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Abstract A discontinuous Galerkin finite element heterogeneous multiscale method
is proposed for advection—diffusion problems with highly oscillatory coefficients. The
method is based on a coupling of a discontinuous Galerkin discretization for an effec-
tive advection—diffusion problem on a macroscopic mesh, whose a priori unknown
data are recovered from micro finite element calculations on sampling domains within
each macro element. The computational work involved is independent of the high
oscillations in the problem at the smallest scale. The stability of our method (depend-
ing on both macro and micro mesh sizes) is established for both diffusion dominated
and advection dominated regimes without any assumptions about the type of hetero-
geneities in the data. Fully discrete a priori error bounds are derived for locally periodic
data. Numerical experiments confirm the theoretical error estimates.

Mathematics Subject Classification (2010) 65N12 - 65N15 - 65N3 - 74Q05

1 Introduction

Transport problems from a wide range of applications including flow through aquifers
in hydromechanic and ground water modeling, infiltration of contaminant in hetero-
geneous media, filtration processes and transport of chemicals in biological processes
are modeled by advection—diffusion equations with highly heterogeneous coefficients
varying on microscopic scales. However, the scale of interest in many applications
is often much larger than these microscopic scales. Yet, standard numerical methods
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as the finite element method (FEM) are not able to capture the effective behavior of
the transport phenomena unless the used discretization resolves the finest scale in the
problem, denoted by ¢ in what follows. Such scale resolution is often prohibitive in
terms of computational cost if the ratio between the finest scale and the scale of interest
spans several orders of magnitude.

Analytic treatments of such problems often rely on the homogenization theory
[19,34] that aims at finding an averaged (effective) equation for the original hetero-
geneous equation in order to describe the effective behavior of the solution. General
frameworks such as the G- or H-convergence (see [26] and [37], respectively) allow
to homogenize partial differential equations (PDEs) without structure assumptions
(e.g., such as periodicity or stationarity) on the heterogeneous coefficients. For the
stationary advection—diffusion problems that we consider in this paper such results
have been obtained in [13,36]. We note that for non-stationary advection—diffusion
problems (see for example [15]) the scaling for the advection term is usually different
than the scaling used in [13,36] for stationary problems. Indeed in [15] and related
works, the model problem obtained from a diffusive scaling of an unscaled micro-
scopic advection—diffusion equation, has a macroscopic Péclet number that scales as
O(1/e) (we recall that the Péclet number is defined as the ratio between the norms
of the velocity field and the diffusion tensor of an advection—diffusion equation). In
turn, the homogenized problem has an (advection) enhanced diffusion tensor. We note
that the results are obtained for unbounded domains and in addition periodicity of the
velocity and diffusion terms are assumed as well as a divergence free velocity. Such
homogenization results cannot be applied to stationary advection—diffusion problems
as considered in this paper. In contrast in the model [13,36], the homogenized diffusion
tensor will not depend on the advection term, a somehow less physical situation, but
we allow for a non divergence free velocity and non-periodic velocity and diffusion
terms.

For practical purpose, the effective equations obtained by these analytic proce-
dures are usually unknown and not available in explicit form and numerical meth-
ods are needed. For elliptic and parabolic homogenization problems, various mul-
tiscale approaches have been proposed—see [6,9] and the references therein. In
[2], using the methodology of the heterogeneous multiscale method (HMM) pro-
posed by E and Engquist in [28], a time-dependent advection—diffusion problem
where the diffusion tensor is a multiple of the unit tensor and the velocity field
exhibits scale separation and high oscillations is studied. Therein, a heterogeneous
multiscale method based on a standard finite element method is combined with a
stabilized explicit Runge—Kutta method (ROCK) proposed in [1,10]. Further, for
one-dimensional hyperbolic and parabolic problems, a heterogeneous multiscale
method based on a discontinuous Galerkin method has been proposed and ana-
lyzed in [21]. Moreover, a time-dependent advection—diffusion problem with large
expected drift has been studied in [30] and in [32] numerical methods for singu-
larly perturbed time-dependent advection—diffusion problems that exhibit a multi-
scale behavior have been considered. Finally, we also mention a numerical method
based on the HMM that has been proposed in [40] for advection—diffusion prob-
lems. Similar stabilization techniques as used in this paper have been applied
therein. However, the stability of the method has not been analyzed in [40]. This
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Discontinuous Galerkin finite element 591

constitutes one of the main contributions of our paper. Furthermore, the a priori
estimates derived there do not take into account the discretization error originat-
ing from the numerical computation of the effective data, i.e., the micro solver
eITOr.

In this paper we construct and analyze a numerical method for stationary advection—
diffusion problems with highly oscillatory diffusion tensor and velocity field. The
effective equation for our problem can be shown to be again an advection—diffusion
problem with usually unknown effective diffusion tensor and velocity field [13,36].
The Péclet number is allowed to be large, i.e., we consider the case of advection
dominated problems. Two major modeling issues arise when trying to apply the meth-
ods developed for multiscale diffusion problems for (stationary) advection—diffusion
problems. First, if the velocity field varies over multiple scales, proper upscaling
for the advection term in the equation has to be built in the method. Second, even
for constant velocity fields, when the methods developed for diffusion problems
can be applied straightforwardly, the numerical method will become unstable if the
Péclet number becomes large. This phenomenon is well-known for single scale prob-
lems and a large variety of stabilization techniques have been developed in order
to adapt numerical methods to advection dominated problems (see [38] and refer-
ences therein). One class of stabilized methods relies on discontinuous finite element
methods (DG-FEM). In contrast to standard finite elements, the interelement conti-
nuity of the test and trial functions is relaxed, allowing flexibility in meshing and
local conservation properties. First introduced in [31] for a purely hyperbolic trans-
port equation, discontinuous Galerkin methods have been adapted to elliptic prob-
lems (see [17] for an overview) and, finally, to advection—diffusion-reaction prob-
lems. Their intrinsic flexibility makes them convenient for adaptivity techniques like
local mesh refinement (z-refinement) or local increase of the polynomial order (p-
refinement). An analysis of a hp-DG-FEM for advection—diffusion-reaction prob-
lems is presented in [33] by Houston et al. Further, Ayuso and Marini proposed
in [18] an analysis for a class of discontinuous Galerkin methods for advection—
diffusion-reaction problems “relaxing” the usual coercivity condition relating the
variable advection and reaction (see [18, Eq. (2.2)]) (as seen in [18], under these
conditions, the analysis already for single scale problems is nontrivial). This is the set-
ting adopted in this paper (see Sect. 5.1.1 for a discussion of this “relaxed coercivity
condition”).

The method proposed in this paper is built in the framework of the HMM. It is
based on macroscopic discontinuous Galerkin (DG) FEM with input data (the effec-
tive diffusion tensor and the effective velocity field) recovered from micro FEM on
sampling domains within the macroscopic elements. These sampling domains them-
selves scale with ¢, the smallest scale in the problem and therefore, the computational
work needed for our method is independent of the fine-scale features of the medium.
Such combination of the HMM with the DG-FEM has already been proposed in [7]
for pure diffusion problems. The extension to advection—diffusion problems is non-
trivial. First, a careful (simultaneous) upscaling of the diffusion tensor and the velocity
field has to be built in the method. Indeed, the case of an oscillatory velocity field,
whose derivatives are unbounded with respect to ¢ is usually forbidden in a single
scale analysis (see hypothesis (H2) in [18]). Second, the proof of the stability of

@ Springer



592 A. Abdulle, M. E. Huber

the method is quite involved as the macro-micro strategy used here introduces vari-
ational crimes (due to numerical integration and numerical upscaling) leading to a
non-consistent method and in particular to the loss of Galerkin orthogonality. Such
variational crimes, also called non-consistent perturbations, are not made in the sin-
gle scale method proposed in [18] (of course their method is non-conforming as it
is also based on a discontinuous Galerkin method). For purely diffusive problems,
as analyzed for the DG-HMM in [7], difficulties due to non-consistent perturbations
can be avoided by using appropriate quadrature formula and the uniform elliptic-
ity of the multiscale tensor. In contrast, the stability analysis including advection
necessitates an upper bound for the non-consistent perturbations committed in the
advective part. Beside the non-consistency, the variational crimes in our DG-HMM
introduce two further difficulties: in contrast to [18], the uniform boundedness on an
infinite dimensional functional space of the diffusive part of our method in a DG norm
is not available (due to numerical integration). To overcome this issue we need an
appropriate interpolation result (see Sect. 5.1.1). Finally, all the data involved in the
DG macro scheme come from micro simulations by FEM introducing yet another
discretization error (due to the numerical upscaling procedure) that has to be taken
into account in both the stability result and the a priori error estimates (see again
Sect. 5.1.1).

The stability of the DG-HMM is established for a general class of diffusion ten-
sors and velocity fields, that is, for general micro structures (without particular spatial
structure such as periodicity or stationarity) and for advection or diffusion dominated
problems. The method developed here is also suitable for advection—diffusion prob-
lems with boundary layers. Finally, optimal a priori error estimates are established for
locally periodic data. We note that our a priori error estimates rely on new a priori
error estimates for single scale DG-FEM based on numerical integration.

Our paper is organized as follows. In Sect. 2 we introduce the considered advection—
diffusion problem. Then, we derive the multiscale method in Sect. 3. In Sect. 4, we
summarize our main results on the stability and the a priori error estimates of the pro-
posed method, the stability of the method for general data and the a priori estimates
for locally periodic data. The proofs of the main results are provided in Sect. 5. Fur-
ther, we present numerical experiments for both periodic and non-periodic (random)
problems in Sect. 6 in order to confirm the theoretical estimates and to illustrate the
capabilities of the proposed method. Finally, the results about the effect of numerical
integration for single scale DG-FEM are derived in Appendix A.

Notation 1.1 In what follows, C denotes a generic positive constant, whose value can
change at any occurrence (see also Remark 4.2). We consider the usual Sobolev spaces
W$P(Q2). For p = 2, we use the notation H*(2), HO1 () for p =2 and s = 1 with
a vanishing trace on the boundary 9€2, W;L,,(Y) ={v e H;e,(Y)| fY v(y)dy = 0}
where H IS, o (Y) is defined as the closure of C;‘;r (Y) (the subset of C*°(R?) of periodic
functionsin Y = (0, 1)) forthe H* norm, and H' (div, Q) = {v € (L?(2))? | divv €
LZ(Q)}. For a matrix ¢ € R?*? with entries a; j» we denote its Frobenius norm by

lalz=./2;> j lajj |2. Further, we denote the vectors of the canonical basis of R?
bye;, fori =1,...,d.
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2 Model problem and homogenization results

In this section we introduce the advection—diffusion model problem and recall the
results of classical homogenization theory.

Let @ c RY, d < 3, be a convex polygonal domain. Consider the multiscale
advection—diffusion problem with zero Dirichlet boundary conditions

—div(a®(x)Vu®(x)) + b°(x) - Vu®(x) = f(x) in &, n
u®(x) =0 on 92,
with a® € (L%°(2))4*? the diffusion tensor, b* € (L*®(2))? the velocity field and
the source f € L*(S2). The variable ¢ represents a small scale in the problem, at
which the data a®, b® fluctuates. We assume that the family of tensors a® (indexed by
¢) are uniformly bounded and elliptic and the family of velocity fields »° is uniformly
bounded, i.e., there exist A, A, B > 0 such that for any £ € R4

MEP <a®(0E-E, la°(E[ < AJE], () <B  aexe®, Ve>0. (2

As mentioned in the introduction, other scaling for the velocity field are usually used
for non-stationary problems (i.e., velocity fields that are not uniformly bounded in ¢,
see e.g., [15]).

If the family of differential operators — div(a®(x)V-) + b®(x) - V- satisfies the
coercivity

Yv € Hj(Q), Ve > 0, (3)

/ag(x)Vv Vv +b(x) - Vovdx > )L||Vv||iz(9)

Q

an application of the Lax—Milgram theorem provides a unique weak solution u® €
Hé (2) for all ¢ > 0. These solutions are uniformly bounded independently of ¢ by
lu®ll @) < CllfllL2q) implying the existence of a subsequence of {u®} weakly
convergent in Hé (2). As a result of the H-convergence [13,36] there exists a sub-
sequence of {a®, b°} such that the corresponding sequence of solutions {u#°} weakly
converges to 1 in HO1 (£2), the solution of the homogenized problem

—div(@® ) Vu’(x)) + B°(x) - Vil (x) = f(x) ing,

. @)
ux)y=0 on 012,
where a%(x) € (L®(£2))?*? is the homogenized tensor and 5°(x) € (L>®(2))? the
homogenized velocity field. Furthermore, a° satisfies again the uniform ellipticity of
condition (2) and the operator — div(a®(x)V-) 4+ b%(x) - V- is coercive (in the sense
of (3)). Thus, the homogenized problem (4) has a unique solution.
We note that the coercivity condition (3) often is ensured by the condition
—divb®(x) > Oforae. x € Qand e > 0, assuming the regularity b* € H!(div, Q).
However, a similar condition for the homogenized velocity field, i.e., — div 0 >0,
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does not follow from [13, Theorem 2.1] directly, but will be assumed later on in (18),
as it is the standard assumption to analyze numerical methods for advection—diffusion
problems.

We notice, that we have chosen zero Dirichlet boundary conditions for the model
problem (1) for simplicity. The multiscale method and its analysis derived in Sects. 3
and 4 can be generalized to non-zero Dirichlet, Neumann or mixed boundary condi-
tions.

Péclet number. To distinguish the different regimes of problem (4) we define the
Péclet number Pe(x) for the homogenized problem (4) locally by

I

P =
*) =01,

x e,

where L = diam 2 is the characteristic length of the domain. The problem (4) is called
diffusion dominated, if Pe(x) < 1 in , or advection dominated, if Pe(x) > 1 in Q.
We assume, that Pe(x) has the same order for any x € 2 and we will hence define
and use the global Péclet number Pe in the following (see Sect. 4 for the definition).

3 Multiscale method

The goal is to derive a multiscale method that captures the effective solution of (1)
at lower computational cost than solving (1) with standard numerical methods. We
recall that for problem (1) scale resolution with a standard numerical method involves
a computational cost of O(e~?). The method we want to build will involve a com-
putational cost independent of ¢. In [7] a multiscale method has been proposed for
a purely diffusive multiscale problem applying a discontinuous Galerkin method on
the macro scale. As input, this method uses solely the data provided by the fine scale
tensor a®. After having set up the framework of [7], we explain how to extend the
method to advection—diffusion multiscale problems. The proposed method will be
able to capture the effective solution of the multiscale advection—diffusion problem
by coupling a discontinuous Galerkin method based on quadrature points on the macro
scale with a standard FEM on (micro) sampling domains centered at these quadrature
points recovering the effective data.

3.1 Preliminaries

First, we introduce the quantities needed for the macroscopic discretization.

Macro mesh. We consider a macroscopic family of partitions 7y of 2, where 7y is
a shape-regular macro mesh on €2 consisting of open, simplicial, not curved elements
K satisfying | KeTy K = Q. Furthermore, we assume for simplicity that 7z is a
conforming macro mesh, i.e., there are no hanging nodes. The element diameter Hy
is defined by Hy = diam K for K € 7y and the macro mesh size H is defined
by H = maxge7, Hx. Here H > ¢ is allowed. By £ we denote the set of all
open (d — 1)-dimensional interfaces of the elements of 7. We decompose £ into
interior interfaces &;,,; and interfaces on the boundary &3, i.e., £ = &y U Ep. The
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interface diameter H, is defined by H, = diam e for e € £. Furthermore, we use the

/.zz/._

r eck e
Based on the macro mesh 7y we introduce the piecewise Sobolev space

H' (Ty) = H H' (K)={ve L*(Q)| vlx € H(K), VK € Ty}.
KETH

Remark 3.1 For simplicity of exposition, we assume that the macro mesh is con-
forming. However, one of the most important advantages of discontinuous Galerkin
methods is the admissibility of irregular meshes which are useful for local refinement
of the mesh. The extension of the presented results to this class of more general meshes
is straightforward.

Macro finite element space. We define the piecewise linear finite element space for
the discontinuous Galerkin method on the macro mesh 7y by

Vi@, Ty) = w € L2 @) | u |k € PY(K) and u®? |, = 0, VK € Ty},

where P1(K) denotes the space of linear polynomials on K € 7y. We note, that
VviQ, Ty) ¢ H' (Ty). In comparison to a standard finite element space the interele-
ment continuity of the finite element functions is not postulated. Therefore, in the
process of deriving the weak formulation of Eq. (1) the integration by parts can only
be applied piecewisely on elements K € 7.

Quantities on interfaces. Due to the lack of interelement continuity non-cancelling
terms on the boundaries d K arise which we need to quantify. Consider e € £, v €
H'(Ty) and b € R?. First, we denote the outer normal vector on €2 and the outer
normal vector on K by n and ng, respectively, for any K € Ty. We notice, that v is
generally two-valued on K in the sense of traces, for any K € Tp. If e is an interior
edge e € &, then there exist two triangles K1, K» € Ty such that K; N K> = ¢,
provided with outer normal vector n; and n, as well as interior traces vy and v,
respectively. The normal jump and the average of v on e are defined by

1
vl =vi-n1+v2-n2, {v}= z(vl + v2).
If b - ny # 0 we define

K=K
ifb-n; <0, or {’ 2 ifb-n; > 0.

K; = K
K, =K,

K, =K>

The edge e is then called inflow and outflow edge of K; and K, with respect to b,
respectively. For b - ny = b - np = 0 we choose a unique definition for K; and K, in

@ Springer
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order to facilitate further notation. As ny = —ny and |n1| = 1, there exists a smallest
k* € {1,...,d} such that k* = min{l < k < d | (n1); # (n2)x}. We then define

PERL e >0, or TR i (e <0,
K, =K> K, = K1

Further, we introduce the simplified notation n; = n;.

Analogously, we define these quantities for boundary edges. If e is a boundary edge
e € Ep then there exists a triangle K| € 7y such that e = K| N, provided with
an outer normal vector n1 being n and the interior trace vi. The normal jump and the
average of v on e are defined by [v] = v; - n and {v} = vy, respectively. If b -n < 0

then K; = Ky,n; =n,if b-n > 0then K, = K|, n; = —n and furthermore
v, b-n<0 v, b-n>0
v = , Vo = .
0 b-n>=0 0 b-n<0

Remark 3.2 Since the numerical and the analytic velocity field may lead to different
inflow and outflow directions, we will use the following notation: the indices i and o
(e.g., K;) will be used for the numerically computed velocity field, constant on one
interface (later on denoted by {b¢}), while for the analytic velocity field we use the
indices ip(x) and oo (x), e.g., Kjyx) forx e e € £.

3.2 DG-HMM for advection—diffusion problems

In this section, we introduce a multiscale method for advection—diffusion problems
based on a discontinuous Galerkin method on the macroscopic scale.

Quadrature formula. The proposed method is based on a quadrature formula on
the macro mesh. As we consider piecewise linear macro finite elements on simplicial
meshes, we apply a one-point quadrature formula, i.e., for a continuous function
g: Q2 —>R,

/g(x)dx% > IKIg(xk), ©)

Q KETH

where xg is located at the barycenter of K € 7y. We note, that the quadrature
formula (5) is exact for piecewise linear functions g.

Sampling domains. For the upscaling procedure of the micro scale data, sampling
domains around the quadrature points are defined. Let § > &. For a macro element
K € Ty we consider the sampling domain Ks around the barycenter xx defined by
Ks = xg + 81, where I = (=1, 1)d.

Macro bilinear form. Having set up the necessary framework we define the macro
bilinear form for the multiscale advection—diffusion problem. We consider the macro
bilinear form B on V1(Q, 7Ty) x V1(Q, Ty) defined as the sum B = Bp + By of
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the diffusive part Bp and the advective part B4 given by

K -
Bp(w™, wh) = Z 1K1 aEVv’I’(~Vw]}(dx—/{a5Vvh}~[[wHﬂds

K
KeTy | 8|Ka J
+ / W™ - [wH] ds, ©)
r
K
Ba(w, wf) = Z | | bt . VvaH(xK)dx—/{bE} [[UH]]des
KeTy 1Ks|

Ks

where v}l'o w’}( are appropriate micro functions solving (8) on the sampling domain K

and the average of multiscale fluxes {a®Vv"} is given by (9). The penalty weighting
function w is given piecewisely by u|, = || {a% HipoeH, 6_1 , Where a(l)( is the numerically
approximated homogenized tensor that will be defined in (15) and the penalization
parameter « > 1 is a positive parameter independent of the local mesh size and the
data a®(x). On an interface e e &, the average of the effective velocity field {b¢) is
defined in (11) and the trace u) is taken from the inflow element K; with respect to
{b¥}.

Micro solver. Let K € 7Ty be a macro triangle and K its sampling domain. On this
sampling domain we consider a simplicial micro mesh 7}, and the micro finite element
space S7(Ks, 7p,) defined by

S9(Ks, Ty) = {z" € W(Ks) | 2"l € PUT), VT € Ty}, (7)

where P7(T) denotes the space of polynomials on the element T of total degree at
most g, with ¢ € N. o, and where the choice of W(Kjs) determines the boundary
conditions used for computing the micro functions v},’<. We consider two different
spaces:

e periodic coupling: W (Ks) = pcr(K5) = [v € Hpe,(K,g) | fK(Svdx = 0];
e Dirichlet coupling: W(Ks) = H0 (Ks).

The micro problems are defined by: find vllz such that (v};( — vy e S9(Ks, Tp,) and

/af(x)w’;( Vhdx =0 V" e S9(K;, Tp). ®)

Ks

Average of multiscale fluxes. Similarly as in the DG-HMM for diffusion problems,
proper averages of fluxes on edges are crucial for the bilinear form (6). We recall such
a construction first introduced in [5,7].
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For e € &, there exist K1, K» € 7y with corresponding sampling domains
K 51, K such thate = K| N K3. The average of multiscale fluxes on e is defined by

b / atVult dx |. 9)
K2| 2

Further, for e € &, there exists K € Ty with corresponding sampling domain K
such that e = K N 9K2. The average of multiscale fluxes on e is defined by

_— 1
{atVuvh} = m/aSVUI}’( dx.

We notice, that for the averages {a® Vv"} we omit the index K for the micro functions
v},’( as the neighboring elements for any e € £ are well-defined. Further, we emphasize
that in contrast to the usual definition of the flux average in DG methods, existence
of traces is not required for the average of multiscale fluxes. We also notice that the
computation of the average of multiscale fluxes does not lead to an extra computational
effort, as the quantities involved in the above integrals need to be computed anyway
in the formulation of the method (6).

Average of effective velocity field. In order to define the quantity {b¢} we introduce
additional notations. Let K € 7y be a macro triangle and (p,’éo, R (p;g, 4 the col-
lection of linear nodal basis functions on K. Furthermore, let Fx denote an affine
C 1-diffeomorphism such that Fg (12 ) = K, where K is the simplicial reference ele-
ment in R?. The nodal basis (,?J(‘)q, e, @5 on K is defined by (ZJO xX)=1- Z, | Xi
and @l.H (x) = x;, fori = 1,...,d. We order the basis functions on K such that
(pllg,i(FK(f)) = @iH()?) fori =0,...,d and £ € K. Let Dk be the Jacobian matrix
of Fx which is a constant d x d matrix. We introduce the matrix Q o given by

T

| |
Qur =D | Vi Ve q| - (10)
| |

where <p};(’l. solves the micro problem (8) constrained by the macro nodal basis function
;fori=1,...,d.
For e € c‘,’,m, there exist K, Ko € 7y with corresponding sampling domains
K 51, K such that e = K; N K». The average of the effective velocity field on e is
deﬁned by

1

{be}_z |K|/1th(x)dx+ 2|/th(x)dx . (11)
K
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For e € Ep, there exists K € Ty with corresponding sampling domain K5 such that
e = K N 0Q. The average of the effective velocity field on e is defined by

— 1 e
{b*} = @/szb (x)dx.
Ks

As for the average of multiscale fluxes, the average of the effective velocity field uses
quantities already computed for assembling the stiffness matrix of the diffusive part
Bp. In order to assemble the terms of B4 on the edges the effective velocity field has
to be stored for every K € 7y similarly as for the multiscale fluxes appearing in Bp.
Macro solution. Our multiscale method for computing an effective solution of prob-
lem (1) reads as follows: find u™ € V1(Q, Ty) such that

B(uH,vH)z/vadx voll e vi(Q, ). (12)
Q

Remark 3.3 The diffusive part Bp is the extension of the incomplete interior penalty
Galerkin method (ITPG) of [25] to multiscale problems. It only differs in the lack
of the symmetrizing term in comparison to the multiscale method proposed in [7].
The advective part B4 is a multiscale extension of the advective part of the method
proposed in [33].

3.3 A useful reformulation of the DG-HMM

For the stability and the a priori error analysis of the FE-HMM (multiscale methods
based on standard FEM) it turns out that it is convenient to define a numerically
homogenized tensor a(l)< (cf. e.g. [7, Section 5]). In that way, the diffusive form Bp
can be reformulated as a standard DG-FEM based on numerical integration applied
to a modified macro problem. An analogous reformulation of the advective form B4
will also be derived (this will allow to motivate the definition of {h¢}). We emphasize
that this reformulation will only be used for the analysis but not for actual numerical
computations.

To begin with, we consider a micro problem with modified right-hand side for
i=1,....d:find " € $9(Ks, Tp) such that

/af(x)vwgh Vlhdx = —/aS(x)ei V'dx V7" e S1(Ks, Ty). (13)

Ks Ks

We also consider the following similar problem fori = 1, ..., d: find W}; e W(Ks)
such that

/af(x)w;'< -Vzdx = —/ag(x)e,» -Vzdx Vze W(Ks). (14)
Ks Ks
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Based on the finite element micro functions w}gh and the exact micro functions w}'(,
we define two tensors

1

0 _ 0 _ . ;

" IKsl/ (1a+ 5 dv ak = e /a (1d+ 7] ) dx. (15)
Ks

i,h
where J‘//Ih(( y and Jy . (x) are d x d matrices with entries (JW’ (x)) = 323//7,5 and

(JWK(X))U = a}; , respectively. We recall that the tensor a([)( enters in the penalty

weighting function w for the macro bilinear form (6). It can be computed following
[6, Theorem 18]. The estimation of this tensor does not constitute a computational
overhead as the micro problems (13) need already to be solved to assemble Bp [indeed
the solution of (8) can be obtained from the solutions of (13)].

Lemma 3.4 [7, Lemma 5.4, Corollary 5.5] Let vi’c w}['( be the solutions of the micro
problem (8) such that vK — vl e S1(Ks, Ty) (resp. wK —wh ¢ Sq(K,s, 1)) with

S1(Ks,Tp) C pe,(Kg) (periodic coupling) or S9(Kg, T;) C H (Ky) (Dirichlet
coupling). Then the following identities hold

1
m/ag(x)Vv}}( . Vw},'( dx = a%VvH(xK) Vuwf (x),
s

1
—/ag(x)Vvi’< dx =a%VvH(xK).
|Ks5l

The average of the multiscale fluxes can be reformulated analogously (similar to
[7, Lemma 5.6])).

Lemma 3.5 Let K, Ky € Ty having a common interface e. Let vll'(1 and v};(z be the
solution of (8) in K1 and K», respectively, constrained by v € VI(Q, Ty) employing
periodic or Dirichlet boundary conditions. Then

{a* Vv = {a% Voll},

Hence, one can reformulate the diffusive part Bp of the method (cf. [7, Proposition
5.7]) by

Bpw™, why = Z 1K a% Vol (xg) - Vo'l (xg) — /{aKVUH} [wf] ds
KeTy

—i—//L[[UH]] [wH] ds. (16)

r
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. . —0
Next, we define the velocity field b(1)< and its counterpart by analogously to a(,)( and
E(}(, respectively,

bk =% |/(1d+ Typ GDb*()dx, by = re |/(Id+ Ju GOV ()dx.

Following Lemma 3.4 we have that ‘Ig | st bt - Vv};{dx = b% - Vol (x), and if we
set vl = (pllg’i, observing that Vgol‘;' = (DF)~1e;, we obtain

1
eI DY =Y - vl = el /(V(pih)Tbsdx,

fori = 1,...,d, hence, we obtain b = %0 K5\ f Ka ol bfdx, where Q o is defined

in (10). Thus, it follows that {b*} = {b K}. Taking into account that for K € 7y and
v wH e vI(Q, Ty) it holds

/b‘,)( Vol w dx = K% - Vol (xg)w® (xk),
K

the advective part B4 can then be reformulated as

Ba" why=>" /b‘}(.Vvade—/{b%}.ﬂvHﬂwﬁds. (17)
KETHK

For the analysis of the method carried out in Sects. 4 and 5.2 we always use the macro
bilinear form in its reformulated version of (16) and (17).

4 Main results
In this section, we present our main results, namely the stability of the multiscale
method (6) for general data a®, b* and a priori error estimates in both advection and

diffusion dominated regimes for locally periodic data. We start by defining the norm
used in our analysis.

Definition 4.1 For v/ € VI(Q, Ty), let the norm [[vf | = (JJv¥ |||§) + lof |||f,)1/2
be defined by the following problem-dependent norms

H 2 H 2 H,2 H 2 H,2 H,2
™ llp = accllVV ™ I 2(q) + dcclv™ [ ps 07 4 = boollv™ Il 2¢q) + 107 4 45
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2
where an, = esssup,.q ||a0(x)||}-, boo = €sSSup,cq 159(x)| and |vH|*R =

> s Iy (R)V2[vH] ||i2(e), a weighted mesh-dependent semi-norm with

(R) = ozHe_1 for R = D, (i.e., with respect to diffusion),
v B b - n| for R = A, (i.e., with respect to advection).

We note that the diffusion norm ||-|| p is the same as the norm used in [7] scaled
by aééz. Hence, for an advection dominated problem ||-||p is dominated by ||-|| 4.
As in our multiscale method variational crimes are committed, we need to introduce
two quantities ry. 4 73 and ryc 4 g, that quantify the variational crimes in B, due to
numerical integration on the macroscopic scale and the numerical upscaling procedure.
We consider

1 1
Foea Ty = — sup |B% — b)), ryeae = — sup (b} — b0 (0)l,
beo KeTy boo ecE
xekK X€e

and we define rye 4 = 7ye A, 7;; + Tve,A.€- Further, the global Péclet number for the
effective problem is given by Pe = bl where L = diam Q.

aso

Remark 4.2 In order to have an analysis for which the constants do not blow up in
either the diffusion or the advection dominated regimes, the dependence of usually
generic constants on deo, boo as well as A, A, B cannot be neglected. Hence, we use
generic constants which only depend on terms of the type %, o, %c— and quantities
independent of axo, boo, H, I, €, 6.

4.1 Stability results

The stability of the multiscale method (6) is proved for data a®, b® without any special
spatial structure. We recall that for data a®, b® satisfying (2) and (3), it holds for the
effective data that b° € (L°°(2))? and (see [13,36])

a® e 2@, a®E - = 1EP, 1a"WE| < Al§] aex € Q. VE R
For the stability analysis, we assume additionally that

POx) e whe (@), —divbk’(x) >0 ae xeQ, (18)
bo(x) has no closed curves , bo(x) #0 VxeQ. (19)

The condition (18) is the standard assumption for the velocity field for formulating
and analyzing DG-FEM for single scale advection—diffusion problems. Further, the
condition (19) is used in [18] for the construction of a weighting function ¢ (see
Eq. (34)) fundamental for the analysis of DG-FEM for advection—diffusion-reaction
problems in the ||-|| norm.
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To prove the stability of the numerical method (6), we derive the following inf—sup
condition.

Theorem 4.3 Assume (2), (18) and (19). Then, there exist @ > 1, Hy > 0, Ry > 0
such that, for

H < Hpy, rye,a < Ro, (20)
the numerical method defined by (6) fulfills the inf-sup condition

B, wH)

sup > aslvfl - Vol e VIR, Tw), 1)

wH eV (Q,Ty) |||wH|||

where the stability constant as is independent of H, h, ¢, 8.

We emphasize that the constants «, Hy, Ro are independent of H, h, ¢, §. Further,
the inf—sup condition (21) implies the existence and uniqueness of the solution of (12).

Theorem 4.4 Assume (2), (18) and (19). Then the bilinear form (6) is uniformly
bounded on Vl(Q, Ty) X vl (R, Ty) independently of H, h, ¢, 8. Furthermore, under
the additional conditions (20) of Theorem 4.3, the problem (12) has a unique solution
ufl in VI, Ty) which satisfies

1
el < — 1 £ll L2 (22)
og

where as, independent of H, h, €, §, is the stability constant of Theorem 4.3.

4.2 A priori error estimates

As discussed in Sect. 1, the a priori error estimates are derived for locally periodic data
a®, b®. The estimates rely on new results about the effect of numerical integration for
DG-FEM applied to single scale problems, see Appendix A. We note that the assump-
tion of local periodic data is only needed to estimate the modeling error, whereas
the estimates of the macro and micro error given in Theorem A.1 and Lemma 5.13,
respectively, are still valid for non-periodic data.

Assumption 4.5 We assume local periodicity of a® and b® in the sense that there
exist a tensor a(x,y) and a velocity field b(x,y) both Y-periodic in y such that
a®(x) = a(x, ) and b*(x) = b(x, 7). Furthermore, we postulate Lipschitz continuity
of a and b with respect to the first variable

aij(x, y), bi(x,y) € Who(Q, L®(Y)), 1<i,j<d.

In order to derive the a priori error estimates, we aim to decompose the total error
into macro error e,,q. and the quantity ey sy

Nu® — w | < emac + enmm, (23)
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where 1 is the solution of the homogenized problem (4) and u® is the solution of (12).
The explicit formulas for e;,4, and ey prp Will be given in the proof of Theorem 4.6.
While the macro error is due to the macroscopic solver By, a discontinuous Galerkin
finite element method with numerical quadrature (introduced in Sect. 5.2.1) to solve the
homogenized problem (4), the term e 75 is the error solely caused by the upscaling
procedure intrinsically encoded into B. By a Strang type result similar to [7, Lemma
5.10] we can trace ey back to the quantities

1 1
0 _ 0 0 40
raMM,p = — Sup llag —a (xg)llz, rHMM.A = 7— sup |bx — b (xg)l.
oo KeTy 00 KeTy

(24)

Theorem 4.6 Let u® and u® be the solutions of (4) and (12), respectively.
Assume (2), (18), (19) and the regularity u® € H?*(Q), a® e (WH®(Q))?*
b0 e (WE(Q). Furthermore, assume that H, T've,A and o satisfy the hypothe-
sis of Theorem 4.3. Then, the following a priori error estimate holds

N —uf) < C (a;ézH 1+ b2 H3? 4 bl min{pe!/? H?, H)

1/2 12 0
+allrumm.p + be VHMM,A) lu™ll g2y

where C is independent of H, h, ¢, 8.

The fully discrete error analysis relies on the decomposition of rgay,p and
rumm, A into modeling error r,,4,. and micro error ry;.. due to diffusion D and
advection A, respectively,

1 1

0 —0 —0 0

ramm,p < — sup |la"(xg) —agllz+ — sup llag —aglz
Qoo KeTy oo KeTy

= Tmod,D + Tmic,D» (25)

1 0 70 1 70 0, _.
reMM,A < — sup |b'(xg) —bg|+ — sup |bg —bg| =:Tmod, A + Fmic,A-
o0 KeTy bOO KeTy

(26)

In order to estimate the micro error we assume the following regularity of the exact
micro functions v and the velocity field 5°.
(H1) ¥k € HIT1(K;5) and |¢;(|Hq+l(,<§) <Ce 91/[Ks|forKeTy,i=1,...,d.
(B1) b* € WH°°(Q) and 157 11,002y < CBe 'fori=1,....,d.
We refer to [7, Remark 5.1] for justification and discussion of (H1). Further, we
observe that for smooth periodic velocity fields of the form b®(x) = b(x/e) = b(y),

Y-periodic in y, we have by the chain rule 9,,b(x/¢) = éayib(y). For the analysis of
the modeling error we assume

(H2) a® and b* are collocated in the slow variable at xg, i.e., a®(x) = a(xg, x/¢)
and b*(x) = b(xg, x/¢) on any K € Ty, where xg is the quadrature node in K.

@ Springer



Discontinuous Galerkin finite element 605

This is possible due to the local periodicity of a® and b® (see Remark 5.16 for gener-
alization).

For the discussion of the micro errors ;... and the modeling errors ry,.4.. we refer
to Sect. 5.2.2. The fully discrete a priori error bounds for the DG-HMM proposed in
this paper read as follow.

Theorem 4.7 In addition to the assumptions of Theorem 4.6, assume (H1), (H2) and
(B1). Then

e for periodic coupling, i.e., W(Ks) = Wll,er(K(;) andg eN,

N —u) < C (aé{fﬂ + b2 H3? 4 b2 min{pe!/? H?, H)

+agh’ (;) + bl (;) : 27)

e for Dirichlet coupling, i.e., W (Ks) = HO1 (Ks) and § > e,

h\ 2
I’ —u) < € (aééZH + b 2H32 4 pX2 min{Pe!/? H?, H) + a2 (_)
&

P R\4H! en1/2
+alP2+nlP(2) 46 ()7 ) (28)
1) & 1)

where C is independent of H, h, ¢, 8.

We note that the first two terms of estimates (27) and (28) are known from the single
scale analysis [18], the third term quantifies the effect of numerical integration on the
macro scale derived in Theorem A.1 and the remaining terms describe the influence
of micro and modeling error solely due to the multiscale strategy.

Remark 4.8 We observe that the numerical integration in the advective part introduces
the additional term b;éz min {Pel/ 2H?* H } into the a priori estimates (compare esti-
mate (61) and Theorem A.1). We note that this additional term is at least of linear
order. In our numerical experiments however, the linear order of convergence is never
seen, not even for large Péclet number.

Further, the a priori estimate presented in Theorem 4.7 allows to define micro-
macro refinement strategies for optimal convergence in the ||-|| norm with minimal
computational costs for advection or diffusion dominated problems. Indeed, assume
for example that we choose linear micro finite elements, i.e., ¢ = 1, and we denote by
Npae and Ny i the number of macro and micro elements in each spatial dimension
of the macro and the micro mesh, respectively, when discretizing €2 and the sampling
domains K by quasi-uniform triangular meshes (we note that the choice g = 1 leads
to a quadratic convergence of ry,;. p and rpy;. o which is of higher order than the
convergence of e,,,.). We get the refinement strategies
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(DD) H ~ (161)2 (i.e., Nmic ~ ~/Nmac) for diffusion dominated problems,
(AD) H 3~ (ﬂ)2 (i.., Nyic ~ (Nyac)/#) for advection dominated problems.

&

Complexity. We recall, that Ny, and N,;. denote the number of macro and micro
elements in each spatial dimension on the macro domain 2 and the micro domains
Ks, respectively. Thus, the macro and micro degree of freedom (DOF) are of order
O(Mpac) and O(Myy;.), respectively, where M, . = ,fmc and M,,;. = N,‘fu.c, and
the total DOF is of order O(M,,4 - Myyi¢). Further, the macro mesh size H is given by
H = 1/N,4. and the micro mesh size & by h = §/N,,i.. Since the sampling domain
size § is of order O(e) we get h/e = C/Npic, where C is a moderate constant.
Therefore, in view of Theorem 4.7, N,,;c can be chosen independently of ¢.

The refinement strategies (DD) and (AD) presented above lead to optimal conver-
gence rates in the ||-|| norm with minimal computational cost. We observe, that

Myic ~  Mpyqe for (DD)refinement, M,y,;. ~ M,i/,i for (A D) refinement,

leading to a complexity (independent of ¢) of O(M;z,/[,i) floating point operations for
the optimal (linear) convergence rate in the || -|| norm for a diffusion dominated problem
and O(M, ,Z/;t) floating point operations for the optimal (superlinear) convergence rate
in the ||-|| norm for an advection dominated problem. This holds under the assumption
that the cost of the method is proportional to the total degree of freedom.

5 Proof of the main results
In this section, we provide the proofs of our main results presented in Sect. 4. We first

prove the stability of the DG-HMM (6) in Sect. 5.1 and then derive the a priori error
estimates in Sect. 5.2.

5.1 Proof of the stability results
In this section, we first show an interpolation result (Lemma 5.5) important for the
stability proof and characterize the variational crimes in the advective part B4 of the

DG-HMM (Lemma 5.7). Then, we give the proof of the stability result.

5.1.1 Bound on multiscale fluxes, weighting function, interpolation result
and variational crimes

We start by stating some useful inequalities often used in what follows. The discrete
Poincaré inequality (see [16, Lemma 2.1]) is given by

101220 = C3 (V02 + 2 ) Vv e H! (T, (29)

where |-, p is the mesh-dependent semi-norm, introduced in Definition 4.1. Fur-
thermore, we use two well-known results from standard finite element methods. The
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first one is the interpolation result of [22, Theorem 3.1.4]: let K € 7y, k € N,
u € H1P(K) and Pyu € P¥(K) be its L? orthogonal projection onto PK(K).
Then it holds

1_1 _
lu — Prulwnagy < CIK|0 ™7 HE ' ™™ ul i) (30)

for] < p,qg <ocoandm € Nwith0 < m < k + 1. The second one is th_e scaled
trace inequality [14, Theorem 3.10]: let K € 7y and e € £ such that e C K. Then,
forv € H'(K) we have

1/2 —1/2
Il 2 < CH UVl 250 + CHe P 10l 2 31)

In this article, we shall often use the combination of (31) and the inverse inequality
[22, Theorem 3.2.6] for piecewise linear polynomials v/ € V!(Q, Ty)

—1/2
Wl 2 < CHS Y 10™ 2k - (32)

Finally, we recall that the quadrature formula (5) satisfies

2 2
DKV ) = 1Vl 2y, [ D0 1K (i)l < Crallv™ 12,
KGTH KGTH

for any v eyl (2, 7y), where Cr > 0 is a constant independent of H.

Bound on multiscale fluxes. The following energy inequalities and bounds on the
multiscale fluxes related to the diffusive part Bp are needed for the stability proof.
They have first been derived in [7] and [6]. First, we recall the energy equivalence [3,
Proposition 3.2].

Lemma 5.1 Let v € VI(Q, Ty) and let v’;( be the solution of the micro problem (8)
with either periodic or Dirichlet coupling. Assume that (2) holds, then

A
IV 2k < IVVR N 2k, < X”VUH”LZ(K(S)'

As a simple consequence we recover uniform boundedness and ellipticity of the
numerically homogenized tensor a(,)( and a bound for the numerically homogenized
velocity field b, respectively.

Corollary 5.2 Let vil € VI(Q, Ty), K € Ty and assume (2). Then it holds

0 H A? H 0 A? 0 BA«/_
lag Vot (i)l < —— Vol i)l llajllp < S-d. by | < B—Vd

2
ay Vo (xg) - Vol (xg) = AV ()7, IHaX )z = 2.
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We also recall the following bound for the multiscale fluxes first derived in [7,
Lemma 4.3] that is fundamental for proving stability of the DG-HMM proposed in

[7].

Lemma 5.3 For v, wf ¢ VI(Q, Ty) and assuming (2) it holds
ook H A2 172 H H
/{aswh} wH]ds| < Comma” PIvor | 2w, b,
r

where C, is independent of H, h, ¢, §, a.

Weighting function. For the stability analysis of the advective part By4, the use of a
weighting function ¢ will be crucial. We motivate conditions (18), (19) and the use of
@ by briefly reviewing the stability analysis for single scale problems with advection
denoted by b(x): the importance of considering a weighting function for the control
of B4 was already noticed in [35], where problems with constant velocity fields b are
studied. For variable velocity fields, the standard coercivity condition used in literature
(see e.g. [20,33] with reaction term set to zero) is given by

dcg >0 suchthat —divb(x) >cg Vx € Q, (33)

leading to coercivity results of the type B4 (v, vH) > ¢o|vf ||i2(9) + |vH|iA. On
one hand, the condition (33) excludes constant velocity fields . On the other hand,
co = 0 would not allow to control B4 (v, v) from below by the L? norm. In
contrast, the weaker condition (19) that we assume in our analysis, used in [18,24] in
combination with (18), allows for stability results (through an inf—sup condition) for
a broader class of velocity fields b(x) provided a suitable use of a weighting function.

To construct such a weighting function, we follow the derivation given in [18] for
single scale problems. The hypotheses (19) imply the existence of n € W>°°(2) such
that b°(x) - Vij(x) > 2bs for any x € 2 (see [18, Remark 2.1]). Using this function
n, we introduce

w(x) =exp(=nx)), @) =w(x)+«, (34)

where ¥ > 0 and ¢ is called weighting function. As n € W% (Q) there exists a
constant C,, > 0 such that

1 —
. o) =Cy, Vo) =Cy, lollprog =Co Yx el (35)
w

To bound ¢ from below and above we introduce ¢* = C%} + k and ¢* = C, + «,
respectively. Finally, we observe that the weighting function ¢ satisfies

1
b Vo(x) > 2booc— VxeQ. (36)

w
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Remark 5.4 For periodic data a®, b® the velocity field b° is constant. Therefore, condi-
tions (19) reduce to b # 0 and a possible choice for i is given by n(x) = 2% -x. Since
Q is bounded, the bounds (35) can be specified explicitly using e >k < w(x) < 2%,
where R > 0 satisfies Q C Br(0).

Interpolation results. The analysis of the single scale methods in [ 18] uses the uniform
boundedness of the diffusive part (see [18, Equation (4.9)]) of the form

Bp(", w) < CalvPlipllwlly, Yo7 e VIQ, i), we V,

where V. H!(7y) is an infinite-dimensional subspace. However, since Bp is based
on the quadrature formula (5), such a uniform boundedness of Bp does not hold in
general. The following lemma, based on interpolation results, is used to overcome this
difficulty.

Lemma 5.5 Let v/ € VI(Q, Ty), ¢ defined in Eq. (34) and Py (pv™) be the L?
projection of pvf onto VI(Q2, Ty). Then, assuming (2), it holds

> IKlag Vo (xk) - Vigu" — Pr(pv™))(xx)
KETH
AZ
= CTCw

Vol 2 07 1 120
where C is independent of H and k.

Proof We observe that <va — Py ((va) = wvfl — Py(wv™) is independent of k.
An application of the interpolation result (30) and using locally the inverse inequality
[22, Theorem 3.2.6] (thus the constant C will depend on the shape regularity of 7p)
leads to

V(v — Py (wv™))(xg)]
< |wv® — PH(wUH)|WL<>°(K) < ClKl_l/zHKleHmZ(K)
_ 2 2
< CIKI"' 2 Hi |ollw2oo i) (07 21y + 1V 1240

< Cllollwzse ) K17 2107 1 2k,

which, combined with Corollary 5.2, concludes the proof

> IKlag Vo (xk) - Vigv™ — Pr(pv™)) (xk)
KGTH

IA

A2
— 22 KNIV )1V @ = Pa(ov™) (k)]
KETH

IA

2
CTCwnW”||Lz<g)||vH||Lz<m~

O
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Furthermore, we recall the results of [ 18, Lemma 4.2] and extend them in a straight-
forward way to the norms introduced in Definition 4.1.

Lemma 5.6 Let ¢ € W(Q) be the function defined in Eq. (34). For v ¢
VI, Ty) let Py (pv™) be the L? projection of v onto VI (2, Ty). Then it holds

lpv™ — Pr(pv™) 120y < CCoH IV Il 12,

(37)
lpv — Py (v 1oy < CCulv Il 2.
1/2
2

D v = Puov™)2pr | < CCoH 20 11200 (38)

KGTH

as well as

1P (pv™) — v, p < CCoa' P10 11 20 (39)
Il P (@) — v || < C1Cua I ], (40)

where the generic constants C, Cy are independent of H, h, ¢, 5, o, k, w.

Variational crimes. In order to prepare the analysis of the advective part B4 we derive
an important bound for the variational crimes committed in B4.

Lemma 5.7 Let v, w" € VI(Q, Ty) and g € C%(Q), then

Z /b(,)(-VvaHgdx—/bO-VvaHgdx
KETHK Q

H H
S||g||L°°(Q)boo”vc,A,TH||VU ||L2(gz)||w ||L2(gz),

/ 5% - "™ g)ids — / B0 "] w g)ince)ds

r r

—-1/2 H H
< Crliglleoi@@ ™ Phoorve.aelv™ L pllw Il 2q).
where C, is independent of H, h, §, € and «.

Proof While the first estimate can be obtained in a straightforward way we split the
second term into /; and I, with

I =/({b‘}<} — %)) - [ wlgds, I =/b0(s) I —wl e ds.
r r
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where we used the continuity of g. The term /; can be estimated applying the scaled
trace inequality (32)

1/2
_ 2
L] < N8l boorve a0 L p (Z H,|[wf ||L2(e))

eef

-1/2 H H
< Cligl @@ Pboorve.a.elv L pllwll 2.
Further, we observe that for any x € ¢ € £ it holds

either wiH(x) — wg(x)(x) =0, (fnjyn) =ni) a1
or [6(x) - nig)| < booruea g, (i nigy = —ni),

using bO(x) - Nig(x) < 0 and {b?{} - njy(x) = 0 in the latter case. Combining (41) with
the scaled trace inequality (32) leads to the estimate of I,

Ll < lglle@ D / 169(s) - nigo 1" Twf — wl )1 ds

€€ (ree| g (x) i }

12
— 2
< Clgllzo@a ™ Pboorueaelv™ i p (Z Helllw'| + Iwi’Z<x>llle<e))
ec&

~1/2 H H
< Cligllze@ye ™ *bocrue.a.elv™ L pllw I 12¢q)-

5.1.2 Inf-sup condition and stability result

The inf-sup condition (21) in Theorem 4.3 relies on a lower bound of B(v!?, pv’!),
where ¢ is the smooth weighting function defined in (34).

Lemma 5.8 Let Bp and B4 be the bilinear forms of (6) and the weighting function
¢ be given by (34). Under the conditions (2), (18) and (19), it holds

A A2 a* A2 3 5
Bp(w!, pvf!) > — (g* ~ Coo5Cralp = S Cosar ”2) v iIp, (42)
o0
H H 1 H 2 —*Pel/z —-1/2 H H
BA™, 0™ = S0y =7 77 Gue.a 7u+ Cra™ Pruc a )0 pllv ™l
w
(43)
vl < Cov/2(Cp + Ol (44)
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Proof First, the diffusive part is decomposed into three terms
H _H |K | H\h v H
Bp(", pv) = z a VvK V(pv™)g dx — [{a®Vv} - [ov?] ds

+/M[[UH]] evlds = L + L + I,
r

denoting by (v )]}( the solution of the micro problem constrained by ¢v’’. Since
¢ € CH() the micro problem is well-defined. Using the reformulation (16), in view
of the estimates of Corollary 5.2, we obtain

> IKlaf Vo (xg) - Vo (xg)e(xk)
KGTH

+ D Kla% Vo (xk) - Vor)v (xk)
KeTy
2
e A v ||L2(Q) - Cw CrallVo" ||L2(Q)||U 22
2 A2
= "MV l2(0) = Co=CraCr (IV0" 2@ + V712 )

where the discrete Poincaré inequality (29) is used. Further, we observe that [pv] =
@[v*] due to the regularity of ¢. Applying Lemma 5.3 and Corollary 5.2 on I, and
I3, respectively, leads to

[17]

- A%
J@ - 1l ds| < ¢, P I o

o AT 2 2
= L5 (1o g + V1 )

_ 2
> ||{a‘}<}||f/aHe '] - "o ds = o2 | p.

e o

I3

For B4, we first observe that the identity

1
10" = D" Tofiy = —5 10" I i, (45)

holds for every x € e € £. Then, we separate the terms due to variational crimes,
apply integration by parts and use (45)
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B!, (va) = Z B . VUH((va)dx —/bo . [[UH]](wvH)iO(S) ds

KGTH K r
+ D [ g = b - v (pv)dx
KETH K
Iy

- /{b%} v = % [ ) evigs) ds
r

Is

= %/(— div(t®)p — b° - Vo) (vH)? dx
Q

1
+ / ) bo(z[[(vH)z]} - [[vH]]vif)I(S)) ds + 14 — Is
r

v

2

1 1 2

C—boo/(vH)zdx+—/—b0~n,-0(s)|[[vH]]| pds + Iy — Is,

w
Q r

where —divb? > 0 of hypothesis (18) and the lower bound (36) are used. Using
Lemma 5.7 with g = ¢ for estimating the terms /4 and /5 leads to

1 2 1 2
Ba", vy > C_boo“vH”L2(§2) + F|UH|*,A
w w
— @ boorve a7 1VV 1200 107 11 120

— —1/2 H H
—0°Cra Prye a gl 1, pllv" 1 12 ()

from which the claimed lower bound (43) for the advective part B4 follows. Finally,
the continuity of the mapping v - v with respect to ||| can be shown by a direct
computation. O

Since <va is not an element of V](Q, Ty) in general, we consider wl =

Py (gavH ), where Py denotes the L2 projection onto V3(Q, Ty). Hence, we decom-
pose BWH, Py (q)vH)) into B(vH, <va)~|—B(vH, Py (q)vH)—govH) where the second
term can be seen as a perturbation.

Lemma 5.9 Let Bp and Ba be as in (6) and ¢ be given by (34). Under the condi-
tions (2), (18) and (19), there exist two positive constants Cp and C 4 independent of
w and k such that

2
1Bp (v, ou — Py (pvf))| < CpCua' 20 I,

- pel/2
B!, v = Pulpv™)] < CaCoe™ 2 H 0™ pllv™
for any v e VI(Q, Ty), where Cp and C s are independent of H, h, ¢, 8, a, k.
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Proof We start by estimating the diffusive part Bp

Bp", Pypv™) — vy = D" |Klag Vo (xk) - V(Pu (pv™) — o) (xk)
KeTy

— /{aSVvh} [Pr(pv) — pv] ds
r

+ > Haf M x / aH, '] - [Pr (™) — o] ds.
ec& e

We use Lemma 5.5, the interpolation estimate (39), Corollary 5.2 and « > 1 to obtain
the first estimate

A2
Bp", Py(pv™) — ™) < CTCw”va”LZ(Q)”UH“LZ(Q)

A%
+ Coma IVl 2 1P (@v™) — 90,

AZ
+ 7d|v"|*,D|PH(¢vH) — v, p

A2
< CCo—((1+ COIVO 2y 10" 200 + @210 1 p 107 1200 )

/2. Hy2
< CpCopa' 2| 5.

For the advective part, we observe that the first term of B4 (v, Py (ovfl) — pvf)
(see (6)) vanishes

/b% Vol (Py (pv®) —pv)dx =0 VK € Ty,
K

using the definition of the L2 projection and the fact that b(,)( - Vv is constant on any
K € Ty . Hence, applying Corollary 5.2 and the interpolation estimate (38) lead to

1BA, Py (pv™) — pu™)| = / S ITV 1 (Pa (o™ — @uth;|ds
r

1/2

_ 2

< CBa~'2H'2p1|, (Z (P (pv™) — gov*’),-an(e))
eef

< CCuBa 2 HWH |, plvT Il 12q)-

]

Proof of Theorem 4.3 Let vl € V1(Q, Ty). We consider Py (pv?) € VI(Q, Ty),
where the weighting function ¢ is defined in (34) up to the parameter ¥ > 0. For the
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proof of the inf—sup condition we prove

. 2 ..
(i) B, Pu(pv™) = CIv™I7,  Gi) I1Pu(ev™)Il < Cilb™I. 46)
where C1, C» > 0 are independent of H, h, ¢ and §. These estimates then directly
imply the inf—sup condition with stability constant «g = C,/C}

2
B, wty B, Py(pv)) _ Colvf|
sup > > =

> > o = asllv.
wievigt,y Tl I P (oo™ Cillv? |

For showing (46).(i), we combine Lemmas 5.8, 5.9 and Young’s inequality
A A? A\ G 2
Bp™, Pu(pv'™) = — (g* = Co—5C1aCp = - Cyzax ‘/2) o™ I

00 2

/2. H 2
— CpCopa v Ip,

1 2 1Pel/?
H H - H -
BA(U 3PH(¢U )) = chmv |||A 2 L1/2

— —1/2 -1/2 H 2
X (7 v 1y + €™ Pria )+ CaCoa™ P H) I0H I,
where the estimates are explicit in H, k, @ and 7y A, 7, Tve,A,£- The goal is to find

constants « > 1, Hy > 0, Ry > 0 and suitable choice of ¥ > 0, such that for H < H
and rye, 4 < Ro, it holds

2
(@) Bp, Pu(pv™) = 2C. 010" I,

(47)
2 2
(b) Ba, Py(pv)) = 2C. v — Cillv® "

We then immediately see that by setting C> = C, the estimate (46).(i) follows.
We thus start by proving (47).(a). First, we choose the penalization parameter «
such that

Al): - > Co—a~ /2,
() 4> o

is satisfied. Further, we choose « > 0 such that the conditions

7 @* A? P A
Bla, k) 1 ¢* > > _? > CwFCL2CP, ?a > CpCya'/?,
hold, fixing the weighting function ¢. Defining C,, = min{%‘”“”z, ﬁ} and for o

and « satisfying A and B the bound (47).(a) can be shown.
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We continue with the conditions leading to the bound (47).(b). First, we define Hy
as the supremum over all H > 0 such that

1 1 Pel/? 12
C(Ot, H) . EC* > EWCAC,DHO[ s
is satisfied. We thus have
2 1 Pel/2 1 2
Ba", Pu(pv'™)) = 2C. 10", — (Emw*mam, Cr)rve.a + zc*) o™i

Second, we define R the value such that for ry. 4 < Rp it holds

1 1Pel/?_,
D(k, rvc,A) . EC* > zm‘p max (1, Cr)rvc,A,

thus B4 (v, P (pu™)) = 2C, v |5 — Collvf || for H < Ho and rye.s < Ro and
we have shown (47).(b).

The second part (46).(ii) follows by using estimate (44) and the interpolation
result (40)

I Pa (vl < llpv™ Il + 11 Pu (o) — v || < Cillv? I,

with C; = C,, max{~/2(Cp + k), Cra'/?}. O

We remark that any ¢ > o9 > 1, ¢ being a threshold value satisfying A, can
be chosen. However, the choice of « influences « through the condition B and Ry
through condition D. Hence, the choice of « has an impact on the upper bounds for
the variational crimes ry A.

Remark 5.10 Tt might be of interest to compare the conditions A, B, C, D to the con-
ditions used in the stability proof of DG-FEM for single scale problems presented in
[18, Theorem 4.4]. While the condition A corresponds to [18, Equation (3.2), (4.16)],
B corresponds to a condition elaborated in [18, Theorem 4.4] combined with the con-
ditions [18, Equation (4.15), (4.21)] stated in the definition of the weighting function
¢. We emphasize that a smallness assumption on H has already been necessary for
[18, Theorem 4.4]. Thus, condition C can be considered as its counterpart within our
analysis. Finally, condition D is due to the variational crimes committed in the advec-
tive part B4. We remark that for r,. 4 = 0 the conditions used in the above proof are
similar to the ones used in [18, Theorem 4.4].

Remark 5.11 Combining estimates (53) and (57), we will show in Sect. 5.2 that for
locally periodic data (cf. Assumption 4.5) satisfying (H1), (H2) and (B1)

c(H+ (3™

if W(Ks) = W), (Ks)and 2 € N
C (H+( '

Fve, A =
ve )1/2 4 (%)qﬂ) if W(Ks) = H}(Ks) and § > ¢

S, o |
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Thus, under appropriate coupling conditions and parameters H, &, §, the term ry¢ 4
can be arbitrarily small and the condition r,. 4 < Rp for a Ry > 0 of Theorem 4.3
can be satisfied.

Proof of Theorem 4.4 In order to show the uniform boundedness of B we use the
results of Lemma 5.3, Corollary 5.2 and follow the steps of the proof of Lemma 5.9.
For v, wH € VI(Q, Ty), we obtain

H  H H H H  H 1/2 o H H
1Bp™, w| < Clv?llplliw™lp.  1Ba@™, w™h| < CPe! o [l pllw™ 4.

where the constants C are independent of H, &, ¢, §, . Combining the uniform bound-
edness with Theorem 4.3 leads to the existence and uniqueness of the solution of (12)
and estimate (22). O

5.2 Proof of the a priori error estimates

In this section, we derive the a priori error estimates for DG-HMM for advection—
diffusion problems with locally periodic data (Assumption 4.5). The analysis is per-
formed in two steps: first, in Sect. 5.2.1, we estimate the macroscopic error of the
discontinuous Galerkin method e,,,. and identify the term ex sy explicitly. Then,
in Sect. 5.2.2, the micro error and the modeling error are estimated. Combining both
steps gives Theorem 4.7.

5.2.1 Semi-discrete error

In order to estimate the macro error e,,,,. we introduce a discontinuous Galerkin finite
element method for the homogenized problem (4) using numerical integration. This
method (never used in practice as the data of (4) are usually not known) is only defined
for the convergence analysis.

Single scale method with quadrature. For v, w? e V1(Q, Ty) we define the
bilinear form By as the sum By = Bp o + Ba .o where Bp o and By o are given by

Bpo@", wy=>" [K|a" (k) Vo (xk) - V' (xk)

KGTH

—/{ao(xK)VvH(xK)}-[[wH]]ds—l—/[Ls[[vH]] [wf] ds,
) : r (48)
Bao", wfy= > |K|[b°(ek) - Vol () wH (xk)

KeTy

- [ 00 o putl s,
r

where for an interior edge e C K1 N Ky, forsome K;, K> € Ty,
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(@ () Vol (xg)) = (ao(xk.)VvH(xKl) + aO(XKz)VvH(sz)),

N =N =

0} = 5 (Bek) + ek,

Further, the penalty weighting function fig is given piecewisely by sl =
I{a® )Y FoH, 6_1, where the penalization parameter & > 1 is a positive parameter
independent of the local mesh size and the data a, and 7y denotes the trace taken from
the inflow element with respect to {b9(xk)} - cf. Remark 3.2. Then, we denote by
#%H the solution of the variational problem: find %" ¢ vI(Q, Ty) such that

B’o(fto’H,vH)z/vadx voll e vI(Q, Ty). (49)
Q

In the proof of Theorem 4.6 we will use the following estimates obtained by com-
bining the interpolation estimates (30) and the scaled trace inequality (32)

1/2 1/2
Iu® — Puulllp < Call’Hlu® oy, Mu® — Prullly < Chol> HY (i) 1o g
(50)

where Pyu® € V1(2, Ty) denotes the L? projection of u° onto V! (2, 7y) and u? is
assumed to be in H(2). Further, the L? projection Py u° is bounded in the ||-|| norm

1/2 1/2
I1Palllp < Call? 2y WPaUClA < COL Nl 2y (51
where the bounds on |PHuO|*,, are derived using the fact that IPHu0|*,_ =

|Pyu® —uP|,  as H*(Q) — C%(Q) ford <3 and u’ = 0 on dQ.
The next step is to estimate the difference between B and By.

Lemma 5.12 Let v, wf € VI(Q, Ty) then

|Bp ™, wfy — Bp o, wi)]|

1/2 H 2 w2 \'2 gy
= Call’ripm.p (10" 120y + 0™ 150) 0" I,

1BA™, wfy — Ba o, w)]

1/2 H.2 .2 172y
= cbrmmm a (190" 2@y + 1071 p) s,

where ruym.p and ragpm. A are defined in (24) and C is independent of H, h, §, €
and o.
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Proof We start by estimating the difference in the diffusive part
)BD(UHa w') —BD,o(vH,wH)(

<| D 1Kl (ax —a®(xx)) Vo (xk) - Vu (xk)
KETH

+ /{<a?< - ao(xK))VvH(XK)} [w"]ds

r

+ 12 (e - ||{a°<xK)}||f)/aH;1[[v”]] [w"]ds

ee€ e

= [Ii|+[L2|+113].
The terms 17 and I, are estimated by following the proof of [7, Lemma 5.10]

H H
1] < accramm, DIV 20y IVW T I 12(0)

~12 H H
L] < Coo™ 2 asertmm, oIV [l 1200y w1 b

and I3 can be bounded by using the reverse triangle inequality

1] < /||{a?<}—{a°<xK>}||faH;‘[[v”ﬂ wf]ds <asorumm, plv? 1, plwl, p.

r

Further, the estimate for the advective part can be derived straightforwardly from
Lemma 5.7. O

Proof of Theorem 4.6 We first split the error into I — ) < Ju® — Pyul| +
Il Prru® — u® | using the L? projection Py u®. Then, the stability of the multiscale
method allows us to estimate the second term

B(PHuo —ufl, u)H)

asll Pru’—u" < sup i
wh eV1(Q,Ty) w1
B(Pyu®, wt) — fQ Ffwfdx
= sup
wh eV1(Q,Ty) w1
B(Pyu®, w) — Bo@™ ", w)
= sup
wh eVI(Q,Ty) llw ||
B(Puu®, w")— Bo(Pyu®, w)+ Bo(Pyu® —i® " w)
= Sup .
wHeV(Q,Ty) llw ™|
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Hence, we get for the error

1 Bo(Pyu® — %1 wH)
Iu® = u") < u® — Ppu®ll + —  sup 7
S WHey1(Q,Ty) flw ™l
N 1 B(Pyu®, wf) — By(Pyu®, w)
— sup
OS wHevI(Q,Ty) llw |

In view of (23) the first two terms quantify the macroscopic error e, and the third
term representing e g s, quantifies the error due to our multiscale strategy. The first
term can be estimated using (50), while the second term (including the contribution
to the macroscopic error arising from the use of numerical quadrature) is estimated in
Theorem A.1. Finally, Lemma 5.12 allows to the estimate the third term

1/2 1/2 2 2 \1/2
e =C(alPrumm o+bL v ) (IV Pl gy + 1Pl p) ™.

The approximation property (50) and the boundedness (51) of the L? projection con-
clude the proof. O

5.2.2 Fully discrete error

In this section, we first estimate the contribution of the micro error 7y, p and rpic A
defined in (25) and (26), respectively (due to the standard FEM on the micro mesh) for
general oscillating dataa®, b®. In a second step, we derive bounds for the modeling error
Tmod.D»>Tmod, A [se€ again (25) and (26)] for locally periodic data (see Assumption 4.5).
Finally, we combine the estimates for macro, micro and modeling error to prove
Theorem 4.7.

Micro error. Important ingredients for the a priori estimates for the micro errors 7y, p
and rp;c 4 are Assumption (H1) and (B1) providing the necessary regularity of w}(
as well as the proper scaling with respect to ¢ of the derivatives of 1//% and b®. We
emphasize that Lemma 5.13 is valid for data a®, b® without any assumption on their
spatial structure.

Lemma 5.13 Consider the micro finite element space defined in (7) with g € N+
and assume that (2), (HI) and (B1). Furthermore, we assume that Dirichlet boundary
conditions are used in (13) and (14) for general data a®(x), b®(x). For the special
case when a®(x) = a(xg, x/e) = a(xg, y) and b*(x) = b(xg, x/e) = b(xg, y) are
Y-periodic in y, collocated in the slow variables at the quadrature points xk of the
sampling domain Ks and §/¢ € N, we assume that periodic boundary conditions are
used in (13) and (14). Then, for any K € Ty,

h\*
la% — a¥llr < Case (;) : (52)
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h qg+1
By — b%| < Cho (;) , (53)

where C is independent of H, h, ¢ and 4.

Proof The error estimate (52) for non-symmetric tensors a® has been derived in [27]
and [12, Lemma 4.6] (for symmetric tensors the error bound has first been published in
[3,4] for piecewise linear micro functions and stated for higher order micro functions
in [7, Lemma 5.2]). We thus proceed with proving (53). Let 1 < j <d and K € Ty.
Integrating by parts leads to

/bf vy itdx = / by nds —/div(bs)w{(’hdx = —/div(ba)l/flj(’hdx

Ks 0K Ks Ks

where the boundary integral vanishes. Indeed, for periodic data and §/e € N we

choose periodic coupling in (8) and we observe that b* X))yl X (x) is Ks-periodic.
Therefore, the values on opposmg faces cancel. In all other cases, we choose Dirichlet

coupling in (8) and thus ¥ % (x) is equal to zero on the boundary. Analogously, it
holds [i b° - Vyrldx = — Jxs div(b?) ¥ dx. Hence, we examine the j-th entry of

. -0
the difference of the vectors 5% and by

1 j /
b —Dy)j = m/ D) (V" = Vg
K

1 . B . .
— mk/dw(b (x))(lp;( — w,f(h)dx
)

Using standard finite element result for the L? error, Assumptions (H1) and (B1) leads
to

12
(6% — By | < ﬁ / div o P | g = v )
h\!
< me lwi.oo iy v/ | Ks[hH! h”K'H’i‘“(K{;) = Cbeo (;) :
O

Remark 5.14 The optimality of the estimate of the micro error due to advection (53)
is shown for ¢ = 1 in Sect. 6. In contrast, this is an open issue for ¢ > 1. Further, if b*
is a linear combination of the rows of a®, i.e., there exist B, ..., B4 € R independent
of x such that (b*(x))T = Z?: 1 Bia; (x), following [7, Lemma 5.2], one can show

that the micro error due to advection can again be estimated by C boo(g)Zq.
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Modeling error. Next, we provide estimates for the modeling error 7,04, p and 7,04, A -
We remark, that for data a®, b® without any assumptions about their spatial structure,
the modeling error cannot be estimated in general. Thus, the estimates of Lemma 5.15
are derived for locally periodic data.

For the class of locally periodic data results in periodic homogenization theory show,
that the whole sequence {®} weakly converges to u?, the solution of the homogenized
problem (4) (see [34, p. 31], [19, Sect. 13]). Furthermore, the homogenized quanti-
ties a%(x) and »o (x) can be calculated as special averages involving the solutions of
(infinitely many) cell problems. For an arbitrary x € €2, let us introduce the first order
correctors xX(x,y) : Q x Y — R with x¥(x,-) € W;E,(Y), fork =1,...,d, the
unique solution of the cell problem

/a(x, NV, y) - Vo) dy = —/a(x, Yer - Vu(y)dy VYve W, (V).
Y Y

Then, the homogenized tensor a’(x) at x € Q is given by
0 1 ¢ ax/ .
a0 = 17 [ @iy + 2 a5 - dy, 1<ij<d (54
Y k=1 Yk
and the homogenized velocity field b° has the explicit representation
b = - [ by VS b dy, 12i<d 69
(x) = — i(x, X, — (X, 5 = = .
; |Y|y jxy 2. K V)5 (@ ) dy J

Based on the representations (54) and (55), we can estimate the modeling error.

Lemma 5.15 Let K € Ty. We assume that the data a® (x), b® (x) satisfy (2), Assump-
tion 4.5, and (H2), i.e., they are collocated in the slow variable, i.e., a®(x) =
a(xg,x/e), b®(x) = b(xg, x/€), where xk is the quadrature node of the sampling
domain Ks. Then

0 ifW(Ks) =W (Ks)and ® e N
1) —alp <10 TWED) =Wy (Ro) and s €N (56)
Casy ifW(Ks) = Hy(Ks)andd > ¢
-0 0 ifW(Ks) =W (Ks)and ¢ e N
6 (xg) — by | < 12 / ber ¢ (57)
Choo(%) '™ if W(Ks) = Hy(Ks) and § > ¢

where C is independent of €, §.

Proof The estimates (56) for the modeling error due to diffusion have been derived
in [29, Theorem 3.2] and in [6, Proposition 14] (for the case §/¢ € N). Therefore,
we discuss the proof of estimates (57). The first estimate is derived by following the
proof of [6, Proposition 14]. The second estimate follows [29, Theorem 3.2] and [34,
Equation (1.51)]. O
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Proof of Theorem 4.7 Follows from the combination of Theorem 4.6 and Lemma 5.13.
O

Remark 5.16 We notice that without Assumption (H2), i.e., collocating a®(x) and
b* (x) in the slow variable x, additional terms of order § arise in estimates (56) and (57).
Further, in view of Lemma 5.15, the coupling §/¢ € N and periodic boundary condi-
tions is optimal for locally periodic data. Finally, we remark, that for a one-dimensional
homogenization problem with periodic data a resonance error due to advection of order
€/4 can be shown. Thus, the optimality of estimate (57) is an open question.

6 Numerical results

In this section, we present numerical experiments confirming the sharpness of the
convergence rates derived in Theorem 4.7. Furthermore, we apply the proposed method
on an advection dominated problem where the solution exhibits a boundary layer and
we illustrate the applicability of our multiscale strategy for nonperiodic (random)
tensors with variable cell size.

6.1 Convergence rates

In order to corroborate our theoretical convergence rates, we first choose a simple
periodic problem with known homogenized data a® and »° and analytically known
homogenized solution . If we choose periodic boundary conditions for the micro
problems (8) and the size § of the sampling domains K such that §/¢ € N, the mod-
eling error vanishes and we can verify numerically the macro and micro convergence
rates. Then, for piecewise linear micro elements, i.e., ¢ = 1, the error in the ||| norm
satisfies

h\?> h\?>
1 — uf) < c(ac‘,ézH+b<‘x42br3/2+ac‘>é2 (g) + b3} (g) )

which is a robust convergence rate (i.e., independent of ¢). We emphasize that for
periodic data the use of numerical integration on the macro scale does not have any
influence as in this case the homogenized data are constant. Thus we can omit the term
bééz min{Pe'/2 H2, H} in estimate (27).

We consider problem (1) on the domain = (0, 1)? with a tensor a®(x) = v a®(x)
and a velocity field b°(x) = ®(x/e)(1, )T, where a®(x) = ®(x/e)Id, v > 0, and

D( )—i(SIH(Zn )—|—2) (COS(Z?T )+2)
=gy e T

The homogenized quantities ¢’ and 5° are given by a° = vId and B =
(1, DT (cf. [34, Chapter 1.2] and Remark 5.14) leading to Pe = diam ©2/v. The
source f is adjusted such that the homogenized solution u° is given by u(x) =
sin(2x1) sin(27 x3). Further, we choose the size of the sampling domains § = ¢
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10°F  x
10°
13 E
5 5 10k
[= c
= 10" =
£ = 107
s 2
5 5
-
107
107
- %= Ny =constant _,[[7%=(DD) refinement
—%— (DD) refinement| 10"} =~ (AD) refinement
10" 10° 10° 10" 10° 10°
Nmac Nmac

(a) Diffusion dominated problem with Pe = 1. Opti- (b) Advection dominated problem with Pe = 10°.
mal simultaneous refinement (DD) (solid line). Con-  Optimal simultaneous refinement (AD) (solid line).
stant micro mesh Ny = 4,8,16 (dashed lines). Simultaneous refinement (DD) (dashed line).

Fig.1 Homogenization test problem of Sect. 6.1 with periodic data. Errorin [|- || norm as a function of Ny;4-
Macro meshes with Npyqc = 8, 16,32, 64, 128,256, 512, 1024. Refinement strategy (DD) with Ny, ~
v Nmac where Ny = 3,4, 6,8, 12, 16, 23, 32. Refinement strategy (AD) with N,;. ~ (Nmac)3/* where
Npyic = 5,8, 14,23, 39, 64, 108, 182

and we investigate a diffusion and an advection dominated problem with Pe = 1 and
Pe = 10, respectively.

We consider a family of macro partitions 7y with 2 - N2 . triangles, which are
generated by uniformly refining a coarse mesh 7" (Nyqc denotes the number of macro
elements in each spatial dimension). The initial macro partition 7 in turn is constructed
by randomly perturbing a uniform mesh with N,,,. = 8. Therefore, the ratio H/ Ny
is constant for different 7. Such non-uniform meshes are chosen in order to prevent
possible super-convergence for meshes suitably aligned with the velocity field (cf.
[24]). Further, we choose « = 10 as penalization parameter for the diffusive part
Bp.

In Fig. 1 the error between u° and the DG-HMM numerical solution in the |||
norm is plotted under different refinement schemes for N, and Ny, (described in
Sect.4.2). InFig. 1a we observe that without simultaneous refinement of H and /1 /¢ the
micro error becomes dominant for large N, leading to an overall error independent of
Npmac- The optimality of the simultaneous refinement strategy (DD) for purely diffusive
problems has been discussed in [6]. In Fig. 1b we employ the simultaneous refinement
strategies (DD) and (AD) for the advection dominated problem. We emphasize that
the refinement strategy (DD) is not sufficient to obtain the rate 1.5 for the advection
dominated problem as the micro error converging with a linear rate with respect to
H becomes dominant for N,,,. > 100. In summary, we observe that the convergence
rates predicted by Theorem 4.7 are verified numerically for problems with constant
homogenized data.

As next step, we modify the precedent test problem by taking locally periodic data.
We replace a®(x) and b° (x) by (cf. Examples of [8, Section 5])

e (Vi(x, %) 0 ey — (Y16 %)
““‘)—( 0" w(x £>)’ ““—(w,%)’

’e
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10°
10°
13 E -
s 5 10
c c
=0 =
£ e 10
5 5
@ )
-
10
107
N = tant
- x = Ny =constan _, |[-%- (OD) refinement
—»— (DD) refinement| 10 f —*—(AD) refinement
10’ 10° 10° 10’ 10° 10°
N N
mac mac

(a) Diffusion dominated problem with Pe = 1. Opti- (b) Advection dominated problem with Pe = 10°.

mal simultaneous refinement (DD) (solid line). Con- Optimal simultaneous refinement (AD) (solid line).
stant micro mesh Ny = 4, 8,16 (dashed lines). Simultaneous refinement (DD) (dashed line).
Fig. 2 Homogenization test problem of Sect. 6.1 with locally periodic data. Error in [|-|| norm as a

function of Njyqc. Macro meshes with Nyqe = 8, 16,32, 64, 128, 256, 512, 1024. Refinement strategy
(DD) with Nyje ~ ~/Nmac where Npi. = 3,4,6,8,12, 16, 23, 32. Refinement strategy (AD) with
Npic ~ (Nmac)>/* where Ny,;c = 5, 8, 14,23, 39, 64, 108, 182

-1

217
Wiy = (o 434
1) =\ 3 e o 19

-1

2417

Uy (x,y) = 2.10.05 L e ——
2(x, y) X+ + Gx + )SCos(Znyz) +9

Hence, a®(x) is an anisotropic, locally periodic tensor. The data is chosen such that
the homogenized quantities are given by the elementwise harmonic mean

0y _ (VI 0 0, (Y0x)
0= agi) 0= ()

—1 —1
WO(x) = (x13 n 5) . Wx,y) = (x§ 0.05 4+ 2(x1x + 1)) ,

where we remark that — div 5° (x) > 0 holds on 2. Beside the different data a®, b* we
exactly take the same setting as in the precedent test for periodic data (here we also
adjust f such that uO(x) = sin(2mx1) sin(2m x3)). Additionally, for solving the micro
problem (8) on an element K € 7y, we collocate W| and W, in the slow variable x at
the barycenter xg .

By comparing the results of Fig. 2 for locally periodic data to the results of Fig. 1
we identify the same behavior for both advection and diffusion dominated problems
under different refinement strategies. We observe that the effect of the numerical
integration in the advective part does not alter the convergence rate for this test case
(see Remark 4.8).

We emphasize that for the advection dominated problem the evaluation of the right-
hand side |, of vH dx of the variational problem (12) is done using a high order quadra-
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ture formula in order to overkill the effect of numerical integration in the evaluation
of the right-hand side [, f vfdx.

6.2 Advection dominated multiscale problem with a boundary layer

We consider the periodic data a®, b® used in the first part of Sect. 6.1 and adjust f
such that the homogenized solution u? is given by

o 1 o~ Pe _ p—Pe(l—x)(1-x2)
w(x) =xpxo| I+ = .

which exhibits a boundary layer of width OPe " nearto {1} x [0, 17U [0, 1] x {1}.
Such problems have been used as model problems for single scale methods (see [18,
Example 4] and the references therein). We compare the behavior of the two multiscale
methods DG-HMM, described in this article, and FE-HMM with a macro solver based
on standard FEM. The FE-HMM is built on the method described in [11] by adding the
advective part ), Ty % f s b Vv}lg wh (.x k) dx,the ﬁr.st tt.arm of B A dt?ﬁned in.(6).

We choose the size of the sampling domains § = ¢, periodic coupling in the micro
problems (8), the penalization parameter « = 10 and N,,;. = 16, the number of micro
elements in each spatial dimension in the sampling domains. Further, we construct
a highly anisotropic mesh consisting of 1,800 triangles (see Fig. 3a) such that the
boundary layer for Pe = 103 is properly resolved. We can observe in Fig. 3b and
Fig. 3e that on this macro triangulation both numerical methods, DG-HMM and FE-
HMM, are able to capture the boundary layer for Pe = 103 correctly and produce

=< 05
N N
0
0 0.5 1
X, .
(a) Anisotropic mesh with 1800 triangles  (b) DG-HMM. Pe = 10°. (¢) DG-HMM. Pe = 10°.

resolving boundary layer for Pe = 10°.

102 —%—DG-HMM
- x- FE-HMM

error in L2 norm
3 3
(N
Y ‘€
“x
V4

Pe
(d) Error in L? norm as a function of Pe. (e) FE-HMM. Pe = 10°. (f) FE-HMM. Pe = 10°.

Fig. 3 Advection dominated test problem with boundary layer of Sect. 6.2 with Pe € {103, 103}. DG-
HMM based on DG-FEM macro solver. FE-HMM based on standard FEM macro solver. Error in L2 norm
as a function of Pe for DG-HMM and FE-HMM on an anisotropic mesh
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similar results. Next, we investigate the robustness of the two methods with respect to
the Péclet number Pe. We take the macro triangulation given in Fig. 3a and compute
the numerical solution using DG-HMM and FE-HMM for Pe € {103, ..., 108}. We
see in Fig. 3f that for Pe = 107 the result obtained by the FE-HMM exhibits unphysical
oscillations polluting the numerical solution on the entire domain €2 due to the standard
FEM macro solver. In contrast, as DG-HMM is based on a discontinuous Galerkin
macro solver, it produces qualitatively good results apart from oscillations limited to
the boundary layer (see Fig. 3c). This nice robustness of the DG-HMM with respect
to the Péclet number Pe can as well be observed in Fig. 3d where we compare the
error in the L? norm for DG-HMM and FE-HMM for different Péclet numbers Pe on
the macro mesh given in Fig. 3a. While the error for the FE-HMM depends linearly
on Pe, the error for the DG-HMM only slightly increases due to the peaks in the
boundary layer. We emphasize that such results for DG-HMM can only be obtained
for a penalization term p which scales with the magnitude of the diffusion tensor a°
which is achieved by including the factor ||{a9(} | 7 in (6).

6.3 Example with non-periodic, random data

In practice, the diffusion tensor a® and the velocity field b* may neither be known
analytically nor satisfy a periodicity assumption. In porous media, log-normal fields
are often used to model the heterogeneities of the media (e.g., see [39]). We con-
sider problem (1) with a random tensor a® and a random velocity field b® based
on log-normal stochastic fields W, (x) and Wj(x) on € with an underlying normal
distribution of mean zero and variance o2 = 0.5 (cf. [11, Section 4.2]). The ran-
dom fields are generated by a moving ellipse average method with correlation lengths
ey =0.01, &, = 0.02 at 5,000 discrete points. For an arbitrary x € 2 we use bilinear
interpolation. We set a® (x) = W, (x) Id, b®(x) = Wp(x) (1,0)7 and f(x) = 1 on Q.

First, we compute a reference solution using a standard FEM on a fine mesh with
10° degrees of freedom (Fig. 4b). Then, we apply DG-HMM for a uniform macro mesh
of 2,048 triangles and we take again the penalization parameter ¢ = 10. The numer-
ical solution is computed for sampling domains of different sizes 6;, i = 1,...,5.
Additionally, N, is chosen such that the micro mesh size h = §; / Nyicro; remains
constant. Finally, we employ Dirichlet coupling for the micro problems (8).

We notice that the fine scale solution approximates #° and some care is needed in
order to compare the fine scale and DG-HMM solutions. It is already known for pure
diffusion problems that the error in the > norm between the DG-HMM solutions and
the fine scale solution can be O(¢) close, while the error measured in the H' norm is
O(1). Therefore, we choose to compare the energy norm ||-|| ; rather than to compute
the error in the H' norm.

In Table 1 we compare the energy norm ||u| gz = \/ZKGTH fK a?{Vu -Vudx of
the DG-HMM solutions for different sampling domain sizes §; to the ||-|| ; norm of the
fine scale solution. Further, the error in the L2 norm between the DG-HMM solutions
for different §; and the fine scale solution are computed. We observe in Table 1 (see
also Fig. 4) that for both, the energy norm |- || g and the error in the L? norm, improved
results are obtained for larger sampling domains.
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X )
‘ .N ,l{\“& ¥
¢ ’h ', X "',‘!"1 ‘\.y \A. R
bl v.i‘-, Ko
(b) Standard FEM. 10° degrees of freedom.
0.08 0.08
N 0.04 N 0.04

(€) DG-HMM. Nyac = 32,81 = 0.015, Nypict = 8. (d) DG-HMM. Nynae = 32,05 = 0.24, Nynic,5 = 128.

Fig. 4 Test problem with random data of Sect. 6.3. Reference fine scale solution based on standard FEM.
DG-HMM numerical solutions for different sampling domains

Table 1 Energy norm ||-|| g of the DG-HMM and fine scale solutions (standard FEM), error in L? norm
between the DG-HMM solutions and the fine scale solution (standard FEM) for sampling domains of
different sizes §; for the test problem Sect. 6.3

81 =0.015 6, =0.03 83 = 0.06 84 =0.12 85 =0.24 Fine scale
Nmic,l =8 Nmic,Z =16 Nmic,3 =32 Nmic,4 =64 NmiC,S =128

Energy norm ||-||g 0.1768 0.1779 0.1793 0.1811 0.1823 0.1859
Error in L2 norm  0.0032 0.0032 0.0029 0.0023 0.0022 -

7 Conclusion

In this paper we have constructed and analyzed a discontinuous Galerkin FE-HMM
method for advection—diffusion problems. The method is constructed to allow for gen-
eral microstructures (not necessarily periodic) and stability results have been estab-
lished for a general class of advection—diffusion problems for which we relax the
usual coercivity condition relating advection and reaction. We also allow for variable
diffusion tensors and velocity fields and our analysis includes the cases of advection
or diffusion dominated problems. The complexity of our method has been shown to
be independent of the smallest scale in the medium and the numerical work scales
with the macroscopic degrees of freedom. A priori error estimates in the H' norm
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and convergence to the homogenized solution are proved under the assumption of
locally periodic data. To this end, we derived new results about the effect of numerical
integration for single scale DG-FEM for advection—diffusion problems. Numerical
experiments given for both periodic and non-periodic data, show the capabilities of
the proposed method. Finally, an extension of the presented results to meshes with
hanging nodes is straightforward, whereas the generalization to higher order macro
finite elements in the spirit of [7, Section 5.4] has not been adressed yet at all.

Acknowledgments This work was supported in part by the Swiss National Science Foundation under
Grant 200021 134716/1.

Appendix A: The effect of numerical integration for single scale DG-FEM

In this section, we study the influence of numerical integration for a single scale
discontinuous Galerkin method. Without loss of generality we take the homogenized
problem (4) as model problem for a single scale advection—diffusion problem. The
single scale analysis presented in this section consists of two parts. First, we briefly
comment on the analysis of the single scale DG-FEM without numerical quadrature
used here for advection—diffusion problems, as it slightly differs from the method
analyzed in [18] due to the choice of a different model problem. Second, we derive the
stability and a priori results for the single scale DG-FEM with numerical quadrature
defined in (49).

A.1 DG-FEM without numerical quadrature

For v, wH ¢ VI(SZ, TH), let us introduce the bilinear form Bo = Bp .o + Ba.o by

BD,O(UH, wfy = /ao(x)VvH(x) Vwl (x)dx — /{ao(s)VvH(s)} . [[wH]] ds
r

Q
+/us[[v”]] - [w"ds, (58)
I
Ba o, wi) = / pO(x) - Vol (x) wH (x) dx — / bo(s) - [ Twil) ds,
Q r

with the penalty weighting function pug on an edge e € & given by usl. =
a|l{a® ()} ]:He’l, where the penalization parameter ¢ > 1 is a positive parame-
ter independent of the local mesh size and the data a®, and the index ip(s) is dis-
cussed in Remark 3.2. We define #%# as the solution of the variational problem: find
u%H e vI(Q, Ty) such that
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B()(MO’H,UH)=/fUde voll e vI(Q, Tw). (59)
Q

Compared to the bilinear form By, defined in (48), the integrals are evaluated exactly
in By, i.e., no numerical quadrature is used. Thus, the method given by (59) is free of
any non-consistent perturbations and the Galerkin orthogonality holds

Bou® —u%H vy =0 voH e vi(Q, Ty). (60)

The stability of the method can be shown following the proof of Theorem 4.3 by
setting rye,4 = 0 (cf. Remark 5.10). Moreover, the a priori error estimate can be
derived analogously to [18, Theorem 5.1], i.e., if u® € H?(Q) then

1/2 1/2
lu® — u®H ) < Clasl’H + b HY M) o - 61)

A.2 DG-FEM with numerical quadrature

In this section, we study the single scale DG-FEM based on the bilinear form By given
by (48).

Stability. The proof of the inf—sup condition for By follows the proof of Theorem 4.3
by replacing a% and b(}{ by a®(xg) and b%(xk), respectively, leading to

~ _ 1 0 _ 3,0 1 0 _ 3,0
Fve.A = 7— SUD [b"(xk) — b7 (x)| + —— sup [{b" (xk)} — b (x)],
00 KeTy o ec
xekK xee

This yields the same conditions A, B, C and D as in the proof of Theorem 4.3 with
v, A Teplaced by 7yc a-

A priori error estimate. Having shown the inf-sup condition for By we derive the
a priori error estimate for the single scale DG-FEM based on numerical integration
used as estimate for the macro error ¢, .

Theorem A.1 Let u® € H*(Q), a® € (W ()% and b° € (W>(Q))?. Then
the solution 1% of the variational problem (49) satisfies the estimate

u® — %) < c(aéézH + bl H3? + bl min{Pe! /2 H?, H}) 161 12 -

where C is independent of H.

Proof We combine the ideas of the proof of Theorem 4.6 and [18, Theorem 5.1].
We decompose the total error into two parts [Ju® — %) < [Ju® — Pyu®| +

Il Pu® — % || using the L? projection Pyu®. Then, using the inf-sup condition
for By, with stability constant &g, and the consistency (60) leads to
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Bo(Pgu® — a%H  wh)

~ 0 ~0.H
asllPru” — 7|l < sup 7
wh ev1(Q,Ty) llw ™ I
Bo(Pyu®, wf) — Bo(u®H#, wH)
= sup 7
wHeV(Q,Ty) flw
Bo(Pyu®, w) — Bo(u®, w*)
= sup i
wHev1(Q,Tr) lw ™I

Thus, we get the error decomposition

N 1 Bo(Ppub — uo, wh
I — @OH < u® — P+ — sup o PHE )
05 WHeyL(Q,Ty) flw ™I
1 Bo(Pyu®, w) — Bo(Pru®, w')
+ = sup 7] )
oS wHey(Q,Ty) lw ™ i

where the first two terms are identical to the error terms arising in the proof of (61) and
the third term quantifies the effect of the numerical integration. Due to the decomposi-
tions Bo = Bp,o + Ba,o and Bo~= Bp.o 4+ Bao given by (58) and (48), respectively,
we first estimate the difference Bp o(Pyu®, wf) — Bp.o(Pyu®, w'!). Following the
ideas of Lemma 5.12 we have
|Bp,o(Pyu’, w) — Bp o(Pyu’, w')]
2 2 \1/2
= Clalyroe e H (19 P20 + 1Pau’ls p) o™
1/2
< Cagl Hull oy lw™ Il p- (62)

Next, we need to estimate B4 o(Pru®, w)—B o(Pru®, w'). Following Lemma 5.7
we obtain

Z / (bo(xK) — bo(x)) VPyu® wf dx

KETHK
1/2
< ClIB o (g HIIY Pl 2o 1w 11 202y < ChRLT H | g2y 1w ™ 4.
(63)
/{bO(xK)} [Paulw]! ds — /bo(s) [PyulTw/ ) ds
I r
<Ca™'? sup [(B°Cek)} — DO PHu® — Ul pllw 2
ecf xee
1/2
< COLH ooy lw™ Il 4, (64)

@ Springer



632

A. Abdulle, M. E. Huber

where we used |Pyu®|, p = |Pyu’ —u®l, p, as H*(Q) — C%(Q) for d < 3 and
u? = 0 on 9. If b” has the additional regularity b0 e (W2 (Q))4, we can improve
estimate (63) using [23, Theorem 4]

D /(bo(xK) —bo(x)) VPl w dx

KGTHK

< ClUL® Ny2.oo ) HA IV Pt | 2o VW 1l 120

b
< C H e’ 2 1wl p- (65)
oo

Finally, combining estimates (62), (63), (64) and (65) allows to estimate the effect of
the quadrature

|Bo(Pru®, wf) — Bo(Pyu®, w')|

< C(adH + b min(Pe!/ B2, H) + B HP) 0 20 " I

References

10.

11.

12.

13.

14.
15.

Abdulle, A.: Fourth order Chebyshev methods with recurrence relation. SIAM J. Sci. Comput. 23(6),
2041-2054 (2002)

Abdulle, A.: Multiscale methods for advection-diffusion problems. Discrete Contin. Dyn. Syst. suppl.,
11-21 (2005)

. Abdulle, A.: On a priori error analysis of fully discrete heterogeneous multiscale FEM. Multiscale

Model. Simul. 4(2), 447-459 (2005)

Abdulle, A.: Analysis of a heterogeneous multiscale FEM for problems in elasticity. Math. Models
Methods Appl. Sci. 16(4), 615-635 (2006)

Abdulle, A.: Multiscale method based on discontinuous Galerkin methods for homogenization prob-
lems. C. R. Acad. Sci. Paris, Ser. I 346(1-2), 97-102 (2008).

Abdulle, A.: The finite element heterogeneous multiscale method: a computational strategy for multi-
scale PDEs. GAKUTO Int. Ser. Math. Sci. Appl. 31, 135-184 (2009)

Abdulle, A.: Discontinuous Galerkin finite element heterogeneous multiscale method for elliptic prob-
lems with multiple scales. Math. Comput. 81(278), 687-713 (2012)

Abdulle, A., Bai, Y.: Reduced basis finite element heterogeneous multiscale method for high-order
discretizations of elliptic homogenization problems. J. Comput. Phys. 231(21), 7014-7036 (2012)
Abdulle, A., E, W., Vanden-Eijnden, E.: The heterogeneous multiscale method. Acta Numer. 21, 1-87
(2012)

Abdulle, A., Medovikov, A.A.: Second order Chebyshev methods based on orthogonal polynomials.
Numer. Math. 90(1), 1-18 (2001)

Abdulle, A., Nonnenmacher, A.: A short and versatile finite element multiscale code for homogeniza-
tion problems. Comput. Methods Appl. Mech. Eng. 198(37—-40), 2839-2859 (2009)

Abdulle, A., Vilmart, G.: Analysis of the finite element heterogeneous multiscale method for quasilinear
elliptic homogenization problems. Math. Comput. (2013, in press)

Acerbi, E.: Convergence of second order elliptic operators in complete form. Boll. Unione Mat. Ital.
(B) 18(5), 539-555 (1981)

Agmon, S.: Lectures on Elliptic Boundary Value Problems. D. Van Nostrand Co., Princeton (1965)
Allaire, G., Raphael, A.: Homogenization of a convection-diffusion model with reaction in a porous
medium. C. R. Math. Acad. Sci. Paris 344(8), 523-528 (2007)

@ Springer



Discontinuous Galerkin finite element 633

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

37.

38.
39.

40.

Arnold, D.N.: An interior penalty finite element method with discontinuous elements. SIAM J. Numer.
Anal. 19(4), 742-760 (1982)

Arnold, D.N., Brezzi, F.,, Cockburn, B., Marini, L.D.: Unified analysis of discontinuous Galerkin
methods for elliptic problems. STAM J. Numer. Anal. 39(5), 1749-1779 (2002)

Ayuso, B., Marini, L.D.: Discontinuous Galerkin methods for advection-diffusion-reaction problems.
SIAM J. Numer. Anal. 47(2), 1391-1420 (2009)

Bensoussan, A., Lions, J.L., Papanicolaou, G.: Asymptotic analysis for periodic structures, volume 5.
North Holland (1978).

Burman, E., Zunino, P.: A domain decomposition method based on weighted interior penalties for
advection-diffusion-reaction problems. STAM J. Numer. Anal. 44(4), 1612-1638 (2006)

Chen, S., E, W., Shu, C.-W.: The heterogeneous multiscale method based on the discontinuous Galerkin
method for hyperbolic and parabolic problems. Multiscale Model. Simul. 3(4), 871-894 (2005)
Ciarlet, P.G.: The finite element method for elliptic problems, volume 4. North-Holland (1978).
Ciarlet, P.G., Raviart, P.A.: The combined effect of curved boundaries and numerical integration in
isoparametric finite element methods. In: Aziz, A.K. (ed.) Math. Foundation of the FEM with Appli-
cations to PDE, pp. 409—474. Academic Press, New York (1972).

Cockburn, B., Dong, B., Guzman, J., Qian, J.: Optimal convergence of the original DG method on
special meshes for variable transport velocity. SIAM J. Numer. Anal. 48(1), 133-146 (2010)
Dawson, C., Sun, S., Wheeler, M.F.: Compatible algorithms for coupled flow and transport. Comput.
Methods Appl. Mech. Eng. 193(23-26), 2565-2580 (2004)

De Giorgi, E., Spagnolo, S.: Sulla convergenza degli integrali dell’energia per operatori ellittici del
secondo ordine. Boll. Unione Mat. Ital. 4(8), 391411 (1973)

Du, R., Ming, P.: Heterogeneous multiscale finite element method with novel numerical integration
schemes. Commun. Math. Sci. 8(4), 863-885 (2010)

E, W., Engquist, B.: The heterogeneous multiscale methods. Commun. Math. Sci. 1(1), 87-132 (2003)
E, W.,Ming, P., Zhang, P.: Analysis of the heterogeneous multiscale method for elliptic homogenization
problems. J. Am. Math. Soc. 18(1), 121-156 (2004)

Henning, P., Ohlberger, M.: The heterogeneous multiscale finite element method for advection-
diffusion problems with rapidly oscillating coefficients and large expected drift. Netw. Heterog. Media
5(4), 711-744 (2010)

Hill, T.R., Reed, W.H.: Triangular mesh methods for the neutron transport equation. Los Alamos,
Report LA-UR-73-479 (1973).

Hou, T.Y., Park, P.J.: Multiscale numerical methods for singularly perturbed convection-diffusion
equations. Int. J. Comput. Methods 1(1), 17-65 (2004)

Houston, P., Schwab, C., Siili, E.: Discontinuous hp-finite element methods for advection-diffusion-
reaction problems. SIAM J. Numer. Anal. 39(6), 2133-2163 (2002)

Jikov, V.V,, Kozlov, S.M., Oleinik, O.A.: Homogenization of differential operators and integral func-
tionals. Springer, Berlin (1994)

Johnson, C., Pitkdranta, J.: An analysis of the discontinuous Galerkin method for a scalar hyperbolic
equation. Math. Comput. 46(173), 1-26 (1986)

. Marcellini, P.: Convergence of second order linear elliptic operators. Boll. Unione Mat. Ital. (B) 16(5),

278-290 (1979)

Murat, F., Tartar, L.: H-convergence, topics in the mathematical modeling of composite materials.
Progr. Nonlinear Differ. Equ. Appl. 31, 21-43 (1997)

Stynes, M.: Steady-state convection-diffusion problems. Acta Numer. 14(82), 445-508 (2005)
Wallstrom, T.C., Hou, S., Christie, M.A., Durlofsky, L.J., Sharp, D.H.: Accurate scale up of two phase
flow using renormalization and nonuniform coarsening. Comput. Geosci. 3(1), 69-87 (1999)

Yu, T., Yue, X.: Heterogeneous multiscale discontinuous Galerkin method for convection-diffusion
problems (2011, preprint).

@ Springer



	Discontinuous Galerkin finite element heterogeneous multiscale method for advection--diffusion problems with multiple scales
	Abstract
	1 Introduction
	2 Model problem and homogenization results
	3 Multiscale method
	3.1 Preliminaries
	3.2 DG-HMM for advection--diffusion problems
	3.3 A useful reformulation of the DG-HMM

	4 Main results
	4.1 Stability results
	4.2 A priori error estimates

	5 Proof of the main results
	5.1 Proof of the stability results
	5.1.1 Bound on multiscale fluxes, weighting function, interpolation result  and variational crimes
	5.1.2 Inf--sup condition and stability result

	5.2 Proof of the a priori error estimates
	5.2.1 Semi-discrete error
	5.2.2 Fully discrete error


	6 Numerical results
	6.1 Convergence rates
	6.2 Advection dominated multiscale problem with a boundary layer
	6.3 Example with non-periodic, random data

	7 Conclusion
	Acknowledgments
	Appendix A: The effect of numerical integration for single scale DG-FEM
	Appendix A: The effect of numerical integration for single scale DG-FEM
	A.1 DG-FEM without numerical quadrature
	A.1 DG-FEM without numerical quadrature
	A.2 DG-FEM with numerical quadrature
	A.2 DG-FEM with numerical quadrature

	References



