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Abstract We formulate and prove a new criterion for stability of e-processes. In
particular we show that any e-process which is averagely bounded and concentrat-
ing is asymptotically stable. This general result is applied to a stochastic process
with jumps that is a continuous counterpart of the chain considered in Szarek (Ann.
Probab. 34:1849–1863, 2006).

Keywords Ergodicity of Markov families · Invariant measures · Dynamical systems
with jumps

1 Introduction

In this paper we will present a new criterion for the stability of Markov semigroups
and apply it to a stochastic model with jumps proving the existence of a unique invari-
ant measure and its stability. More specifically, we prove that any averagely bounded

Communicated by Markus Haase.

Tomasz Szarek has been supported by Polish Ministry of Science and Higher Education Grants
N N201 419139.
Hakima Bessaih has been supported by NSF grant No. DMS 0608494.

H. Bessaih
Department of Mathematics, University of Wyoming, Laramie, WY, USA
e-mail: Bessaih@uwyo.edu

R. Kapica
Department of Mathematics, University of Silesia, Bankowa 14, 40-007 Katowice, Poland
e-mail: rkapica@math.us.edu.pl

T. Szarek (�)
Institute of Mathematics, University of Gdańsk, Wita Stwosza 57, 80-952 Gdańsk, Poland
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Markov semigroup with the e-property concentrating at some point admits a unique
invariant measure. Moreover the semigroup is stable. The criterion generalizes results
obtained in [19], where under more restrictive conditions on a semigroup we man-
aged to prove existence and uniqueness. We were not able to show stability unless
we assumed the tightness of the semigroup. The proof is based on the lower bound
technique introduced by A. Lasota and J. Yorke in [12], where the authors showed
the existence of an absolutely continuous invariant measure for the Frobenius–Perron
operator corresponding to piecewise monotonic transformations. Since then, the tech-
nique has been generalized first for Markov semigroups acting on densities (see [10]),
subsequently for general Markov semigroups defined on arbitrary Borel measures in
finite dimensions (see [13]) and finally it has been extended to infinite dimensional
spaces (see [17]). Generally speaking the method relies on an easy observation that
two regular trajectories starting at different measures which visit some small set with
positive, bounded from below, probability converge in the weak topology. Addition-
ally, if we assume that every neighborhood of some point is visited infinitely many
times, then we may show that the process admits an invariant measure. The e-process
property is a slight generalization of the e-chain property introduced in [14] (see
[8, 11, 21]). It is a more general concept than the asymptotic strong Feller property
introduced by J. Mattingly and M. Hairer see [5].

In the second part of our paper we are concerned with a dynamical system with
jumps. To be precise we study a general flow on some Polish spaces disturbed by an
iterated function system at an exponentially distributed random time. The assump-
tions on the flow and the iterated function system are quite general. In particular, the
iterated function system is contracting on the average only and its probability distri-
butions depend upon position. Our proof is based on the asymptotic stability of the
system. The proof of stability was given in [2] in the case of finitely dimensional
spaces (see also [12]) and in [17] when the iterated system is defined on an arbitrary
Polish space. There is a huge literature of models with jumps partly due to a large
class of possible applications in physics or biology, partly due to their purely mathe-
matical properties. It is worth mentioning here that our very general model is closely
related to such objects as some stochastic differential equations with Poisson noise
(see [15]), randomly forced PDE’s (see [20]), random dynamical systems based on
skew product flows [1] and piecewise-deterministic Markov processes introduced by
Davies in [4].

The paper is organized as follows. In Sect. 2 we introduce the concepts of the
e-property, averagely bounded and concentrating at a point. We also prove (Propo-
sition 1) the main result about asymptotic stability for Markov processes. In Sect. 3
we introduce a model based on an iterated functions system for which we apply our
results of Sect. 2. Indeed we show that it satisfies the e-property, the average bound-
edness and the concentrating property and hence we obtain its stability.

2 Criterion on stability

Let (X,ρ) be a Polish space. By Bb(X) we denote the space of all bounded Borel-
measurable functions equipped with the supremum norm ‖ · ‖∞. Let (Pt )t≥0 be a
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Markovian semigroup defined on Bb(X). For each t ≥ 0 we have Pt1X = 1X and
Ptϕ ≥ 0 if ϕ ≥ 0. Throughout this paper we shall assume that the semigroup is Feller,
i.e. Pt (Cb(X)) ⊂ Cb(X) for all t > 0. Here and in the sequel Cb(X) is the subspace
of all bounded continuous functions with the supremum norm. By Lb(X) we will
denote the subspace of all bounded Lipschitz functions. We shall also assume that
(Pt )t≥0 is stochastically continuous, which implies that limt→0+ Ptϕ(x) = ϕ(x) for
all x ∈ X and ϕ ∈ Cb(X).

Let M1 stands for the space of all Borel probability measures on X. Denote by
MW

1 , W ⊂ X, the subspace of all Borel probability measures supported in W , i.e.
{x ∈ X : μ(B(x, r)) > 0 for any r > 0} ⊂ W , where B(x, r) denotes the ball in X

with center at x and radius r . For ϕ ∈ Bb(X) and μ ∈ M1 we will use the notation
〈ϕ,μ〉 = ∫

X
ϕ(x)μ(dx). Recall that the total variation norm of a finite signed mea-

sure μ ∈ M1 − M1 is given by ‖μ‖T V = μ+(X) + μ−(X), where μ = μ+ − μ− is
the Jordan decomposition of μ.

We say that μ∗ ∈ M1 is invariant for (Pt )t≥0 if 〈Ptϕ,μ∗〉 = 〈ϕ,μ∗〉 for every
ϕ ∈ Bb(X) and t ≥ 0. Alternatively, we can say that P ∗

t μ∗ = μ∗ for all t ≥ 0, where
(P ∗

t )t≥0 denotes the semigroup dual to (Pt )t≥0, i.e. for a given Borel measure μ,
Borel subset A of X, and t ≥ 0 we set

P ∗
t μ(A) := 〈Pt1A,μ〉.

A semigroup (Pt )t≥0 is said to be asymptotically stable if there exists a unique
invariant measure μ∗ ∈ M1 such that (P ∗

t μ)t≥0 converges weakly to μ∗ as t → +∞
for every μ ∈ M1. Recall that the sequence (P ∗

t μ)t≥0 converges weakly to μ∗ if the
following condition holds:

lim
t→∞

〈
ϕ,P ∗

t μ
〉 = 〈ϕ,μ∗〉 for all ϕ ∈ Cb(X).

Definition 2.1 We say that a semigroup (Pt )t≥0 has the e-property if the family of
functions (Ptϕ)t≥0 is equicontinuous at every point x of X for any bounded and
Lipschitz function ϕ, i.e. for arbitrary ϕ ∈ Lb(X) and x ∈ X we have

lim
y→x

sup
t≥0

∣
∣Ptϕ(y) − Ptϕ(x)

∣
∣ = 0.

Remark One can show (see [7]) that to obtain the e-property in the case when X is
a Hilbert space, it is enough to verify the above condition for every function with
bounded Fréchet derivative.

Definition 2.2 A semigroup (Pt )t≥0 is called averagely bounded if for any ε > 0 and
bounded set A ⊂ X there is a bounded Borel set B ⊂ X such that

lim sup
T →∞

1

T

∫ T

0
P ∗

s μ(B)ds > 1 − ε for μ ∈ MA
1 .

(Note that from the stochastic continuity, the integrand in the above integral is Borel-
measurable with respect to s.)
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Definition 2.3 A semigroup (Pt )t≥0 is concentrating at z if for any ε > 0 and
bounded set A ⊂ X there exists α > 0 such that for any two measures μ1,μ2 ∈ MA

1

P ∗
t μi

(
B(z, ε)

) ≥ α for i = 1,2 and some t > 0.

Proposition 1 Let (Pt )t≥0 be averagely bounded and concentrating at some z ∈ X.
If (Pt )t≥0 satisfies the e-property, then for any ϕ ∈ Lb(X) and μ1,μ2 ∈ M1 we have

lim
t→∞

∣
∣〈ϕ,P ∗

t μ1
〉 − 〈

ϕ,P ∗
t μ2

〉∣∣ = 0. (2.1)

Proof First observe that to finish the proof it is enough to show that condition (2.1)
holds for arbitrary Borel probability measures with bounded support. Indeed, the set
of all probability measures with bounded support is dense in the space (M1,‖ · ‖T V ).
Moreover, P ∗

t , t ≥ 0, is nonexpansive with respect to the total variation norm.

Fix ϕ ∈ Lb(X), x0 ∈ X and ε ∈ (0,1/2). Let μ1,μ2 ∈ MB(x0,r0)
1 for some r0 > 0.

Choose δ > 0 such that

sup
t≥0

∣
∣Ptϕ(x) − Ptϕ(y)

∣
∣ < ε/2 (2.2)

for x, y ∈ B(z, δ), by the e-property.
Since (Pt )t≥0 is averagely bounded we may find R0 > 0 such that

lim sup
T →∞

1

T

∫ T

0
P ∗

s μ
(
B(x0,R0)

)
ds > 1 − ε2/(

4‖ϕ‖∞
)

(2.3)

for any μ ∈ MB(x0,r0)
1 . Let R > max{R0, r0} satisfy

lim sup
T →∞

1

T

∫ T

0
P ∗

s μ
(
B(x0,R)

)
ds > 3/4 (2.4)

for any μ ∈ MB(x0,R0)
1 . Since (Pt )t≥0 is concentrating at z we may choose α > 0

such that for any ν1, ν2 ∈ MB(x0,R)
1 there exists t > 0 and the condition

P ∗
t νi

(
B(z, δ)

) ≥ α for i = 1,2 (2.5)

holds.
Set γ := αε/2 > 0. Let k be the minimal integer such that 4(1 − γ )k‖ϕ‖∞ ≤ ε.
We will show by induction that for every l ≤ k, l ∈ N, there exist t1, . . . , tl > 0 and

νi
1, . . . , ν

i
l ,μ

i
l ∈ M1 such that νi

j ∈ MB(z,δ)
1 for j = 1, . . . , l and

P ∗
t1+···+tl

μi = γP ∗
t2+···+tl

νi
1 + γ (1 − γ )P ∗

t3+···+tl
νi

2

+ · · · + γ (1 − γ )l−1νi
l + (1 − γ )lμi

l for i = 1,2. (2.6)

Indeed, let t1 > 0 be such that

P ∗
t1
μi

(
B(z, δ)

) ≥ α > γ for i = 1,2.



80 H. Bessaih et al.

Set

νi
1 = P ∗

t1
μi( · ∩ B(z, δ))

P ∗
t1
μi(B(z, δ))

,

μi
1 = (1 − γ )−1

(
P ∗

t1
μi − γ νi

1

)
for i = 1,2

(2.7)

and observe that μi
1 ∈ M1 and νi

1 ∈ MB(z,δ)
1 for i = 1,2. Then condition (2.6) holds

for l = 1.
Now assume that we have done it for some l and 4(1 − γ )l‖ϕ‖∞ > ε. Then there

exist si > 0 for i = 1,2 such that

P ∗
t1+···+tl+si

μi

(
X \ B(x0,R0)

)
< ε2/

(
4‖ϕ‖∞

)

for i = 1,2, by (2.3). Since (1−γ )l > ε/(4‖ϕ‖∞), from the linearity of P ∗
si

we obtain
that

P ∗
si
μi

l

(
B(x0,R0)

)
> ε for i = 1,2.

Indeed, if it does not hold, then

P ∗
si
μi

l

(
X \ B(x0,R0)

) ≥ ε for i = 1,2

and

P ∗
t1+···+tl+si

μi

(
X \ B(x0,R0)

) ≥ (1 − γ )lP ∗
si
μi

l

(
X \ B(x0,R0)

) ≥ ε2/(
4‖ϕ‖∞

)
.

Thus we may find two measures μ̃1
l , μ̃

2
l ∈ MB(x0,R0)

1 such that

P ∗
si
μi

l ≥ εμ̃i
l . (2.8)

These measures may be defined as restriction of P ∗
si
μi

l to B(x0,R0) suitably normed
(see formula (2.7)). Further, from (2.4) it follows that

lim sup
T →∞

1

T

∫ T

0

[
P ∗

s+s2

(
μ̃1

l /2
)(

B(x0,R)
) + P ∗

s+s1

(
μ̃2

l /2
)(

B(x0,R)
)]

ds

= lim sup
T →∞

1

T

∫ T

0
P ∗

s

(
μ̃1

l /2 + μ̃2
l /2

)(
B(x0,R)

)
ds > 3/4,

by the fact that μ̃1
l /2 + μ̃2

l /2 ∈ MB(x0,R0)
1 . Consequently, for some s > 0 we have

P ∗
s+s2

μ̃1
l

(
B(x0,R)

) ≥ 1/2 and P ∗
s+s1

μ̃2
l

(
B(x0,R)

) ≥ 1/2.

Comparing (2.8) and the above we obtain

P ∗
s+s1+s2

μi
l ≥ (ε/2)μ̂i

l

for some μ̂i
l ∈ MB(x0,R)

1 , i = 1,2, by argument similar to that in (2.8). Using it once
again and taking into consideration (2.5) we obtain that there exists t > 0 such that

P ∗
t+s+s1+s2

μi
l ≥ (αε/2)νi

l+1 = γ νi
l+1
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for some νi
l+1 ∈ MB(z,δ)

1 for i = 1,2. Therefore, setting tl+1 = t + s + s1 + s2 we
obtain

P ∗
t1+···+tl+tl+1

μi = γP ∗
t2+···+tl+1

νi
1 + γ (1 − γ )P ∗

t3+···+tl+1
νi

2

+ · · · + γ (1 − γ )l−1P ∗
tl+1

νi
l + γ (1 − γ )lνi

l+1 + (1 − γ )l+1μi
l+1,

where

μi
l+1 = (1 − γ )−1(P ∗

tl+1
μi

l − γ νi
l+1

)
for i = 1,2.

This completes the proof of condition (2.6). In turn, this and (2.2) give for t ≥ t1 +
· · · + tk

∣
∣〈ϕ,P ∗

t μ1
〉 − 〈

ϕ,P ∗
t μ2

〉∣∣

= ∣
∣〈Pt−(t1+···+tk)ϕ,P ∗

t1+···+tk
μ1

〉 − 〈
Pt−(t1+···tk)ϕ,P ∗

t1+···+tk
μ2

〉∣∣

≤ γ
∣
∣〈Pt−t1ϕ, ν1

1 − ν2
1

〉∣∣ + γ (1 − γ )
∣
∣〈Pt−(t1+t2)ϕ, ν1

2 − ν2
2

〉∣∣ + · · ·
+ γ (1 − γ )k−1

∣
∣
〈
Pt−(t1+···+tk)ϕ, ν1

k − ν2
k

〉∣
∣ + 2(1 − γ )k‖ϕ‖∞

≤ (
γ + γ (1 − γ ) + · · · + γ (1 − γ )k−1) sup

t≥0, x,y∈B(z,δ)

∣
∣Ptϕ(x) − Ptϕ(y)

∣
∣

+ ε/2 ≤ ε/2 + ε/2 = ε.

Since ε > 0 was arbitrary, the proof is complete. �

Proposition 2 Assume that there exists z ∈ X such that for any ε > 0

lim sup
T →∞

sup
μ∈M1

1

T

∫ T

0
P ∗

s μ
(
B(z, ε)

)
ds > 0. (2.9)

If (Pt )t≥0 satisfies the e-property, then it admits an invariant measure.

Remark Observe that our result generalizes Theorem 7.4.4 in [21]. Indeed, condi-
tion (2.9) is weaker than the condition therein, here we take supremum over all prob-
ability measures instead of a concrete measure.

Proof Assume, contrary to our claim, that (Pt )t≥0 does not possess any invariant
measure. From Step I of Theorem 3.1 in [11] it follows that there exists an ε > 0,
a sequence of compact sets (Ki)i≥1, and an increasing sequence of positive reals
(qi)i≥1, qi → ∞, satisfying

P ∗
qi

δz(Ki) ≥ ε for i ∈ N

and

min
{
ρ(x, y) : x ∈ Ki, y ∈ Kj

} ≥ ε for i = j, i, j ∈ N.
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We will show that for every open neighborhood U of z and every i0 ∈ N there
exists y ∈ U and i ≥ i0, i ∈ N, such that

P ∗
qi

δy

(
K

ε/3
i

)
< ε/2,

where K
ε/3
i = {y ∈ X : infv∈Ki

ρ(y, v) < ε/3}.
On the contrary, suppose that there exists an open neighbourhood U of z and

i0 ∈ N such that

inf
{
P ∗

qi
δy

(
K

ε/3
i

) : y ∈ U, i ≥ i0
} ≥ ε/2. (2.10)

Clearly

lim sup
T →∞

sup
μ∈M1

1

T

∫ T

0
P ∗

s μ(U)ds > α (2.11)

for some α > 0. Further, let N ∈ N satisfy (N − i0 +1)αε > 2. Choose γ ∈ (0, αε/2)

such that

(N − i0 + 1)(αε − 2γ ) > 2.

It easily follows that there exists T0 > 0 such that for any μ ∈ M1 and T ≥ T0 we
have

max
i≤N

∣
∣
∣
∣

∣
∣
∣
∣

1

T

∫ T

0
P ∗

s μds − 1

T

∫ T

0
P ∗

s+qi
μds

∣
∣
∣
∣

∣
∣
∣
∣
T V

< γ.

Choose T ≥ T0 and μ ∈ M1 such that

1

T

∫ T

0
P ∗

s μ(U)ds ≥ α, (2.12)

by (2.11). From (2.10) and the Markov property it follows that

P ∗
s+qi

μ
(
K

ε/3
i

) =
∫

X

P ∗
qi

δy

(
K

ε/3
i

)
P ∗

s μ(dy) ≥
∫

U

P ∗
qi

δy

(
K

ε/3
i

)
P ∗

s μ(dy) ≥ ε

2
P ∗

s μ(U)

for i ≥ i0 and s ≥ 0. Consequently, we have for i0 ≤ i ≤ N

1

T

∫ T

0
P ∗

s μ
(
K

ε/3
i

)
ds ≥ 1

T

∫ T

0
P ∗

s+qi
μ

(
K

ε/3
i

)
ds − γ

≥ ε

2

1

T

∫ T

0
P ∗

s μ(U)ds − γ ≥ ε

2
α − γ,

by (2.12). From this and the fact that K
ε/3
i ∩ K

ε/3
j = ∅ for i = j we obtain

1

T

∫ T

0
P ∗

s μ

(
N⋃

i=i0

K
ε/3
i

)

ds =
N∑

i=i0

1

T

∫ T

0
P ∗

s μ
(
K

ε/3
i

)
ds

≥ (N − i0 + 1)(εα − 2γ )/2 > 1,

which is impossible.
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Now analogously as in the proof of Theorem 3.1 in [11], Step III, we define a
sequence of Lipschitzian functions (fn)n≥1, a sequence of points (yn)n≥1, yn → z as
n → ∞, two increasing sequences of integers (in)n≥1, (kn)n≥1, in < kn < in+1 for
n ∈ N, and a sequence of reals (pn)n≥1 such that

fn|Kin
= 1, 0 ≤ fn ≤ 1

K
ε/3
in

, Lip fn ≤ 3/ε, (2.13)

∣
∣
∣
∣
∣
Ppn

(
n∑

i=1

fi

)

(z) − Ppn

(
n∑

i=1

fi

)

(yn)

∣
∣
∣
∣
∣
>

ε

4
, (2.14)

P ∗
pn

δu

( ∞⋃

i=kn

K
ε/3
i

)

<
ε

16
for u ∈ {z, yn} (2.15)

for every n ∈ N. From (2.13)–(2.15) it follows (see the proof of Theorem 3.1 in [11],
Step III, once again) that

∣
∣Ppnf (z) − Ppnf (yn)

∣
∣ >

ε

8

for n ∈ N and f := ∑∞
n=1 fn ∈ Lb(X). Since yn → z as n → ∞, this contradicts

the assumption that the family {Ptf : t ≥ 0} is equicontinuous in z. The proof is
complete. �

Theorem 1 Let (Pt )t≥0 be averagely bounded and concentrating at some z ∈ X. If
(Pt )t≥0 satisfies the e-property, then it is asymptotically stable.

Proof Fix x ∈ X. Since (Pt )t≥0 is averagely bounded there is R > 0 such that

lim sup
T →∞

1

T

∫ T

0
P ∗

s δx

(
B(x,R)

)
ds >

1

2
.

Let (Tn)n≥1 be an increasing sequence of reals such that Tn → ∞ as n → ∞ and

1

Tn

∫ Tn

0
P ∗

s δx

(
B(x,R)

)
ds >

1

2
for n ∈ N.

Set μn = 1
Tn

∫ Tn

0 P ∗
s δx ds, n ∈ N, and observe that there are μR

n ∈ MB(x,R)
1 such that

μn ≥ 1

2
μR

n for n ∈ N.

Indeed, we may define μR
n by the formula μR

n = μn( · ∩ B(x,R))/μn(B(x,R)) for
n ∈ N. Further, observe that, by concentrating at z, for fixed ε > 0 there is α > 0 such
that we have

P ∗
sn

μR
n

(
B(z, ε)

) ≥ α
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for some sn > 0, n ∈ N. Hence

P ∗
sn

μn

(
B(z, ε)

) ≥ 1

2
α for n ∈ N,

by linearity of (P ∗
t )t≥0. Consequently,

sup
μ∈M1

1

Tn

∫ Tn

0
P ∗

s μ
(
B(z, ε)

)
ds ≥ 1

Tn

∫ Tn

0
P ∗

s

(
P ∗

sn
δx

)(
B(z, ε)

)
ds ≥ 1

2
α for n ∈ N,

and condition (2.9) in Proposition 2 is satisfied. Now Proposition 2 implies the ex-
istence of an invariant measure. Further, from Proposition 1 it follows that for any
ϕ ∈ Lb(X) and μ ∈ M1

〈
ϕ,P ∗

t μ
〉 → 〈ϕ,μ∗〉

as t tends to +∞. Application of the Alexandrov theorem finishes the proof (see
[3]). �

3 A model

We are concerned with a jump process connected with an iterated function system.
A large class of applications of such models, both in physics and biology, is worth
mentioning here: the short noise, the photoconductive detectors, the growth of the size
of structural population, the motion of relativistic particles, both fermions and bosons,
and many others (see [6] and references therein). Similar processes appeared in [16],
where the authors analyzed large scale phenomena of some transport equations. Our
process generalizes also iterated function systems that are considered mainly because
of their close connection to fractals and semifractals (see [9]).

Let (X,ρ) be a Polish space and let (Ω, F ,P) be a probability space. Let (τn)n≥0

be a sequence of random variables τn : Ω → R+ with τ0 = 0 and such that �τn =
τn − τn−1, n ≥ 1, are independent and have the same density λe−λt . Let (S(t))t≥0 be
a continuous semigroup on X. We have also given a sequence of Lipschitz functions
wi : X → X, i = 1, . . . ,N , and a probabilistic vector (p1(x), . . . , pN(x)), pi(x) ≥ 0,∑N

i=1 pi(x) = 1 for x ∈ X. The pair (w1, . . . ,wN ;p1, . . . , pN) is called an iterated
function system.

Now we define the X-valued Markov process Φ = (Φ(t))t≥0 in the following way.
Let x ∈ X and ξ1 = S(τ1)(x). We randomly select from the set {1, . . . ,N} an integer
i1 and the probability that i1 = k is equal to pk(ξ1). Set Φx

1 = wi1(ξ1).
Let Φx

1 , . . . ,Φx
n−1, n ≥ 2, be given. Assuming that �τn = τn − τn−1 is inde-

pendent upon Φx
1 , . . . ,Φx

n−1, we define ξn = S(�τn)(Φ
x
n−1). Further, we randomly

choose in from the set {1, . . . ,N} in such a way that the probability of the event
{in = k} is equal to pk(ξn). Then we define Φx

n = win(ξn). Finally we set Φx(t) =
S(t − τn)(Φ

x
n ) if τn ≤ t < τn+1 for n ≥ 0.

In [18] we considered the Markov chain (Φn)n≥1 proving the existence of its in-
variant distribution. Now we are aimed at showing that the Markov process Φ is
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asymptotically stable. In [19] we provided a criterion on stability of Markov pro-
cesses under some additional condition. The condition is applicable when the dy-
namical system is non-degenerate, i.e. the support of its invariant measure is the entire
phase space. This is not the case in the studied system.

Denote by (Pt )t≥0 its semigroup, i.e.

Ptϕ(x) = Eϕ
(
Φx(t)

)
for ϕ ∈ Bb(X).

We will assume that there exists r ∈ (0,1) such that

N∑

i=1

pi(x)ρ
(
wi(x),wi(y)

) ≤ rρ(x, y) for x, y ∈ X. (3.1)

Moreover, there exist a function ω : R+ → R+ such that

N∑

i=1

∣
∣pi(x) − pi(y)

∣
∣ ≤ ω

(
ρ(x, y)

)
for x, y ∈ X (3.2)

and ω satisfies the Dini condition, i.e. ω is a nondecreasing and concave function
with

∫ ε

0

ω(t)

t
dt < ∞ for some ε > 0,

and α ≥ 0 such that

ρ
(
S(t)(x), S(t)(y)

) ≤ eαtρ(x, y) for x, y ∈ X and t ≥ 0. (3.3)

We will assume that the semigroup (S(t))t≥0 admits a global attractor. Recall that
a compact set K ⊂ X is called a global attractor if it is invariant and attracting for
(S(t))t≥0, i.e. S(t)K = K for every t ≥ 0 and for every bounded set B and open set
U , K ⊂ U , there exists t∗ > 0 such that S(t)B ⊂ U for t ≥ t∗.

Proposition 3 Assume that conditions (3.1)–(3.3) hold and

r + α/λ < 1. (3.4)

If (S(t))t≥0 has a global attractor, then the semigroup (Pt )t≥0 corresponding to Φ is
asymptotically stable.

For abbreviation we shall write

x1(�τ1;x) = S(�τ1)(x),

x2(�τ1,�τ2; i1;x) = S(�τ2)
(
wi1

(
x1(�τ1;x)

))
and

xn+1(�τ1, . . . ,�τn+1; i1, . . . , in;x)

= S(�τn+1)
(
win

(
xn(�τ1, . . . ,�τn; i1, . . . , in−1;x)

))
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for n ≥ 2. Moreover, for n ≥ 1 we set

℘n(�τ1, . . . ,�τn; i1, . . . , in;x) := pi1

(
x1(�τ1;x)

)
pi2

(
x2(�τ1,�τ2; i1;x)

)

· · ·pin

(
xn(�τ1, . . . ,�τn; i1, . . . , in−1;x)

)
.

Before we come to the proof of the announced theorem we would like to make
some useful computation. Indeed, fix t > 0 and let

Ωn(t) = {
ω : τn(ω) ≤ t & τn+1(ω) > t

}
.

Then we have

∫

⋃
n≥k Ωn(t)

eατk dP

=
∫

⋃
n≥k Ωn(t)

eα(�τ1+···+�τk)dP

≤
∫

· · ·
∫

{(u1,...,uk)∈Rk :u1+···+uk≤t}
λke(α−λ)u1 · · · e(α−λ)uk du1 · · ·duk

≤ λk

(λ − α)k
. (3.5)

Further, from conditions (3.1)–(3.3) and the fact that ω is a nondecreasing and con-
cave function it follows the following estimation

N∑

i1,...,in=1

∣
∣℘n(�τ1, . . . ,�τn; i1, . . . , in;x) − ℘n(�τ1, . . . ,�τn; i1, . . . , in;y)

∣
∣

≤
N∑

i1,...,in−1=1

(
℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;x)

× ω
(
ρ
(
xn(�τ1, . . . ,�τn; i1, . . . , in−1;x),xn(�τ1, . . . ,�τn; i1, . . . , in−1;y)

)))

+
N∑

i1,...,in−1=1

∣
∣℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;x)

− ℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;y)
∣
∣

≤ ω

(
N∑

i1,...,in−1=1

(
℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;x)

× ρ
(
xn(�τ1, . . . ,�τn; i1, . . . , in−1;x),xn(�τ1, . . . ,�τn; i1, . . . , in−1;y)

))
)
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+
N∑

i1,...,in−1=1

∣
∣℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;x)

− ℘n−1(�τ1, . . . ,�τn−1; i1, . . . , in−1;y)
∣
∣

≤ ω
(
rn−1eατnρ(x, y)

) + ω
(
rn−2eατn−1ρ(x, y)

) + · · · + ω
(
eατ1ρ(x, y)

)

=
n∑

k=1

ω
(
rk−1eατkρ(x, y)

)
, (3.6)

by induction on n.
We split the proof of Proposition 3 into several lemmas devoted to verification of

the e-property, boundedness in probability and concentrating at some z ∈ X of the
semigroup (Pt )t≥0, respectively.

Lemma 1 If conditions (3.1)–(3.4) hold, then the semigroup (Pt )t≥0 corresponding
to Φ satisfies the e-property.

Proof Fix ψ ∈ Lb(X) with the Lipschitz constant L and let t ≥ 0. Then we have

∣
∣Ptψ(x) − Ptψ(y)

∣
∣ ≤

∞∑

n=0

E
(
1Ωn(t)

∣
∣ψ

(
Φx(t)

) − ψ
(
Φy(t)

)∣∣).

We are going to evaluate the term E(1Ωn(t)|ψ(Φx(t)) − ψ(Φy(t))|). By (3.5) and
(3.6) we have

E
(
1Ωn(t)

∣
∣ψ

(
Φx(t)

) − ψ
(
Φy(t)

)∣∣)

=
∫

Ωn(t)

∣
∣
∣
∣
∣

N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;x)

× ψ
(
xn+1(�τ1, . . . ,�τn, t − τn; i1, . . . , in;x)

)

−
N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;y)

× ψ
(
xn+1(�τ1, . . . ,�τn, t − τn; i1, . . . , in;y)

)
∣
∣
∣
∣
∣
dP

≤ ‖ψ‖∞
∫

Ωn(t)

N∑

i1,...,in=1

∣
∣℘n(�τ1, . . . ,�τn; i1, . . . , in;x)

− ℘n(�τ1, . . . ,�τn; i1, . . . , in;y)
∣
∣dP

+ L

∫

Ωn(t)

(
N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;x)
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× ρ
(
xn+1(�τ1, . . . ,�τn, t − τn; i1, . . . , in;x),xn+1(�τ1, . . . ,�τn, t

− τn; i1, . . . , in;y)
)
)

dP

≤ ‖ψ‖∞
n∑

k=1

∫

Ωn(t)

ω
(
rk−1ρ(x, y)eατk

)
dP + Lrnρ(x, y)eαt (λt)n

n! e−λt .

Consequently, we obtain

∣
∣Ptψ(x) − Ptψ(y)

∣
∣ ≤

∞∑

n=0

E
(
1Ωn(t)

∣
∣ψ

(
Φx(t)

) − ψ
(
Φy(t)

)∣
∣
)

≤ ‖ψ‖∞
∞∑

n=1

n∑

k=1

∫

Ωn(t)

ω
(
rk−1ρ(x, y)eατk

)
dP +

∞∑

n=0

Lρ(x, y)rneαt (λt)n

n! e−λt

≤ ‖ψ‖∞
∞∑

k=1

ω

(

rk−1ρ(x, y)

∫

⋃
n≥k Ωn(t)

eατk dP

)

+ Le(α−λ+rλ)tρ(x, y)

≤ ‖ψ‖∞
∞∑

k=1

ω
((

rλ/(λ − α)
)k−1(

λ/(λ − α)
)
ρ(x, y)

) + Le(α−λ+rλ)tρ(x, y).

Set

γ := rλ/(λ − α) < 1,

the last inequality by (3.4). Since

∞∑

k=1

ω
((

rλ/(λ − α)
)k−1(

λ/(λ − α)
)
ρ(x, y)

)

=
∞∑

k=1

ω
(
γ kρ(x, y)/r

)

= γ /(1 − γ )

∞∑

k=1

(
γ k+1ρ(x, y)/r

)−1
ω

((
γ kρ(x, y)/r

))(
γ k − γ k+1)ρ(x, y)/r

≤ γ /(1 − γ )

∫ ρ(x,y)/r

0

ω(t)

t
dt,

we obtain

lim
y→x

sup
t≥0

∣
∣Ptψ(y) − Ptψ(x)

∣
∣ = 0

and we are done. �
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Lemma 2 If conditions (3.1)–(3.4) hold, then for any x0 ∈ X, R > 0 and T > 0

sup
x∈B(x0,R)

sup
t∈[0,T ]

Ptρ(x, x0) < +∞. (3.7)

Moreover, for any T > 0 there exists θ ∈ (0,1) and Γ > 0 such that

PT ρ(x, x0) ≤ θρ(x, x0) + Γ (3.8)

and consequently the semigroup (Pt )t≥0 is averagely bounded.

Proof Fix x0 ∈ X and R > 0. From (3.3) and the fact that wi ’s are Lipschitzean,
by induction, we easily show that there exists Υ > 0 such that for any n ≥ 1, x ∈
B(x0,R), i1, . . . , in ∈ {1, . . . ,N} and �τ1 + · · · + �τn < t ≤ T

ρ
(
xn+1(�τ1, . . . ,�τn; t − τn; i1, . . . , in;x), x0

) ≤ Υ n.

Since
∞∑

n=1

Υ n
P
(
Ωn(t)

) = e−λt
∞∑

n=1

(λΥ t)n

n! = eλt(Υ −1) < ∞,

we obtain supx∈B(x0,R) supt∈[0,T ] Ptρ(x, x0) < +∞.
Further, for given T > 0 we have

PT ρ(x, x0) =
∞∑

n=0

E
(
1Ωn(T )ρ

(
Φx(T ), x0

))
.

On the other hand, we have

E
(
1Ωn(T )ρ

(
Φx(T ), x0

))

=
∫

Ωn(T )

N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;x)

× ρ
(
xn+1(�τ1, . . . ,�τn,T − τn; i1, . . . , in;x), x0

)
dP

≤
∫

Ωn(T )

(
N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;x)

× ρ
(
xn+1(�τ1, . . . ,�τn,T − τn; i1, . . . , in;x),

× xxn+1(�τ1, . . . ,�τn,T − τn; i1, . . . , in;x0)
)
)

+
∫

Ωn(T )

N∑

i1,...,in=1

℘n(�τ1, . . . ,�τn; i1, . . . , in;x)

× ρ
(
xn+1(�τ1, . . . ,�τn;T − τn; i1, . . . , in;x0), x0

)

≤ rneαT (λT )n

n! e−λT ρ(x, x0) + Υ ne−λT (λT )n

n! ,
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which gives

PT ρ(x, x0) ≤ θρ(x, x0) + Γ

with θ := e(α−λ+rλ)T < 1 and Γ := eλT (Υ −1).
Iterating condition (3.7) and taking into account condition (3.8) we obtain that for

any R > 0

sup
x∈B(x0,R)

sup
t≥0

Ptρ(x, x0) < ∞.

To prove that (Pt )t≥0 is averagely bounded fix an ε > 0 and let R > 0 be given. Let
r > supx∈B(x0,R) supt≥0 Ptρ(x, x0)/ε. If μ ∈ MB(x0,R)

1 , then

1

T

∫ T

0
P ∗

s μ
(
X \ B(x0, r)

)
ds

= 1

T

∫

X

∫ T

0
P ∗

s δx

(
X \ B(x0, r)

)
dsμ(dx)

= 1

T

∫

X

∫ T

0
P
(
Φx(s) /∈ B(x0, r)

)
dsμ(dx) ≤ 1

T

∫

X

∫ T

0

Eρ(Φx(s), x0)

r
dsμ(dx)

= 1

T

∫

X

∫ T

0

Psρ(x, x0)

r
dsμ(dx) ≤ supx∈B(x0,R) supt≥0 Ptρ(x, x0)

r
< ε.

The proof is complete. �

Lemma 3 If conditions (3.1)–(3.4) hold, then there is z ∈ X such that the semigroup
(Pt )t≥0 is concentrating at it.

Proof Consider the iterated function system (w,p) = (w1, . . . ,wN ;p1, . . . , pN). In
[17] it was proved that under conditions (3.1)–(3.2) it is asymptotically stable. Denote
by μ0 its invariant distribution. Choose z ∈ suppμ0. Fix an ε > 0. Since the iterated
function system (w,p) is asymptotically stable, for any x ∈ X we may find nx ≥ 1
such that

P nδx

(
B(z, ε/3)

) ≥ μ0
(
B(z, ε/3)

)
/2 := β for any n ≥ nx,

where P is the Markov operator given by the formula Pμ(·) = ∑N
i=1

∫
w−1

i (·) pi(x) ×
μ(dx). It was proved that the Markov operator P is nonexpansive with respect to
some Wasserstein metric (see [17]). To be precise, we proved that there exists a metric
ρ̃ in X equivalent to the metric ρ (equivalence means that any sequence converges in
ρ iff it is convergent in ρ̃) such that

‖Pμ − Pν‖W ≤ ‖μ − ν‖W for any μ,ν ∈ M1,

where

‖μ−ν‖W = sup
{∣
∣〈ϕ,μ〉−〈ϕ, ν〉∣∣ : ϕ : X → R,‖ϕ‖∞ ≤ 1,

∣
∣ϕ(x)−ϕ(y)

∣
∣ ≤ ρ̃(x, y)

}
.
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From Lemma 3.1 in [17] it follows that we may find n0 ≥ 1 such that

P n0δx

(
B(z,2ε/3)

) ≥ β/2 for any x in some open neighbourhood O of K.

Denote by PΩn0 (t0)(·) := P(· ∩ Ωn0(t0))/P(Ωn0(t0)) for some t0 > 0 and let EΩn0 (t0)

denote the expectation with respect to the probability PΩn0 (t0). Diminishing O if nec-
essary and taking t0 small enough we obtain

EΩn0 (t0))1B(z,ε)

(
Φx(t0)

) ≥ P n0δx

(
B(z,2ε/3)

) ≥ β/2 for x ∈ O

and consequently

E1B(z,ε)

(
Φx(t0)

) ≥ β(λt0)
n0e−λt0/(2n0!) for x ∈ O . (3.9)

Fix x0 ∈ X. Let A ⊂ X be a bounded Borel set. From the fact that K is an at-
tractor for (S(t))t≥0 there is t1 > 0 such that S(t1)(x) ∈ O for any x ∈ B(x0,R).
Consequently,

E1O

(
Φx(t1)

) = P
(
Φx(t1) ∈ O

) ≥ e−λt1 for any x ∈ A. (3.10)

Set

α̂ := β(λt0)
n0e−λ(t0+t1)/(2n0!).

From conditions (3.9), (3.10) and the Chapman–Kolmogorov equation we obtain for
arbitrary μ ∈ MA

1

P ∗
t0+t1

μ
(
B(z, ε)

) =
∫

A

E1B(z,ε)

(
Φx(t0 + t1)

)
μ(dx)

≥
∫

A

E1B(z,ε)

(
Φx(t0)

)
E1O

(
Φx(t1)

)
μ(dx) ≥ α̂,

which finishes the proof that the semigroup (Pt )t≥0 is concentrating at z. �

Proof of Proposition 3 From Lemma 1 it follows that the semigroup (Pt )t≥0 sat-
isfies the e-property. It is also averagely bounded and concentrating at some z, by
Lemmas 2 and 3. Application of Theorem 1 finishes the proof. �
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