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1 Introduction

The conjecture by Witten [I] that perturbative N' = 4 super Yang-Mills can be realized

as a D-instanton expansion of the topological B-model with C' PG4

super-twistor space as
target has generated a lot of interest recently. By now tree-level amplitudes are moderately
well understood, either directly from the structure of the D-instanton moduli space [2], or
from the twistor-inspired field theory procedure of [3] 2, which were shown to be related
in [6]. More recently, some substantial progress has also been achieved in understanding
one-loop amplitudes [7]. Interesting alternative proposals to Witten’s construction have
been put forward in [§], starting from conventional open strings moving in cPeH, [,
where a mirror symmetric A-model version is considered, and [I0], where ADHM twistors
are considered. Conformal supergravity has been studied in this approach in [I1] and
[T2], while the possibility of extending the twistor formalism to ordinary gravity has been
investigated in [I3]. Other recent related work can be found in [I4].

Surprising and elegant as Witten’s proposal undoubtedly is, it has two obvious short-

comings. The first one is that so far it applies only to maximally supersymmetric gauge

2See [A] for subsequent developments and [] for a review.



theories 3; the second is that superconformal invariance is automatically built-in by virtue
of the twistor formalism. These features seems to make the original construction unfit
for describing more realistic gauge theories. The problem of reducing the model to an
N = 1 superconformal theory has been recently considered in [15], where a Leigh-Strassler
deformation of N' =4 SYM was implemented via open/closed couplings.

In this paper we consider a different extension of Witten’s correspondence to a class
of N =2 and N = 1 supersymmetric gauge theories. As we do not know how to relax
the requirement of superconformal invariance, natural candidates are the superconformal
quiver theories analyzed in [T6] and [I7]: In this paper we will recover them from twistor
strings.

The procedure followed in [I6] and [I7] was to start with a parent N/ = 4 super
Yang-Mills theory and retrieve the superconformal daughter theories with reduced super-

4. These are

symmetry by orbifolding the SU(4)r symmetry rotating the supercharges
quiver theories with bifundamental matter fields. In the present case of twistor strings,
the SU(4)r symmetry is part of the isometry group of CP®Y . Thus, before Penrose
transforming, this operation has a natural interpretation as a fermionic orbifold of the
twistor string’s target space.

Although it is not clear a priori what the meaning of a fermionic orbifold is, one is
immediately tempted to establish a connection with the standard lore about D-branes
tranverse to bosonic orbifold singularities [I8], and their realization via geometric engi-
neering [19]. In the case of NV = 2 superconformal theories engineered from type I1B
superstrings °, the moduli space of superconformal couplings is known to admit a duality
group whose action is inherited from the S-duality of IIB superstrings ¢. It would be
interesting to identify these moduli spaces in the twistor string theory.

This paper is organized as follows: In Section 2, we briefly recall basic facts about
D-branes on (bosonic) orbifolds. In Section 3, after reviewing the twistor construction of
[M], we perform the orbifold on the fermionic directions of the super-twistor space, paying
particular attention to the role of the D1 branes. Consistency will require the introduction
of |I'| D1 branes, where |I'| is the order of the orbifold group. In Section 4, we investigate
two examples of N' = 1 and N = 2 orbifolds, and explicitly compute some amplitudes.

In Section 5, we give the conclusion and some final remarks.

3However, examples of twistor-inspired computations of amplitudes in theories with less supersymme-
try have appeared in the literature.

4Strictly speaking, this is not really an orbifold in the conventional sense of the word, as one is not
gauging the discrete symmetry in spacetime.

5These are necessarily of affine ADE type.

6 Alternatively, it can be seen as the affine Weyl group acting on the primitive roots of affine ADE
group [20] [21] [17].



2 Branes transverse to orbifold singularities

Placing a set of D branes transverse to a C™/I" orbifold (where n = 2, 3, and I' is a discrete
subgroup of SU(n)) gives rise to four dimensional gauge theories with A’ =2 or N’ =1
supersymmetry living in the brane worldvolume. To obtain their massless spectrum one
has to consider the appropriate orbifold action on fields in both the open and closed
string sectors. The open string sector contributes the field content of the gauge theories,
which can be encoded in quiver diagrams. The closed string sector in turn contributes
the necessary moduli which deform the transverse orbifold singularity to a smooth space.

We briefly review this construction below, focusing in the case of abelian I for simplicity.

2.1 Open string sector

In the open string sector, I" acts on the orbifolded transverse coordinates and on the Chan-
Paton factors of open strings in the worldvolume directions. To get conformal theories one
needs I to act on the Chan-Paton factors in (arbitrary number of copies of) the regular
representation R of I'. Choosing N copies of R amounts to considering N|I'| D3-branes
before the projection, where |I'| is the order of I'. At this stage one then has U(N|T'|)
gauge symmetry in the worldvolume.

In the worldvolume directions I'" acts on the open string Chan-Paton factors matrices

A only. This action is specified by a matrix vr€R, and the invariant states satisfy
A = A (2.1)

Now using elementary group theory the regular representation can be decomposed in
irreducible representations as
R = @iniRi (2.2)

where n; = dim(R;) = 1 for abelian I'. Acting on A as in (1)) this decomposition projects
out the fields whose Chan-Paton indices are not connected by one of the irreducible R;’s.

ieirrepsU(N)'
Each of these unitary groups with its gauge multiplet has an associated node in the quiver

Taking N copies of R the gauge group will therefore be broken 7 to F' = []

diagram.
In the orbifolded directions I' acts on the Chan-Paton matrices through an element
of the regular representation r, and on space indices through the defining n dimensional

representation G1*", in such a way that

G (¥(i)) = ¥(r(i) (2.3)
TActually there is a U(1) subgroup acting trivially on the fields. It can be seen as the motion of the

center of mass coordinate of the D-branes. Therefore the effective gauge group is G = F/U(1).



V(i) being a label for the i-th D3-brane in the orbifolded transverse space. This means
that the action of the space group is correlated with the action on the Chan-Paton factors.

The fields surviving the projection (23)) can be obtained from the decomposition

Hom(R,GP*" @ R) = @ [Hom(R;, GP*" ® R;) ® Hom(C™, V)] (2.4)
ij
= @ ainom(CN, CN)
ij
where again i runs over irreducible representations, and a;; are the Clebsch-Gordan coeffi-
cients in the decomposition of the tensor product. Physically these are a;; chiral multiplets

transforming in bifundamental representations as
@aij(N,N). (25)

The quiver diagram has aj;; oriented links between nodes i and j. For N/ = 2 quivers
aij = agi, which makes the links non oriented. Each of them represents an N = 2
hypermultiplet.

Finally, for C?/T orbifolds one has two non-orbifolded transverse directions. I" acts on
these fields as in (Z1l). They provide the adjoint chiral superfields which together with
the gauge multiplets complete the A/ = 2 vector multiplet.

2.2 Closed string sector

In the closed string sector there are no Chan-Paton factors, and one can follow the ordinary
orbifold techniques to find the spectrum. There are, in addition to the usual untwisted
sector, |I'| — 1 twisted sectors which play a crucial role in resolving the singularity. The
untwisted sector is just the Kaluza-Klein reduction of the ten dimensional supergravity
multiplet on C?/T" (for N' = 2) or on C3/T" (for N' = 1), together with the usual matter
multiplets. In the large volume limit the moduli fields from the |I'| — 1 twisted sectors
can be seen to arise by wrapping the various form fields on the exceptional cycles of the
blown-up singularity. For N/ = 2 the blow-up is hyper-Kéhler, whereas for N' = 1 it is
only Kéhler. In the first case there are moduli b; = [, B and G= Js2 @, where for ITA
B is the NSNS B-field &, and & is the triplet of Kihler forms on the blow up. In the
Kahler case b; = fS? B and ¢ = fSiQ w, where w is the Kahler form. In the first case the

combination b; + zg?l encodes (in the large volume limit) the deformations of Kéhler and

complex structure of the resolution. Because of N’ = 2 supersymmetry the resolution is

8For IIB one can in addition have the two-form from the RR sector.



hyper-Kéhler, and these two are related by the SO(3) symmetry that rotates . In the
second case b; + i(; parameterize the deformations of the complexified Kahler structure .

Of course one has in addition to these moduli scalars various p-form fields from the
twisted sectors. The twisted fields couple to open fields in the brane low effective action
via Chern-Simons couplings. In the presence of the orbifold, closed fields from the k-th
twisted sector C} couple naturally to the U(1) part of the field strength of the D-brane
whose Chan-Paton factor is twisted by ~r. Their supersymmetric completion involves
terms which couple as Fayet-Iliopoulos parameters in the effective gauge theory on the
brane world-volume. When these are non-zero the gauge symmetry is completely broken,
and the Higgs branch of the world-volume theory is the resolved transverse space.

Taking into account all the twisted moduli one can write the full stringy quantum
L N1/2
volume of the exceptional cycles of the geometry as V; = (bl2 + |Ci|2) in the NV = 2

case and V; = (b + Cf)l/z in the A = 1 case. At the orbifold point ¢; = 0, and one can
write the coupling constant of the i-th gauge group as 1/(gyai)? = Vi/gs, where g, is
the string coupling constant. In type I1B one has also ¢; = [, 52 Br, which plays the role
of a theta angle in the gauge theory. One can then write the lcomplexiﬁed couplings as
i =0 +1i/(9vmi)? = ¢ + b7, with 7 = g;1. The S-duality of type I1B superstrings,

which acts on Byg and Bg manifests itself as a duality in the moduli space of couplings.

3 The orbifold of the twistor string

3.1 Review of the topological B-model on C P4

We start by reviewing the model proposed by Witten [I] to describe perturbative NV = 4
SYM: This is a topological B-model on the supermanifold C P®1%). The local bosonic and
fermionic coordinates on this space are (Z1,¢4), with I = 1,...,4 and A = 1,...,4.
They are subject to the identification (Z7,¢4) ~ (tZ1,t?), with t € C*. The Z! cannot

be all zero. Equivalently, this supermanifold can be defined as the sublocus of C'41%

(Z\ZI|2+ZWI2=T> JU(1) (3.1)

where U(1) is a phase transformation acting as (Z7,¢4) — e/*(Z! ¢*). This space is a
super Calabi-Yau with holomorphic volume form

1
0 WEIJKLEABCDZIdZJdZKdZdeAd¢Bd¢deD' (3.2)

9In this case, in addition to B there are further moduli from the RR sector: a hypermultiplet for type
I1IB or a vector multiplet for type I1A.



In this model the self-dual part of N'= 4 SYM with gauge group U(N) is reproduced by
the world volume action of a stack of N D5 branes. These are almost space-filling branes

placed at 14 = 0. The world volume action is a holomorphic Chern-Simons

= 2

S = QATT<A8A+§A/\.A/\.A) (3.3)
D5

where A = A;dZ” is a (0, 1) form with values in the adjoint representation of U(N). The

superfield expansion reads

Azz8) = Alz32) + 9l 2) + 500 0an (=, 2)
+ %EABCDwAwaCXD(Za Z) + %EABCDwAwB@DC@DDG(Z, Z).  (3.4)

The components of A are charged under the symmetry
St — Py (3.5)

as S(A, x, ¢, X, G) = (0, —1,—2, -3, —4). One can integrate out the fermionic coordinates
to get

S :/ QA ATr[GA QA+ ANA)+X* A Dya
CcP3

1 _ 1
+ ZEABCDCbAB A Docp + §€ABCDXA A XB N ¢cp) (3.6)

where € is the bosonic reduction of §2. After performing a Penrose transform [22], (B4)
yields the field content of the N' = 4 vector multiplet, whereas (Bl reproduces the
self-dual truncation of the N'=4 SYM action [23].

The non self-dual completion of the theory is obtained by introducing D1 instanton
corrections. These are holomorphic maps from CP' to CP3* and the instanton number
corresponds to the degree of the map. We will discuss later in more detail the role played
by these D1 branes.

3.2 The orbifold

The procedure reviewed in Section 2 can be applied to the twistor string of [I] in order
to reduce the N’ = 4 supersymmetry. The homogeneous coordinates of C'P3* provide a
linear realization of PSU(4|4), which is the A' = 4 superconformal group. It is therefore
natural to use twistors to study conformal theories. To reduce supersymmetry, we can
orbifold the fermionic directions of the super-twistor space. Physically, this amounts to
orbifolding the SU(4)r R-symmetry, which is the Fermi-Fermi subgroup of PSU(4|4). As

reviewed above, in the twistor theory of [T] a set of D5 branes is placed at ¢4 = 0. In
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Figure 1: Regrouping of the D5 branes under the orbifold action. Note that the k stacks

of branes are actually coincident at the point 104 = 0.

analogy with the conventional case, one possible interpretation is to view the orbifold as
acting in the ¢4 directions, which are transverse to the D5 branes. This induces an action
on the ¥4 which will be the one considered in the following.

Explicitly, we choose an action of the orbifold I' € Z; under which the fermionic

coordinates transform as
¢A — 627riaA/k¢A (37)

with the condition on the charges > ,as4 = 0 (mod k), so that I' € SU(4)g. The
holomorphic volume form (B2) is invariant under (B): This implies that the super-
orbifold is still Calabi-Yau. This is crucial for the consistency of the B-model [24].

We consider a stack of kN D5 branes in the covering space. The orbifold action
regroups the branes in k£ stacks of N branes each, as shown in Figure [l It is thus
convenient to decompose the U(kN) adjoint index into A%, = AIf]j, where I, J =1,...,N
label the brane within a stack and i,j = 1,..., k label the stacks.

An explicit representation of I' is

T 0 0
0 Tg - 0

R=1 . . . . (3.8)
0 0 - 1y

kN xkEN

where r; = €2™/F is a N x N matrix acting on the i-th node of the associated quiver. The
orbifold projection is enforced by requiring invariance of the components of the superfield
A under the action of I R-symmetry invariance of the superfield implies that (BI)

induces a conjugate transformation on the fermionic indices of the components. Combined



with the action on the Chan-Paton factors given by (B8], this gives the following orbifold

action on a generic component (with n = 0,...,4 fermionic indices) °

(Pay,.on,) 'y — 0TI e (@, ) (3.9)

For example, the lowest component of (B4), which physically represents the positive

helicity gluon, transforms as
Al — DR AR (3.10)
Invariance requires i = j, so that the gauge group is broken to
U(kN) — [U(N)]*. (3.11)
Similarly, the positive helicity gluino x4 transforms as
(xa)'ty = a0 k()1 (312)

so that in this case one needs to enforce i = j+ a4. Depending on the value of the charge
ay, the field x4 becomes either a gaugino or a bi-fundamental quark. One proceeds
analogously with the other components of A. One can picture the field content in a
quiver diagram with k£ nodes corresponding to the k£ gauge groups and bi-fundamental
matter as lines connecting pairs of nodes.

The choice of the discrete group one quotients by determines the amount of supersym-
metry preserved by the orbifold. For generic I' the supersymmetry is completely broken,
while for I € Z;, € SU(2)g and I" € Z;, C SU(3)g one has respectively N =2 and N =1
[T6].

So far we have only focused on the D5 brane sector. In the next Section we will tackle

the problem of orbifolding the D1 instantons.

3.3 D1 branes

As already remarked, the holomorphic Chern-Simons action on C'P3* only reproduces
the self-dual truncation of ' = 4 SYM. A non-perturbative correction to the B-model
is needed in order to recover the non self-dual part of the gauge theory. These new non-
perturbative degrees of freedom are D1 branes wrapped on holomorphic cycles inside the
supermanifold. These branes are D-instantons whose instanton number is given by the

11

degree d of the map. The simplest case ' is genus ¢ = 0 and d = 1. This is the only

19Tn this notation, for instance, ® 4, 4,454, = %€A1A2A3A4G, where G is the highest component of A.
1We will only consider tree-level scattering amplitudes. Amplitudes with ! loops receive contributions

also from curves of genus g < [.



example we discuss in this paper. The explicit map is

1973 + Sl?a[l>\a =0
YA 92N = 0. (3.13)

Here the coordinates of C'P3 are decomposed as Z! = (A%, 1) and 2,4, 02" are the moduli
of the embedding. In [T] the D1 instanton is initially placed at ¢»* = 0 and the dependence
on the fermionic coordinates is then restored through an integration over the moduli space.

Tree-level gauge theory scattering amplitudes are computed by considering the effec-
tive action for D1-D5 strings

]Dl—D5 = / dz 5[)0( (314)
D1

where a and 3 are fermions which carry respectively fundamental and anti-fundamental
gauge group indices. They correspond to strings stretching from the D1 to the D5 brane
and viceversa. The covariant derivative is D = d + A. The action (BI4) contains the
interaction term

Alpi_ps = / TrJA = o A (3.15)

D1 D1

where J% = af,. Scattering amplitudes are obtained by taking correlation functions
of the currents J’s in the background of the superfield A and integrating them over the
moduli space of a D1 instanton of appropriate degree. This degree is determined by the

sum over the S symmetry (BH) charges of the n external states

1 n
d——Z;Si—l. (3.16)

In the particular case of external gluons, this corresponds to d = ¢ — 1, where ¢ is
the number of negative helicity gluons. Explicitly, when d = 1 one has for the n-point
scattering amplitude

A, = /dgewl...wnua;...ﬂg) (3.17)

where the w; are the wave functions of the external states and are given essentially by the
coefficient of that state in the superfield expansion. We stress that the measure in (BI71)
is going to be invariant under the orbifold action.

We now discuss the issue of how the coupling constant may arise in the theory. From a
four dimensional field theoretical point of view, the completion of the self-dual Yang-Mills
action Igp = [ d*xTr(GF) is given by

2
Iya = /d%: Tr (GF - QYTMG@) . (3.18)

9



Therefore, in the topological B-model one expects the coupling constant to originate from
the D1 instanton expansion. This is rather surprising since now the YM perturbative
coupling seems to come from non-perturbative sectors of the theory. One natural way to
introduce a free parameter in the amplitude (BI7) is to weigh it by a factor (e=/21)4, where
Ipq is the action for a D1 instanton of degree d = 1. This has been already remarked in
[M]. Another way to achieve this is to consider the coupling of the D1 to the closed sector
of the B-model. This was first realized in [I1] where a new field b, a (1,1) form in twistor

space, is introduced. It has a minimal coupling to the D1 worldvolume
I, :/ by;dZ' A dZ7. (3.19)
D1

This field is not present in the perturbative analysis of the B-model. The necessity of it
was also recently rediscussed in [25] as a non-perturbative correction to Kodaira-Spencer
theory [26]. For a D1 sitting at (x,6) in the moduli space the coupling (BI9) directly
defines the conformal supergravity superfield W(z,0) = [ Dlgas) b. The lowest component
can be interpreted as a dilaton C. As a consequence of the coupling (BI9), in a vacuum
with expectation value (C) = ¢, an amplitude will be weighted by a factor (e=¢)?. This is
reminiscent of ordinary string theory where the coupling constant comes from the dilaton
expectation value.

In summary, we assume the contribution of the D1 instanton to an amplitude to be
equal to (¢%)4, where g2 might come from e~'P1 or e~¢.

To get the standard normalization of the scattering amplitudes, one also needs to
rescale each component of the superfield A by a factor g1+%s , where S is the charge under
the symmetry (B3): For instance, A goes to gA, x to \/gx, and so on. In the end, the

overall coupling constant in a tree-level n-point amplitude is

(3% im0 a0
=1

We now proceed to the analysis of the orbifold action on the D1 instanton sector. For
this action to be faithful on the Chan-Paton factors of the D1’s, we need to start with k
D1 branes. To begin with, we locate them at ¢4 = 0. As in [, the fermionic dependence
will be restored in the end through integration over the moduli space. Considering k& D1

branes, the effective action (BI4) gets changed into
Ipi_ps = / dz (B;00it + BB, Sall + 5%“4[%50‘?) (3.21)
D1

where r = 1,...,k is a U(k) index which labels the D1’s. For instance, o!l is a string

stretching from the 7-th D1 brane to the /-th D5 brane inside the i-th stack. In (B21]) B, *

10
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Figure 2: The stacks of D5 and D1 branes. An interaction between the first and the

second stack is depicted.

is the U(k) gauge field on the world-volume of the D1 branes. The action of the orbifold
breaks U(k) — [U(1)]¥. The D1-D5 strings a and 3 transform as

Oé;{l N 627rl(1_r)/k0é7{1

B — QQM(T_i)/kﬂ;i- (3.22)

Invariance under the orbifold action requires i = r. This implies that the D1-D5 strings
only stretch between the i-th D1 brane and the D5 branes in the i-th stack. This is shown
in Figure B and, in quiver language, for the specific example of £ = 3, in Figure Bl

The U(1) fields living on the D1 branes and the bi-fundamental matter connecting
them will not be considered in the following, although they are depicted in Figure Bl The
U(1) bundles over curves of genus g < 2 do not have moduli as remarked in [I] and do
not play a role in the computation of amplitudes. Further, it seems natural to neglect
the bi-fundamental fields since in general, when the branes move away from ¢* = 0, they
should correspond to massive states.

The stack of £ D1 branes can move away from the orbifold fixed point as one full
regular brane. In the covering space, the k& D1 branes are located in points related by
the I' action in the orbifold directions, whereas they coincide in the others. In particular,
they coincide along the bosonic subspace and therefore the bosonic world-volume is the
same for all of them. Since the branes cannot move independently we have only one set
of moduli (z, ) for the whole system. However this is not the complete story. We do not
fully explore the richness of the orbifold construction: If the branes were coincident at the
fixed point of the fermionic coordinates, then there would be no constraint on their motion
along the remaining directions and one would have an extended moduli space {(z,,6,)}
with k sets of parameters. We will not study this explicitly but we will limit ourselves to
some comments. Having k£ independent D1 branes allows one to consider k& independent
minimal couplings (BI9) to the b field. This might be worth studying because it could

11



(1)
(D—Q)

N N

Figure 3: The quiver for the D1-D5 brane system in the case k = 3.

provide a mechanism to generate k independent coupling constants, one at each node.
Since in the usual case the moduli space of couplings is related to twisted sectors, it will
be valuable to clarify this issue further by studying the closed sector of the B-model and
check whether it contains twisted states.

4 Explicit examples of orbifolds

4.1 An N =1 orbifold

We start by considering the case I' € Z;, C SU(3)g. Then SU(4)g is broken into U(1)g,
yielding N' = 1. We consider a particularly simple example, in which ¥ = 3 and ay =
(1,1,1,0), see (B). The gauge group is decomposed into [U(N)]* and the corresponding
quiver diagram is depicted in Figure Hl

The gauge sector contains three A" = 1 vector multiplets
Ai7 Gi7 )\iu S\i (41>

where A4; = AT Gy = GT A = (xa)', A = (Xa)';. The index i = 1,2, 3 labels the
nodes of the quiver.
On the other hand, the matter sector consists of three A/ = 1 chiral multiplets for

each pair of nodes

B ~p H T
Gt Gipre Pt Pt (4.2)

12
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N) > N

Figure 4: The N = 1 quiver for k =3 and a4 = (1,1, 1,0).

where now the index p runs from 1 to 3. Here a subscript i, j indicates that the field has
fundamental index in the i-th node and anti-fundamental in the j-th node. The quarks

qf'41 and the anti-quarks ¢, , ; come from (x*)";,, and ()Z“)I’};rl. The scalars ¢;;, and

' 1; come from (¢,4)"; 4 and P (¢,,) 1T, The gauge theory with this field content

is superconformal [T6] [17].
In terms of these fields the action ([B.0) becomes

3
3:2/ QA Tr[Gi A (DA; + A; A A;) + M A D
i=1 cps
+ Guivri A D Gir T Guir1i A D D1
+  €up C_Iffi+1 N C.IiV+1,i+2 N ¢f+2,i + A A q5i+1 A ¢ui+1,i]- (4.3)

The interaction term (BIH) becomes after the orbifold projection
AIDl—D5 = / TTJ.A == / JI:IIjAJ% —
D1 D1

3
- Z/ Tr[JiA; + ' i + VF Ji1 i i
i=1 D1
1 -
+ §€Wp¢”?/)y<]i,i+1¢f+1,i + P T 1 i
1 -1 )
+ geuwﬂﬂ”w”?ﬂpji% + §€uupw“wyw4f]i,i+1qip+17i + P2t LGy (4.4)

with J; = J7% = o/ and Jiz1 = JJ}iiJrl = o134, A convenient way to keep track
of the group theory factors is to use a double line notation, where one assigns a different

type of oriented line to the fundamental index of each node. For instance, an adjoint

13



(b)

Figure 5: The double line notation: (a) scattering of four adjoint fields belonging to the
same node; (b) scattering of two adjoint and two bi-fundamental fields; (c) scattering of
four bi-fundamental fields with intermediate adjoint field; (d) same as in (c) but with

intermediate bi-fundamental field.

field is represented by two lines of the same type and opposite orientation, while a bi-
fundamental field has two lines of different type and opposite orienation. For example, in
the N/ = 1 case discussed here there are three types of lines corresponding to the three

nodes of the quiver in Figure @l Some examples are shown in Figure

4.1.1 MHYV Amplitudes for the N' =1 orbifold

In order to calculate MHV amplitudes in these theories we need to follow the general
prescription given in [I] and [27]. This prescription is applicable also in this case since
we do not allow the k£ D1 branes to move independently, as already discussed. Saturation
of the fermionic degrees of freedom requires eight #’s. We consequently have as many
different MHV amplitudes, as there are possible products of terms from the superfield
expansion giving eight ’s. The denominator of these analytic amplitudes is provided by
the current correlation functions. The latters also provide the appropriate group structure.
Note that here we should be a little bit more careful than usual, since part of the gauge
theory trace is implicit in the summation of the indices i which belong to the fundamental
representation. We should therefore make sure that we consider only meaningful products

of currents, that correspond to single trace terms for each MHV analytic amplitude, for

14



instance products like J;J; j11Ji+11; for a four point amplitude of the form (A gq 5\) The
possible group theory contractions are easily estabilished by drawing the diagrams in
double-line notation.

It is now straightforward to proceed to the computation of specific amplitudes of
interest. One could rewrite the NV = 4 superfield expansion B4) in SU(3) x U(1)r
notation which is manifestly AN/ = 1 invariant. Recalling that the momentum structure of
the amplitudes is solely determined by the form of this expansion, we deduce that analytic
amplitudes in the N' = 1 orbifold theory bear an identical spinor product structure to the
ones of N' =4 SYM in SU(3) x U(1)g notation. This is in complete accordance with field
theoretical considerations, since the Lagrangian description of these theories is identical
apart from their group structure. We will make this point clearer with several examples.
Note, however, that in what follows we will omit group indices '? and coupling constants,

since we stay at the point in the moduli space where all the gauge couplings are equal.

Example 1: Amplitudes (A...AGG), (A...AGX)), and (A...AGqq) These
amplitudes have been extensively considered in the literature (for instance, see [28]). As a
first trivial check of the above, we compute the standard four gluon amplitude (A4;A;G;Gj),
with i = 1,2, 3. Following the usual prescription, and using ([B), we have

1 (344

A0 [ o)D) e ~ ey e

This is the familiar formula for MHV scattering in N' = 4 SYM. In the same way, one
can compute amplitudes of the type (A...AGG), (A...AG A\ 5\), (A...AGqq), and
(A...AXNqq).

Example 2: Amplitudes (¢q¢Gq) and (Aqq 5\) These amplitudes have, as previously
mentioned, the same spinor product structure N' =4 SYM has. Yet, they are far more
interesting cases to study. The reason is that they consist of two subamplitudes, shown in
the case (¢ ¢ q) in Figure 6. They depend on both gluon and scalar particle exchange. Let
us now concentrate on (¢f_y ; 47511 Giy1.; G5-1)- The other case (A qq ) can be computed in
a similar manner. The two subamplitudes in Figure 6 correspond in double line notation

to diagrams (d) and (c) in Figure

1
(12)(23)(34)(41)

_ 1
Alaaid) _ / A0 U073 (U5 05) (VT 0T e (46)

Integration over the 6% is straightforward and yields (34). Then, we must sum over all

possible contractions of momenta upon integration over the fermionic part of the space.

12 A5 usual we strip out the gauge group theory factor.
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There are three distinct ones

<@/f%@wwwwm—mz=MWWW—WWWMWM
(b) / 0 QUTUGURUEUTUT + {100} = (977 (876Y7 — 81787 — e e™™) (23)(34) (41)(4.7)

(© [ a0 UTH FITIT + (522) = (077876 — §75T) = ) (13) (24) (34)
The three spinor product structures in (1), are related through the Schouten Identity

(pa)(rs) + (qr){ps) + (rp){(gs) = 0. (4.8)

Use of this identity reveals the two independent structures that we were expecting. Ex-

plicitly, we have
/ d° QTS PEYSPIYT = —€" e (12)(34)% + (7T — e (23)(34) (41). (4.9)

Inserting (B29) into (E6), we obtain

(347 e (34)

(q94q) _ A
4 Ro3y41)  C Mgy

= —0",0°, (4.10)
It is easy to see that this result is in agreement with the field theory predictions. An
important remark is now in order. As we can also see in Figure 6, there are two types
of contributions to this scattering process. One of them comes from a Yukawa type in-
teraction term while the other comes from the usual matter-gluon interaction. In general
these two interaction terms would be weighted with the appropriate independent coupling
constant. It would be interesting to check if the consistency of the twistor method con-
straints the couplings to be in the conformal region of the moduli space. Amplitudes like
the one considered in this example might provide some insight on how to move away from

the point in the moduli space where all the couplings are equal.

M It It o 1 v
. . T T . . . . .
o ﬁlm ¢i+2< e i A A G-
v ~P ~H ~U
i i-1

Giit1 Qi1 4 Qit14
(a) (b)

Figure 6: The two Feynman diagrams that contribute to tree-level (qqGq) scattering.
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Q) Q)

Figure 7: The N = 2 quiver for k =2 and a4 = (1,1,0,0).

4.2 An N =2 orbifold

We now move on to the case in which I' € Z, C SU(2)g. This breaks SU(4)g — SU(2)g,
thus giving NV = 2. For simplicity, we investigate the particular choice of k& = 2 and
as = (1,1,0,0), see (B). The fields surviving the orbifold projection are organized into
two NV = 2 vector multiplets and two hypermultiplets. The resulting gauge group is
U(N) x U(N). The associated quiver diagram has two nodes and two links and is given
in Figure [l As in the previous N = 1 case, this theory is superconformal.

The field content of the gauge sector is
Ai> G17 )\;19 5\?7 ¢m (411)

where 4; = AT Gy = GTL A = (xsa)T5, A = (Vsa)'hy, and ¢ = (d1254)";. The
nodes of the quiver are labelled by i = 1,2. The index a is the SU(2)g index, whereas
m labels the two real components of the complex scalar field. The matter sector has two

bifundamental hypermultiplets
qilfi—i-l? gi”ﬂ,iv Hfi+1= Hiil,i (4.12)
with the index p = 1,2 labels the hypermultiplets. The quarks qi’f 141 are given by

(x*?)",; 1 and the anti-quarks ¢’ ; by (Y*?)"i*. The four scalars H* and H* come

from @13, P14, P23, and @oy.
The projected action and the D1-D5 interaction term can be obtained in similarly to

the previous N' = 1 case.

4.2.1 MHYV Amplitudes for the N = 2 orbifold

Example 1: Amplitudes like (A...AGG), (A...AG, AS\), and (A...AGqq) We
consider the scattering process between the following particles (A A G \* 5\0) According

to the twistor string method, we should compute

5 1
A(AAGNY) _ / 80, 11,12, 13 14 a1 2 b . 41
There are only two possible contractions between the different 1)’s, which yield
5 35)3(34)
A(AAG)\)\) — 53654{1 _ 53(1546 . <
( v 1135 (23 (30) (45) (51)
ac( s4c 3c <35>3

— . 4.14

(0 0 )(12)(23)(45)(51) ( )
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As we immediately see, we recovered the familiar result.

Example 2: Amplitude (Aqdj\) We will now apply the same method in order to
compute the scattering amplitude (A*¢* ¢” S\C) between a gluino—antigluino pair and a
quark—antiquark one. To this end, we need to calculate the following integral
-5 1
A()\qqA):/dSHau 3,4,V 12buc
¢1¢ 2(%%%)@4%%)5 P€b <12> <23> <34> <41>

where a,b,c = 3,4 and u, v, p=1,2. To perform the integration we need to sum over all

(4.15)

the possible contractions between the fermionic coordinates of supertwistor space. In this
example we can split the fermions into two groups, with no contractions among fermions

belonging to different groups. In each group, fermions can be contracted in two different

ways
(a) / IOV, = 6057 (13) (34)
(4.16)
(b) / OO, = —5U5(13)(34)
and
(a) / 0 OE T TR = 6267 (24) (34)
- (4.17)

0 / 0O UEDINE = — 5157 (24)(34).

We then substitute [EI6) and (EI7) into (EEIH) and use the Schouten Identity to obtain

We see from the form of the result that there are exactly two distinct spinor product
structures. They reflect contributions to the scattering process from two different types of
interactions: the former is the standard quark-gluon interaction and the latter is of Yukawa
type. Figure 8 shows the corresponding Feynman diagramms. This is in accordance with
the usual field theory calculations.

Other amplitudes, with quarks or scalars as external particles, can be computed in a
similar fashion. They usually retain the feature of receiving contributions from multiple

interaction processes/vertices.

5 Conclusion

In this paper we have investigated Z; fermionic orbifolds of the topological B-model on
CPBM to reduce the amount of supersymmetry of the dual AV = 4 Super Yang-Mills
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b ] \ P
& >Iiy+a1’iHiljii}< A Ai A A Git1
Ai

I ~p I
441 iy i 441
(a) (b)

Figure 8: The two Feynman diagrams that contribute to tree-level (A ¢ g 5\) scattering.

theory. This is possible since the Fermi-Fermi part of the PSU(4|4) isometry group of
CPCY is precisely the SU(4)r R-symmetry. We have discussed how the projection acts
on both the D5 and the D1 branes. As examples we have considered N' =1 and N = 2
orbifolds and obtained the corresponding quiver theories. Several amplitudes have been
computed and shown to agree with the field theory results.

Throughout the paper we have worked only at the point in the moduli space where
all gauge couplings constants are equal. It would be interesting to study the full moduli
space of superconformal couplings and understand its interpretation in twistor string
theory. Some indications on the origin of these moduli have been given in discussing the
action of the orbifold on the D1 brane sector. Since these moduli are usually interpreted as
coming from twisted fields it would be worth studying the closed string sector and identify
the twisted states. The fermionic orbifold does not have an obvious geometrical meaning.
The study of the twisted sector may be useful to shed some light on the geometrical

interpretation of the orbifold.
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