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Abstract. We investigate the compatibility of cosmological constraints on inflation and
the cosmological constant with the asymptotic safety scenario of quantum gravity. The
effective action is taken to be of f(R) form, truncated to second order. The flow generated
by the Functional Renormalisation Group Equation is analysed and it is found to allow for
trajectories that are compatible with the observational constraints on the parameters of the
action, both at early and late cosmological times. In particular, the gravitational effective
dynamics generated in the trans-Planckian regime flows to Starobinsky inflation at early times
and to standard Einstein Gravity with a cosmological constant at late times. Moreover, the
cosmological constant acquires an energy dependence at 1072 eV, increasing from its current
value of 10766 eV2 on Hubble scale to a value of 10%0eV? at inflation scale.
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1 Introduction

Observations of supernova explosions [1, 2] suggest that the universe is currently undergoing
a phase of accelerated expansion. Moreover, there are strong indications that the universe
also went through an early period of accelerated expansion [3] called inflation. This dynamics
may be recovered by introducing an inflaton field driving the dynamics of the early universe
and a positive cosmological constant triggering the accelerated expansion at late times. In
this paper, we explore the possibility that physics at trans-Planckian energies may set the
seed for the observed effective dynamics of gravity below the Planck scale.

Our starting point is power-law f(R)-gravity, truncated at the second order in the Ricci
scalar R,

Slg] = mirG/d%\ﬁg(QA—R+BR2). (1.1)

At early cosmological times, the higher-order curvature term gives rise to inflation through
the classical equations of motion [4-6]. Therefore, inflation can be seen as a purely gravi-
tational effect, where the inflaton field is simply the additional gravitational scalar degree
of freedom described by the f(R) action. The (constant) lowest-order term plays the role
of the cosmological constant, and drives the late-time accelerated expansion. The action is
parameterized by three couplings, the cosmological constant A, Newton coupling G, and the
R?-coupling B. Cosmological observations impose restrictions on these parameters. Each
of them is measured over a different distance scale, as explained in detail in section 2 and



Energy scale (eV) Constraint

king = 10% B=-1.7x1071 ev—
Kiap = 107° G =6.7x10757 eV 2
pap = 10733 A=14x107% V2

Table 1: Observational constraints on the parameters of the action (1.1). For each parameter
we indicate the energy scale corresponding to the distance over which the measurement is
performed. These are the scale of inflation k;,q, the laboratory scale k.1, and the Hubble
scale kpup-

summarized in table 1. In this paper we investigate whether the measured values of the
parameters are consistent with the asymptotic safety scenario of quantum gravity [7-13].!

The key idea of our analysis is that couplings like the ones appearing in the action (1.1)
acquire an energy dependence if gravity is promoted to a quantum field theory. This energy
dependence is encoded in the renormalization group (RG) flow of the theory and captured by
its B-functions. A consistent description of gravity valid on all scales may then be obtained
along Weinberg’s asymptotic safety conjecture [35]. In this scenario the gravitational inter-
actions at trans-Planckian energy are controlled by a non-Gaussian fixed point (NGFP) of
the gravitational RG flow. Solutions of the RG equations which are dragged into this fixed
point for increasing energy are termed asymptotically safe. The asymptotic safety condition
then places restrictions on the admissible values of the couplings and equips the construction
with predictive power. Starting from the seminal work by Reuter [36], there is substantial
evidence that such a UV fixed point for gravity exists [7—13]. In particular, this fixed point
persists in the presence of the Goroff-Sagnotti two-loop counterterm [37].

Contact to the constraints listed in table 1 is then made by following the RG flow
emanating from the NGFP towards low energies. In this work this flow is constructed based
on the (Euclidean) action?

1
167Gy,

Sklg] = /d4 2v/g (2Ay — R+ ByR?), (1.2)
where the subscript k& implies that the couplings depend on the energy scale k. Within
this setting, an asymptotically safe RG trajectory describing Nature (including a quantum
gravity induced inflationary phase) should then meet the requirements summarized in table 2.
The existence of a RG trajectory that meets all these constraints is highly nontrivial and
constitutes the main result of this work.

!Cosmological implications of Asymptotic Safety have received considerable attention [14-33], also see
[34] for an up-to-date review. These works incorporate the leading quantum gravity effects by a so-called
renormalization group improvement procedure which identifies the energy scale k with a physical quantity. In
this work, we pioneer a different path: instead of generating an effective dynamics via renormalization group
improvement, we construct the effective action of the theory valid at the corresponding energy scale by solving
the underlying renormalization group equations.

2The relation between gravitational RG flows obtained from an Euclidean and Lorentzian setting has been
studied in [38] and it was shown that the two settings lead to qualitatively identical phase diagrams. In the
sequel we assume that this result also holds at the level of the R*-type actions (1.1) and (1.2).



Energy scale (eV) RG constraint

k> Mp = 2.4 x 1077 NGFP

k ~ king = 10?2 By ~ Bipg = —1.7 x 10746 eV 2
ko~ kpp = 107° Gr~G=6.7x107° V2

k ~ gy, = 10733 A~ A =4x1075 V2

Table 2: Constraints on the f(R) action parameters in the RG framework at various scales.
The observational constraints are the same as in table 1. Moreover, we require that beyond
the (reduced) Planck scale Mp = (87G)~'/2, the RG flows towards a non-Gaussian fixed
point (NGFP).

In parallel to the present work, ref. [39] preformed a similar cosmological study based
on the refined Starobinsky model

_ 4 M712> a 9 2\ —1
S = [ d*z/|g| 5 R+ 2R (I+blog(R/1%)) . (1.3)

Here it was argued that the logarithmic terms arise from resuming the higher-order scalar
curvature terms which are not included in the ansatz (1.2). This particular form of the
higher-derivative curvature terms has a clear motivation based on the structure of the NGFP
underlying asymptotic safety where the logarithmic corrections arise naturally [40, 41]. While
the solution of the RG equation for the couplings a,b connecting the effective dynamics at
trans-Planckian and inflationary scales is currently not available, it is nevertheless conceivable
that (1.3) constitutes a good approximation at king as well. The fact that both (1.2) and
(1.3) give rise to very interesting cosmological models which may be testable in future CMB
experiments (the later predicting a tensor-to-scalar ratio in the range of 0.001 < r < 0.10)
make it tempting to combine the two approaches and verify that the structure (1.3) indeed
arises from a FRG running similar to the one constructed in this work.

The rest of the paper is organized as follows. In section 2 we derive the observational
constraints reported in table 2. In section 3 we discuss the structural properties of the RG
phase diagram of the R?-model. In section 4 we impose the observational constraints on
the RG flow, and show that there indeed exists a RG trajectory satisfying all of them. The
main body of the paper concludes with a discussion of the implications of these results.
Technical details on converting f(R)-type Lagrangians to the Einstein frame and the (-
functions underlying the analysis obtained in [42] have been relegated to appendix A and
appendix B, respectively.

2 Observational constraints on gravity

The overall goal of this work is the construction of an RG trajectory passing through all
points listed in table 2. In this section we start by deriving the values of the couplings at the
corresponding energy scales based on cosmological observations made over different distance
scales.

At this stage the following introductory remark is in order. Table 2 may suggest that
only one parameter is constrained at each given energy scale. The derivation of these val-
ues assumes that the other parameters take “reasonable values” at the specified scale (the



meaning of this will be made precise below when discussing the individual constraints). In
particular, it is assumed that Newton’s coupling G does not run significantly between in-
flationary scales and the laboratory scales where it is currently measured. Denoting the
laboratory value of Newton’s constant by G, we introduce the reduced Planck mass Mp by
the standard relation

Mp = (87G)™Y2 = 2.4 x 10%7 eV .. (2.1)

At this stage we adopt these properties as a working hypothesis. Once a viable RG trajectory
is found, we can check a posteriori that these working assumptions are indeed met.

2.1 Observational constraints from primordial cosmology

Assuming that the inflationary phase in the early universe originates from the R?-term
(Starobinsky inflation), the parameter B can be constrained by early time cosmological
observations. In the context of primordial cosmology, it is generally assumed that the en-
ergy density of matter and of the cosmological constant are negligible, meaning that these
components do not influence the background dynamics significantly. We take as a working
assumption that the RG flow of the cosmological constant is such that it does not spoil this
approximation and the contribution of Ay, to the early universe dynamics can be considered
as subdominant. Then, once a viable RG trajectory is selected, we can check a posteriori
that this approximation is indeed met.

Neglecting the contribution of A, the action (1.1) reduces to the so-called Starobinsky
model [4-6] for inflation. Inflationary models can be constrained by using observations of
the cosmic microwave background, as done most recently by the Planck collaboration [3].
Because these constraints rely on the inferred properties of primordial perturbations when
they left the Hubble horizon, we take the Hubble parameter at that time as the relevant
energy scale:?

king = Hing ~ 102 V. (2.2)

Constraints on inflationary models usually refer to parameters of the inflaton field po-
tential V() [3, 43]. We can apply these results to the R?-model we are interested in, since at
the classical level f(R)-gravity can be rewritten using the equations of motion into an action
for gravity coupled to a scalar field ¢, with a potential V(). Following the derivation of
appendix A, the action (1.1) with A = 0 leads to a scalar potential

M3 2
Vig) =g |L—e VP, (2.3)
which characterizes the Higgs inflation model [44, 45]. Recent constraints on this model are
reported in [6, 39, 46]:*°

M ~3.3x103Mp, (2.4)

3What observations actually provide is an upper bound on the value of the Hubble parameter. In the
Einstein frame, this bound is given by Hina < 3.6 x 107° Mp, see ref. [3]. The fact that this is an upper bound
rather than an estimate is because Hing o< &, and we only have upper bounds on the tensor-to-scalar ratio
r. The order of magnitude estimate that we give in eq. (2.2) is based on the general expectation that r should
not be much smaller than its current upper bound. For Starobinsky inflation based on the model (1.2) the
prediction for the tensor-to-scalar ratio is r = 12/N? a2 0.004 which in the slow-roll approximation translates
t0 Hing = 7.2 X 107 Mp. In the Jordan frame the value for Hing = 5.5 X 107° Mp turns out to be higher, see
[46] for a detailed discussion.

4As explained in appendix A, we are using an action with opposite overall sign with respect to the one
conventionally used in cosmology.

"We thank an anonymous referee and the authors of [43] for correspondence confirming the correctness of
this value.



where M* = —]\g—%z. When written in terms of the parameters (1.2) this constraint implies
M?2 By, ~ —1 x 107, (2.5)
with k taken at horizon crossing, k = king.

2.2 Late time cosmology

In the previous subsection we showed that early time cosmology provides a constraint on the
R? coupling at high energy scales, kiyq. In contrast, late time cosmology is sensitive to the
value of the cosmological constant at very low energy scales corresponding roughly to the
current value of the Hubble parameter. Thus measurements of the cosmological constant are
done at an energy scale

b = 10733 eV (2.6)

While the constraint on B derived in the previous section relies on the assumption that
the R? term dominates the universe dynamics at early times, here we make the complemen-
tary assumption that late-time dynamics is only sensitive to the standard Einstein-Hilbert
term R and the cosmological constant A (i.e. we rely on the standard ACDM cosmological
model). Because the curvature is very small, the R? term can be considered negligible, as
long as the RG flow does not drive the coupling B to extremely large values.

Current late-time cosmological observations are fully compatible with a universe dy-
namics governed at late times by a R —2A action [47]. Specifically, the cosmological constant
density parameter takes the value

QA ~ 0.7. (27)

Together with the current value of the Hubble parameter [48],
Hy~ 70kms~! Mpc™?, (2.8)

this allows to estimate the cosmological constant as follows:®
Pvac A 87G

Qp = = 2.9
AT pe T 8nG 3H? (2:9)
= A =Qp-3H ~4x107% V2, (2.10)

2.3 Newton’s gravitational constant

Current estimates of Newton’s gravitational constant are based on laboratory experiments,
made on scales of about 1072 — 10° m [48], corresponding to energies of 1074 — 1076 eV. We
use as reference scale the intermediate value:

Elap, ~ 107° eV . (2.11)
The most up-to-date value of the Newton coupling is provided in [48]:
G=6.7x10" eV 2, (2.12)

Since this value is obtained from a local measurement where the laws of gravity are captured
by Newtonian gravity, the result (2.12) is not sensitive to the value of the cosmological
constant or to the R? coupling.

5Note that the main uncertainty on the value of the cosmological constant comes from the tension in
competing estimates of the Hubble constant, from the CMB [47] and from astrophysical observations (e.g.
[49]). However, this uncertainty is not significant for the purposes of our analysis.



3 RG structure

The second ingredient in our analysis is the gravitational RG flow projected onto actions of
the form (1.2). This flow relates the values of the coupling constants at different energy scales
k. Concretely, we base our analysis on the flow equation derived in [42] which is reviewed in
appendix B. Our results extend earlier work [52].

The scale-dependence of the couplings G, Ay and By is most conveniently analyzed in
terms of their dimensionless counterparts

Mo =Apk™2, gr=Grpk?, b, :=B,k>. (3.1)
The k-dependence of these couplings is governed by their S-functions

8tgk - Bg(gu )‘7 b) ) 8t>\k - /8)\(97 >‘7 b) 3 8tbk: - /Bb(g) )‘a b) P (32)

where t = log(k/ko) denotes the logarithmic RG time and ko is an arbitrary reference scale.
The functions §;(g, \,b) are obtained by solving the system (B.16). In order to get an idea
about the RG trajectory realized by Nature we first investigate the fixed point and singular-
ity structure of the S-functions in subsection 3.1 before constructing sample trajectories in
subsection 3.2. The main result of this section is given in figure 1.

3.1 Fixed points, singularities and separation lines

By definition a renormalization group fixed point corresponds to a point {g.} in the space
of coupling constants where all S-functions vanish simultaneously. Depending on whether
this point corresponds to a free or interacting theory, one distinguishes between the so-
called Gaussian fixed point (GFP) and non-Gaussian fixed points (NGFPs). Investigating
the system (B.16), one finds that there are two fixed points relevant for the present analysis.
The GFP is located at

A=0, g.=0, by,=0. (3.3)

In addition the system exhibits a NGFP situated at
A =0.133, ¢ =159, b,=0.119. (3.4)

The dimensionless coupling multiplying the R? term then takes the value’

by

=15-1073. 3.5
1679, (3:5)

The flow in the vicinity of a RG fixed point can be studied by linearizing the S-functions
around this point. The properties of the linearized flow are captured by the stability ma-
trix Byj := 9y, By, g=as" Defining the critical exponents 6; as minus the eigenvalues of B;;,
eigendirections whose 6; come with a positive real part attract the RG flow for increasing &
while critical exponents with a negative real part are UV repulsive. Evaluating the stability
matrix for the GFP yields the critical exponents

GFP: 0L =+2, 6=-2, 0O3=-2. (36)

"The positive value of this coupling leads to “stable inflation”. The transition to a negative coupling occurs
along the RG flow which then realizes the “unstable inflation”-scenario analyzed in [46].



Combining this information with the associated eigendirections shows that the GFP is UV-
attractive in the g = 0 plane and UV-repulsive in the two other eigendirections. The analo-
gous analysis for the NGFP yields [42]

NGFP: 012 =126+£245, 03=270, (3.7)

indicating that the NGFP acts as an UV-attractor for RG trajectories entering its vicinity.
The large positive eigenvalue 63 is typical for the R? system (see e.g. [53]). Its value reduces
significantly once higher-order curvature terms are included [42, 54, 55]. These results also
show that the critical exponents associated with curvature terms of order R? and higher come
with a negative real part, so that the present approximation most likely includes all the free
parameters occurring in asymptotically safe gravity.

Besides its fixed points, the singular loci of the S-functions play an essential role in
constructing the phase diagram. The region containing the GFP and the NGFP is bounded
by two planes where f5;(g, A, b) is infinite. These planes are shown in the left panel of figure 1
and labeled by the letters “A” and “B”, respectively. The surface A is parabola-shaped and
extends approximately parallel to the b-axes. This surface constitutes a possible termination
point for RG-trajectories flowing to positive values of A at small values k. The surface B
bounds the region containing the GFP and NGFP towards positive values b. Typically RG
trajectories do not terminate in this surface since they are repelled once they come close to
it.

Finally, one finds that the g-function for the Newton coupling, f,(g, A, b), vanishes as
g = 0. As a consequence RG trajectories can not cross the ¢ = 0 plane. Since the observed
value of the Newton coupling is positive at laboratory scales, this feature limits the physically
interesting sector of the phase diagram to positive values g.

3.2 Construction of sample trajectories

Following up on determining the relevant fixed point and singularity structures linked to
the RG flow of the R?-action (1.2) we proceed by constructing explicit sample solutions by
integrating the flow equations (3.2) numerically. Our primary focus is on RG trajectories
which emanate from the NGFP (3.4) at large values of ¢ and undergo a crossover to the GFP
as t is lowered. Typical examples exhibiting this behavior are shown in the right panel of
figure 1. Following the discussion [52, 56, 57] it is this type of solutions which give rise to a
classical regime resembling general relativity at low energy.

Following the classification in [56] for the Einstein-Hilbert truncation, a useful discrimi-
nator for the solutions is the IR value of the cosmological constant. Similarly to the Einstein-
Hilbert classifications one encounters trajectories which flow towards negative (Type Ia, blue
curves) and positive A (Type Illa, red curves) as t is lowered. The former are typically
well-defined for all values of ¢t while the latter terminate in the singular locus A. Finally,
there are solutions (orange lines) which start at the NGFP and end at the GFP as ¢ — —oc.
These trajectories give rise to a vanishing IR value of the cosmological constant. They span
a two-dimensional plane which separates the solutions of Type Ia and Type Illa.

It is also instructive to discuss the flow of the R?-coupling b, along these trajectories.
In all cases, b flows to zero in the IR. Let us first consider the trajectories that flow towards
b — 0 from positive b. Starting in the IR (g < 1) and following the flow into the UV, one
finds that after approaching the GFP, these trajectories make a sharp turn towards positive
b. As the trajectories approach the singular plane B, they are eventually repelled in the



Figure 1: Overview of the flow diagram. 1la: the Gaussian fixed point (3.3) and non-
Gaussian fixed point (3.4) are marked by the red dots. The singular planes stretch out
in negative-b direction (A) and in negative-A direction (B). 1b: selected RG trajectories.
The red curves lead to a positive IR value of the cosmological constant and are denoted
as trajectories of Type Illa. These trajectories eventually terminate in the singular plane
(A). The blue curves denote trajectories of Type Ia and possess a negative IR value of the
cosmological constant. These curves avoid any singularities. The surface spanned by the
orange curves marks the trajectories of Type Ila. Their IR limit is given by the GFP. These
solutions separate the trajectories of Type Ia and IIla. Finally, the green curve marks the
trajectory that meets the observational constraints.

direction of the NGFP. This fixed point then provides the UV completion of the trajectory
as t — oo.

Trajectories that approach by, — 0 from negative b show a different behavior. Tracing
the flow from IR to the UV, they first flow towards the GFP before making a turn towards
negative b. After obtaining a minimum value of b, they take a sharp turn and flow back into
the direction of the GFP before entering the NGFP regime. In contrast to the trajectories
with positive b, the flow of this type of trajectories may be bounded by the singular plane
A. This ceiling may prevent the solutions from reaching the basin of attraction of the NGFP
so that they terminate at a finite value ¢ once they leave the g < 1 region.

4 A complete cosmic history from Asymptotic Safety

Based on the phase space analysis of the previous section, we are ready to check if there is an
RG trajectory satisfying all the conditions listed in table 2. The values of the couplings listed
in this table refer to different energy scales which turns the search of the corresponding RG
trajectory into a rather complicated boundary value problem. In order to simplify the analysis
we first convert this setup into an initial value problem in subsection 4.1 before constructing
the corresponding RG trajectory numerically in subsection 4.2. The main result of this
section is the trajectory displayed in figure 2 which meets all cosmological requirements.



4.1 Initial values for the RG trajectory realized by Nature

Our first task is to determine the value of b, and A at the scale kg = ki which will be used
to set up the initial value problem. Since inflation and the measurement of the cosmological
constant occur well below the Planck scale, g < 1 in this regime. Thus an expansion of
the S-functions in powers of g; which retains the leading quantum corrections is sufficient to
capture all relevant features of the RG flow in this regime.® From a practical viewpoint, it is
convenient to rewrite the S-functions (3.2) in terms of the new couplings

Jk » u,lf = gk, uz = (4.1)

since this allows to find analytic expressions relating the values of the couplings at different
scales k.
We start with the expansion of the S4(g, u',u?). This gives up to second order in g

23
Bolg u' u?) = 205 — o g} + O(g}), (4.2)

which is independent of ! and u?. The flow of g5, can then be integrated analytically, yielding

_ ABmk? g,
- A8mk2 + 23gy, (k2 — k2)

9k (4.3)
We see that indeed, if k ~ kg, the dimensionful Newton’s coupling is constant, up to correc-
tions of order in (k% — k%) Thus it is convenient to identify kg = kj,p, since this corresponds to
the scale where Gy, is measured. Converting the measured value of the dimensionful Newton’s
constant into dimensionless quantities gives

Gro = 6.71 x 1077, (4.4)

The expansion of 3,1 (g, u!, u?) yields

23 5
9% + Ogi)- (4.5)

/Bul(g7u17u2) = _ﬁullggk - m

Substituting the explicit solution for g, eq. (4.3), one finds that the scale-dependence of u/,lC
is given by
487 (595, (1 — k*/k3) + 48muy, )

(487 + 23k, (K2/K2 — 1))

uj, = : (4.6)

Combining the solutions of g; and ui,, allows to map the value of the cosmological constant
measured at the Hubble scale kg, to the value of u,{i at the laboratory scale

up, = 2.68 x 1071%2. (4.7)
Finally, the expansion of 3,2(g,u',u?) yields

109
216072
8Essentially, this setup corresponds to describing the RG flow by a one-loop approximation of the j-

functions. The results displayed in table 3 confirm that this is indeed a valid approximation in the regime of
interest.

5u2 (g7u17u2> + O(gk) (48)




Energy scale A G B

(eV) (eV?) (10757 eV=2) (10746 eV—2)
kg, ~ 10733 4 x 10766 6.71 —1.7
Flap ~107° 4 x 10796 6.71 -1.7
king ~ 10%2 4 x 1030 6.71 —1.7

Table 3: Selected values of the RG flow satisfying the observational constraints. Within
experimental uncertainty, the parameters are constant, except for the cosmological constant
A. The bold values are constrained by observations, whereas the other values are results
from the RG calculation.

The solution of this equation gives the typical logarithmic running of a marginal coupling at
one-loop level

109 k
2 2
= ——1 — ) 4.9
Yk T 9160m2 ® (ko) ko (4.9)
Inserting the measured values at ki,g gives the initial value

up, = —5.0 x 10°. (4.10)

Combining the results (4.4), (4.7), and (4.10) with the definition (4.1) one readily arrives at
the initial values for g, Ax, and by

Gk = 6.7 x 10707 X\, =3.99 x 1077, b, = —1.7 x 107 (4.11)
These values serve as the starting point for integrating the flow equation numerically.

4.2 The RG trajectory realized by Nature

In order to obtain the RG trajectory resulting from the initial conditions (4.11), we now inte-
grate the full S-functions numerically. For this, we use the NDSolve routine in Mathematica.
Since the initial starting point is very close to zero, we increase the working precision to 124
digits. When the integration reaches a regime where the parameters take larger values, we
decrease the precision to 25 digits. This allows us to track the RG flow from the classical
regime up to the NGFP regime.

The resulting RG trajectory is depicted by the green curve in figure 1b. The scale-
dependence of the corresponding dimensionful couplings Ay, G, and By is summarized in
figure 2. In table 3, we summarize the values of the couplings at different relevant energy
scales. The existence of this RG trajectory constitutes the main result of this work.

The solution shown in figure 2 exhibits several remarkable features. First of all, we see
that indeed the RG flow meets all observational constraints. This means that the expansion
in small g is valid, and that quantum effects only play a role at energy scales beyond inflation.
In fact, both the Newton’s coupling and the R? coupling start to run at 10** eV, which is
beyond the upper bound on the inflation scale, 10?2 eV. Interestingly, the Newton’s coupling
reaches a very small value at the Planck scale 10%7 eV. ?

9Cosmological consequences of a Planck-scale-vanishing Newton’s coupling were discussed from a different
perspective in [58, 59]. We defer to a future work to investigate the relation between the two approaches.
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Figure 2: RG trajectory passing through all points identified in table 2. Top panel: cosmo-
logical constant A;. Middle panel: Newton’s coupling Gj. Bottom panel: R? coupling Bj.
The gray bars indicate the energy scales at which constraints are imposed.
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Secondly, we observe that Ay, starts to run at 1072 eV, corresponding to a length scale of
10~ m. At lower energy scales, Ay, is constant and equal to the value quoted in table 1, thus
not spoiling the agreement with current measurements, that take place over cosmological
scales.

We close our discussion by verifying that our RG trajectory meets all the working
assumptions made in section 2. At the inflation scale, one has to check that Ay, , = 1030 V2
does not affect the dynamics in this regime so that the constraint obtained on B is valid.
This amounts to the condition Ay/(ByR?) < 1 evaluated at k = ki,g. Using that in an
approximately de Sitter background the curvature R is related to the Hubble parameter as
R ~ 12H? and the relation that H = kg, we find

Ap/(BRR?) ~4x 107" « 1. (4.12)

Thus our working assumption is indeed valid in this regime.

The analysis of the late time cosmological evolution assumed that the R? term does not
significantly affect the background universe evolution at kg,,. Again making use of the fact
that at late times we are in a quasi-de Sitter background so that R ~ 12(kgyp)?, we find

BrR*~ 107161 eV2, AR ~10"%eVvZ,  R~107% eVZ (4.13)

Together with the result (4.12) this establishes that our RG trajectory indeed fulfills all the
working assumptions made when deriving table 2.

5 Conclusion

In this work we have studied the compatibility of the asymptotic safety mechanism with the
laws of gravity observed at sub-Planckian scales. The main focus has been on obtaining a
viable cosmological evolution. This question has already been subject to a significant amount
of work. Starting from the seminal works [14, 15], the cosmological evolution and its signa-
tures have been studied using a modified dynamics resulting from scale-dependent couplings
[16, 18-25], dilaton-gravity [17, 29], Higgs-inflation inspired models [26, 28], non-Gaussian
fixed point driven inflation [30-32], and anisotropic models [33]. All these investigations rely
on a so-called renormalization group (RG) improvement which relates the RG scale k to a
physical quantity like the Hubble scale or the Ricci scalar R in order to capture “the leading
quantum gravity effects” of the system. These studies have raised the expectation that the
very early universe undergoes a phase of power-law inflation and an almost flat scalar power
spectrum [34].

In this work, we perform the first cosmological analysis within asymptotically safe grav-
ity based on a “first principles” analysis. The gravitational dynamics is obtained by solving
the flow equation for the effective average action at the R%-level, giving the explicit energy
dependence of the three gravitational couplings contained in (1.2). Thus the gravitational
dynamics is obtained without invoking a scale-identification procedure. Analyzing the space
of solutions compatible with Asymptotic Safety gave rise to two striking insights. First, there
are solutions which are compatible with the values of the Newton coupling and cosmologi-
cal constant observed, respectively, at laboratory and cosmological scales. Moreover, these
constraints from late-time cosmology are compatible with an R?-term which gives rise to
a phenomenologically viable phase of inflation, without spoiling the late-time cosmological
evolution. The seeds for this salient physics below the Planck scale are laid by the NGFP
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governing the gravitational dynamics at trans-Planckian scales: mapping out the surface of
asymptotically safe RG trajectories establishes that there are solutions which besides be-
ing compatible with observed low-energy physics also realize an inflationary phase based on
the resulting gravitational dynamics. Thus Asymptotic Safety may naturally give rise to
Starobinsky inflation and there is no need to introduce an ad hoc inflaton field. In this sense,
the construction is very economic in attributing highly desirable features in the early and
late-time dynamics of the universe to quantum gravity effects.'®

As a by-product our analysis constructed the realistic RG trajectory displayed in fig-
ure 2.'' An intriguing feature of this solution is that the cosmological constant Aj acquires
an energy dependence already at 1072 eV. This scale is well below the Planck scale where
the energy dependence of the Newton coupling and the R2-coupling sets in and already oc-
curs in the vicinity of the Gaussian fixed point, i.e., way below the energy scale where the
Newton coupling and the R?-coupling exhibit an appreciable scale-dependence. As a con-
sequence, one expects that fluctuations with a length scale of 1074 m (or smaller) feel a
different value of A,. Assuming that a fluctuation of this size is generated at the same time
as the cosmic microwave background, the subsequent cosmological evolution would expand
such a structure to a size of approximately 1 m, a scale that is well below the resolution of
current large-scale structure surveys. On the other hand, currently observed scales in the
cosmic microwave background power spectrum would have a wavelength of 10~ m during
the inflationary phase, after horizon exit. It would be interesting to investigate if this effect
leaves an imprint on the structure formation in the early universe.

We close our discussion with the following remark. It is clear that (free) matter fields
give rise to additional contributions in the S-functions (B.15) [62—-64]. Naturally, the prop-
erties of the non-Gaussian gravity-matter fixed points, including its position and stability
coefficients, differ from the ones encountered in pure gravity. At least for the class of gravity-
dominated gravity-matter fixed points these properties are, by definition, qualitatively similar
to the ones of the pure gravity fixed point underlying this work. We thus expect that the
scenario developed in this work essentially carries over to these cases as well. Naturally, it
would be very interesting to study the scale-dependence of the cosmological constant taking
contributions from phase transitions in the matter sector (like the electroweak symmetry
breaking) into account, see e.g., [65-67] for an elaborate discussion. Since the resulting toy
models potentially incorporating such effect become complex rather quickly [68-70], this is
left for future work.
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A f(R)-gravity in the Jordan and Einstein frame

When analyzing the dynamical consequences of an f(R)-type gravity model, it is convenient
to recast the theory into the Einstein frame. The resulting action then consists of an Einstein-

For a similar discussion at the level of effective field theory see [60, 61].
"Eor an earlier analysis including the observed values for G and A, see [57].
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Hilbert term supplemented by an additional scalar degree of freedom.'? In this appendix we
exhibit the relation between these two formulations, following [73].

We start from a generic (Lorentzian) f(R)-theory supplemented by a generic action for
matter fields Sy, [g,.]

2
S =238 [ d'ev=af(®) + Sulgw). (A1)

We keep track of the matter action, even though this part does not influence the dynamics
during inflation and becomes relevant at later stages of the cosmological evolution. Subse-
quently, we introduce an the auxiliary field ¢ and rewrite the action (A.1) according to

2
S = % /d4x\/j9 [F(9) + F (@) (R~ ¢)] + Snlgm) (A.2)

where the prime denotes a derivative with respect to the argument. Presupposing that
f"(¢) # 0, the field equations derived from (A.2) include ¢ = R, entailing that eqs. (A.1)
and (A.2) are dynamically equivalent on-shell. If f/(¢) > 0, the conformal transformation
' (#)guw = g brings the gravitational part of the action into Einstein-Hilbert form

5= / d'zy/=g [ @ggﬂ”v W (@Y f (@) - ,(1@2 (6£'(6) = £(9))
+Sm (Guv/ () - (A.3)

The kinetic term for the scalar field ¢ can be brought into canonical form by introducing the
new field ¢ according to

F(¢) = eV2/3e/Mp (A.4)

If f'(¢) is monotonic, this relation implicitly defines a map ¢(¢). Substituting this map into
the action (A.3) yields

M3 - 1
with the scalar potential given by
M
21 (¢())?

For the f(R)-type action (1.1), the transformation from Jordan to Einstein frame can
be carried out explicitly. For this specific case!

V(g) = (e(2) 1 (0()) = F(0() - (A.6)

f(R)=—2A+ R — BR?. (A.7)

For B = 0 the theory already is in the Einstein frame, so we assume that B # 0. Evaluating
(A.4) for f(¢) which is quadratic in ¢ leads to the following relation between the scalar fields:

_ eV2/30/M,
1—2B¢=eV2/3e/Mpy o 4 162—BP . (A.8)

12 At the one-loop level the on-shell equivalence of the two formulations has recently been demonstrated in
[71, 72].

13Note that we are working with an action that differs from (1.1) by an overall minus sign. To make up for
this, in the main text in (2.3) we write the potential V(¢) with opposite sign with respect to the one we get
here.
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Finally, the scalar potential resulting from (A.7) is

ME[ 1 L 2o Mp 1 —2y/
) —— 42A 2/3e/Mp | A
V(p) 5 4B+236 + 4B+ e (A.9)
This potential provides the starting point for analyzing the cosmological dynamics in sec-
tion 2.

B RG machinery

The most important tool for constructing approximate solutions of the renormalization group
flow of gravity is the functional renormalization group equation (FRGE) for the effective
average action (EAA) I'y, [36, 74-76]. Schematically, the FRGE takes the form

1 -1

where FS) is the Hessian of the EAA and ¢ := In(k/ko) is the RG time. The regulator Ry
suppresses field modes with momentum p? < k2, while it vanishes for p? > k2. The supertrace
denoted by Str sums over field components while providing necessary minus signs for ghost
field contributions. The present work focuses on approximations where the gravitational
part of 'y is given by a f(R)-type gravitational action. Flow equations governing the scale-
dependence of this function have been derived in [42, 50, 54, 55, 77] and their properties
have been analyzed in detail by various groups (see [40, 41, 51, 77-80] for selected works and
further references).

The present work builds on the flow equation derived in [42]. In order to obtain a
self-contained manuscript, the main features and results of this construction are reviewed in
this appendix.

In the remainder of this section, we discuss the particular setup that is used in [42].
The construction of the FRGE for gravity heavily relies on the background field formalism.
The quantum metric g, is decomposed into a fixed background metric g, and a fluctuating
metric by, using a linear split:

Guv = G + by . (B.2)
The full ansatz for the EAA is then taken to be
Tklg: 3] = Tklg] + Sgtlg — 93 3] + Sgn + Saux (B.3)
with )
Tulg) = g [ VAR, (B.4)

This term is supplemented by a scale-independent gauge-fixing term implementing geomet-
rical gauge in the Landau limit. The ansatz for I'y is then completed by the corresponding
ghost action and auxiliary fields exponentiating Jacobians arising from field redefinitions.
Details on these terms can be found in the original article [42].

Substituting the ansatz (B.3) into the FRGE and projecting the resulting flow on func-
tions of the scalar curvature results in a partial differential equation governing the scale-
dependence of fi(R). This equation is most conveniently written in terms of the dimension-

less quantities
1

167Gy,

r:=k2R and Fi(r):= k=4 f(rk?). (B.5)
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The partial differential equation satisfied by Fj, then reads [42]

6
38472 (0pFf + 4T — 2rFp) = > ¢ (B.6)
=1
with the ¢; given by
o = [5r20(1-1) - _sn2) o)
1= (520 (1—5) — (12 +4r = 8by2 12| (B.7)
co =10r°0 (1 - %) , (B.8)
- -1
¢ = [10r20 (1= 5) =120 (1+ %) — (36 +-6r - S| [1-5] (B.9)
- —1
ca = [ny (10 = 5r — o2 4 2090%) 4 (60 — 200 — Z0?)| [14 2 — 5] (B.10)
cE,:%[nf((Hg)e(Hg)Jr(2+g)9(1+g))+29(1+§)+4e(1+g)]x
-1
x[1+% 3], (B.11)

cg = []—",2 n¢ (6 + 3r + %72 + %r?’) + (O F) — 2rF) (27 — %TQ - %r?’ - %TZL)

+ F (216 - %% = 320%) 4 F (364 120 + 312 | x

x |2+ 3, (1= 3r) + 97 (1 - %)2}71 : (B.12)

Here, a prime denotes a derivative w.r.t. the dimensionless curvature scalar r and 7y is the
anomalous dimension of f,(R),

1

Ny = 7 (O F, + 2F;, — 2rFy) . (B.13)

Using the dimensionless variables introduced in eq. (3.1), the dimensionless function
Fi(r) corresponding to the action (1.2) is

1

Fe(r) = 160

(2)\k —-r+ ka2) . (B.14)

Substituting this expression into (B.6) and subsequently expanding the result in a power
series around r = 0 the S-functions for the couplings Ag, gr and by can be read off from the
three lowest order terms in this expansion. Concretely,

8t9k = 59(97 )‘7 b) ’ 8tAk = 5)\(97 A7 b) ) atbk = Bb(ga A: b) ; (B15)

where the ; are obtained as the solution of the following linear system of equations

~ 6(9gkBy — 9bkBg + T2bigi + By — 89k)
gk(18bk + 4N, — 3)
108
N 48 (= By + T By + dmge) 80— —F

. 48=0, (B.16
2 T—2xn, (B.16a)
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5
—208, + 40bg + 222 — 30 3 (4gy,By — 4bB, + 24bygs + By — 6gr)

1 -2\ gk(lek + 4\, — 3)
108
36Dy (99kBy — 9uBy + T2brge + By — 8gr)  2(60kA—1) (50— 122)
i (18by, + 4\, — 3)2 32\ — 1)2
247 (29 —
2T =B oy, (Ba6b)

I

216 (99k By — 96k By + T2brg1 + By — 8gk)
gk (18bg, + 4\ — 3)3

~ 18by (4gxBp — 4biBg + 24bkgr + By — 6gi)

9k (18bg + 4);, — 3)2
2(6bphi — 1) (—2051, + 400y, + 22 — 30)

32\ — 1)2
 —186gx By + 186D 8y — T44bygy + 295, — 116
60gk(18bk + 4N\, — 3)

4001y + 108, + 80BF — 20by, + Zgor — 4L | 247 (9uB— bify)
1—2X gi

(=262, + 30b Ay, + 9by — 4) (80— 12f") 15(dgs = By) 872 _,  ns
9(2h; — 1)3 20k(2A —1) 45 (B-16¢)

The S-functions (B.16) are the main result of this appendix and underlie the analysis of the
gravitational RG flow performed in section 3.

We remark that, recently, ref. [50] derived a similar flow equation based on a physical
gauge fixing condition. While the resulting equation gives rise to a qualitatively similar
structure in terms of fixed points, it also possess a singular hypersurface of codimension 1
that separates the NGFP from the classical region, see [51] for further analysis. Thus the
corresponding solutions do not exhibit a crossover from the NGFP to a classical regime which
is crucial for connecting the construction to a viable low-energy dynamics.
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