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Abstract

The paper studies HH-relations in the lattices P(M) of all projections of W*-algebras M.
If M is a finite algebra, all these relations are generated by trailes in P(M). If M is an infinite
countably decomposable factor, they are either generated by trails, or associated with them.

1 Introduction and preliminaries

The aim of this paper is to describe HH-relations in the lattices of all projections of W*-algebras.
A partially ordered set (Q, <) with a reflexive, anti-symmetric, transitive relation < is a lattice
if all a,b € @ have a least upper bound a V b and a greatest lower bound a A b. It is complete if
each subset G C @ has a least upper bound VG and a greatest lower bound AG.
Let < be a relation in (@, <) (we only consider reflexive relations < in @ stronger than <,
ie., a < bimplies a < b for a,b € Q). For a < b in Q, set

0, <] ={reQ: a<kz}, [b={rec@: z<Kb}.

The relation < is up-expanded if [a, <] has a least upper bound for each a € Q; it is down-ezpanded
if [«,b] has a greatest lower bound for each b € Q). We write 0 = AQ and 1 = VQ.
Amitsur [Al] (see also [Gr]) defined H- and dual H-relations on complete lattices as follows:

< is an H-relation if a < b and a < cimply ¢ < bV c, (1.1)
< is a dual H-relation if a < b and ¢ < b imply a A ¢ < c. (1.2) |dn1

for a,b,c € (Q,<). An H-relation is an R-order if it is transitive and up-expanded; a dual H-
relation is a dual R-order if it is transitive and down-expanded. We say that < is

an HH-relation if it is an H- and a dual H-relation;
an RR-order if it is an R- and a dual R-order. (1.3)

Amitsur [A1] developed the theory of radicals in lattices and proved that if < is an R-order (resp.
a dual R-order), then @ has a unique <-radical (resp. a dual <-radical). In [A2] he applied this
to the study of the theory of modules and rings. The problem naturally arises to give an intrinsic
description of HH-relations and RR-orders in various lattices. This will allow to describe the
radicals they generate and, using the fact that these radicals are invariant for all automorpisms of
lattices, to investigate their properties.
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Let &4 be the set of all Lie subalgebras of finite codimension in a Banach Lie algebra A.
Using the relation <_ in the lattice Id'" of all characteristic Lie ideals of A (invariant for all
derivations of A), one obtains that the condition N{S: S € G4} = {0} implies that the dual <Z_-
radical p = {0} and there is a descending series (I))1<x<~ of characteristic Lie ideals of A such that
dim(Iy/Ix41) < oo for A # v, I; = A and I, = {0}.

In [KST] the author, Shulman and Turovskii studied HH-relations in the lattices Id 4 of all
ideals of C*-algebras A. Although it was not possible to describe all of them, it was shown that
many well known relations in Id 4 are HH-relations. This allowed to establish that many important
results for C*-algebras follow from the theory of HH-relations in abstract lattices. For example,
the largest GCR-ideal in any C*-algebra A is the radical generated by some HH-relation in Id 4.

In this paper we study HH-relations in the complete lattices Q = P(M) of all projections in
WH-algebras M. These lattices are widely investigated, but not much is known about various types
of relations in them. In particular, the structure of H- and dual H-relations in () and the nature
of the radicals generated by them is very complicated and difficult to investigate. The situation
becomes tractable, if we consider HH-relations in (). It turns out that these relations are closely
linked to trails in the lattice (Q and to the traces on M. This allows us to describe a large variety
of HH-relations in P(M) and to give a full description of these relations in the case when M are
countably decomposable factors.

We call a subset K in Q a trail (cf. Exercises V.1.5 (c) [T]) if,

g Zp € K implies ¢ € K ( 3 is the Murray-vonNeumann relation in Q). (1.4)

Each trail K generates an HH-relation <, on Q: p <, ¢ if ¢ — p € K. In Corollary 4.8 we
prove that in finite W*-algebras the converse is also true: each HH-relation is generated by a trail.
Moreover, in type I, factors each trail corresponds to the value of the trace 7 on Q; in type Iy
factors two trails correspond to the same value of 7 (Theorem 7.2).

For infinite W*-algebras, the structure of HH-relations is more complicated. Not all of them
are generated by trails. For each trail K in @), there is also an HH-relation <<f associated with K,
but not generated by any trail (Theorem 5.3). For example, in type I, factor, for each n € N, the
relation p <<f“" q if codim(q — p) > k, is an HH-relation. Apart from HH-relations generated by
trails and associated with trails, () may have many "mixed type” HH-relations. However, if M is
a countably decomposable type I, or I, factor, then all HH-relations in () are either generated
by, or associated with trails. In type I factors each trail corresponds to the value of the trace 7
on @, so that two HH-relations correspond to this value. In type Il factors two trails correspond
to the same value of 7, so that four HH-relations correspond to this value (Theorem 7.8).

Countably decomposable type III factors do not have faithful tracial weights and their lattices
only have two trails Ko = {0} and K7 = Q. It turns out that their sets of HH-relations are also
very simple — they only have three HH-relations. Two are trivial: = and <, they are generated by
trails. The third relation <<f0 is associated with K and almost coincides with < (Theorem 7.9).

The link between the transitive HH-relations and the trails in Q = P(M) for all W*-algebras
M, becomes very strong and does not depend on the type of M: A relation < is an HH-order if
and only if it is generated by a trail K in Q (K = <) and K is also a sublattice (Theorem 6.1).

Finally, RR-orders constitute a set isomorphic to the set of all central projections z in Q: A
relation < is an RR-order if and only if it is generated by a trail Qz, i.e., < = <, (Corollary
6.6). Moreover, z is the <-radical and 1 — z is the dual «-radical (Theorem 6.5). Thus each factor
only has two RR-order: =" and "< ”. In addition to them, type I, and Il factors only have
one transitive HH-relation (Theorem 7.8).



inf

In Section 2 we provide some information about H- and dual H-relations in lattices and about
R- and dual R-orders and their radicals. In Sections 3 and 4 we consider trails in lattices and
study HH-relations and their link with trails. We prove that, if M is finite then all HH-relations
are generated by trails. In Section 5, for non-finite algebras, we construct HH-relations associated
with trails but not generated by trails. In Section 6 we investigate transitive HH-relations and
RR-orders and in Section 7 we describe all HH-relations in @) for countably decomposable factors.

2 Relations and radicals in complete lattices (Q, <)

Amitsur [Al] proved that conditions (1.1) and (1.2) in (@, <) are equivalent to the conditions

& is an H-relation if and only if a < b implies a Vx < bV z for all z € Q); (2.1)
< is a dual H-relation if and only if @ < b implies a A x < b Az for all x € Q. (2.2)

He also introduced a procedure for construction R-orders (resp. dual R-orders) from H-relations
(resp. dual H-relations). This procedure was refined in [KST1]. We sketch it below.

Consider relations <9 and < in @ defined as follows. For a < b in Q, write a <9 b if there
is a totally ordered set (wk)lgAgy in @ such that b = x1, a = x,, xx41 < x) for all A < v, and
g = Ax>pg(xy) for all limit ordinals f3.

We write a < b if there is a totally ordered set (l’,\)lSAS,Y in @ such that a = z1, b = z,,
) K a4 for all X <, and g = Vy<g(xy) for all limit ordinals .

Following [A1], define the lower and upper complement relations Zand & by

a L bif [a, <] N [a,b] = {a}; and a bt [<,b] N [a,b] = {b} for a < b, (2.3)

where [a,b] = {z € Q: a < z < b}. They are naturally linked with the relations <, < ([KST1)):
%

(<)

I R
= <% and (¥)= <. (2.4)

H
Theorem 2.1 ([KST1]) (i) Let < be an H-relation on Q. Then <* is an R-order and =<
is a dual R-order. Moreover, < is an R-order if and only if < = <.

—
(ii) Let < be a dual H-relation on Q. Then < is a dual R-order and < = <% is an R-order.
Moreover, < is a dual R-order if and only if € = <7

An element v € @ is a <-radical and an element p € Q is a dual <-radical if
0<r&1and0 < p<1. (2.5)
The set of radicals may be empty or may have many elements. If < is an R-order then
t=V[0,<] is a unique < -radical in @ and [<,t] = [0,]. (2.6)
If <« is a dual R-order then

p = A[<,1] is a unique dual < -radical in Q and [p, <] = [p, 1]. (2.7)

dhO

2.10

[1.4]
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3 Cones in the lattices of all projections of W*-algebras

Let M be a W*-algebra. The set Q = P(M) of all projections in M with the order < — the inclusion
of the ranges of projections, is a complete lattice (Proposition 1.10.2 [Sa]).

Recall that p, ¢ € @ are equivalent (p ~ ¢q) if there is a partial isometry v € M such that vv* = p
and v*v = ¢, so that pv = v = vq. We write p for 1 —p and p 3 ¢ if there is < ¢ such that p ~ 7.
If p~qand

r < ¢ then s := vrv*™ € Q satisfies s ~ r and s < p. (3.1)

Note (see p. 79 [Sa]) that if p; ~ ¢; for i = 1,2, p1 L p2, 1 L g2 then
p1@p2~q1 P qe. (3:2)
Recall that the central carrier ¢(p) of p is the smallest central projection majorizing p € ). Then
p ~ q implies ¢(p) = ¢(q). (3.3)

For p < g, let [p,q] = {r € Q: p <r < q}. Let M' be the commutant of M and 3 = M N M’ be its
centre. Recall (see (1.4)) that K C @ is a trail if ¢ X p € K implies ¢ € K. It is easy to see that

@z = [0, z] is a trail for each central projection z € @ N 3. (3.4)

For p € Q, we call the set w = {q € Q: ¢ ~ p} an orbit and write w 2 ', if p 3 p’ for some
p € w and p’ € w'. Orbits either coincide or do not intersect. The relation < does not depend on
the choice of the projections in the orbits. It is reflexive, transitive and anti-symmetric. If w ~ &’
then w = w’. Denote by € the set of all orbits in Q. With each orbit w € ), associate the trail

K, =U{Ww v 3w} (3.5)
Denote by Ky the set of all trails in Q). Fach K € Kj; has form

K =Ko =U__,K,, where ® is a subset of (). (3.6)
Proposition 3.1 For a trail K in Q, let z,, = VK be its unique least upper bound. Set
K-={peQ:[0,p]nK ={0}}. (3.7)
(i) 2z, €3 and K C[0,z,]. For each 0 # p < z,., there is r € K such that 0 # r < p.
(i) K+ =[0,21] for 2o =1— z,.

Proof. (i) Clearly, K C [0,z,]. Let ¢ € K. For any unitary v € M, we have ¢ ~ v*qv,
since (qu)(qv)* = q and (quv)*(qv) = v*qu. Thus v*qu € K. Hence, as z, is an upper bound of
K, v*z, v is also an upper bound of K. As z, is the least upper bound of K, z, < v*z,v. Then
vz, v < v(v*z,0)v* = z,. Thus 2z, = v*z, v for all unitary v € M. So z, € M'. Hence z, € 3.

Let 0 # p < z,.. As K C [0, z,], replace M by the W*-algebra Mz, = [0, z,]. Thus we can
assume that VK = 1. Let ¢ € K. By Comparability theorem [Sa, 2.1.3],

gz = pz and gzt =< pzt for some z € QN 3. (3.8)

As gz < g € K, we have from (1.4) that ¢z € K. As gz 7 pz, it follows from (1.4) that pz € K.

3,3

3;4
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If pz # 0 for some g € K, set »r = pz. Then r € K and 0 # r < p.

Let now pz = 0 for all ¢ € K. By (3.8), gz* < p. If gz # 0 for some ¢ € K, there is r < p such
that r ~ gzt € K. Thus r € K and 0 # r < p.

Suppose now that, for all ¢ € K, pz = 0 and gz~ = 0. Then ¢ = ¢z, so that gp = gzp = 0 for
all ¢ € K. Hence gp~ = ¢. Thus ¢ < p*, so that p' is an upper bound of K. As VK = 1 is the
least upper bound of K, we have p = 0, a contradiction. Hence the last case impossible and there
is r € K such that 0 # r < p.

(ii) As K C [0, z,.], we have [0, z } C K*. Let p € K*. Suppose that pz, # 0. Then pz, < z,
By (i), there is » € K such that 0 ;é r < pz,. Hence r < p, so that r € [O,p] NK, a contradlctlon.
Thus pz, = 0, so that p € [0, zi] Hence K+ C [0, ] Thus K+ = [0, 2 ] ]

Corollary 3.2 Let K be a trail and z,, = VK. Then K*+ =[0,2,] and K**++ = K+ =0,z ]
For a trail K, set K= {p € K : ¢(p) € K}. A trail K is complete if K¢ = K.

Lemma 3.3 Let K be a trail and z € QN 3. Then Kz = {pz : p € K} is a subtrail of K and
Ke=uU z]. The set K€ is the largest complete subtrail of K.

z€KN3 [

Proof. Let p € K. As pz < p and K is a trail, [0,pz] C K. Hence [0,pz] C Kz C K. If ¢ ~ pz
then ¢ € K. By (3.3), ¢ < ¢(q) = ¢(pz) < z. S0 ¢ = gz € Kz. Thus Kz is a subtrail of K.

By (3.4), [0, 2] is a subtrail of K for each z € K N3. Hence K¢ =U__, .[0, 2] is a subtrail of K.
If p € K€ then p € [0, 2] for some z € K N 3, so that ¢(p) < z. Thus ¢(p) € K¢ So K¢ is complete.
Let p € K and ¢(p) € K. Then p < ¢(p) € KN 3, so that p € U [0, z]. Thus K¢ is the largest
complete subtrail of K. m

z€KN3

By Proposition 3.1, each trail K in @ = P(M) gives the following decomposition of M.

Corollary 3.4 Let K € Ky, let z,, = VK and z,.. = VK®. Then z,., 2,.. € QN3. Each0 #p < z,.
contains 0 #r € K, P(Mz,) =10, z,] and P(MZK) Kt =10,z ], and

MZMZKC@M(Z”K@ZKC)@MZK- (3.9)

Recall that ¢ € @ is infinite if p ~ ¢ for some p < ¢; otherwise, ¢ is finite. It is purely infinite if
it does not majorize finite projections. If ¢ is finite and p = ¢ then p is finite. So the set K¢ of all
finite projections in () is a trail. Similarly, the set K}, of all pure infinite projections in @ is a trail.

By (3.7), Kt C KpL and K, = K. Thus K, and K- are complete by Lemma 3.3, While Ky is
not, generally, complete. Set zt = VK¢, 2f = VKF, 2, = VK,,. By Proposition 3.1, z, = z . It is easy
to see that zf is the unique maximal finite central projection and the central projection zg = 2 — zf
is semi-finite. As 1 = 2f + 25t + 2p, (3.9) gives the standard decomposition M = Mzf® Mz Mz,
in the sum of a finite, a properly infinite and semi-finite and a purely infinite W*-algebras.

By Proposition 2.2.8 [Sa], the set A of all abelian projections in @ is a trail. The subtrail
A€ consists of all central abelian projections and z,. is the maximal central abelian projection.
By (3.9), M = Mz,. ® M(z, © z,.) ® Mz"+, where Mz, is the maximal commutative ideal of
M, M(z, & z,.) has no central abelian projections but each projection in it contains an abelian
projection and M zj has no abelian projections.

Let K be the trail of all minimal projections in Q. It is easy to see that z,, = @, _.c(p),
K¢ = KnN3and all p € K are mutually orthogonal. Hence z,. = @ _..p. By (3.9), M =
Mz, ®M (2, Oz, )®Mz:, where P(Mz,.) consists of all central minimal projections, M (z,©z,.)
has no central minimal projections but each projection in it majorizes a minimal projection and
M zi has no minimal projections.
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4  HH-relation in () = P(M) generated by trails
Let S be a subset in ( and 0 € S. Define the reflexive relation <, on ) by the condition
p<L,q ifp<qg andg—peSs. (4.1)
Conversely, for a reflexive relation < in @), consider the sets
S ={seQ: s=q—pforsomep<qtand K= ={reQ: r~sforsomesecS<} (4.2)
Note that (see Proposition 2.5.3 and p. 111 [KR] vol. 1)

pAe=peif p,e € ) commute, (4.3)
(pVa)t=p-Agtand (pAg)t =pt Vgt forpgeQ.

Let p,q,7r, e € Q. We will later use the following formulas

peAge=(pAq)e=-e(pAq), if e € Q commutes with p and ¢, (4.5)
p@s)Viger)=@Vge(svr)ifpLrpls qglr.qls; (4.6)
(p®s)AN(gdr)=(pAg)@(sAr)ifpLr pls qglr,qls. (4.7)

Indeed, pe A ge (L2 (phe)AN(gnhe)=(pAg Ne=(pANqg)e=ce(pAq).So (4.5) holds.

To prove (4.6),set a = (p®s)V(¢®r)and b= (pVq) ®(sVr). Asa>pVganda>sVr,
we have a > b. On the other hand, p® s < band g ® r < b, so that a < b. Thus a = b.

To prove (4.7), note that pV g < s*, as p < s+ and ¢ < s*. So s(pV q) = 0 and pV ¢ commutes
with p @ s. Similarly, r(pV ¢) = 0 and p V ¢ commutes with ¢ @ r. Set a = (p ® s) A (¢ @ r). Then

a(pV q) (LD (p®s)pV|A[(gBr)(pVq)] =pAq and, similarly, a(s Vr) =sAr. (4.8)

Sett=(pVqg) @ (sVr). Thenpd s <tandqdr <t Hencea <t Thus (4.7) holds, as

a=at=a((pVq)®(sVr))=alpVqg) Ga(sVr) Ly (pANg) @& (sAT).

Theorem 4.1 (i) Let K be a trail in Q and z,, = VK. Then <, is an HH-relation, the relations
< and < =<5 =<, | are RR-orders, and
K

sy —
<p =<5

— =
K = =< and < =< <5 - (4.9)

(ii) If < is an H-relation then S© = {s € Q: 1 —s < 1} and K~ is a trail.
(i) If < is a dual H-relation then S= = {s € Q: 0 < s} = [0, <] and K~ is a trail.

Proof. (i) Let p <, q. Consider the Kaplansky Formula ([Sal)

p—(@Aq) ~(pVaq) —qforpqgeQ. (4.10)

Let p<re@. Asp <gq, we have p < gAr. By (4.10), (qVr)—r~qg—(gAr) <q—p€ K. Thus
(gqVr)—re K by (1.4). Hence r <, ¢V r. By (1.1), <, is an H-relation.

[0}
=
o

&l
»

(2] [e2] []



Let now r < ¢q. Then rVp < q. By (4.10), r—(rAp) ~ (rVp)—p<qg—p€ K.Sor—(rAp) € K
by (1.4). Thus r Ap <, r. By (1.2), <, is a dual H-relation. So <, is an HH-relation.
Let us show that < | = <Z<—K Let p <, q for p,q € Q. By (2.3), p < ¢ and p is not <, related

to any z € (p, ¢, i.e., all z — p ¢ K. Hence, by (3.7), ¢ —p € K+, so that p <, 14
Conversely, if p <, ¢ then ¢ —p € K+t ie., z ¢ K for each 2 < ¢ — p. Hence x — p ¢ K for
each = € (p, ¢|, so that p is not <, related to x. Thus, by (2.3), p <<i g. Hence < | = <<<—K

Similarly, <, = <<—K> As <, is an HH-relation, the rest of (4.9) follows from Theorem 2.1.
As <, is an HH-relation, it follows from Theorem 2.1 that < is an R-order and <, is an

e s
R-order. By (2.4), <& = (<Z<—};) We also have from (4.9) that (<Z<—I;) =<, ., =<, ,, where
K+t =[0,z,] by Corollary 3.2. Hence < =K B Similarly, <5 = oy - Thus <& =
<= <. | are RR-orders.
K
(i) If < is an H-relation and s € S<<, then s = g — p for some p < ¢ in Q. As p L ¢*,

[0,z

(4.6) (2.1)

1 2l L
1-s=p®d(1—q) ='pVg < qVqg =1.

Conversely, if 1 —s < 1,then s=1—-(1—s)€S°. 808  ={se@Q: 1 —-s<1}.
Let p<se S . Then 1 —s < 1. As < is an H-relation, we get that p € S, since 1 —p =

(2.1)
l1-s)®(sep)=1-s5)V(sop) < 1V (sep) =1.So
s €S implies [0,5] € §°. (4.11)

Let p Zq € K<.Thenp~r <gq. By (4.2), ¢ ~ s for some s € S<. By (3.1), r ~ a for some
a<s. S0p~a. By (4.11),a € S<. So pe K<. Thus K~ is a trail.
The proof of (iii) is similar. m

The next result shows the duality between HH-relations and trails.
L6.1| Lemma 4.2 Let K be a trail. Set < = <, . Then SS =K% =K.

Proof. Let r € K. For some p L 7, set ¢ =p@®r. By (4.1), p <, q. Hence r € S by (4.2).
So K C S*. Conversely, let r € S<. By (4.2), r = ¢ — p for some p < ¢ such that p <, ¢. So, by
(4.1), 7 € K. Thus S© C K, so that S = K is a trail. Hence S* = K~ = K. m

The duality between relations < and the sets K< exists even if < are neither H-, nor dual
H-relations and K are not trails. For example, let M be a finite W*-algebra. The relation < in
Q: all p < p and 0 < 1, is neither an H-, nor a dual H-relation; and S = K< = {0,1} is not a
trail. However, < = < <

Our aim is to find conditions on an HH-relation < to be generated by a trail K: < = <, .

Lemma 4.3 Let < be an HH-relation. Then
(i) q—peS* forp<gq,if and only if p < q;
(i) < = <<S<<;

<

(iii) < = <, . if and only if S* = K



Proof. (i) If p < ¢ then ¢ —p € S< by (4.2). Conversely, let ¢ —p € ST As0 < qg—pby
Theorem 4.1(iii), we have from (1.1) and (4.6) that p < (¢ —p)Vp=(¢—p) ®p=q.

(ii) Let p < ¢q. Then ¢ —p € Ch by (4.2). Hence p <.« 4 by (4.1). Conversely, if p <.« ¢
then ¢ —p € S° by (4.2). By (i), this implies p < ¢. Thus < = < < -

(iii) If « = <, ., K< is a trail by Theorem 4.1(ii). By Lemma 4.2, SE =K

Conversely, if S = K~ then < = Lo = <ge by (ii). m

<

Lemma 4.4 Let < be an HH-relation and p,q € Q. Setl =pV q.
(i) If there exists r € Q such that g <pVr and g A\r =0, then 0 < p implies 0 < q.
(i) Letp L q andp ~q. There ist <1 such that t \p=tANq=0,t~pandtVp=1I.

Proof. (i) By (1.1), 0 < p implies r < pVr. So0=gAr < gA(pVr)=qby (1.2).
(ii) As p ~ ¢, we have p = vv*, ¢ = v*v, pv = v = vq. Thus Ip =p, ¢l = q. So, as p L ¢,

lv=1Ipv=pv=n0v=uvqg=nuvql =vl, v’ =vgpv =0, vl =0v* = v* and v*v* = 0.

Let t = %(l+v+v*). Then t is a projection and ¢ < [, since t* = ¢,
1
t2:Z(l+vl+v*l+lv+v2+v*v+lv*+vv*+v*v*):tandtl:lt:t.
Set s =t A q. Then sq = st = sl = s and sv = (sq)(pv) =0, as p L q. Hence
1 * 1 * * *
s:st:§(sl+sv—|—8v )zi(s—i—sv ), so that s = sv™ and s = sq = sv™v = sv = 0.

Thus t Aq = 0. Similarly, t Ap=0. Set r =tV p. Then r <. Let a =1 —r. Then at = ap = 0 and
al = a. So ag = a(l — p) = a. Thus a < g and av = agpv = 0. Hence
]' * 1 *

0=at= §(al—|—av+av ) = i(a—l—av ), so that

0= (a+ av*)pv = av™pv = av*v = aq = a.
Hence | = r = t V p. Therefore, as t A\q =t Ap = 0 and | = p @ ¢, we have from (4.10) that
t=t—tAp~ (tVp)—p=1—p=q~ p which completes the proof. m

We will now consider cases when 0 < p and p ~ ¢ imply 0 < gq.

P4.2| Proposition 4.5 Let < be an HH-relation in Q. If p L q and p ~ q then 0 < p implies 0 < q.

Proof. As 0 < p and < is a H-relation, ¢ < pV ¢ =1 by (1.1). Let ¢t € Q be as in Lemma
4.4. Then, as < is a dual H-relation, 0 = g At < IAt =1t by (2.2). Hence p=0Vp << tVp=1
by (1.1). So0=pAg<IANg=qby (2.2).m

For p,q € Q,set po=pS (pAq) S (pAgh) and go =q© (pAq)© (p- Ag). Let b=po V go and
My be the W*-algebra generated by po, go. Then ([T], p. 306)
p=p0®(PAq)®PAgT)and g=qo® (pAq)® (p" Aq),
1=ba(prgarg)® @ Ao N,

PoAG=poANbEOq)=0bSp))ANg=0and py~qgo~bSpy~bSqyin M. (4.12)
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Proposition 4.6 Let < be an HH-relation and p be finite. If 0 < p and p ~ q then 0 < q.

Proof. If p A ¢ = 0 then, setting » = p* in Lemma 4.4(i), we have 0 < q.
Assume now that p= A ¢ # 0. Consider the representation of p and ¢ given in (4.12). Set

p1=po @ (PAq)and g1 =q @ (pAq).

As pg ~ qo in M(po,qo), we have p1 ~ ¢q1. As p is finite, ¢ is finite. Thus pV ¢ is finite by Theorem
V.1.37 [T]. Hence the W*-algebra My = (pV ¢)M(pV q) is finite and p ~ g and p; ~ ¢; in M.

Set po =p—p1, @2 = ¢© q1. Then py = pA g, go = p= A q # 0 and it follows from Proposition
2.4.2 [Sa] that they are equivalent: ps = vv* and ¢ = v*v for a partial isometry v. They are also
orthogonal. Set | = po @ ¢2 and t = %(l + v+ v*). Replacing p by p2 and ¢ by ¢2 in Lemma 4.4(ii),
we obtain from its proof that

t is a projection, t <, gg At =0 and [ = py V t. (4.13)

We have p=po @ (pAq) S p2 and ¢ =qo @ (p A q) ® g2. Set s =bS po. By (4.12), b = po V qo
is orthogonal to | = pa @ g2, so that s L [. Moreover, s L ((pAq) @ p2),t L poand t L (pAq).
Hence, by (4.12) and (4.6),

pV(s®t)=(po®(pAq) ®p2)V(s®t)=(poVs)®(((pAqg) ®p2) V1)

4.13
— (V) DAY ® V) L Va)® Ay Bl g

Similarly, by (4.12), s L (pAq) D q2), t L go and t L (p A q). Hence, by (4.7),

gN(sDt) = (@ PN D @) AN (s®t)=(q0N5)D((PAq) ®g)At)

(4.13 (4.12)

— (o As)® (@A) "2 g0 As < g0 A (B po) 0.

Setting r = s ® t in Lemma 4.4(i), we get 0 < ¢. m
Denote by F' the trail of all finite projections in Q = P(M) and by HH, the set of all HH-
relations. It follows from Theorem 4.1 that

0: < — K< maps HH,q to Ky and ¢: K — <, maps Ky to HHq. (4.14)

Corollary 4.7 (i) SSNF = K<NF is a trail for each HH-relation < in Q.
(ii) ¢ is an injective map from Kyr to HH,e and 0o ¢ = 1x,,.
(iit) If M is a finite W*-algebra then S< = K< and < = <, . for each HH-relation < .

Proof. (i) If p 3 q € SSNF then p ~ r < q for some r € Q. By Theorem 4.1(ii), r € S<. As g
is finite, r is finite. As p ~ r, p is finite and p € S< by Proposition 4.6. Thus p € S< N F, so that
S<NFisatrailand SSNF =K<NF by (4.2).

Part (ii) follows from Lemma 4.2. Part (iii) follows from (i) and Lemma 4.3(iii), as FF = Q. m

Corollary 4.7 yields

Corollary 4.8 If M is a finite W*-algebra then all HH-relations in QQ = P(M) are generated by
trails, the map ¢ is an isomorphism from Kyr onto HH,e and 0 = ¢~ L.
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5 HH-relations in P(M) not generated by trails

If M is not finite then, apart from HH-relations generated by trails in P(M), there are also HH-
relations associated but not generated by trails, i.e., ¢(Kys) ; HH,.. In this section we
consider such relations.

Corollary 5.1 Let M be not finite and let < be an HH-relation in @Q not generated by a trail.
Then S< contains infinite projections. If p 3 s € S< and p is finite then p € S<.

Proof. If S< = S<NF then S< is a trail by Corollary 4.7(i). So S< = K< by (4.2). By
Lemma 4.3, < = <, i.e.,, < is generated by a trail, a contradiction. Thus S< has infinite
projections. Furthemore, if p X s € S< and p € F, there is a finite 7 < s such that p ~ r. By
Theorem 4.1(ii), r € SSNF. As SSNF is a trail, p€ S<. m

Let M be a W*-algebra of operators on a Hilbert space H. For p € Q, let p- = 1 — p and
H,, = pH be the range of p in H.

Proposition 5.2 Let p < q in Q. Then, for each r € Q,

(g—p)-<(qvr—pvr)H (5.1)
(g—p)" Z@Ar—pAr)t. (5.2)

Proof. We have H, + H, = H, ® ¢ H,. Hence Hyy, = H, + H, = H,® ¢-H, = H, ® ¢-H,.
Thus s := (¢ V r) — ¢ is the projection on ¢+ H,. Similarly, ¢t := (p V r) — p is the projection on
pLH,. As p < g, we have ¢ < p*. Thus ¢+ H, C pLH,. Hence s < t.

Set A =qgVr—pVr Itis a projection, since gVr > pVr. Seta =qg—p, b=1t-—s.
Then A = (¢ +5) — (p+1t) = a—b. As A2 = )\, we have 2b = ab + ba. Multiplying by a, we get
2ab = ab+ aba, so that ab = aba. Hence ab = ba. So b = ab = ba. Thus b < a. Therefore A < a, i.e.,
(gvr—pVvr)<gqg—p.So (5.1) holds.

To prove (5.2), set s = g A r. Then (5.2) becomes

(g—p)t 2 (s—pAs)t, where s <q. (5.3)
We have (¢ — p)* = ¢ @ p and
(s=pAs) =(g0 (@O (s—pAs))" =q ®((qO5)®(PAs)).
Therefore in order to prove (5.3) it suffices to show that
pZ((gOs)@(pAs)). (5:4)

As s < g and p < ¢, consider the W*-algebra M, = ¢Mq with 1 := 1y, =¢q Then g s = st and
to prove (5.4), we have to show that

p3

2 (sT@(pAs)) in M, (5.5)
Replacing ¢ by s in (4.12), we have that there pg < p and sy < s such that

P=po®(pAs)®(PAsT)and s =35 (pAs)S(pHAs),
1=bD(pAs)®(pAsT)®(pTAs)@® (ph Ast) and py ~ bO s,

10
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where b = po V s9. Then s* =1 —s5= (O s0) ® (pAst) @ (pr Ast). Aspg ~ b O sp,

p=@o®PAs)®&(PAsT)) ~((bSso)®(pAs)®(pAsT))
<((boso)@(pAs)®(pAsT)@(phAsh)) = (s"@(pAs)),

so that (5.5) holds which completes the proof of (5.2). m
For a trail K € K\ Q, define the relation <<If in Q:

K L
p<qifp<q and (¢—p)~ ¢ K. (5.6)
Theorem 5.3 (i) For each trail K € Ky \Q, < is an HH -relation in Q = P(M) and
SET=(seo<Fs}={seQ: s ¢ K} =Q\{¢": g€ K}. (5.7)

ii) If M is a finite W*-algebra then R := S<L is a trail and <¥ is generated by R.
1

iii) If M is properly infinite then S<L is not a trail and <X is not generated by a trail.
L

Proof. (i) Let p <X ¢, ie., p < qand (¢ —p)t ¢ K. For each r € Q, pVr < ¢V r and, by
(5.1), (g—p)r < (qVr—pvVvr):-. If (gVr —pVr)t € K then, as K is a trail, (¢ — p)* € K by
(1.4), a contradiction. Hence (¢Vr —p V)t ¢ K. SopVvr <§ qgvr by (5.6).

Similarly, using (5.2), we get p Ar <§ g Ar. Thus, by (2.1) and (2.2), <X is an H H-relation.
So (5.7) follows from (4.2), Theorem 4.1 and (5.6).

(ii) Let M be finite and r € R. Then r+ ¢ K. If p < r then v+ < p*. If p* € K then r+ € K.
This contradiction shows that p* ¢ K. Thus p € R.

Let ¢ ~ r. Since M is finite, ¢= ~ r* by Proposition V.1.38 [T]. As K is a trail and 7+ ¢ K,
we have ¢ ¢ K. Thus ¢ € R. So R is a trail by (1.4). By Lemma 4.3(ii), <F=<,.

(iii) Let M be properly infinite, i.e., all z € @ N 3 are infinite. Then (see Lemma 6.3.3 [KR])
there is e € @Q such that e ~ e+ ~ 1. If et € K then 1 € K and K = Q, as K is a trail, a
contradiction. Hence et ¢ K, so that e € S<LI. If S<L is a trail then 1 € S<I, so that S<I = Q
which is impossible. Thus S < is not a trail.

Suppose that <<f is generated by a trail C, i.e., <<f: <, . Then S<I = §<¢ = (C is a trail
by Lemma 4.2, a contradiction which completes the proof. m

In the last section we show that if M is a countably decomposable factor then each HH-relation
< in P(M) is either <, or <% for some trail K. If M is not a factor then the structure of HH-
relations is much more complicated. Apart from <, and <<f , K € Ky, there are also many other
"mixed type” HH-relations neither generated by trails, nor associated with them.

For example, let z € @ N3 and Mz be not a finite W*-algebra. Let K; # {0} be a trail in Qz
and K be a trail in Qz1. Consider the following relation in Q: for p < g,

p < q if either p,q € Qz and ¢ — p € K1, or p,q € Qz and (q —p)LzL ¢ Ko.

K K
Then < is an HH-relation and S = K, U S<1°, where S<1° = {q € Qz*: ¢*z! ¢ K,}. By

K.
Theorem 5.3, S<1? is not a trail in Qz". Hence S< is not a trail and there does not exist a trail
R in Q such that S< = S<E. Thus < is neither generated by a trail, nor associated with a trail.

11
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6 HH-orders and RR-orders in the lattices of projections

If an HH-relation is transitive, we call it an HH-orders. A subset L C () is a sublattice if
pANqg€ LandpVgelLforp,qelL. (6.1)

P6.2| Theorem 6.1 (i) Let < be an HH-relation. The following are equivalent.
1) < is transitive; 2) S< is a sublattice;
3)ifp,g € S andp L q, thenp® q € S<.
(ii) If < is an HH-order then 0 < p ~ q implies 0 < q. Also S< = K< and < = <, .
(iii) A relation < is an HH-order if and only if < = <, and the trail K is a lattice.

Proof. (i) 1) = 2). Let < be transitive and p,q € S<. AspAq < p, pAq € S< by (4.11). As
0<q,p<pVqby (2.1). Since 0 < p, we have 0 < pV q. So pV g € S< and S< is a sublattice.

2) = 3)isevident. 3) = 1). If p < ¢ < r then g—p,r —q € S< by (4.2) and (¢—p) L (r—q).
Hence (r — q) ® (¢ —p) =7 —p € S<. By Lemma 4.3(i), p < r. So < is transitive.

(ii) By (4.10), g — (¢ Ap) ~ (qVp) —p. As ¢ — (g Ap) < g ~ p, it follows from (3.1) that
q— (gAp) ~rfor somer <p. So(qgVp)—p~r. AsO<p, wehave 0 =0Ar < pAr =r by
(2.2). Since ((¢Vp)—p) Lp,also ((gVp)—p) Lr.As0O<r, 0< (¢Vp)—p by Proposition 4.5.

As < is transitive, S< is a sublattice by (i). Hence ((¢Vp)—p)Vp (L9 ((qVp)—p)®p = qVp € S<.
Then g € S< by (4.11), as ¢ < ¢V p. Thus S< = K< by (4.2). So < = <, . by Lemma 4.3(iii).

(iif) If < is an HH-order, < = <, and K< = §< is a trail by (ii). By (i), K< is a lattice.

Conversely, if < = <. for a trail K, then < is an HH-relation by Theorem 4.1(i) and S< = K
by Lemma 4.2. As K is a lattice, < is transitive by (i). m

Let HH, .4 be the set of all HH-orders and l@\‘}t the set of all trails in P(M) which are lattices.

T5.1| Corollary 6.2 Let M be a W*-algebra. The map ¢ in (4.14) isomorphically maps lq\aj onto HH 4
and the restriction of the map 0 in (4.14) to HHq is its inverse.

Proof. For K € K, ¢(K) = <, is an HH-order by Theorem 6.1(iii). So, by Corollary
4.7(ii), ¢ injectively maps K& in HHyq.

Let < be an HH-order. By Theorem 6.1, < = <., where K is a trail and also a lattice. By
Lemma 4.2, S< = K< = K, so that K< € K} and ¢(K<) = <, . = < . Hence Plyiar s an

isomorphism of IC%}} onto HH,,q. Combining this with Corollary 4.7, we conclude the proof. m
Note that R-orders or dual R-orders are not necessarily RR-orders as the example below shows.
E6.3| Example 6.3 Consider the following relation < on Q: p < p and p < 1forallp € Q. It is
transitive and satisfies (2.1). For each p € @, the set [p, <] = {p, 1} has the least upper bound 1.

Thus < is an R-order. However, it is not a dual H-relation. Indeed, let p < ¢ < 1. Then p < 1,
but p =p A ¢ £ ¢, so that (1.2) does not hold. W

If, however, an R-order is generated by a trail in () then it is also a dual R-order.

Corollary 6.4 Let K be a trail. The following conditions are equivalent.
(i) <, is an R-order in Q;  (ii) <, is a dual R-order in Q;
(iii) K = [0, z] where z = VK € QN 3.

12
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Proof. (i) = (iii). Let <, be an R-order. By Theorem 4.1(i), <, = <, = <. Thus
—— == N .
L L =K, = (<, )- Hence <, =< by (2.4). As < is an R-order, we have from Theorem

2.1(i) that <, = < . Thus <, | = <. . By Corollary 3.2, K+t =0, z]. Hence 0 <., #zby
(41). As <, =<, wehave 0 <, 2. So 2z =2 —0 € K by (4.1). As K is a trail, [0,2] C K.
On the other hand, K C [0, z] by Proposition 3.1. Thus K = [0, z|.

The proof of (ii) = (iii) is similar.

(iii) = (i), (ii). Let K = [0, 2]. By Corollary 3.2, K-+ =[0,2] = K. So <, = <_, | is an
RR-order by Theorem 4.1(i). m

Theorem 6.5 Let < be an RR-order and v = V[0, <] (see (2.6)) be the <-radical. Thent € QN3,

<

K =0<=[01=[1, < = < and p =1 — ¢ is the dual < -radical.

[0,¢]

Proof. By Theorem 6.1, < = <, for some trail K which is a lattice. By Corollary 6.4,
K =[0,z] where z = VK € QN 3. By Lemma 4.2, S© = K= = K = [0, z]. Hence we have from
Theorem 4.1 that S = [0, <] = [0, z]. Thus t = V[0, <] = V[0, 2] = z. As [0,1] = [<, ] by (2.6),
KS =[0,<]=[0,1] = [< 1] and < = < -

As <« is a dual R-order, p = A[<, 1] is the dual <-radical by (2.7) and 0 2 p < 1by (2.5). As
L=<y, wehave p <, 1 1.S01—p€[0,v],ie,1—p<v.Thus0<rv—(1—p)=p—(1-1) <t
So p—(1—r)€[0,r]. Hence (1 —t) <, p, so that (1 —t) < p. As 0 2 p,1—t=pby (23).m

By Corollary 6.4, the map z — <o..] Maps the set Q N 3 into the set of all RR-orders.
Corollary 6.6 (i) For each trail K, the projection z,, = VK € QN 3 is the <"_-radical and zi is

, — —
the dual <7 -radical: 0 < 2z, <7 1 and 0 < 2z, <7 1.
(ii) The map z — Ko 8 a one-to-one map from QN 3 onto the set of all RR-orders in Q).

Proof. (i) By Theorem 4.1, <" = o] is an RR-order. Hence, by Theorem 6.5, vt = 2, is
the < -radical and p = 1 — v is the dual < -radical.

(ii) By Corollary 6.4, z — <o, 18 an injective map from @ N 3 to the set of all RR-orders. If
< is an RR-order then, by Theorem 6.5, < = <o, Wwhere v € N 3. The proof is complete. m

7 HH-relation in the lattices of projections in factors.
In this section M is a factor, i.e., 3 = C1, and Q = P(M). So Corollary 6.6 yields

Corollary 7.1 Let M be a factor.
(i) There are only two RR-orders : K gy that coincides with = and <, = <.
(ii) For each trail K # {0}, z,, = VK =1 is the <’ _-radical and 0 is the dual < -radical.

As M is a factor, then (see [Sa, Corollary 2.1.7])

either p < ¢, or p~ ¢, or ¢ <p for all p,q € Q = P(M). (7.1)

Hence the set ) of all orbits in @ is totally ordered and the set KCps of all trails in @ is given in
(3.6): Ko =U__, K, where ® is a subset of Q and K, = U{w’: o’ S w} (see (3.5)).

wed

13
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Let M be a finite factor. By Theorems 8.4.3 and 8.4.4 [KR], there is a unique faithful tracial
weight 7: @ — Ry U {0} such that

) 7(p®q) =7(p) +7(q); 2) p 3 qifand only if 7(p) < 7(q). (7.2)

If M is a type I,, factor, 7 generates an isomorphism of (2 onto the set {0,1,...,n}. So Q = {wr}}_,,
where wy = {p € Q: dimp = 7(p) = k}, wo = {0}, w, = {1}. Then wi, J wy, if & < m, and

K = {Ko, 7o, where K, = U qwi={pecQ: 7(p) <k}, Ky, = {0} and K,,, = Q.
The corresponding HH-relations have form (see (4.1))
P <k, gifp<gand ¢—peK,,, ie,7(q—p) <k. (7.3)

If M is a type II; factor, 7 generates an isomorphism of { onto [0,1] C R. So Q = {w:}1e(0,1];
where wy = {p € Q: 7(p) =1}, wo = {0} and w1 = {1}. Then w; Jws if t < s, and

Ky = {Ku, brep,1) U{K,, Fie,1), Where
Ky, = Ugepogws = {p € Q: 7(p) <t} and K, = Ky \wi = {p € Q: 7(p) < t}.

For p < ¢, the corresponding HH-relations have form (see (4.1))

p <Lk, 4 if 7(q—p) <t; and p <. q if 7(q—p) < t. (7.4)
wt

Theorem 7.2 (i) If M is a type 1, factor then all HH-relations in @ have form given in (7.3).

Only two of them are transitive: <, = <, = < and Ly = Koy cotncides with = .

(ii) If M is a type 11y factor then all HH-relations in Q have form given in (7.4)). Only two
of them are transitive: Lk, =K == and Lry = Koy coincides with = .

Proof. (i) follows from the fact that, if M is finite then the map < — K< is an isomorphism
of the set of all HH-relations in @ onto Kj; by Corollary 4.8. As S Ko — {pe Q: dimp <k} is
a lattice only if £ = 0 or n, we have from Theorem 6.1 that < K, is transitive only if £ = 0 or n.

(ii) As in (i), we need to prove that only <, and <g,, are transitive. By (7.2),

T(p®q) =7(p) + 7(q) for p,q € Q, pLlq, and 7(1) = 1. (7.5)

Let t # 0. Then K., = {p € Q: 7(p) < t}. Let K, be a lattice.

If t < 1, choose p € K,, with 7(p) = t. Then 7(p*) > 3 by (7.5). Hence, by (7.2) and (7.1),
p 2 pt. By (3.1), there is » < p* such that p ~ r. Hence 7(r) = t. So r € K,,. As K,, is a lattice,
p@re K, by (6.1), and 7(p@r) = 7(p) + 7(r) = 2t > t by (7.5), a contradiction. Thus K, is
not a lattice if 0 < ¢t < %

If 3 <t <1, choose p € K,,, with 7(p) = 1. By (7.5), 7(p*) = 1, so that p* € K,,,,. As K, is a
lattice, 1 = p @ p* € K,,, a contradiction, since 7(1) = 1 > t. Hence K, is not a lattice. So only
K., = {0} and K., = @ are lattices. Similarly, all trails K = {p € Q: 7(p) <t},0<t <1, are
not lattices. Thus, by Theorem 6.1, only < Koy and < K ATC transitive. m

14
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We will now describe HH-relations in @ = P(M) when M is a type I, or Il factor. By
Propositions 8.5.2 and 8.5.5 [KR] (see also Theorems VII.36.1 and VII.36.2 [Na]), there is a faithful
normal semi-finite tracial weight 7: M — [0, o] such that, for p,q € Q,

Drp)=7l@ifp~q 2)7(p®q)=7(p)+7(q)if pLg;
3) 7(p) < 7(q) if p < ¢ and p is finite; 4) p € Q is finite if and only if 7(p) < oo. (7.6)

Thus 7 is well defined on the totally ordered set of orbits Q2 in Q: 7(w) = 7(p), p € w. Set
Qint ={w € Q:7(w) =ocot and wr = {p € P(M) : p~ 1} € Qi (7.7)
If M is a type I factor then range(7) = N U co. Thus (see (3.6))
Q = {wrtren U Qint, where wy = {p € Q: dimp = 7(p) = k}, wp T wp if k& <m,
and wy < w for all w € Q;u¢. This allows us to describe all trails in Q:

Ky =A{Ku, }ken U Ko, U{Ks}aocq,,, where @y = {w; }ien,

Ky, = Ui_gwi = {p € Q: 7(p) < k}, Koy, = U,ywi = {p € Q: 7(p) < o0},
K, =U{W": o 2w} and K¢ = K, for any ® C Q. (7.8)

w€<I>

If M is a type Il factor then range(7) = [0, 00]. Thus (see (3.6))
Q = {wi}ief,00) U Qinr, where wy = {p € Q: 7(p) =t}, ws Jwr if s <,
and w; < w for all w € Q. This allows us to describe all trails in Q:

Ky = {Kwt}te[o,oo) U {K;t }te(O,oo) U K‘I’R U {K(b}(bgﬂian where g = {wt}te[O,oo)7
Koy =Hws: s <t} ={peQ: 7(p) < t}, K, =UHws: s <t} ={pe: 7(p) <t},
Ko, = Hws: 0<s< oo} ={peQ: 7(p) < oo} and K¢ = K, for ® C Q. (7.9)

w€<1>

Recall that, for each K € K\ Q, the relation <<f associated with K was defined in (5.6).

Theorem 7.3 Let M be a type 1o (resp., type 1) factor. All relations {< Y ek, and {<<f
Yrer g are HH-relations in Q. All relations <<f are not generated by trails.
Only the relations <, iy, (resp. <<K‘I>R) and <, for all ® C Qine, are transitive.

Proof. All the results of the theorem follow from (4.14) and Theorem 5.3 apart from transitivity.

Since the relation <, coincides with =, it is transitive. As relations {<<f }Kek @ are not
generated by trails, it follows from Theorem 6.1 that they are not transitive.

Let M = B(H) and dim H = oo. By (7.8), K, = {p € Q: dimp < k}. As it is not a lattice if
k>0, <, o is not transitive by Theorem 6.1 if k£ > 0.

By (7.8), Koy = {p € Q: dimp < oo}. As it is a lattice, <, is transitive by Theorem 6.1.

Let ® be a subset of Q;,r and let s,t € K¢ and s L t. As M is a factor, we may assume, for
example, that s St (see (7.1)). So s ~a <t. As s € Kg, it follows from (7.6) that it is properly
infinite. Hence, by Lemma 6.3.3 [KR], there is e < s such that e ~ s © e ~ s. Thus e ~ a and
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1

sce~s. Ase |l (sce)and a L s, we have from (3.2) that a®d s ~ e® (s S e) = s ~ a. Therefore
it follows from (3.2) that

tds=(toa)®(ads)~(tOa)Pa=te Kgp.

Hence it follows from Theorem 6.1 that the relation <, is transitive.

Let M be a Il factor. By (7.9), K., = {p € Q: 7(p) < t}, t < co. Choose p € K, such that
7(p) = t. Then p is finite by (7.6), while p* is infinite. Hence p = pt by (7.1). By (3.1), there is
r < pt such that p ~ 7. Hence 7(r) = t, so that € K,, and p L r. If K,, is a lattice, p@®r € K,
and 7(p @ r) = 7(p) + 7(r) = 2t by (7.6), a contradiction. Thus K, is not a lattice. So L, 18
not transitive by Theorem 6.1. Similarly, all relations <. > t < oo, are not transitive.

wt
By (7.9), Ko, = {p € Q: 7(p) < o0}, i.e., K., = F is the set of all finite projections in Q). As
it is a lattice, < Kug is transitive by Theorem 6.1. Repeating the argument used for M = B(H),
we get that < Ky A€ transitive relations for all ® C Q¢ if M is a type Il factor. m

For type I and Il factors M, Theorem 7.3 gives a large variety of HH-relations in @ = P(M).
Some of them are generated by trails and some are associated with trails, but not generated by them.
The question arises as to whether there are other HH-relations in () which are neither generated
by trails, nor associated with them. In Theorem 7.7 we will show that no other HH-relations in @
exist, if M is countably decomposable.

Recall that M is countably decomposable, if each family of mutually orthogonal projections in
M is countable (for example, M C B(H) and H is separable). By Proposition V.1.39 [T], in this
case

all infinite projections in @ are equivalent: Qi = {w~1} ={p € P(M): 7(p) = oc0}.  (7.10)
As before, we denote by F' the set of all finite projections in Q = P(M).

Lemma 7.4 Let M be a not finite factor and < be an HH-relation in Q. If < is not generated
by a trail then F G S<. If M is countably decomposable then K< = Q.

Proof. By Corollary 5.1, S< contains an infinite projection s. By (4.11), [0,s] C S<.Ifpe F
then p < s by (7.1). Hence there is a finite projection 7 < s such that p ~ r. Thenr € S<NF. As
S<NF is a trail by Corollary 4.7(i), p € S<. Thus F & S<.

If M is countably decomposable, s ~ 1 by (7.10). Thus 1 € K<, so that K< = @ by (4.11). m

We need now the following general result.

Lemma 7.5 Let M be a factor and pAq=0. Seta=pAq-, c=p-Agq, e=p-Aqt.

(i) There is d ~ p such that ¢- = d D e.
(ii) There is r € Q such that r A\p =1 Aq =0 and either r ~ ¢~ ifa J ¢, orr ~p- if c 3 a.

Proof. As p A q =0, it follows from (4.12) that there are projections py, gy such that

p=poDa, g=qoDc, qJ‘:(b@(JO)@a@e, 1=bDa®c®e, where (7.11)
b=1poVqo, po~bSqo~qo~bSpyand (7.12)
0 =p9 A qo :po/\(b@(JQ) = (b@po)/\QQ. (713)
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(i) Set d = (b© qo) @ a. By (3.2), (7.11) and (7.12), p~d and ¢- =d D e.
(ii) As M is a factor, either a = ¢, or ¢ 3 a. Let a X ¢. Then there is s < ¢ such that a ~ s. As
¢ L a, we have s L a. Hence, by Lemma 4.4(ii), there is t € @ such that

t<s®a<c@a, tha=tANs=0,t~a~sandt®a=sPa. (7.14)
Set r=(bS qo) ®t@e. By (7.11) and (7.14), po,qo L (t @ e) and (bPe) L (a® c). So

rap=(bep) @tde)Apoda) Z (beg) Apy) @ tra) 2 0s e 2o,
rig=(bog) @tee)Alped) E (begw) rp) ®dtrd 2o Enc)
—tA(s@(cos) P ias o,

since t L (c©s). Ast ~ a by (7.14), it follows from (7.11) that r ~ ¢=.
Similarly, one can prove (ii) if ¢ S a. =

We shall now study the sets S< for HH-relations < when M are 1, and I, factors.
Proposition 7.6 Let M be a factor, < be an HH-relation and 7: M — [0, 00| satisfy (7.6). If
7(pt) = a < 0o for some p € S, then {g € Q: a < 7(¢h)} C S<. (7.15)
Proof. If a = 0 then p* = 0, so that p = 1 and S< = Q. Let now a > 0 and 7(¢*) = . By
(7.6), pt ~ ¢*-. To prove that ¢ € S<, we first show that there is r € @ such that
T(r)=a, rAp=rAg=0andrVp=1. (7.16)
Set s=pAgq, pr =pst=p—ps, ¢t =qs- =q—gs. Then st — ¢ = st¢+ = ¢+, as ¢~ < s*. So

ugﬁ( L

pLAq =psT Ags pA q)sJ‘ = g5t = 0, as s— commutes with p and q.

Consider the factor M, = st Ms*+ = {stast: a € M}. Then p1,q1 € M. As p1 Aq1 = 0,
it follows from Lemma 7.5(ii) that there is r € P(M,.) such that r Apy = r A g = 0 and
r~stoq=q-~ph

Asr < st and p=p; ®ps, we have r L psand r Ap =1 A (p1 © ps) 4D r A pp = 0. Similarly,
r Aq=0. Since r ~ ¢, we have 7(r) = 7(¢") = a by (7.6).

To prove that r V p = 1, recall that » A p = 0. Replacing ¢ by r in (7.11)—(7.13), we get

r=1ry® (r/\pL), pt = (bopo) ® (r/\pl) &) (T‘L/\pL), b=poVrygand rg~bS pg, (7.17)
where b = 79 V pg. As 7(pt) = a = 7(r), it follows from (7.17) and (7.6) that

a=r1(r)=71(rg) +7(r Apt) and a = 7(pt) = 7(b S po) + T(r A pt) + 7(rt A ph).

As rg ~ bOpg by (7.17), we have 7(rg) = 7(b©po) by (7.6). Hence 7(r+ Apt) = 0. As 7 is faithful,
rtApt=0.S0rVvp=(rt Aph)t =1 by (4.4). Thus (7.16) is proved.
By (7.16) and Lemma 4.4(i),

pe S and 7(pt) =7(¢t) = o imply 0 < ¢, ie., g€ S<. (7.18)

Finally, let 7(¢) > o = 7(p*). Then p* < ¢t by (7.6). So pt ~ t < ¢* for some t € Q. Thus
7(t) = a by (7.6). Ast = (t1)*, we get t+ € S< from (7.18). By (4.11), g€ S<,as ¢ <t. m

Using Proposition 7.6, we will now show that, for a countably decomposable type I, or Il
factor M, Theorem 7.3 gives a full list of HH-relations in P(M).
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Theorem 7.7 Let M be a type 1, or Il factor. Let < be an HH-relation in Q = P(M) not
generated by a trail. Set

a=inf{r(¢"): ¢ € S} and let wo = {p € Q: 7(p) = a} € Q, if a < 0. (7.19)

1

Ko
(i) If M is a type 1 factor and a < oo then € = <, 7
(ii) Let M be a type 1l factor and a < oo.
1) If a = 7(p*) for some p € S<, then < = <fwa
2) If a < 7(p*) for all p € S, then < = <<fwa .

(iii) Let o = oo and M be countably decomposable. If M has type 1o then < = <<fq)N; if M
has type Il then < = <<fq>R .

Proof. (i) If M is a type I, factor then a € N. So there is p € S< such that 7(p*) = a. Then

Ko, (7.15)
g 6D {(s€Q: st ¢ K, .} () {s€cQ: a<t(sh)} C S

1

Kug_
On the other hand, since a < 7(gt) for all ¢ € S< by (7.19), we have S C §<1 . Thus

K(A)a_ KL;J
G = gL T Hence, by Lemma 4.3, < = < “'.

(ii) Let M be a type 11 factor. Then o € Ry U {0}.
1) Let a = 7(pt) for some p € S<. Then

Koo (5. . (7.15)
< s st ¢ ko1 @ seq@a<r(sh)) C S<

K3,
On the other hand, since a < 7(¢*) for all ¢ € S< by (7.19), we have S C §<.™". Thus

o -
S< = 8<. " . Hence, by Lemma 4.3, < = =y

2) Let o < 7(p*) for all p € S<. For each & > 0, there is p. € S< such that a < 7(pt) < a+e.
By (7.15), {s € Q: a+e <7(st)} C S<. Thus {s € Q: a < 7(s1)} C S<. As

g<i B o0 st ¢ Ko ) P (s € @ a < r(sH), (7.20)

Kuwe Kuwe
we have S<L ™% C S<. On the other hand, as 7(p*) > « for all p € S<, we have S C S<1™7 by

7.20). Thus §< = §<1°° By Lemma 4.3, < = <fwa,
1
(iii) Let v = 0o and M be countably decomposable. Then Q¢ = {w~1} (see (7.10)). As

7(pt) = oo for all p € S< by (7.19), we have p € wy. (7.21)
Let M have type L. By (7.5), K := Ko, = U, yw; = {p € Q: 7(p) < oo}. Then

ST e ¢t ¢ K} P {ge @ m(¢h) =0} = {a€ Q: ¢- cwur), (7.22)

so that S< C S<I by (7.21). (7.23)

By Lemma 7.4, F C S< and S< contains infinite projections. Then

S< =FUSS, where SS = {p € S<: p is infinite} (721 {p € S<: p,p* are infinite}.  (7.24)

o)
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As M is countably decomposable, p ~ pt for p € S by (7.10). Thus, by Proposition 4.5,

if p € S then 0 < pt, so that p= € SE. (7.25) [6,3
Let p € S, p < ¢ and ¢ be infinite. Then ¢- < pt € S by (7.25). By (4.11), ¢t € S<. As
q* is infinite, ¢= € S by (7.24). Hence, by (7.25), ¢ = (¢*)* € SS. So
if pe S, p < qand ¢t is infinite then ¢ € S<. (7.26) |6,4
If p € F then 7(p) < oo, so that 7(p) = oo by (7.6). So it follows from (7.22) that
K K
S<f = Fu Sii, where Sii ={q € Q:qand ¢* are infinite}. (7.27) |6,5
Comparing (7.24) and (7.27), we have that in order to prove
<K <K
SS1L C S<, we need to show that Soot C SS. (7.28)
K
Let g € SSZL. Take any p € SE. If (p V ¢)* is infinite then pV ¢ € S by (7.26), as p < pV q. As
q < pVq, we have ¢ € S< by (4.11). As q is infinite (see (7.27)), ¢ € SS by (7.24).
Let now (pV ¢)* be finite. As 0 < p, we have ¢ =0V ¢ < pV ¢ by (2.1), so that 0 = g A ¢+ <
(pVq)Agt by (2.2). Set r = (pV q) Ag*t. Then r € S, as 0 < . It follows from (4.4) that
rt= (Vo ra) =mEVe Vi) =r Ad)ve= " Agh) eq,
as p A ¢ is orthogonal to ¢. Hence
r=(r =" Ad) o)t =a o Agh). (7.29) [6,7
K
As q € Siﬂ ¢ is infinite by (7.27). Hence r is infinite, since (p* A ¢t) = (p V ¢)* is finite
by our assumption. As r € S<, we have r € S by (7.24). As ¢= =7 @ (p~ Aqt) > r by (7.29),
and (¢t)% = q is infinite, it follows from (7.26) that ¢- € SE. Then ¢ € S by (7.25). Thus
K
St C S<, so that S5 C §< by (7.28). Combining this with (7.23) yields S<1. = S<. By
K Koy
Lemma 4.3, < = < =< .
The proof of <« = <<i<q>]R if M has type Il, is identical. m
To summarize the results of Theorems 7.3 and 7.7, assume that M is a countably decomposable
factor. Then Qi = {w~1}. Hence if K € Ky, contains an infinite projection then K = ). For each
K € K, the corresponding HH-relations <, and <* are given in (4.1) and (5.6).
If M has type I then (see (7.8)) Ky = { Ky, }ken U Ko, UQ, where K, = {p € Q: 7(p) < k}
and Ko, = {p € Q: 7(p) < oo}. The corresponding HH-relations have form: for p < ¢,
P <y, 4 if (g —p) <k, and p <<Ifw’“ qif 7((g — p)*t) > k, for k € N;
. K .
P <y, ¢if7(¢—p) < oo, and p <M qif7((g —p)h) = oo (7.30) |7.11

If M has type Il then (see (7.9)) K = {Kw, }efo,00) U1K, Fe(0,00) UK e, UQ, where Ky, = {p € Q:
T(p) < t}, K, = {p € Q: 7(p) <t} and Kg, = {p € Q: 7(p) < oo}. The corresponding HH-
relations have form: for p < g,
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= [& [
o} =

P <Lg,, 4 if 7(¢q—p) <t, and p <<f”t qif 7((q — p)L) >t for t € [0, 00),

P, q if 7(¢g—p) <t, and p <<f°:t qif 7((q —p)L) >t for t € (0,00)
t

w

K.
P <Ly, qif (g —p) < oo, and p < “F qif 7((q — p)t) = 0. (7.31)
R
In both cases, <L, =<. Therefore Theorems 7.3 and 7.7 yield.

Theorem 7.8 Let M be a countably decomposable factor of type loo (resp. 1ly). A relation in Q

is an HH-relation if and only if it coincides with one of the relations in (7.30) (resp. in (7.31)).

Only three relations are transitive: <, = <, < Ke (resp., < Ko ), K K that coincides with =.
N R

Consider now HH-relations in @ = P(M), when M is a countably decomposable type III factor.
Note that M has no non-trivial faithful semi-finite normal tracial weights (Theorem V.2.15 [T]).

Theorem 7.9 Let M be a countably decomposable type 111 factor. Then @Q only has two trails:
Ko = {0} and K1 = Q and only three HH-relations. Two of them: L, = < and <, that
coincides with = are generated by trails. Only they are transitive.

The third relation <<i(0 is mot generated by a trail: p <<f0 qgifp<qandq—p#1.

Proof. As all projections in Q\{0} are infinite and equivalent to 1 ([T], V.1.39), @ only has
two trails Ko = {0} and K7 = @ and two HH-relations generated by them.

Let an HH-relation < be not generated by a trail. If 1 € S< then Q = [0,1] C S< by (4.11),
a contradiction. Thus 1 ¢ S<. Let 0 # p € S<. Then p ~ p+ # 0, 1. Hence, by Proposition 4.5,

0 < p implies p= € S, so that [0,p1] C S< by (4.11). (7.32)

If p < q#1then 0 # ¢~ < pt. Hence 0 # ¢+ € S<. By (7.32), ¢ = (¢H)* € S<. Thus
0#Ape SSandp<q+#1impliesqe S<. If pVr # 1 for some r € Q, then pVr € S<, as
p<pVr.SoreS<hby(411),asr <pVr.

Let pVvr=1and 1 # r. Then 0 = 1+ = (pVv r)t = p- Art by (44). As 0 < p, we have
pt=0Vpt < pVpt =1by (2.1). Hence 0 = p- Art < 1Art =7+ By (7.32), r = (rt)*+ € S<.

Thus each r # 1 belongs to S<. So S< = Q\{1}. Therefore < = <, ,, = <fo (see (5.6)). m

Problem 7.10 For a countably decomposable infinite factor M, the list of HH-relations in P(M)
given in Theorem 7.3 is complete by Theorems 7.8 and 7.9. Is it also complete if M is not countably
decomposable?
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