝(𝑎) ∧ 𝛼2) ∨ 𝛼1}

𝑎=𝑎𝑥𝑎

= ⋁ {(𝑓𝑝(𝑎𝑥) ∨ 𝛼1 ∨ 𝛼1) ∧ (𝑔𝑝(𝑎) ∧ 𝛼2) ∨ 𝛼1}

𝑎=𝑎𝑥𝑎

≥ ⋁ {((𝑓𝑝(𝑎) ∧ 𝛼2) ∨ 𝛼1) ∧ (𝑔𝑝(𝑎) ∧ 𝛼2) ∨ 𝛼1}

𝑎=𝑎𝑥𝑎

= ⋁ {𝑓𝑝(𝑎) ∧ 𝑔𝑝(𝑎) ∧ 𝛼2}

𝑎=𝑎𝑥𝑎

∨ 𝛼1

≥ (𝑓𝑝(𝑎) ∧ 𝑔𝑝(𝑎) ∧ 𝛼2) ∨ 𝛼1

= ((𝑓𝑝 ∧ 𝑔𝑝)(𝑎) ∧ 𝛼2) ∨ 𝛼1

= (𝑓𝑝 ∧
(𝛼1,𝛼2)

𝑔𝑝) (𝑎).

 

 

Thus, 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝 ≥ 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝. Hence, 𝑓𝑝 ∘
(𝛼2,   𝛼1)

𝑔𝑝 = 𝑓𝑝 ∧
(𝛼2,   𝛼1)

𝑔𝑝.  
 

Similarly, we can show that 𝑓𝑛 ∘
(𝛽2,  𝛽1)

𝑔𝑛 = 𝑓𝑛 ∨
(𝛽2,  𝛽1)

𝑔𝑛. 

Conversely, let 𝑅 be a right ideal and let 𝐿 be a left ideal of 𝑆. Then, by Theorem 3.4 and Lemma 3.6, we have 

 

(𝐶𝑅𝐿)𝑝
(𝛼2,   𝛼1)

= (𝐶𝑅)𝑝 ∘
(𝛼2,   𝛼1)

(𝐶𝐿)𝑝

= (𝐶𝑅)𝑝 ∧
(𝛼2,   𝛼1)

(𝐶𝐿)𝑝

= (𝐶𝑅∩𝐿)𝑝
(𝛼2,   𝛼1)

.

 

 

Thus, 𝑅 ∩ 𝐿 = 𝑅𝐿. Therefor it follows from Theorem 2.1 that 𝑆 is regular. 
 

 

4. Conclusions 

 
This work presented generalizations of bipolar fuzzy 

sets. We have introduced the concept of generalized bipolar 

fuzzy sets and applied it to semigroup theory. A bipolar fuzzy 

set has both positive and negative components. It has been fre-

quently applied to real-world problems in economics, environ-

mental issues, evaluations, risk management, decision making 

problems, etc. Therefore, we established generalized bipolar 

fuzzy sets on semigroups, which provides algebraic structure 

to relevant problems.  
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