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Abstract: If a quantum system A, which is initially correlated to another system, E,
undergoes an evolution separated from E, then the correlation to E generally decreases.
Here, we study the conditions under which the correlation disappears (almost) com-
pletely, resulting in a decoupling of A from E. We give a criterion for decoupling in
terms of two smooth entropies, one quantifying the amount of initial correlation between
A and E, and the other characterizing the mapping that describes the evolution of A.
The criterion applies to arbitrary such mappings in the general one-shot setting. Further-
more, the criterion is tight for mappings that satisfy certain natural conditions. One-shot
decoupling has a number of applications both in physics and information theory, e.g.,
as a building block for quantum information processing protocols. As an example, we
give a one-shot state merging protocol and show that it is essentially optimal in terms of
its entanglement consumption/production.

1. Introduction

Correlations in quantum systems, and in particular entanglement, have been in the focus
of (both theoretical and experimental) research in quantum information science over the
past decades. As a result, one has nowadays a pretty good (although still not complete)
understanding of quantum correlations and, in particular, the processes that create them.
In this work, we take—so to speak—an opposite approach and study conditions under
which two systems can be decoupled, i.e., brought to a state where they are uncorrelated.

We call a system, B, decoupled from another system, E, if the joint state of the two
systems, ppE, has product form pp ® pg. Operationally, this means that the outcome of
any measurement on B is statistically independent of the outcome of any measurement
on E. Or, in information-theoretic terms, the system E does not give any information
on B (and can therefore safely be ignored when studying B).

Decoupling theorem. Our goal is to characterize the conditions under which the evo-
Iution of a system results in decoupling. For this, we consider a system, A, that may
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Fig. 1. Decoupling. The initial system, A, may be correlated to a reference system E. The evolution is modeled
as a mapping 7 from A to B. The final state of B is supposed to be independent of E. The subdivision of 7
into a unitary ¢/ and a mapping 7 is required for the formulation of our decoupling criterion

initially be correlated to E. Furthermore, we assume that the system A undergoes an
evolution, described by a TPCPM! 7T from A to B, during which no interaction with
E takes place (see Fig. 1). The main result of this work is a decoupling theorem, i.e., a
criterion that provides necessary and sufficient conditions for decoupling (of B from E).
The criterion depends on two entropic quantities, characterizing the initial state, paf,
and the mapping 7, respectively.

The decoupling criterion can be conceptually split into two parts, called achievability
and converse part, which we now describe informally. The full technical statements are
provided as Theorems 3.1 and 4.1 in Sects. 3 and 4, respectively. For their formulation,
it is convenient to view 7 as a sequence, 7 = 7 oU, where U is an arbitrary unitary on
A, and 7 a fixed TPCPM from A to B.

Achievability: decoupling up to an error ¢ is achieved for most choices of U if

H: . (AlE), + Hi (AlB): £ 0. (1)

Converse: decoupling up to an error ¢ is not achieved for any choice of U if

HY: (AIE), + HE . (A|B); 5 0. 2)

The criteria refer to the e-smooth conditional min- and max-entropy introduced in [RW04,
Ren05], which can be seen as generalizations of the von Neumann entropy (cf. Sect. 2
for definitions and properties). The e-smooth conditional min-entropy H:, (A|E), is
a measure for the correlation present in the initial state p4 p—the larger this measure,
the less dependent is A on E (see Table 1 for some typical examples). The quantities

HE. (A|B); (for the achievability) and Hy,, (A|B); (for the converse) measure how
well the mapping 7 conserves correlations. Roughly, they quantify the uncertainty one
has about a “copy” of the input, A, given access to the output, B, of 7 (cf. Table 2). We
note that the expressions for the achievability and for the converse essentially coincide
in many cases of interest (see the discussion in Sect. 4).

As a typical example for decoupling, consider m qubits, A, that are classically maxi-
mally correlated to E (so that H, (A|E), = 0, cf. second row of Table 1). Furthermore,
assume that A undergoes a reversible evolution, U, after which we discard m —m’ qubits,
corresponding to a partial trace, 7 = Tr,,_,, (see last example of Table 2). Our criterion
then says that the remaining m’ qubits will, for most evolutions U/, be decoupled from
E whenever m’ < m/2. Conversely, if this condition is not satisfied, some correlation
will necessarily be retained.

We mention that it is possible to phrase our achievability criterion for decoupling (1)
in another (but equivalent) way. For TPCPMs 7 from A to B such that for every unitary

LA trace-preserving completely-positive map (TPCPM) is a linear function that maps density operators to
density operators.
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Table 1. Dependence on the initial state

Description of initial state P = PAE an]in (AlE),
k random bits A independent of E 27kq A®PE k

ok
k bits A correlated classically to E 2k, D lidila ®lidile 0

i=1

ok
) . _~r—k/2 : 1 _

k qubits A fully entangled with E |W) (W], where W = 2 . Z liYa ®li)E k

i=1
(A|E)p (for e — 0) in the decoupling criterion depends on the initial

The table illustrates how the term HS .|
k
state p4 . In all three examples, A is assumed to be a k-qubit system with orthonormal basis {|i)A}i2:1.

k
Similarly, {]i) 15}[2= 1 is an orthonormal family of states on E

Table 2. Dependence on the mapping

Description of mapping T Hr";"lin(AlB)r
Identity on m qubits o0 —m
2/}1
Orthogonal measurement on m qubits o~ Z |i)(ilo]i)(i| 0
i=1
Erasure of m qubits o+ Tr(o)|0)(0] m
2m—m/
Identity on m’, orthogonal o Z A,y @ li)(iDo (L, @ [i) (i) —m'

measurement on m — m’ qubits i=1

Identity on m’, erasure on m — m’ qubits o+ Trpy,_ (0) m—2m’

The table illustrates how the term Hr';in(A |B)7 in the decoupling criterion depends on the mapping 7. In all
five examples, the input space, A, is assumed to consist of m qubits with orthonormal basis {|i) A}[Z’:’ll. The

last two examples have a smaller output space consisting of only m’ qubits. The penultimate one can be seen
as a combination of the first and the second, and the last one can be seen as a combination of the first and the
third. (The smooth conditional min-entropies are evaluated for ¢ — 0)

U on A there exists a unitary } on B with V o 7 = 7 o U, decoupling up to an error &
is achieved if

HE: (A|E), + HS, (A|B); 2 0. 3)

min

For more details about this formulation, see the discussion in Sect. 3.1.

Applications. The notion of decoupling has various applications in information theory
and in physics. Many of these applications have in common that decoupling of a system
B from a system E is used to show that B is maximally entangled with a complementary
system, R. Indeed, under the assumption that R is chosen such that the joint state, ppgr,
is pure, ppg = pp ® pp immediately implies that there exists a subsystem R’ of R
such that the state on pp g is pure. If, in addition, pp is fully mixed, pp g’ is necessarily
maximally entangled.
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In the context of information theory, this type of argument is, for example, used to
analyze state merging [HOWO05,HOWO07], i.e., the task of conveying a subsystem from a
sender to a receiver | who already holds a possibly correlated subsystem | using classical
communication and entanglement. Another example, where decoupling is used in a
similar fashion, is the quantum reverse Shannon theorem [BSST02,BDH*09,BCR11].In
fact, the proof of this theorem given in [BCR11] refers to a coherent form of state merging
(also known as the fully quantum Slepian Wolf or mother protocol [ADHWO09]) where
the classical communication is replaced by quantum communication. Decoupling can
also be used for the characterization of correlation and entanglement between systems,
erasure processes, as well as channel capacities (see, e.g., [GPWO05,Bus09,HHWYO08]).
In addition, its classical analogue, privacy amplification [BBCM95,RK05], is widely
used in classical and quantum cryptography.

Decoupling processes are also crucial in physics. For example, the evolution of a ther-
modynamical system towards thermal equilibrium can be understood as a decoupling
process, where the system under consideration decouples from the observer (some-
what analogous to the considerations in [LPSW09,Par89a,Par89b]). Recent work in-
deed shows that there is a close relation between smooth entropies and quantities that
are relevant in thermodynamics [DRRV09,dRAR*11,Hutl1,FDOR12,Abel3,HO13].
Similarly, black hole radiation may be analyzed from such a point of view [HP0O7,BP07,
PZ13]. Finally, one-shot decoupling techniques were also applied in solid state physics
in order to show that 1D quantum states with exponential decay of correlations have an
efficient classical approximate description as a matrix product state [BH13].

History and related work. While various standard results in quantum information theory
have been proved using ideas related to decoupling, the concept came into its own with
the discovery of state merging protocols [HOW05,HOWO07] and, later, the fully quantum
Slepian Wolf protocol [ADHWO09]. These are based on specific decoupling processes
where the mapping 7 is either a projective measurement or a partial trace. In this early
work, the decoupling was analyzed in terms of the dimensions of certain subsystems
(rather than smooth conditional entropies).

Based on the diploma thesis of one of us [Ber08], we have generalized these decou-
pling results to include mappings 7 that consist of combinations of projective measure-
ments and partial trace-preserving. Furthermore, we expressed the decoupling criterion
in terms of smooth conditional entropies. Subsequently, one of the authors derived in his
doctoral thesis [Dup09] a general decoupling theorem that can be applied to any type of
mapping. This result is essentially (up to the use of different entropy measures) equivalent
to Theorem 3.1 presented here. We also note that the aforementioned characterizations
of decoupling can be seen as special cases of this general result.

The above work was mostly concerned with achievability. Converse results were
so far only known in special cases. In particular, we derived in [BRWO07] and [Ber(08]
(see also [Ren09]) converse theorems for the case where the mapping 7 is a projective
measurement. The converse theorem presented here, Theorem 4.1, generalizes these
results.

‘We emphasize that the use of smooth conditional entropies is essential for applications
of the decoupling technique in physics (see the discussion in Sect. 6).

Structure of the paper. In Sect. 2 we introduce the notation and review the definitions
and main properties of the entropy measures used in this work. Our main achievability
result for decoupling is given in Sect. 3, whereas Sect. 4 contains a converse that is tight
in many cases of interest. The use of the decoupling technique is illustrated in Sect. 5,
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where we show how to obtain optimal one-shot quantum state merging. We conclude
with a discussion in Sect. 6.

2. Preliminaries

2.1. Notation. We denote the Hilbert space associated to a system A by H 4. We only
consider finite-dimensional systems and denote the dimension of H 4 by |A|. The set of
linear operators on H is denoted by £(’H) and the set of nonnegative operators on H by
P(H). We define the sets of subnormalized states S<(H) = {p € P(H) : Trp < 1}
and normalized states S_(H) = {p € P(H) : Trp = 1}.

The tensor product of H 4 and Hp is denoted by Hap = H4 ® H . For multipartite
operators pap € P(Hap), we write p4 = Trp(pap) for the corresponding reduced
operator. For My € L(H4), we write My = M4 ® 1 p for the enlargement on any H 4 g,
where 15 denotes the identity in P(Hp).

Completely positive maps from L(H,) to L(Hp) are called CPMs and trace-

preserving CPMs are called TPCPMs. For ‘H 4, H p with orthonormal bases {|i) A}l‘.i‘] s
{|i)3}yi|1 and |A| = |B], the canonical identity mapping from L£(H 4) to L(Hp) with
respect to these bases is denoted by Z4_, g, i.e., Za—p (i) {(jla) = 1i){j|B-

For p € P(H), || plloc denotes the operator norm of p, which is equal to the maximum
eigenvalue of p. The trace norm of p € L(H) is defined as ||p||; = Tr(v/pTp) and the
induced metric on S¢(H) is called trace distance. The fidelity between p, 0 € S¢(H)
is defined as F(p, o) = |I/pv/o|l1-

We will make use of the Choi—Jamiotkowski isomorphism, which relates CPMs to
positive operators, and which we denote by J.

Lemma 2.1 [Jam72,Cho75]. The Choi—-Jamiotkowski map J takes maps Tx_ p
L(H ) — L(HB) to operators J(Ta—p) € LI(HA @ Hp). It is defined as

J(Ta-B) = Ta @ Ta—p)(|P)(Plan), “)

where |®) g4 = |A|*% Dilida®li)a and Ha = Ha.3 The map J bijectively maps
the set of CPMs from H4 to Hp to the set P(Ha ® Hp), and its inverse maps any
vag € P(HA ® Hp) to

Tasp: Ma > |A|-TrlyapMI], )

where Mg denotes the transpose of M 4 with respect to the basis {|i) A}l-ill.

2.2. Smooth entropies. The smooth entropy formalism [Ren05,RWO04] has been intro-
duced in (classical and quantum) information theory to study general one-shot scenarios,
in which nothing needs to be assumed about the structure of the relevant probability dis-
tributions or quantum states (e.g., those modeling noise processes in a communication
channel). The formalism therefore overcomes a limitation of the established theory,
where it is usually assumed that the relevant processes can be modeled as asymptotic
sequences of independent and identically distributed (iid) subprocesses.

2 The trace distance is often defined with an additional factor 1 /2, which we omit here.

3 The Choi-Jamiotkowski isomorphism is sometimes defined with an additional dimensional factor of |A|;
we choose not to do this here.
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In this section we provide the definitions of the underlying entropy measures, called
smooth min- and max entropy, and state some of their basic properties. Further properties
are summarized in Appendix A. For a more detailed discussion of the smooth entropy
formalism we refer to [Tom12,Ren05, KRS09, TCR09, TCR10,Dat09].

Recall the following standard definitions. The von Neumann entropy of p € S—(H)
is defined as* H (p) = —Tr(plog p) and the conditional von Neumann entropy of A
given B for pap € S—(H) is defined as H(A|B), = H(AB), — H(B),.

Definition 2.2. Let pap € S<(Hap). The conditional min-entropy of A given B is
defined as

Huin(A|B), = sup  sup{r€R:27" -1, ®0p —pap >0}.  (6)
opeS—(Hp)

The conditional max-entropy of A given B is defined as

Hmax(A|B), = sup log F(pap, 14 ® op)*. (7)
opeS—(Hp)

In the special case where B is trivial (i.e., one-dimensional), we write Hyjn(A), and
Hmax (A), instead of Hpyin(A|B), and HmaX(A|B) o Tespectively, and it can be shown
that Hyin(A)p, = —loglpalloo as well as Hyax(A), = 21log Tr \/pa. Furthermore, for
paB € S—(H4p) the entropies can be ordered as [TCR09, Lemma 2]

Huin(A|B), < H(A[B)p < Hmax(A|B),. ®)

The smooth conditional min- and max-entropy are defined by extremizing the non-
smooth versions over a set of nearby states, where nearby is quantified by the purified
distance.

Definition 2.3. Let p, 0 € S<(H). The purified distance between p and o is defined as

P(p,0) =1 —F(p,0)?, €))

where F(p, o) = F(p,0)++/(1—=Tr[p])(1 — Tr[o]) denotes the generalized fidelity.

The purified distance is a metric on S (H) [TCR10, Lemma 5]. As its name indicates,
P(p, o) corresponds to the minimum trace distance between purifications of p and o.
For more about the purified distance we refer to [TCR10].

Henceforth p, 0 € S¢(H) are called e-close if P(p, o) < ¢ and this is denoted by
p ~¢ 0. We use the purified distance to specify an g-ball around p € S¢(H),

B*(p) = {p' € S<(H) : p' = p). (10)

Definition 2.4. Let ¢ > 0 and pap € S¢(Hap). The e-smooth conditional min-entropy
of A given B is deﬁned as

(A|B), = sup  Hmin(A|B);. (11)
PABEBE (paB)

mm

The g-smooth conditional max-entropy of A given B is defined as

(A|B), = inf Hmax(A|B) ;. (12)

Hyax
PABEBE (pAB)

4 Al logarithms are taken to base 2.
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We mention that the optimization problems defining the smooth conditional min- and
max-entropy can be formulated as semi-definite programs [Tom12, Sect. 5.2.1]. This
allows to efficiently compute them numerically.

The smooth conditional min- and max-entropy are dual to each other in the following
sense.

Lemma 2.5 [TCR10, Lemma 16]. Let ¢ > 0, pap € S<(Hap) and let papc €
S<(Hapc) be an arbitrary purification of pap. Then, we have that

(AIB)p = —Hpyy (A|C)). 13)

mm

Smooth entropies satisfy various natural properties analogous to those known for the
von Neumann entropy. One of them is the invariance under local isometries.

Lemma 2.6 [TCR10, Lemma 13/15]. Let ¢ > 0, pap € S<(Hap), and let Us_, c and
VB p be isometries from A to C and B to D, respectively. Then, we have that
max(A|B),0 = max(C|D)VOU(,0) (15)
Another important property is the data processing inequality.
Lemma 2.7 [TCR10, Theorem 18]. Let ¢ > 0, pap € S<(Hap), and let Tp_.c be a
TPCPM from B to C. Then, we have that

Hyin(AlB)p < Hpgi (AIC) 7)) (16)
max(A|B),0 < max(A|C)T(P) (17)
Smooth entropies are generalizations of the von Neumann entropy, in the sense that

the von Neumann entropy can be retrieved as a special case via the quantum asymptotic
equipartition property (AEP).

Lemma 2.8 [Tom12, Corollary 6.6 and 6.7]. Let 0 < ¢ < 1 and pap € S=(Hap)-
Then, we have that

1

Jim = H (A1B) jen = H(AIB), (18)
1

Jim ~Hy (AIB) jen = H(AIB),. (19)

For more properties of smooth entropies we refer to the Appendix A and [Tom12,
Ren05,KRS09, TCR09, TCR10,Dat09].
For technical reasons we will also need the following auxiliary quantities.

Definition 2.9. Let pap € S<(HaB). The conditional collision entropy of A given B is
defined as
Hy(AB), = sup —logTr [((m ®o5 " pan(la ®oB‘/4)) ] (20)
O’BES:(HB)
Definition 2.10. Let pap € S¢(Hap) and op € S¢(Hp). We define

Huax (A|B) pjo = log F(pap, 14 ® op)>. 1)
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It can be shown that Hyax (A|B), = SUPseSc (Hp) Hpax (A|B) plo -

Definition 2.11. Let pap € S<(Hap) and op € S<(H ). We define
Humin(A|B)pjs =sup{r e R:27% . 14 ® 05 — pap > 0}. (22)

It can be shown that Hy,in (A|B), = SUPs eS. (Hz) Hyin (A|B) pjo -

Finally, we note that, since all Hilbert spaces in this paper are assumed to have finite
dimension, the infima and suprema in the expressions above can be replaced by minima
and maxima, respectively.

3. Achievability

In this section, we present and prove a general decoupling theorem (Theorem 3.1), which
corresponds to the achievability part of the criterion sketched informally in Sect. 1. The
theorem subsumes and extends previous results in this direction.

3.1. Statement of the decoupling theorem. As explained in the introductory section (see
Fig. 1), we consider a mapping from a system A to a system B. The mapping consists of
a unitary on A, selected randomly according to the Haar measure over the unitary group
on H 4, followed by an arbitrary mapping 7 = 74—, p. In applications, 7 often consists
of a measurement or a partial trace (see Table 2 for examples). The decoupling theorem
then tells us how well the output, B, of the mapping 7 is decoupled (on average over
the choices of the unitary) from a reference system E.

Theorem 3.1 (Decoupling Theorem). Let ¢ > 0, par € S—(HaEg), and let To_, p be
a CPM with Choi—-Jamiotkowski representation tap = J(7T) such that Tr(tap) < L.
Then, we have that

/ | Tam b UapasUD) — 5 @ pi | dU <272 Hin WD =3 AIB)e 1 12,
U(A)
(23)

where [ -dU denotes the integral over the Haar measure over the full unitary group on
Ha.

Here, the total CPM is of the form 7 = 7 o I{ with the unitary channel U(-) =

U A(~)Uj\ and Uy, chosen at random. We note that, equivalently, we may think of 7 as
a channel that chooses at random a unitary U4 and outputs the choice of Uy, together
with the output of 7.

The decoupling theorem (Theorem 3.1) provides a bound on the quality of decoupling
that only depends on two entropic quantities, H:. (A|E), and H. (A|B).. The first
is a measure for the correlations between A and E that are present in the initial state,
pAE- The second quantifies properties of the mapping 7, which is characterized by the
bipartite state T4 p obtained via the Choi—Jamiotkowski isomorphism J. Hence, in order
to minimize the right hand side of (23), no channel ends up being better suited for some
types of states than for others or vice-versa. Furthermore, as discussed in Sect. 4, the
bound in (23) is essentially optimal in many cases of interest. We also note that, using
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Markov’s inequality, the expectation value over the unitaries U can be turned into a
bound that holds for most unitaries. That is, for any & > 0,
L oo-dug,am,-ag,am. 126 o)

min

HTA»B(UAPAEU;) — T ® pE ”1 <

holds with probability at least 1 — u (for U chosen according to the Haar measure).
Finally, as sketched in the introductory section, the decoupling theorem (Theorem 3.1)
can also be phrased in another (but equivalent) way.

Corollary 3.2. Let ¢ > 0, parp € S—(Hag), and let Tp_, g be a CPM with Choi-
Jamiotkowski representation tap = J(T) such that Tr(tap) < 1. Furthermore, assume
that for every unitary channel Uy there exists a unitary channel Vg such that Vp o
Tag = Ta_, g oUx. Then, we have that

1 Tas 5 (oaE) — T8 ® pEll; < 272 Hnin AL =3 Hogn(AIB)e 4 10 (25)

Proof. By the decoupling theorem (Theorem 3.1) for the map 74, g, there exists a
unitary Uy such that

1 e 1 e
HTA—>B(UAPAEU£) — 13 ® pE H1 < 27 2 HninAIE) =3 HLn(AIB): 4 100 (26)

Since there exists by assumption a unitary Vg such that Vg o Ty, p = Ty p o Uy, we
get

”’LHB(pAE) — VitV ® pE H = ” VeTass5(pAE)Vjy — T8 @ pE Hl
< 2" 2 mm(AlE)/’ lHéll"(AlB)T + 12e. (27)

Furthermore, again by assumption, there exists a unitary Wp such that Wg 0 Ty_.p =
Ta_po Z/IT, and hence

Taop =Taspolpoll, =VpoTsp OUZ:VBOWB oTa»p. (28)

This implies V; o075 = Wp oTs_,p, and thus we get

14 14 14
VatpVs = WpTass ( ) Wi =Tass (U*—UA) Tasp ( ) — 5.
|A| 414 RSN
(29)

Finally, we arrive at the claim by combining this with (27). O

To see why this alternative formulation (Corollary 3.2) is equivalent to the decoupling
theorem (Theorem 3.1) we may think of the total map in Theorem 3.1 as a channel that
chooses at random a unitary U4 and outputs the choice of U4, together with the output
of 7. By inspection, this total map then fulfills the assumption of Corollary 3.2.

Our first step in proving Theorem 3.1 is to prove a version involving non-smooth
min-entropies (Theorem 3.3). Then, in a second step, we show that smoothing preserves
the essence of the theorem. Note that Theorem 3.3 may be of interest in cases where
no smoothing is required since it is slightly more general: it applies to any completely
positive 7, not only trace-non-increasing ones.
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Theorem 3.3 (Non-Smooth Decoupling Theorem). Let par € S¢(Hag) andlet Ty, g
be a CPM with Choi—Jamiotkowski representation tap = J(7T). Then, we have that

+ 1 1
/U HTA—>B(UAPAEUA) — 15 ® pE Hl dU < 2—§H2(A|E)p_§H2(A‘B)‘(’ (30)
(4)

where [ -dU denotes the integral over the Haar measure over the full unitary group
on Ha.

3.2. Technical ingredients to the proof. The proof of the non-smooth decoupling theo-
rem (Theorem 3.3) is based on a few technical lemmas, which we state and prove in the
following, and which may be of independent interest. We note that they partly generalize
techniques developed in the context of privacy amplification [RK05,Ren05,TRSS10] as
well as earlier work on decoupling (see, e.g., [HOWO7]).

Lemma 3.4. Let M, N € L(H4). Then, we have that Ttr[(M @ N)F] = Tr[M N, where
F swaps the two copies of the A subsystem.

Proof. Write M and N in the standard basis for H 4, that is, M = Zij m;jli)(j| and
N = > i nilk)(l|. Then, we have that

Trl(M @ NYF1 ="Tr | [ D mijnuli)(jl @ k)| | F
ijkl

=Tr | D" mijnuli){l| ® [k){j]
| ijki

=D mijnji
ij

= Tr[MN]. (31)

O

The second lemma involves averaging over Haar distributed unitaries. While it would
take us too far afield to formally introduce the Haar measure, it can simply be thought
of as the uniform probability distribution over the set of all unitaries on a Hilbert space.
The following then tells us the expected value of U 2N (UT®? with M € E(H%z)
when U is selected “uniformly at random”.

Lemma 3.5. Let M € E(H?z). Then, we have that
E(M) = / U®’MUNH®%dU =« -1 op + B - Fa, (32)
U(A)

where Fa swaps the two copies of the A subsystem, a and 8 are such that Tr[M] =
a|A?+B|A| and Tr[M F] = a|A| + B|A|?, and dU is the normalized Haar measure on
U(A).
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Proof. This follows directly from a standard result in Schur-Weyl duality, e.g., [CS06,
Proposition 2.2]. The latter states that E : E(H;‘@Z) — E(’H%z) is an orthogonal pro-
jection onto span{1, F'} under the inner product (A, B) = Tr[AT B]. Hence, E(M) can
be written as « - 144/ + B - F4 as claimed, and the conditions Tr[1E(M)] = Tr[M]
and Tr[ FE(M)] = Tr[ F M] must be fulfilled, and these lead to the two conditions on «
and f. O

The following bounds the ratio of the purity of a bipartite state and the purity of the
reduced state on one subsystem.

Lemma 3.6. Let E45 € P(Hap). Then, we have that

L Tr [£45°]

— < <Al 33
A< Ty < (33)

Proof. Letting A’ be a system isomorphic to A, we first prove the left-hand side

Tr [532] =Tr [TTA [EAB]Z]

=Tr[Tra [§as] - Trar [§ap]]
=Tr[ap (Tra [Eap]l ® 14)]
=Tr[(Eap @ 1La)(Eap ®14)]

< T [Gas ® 1a?] - Tr[(Gap © 14)?]
=Tr [EAB2 ® ]1A’]

= Al Tr[845%]. (34)

where the inequality is due to an application of Cauchy—Schwarz. The right-hand side
follows from the fact that £45 < |A| - 14 ® £p. This can in turn be seen from the fact
that we can write

|A]?
Al-1a®@&p =D Uhsap(UY)', (39)

i=1
with unitaries UA such that Tr [(U/’;)TUAI] =O0foreveryi # j,and Ul =1,. O

In the main proof, we will need to bound the trace distance between two states. The
following lemma will allow us to do this.

Lemma 3.7. Let M € L(H) and o € P(H4). Then, we have that

IM|l; < V/Trlo]- Trlo~"AMo—12Mt6—1/4]. (36)

In particular, if M is Hermitian then, we have that

1Ml < V/Tr[o] - Tr[(c~/*Mo—1/4)2]. (37

This is a slight generalization of [Ren05, Lemma 5.1.3]. For completeness we give a
different proof here.
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Proof. We calculate

1]} = max [Tr[U M]|

= ml?x ‘Tr [(O’1/4UUI/4)(0_1/4MO'_1/4)]’

< max \/Tr [0 AU /) (o AUTG )] - Tr [0~ /4 Mo =112 M o= 1/4]

= \/mlajler[olﬂUal/zUﬂ “Tr[o="4*Mo—12MTo—1/4]

= JTlo] - Tr [o~ 14 Mo 12 Mo~ 1], (38)

where the inequality results from an application of Cauchy—Schwarz, and the maximiza-
tions are over all unitaries on A. The last equality follows from

max Tr [0 206 20" | < max [T [0 - T [UoV2UTU 61 2U7]
U U
= Trlo]
< m[?xTr[al/zUol/zUT]. 39)

3.3. Proof of the non-smooth decoupling theorem (Theorem 3.3). Throughout the proof,
we will denote with a prime the “twin” subsystems used when we take tensor copies of
operators, and Fs denotes a swap between S and S’.

We first use Lemma 3.7 to bound the trace norm. For o € S_(Hp) and (g €
S—_(HEg) we get

1Tam5UaparU}) — 5 ® pelh

2
< \/Tr [((o—B ® C5) V4o p(UaparU}) — 5 ® i) ® £p)~14) } (40)

Now define the CPM Ty_, () = 051/47}%3(-)051/4 and the operators T4/ p = J(T)
and pap = ;EIM,OAE;;M. We then rewrite the above as

HTA—>B(UA/OAEUZ) — T ® pPE H] < \/Tl‘ [(j;laB(UA/;AEU;;) — B ® /5E)2]-
41)

Using Jensen’s inequality we obtain

/ HTA—>B(UAPAEUJ;) — T3 ® PE ”1 au

. y b \2
< \// Tr [(TA—>B(UA,0AEUA) -3 ® ,OE) }dU- (42)
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We now simplify the integral
~ _ + . N2
/Tr [(TAQB(UA/)AEUA) — 5 ® fr) }dU
- ) 2T
= [ 1| (Tanwarasv)) |av

2 [ 1| Tace s WatarU)) o ) | U + T [ a0 5

- ~ + 27
=/Tr (TA—>B(UA,0AEUA)) du

—2Tr|Tasp (/ UAﬁAEU;dU) (T ® /5E):| +Tr [(53 ® ,5E)2]

:/Tr (TA_,B(UA,EAEU;)) }dU Tr [rB] Tr [pE] (43)
‘We rewrite the first term as follows

L6\ ®2
/ |:(TA—>B(UAPAEUA) ] [(TA—>B(UAPAEUA)) FBE] du
- [rl(Ee (o) o
= [ e[ (0D 0w Us?) @ i) | au
—Tr[ s ((/(U )®2( BQA>®2(FB>U,;®2dU) ®FE)],
(44)
where we have used the swap trick (Lemma 3.4) with Fpg = Fp ® Fg in the first
equality, the definition of the adjoint of a superoperator in the third equality and the

linearity of the trace in forth equality. We now compute the integral using a lemma about
Haar distributed unitaries (Lemma 3.5)

/ WUDE Ty, VE*FRUSPAU = o - Dyp + B - Fa, 45)
where o« and B satisfy the following equations
AP+ BIAI =Te [(T] )% (Fp)| = Tr [ FaT 22 y(Man) | = AP - Tr | o)
— AR Tr [fg] (46)
and
alAl+BIAP =Te | (T )2 (Fp)Fa)
—Tr [FBTA®jB(FA)]

= AP T [Fg - Tran [255(Fa @ 1) |
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= [APTr [(Laa @ F)E55 (FA @ 1))
= AP Tr [ FapE5s |
— |A]-Tr [f};B] . (47)

In the third equality, we have used the fact that T4 p is a Choi—Jamiotkowski representa-

tion of 7 (Lemma 2.1), and the fourth equality is due to the fact that the adjoint of the
partial trace is tensoring with the identity. Solving this system of equations yields

|A|2 _ |A|'Tr[§A?B]

oa="Tr [flzg] . Tir[ltd (48)
jap — Al

B =Tr [fﬁB] : %_[]A” . (49)

By applying Lemma 3.6, we can simplify this to o < Tr 73] and B < Tr[3,]. Substi-
tuting this into (44) and using the swap trick twice (Lemma 3.4), and then substituting
into (42) yields

[T s @apast) ~ @ pe| U < 1e[p] e [5] G0)

Finally we get the theorem by using the definitions of 74, p4r and the definition of the
conditional collision entropy (Definition 2.9). 0O

3.4. Proof of the main decoupling theorem (Theorem 3.1). We now prove our main
result, which is obtained from the non-smooth decoupling theorem (Theorem 3.3) by
replacing the conditional collision entropies by smooth conditional min-entropies.

First, note that the conditional collision entropy is always greater or equal to the
conditional min-entropy (Lemma A.1) and therefore we are allowed to replace the Hj
terms on the right-hand side of the statement of Theorem 3.3 by Hpin terms. Thus we
only have to consider the smoothing.

Let p£ € B (pag) be such that HE. (A|E), = Hmin(A|E); and Tap € B (tap)
be such that H. (A|B); = Huin(A|B)z.

Furthermore write Top — TAp = A%z — A5, Where AfB € P(Hap) have or-
thogonal support, and likewise, pag — pae = 845 — 8, With 8% and 8, having
orthogonal support as well as (Sf £ € P(Hag). By the equivalence of purified distance
and trace distance (Lemma B.1) we have | T4 — tag|l1 < 2¢ and hence || AfB H | < 2e.

Moreover define 74_, 5, D,_, 5 and D} _ , as the unique superoperators that are
such that Ty p = J(’lfA_>B), Ay p =J(D,_ p) and A%, = J(Dj_, p), respectively.

Using the non-smooth decoupling theorem (Theorem 3.3) we get

1 e _Llye p ~ T ~ ~
2_2Hmin(A|B)I 2Hm1n(A|E)/’ >/H,TA_)B(UA,OAEUA)—fB®,0EH1dU

2/”ﬁ—)B(UAﬁAEUZ)_TB®pEH1dU_48



One-Shot Decoupling 265

>/HTA%BwApAEU})—rB®pEHldU
~ [T s Wapsst) - T wapaev))| av

_/Hﬂ—)B(UAPAEU;)—?A_,B(UAIOAEUZ)H1dU_4£’
(51

where we have used the triangle inequality for the trace distance in the second inequality.
We now deal with the second term above

/H?AeB(UAPAEU;) _?AﬁB(UAﬁAEU;)HldU
=/H7:A—>B(UA(5XE_5XE)U/DH1dU
</H?AQB(UA(SXEUZ)HIdU+/H?AQB(UASZEUZ)HIdU
=/Tr [?AHB(UASXEUX)]dU+/Tr [ﬁHB(UASXEUj‘)] dU
=10 | T () |- (b5t + )
< 4e. (52)

We deal with the third term in a similar fashion

/HTAHB(UA,OAEUZ) _?AHB(UA/OAEUZ)HIdU
= [ @5 = D WaparUD)| av
< / D5 s Wapart)| dv+ / D3 s Warar)) av
:/Tr [DX_)B(UApAEUZ)]dU+/Tr [DX_)B(UApAEUj‘)]dU

14 _ 14
=0 [%B (m ® ")} i [”M (m ® ")}

Tr[A% ® pe| + Tr[AL ® pE]
4e.

N

(53)
This results in

/ HZL\—)B(UAPAEU);) — 13 ® PE Hl au

< 2~ 3 (AIE) =~ F Hio(A1B): | 19 (4)
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4. Converse

The main purpose of this section is to state and prove a theorem (Theorem 4.1) which
implies that the achievability result of the previous section (Theorem 3.1) is essentially
optimal for many natural choices of the mapping 7.

4.1. Statement of the converse theorem. According to Theorem 3.1, decoupling is achie-
ved whenever the term H'. (A|E),+ H:. (A|B), is sufficiently larger than 0. Our con-
verse now says that this is also a necessary condition (up to additive terms of the order
log(1/¢) and the scaling of the smoothing parameter) if one replaces the smooth condi-
tional min-entropy in the second term, H'. (A|B), (which characterizes the channel),

by a smooth conditional max-entropy.

Theorem 4.1 (Decoupling Converse). Let pag € S—(Hag), 7a— p be a TPCPM, and
suppose that

in

174~ (paE) — Ta—B(pa) ® pEll) < & (55)

Then, we have for any €', &” > 0 that

1 / 4 " 1
H2YOT R A\ py 4 HE (AIB), > — log = (56)
where wap = Ta_g(paa) with paar € S—(Haa)) a purification of pa, and

Ha = Ha.

Note that we could also write wap = |A]| (M) TJ1(T) (M) T, In our formulation
of the converse theorem, the mapping 7 is not necessarily prepended by a unitary
and the state that appears in the entropy term of the TPCPM is given by the more
general expression wap = T4/, g(paar) (rather than T4 = J(7) as in Theorem 3.1,
corresponding to the case where p4 is fully mixed). However, if we apply the converse
to a TPCPM of the form 7 = 7 o U, where U corresponds to a random unitary channel
applied to the input, Theorem 4.1 simplifies to the following.

Corollary 4.2. For the same premises as in Theorem 4.1, but applied to the TPCPM

Ta—p = Ta— pols, where Uy corresponds to a Haar random unitary channel applied
to the input, we have that

" / " 4 1
Hé«inms Fe+2/e'+e (A|E), + HE. (A|B); > —log = (57)
where tap = J (7).
Proof. By assumption we have
/IU HTA—>B(UAPAEU;) - TA%B(UAPAUZ) ® pE H1 dU < e. (58)
(4)

and since the unitary Uy, is chosen at random, this is equivalent to

74— o Fasavu(pAE) — Ta—B © Fasav(pa) ® pell; <&, (59

where F4_, oy denotes the TPCPM that chooses at random a unitary U4 and outputs
the choice of U4. Now, let o4y gr be a purification of ooy = Fa— av(par) and note
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that o4 = ‘IfTA‘ as well as o = pg. We apply Theorem 4.1 to (59) with the map 74,
and the state ooy g to get

mln(A|UE)0' + Hrflax

(UER|B)T (o) = —log é (60)
for § = 2+/66” +2¢ + 2/¢' + ¢’ Since the state o4y g g and the maximally entangled
state | D) (P| 4 4/ are both purifications of La AI , there exists by Uhlmann’s theorem [Uhl76]
an isometry Wy gg_ 4’ such that |®)(®|sar = Wyrr_ a(cavER)- Hence, we have
that 74 p(|P)(P|aa’) = Wyer—a © Ta—p(0auER), and by the invariance of the
smooth conditional max-entropy under local isometries (Lemma 2.6) we get

He o (UER|B)T () = Ho (A'|B)T (10 (@) = Hypax (Al B)<. (61)

Finally, we show that Hr‘fm (A|UE), in (60) is upper bounded by H’. (A|E),. Since
the register U in o4y is classical, we can copy U to another register U’ resulting in
the state o4y yrg. With Lemma A.7 we then have

(AlUE); = (AU'\UE),. (62)

mm mm

But now there exists an isometry V4 y’— 4 that reverses the action of the TPCPM F
such that Vay/_ a(0ay’g) = pag (weletV act on the copy U’ instead of U). Using the
data processing inequality for the smooth conditional min-entropy (Lemma 2.7) and the
invariance of the smooth conditional min-entropy under local isometries (Lemma 2.6),
we conclude

mln(AU |UE)O mln(AU |E)O - mln(A|E)p (63)

O

It can also be verified that the two terms, H®. (A|B). (from the achievability in Theo-
rem 3.1) and H},, (A| B); (from the converse in Corollary 4.2), coincide whenever the
relevant states are essentially flat (i.e., proportional to projectors). This is the case for
many channels used in applications (e.g., for state merging, cf. Sect. 5). Examples of
such channels are given in Table 2. Furthermore, as we shall explain in the discussion

section (Sect. 6), the two terms coincide asymptotically for iid channels.

4.2. Proof of the converse theorem (Theorem 4.1). Let psgr be a purification of psg,
Wa_, pp a Stinespring dilation [Sti55] of 74, p and define

0BB'ER = |0)(0 BB ER = Wa—BB (PAER). (64)

We have by Uhlmann’s theorem [Uh176] that w4 p and 6 are related by an isometry
VA- ER, and hence by the invariance of the smooth conditional max-entropy under local
isometries (Lemma 2.6) that

HE (A|B), = HE, (ER|B);s. (65)

Furthermore, let ogp'pr = |a) (alBB/ER be a subnormalized state with P (o, 5) < €”
such that Hy.x (ER|B), = (A|B)y, as well as ogp/pr = |0){(0| g ER Such that
oprg = op ® o and

max

F(opp'ER:0BB'ER) = F(0BE, 0B ® OF). (66)
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Such a state exists by Uhlmann’s theorem [Uhl76], and can be shown to satisfy P (5, 0) <
/6¢” + 2¢. The latter bound is obtained from

loge —ogelll < llope — el + 0B —oBEIIN
lope —oBEll1 +110Be — 0B ®GE|1 +|l0p ® 6 — 0B ® 0kl

/

" +e+6p @6 —p @0kl + 168 ® 0 —op @0kl
3¢” +¢, (67)

NN N

combined with the equivalence of purified distance and trace distance (Lemma B.1).
Now, we know from a technical lemma about the conditional max-entropy (Lemma B.2)
that

OBBER < 2Hmax(ER\B)a\n -Yepr @ 1p, (68)

1 — —
Yppg = 27 2 mx(ERB)ojo -0p 1/2\/6;/20351?0;/203 12, (69)

This implies that

where

2Hmax(ER|B)(7|U , 12~ —12 ,
OBB'ER < — ((1 —¢)-op '"opgrog T +e - YBER) ®1p (70)
for any ¢’ > 0. Tracing out the R system, we get
ZHmax(ER|B)(7|a

OBEB < T'((l —&)-1p®op+¢  Ypp)®1p. (71)

We now define Ggg = /1 — ¢’ - O’é/z((l —¢)-1gQog+¢ - Ygr)~ /2. Note that G
is a contraction, i.e., |G|l < 1,

GG =(—¢) o> (1 —¢)-1g@op+& - Ypg) o

<U=&)- o> (=) 1g@0p) " op?
=13, (72)
where we have used the operator monotonicity of f(r) = —1/¢. At this point, we

conjugate both sides of (70) by Gpf to get

4 (1 — g/) . 2Hmax(ER|B)a|U
Gpeopep Gy < - o @ lpp
&
2Hmax(ER|B)a\a

ST 9E® 1pp. (73)

Let us now define [) perp = GpEelo)perp and note that Ypprp = |Y) (¥ |pERE
is a subnormalized state since G is a contraction. Then, we can rewrite (73) as
2Hmax(ER‘B)0\J
Vaey <~ or ® Lgp, (74)

which implies

Hmin(BB/|E)¢\o 2 —Hnax (ER|B)s|o _IOg(l/g/)- (75)
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We will now need to show that ¥ggp is (24/68” +2& + 2+/¢’ + &”)-close to Gpgp/,
because the invariance of the smooth conditional min-entropy under local isometries
(Lemma 2.6) then implies the claim

H2Yo W2V A B, 4 HEL (A|B)o > —log(1/€). (76)
To this end, we shall define the following vectors
W) sERE = Gy p|5) BERE (77)
V" eErp = GBEIG)BERB (78)
V) gEre =~1—¢ -Gy ElU BERB'- (79

We first show that all these vectors define subnormalized states such that the purified
distance between them is well-defined. Since G g is a contraction, we immediately get
that |||¥")gerp |l < 1and |||¥")gerp || < 1. Furthermore, we have that

2
=(1-¢) (51G5L G5L16)

(0|sz1/2 (1—¢")-1p®op +&'YaE) UEI/2|5>

” V) BERB

=1—¢+¢ - (Glog *Ypo,'*|5)
=1—¢+¢& Tr [YBEaEl/ZUEBGEI/ ]

=1 —8/+8/-T1‘[YBEO’B]
=1. (80)

We have (V/|y) = /1 — ¢/, and
(G19) =vV1—¢ - (5|Gpplo)
=Tr[(op @0op) (1 —¢) - 15 ®aE+g/YBE)”2o,;1/2]
=Tr[(08 ® 0}/%) (1 = &) - 1 ® o5 +£'Vps) "]
>Tr[(oB ®o/) V1—¢ - (113®01/2)]
1—¢ - Trlop ® o]
=J1-¢, (81)

where the inequality is due to the operator monotonicity of the square-root function.

Therefore, we have that P(y', &) < 2+/¢ and furthermore P(y", &) = PV, &),
since

F(y".6) = (6|Gyl6) = F@G. 9. (82)

Since conjugation by G is trace-non-increasing, we also have P(y", ¥) < P(0,5) <

v 6¢” + 2¢. This implies

PW.,5) < P,y + P(W",5)+ P(G,0) + P(0,5)
< V68" +26 + 2V + 68" + 26 + . (83)
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5. One-Shot State Merging

As an example application of the decoupling theorem and its converse we discuss one-
shot quantum state merging. This is a two-party task: its goal is to transfer the information
contained in a quantum system, A, initially held by one party, Alice, to the other party,
Bob. This should be achieved with only limited resources (such as entanglement or
communication). It is taken into account that Bob may have access to a quantum system,
B, correlated to A, which may be used to minimize the use of resources. The term one-
shot is used to emphasize that the task is considered in the general one-shot scenario. As
explained in the discussion section, the asymptotic iid results, where many independent
copies of a given state are transferred, can be recovered as a special case.

The notion of quantum state merging has been introduced in [HOWO05,HOWO07]
and a protocol has been proposed that achieves the task in the asymptotic iid scenario.
The more general one-shot setup we consider here was first analyzed in [Ber08] and
preliminary results appeared in [KRS09].

We start giving a formal definition of quantum state merging [HOWO05,HOWO07,
Ber08]. Let p4p be the joint initial state of Alice and Bob’s systems. We can view this
state as part of a larger pure state p4 g that includes a reference system E'. In this picture
state merging means that Alice can send the A-part of p4 p g to Bob’s side without altering
the joint state. We consider the particular setting proposed in [HOWO0S5] where classical
communication from Alice to Bob is free, but no quantum communication is possible.
Furthermore, Alice and Bob have access to a source of entanglement and their goal is
to minimize the number of entangled bits consumed during the protocol (or maximize
the number of entangled bits that can be generated).

Definition 5.1 (Quantum State Merging). Let pap € S—(Hap), and let AgBg be ad-
ditional systems. A TPCPM £ : AAy ® BBy — A1 ® B1B'B is called quantum state
merging of pap with error ¢ > 0, if it is a local operation and classical forward com-
munication process for the bipartition AAy — Ay vs. BBy — B|B’B, and

(EAAOBBOHAIBIB/B)(q)fOBO ® PABE) R q’ﬁlgl ® PBB'E> (84)

where ppp' g = (Za— ' ® IBE) pABE for a purification pagg of pag, and DX, dF are
maximally entangled states on AgBo, A1 By of Schmidt-rank K and L, respectively. The
number

I =logK —log L
is called entanglement cost.

We are interested in quantifying the minimal entanglement cost for quantum state
merging of p4p with error ¢. For this, we use the achievability and converse for decou-
pling (Theorems 3.1 and 4.1). These allow us to derive essentially tight (up to additive
terms of the order log(1/¢) and the scaling of the smoothing parameter) bounds on the
entanglement cost.

The basic idea underlying our analysis of quantum state merging is the observation
that the desired situation after the protocol execution is necessarily such that Alice’s
system is decoupled from the reference. Furthermore, it follows from Uhlmann’s theo-
rem [Uhl76] that this decoupling is also sufficient.

5 In the original references [HOW05,HOWO07] quantum state merging was defined slightly differently,
namely as a local operation and classical two-way communication process. However, their protocol for the
achievability only uses classical forward communication.
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Theorem 5.2 (Achievability for Quantum State Merging). The minimal entanglement
cost for quantum state merging of pap € S=(Hap) with error ¢ > 0 is upper bounded
by

I < H82/13(A|B)p +41og(1/e) +2log 13. (85)

max

Proof. Let papEg be a purification of p4p. The intuition is as follows. In the first step
of the protocol, Alice decouples her part from the reference (employing Theorem 3.1),
where she chooses a rank-L projective measurement as the TPCPM, and she sends the
measurement result to Bob. For all measurement outcomes the post-measurement state

on Alice’s side is then approximately given by % ® pr and Bob holds a purification

of this. But |1Ai11| ® pg is the reduced state of @ﬁl B, ® PBBE S well and since all
purifications are equal up to local isometries, there exists an isometry on Bob’s side that
transform the state into CDﬁl g, ® pppE (by Uhlmann’s theorem [UhlI76]); this is then
the second step of the protocoll.

More formally, choose K and L such that

log K — log L = HE/3(A|B), +41og(1/e) +2log 13, (86)

which is the entanglement cost of the pl‘O'[OCOl.6

Choose N fixed orthogonal subspaces of dimension L on AA,’ denote the projectors

on these subspaces followed by a fixed unitary mapping it to A by Pj{o A 4, and define
the isometry

WAgA— A1 XaXp = Z Proasa, ®1X)x, ®1x)x,. (87)
X

Denote by Ug,4 a unitary selected randomly according to the Haar measure over the
unitary group on Ha,4 and write

OAgByABE = <1>§OBO ® PABE (88)
OAgByABE = UAOAQAOBOABEU};OA (89)

Now the first step of the protocol is to apply this unitary followed by the isometry (87),
and to send the X p system to Bob. In order to take into account that the channel is
classical, we keep a copy X 4 at Alice’s side.

By the decoupling theorem (Theorem 3.1) we get for

0a X4 X5BoBE = (Waga— A, X4 X5)040B0ABE(WagA— A X4 X5) - (90)
that

2
(AgA|Eyg+HS/ "

min

2
1 ZHS»/B
loa, X & — Tax, @ pelll < 2712 Hnin

)

2
ApA'1AX a0 . 1267 1)
1

2
6 Since weneed K, L € N, we can not choose log K —log L exactly equal to HI‘;AB (A|B)p+4log(1/e)+

2log 13 in general. Rather, we need to choose K, L € N such log K — log L is minimal but still greater or

2
equal than Higk~ (A|B), +4log(1/e) +2log 13.

7 For simplicity assume that K - |A| is divisible by L. In general one has to choose N — 1 fixed orthogonal
subspaces of dimension L and one of dimension L’ = K - |A| — (N — 1) - L < L. The proof remains the
same, although some coefficients change.



272 F. Dupuis, M. Berta, J. Wullschleger, R. Renner

where AjA’ is a copy of ApA, and
1T)apara xaxs = WagA— a1 Xax51P)agara0a 92)

with
1 . .
|P) Ay a7404 = K 1A| Ei 17) apar ® li) aga- (93)

We can simplify this using the superadditivity of the smooth conditional min-entropy
(Lemma A.2) and the duality between smooth conditional min- and max-entropy (Lemma
2.5)

s 213
mm

8 2/13
mm

(AoA|E)g (A|E), +logK = —HE/3(A|B), +log K. (94)

max

Furthermore, because TALA'A Xy is classical on X4, we can use a lemma about the
conditional min-entropy of classical-quantum states (Lemma A.5) and get

8 2/13
mm

(AQAA1X 27 = Hmin(AgA'|A1X 4)<
X

> min Hin (AgA’|A1)x, 95)
X
where
Cn = =P @ 96
Tapaa, = N KoA— A | P agaraga (96)
Px = 1P, a 4, 1P) aparagall- o7

But since PX A Ay is a rank L projector, we can use a dimension lower bound of the
conditional min- entropy (Lemma A.3) to conclude that for all x

Hiin(AgA’[A1)x > —log L. (93)
This together with (86), (91) and (94) implies

T4
OA|XAE — m Qtx, ®PE| = HUA1XAE — TAi Xy ® PE ”1
1
2
<« o—1/200g K—log L~ Hiu P (a1B),) , 1267
= 13
2
_ 5 1/2410g(1/e)210g13) 1267 5 (99)

13 '

and hence F (o4, x,E, % ®Tx, Qpg) = 1— 82/2 (by Lemma B.1).

In the second step of the protocol, Bob decodes the system to the state ppp g @ P4, B, -
A suitable decoder can be shown to exist using Uhlmann’s theorem [Uhl76]. There exists
an isometry Vpp,x,—BB'B, Xz Such that for

NA1XsXgBB'BiE = VBByXp—BB' B X5 (OA X1 XgBByE) (100)
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T
Foa x,E> m ®Tx, ® PE) = F(NA, X X5BB'BIE>» TXaXp ® CD/L;IBI ® PBB'E):
(101)
and with that
L &2
F(Na x,xpBB'BIEs TXaXp @ Py g, ® pppE) 21— > (102)

Expressing this in the purified distance (with Lemma B.1) and discarding X4 X g, we
obtain a e-error quantum state merging protocol for psapg. O

Theorem 5.3 (Converse for Quantum State Merging). The minimal entanglement cost
for quantum state merging of pap € S=(Hap) with error ¢ > 0 is lower bounded by

1
I£ > H22+3(A1B) , — 2log - (103)

Proof. We start with noting that any e-error quantum state merging protocol for psp
can be assumed to have the following form: applying local operations at Alice’s side,
then sending a classical register from Alice to Bob, and finally applying local opera-
tions at Bob’s side. For a purified state pspE, the protocol produces a state e-close to
q’ﬁlgl ® PBB'E-

As can be seen from the definition, it is a necessary step for any quantum state merging
protocol to decouple Alice’s part from the reference. The idea of the proof is to use the
converse for decoupling (Theorem 4.1). This then results in the desired converse for
quantum state merging.

More precisely, a general e-error quantum state merging protocol for p4pg has the
following form. At first some TPCPM

Taga—sarxs() =D My 44, () ® [x)(x]x, (104)

is applied to the input state CDfO B, ® PABE- By the Stinespring dilation [Sti55] we can
think of this TPCPM as an isometry

WAgA— A1 AGXpXa = ZMAXOA*AIAG ®1xX)x, ® x)xp. (105)
X

where the Mjo A A A ATC partial isometries and Ag, X 4 are additional ‘garbage’ reg-
isters on Alice’s side that will be discarded in the end. The isometry W results in the
state

V) ArAcxaxpBBoE = D1V ) a1AgBBE ® [X)x, ® |x)xy. (106)
X

with
Y ) aracBBoE = M3 sy 4,4, (195 408, ® 1) aBE). (107)

The next step of the protocol is then to send the classical register X p to Bob.

Now let us analyze how the state y4,4,x,£ has to look like. By the definition of
quantum state merging (Definition 5.1) the state at the end of the protocol has to be
e-close to CDthBl ® ppp . This implies that Alice’s part A has to be decoupled from
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the reference. But because the state Qf‘l 5, ® pppE is pure this also implies that all
additional registers, that we might have at the end of the protocol, have to be decoupled
as well. Thus we need

14,

& ® YacXxs ® PE, (108)
[A1]

YAIAGXAE &~

and in trace distance (using Lemma B.1) this reads

Using the converse for decoupling (Theorem 4.1) for the isometry Wa,a— A, 45Xx5x,4 1D
(105) followed by the partial trace over X g, we get that the decoupling condition (109)
implies for any &', &” > 0 that

T4
YAVAGXAE — A l| ® Vagx, ® pe|| < 2e. (109)
1

1

" ’ 1" " 1
H2Y 0T 2e42e e (AQA|E), + HE o (AGA'|ATAGX A)w > — log o (110)

min max

where
— T
WA A A AGXs = TXp [(WAOAHAlA(;XBXA)§A6A’A0A(WAOAQAIAGXBXA)] (111)

for Caparaga @ purification of % ® pa with AjA" a copy of AgA. As a next step we
simplify this in order to bring the converse into the desired form.

Choosing ¢/ = &% and &” = &, using a dimension upper bound for the smooth
conditional min-entropy (Lemma A.4), and the duality between smooth conditional
min- and max-entropy (Lemma 2.5) we obtain

max

1
log K + H, (AQA'|A1AGX 4)e >HE23 (A|B),, — 2log - (112)

By the decoupling criterion in purified distance (Eq. (108)), the state w ALA A AGX 4 has
to be e-close to a state

EAVA A AGXA = qugiéA/AlAG ® [x)(x]x, (113)
X
. e . 1a
where g, is some probability distribution and & 26 A'A A PUTE with SXI Ag = m ® Egc
for all x. Hence
Hyo (AGATATAG X A) o < Hmax (AgA'|A1AG X 4)e (114)

and by a lemma about the conditional max-entropy of classical-quantum states (Lemma
A.6)

Hinax (AQA'| A1 AG X 4)¢ = log (Z qx -2”'“““‘6”'“%)&*). (115)

X
Using the duality between conditional min- and max-entropy (Lemma 2.5) and a polar

o x
decomposition of & Apaa g e get

HmaX(Aé)AquAG)E" = - min(Aé)A/)é"
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= —Hpin(A1AG)ex
= _Hmin(Al)% - Hmin(AG)SX
1

_Hmin(Al)L
[A]

= —logL. (116)
Hence, the converse becomes
1
log K —log L > HAY2%3 (A|B) ) — 21og - (117)
£
O

6. Discussion

The main contribution of this work is a decoupling theorem, i.e., a sufficient (The-
orem 3.1) and necessary (Theorem 4.1) criterion for decoupling in terms of smooth
conditional entropies. These criteria can then be applied to obtain tight characterizations
of various operational tasks. As outlined in Sect. 5 by means of state merging, such ap-
plications are often possible because of a duality between independence and maximum
entanglement: given a pure state ppgg such that pp is maximally mixed, the property
that the subsystem B is independent of E and the property that B is fully entangled with
R are equivalent.

A crucial property of our decoupling criterion is that it gives (nearly optimal) bounds
in a one-shot scenario, where the decoupling map 7 may only be applied once (or,
by replacing 7 by 7®, any finite number of times). For a typical example, consider
m qubits, A, and assume that A undergoes a reversible evolution, U, after which we
discard m — m’ qubits, corresponding to a partial trace, 7 = Tr,,_,, (see last example
of Table 2). Our decoupling theorem (Theorem 3.1) then shows that decoupling up to
an error ¢ is achieved for most choices of U if

1
m' g = 5 (m+Hrflm(A|E)p). (118)
In contrast to this, the original decoupling results [ADHWO09], formulated in terms of
smooth non-conditional entropies, only show that decoupling up to an error ¢ is achieved
for most choices of U if

m' <

~
~

(m + Hyin (AE)p — Hipox (E)p) - (119)

N =

To see that this latter bound may be arbitrarily weaker than the bound (118) that uses
smooth conditional entropies, consider the following completely classical state. Let A
and E be perfectly correlated, and let the marginal distribution of A (and E) have one
value that is taken with probability 1/2, and be uniform over the remaining 2" — 1 values.
Then we have (for ¢ > 0 close to zero)

(AIE), ~0 vs. H% (AE), — H: (E), ~1—m (120)

The difference between these two bounds is conceptually relevant. An example illus-
trating this is the quantitative Landauer’s principle derived recently in [FDOR12]. The
result, which is based on the bound (118), shows that correlations between the inputs

IIllIl
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and outputs of an irreversible mapping are relevant for the thermodynamic work cost
of implementations of the mapping. These correlations would not be accounted for if a
bound of the form (119) was used for the derivation of the principle.

In contrast to the original results on decoupling that are based on specific decoupling
processes (where the mapping 7 is either a partial trace [ADHWO09] or a projective
measurement [HOWO7]), our decoupling criterion is also applicable to general mappings
7. This extension is, e.g., employed in [Hut11, Sect. 5] in order to discuss the postulate
of equal a priori probability in quantum statistical mechanics.

Our generalizations of the decoupling technique are crucial for other applications in
physics as well, e.g., for the analysis of thermodynamic systems [dRAR*11], for finding
an efficient classical description of 1D quantum states with an exponential decay of
correlations [BH13], or for the study of black hole radiation [HP07,BP07,PZ13].

Information-theoretic applications other than state merging (cf. Sect. 5) have been
investigated in the doctoral thesis of one of the authors [Dup09]. One of these applications
is channel coding. Here, Alice wants to use a noisy quantum channel N4~ 2 to send
qubits to Bob with fidelity at least 1 — ¢. The idea is that decoding is possible whenever
a purification of the qubits Alice is sending is decoupled from the channel environment.
One can therefore get a coding theorem directly from Theorem 3.1 by setting 7 to be the
complementary channel of A/ (i.e., consider a Stinespring dilation [Sti55] L{I{‘v_) pe Of NV,

and set Ty g(-) = Trg[Uy - U;]). Unassisted channel coding [L1097,Sho02,Dev05]
can be obtained by choosing the input state pag = Par (Where P4 is a maximally
entangled state between A and R). Similarly, entanglement-assisted channel coding
[BSSTO2] corresponds to the input choice papr = Parr@Pazp (Where Hy = Ha, ®
Hap, with Ag containing the state to be transmitted and Ap the initial entanglement
that Alice shares with Bob). Other choices of p4pr correspond to different scenarios.

Another application where decoupling can be employed as a building block for con-
structing protocols is the simulation of noisy quantum channels using perfect classical
channels together with pre-shared entanglement. The fully quantum reverse Shannon
theorem asserts that this is possible using only a classical communication rate equal to
the capacity of the channel to be simulated [BSST02,BDH*(09]. In [BCR11], a proof of
this theorem using one-shot decoupling has been proposed.

Our one-shot decoupling results contrast with (and are strictly more general than)
the iid scenario® usually considered in information theory, where statements are proved
asymptotically under the assumption that the underlying processes (such as channel
uses) are repeated many times independently. We note that asymptotic iid statements
can be easily retrieved from the general one-shot results using the quantum asymptotic
equipartition property (AEP) for smooth entropies [Ren05,TCR09] (see Lemma 2.8).
Consider decoupling with a map of the form 7 = 7 o U (with i/ a random unitary
channel). If the map 7 as well as the initial state p4 g consist of many identical copies,
ie., T®" and pf’g, then the achievability bound of Theorem 3.1, i.e., the condition that
is sufficient for decoupling, turns into the criterion

H(A|E),+H(A|B); > 0, (121)

where H denotes the (conditional) von Neumann entropy. Analogously, the converse
in Corollary 4.2 (i.e., the condition which is necessary for decoupling for maps of this
form) turns into

H(A|E), + H(A|B); <0. (122)

8 The abbreviation iid stands for independent and identically distributed.
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In other words, in the iid scenario, the achievability bound (121) and the converse bound
(122), taken together, imply an exact characterization of decoupling.
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A. Properties of smooth entropies

The conditional collision entropy is lower bounded by the conditional min-entropy.
Lemma A.1. Let pap € S<(Hap). Then, we have that Hy(A|B), > Hpin(A|B),.

Proof. Letop € S—(Hp) be such that pgp < 2~ Hnin(AlB)p . 1 4, ® o5. We then obtain
2~ AP — min Tr [ @ 0p) ™ pap(1a @ 05) 2 pan]

<Tr [(]lA ®0p) pap(la ® 03)71/2/0/43]

Z—Hmin(AlB)P . Tr []IAB'OAB]

2~ Hmin (A|B)), (123)

NN

The smooth conditional min-entropy is superadditive.

Lemma A.2. Let e, > 0, pap € S—(Hap) and p'y,,, € S=(Harp'). Then, we have
that

HE (AA'|BB') gy = H'yn(AIB), + Hoy (A'|B)) . (124)

min min min
Proof. Letpap € B*(pap)andp)y,p € Bs(p;‘,B,)suchthat HE. (A|B), = Hpin(A|B);
and Hlil/m(A’ |B"),y = Hmin(A’|B"). By the triangle inequality for the purified dis-
tance [TCR10, Lemma 5] we have pap ® 0/, 5 € B”El(,oAB ® 0/ p)- Using the
additivity of the conditional min-entropy [KRS09], we conclude

HE (AA'|BB) pgp > Humin(AA'|BB) s
= min(A|B),5 + Hmin(A/lB/)ﬁ/
= HE, (AIB), + Hiy (A'|B)) . (125)

min min
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We have the following dimension lower and upper bounds for the (smooth) condi-
tional min-entropy.

Lemma A.3 [TCR10, Lemma 20]. Let pap € S—(Hap). Then, we have that
Hpin(A|B), = —log|B|.
Lemma A4. Let ¢ > 0 and papc € S—=(Hapc). Then, we have that

(AB|C), < (A|C), +log|B]. (126)

mm mm

Proof. Let papc € B*(papc), oc € S—(Hc¢) and A € R such that

(AB|C)p = Hpin(AB|C)5 = —logA, (127)

mm

that is, A is minimal such that A - 14p ® oc — papc = 0. By taking the partial trace
over BwegetA-|B|-14 ® oc — pac = 0. Furthermore we have by the monotonicity
of the purified distance [TCR10, Lemma 7] that p4c € B°(pac) and hence

(AIC)p 2 Hmin(A|C); = —log i, (128)

mm

where € R is minimal such that i - 14 ® 6¢c — pac = 0. Thus A - |[B| > u and
therefore

(AB|C), < (A|C), +log|B]. (129)

mm mm

O

The following lemma is about the conditional min-entropy of quantum-classical
states.

Lemma A.5. Let papx € S—(Hapx) with papx = >, Px - P ® [x){(x|x and p €
S—_(Hap) for all x. Then, we have that

Huin(A|BX), = —log(D | py - 27 Hmin(A1B)0r), (130)
X

Proof. By the operational interpretation of the conditional min-entropy as the maximal
achievable singlet fraction [KRS09, Theorem 2] we have

Huin(A|BX), = —log(|A| - pmax F2((Za ® Fpx—a)(panx), |2)(®laar),
BX—A’
(131)

where the maximum is taken over all TPCPMs Fgx_ 4/, |®) aur = |A|~1/? Dilxa®
[x)as, and H 4 = H 4. Writing out the conditional min-entropy terms on the right hand
side of (130) in the same manner we obtain

Hpin (A|B)px = —10g(|A| © Max F2((Za ® Fy_ )08 ) |®>(¢|AA/))- (132)
B—A’

The claim is therefore equivalent to

max F2(Za ® Fpx—a)(pax), |®)(®|aa)

‘7:BX~>A/
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—pr° max F>((Za ® Fy_ ) (P4 p) 19)(Plan). (133)

B~>A/

Now, because the state p4px is classical on X, the maximization on the left hand side
can without loss of generality be restricted to TPCPMs that first measure on X in the
basis {|x)} and then do some TPCPM F7, _ ,, conditioned on the measurement outcome
x. By the linearity of the square of the fidelity when one argument is pure, the claim
then follows. O

The following lemma is about the conditional max-entropy of quantum-classical
states.

Lemma A.6. Let papx € S—(Hapx) with papx = D, Px - Py ® 1x)(x|x and p 5 €
S—_(Hap) for all x. Then, we have that

Hmax(A|BX)p = log(z px . 2Hmax(A|B)px). (134)

X

Proof. Let papcxx be a purification of p4px. Then, we have by the duality of con-
ditional min- and max-entropy (Lemma 2.5) and a lemma about the conditional min-
entropy of quantum-classical states (Lemma A.5) that

Hmax (A|BX) ) = —Huin(AICX"), = log(D | py - 27 Hmin(41O)
X
=log(> | py - 2Hm(A1B)%), (135)
X

O

The following lemma is property of the smooth conditional min-entropy of quantum-
classical states.

Lemma A.7. Let ¢ > 0 and papxx' € S=(Hapxx') With papxx’ = 2. Px - Prp @
lx)(x|x ® |x){x|x' and p} ; € S—(H aBp) for all x. Then, we have that

*(AIBX), = (AX'|BX),. (136)

mm mm

Proof. We first show the case ¢ = 0. By a property of the conditional min-entropy of
quantum-classical states (Lemma A.5), the claim becomes equivalent to

Hmin(A|B)p~" = Hmin(AX/|B)pX®|x)(x|- (137)

But by the additivity of the conditional min-entropy [KRS09] this holds.

For ¢ > 0, let papxx € B°(papxx’) be classical on XX’ with respect to the
basis {|x) ® |x)} such that HS, (AX'|BX), = Hmin(AX'|BX); (which is possible
by [Tom12, Proposition 5.8]). Since the purified distance is monotone under trace non-
increasing CPMs [TCR10, Lemma 7], we have papx € Bf(papx) and hence

(AX'|BX), < (A|IBX),. (138)

mm Il’lll’l

For the inequality in the other direction, let papx € B®(papx) be classical on X with
respect to the basis {|x)}, such that H:. (A|BX), = Hpyin (A|BX)p (which is possible
by [Tom12, Proposition 5.8]). By [TCR10, Corollary 9] and the monotonicity of the
purified distance under trace non-increasing CPMs [TCR10, Lemma 7] there exists an
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extension papxx’ € B°(papxx’) of paxp that is classical on X X’ with respect to the
basis {|x) ® |x)},. Thus, we conclude

H. (A|BX), < H:, (AX'|BX),. (139)
O
We have the following chain rule for the smooth conditional min-entropy.
Lemma A.8. Lets > 0,¢',¢” > 0and papc € S=(Hapc). Then, we have that
/ v 2
Hrfﬁ'nz‘”g (AB|C), = mm(A|BC)p+Hrfm(B|C)p—log o (140)

Proof. Let pABC e Bf (,oABC) such that mm(AlBC)p = Hnin(A|BC), and let

,oABCE be a purlﬁcatlon of ,oABC. Furthermore let ,oBC € B¢ (ch), oc € S—(Hpc)

and A € R such that Hlfm(B |C)p = Hmin(B|C),r = —log A, that is, A is minimal such
that

L-1g®oc — phe = 0. (141)
By [TRSS10, Lemma 21] there exists a projector P4g such that

IEABCE = (PAE® ]lBC),OABCE(PAE ®1pc) € BE(:OABCE), (142)
and

(A\BC)p+log )

2 hnin 14 ® Py — Fype = 0. (143)

Now let Tpc be defined as in Lemma B.3 with pj . = Tgc /’%CT;C and consider the

state

=/

PABCE = (Tae® TBC)PABCE(]IAE ® TBC) =(PAE® TBC),OABCE(PAE ® TBC)

(144)
Applying Tpc to (143) we obtain
2 mm(A‘BC)p+10g 2 ]lA ® pgc . ,(3XBC > 0 (145)
Together with (141) this yields
2 mm(A|BC)p+10g 2 mm(B|C)p ﬂAB ® oc — ﬁl/A/BC 2 0. (146)
This implies
2
Huin(AB|C)pr > mm(A|BC)p + Hrflm(B|C)p — log o 147)

But by the monotonicity of the purified distance [TCR10, Lemma 7] and the definition
of Tpc we have

P(Pipcs Page) < P((Pag @ Te)pypcp(PaE ® Téc),
(Pag @ 1pc)pygep(Pag @ 1pc))
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S P((Lag @ Tec)phper(LaE ® T;C), PABCE)
= P(Pgcs Ppe)s (148)

and hence

P(papc: Papc) < P(pge. pBc) + P(pse. ppe) < &’ +¢. (149)
Finally we obtain
P(ﬁi{gcv pABC) < P(ﬁXBc’ lafaxgc) + P(lst\Bcv p;xgc) + P(/O;\Bca PABC)
<"+ +e+e =42 + ¢, (150)

and thus together with (147) that

H£+2S +&’ (AB|C)p

min m1n min

2
" (A|BC), + H.. (BIC), ~log . (151)

O

B. Technical lemmas

Lemma B.1 [TCR10, Lemma 6]. Let p, 0 € S(H). Then, we have that

D(p,0) < P(p,0) <4/2D(p,0) < +/2lp ol (152)

1
5P, 0)?> < D(p,o) < P(p, o), (153)

where D(p, o) = 3]lp — ol + 5| Trlp] — Tr[o]].

Lemma B.2. Let papc € S¢(Hapc) be pure. Then, we have that for any op € S—(Hp)
with full rank,

pABC < Zap ®1c, (154)

where Zap = 22 Hinax (A1B)yio B_l/ mdg . Furthermore, Z sp has the
property that Tr[Z sgog] = 2Hmax(A1B)pio

Proof. Consider the following semidefinite program (for a introduction to semidefinite
programs presented in this manner, see for instance [Wat08]):

Primal Dual

maximize: Tr[papcXaspcl

\ : B minimize: Tr[(]lA ®op)Zas]
subjectto:  Trc[Xapcl =14 @ op subject to:  pagc < Zag ® Lc.
Xapc 20

From the definition of the conditional max-entropy (Definition 2.10) and Uhlmann’s
theorem [UhlI76] it is clear that the optimal value of the primal problem is 2/max(AlB)oio
One can also easily show that strong duality holds (i.e., that the optimal value of the dual
problem is equal to that of the primal problem). One simply needs to show that there
existsa Zap suchthat Zop ® 1¢ > papc, which holds for Zap =2 - 1 45.

Now, we need to show that the optimal Z 4 p for this problem has the form given in
the lemma statement. First, note that by Uhlmann’s theorem [Uhl76], there must exist an
optimal X 4 pc which has rank 1, assuming we consider the system C to be large enough.
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Let Xapc = |¢){¢lapc and let papc = |p){p|laBc, and consider the complementary
slackness condition for X and Z to be optimal: papcXapc = (Zap ® 1¢)Xapc. We
can rewrite this as

(plo) o) el = (Zag ® Lo)l@) (gl (155)
and therefore
(ple)p) = (Zap ® 1c)lp), (156)
as well as
F(p,0)*1p)(pl = (Zap ® L)) @l (Zap ® 1c). (157)

Tracing out C and using the fact that F(p, ¢)* = 2max(AIB)oio e get

2Hmax(AIBYolo . prp = Zap(la ® 0B) ZaB. (158)
Now, conjugating both sides by o llg/ % and taking square roots on both sides, we get that
22 Hoax (A1B)pio GII;/Z,OABU;/Z = a;/ZZABG;/Z. (159)

If op has full rank, we get the expression for Z 4 p by conjugating both sides by agl/ 2,

Finally, the fact that Tr[Zagop] = 2/max(AlB)oic can simply be computed from the
expression for Z. O

Lemma B.3. Let pap € S¢(Hap) and oa € S<(Ha). Then, there exists Ty € L(H )
with

oap = (Ta®@1p)pap(T) @ 1) € S<(Hap) (160)

an extension of o4 such that P(pap,oap) = P(pa, 04).

11
Proof. Define X4 = o j ,oj and polar decompose X4 = V(X I‘X A)l/ 2. Furthermore
1 1

define T4 = O'E Va pXi , where the inverse is a generalized inverse.” We have
r . 1 1
Trp((Ta ® 1g)pas(T) @ 1)) = TapaT, = 0 VaVio: = o, (161)
which shows thatoap = (TA®1p)pas (T: ®1 p) is an extension of o4 . Thus it remains
to prove that P(pap, 04aB) = P(pa,04).

For this we first assume that p4p is pure and normalized, i.e., pap = |[p){plaB €
S—_(H ap)- Then, we have that

P(pag.oaB) =1 —|{plo)|?

— \/1 —|Tr [(Ta ® 13)pasll?

- 2
= \/1 — ‘Tr [(tf,i/zVAPAI/2 ® ]lB),OAB:H

ForMeP, M isa generalized inverse of M if MM~ =M1y = supp(M) = supp(M_l), where
supp(-) denotes the support.
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2/1_ [0} ]
Ji-[re ool A]F
[ﬁ}

=1 = F(pa,04)

= P(pa,04). (162)

If pap = |p){p|ap is not normalized we obtain analogously

1/2y, 1/2 ‘2

1—|T

P(pap,oap) = \/1 — [F(pag.oap) + /(I — Tr[pas])(1 — Tr[oag])]?

2
= \/ 1= (F(oa,o0) + V(T = Trlpal) (1 = Trloa)))
= P(pa. 04)- (163)

The statement for a general p4p (not necessarily pure) follows by the monotonicity of
the purified distance [TCR10, Lemma 7] under partial trace. O
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