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Abstract

We study random mechanism design in an environment where the set of alternatives has a Cartesian prod-
uct structure. We first show that all generalized random dictatorships are sd-strategy-proof on a minimally
rich domain if and only if all preferences are fop-separable. We call a domain satisfying top-separability a
multidimensional domain, and furthermore generalize the notion of connectedness (Monjardet, 2009) to a
broad class of multidimensional domains: connectedt domains. We show that in the class of minimally rich
and connected* domains, the multidimensional single-peakedness restriction is necessary and sufficient for
the design of a flexible random social choice function that is unanimous and sd-strategy-proof. Such a flex-
ible random social choice function allows for a systematic notion of compromise. We prove an analogous
result for deterministic social choice functions satisfying anonymity. Our characterization remains valid for
a problem of voting under constraints where not all alternatives are feasible (Barbera et al., 1997).
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Multidimensional models arise very naturally in economic environments as it is often the case
that the object of choice consists of several attributes or components (commodities in consumer
theory, positions in political economy, different levels of provision of public goods, etc), with no
dependence across choices in different components.' The set of alternatives thus has the struc-
ture of a Cartesian product set, i.e., A = Xsep A*, where M collects all components, s € M is
a component, and A° is the corresponding component set.” The underlying Cartesian product
structure on the set of alternatives allows for a richer description of available alternatives and
introduces furthermore the possibility of defining domains of restricted preferences which take
cognizance of the multidimensional structure, and allow positive results for aggregation and eco-
nomic design. We explore the theoretical underpinnings of such multidimensional preference
domains from the perspective of mechanism design. We first identify that a particular condition,
top-separability (introduced by Le Breton and Weymark, 1999), is fundamental in formulating
multidimensional preferences that admit new possibilities for mechanism design.® Our principal
finding is that within the class of top-separable preferences, multidimensional single-peaked do-
mains (introduced by Barbera et al., 1993), a particular generalization of single-peakedness to a
multidimensional setting, emerge as the unique preference domains that allow for the design of
attractive random mechanisms. Thus the notion of single-peakedness, which is well-studied and
prominent in aggregation theory, voting theory and political economy, turns out to be a particu-
larly distinguished one in the context of multidimensional random mechanism design.

We focus on probabilistic mechanisms in multidimensional settings in the absence of mone-
tary transfers where the set of alternatives is assumed to be finite.* We impose a strong version of
the incentive compatibility requirement by requiring that truth-telling first-order stochastically
dominate every possible manipulation of preferences. We thus study Random Social Choice
Functions (RSCFs) that satisfy the ordinal version of strategy-proofness formulated by Gibbard
(1977), which we henceforth term sd-strategy-proofness.” We also impose the mild condition
that the RSCFs satisfy unanimity, which says that if an alternative is top ranked for every agent
at a preference profile, then it receives probability one under the RSCFs at that profile.

' See for instance, legislative, political and club-member elections (e.g., Border and Jordan, 1983; Barbera et al., 1991,
1993, 1999, 2005; Le Breton and Sen, 1999; Le Breton and Weymark, 1999; Aswal et al., 2003; Bahel and Sprumont,
2018) and public goods location and provision problems (e.g., Zhou, 1991; Peters et al., 1992; Chichilnisky and Heal,
1997; Ehlers, 2002; Svensson and Torstensson, 2008; Reffgen and Svensson, 2012).

2 We pick an element in each component set, and assemble the selected elements to form an alternative.

3na top-separable preference, when we compare two alternatives which disagree on exactly one component, the
alternative that inherits the element from the top ranked alternative in that disagreed component is always preferred.
Throughout the paper, the term multidimensional preference refers to a preference satisfying top-separability (and possi-
bly some other restrictions).

4 We focus on the classic voting model which we hope will be useful in formulating more general models where
some of the dimensions include private goods or monetary transfers. Recent work (e.g., Morimoto and Serizawa, 2015;
Kazumura et al., 2017) studies formulations with monetary transfers under non-quasi-linear preferences.

5 This is equivalent to requiring that the expected utility of truth-telling be at least as large as the expected utility of
manipulating, for every possible utility representation of the primitive ordinal preference.



An important class of RSCFs is the class of random dictatorships. These are defined by fixing
a probability distribution over agents; the probability assigned to an alternative at a preference
profile is then the sum of the weights of the agents who have this particular alternative as their top
ranked alternative. Random dictatorships are sd-strategy-proof and ex-post efficient (a strength-
ening of unanimity), and allow for a equitable distribution of power among agents which is
precluded by a deterministic dictatorship. These are however not entirely satisfactory from the
design point of view as they lack flexibility; indeed any alternative that is not top ranked for some
agent at the profile in question can never get strictly positive probability. In particular, such an
alternative may be second ranked for all agents in a profile where agents disagree on peaks; we
refer to such an alternative as a compromise alternative, and suggest that it is desirable to design
RSCFs that have the flexibility to give positive probability to such an alternative.®

Under a Cartesian product structure, random dictatorships can be naturally generalized to
accord with the multidimensional setting in the following way. Instead of fixing a probability
distribution over agents, we fix a probability on each voter sequences, which is an |M|-tuple
of agents, and associates each component with an agent who can be viewed as the dictator of
that component (note that one agent can be associated to multiple components). At a preference
profile, according to one voter sequence, we can assemble a unique alternative whose kth com-
ponent is the kth component of the corresponding component dictator’s preference peak. The
probability assigned to an alternative at a preference profile is then the sum of the weights of
the voter sequences which can assemble this alternative. These random mechanisms are called
generalized random dictatorships, and were introduced by Chatterji et al. (2012). Generalized
random dictatorships recognize the Cartesian product structure and allow for greater flexibility
than do random dictatorships as at some preference profiles: Some non-peak alternatives can be
assembled and receive strictly positive probability. In contrast to random dictatorships, certain
preference restrictions must however be imposed to ensure sd-strategy-proofness of a generalized
random dictatorship. We show in Proposition | that top-separability is necessary and sufficient
for sd-strategy-proofness of all generalized random dictatorships. However, due to the somewhat
limited assembling capability of voter sequences, generalized random dictatorships sometimes
ignore compromise alternatives.

This paper examines restricted domains of multidimensional preferences that allow us to con-
struct sd-strategy-proof RSCFs which are flexible in that they systematically admit compromise.
The preference domains we study satisfy a particular “richness” property that is based on the idea
of connectedness initially proposed by Grandmont (1978) and Monjardet (2009), and has been
recently adopted to explore various issues which include the equivalence of local sd-strategy-
proofness and sd-strategy-proofness (e.g., Carroll, 2012; Sato, 2013; Cho, 2016; Mishra, 2016),
the extent to which RSCFs can depend on agents’ preferences (Chatterji and Zeng, 2018), and
the characterization of preference restrictions that allow one to design attractive RSCFs (Chatterji
et al., 2016). The notion of connectedness requires that one be able to reconcile the differences
between two preferences via a sequence of preferences in the domain where each successive
pair involves one “local switch” of two contiguously ranked alternatives. This richness condition

6 Gibbard (1977) proved that on the domain of unrestricted preferences, the only sd-strategy-proof and unanimous
RSCFs are random dictatorships. Recent literature has examined restricted preference domains where one may design
more flexible RSCFs that are sd-strategy-proof and unanimous. See for instance, almost random dictatorships (Chatterji
et al., 2014), fixed probabilistic ballots rules (Ehlers et al., 2002) and probabilistic generalized median voter schemes
(Peters et al., 2014).



restricts the probabilities received by alternatives that do not switch across two successive pref-
erences, and plays a fundamental methodological role in deriving the results mentioned above.

This notion of connectedness however does not apply to domains of multidimensional pref-
erences, e.g., the top-separable domain, as it is often the case that multiple pairs of alternatives
have to be switched simultaneously across two successive preferences. We introduce a new no-
tion of a connectedness which permits the requisite simultaneous local switches, and allows us
to investigate systematically domains of multidimensional preferences that permit the design of
nice sd-strategy-proof RSCFs. The domains we consider are termed connected® domains; these
are subsets of the top-separable domain, and include the well studied instances of separable
preferences (Barbera et al., 1991; Le Breton and Sen, 1999), multidimensional single-peaked
preferences (Barbera et al., 1993), and their intersection and unions. Connected™ domains also
possess the requisite generality and structure that would in principle allow one to investigate
other issues being studied in the literature (like the equivalence of local sd-strategy-proofness
and sd-strategy-proofness, etc, alluded to above), and can presumably be exploited beyond this
paper.

In the class of connected* domains, multidimensional single-peaked domains are an impor-
tant and well studied class. These are a particular generalization of the idea of single-peaked
preferences to a multidimensional setting using the Cartesian product structure and the city
block metric. Our first theorem characterizes multidimensional single-peaked domains as the
unique domains that permit the design of sd-strategy-proof and unanimous RSCFs departing
from random dictatorships/generalized random dictatorships systematically, in that they admit
compromises, wherein the compromise alternatives necessarily receive strictly positive proba-
bilities whenever they appear (see Theorem 1). Our version of multidimensional single-peaked
domains allows elements of each component set to be arranged on a tree which is a general-
ization of multidimensional single-peakedness initiated by Barbera et al. (1993).” In the special
case where the connected* domain contains two complete reversal preferences, we refine the
domain characterization to the more familiar formulation of Barbera et al. (1993). We next pro-
vide a characterization result for multidimensional single-peaked domains using deterministic
social choice functions (see Theorem 2). We do so by replacing the compromise property by the
familiar axiom of anonymity.®

We finally turn to the setup of voting under constraints originally proposed by Barbera et al.
(1997). Here, not all alternatives in the underlying Cartesian product structure are feasible. We
investigate what structure on the set of feasible alternatives and preferences (applicable now only
to the restriction of the original preferences to the feasible alternatives) would allow us to define
RSCFs which satisfy our requirements of unanimity, sd-strategy-proofness and compromise on
connectedt domains. We deduce that the set of feasible alternatives must be factorizable as a
Cartesian product of trees, and the preferences must satisfy a particular version of multidimen-
sional single-peakedness w.r.t. the feasible alternatives (see Theorem 3). Our results are therefore
robust to voting under constraints.

The rest of the paper is organized as follows. The remainder of the Introduction explains in
greater detail the relation of this paper to the literature. Section 2 describes the model, introduces
generalized random dictatorships, establishes the domain richness condition, and specifies the
formal notion of compromise. Section 3 presents the domain characterization results for multidi-

7 In the formulation of multidimensional single-peakedness of Barbera et al. (1993), all elements of each component
set are located on a line.
8 Anonymity implies that the social outcome is immune to the identities of agents.



mensional single-peaked preferences, while Section 4 concludes. The Appendix gathers proofs,
examples and verifications that are not included in the main text.

1.1. Related literature

Much of the literature on multidimensional models has focused on deterministic social choice
functions (DSCFs). The early literature proved impossibility results for various generalizations
of single-peakedness to cases where the set of alternatives is a convex subset of RIM! (e.g.,
Border and Jordan, 1983; Bordes et al., 1990; Zhou, 1991; Peters et al., 1992). The case of sep-
arable/top-separable preferences over a convex subset of alternatives was analyzed by Le Breton
and Weymark (1999) while general results on formulations where the set of alternatives is a
subset of a metric space were presented by Weymark (2008). Barbera et al. (1991) provided a
possibility result for voting by committees when the number of elements in each component set
is two, while in the general case of finitely many elements in each component set studied by Le
Breton and Sen (1999), sd-strategy-proof DSCFs degenerate to generalized dictatorships which
are the deterministic counterparts of generalized random dictatorships. Positive characterization
results for generalized median voter schemes have been introduced by Barbera et al. (1993) who
proposed the restriction of multidimensional single-peakedness, and by Barbera et al. (1997) who
introduced the intersection property on generalized median voter schemes to accord with voting
under constraints. Two comprehensive surveys of these results are provided by Sprumont (1995)
and Barbera (2010). Besides the characterizations of sd-strategy-proof DSCFs on multidimen-
sional domains, several papers also verify the necessity of separable preferences (see Hatsumi
et al., 2014), and variants of multidimensional single-peaked preferences for the existence of
particular sd-strategy-proof generalized median voter schemes (e.g., Barbera et al., 1993, 1999)
or general sd-strategy-proof DSCFs satisfying different well-behavedness criteria (e.g., neutral-
ity and anonymity in Nehring and Puppe, 2007, and the tops-only property and anonymity in
Chatterji and Mass6, 2018).”

The literature on random mechanism design on restricted domains arising from multidimen-
sional models is not as large. An early paper by Dutta et al. (2002) studied lotteries defined
on a convex subset of RI™! where preferences are convex, continuous and single-peaked, and
established a random dictatorship result. Subsequently, Chatterji et al. (2012) characterized gen-
eralized random dictatorships on the lexicographically separable domain, which is a particular
subset of the separable domain, while Chatterji and Zeng (2018) characterize random dictator-
ships using sd-strategy-proofness and ex-post efficiency on the multidimensional single-peaked
domain. A more directly related to this paper is the paper by Chatterji et al. (2016) which charac-
terized single-peaked preferences on a tree in a class of connected domains. The characterization
of the multidimensional single-peaked domain in this paper differs from their result in two im-
portant ways. First, Chatterji et al. (2016) used an extra tops-only axiom on the RSCFs, and
secondly, as mentioned earlier, their connectedness assumption excludes the multidimensional
domains studied in this paper. In the present paper, the tops-only property emerges endogenously
(Proposition 2) from our richness condition. Our richness condition is a strengthening of the
“Interior and Exterior” properties of Chatterji and Zeng (2018) that was shown to induce the
tops-only property. Their results do not apply for the connected* domains in this paper. We

9 Neutrality implies that the social outcome is immune to relabelings of alternatives. The tops-only property implies
that across two preference profiles, if each agent has the same preference peak, the social outcomes remain unchanged.



extend their tops-only result to our setting by postulating the existence of sufficiently many sepa-
rable preferences that allow the sort of multiple switches of alternatives we alluded to earlier. This
strengthening is critical for establishing that the alternatives in the Cartesian product structure can
be embedded in a product of trees, and that preferences be multidimensional single-peaked (as
stated in Theorem 1). Similarly, our characterization result for multidimensional single-peaked
domains using deterministic social choice functions extends the analysis of Chatterji et al. (2013)
to multidimensional domains (which were excluded by their hypothesis of connected domains),
and does so by endogenizing the tops-only property (which was an exogenous axiom in their pa-
per). For the set up of voting under constraints, Barbera et al. (1997) characterized all unanimous
and sd-strategy-proof DSCFs on the multidimensional single-peaked domain for arbitrary feasi-
ble sets. We investigate and provide an answer to the converse question: What can be inferred
about the structure of the set of the feasible alternatives and the preferences from the existence of
a well-behaved sd-strategy-proof RSCF satisfying the property of compromise on a connected*
domain?

2. Model

Let A be a finite set of alternatives with |A| > 4. We assume that the alternative set can be rep-
resented as a Cartesian product of a finite number of sets, each of which contains finitely many
elements. Formally, throughout the paper, we fix A = X ey A where M ={1,2,...,m},m>?2
is an integer; and |A®| > 2 is an integer for each s € M.'" Each s € M is called a component;
A is referred to as a component set, and an element in A* is denoted as a®. Accordingly, an
alternative is represented by a m-tuple, i.e., a = (a1 Jaz, ..., a™) = (a*)sem. Given a nonempty
strict subset S C M, let AS = x;e5A%, a5 = (a°)ses € AS; A™5 = x,¢5A% and a™5 = (a*)y¢5 €
A5 Therefore, we also write alternative a = (a*, a~*) = (a®, a~5). In particular, we say that
a pair of alternatives a, b € A is similar if they disagree on exactly one component, i.e., a® # b*
and a=* = b~* for some s € M. For notational convenience, given a non-empty strict subset
ScM, XScASand Y SCA S, let (X5, Y 5)={acA:a%cX5anda5 e Y™5}.1? Let
A(A) denote the space of lotteries/probability distributions over A. In particular, ¢, € A(A) is a
degenerate lottery where a is chosen with probability one.

Let I ={1,..., N} be a finite set of voters with N > 2. Each voter i has a preference order
P; over A which is complete, antisymmetric and transitive, i.e., a linear order. For any a,b € A,
aP;b is interpreted as “a is strictly preferred to b according to P;”.'3 Moreover, we use a P;!b to
denote that a is contiguously ranked above b in P;, i.e., a P;b and there exists no ¢ € A such that
a P;c and ¢ P;b. Two preferences P;, Pl.’ are complete reversals if [a P;b] < [b Pl.’ alforalla,b e
A. Given a preference P; and a strict subset B C A, let P;|p denote the induced preference over B
which preserves the relative rankings of all alternatives of B in preference P;. Given a preference
P;, let ri (P;) denote the kth ranked alternative in P;, 1 <k < |A|. Let P denote the set containing
all linear orders over A. The set of all admissible preferences is a set D C P, referred to as a
preference domain. We call P the complete domain, and refer to D as a restricted domain

10 To make sure all components indispensable, we assume |A*| > 2 forall s € M.

' In this paper, € and C denote the weak and strict inclusion relations respectively.

12 We henceforth frequently use (x°, A~5) ={a € A:a* =x*}and (A%, x ) ={acA:a"S =x"5).

13 In a table, we specify a preference “vertically”, while in a sentence, we specify a preference “horizontally”. For
instance, preference P;: a—b_.c_ --- is one where a is at the top, b is the second best, ¢ is the third ranked alternative
while the remaining alternatives are arbitrarily ranked.



when D # IP. For notational convenience, given a € A, let D¢ = {P; € D : r{(P;) = a} denote a
subdomain where each preference’s peak is a. Correspondingly, a domain DD is minimally rich if
D4 #£ ¢ for every a € A. Throughout the paper, we restrict attention to minimally rich domains.

Each voter reports a preference, and all reported preferences are collected to formulate a pref-
erence profile P = (P, P2,..., Py) = (P;, P_;) € D¥. A Random Social Choice Function
(or RSCF) is a map ¢ : DV — A(A), which associates to each profile P € DV, a “socially
desirable” lottery ¢(P). For any alternative a € A, ¢,(P) is the probability with which a
will be chosen in ¢(P). Thus, ¢,(P) >0 for all @ € A and )_,_4 ¢a(P) = 1. A Determin-
istic Social Choice Function (or DSCF) is a particular RSCF where a degenerate lottery is
specified at each preference profile, i.e., 9(P) = e, for some a € A at profile P.'* First, an
RSCF ¢ : DV — A(A) is unanimous if it assigns probability one to an alternative that is top
ranked in a profile by all voters, i.e., [r1(P;) =a foralli € I] = [p,(P) = 1] for all a € A and
P € DV. Next, an RSCF ¢ : DY — A(A) is sd-strategy-proof if for all i € I, P;, P/ € D and
P_; eDN"! the lottery ¢ (P;, P_;) first-order stochastically dominates (p(Pi/ , P_;) according to
Piie, Y iy rpy(Piy Poi) = 30y QP (P, P—y) forallt =1,..., |A].1°

A prominent class of unanimous and sd-strategy-proof RSCFs is the class of random dicta-
torships (Gibbard, 1977). Each voter first is assigned a non-negative weight such that the sum
of all weights equals one. In a random dictatorship, at each preference profile, the probability
received by an alternative is determined by the set of voters who prefer this alternative the most,
and equals the sum of these voters’ weights. Formally, an RSCF ¢ : DY — A(A) is a random
dictatorship if there exists ¢; > 0 for each i € I with Zie ; & =1 such that for all P € D¥ and
acA, 9a(P)=)cs 1 (P)=a &;.'° Note that a random dictatorship is sd-strategy-proof on any
arbitrary preference domain.

2.1. Generalized random dictatorships

Under the Cartesian product setting, one may consider the following generalization of a ran-
dom dictatorship. We associate each component s € M with a voter i € I, and construct an
m-tuple of voters i = (i*)sep € I™ to form a voter sequence. A voter sequence can be viewed
as a combination of m dictators (note that one voter may appear multiple times); on each com-
ponent s € M, voter i° is the dictator over the component set A*. Given a profile P € DV, for
notational convenience, assume r{(P;) = (xl?' )seM, i € I. We say that an alternative a = (a*)sem
is assembled by a voter sequence i = (i*)sep at profile P if a® =xi; =ri(P;s)° forall s € M.
Analogously to random dictatorships, we associate a non-negative weight to each voter sequence
i €I, denoted y (i) > 0, and let Zie ¥ (@) = 1. Last, at each preference profile, the proba-
bility assigned to an alternative is determined by the set of voter sequences which can assemble
this alternative. Such an RSCF is referred to as a generalized random dictatorship (Chatterji et
al., 2012). Formally, an RSCF ¢ : DY — A(A) is a generalized random dictatorship if there
exists y (i) > 0 for each i € I with ) ;_;m y(i) = 1 such that for all P € DY and a € A,

14 We sometimes simply write a DSCF as f : DN - A.

15 To avoid confusion, we also use the term “sd-strategy-proofness” for DSCFs. One can easily infer that the definition
of sd-strategy-proofness for a DSCF f : DV — A degenerates to that for all i € I, P;, PleDand P_; € DV-1, we
have f(P;, P_j)=f (Pi/ ,P_j)or f(P;, P_))P; [ (Pl./ , P_;). Note that a mixture (equivalently, a convex combination)
of finitely many sd-strategy-proof DSCFs is an sd-strategy-proof RSCF.

16 1 particular, if &; = 1 for some i € I, the random dictatorship degenerates to a dictatorship.



0qa(P) = > y (i). In particular, if y (i) = 1 for some i € I"*, the general-
i=%)semel™ a=(r1(Pis)") oy

ized random dictatorship degenerates to a generalized dictatorship. Therefore, each generalized

random dictatorship is a mixture of generalized dictatorships.

Evidently, every generalized random dictatorship satisfies unanimity. On the one hand, if only
constant voter sequences (i.e., one voter dictates all components) receive positive weights, the
generalized random dictatorship degenerates to a random dictatorship. On the other hand, if every
voter sequence receives a strictly positive weight, the generalized random dictatorship prescribes
a maximal support for the social lottery at each preference profile compared to others. The char-
acterization of random dictatorships (Gibbard, 1977) implies that to restore sd-strategy-proofness
on generalized random dictatorships, especially those associating strictly positive weights to
non-constant voter sequences, we must impose some preference restriction. This preference re-
striction turns out to be fop-separability; it was initially introduced by Le Breton and Weymark
(1999) on continuous preferences over a product of first-countable Tychonoff space.'” To formu-
late a top-separable preference, we first fix exactly one “acceptable” element in each component
set. Evidently, the most preferred alternative must be the one assembled by all acceptable ele-
ments. Furthermore, when comparing a pair of similar alternatives, the one which inherits the
acceptable element in the disagreed component is always preferred.

Definition 1. A preference P;, say r1(P;) = (x*)sem, is top-separable if for all similar alterna-
tivesa,b € A, say a® #b* and a~* =b~*, we have [a* = x*] = [a P;b].

Let Dtg denote the top-separable domain containing all top-separable preferences. The
proposition below shows that under minimal richness, top-separability is necessary and suffi-
cient for sd-strategy-proofness of all generalized random dictatorships, in particular, those that
assign strictly positive weights to all voter sequences.

Proposition 1. Let D be a minimally rich domain. All generalized random dictatorships are
sd-strategy-proof if and only if all preferences are top-separable.

The proof of Proposition 1 is available in Appendix A.

The Cartesian product structure would be redundant, for instance it could be simply viewed
as a relabeling of alternatives, if it is not involved in establishing preference restrictions. The
restriction of top-separability however respects the Cartesian product structure, systematically
restores sd-strategy-proofness in a class of RSCFs which is significantly more flexible than ran-
dom dictatorships, and therefore distinguishes us from the models in the one-dimensional setting
(e.g., Gibbard, 1977). Henceforth, we restrict attention to domains of top-separable preferences.

Definition 2. A domain is called a multidimensional domain if all preferences are top-
separable.

In the literature, two well studied preference restrictions, separability (Le Breton and Sen,
1999) and multidimensional single-peakedness (Barbera et al., 1993) naturally meet the require-
ment of top-separability, and refine top-separable preferences by imposing additional restrictions.

17 Theorem 5 of Le Breton and Weymark (1999) showed that a DSCF with a full range is sd-strategy-proof on their
top-separable domain if and only if it is a generalized dictatorship.



In order to formulate a separable preference, not just a unique acceptable element is fixed in
advance, but a linear order, referred to as a marginal preference, is first fixed over all elements of
each component set. Separability then requires that between each pair of similar alternatives, the
one endowed with a better element in the disagreed component is always preferred.

Definition 3. A preference P; is separable if there exists a (unique) marginal preference [P;]°
over A® for each s € M such that for all similar alternatives a, b € A, say a®* # b* anda™* =b7",
we have [a*[P;*b* ] = [a P;b].

In a separable preference P;, the relative ranking of two similar alternatives are determined
independently of their agreed components, i.e., for all s € M, a®,b* € A* and x™*, y ™ € A™5,
[(@®, x5)Pi(b*, x%)] & [(@, y~*)P;(b*, y~*)]. The domain including all separable prefer-
ences is referred to as the separable domain, denoted Dg. Evidently, Dg = Drg if |A%] =2
for all s € M, and Dg C Drg if |A*| > 2 for some s € M. For more detailed studies on separable
preferences, please refer to Barbera et al. (1991), Le Breton and Sen (1999), Barbera et al. (2005)
and Reffgen and Svensson (2012).

Alternatively, multidimensional single-peakedness adopts a particular “grid” to measure the
geometric distance between alternatives, and then requires one alternative be preferred to another
when it stands “closer” to the preference peak. Formally, for each s € M, all elements of A® are
located on a tree, denoted G (A%).'® Let (a®, b*) denote the unique graph path between a* and b*
in G(A*).!"” Combining all trees G(A®), we generate a product of trees x 3 G (A*) where the
set of vertices is A, and two distinct alternatives a and b form an edge if and only if @ and b are
similar, say a=* = b™* for some s € M, and moreover, a® and b* form an edge in G(A*). Given
a,b € A, for notational convenience, let (a,b) = {x € A : x* € (a’, b*) for each s € M} denote
the minimal box containing a/l alternatives located between a and b in each component. Thus,
in a multidimensional single-peaked preference, if one alternative is in the minimal box formed
by the preference peak and another alternative, it is naturally closer to the preference peak, and
hence is ranked relatively higher.

Definition 4. A preference P; is multidimensional single-peaked on a product of trees
Xsem G(A®) if for all distinct a, b € A, we have [a e (ri(Py), b)] = [aP;b].

Therefore, a domain is multidimensional single-peaked if there exists a product of trees on
which every preference is multidimensional single-peaked. Given a product of trees X3y G (A®),
let Dvsp denote the multidimensional single-peaked domain which contains all corresponding
multidimensional single-peaked preferences.”’ For more details on multidimensional single-
peaked preferences, please refer to Barbera et al. (1993) and Sprumont (1995).

Remark 1. In the multidimensional single-peaked domain, some preferences are separable while
some are not separable. Note that a separable preference P;, say r1(P;) = x = (x*)sem, is multi-

18 A graph is a combination of vertices and edges. A graph path is a sequence of vertices with each consecutive pair
forming an edge. A tree is a graph where each pair of vertices is connected via a unique graph path.

19 If g5 = b%, (a®, b%) = {a®} is a singleton set.

20 The version of multidimensional single-peakedness we derive is a generalization of the one studied by Barbera et al.
(1993), since they restrict attention to a product of lines. Throughout this paper, any strict subset of the multidimensional
single-peaked domain is just referred to as “a multidimensional single-peaked domain”. Two distinct product graphs of
trees always induce two distinct multidimensional single-peaked domains.



dimensional single-peaked on a product of trees xscp G (A®) if and only if for every s € M, the
marginal preference [ P;]° is single-peaked on G(AY), i.e., for all distinct a®, b* € A%, we have
[¢° € (. 1) ] = [ [PPB*] 2T O

2.2. Connectedt domains

To execute our investigation, we restrict attention to a class of multidimensional domains that
satisfies a particular richness condition, connectedness™.

To establish connectednesst, we first introduce two notions to address the relation between
two preferences which are sufficiently close to each other in the Kemeny distance (Kemeny,
1959). Let I'(P;, P!) = {{a, b} € A*|aP;b and bP/a} denote the set collecting all pairs of al-
ternatives that are oppositely ranked across P; and P/. Correspondingly, the Kemeny distance
between P; and Pl.’ equals |1"(P,', Pl.’ )|. Henceforth, to avoid confusion, whenever we write
{a,b} € T'(P;, P/), we also presume a P;b and bP/a. First, the notion of adjacency links two
distinct preferences with Kemeny distance 1, which thereby disagree on the relative ranking of
exactly one pair of alternatives. The second notion, adjacency™, is customized for two separable
preferences which happen to disagree on the relative ranking of some pair of similar alternatives,
and meanwhile have a “minimum” Kemeny distance.”” To see why this is a natural notion of
adjacency between two separable preferences, notice that if separable preferences P; and P/ dis-
agree on the relative ranking of two similar alternatives, say {(a*,z~*), (b*,z7°)} € I'(P;, P!),
then separability implies (a*, z7*) P;(b*, z*) and (b*, z7*) P/(a®, z~) forall z7* € A~*. Hence,
the minimum Kemeny distance between P; and P/ is |A~*|, and can only be reached at
(P, P = {{@,275), b°, 2N} o pee-

Definition 5. Preferences P; and P/ are adjacent, denoted P; ~ P/, if I'(P;, P/) = {{a, b}} for
some a,b € A. Preferences P; and P/ are adjacent, denoted P; ~* P/, if they are separable
preferences, and I'(P;, Pl.’) = {{(as, z7%), (0%, 275} SeA-s for some s € M and a®, b* € AS.

Observe that across two adjacent preferences P; and P/, the pair {a, b} is locally switched, re-
ferred to as a local switching pair, while every other alternative is identically ranked. Hence,
aP;'b, bP/la, and for every c ¢ {a,b}, ¢ = ri(P;) = ri(P/) forsome 1 < k < |A|. Simi-
larly, across two adjacent* preferences P; and Pl.’, all pairs {(a®,z7%), (%, z7%)}, z7° € A™¥,
are locally switched simultaneously, and every other alternative is identically ranked. Hence,
@,z )P\, 27%), (b*,z75)P/!(a®,z™*) for all z7° € A™*, and for every ¢ € A with ¢* ¢
{a®,b°}, c =rp(P;) = rk(Pi/) for some 1 <k < |A]|.

In an sd-strategy-proof RSCE, if one voter unilaterally changes her sincere preference to an
adjacent or adjacent™ preference, the probability associated to the alternative in a local switching
pair whose ranking is lifted up from the sincere preference to the other one, might increase, while
the sum of two probabilities in each local switching pair and the probability received by every
alternative excluded from the local switching pair(s) remain fixed (see Lemma 8 of Appendix B).

21 To show the necessity part, given s € M, a’® € (xs b ) first implies (a*, x %) € (x, (b*, x %)), and then multidimen-
sional single-peakedness implies (a*, x ~%) P; (b%, x~%). Furthermore, separability implies a*[ P;]°b*. For the sufficiency
part, given distinct a, b € A with a € (x, b), we first know a® € (x*, b*) for every s € M. Hence, by single-peakedness of
the marginal preferences, we have a’[P;]b* for all s € M with a® # b* which furthermore implies a P; b by separability,
as required.

22 See the coexistence of adjacency and adjacency* in the separable domain of Example 8 of Appendix E.2.



This makes the variation of the two corresponding social lotteries in the sd-strategy-proof RSCF
more tractable.

Given two distinct preferences P; and P/, a sequence of preferences {P[.k}ﬁc: 1» 1 > 2, which
is required to contain no repetition, is referred to as a path connecting P; and P/ if for all
1 <k<t—1,either Pik ~ Pl.k‘H or Pl.k ~t Pik‘H. This indicates that the differences between
P; and P/ can be reconciled via a sequence of one-pair or multiple-pair local switchings. In
particular, if every consecutive pair of preferences in a path is adjacent, this path is referred to as
an adjacency path.

As the difference between two preferences may be reconciled via multiple paths, the length
of the path matters. We impose two properties: the Interior* property and the Exterior* property,
which ensure that for each pair of distinct preferences, a sufficiently short path in the domain
can be used to reconcile the difference between the two. First, we partition the domain into
several subdomains of preferences according to the preference peaks. The Interior* property is
established on each subdomain, and requires two preferences in one subdomain be connected
via a path in this subdomain. The Exterior* property imposes conditions on two preferences in
two distinct subdomains. When these two preferences share the same relative ranking of a pair of
alternatives, we can construct a path in the domain connecting them, and meanwhile preserve the
relative ranking of this particular pair of alternatives along the path. In particular, when these two
preferences have similar peaks, say (a®, z7*) and (b°, z7%), an additional condition is imposed
so that the peak of each preference in the path lies in the set (A%, z7%).

Definition 6. Domain D satisfies the Interior* property if given distinct P;, P/ € D with
r1(P;) =ri(P/) = a, there exists a path {P/‘}Z=1 C D connecting P; and P.

Definition 7. Domain D satisfies the Exterior* property if given P;, P/ € D with r{(P;) #
ri(P/), and a,b € A with aP;b and aP/b, there exists a path {Pl."}Z:1 C D connecting P;
and P/ such that aPl.kb for all 1 <k < g. In addition, when r(P;) and r{(P/) are similar, say
ri(P) = (a*,z7%) and r{(P)) = (b°,z*), the path {P/‘}Z:1 satisfies the no-detour property,
ie., ri(PF) e (A%, z7%) forall | <k <¢.”

Throughout the paper, a multidimensional domain satisfying the Interior* property and the
Exterior* property is referred to as a connected* domain.

Remark 2. The top-separable domain, the separable domain, multidimensional single-peaked
domains, their intersection and unions are all included in the class of connected™ domains. The
detailed verifications are available in Appendices E.2 - E.6. Drawing on recent work (Chatterji
et al., 2018), we introduce a new multidimensional domain by generalizing their preference
restriction, eventual-single-peakedness, from the one-dimensional setting to the multidimen-
sional setting. This multidimensional eventually-single-peaked domain can be applied to models
that seek to allocate multiple public facilities (e.g., Bochet and Gordon, 2012). The details
of this formulation are available in Appendix E.7. The lexicographically separable domain of
Chatterji et al. (2012) fails connectedness* due to the non-existence of preferences delivering

3 Appendix E.1 provides an example of top-separable domain which violates the no-detour property but satisfies the
Interior* property and the remainder of the Exterior® property.



The separable domain The top-separable domain

The lexicographically

separable domain A multidimensional

eventually-single-peaked domain

The multidimensional The multidimensional
single-peaked domain I single-peaked domain II

Fig. 1. The relations among several multidimensional domains.

adjacency.”* We use Fig. | to summarize the relations among these multidimensional domains.
The class of connected* domains also excludes domains studied in the one-dimensional setting
(e.g., Gibbard, 1977; Moulin, 1980; Demange, 1982; Saporiti, 2009).25 In particular, if we dis-
regard the no-detour property, our Interior* and Exterior™ properties generalize the connected
domains of Sato (2013) which only adopt adjacency paths. O

We next turn to an important property of unanimous and sd-strategy-proof RSCFs on
connectedt domains which plays a critical role in the subsequent analysis: The social lottery
at every preference profile depends only on voters’ preference peaks. We say that such an RSCF
satisfies the tops-only property. Formally, an RSCF ¢ : DV — A(A) satisfies the tops-only
property if for all P, P’ € DV, we have [r{(P;) = ri(P)) foralli € I1= [p(P) = ¢(P")].

Proposition 2. Every unanimous and sd-strategy-proof RSCF on a connected® domain satisfies
the tops-only property.

The proof of Proposition 2 is available in Appendix B.

Remark 3. We add the superscript “+” to highlight the role of adjacency™ in our two proper-
ties, and distinguish our two properties from the Interior and Exterior properties of Chatterji and
Zeng (2018) which also endogenize the tops-only property in all unanimous and sd-strategy-
proof RSCFs. The connected™ domains considered here fail to satisfy their Interior and Exterior
properties: The Interior property only adopts adjacency paths, and cannot be applied to the sep-
arable domain (see Example 8 of Appendix E.2), while the Exterior property is significantly
weaker than the Exteriort property as it is defined by using the notion of isolation which is
weaker than both adjacency and adjacency*. The verification of Proposition 2 is similar to the
proof of the Theorem of Chatterji and Zeng (2018), but requires an additional step (Lemma 11 of

2 A separable preference P; is lexicographically separable if there exists a lexicographic order (a linear order) > over
M such that for all x, y € A, we have [x*[P;]5y® and x¥ = y7 forall T € M with T > 5] = [x P; y]. Let Dg denote the
lexicographically separable domain which contains all lexicographically separable preferences. Evidently, Dy g € Dyg.
In the lexicographically separable domain, we know that (i) there exists no pair of adjacent preferences when |M| > 2
or |A%| > 2 for some s € M, and (ii) even though adjacency™ exists, every pair of adjacentt preferences shares the same
lexicographic order over M. Therefore, the difference of two lexicographically separable preferences which have two
distinct lexicographic orders can never be reconciled via a path in the lexicographically separable domain.

25 The complete domain satisfies both the Interior* and Exterior™ properties, but fails top-separability, while the single-
peaked domain and the single-crossing domain violate both top-separability and the no-detour property.



Appendix B) that specifically applies to adjacent™ preferences. Finally, we note that Proposition 2
still holds even when the no-detour property fails. O

We believe that Proposition 2 is of some independent interest for the study of RSCFs. For
instance, we use Proposition 2 to generalize an existing characterization result of generalized
random dictatorships on all connected™ supersets of the lexicographically separable domain (re-
call footnote 24), like the separable domain and the top-separable domain.

Corollary 1. Let |A%| > 3 for each s € M, and D be a connected® domain that includes the
lexicographically separable domain. A unanimous RSCF is sd-strategy-proof if and only if it is a
generalized random dictatorship.

Proof. The sufficiency part is implied by Proposition 1. We show the necessity part. First, recall
Theorem 3 of Chatterji et al. (2012) which shows that every unanimous and sd-strategy-proof
RSCF on the lexicographically separable domain is a generalized random dictatorship. Next, by
Proposition 2, we know that every unanimous and sd-strategy-proof RSCF on D satisfies the
tops-only property. Last, since the lexicographically separable domain is included in D, the tops-
only property implies that every unanimous and sd-strategy-proof RSCF on D is a generalized
random dictatorship. 0O

We conclude this section with an important implication of Proposition 2. Since the tops-only
property emerges endogenously, every unanimous and sd-strategy-proof RSCF ¢ : DV — A(A)
degenerates to a random voting rule ¢ : AN — A(A). We hence simplify the notation of a pref-
erence profile (P, ..., Py) to (x1,...,xn), where ri(P;) =x;,i =1,..., N. We also mix the
notation of alternatives and preferences, e.g., (a, P;) represents a two-voter preference profile
where voter i’s preference peak is a and voter j’s preference is P;. More importantly, due to
the tops-only property, we henceforth can simply focus on the peak alternatives in each pair of
adjacent® preferences which disagree on peaks. Accordingly, we induce an adjacency™ relation
between alternatives from the adjacency* relation between preferences. We say that a pair of dis-
tinct alternatives a, b € A is adjacent™, denoted a ~7 b, if there exist P; € D% and Pl e D? such
that P; ~T P!. Given distinct a, b € A, let {xk},i:l denote an adjacent* sequence (of alterna-
tives) connecting a and b such that x; = a, x;, = b and x; ~T x4 forallk =1,...,¢—1. Similar
to the definition of a path, we do not allow repetition in an adjacent™ sequence. Consequently, we
can specify a geometric relation on all alternatives that will be useful in the subsequent analysis.

2.3. The compromise property

Random dictatorships never admit compromise as probabilities are assigned only to the
peak alternatives at every preference profile. Generalized random dictatorships improve upon
random dictatorships in this respect by diversifying social lotteries. However, they do not sys-
tematically admit compromise, and only recognize the “compromise alternative” at a preference
profile which can be assembled via some voter sequence. For instance, let A = A! x A2,
Al ={a',b', ¢!} and A% = {a?, b*}. Two voters may disagree on each other’s most preferred
alternatives but may nonetheless have a common second best alternative which is naturally
viewed as the compromise alternative. Given two groups of three alternatives (1) x = (a', a?),
y=(b',b? and z = (a',b?), and 2) x’ = (a',a?), y = (b',a?) and 7/ = (¢!, a?), we iden-
tify two profiles of top-separable preferences: (1) (P;, P;) where r1(P;) = x, r1(P;) =y and



r2(P;) =r2(Pj) =z, and (2) (P/, P;) where r1(P]) = x', ry (Pj/.) =y and ry(P)) = rz(P]’.) =7.
First, the compromise alternatives z and z’ receive zero probability at (P;, Pj) and (Pl.’, ij) in
a random dictatorship. Second, consider a generalized random dictatorship ¢ where each voter
sequence is associated to a strictly positive weight. At profile (P;, P;), since z can be assembled
by the voter sequence (i, j), it is recognized by ¢, i.e., ¢, (P;, P;) > 0. However, the compromise
alternative z’ cannot be assembled by any voter sequence at (P/, PJ’.), and therefore receives zero
probability, i.e., ¢,/ (P, PJ’.) =0.

We are interested in identifying a class of unanimous and sd-strategy-proof RSCFs which
differ from random dictatorships/generalized random dictatorships in a “minimal” but significant
degree by systematically admitting compromise. Our formulation of the compromise property
guarantees that a non-assemblable compromise alternative arising out of a particular preference
profile must get strictly positive probability in the social lottery. First, we pick two preferences
P; and P; with similar peaks, say (x*,a™*) and (y*,a™*), and with a common second best
alternative which is also similar to both peaks, say (z*,a™*). We treat (z°,a*) as a natural
compromise alternative. Next, we consider a preference profile where the voters are separated
into two groups of approximately equal size, the voters of the first group have preference P;
and the remaining voters have preference P;. Our compromise property insists that the RSCF
assign a strictly positive probability to the compromise alternative in every such situation. Note
that our compromise property is formulated on profiles where the two peaks and the compromise
alternative are pairwise similar; this makes our version of compromise weaker than the version
introduced by Chatterji et al. (2016) which considers profiles where this pairwise similarity is
not required.

Definition 8. AnRSCF ¢ : DN — A(A) satisfies the compromise property if there exists icr
with || = % if Niseven,and || = NTH if N is odd, such that given P;, P; € D, we have?®

(P = (. a™) # (0%, a™) = ri(Py) and ;{ (B i)>o}
ra(P;) =ry(Pj) = (25, a~") where 2° ¢ {x*, y*} Pea o\ N '

Remark 4. The compromise effect has been widely studied in the literature on bargaining theory
(e.g., Kibris and Sertel, 2007) and choice theory (e.g., De Clippel and Eliaz, 2012). Specifically,
in the two-agent bargaining model studied by both Kibris and Sertel (2007) and De Clippel and
Eliaz (2012), given a bargaining problem (B, P;, P»), where B C A contains at least three el-
ements, if xPi1zP1y and yP>zP>x, then z is recognized as a compromise for this bargaining
problem, and the compromise effect requires that either x or y be excluded from the bargain-
ing solution. They then show that the fallback bargaining solution is uniquely characterized by
the compromise effect in conjunction with other bargaining axioms. Borgers (1991) studied the
game-form mechanism which consists of all agents’ strategy spaces and a consequence function
associating each strategy profile to an alternative, and restricted attention to the solution concept
of undominated strategies in each induced normal-form game. Borgers introduced a stronger
compromise notion which at each preference profile captures all non-peak and Pareto efficient
alternatives, established a compromise effect which requires that at some preference profile, a

. . P S .
26 The notation (%, I\Ii) denotes a preference profile where all voters of I report preference P;, while all voters not

in / report preference P;.



compromise alternative is enforced at each profile of undominated strategies, but showed that
every game-form mechanism that delivers Pareto efficient alternative at each profile of undomi-
nated strategies (relative to the preference profile) never enforces compromise. Our compromise
alternative notion is relatively weaker as we only concern ourselves with the non-assemblable
and commonly second ranked alternative at a preference profile. Our compromise property dif-
fers from the two alluded compromise effects as we always include the compromise alternative
in the social lottery with a strictly positive probability. O

3. Main results

We ask what multidimensional domains admit unanimous and sd-strategy-proof RSCFs sat-
isfying the compromise property. In this section, we show that the existence of a unanimous and
sd-strategy-proof RSCF satisfying the compromise property on a connected” domain implies that
all preferences must be multidimensional single-peaked, and conversely, we construct a particu-
lar RSCF, a mixed multidimensional projection rule, satisfying unanimity, sd-strategy-proofness
and the compromise property on a multidimensional single-peaked domain. Next, we switch our
model to the deterministic setting, and establish an analogous characterization result by replacing
the compromise property by anonymity. Finally, we generalize our analysis to the case of voting
under constraints where some alternatives are not feasible in social lotteries.

3.1. A characterization of multidimensional single-peaked preferences

In this section, we prove that if a minimally rich and connected* domain admits an RSCF
which satisfies the aforementioned properties: unanimity, sd-strategy-proofness and the compro-
mise property, then it is a multidimensional single-peaked domain. Furthermore, we use several
counter examples to illustrate the indispensability of each axiom and domain condition in our
characterization result.

Now, we formally state the main result.

Theorem 1. Let D be a minimally rich and connectedt domain. If it admits a unanimous and
sd-strategy-proof RSCF satisfying the compromise property, it is multidimensional single-peaked.
Conversely, a multidimensional single-peaked domain admits a unanimous and sd-strategy-proof
RSCF satisfying the compromise property.

Proof. We start from the verification of the necessity part. If |[A%| =2 for each s € M, top-
separability implies D € Dtg = Dg. Foreach s € M, since |A*| = 2, we naturally construct a line
G (A®) to connect the two elements of A*. Thus, we assemble a product of lines x ;¢ G(A*), and
generate the multidimensional single-peaked domain Dysp. Since Dg = Dysp when |A®| =2
for each s € M, we have D C Dysp. Henceforth, we assume |A%| > 2 for some s € M. Let
¢ : DN — A(A) be a unanimous and sd-strategy-proof RSCF satisfying the compromise prop-
erty. First, Proposition 2 implies that ¢ satisfies the tops-only property. Since ¢ satisfies the com-
promise property, we accordingly separate voters into two groups [ and I \I such that |[| = 2

if N is even, and || = NT“ if N is odd. We induce a two-voter RSCF: ¢(P;, P}) = ¢(P 1};1)
for all P;, Pj € D. Itis easy to verify that ¢ is unanimous, tops-only and sd-strategy-proof, and

satisfies the compromise property.



In Lemma 1 below, we show that no two preferences with similar peaks are complete reversals,
and induce that every pair of similar alternatives (a®, x~*) and (b*, x~%) is connected via an
adjacent™ sequence in (A%, x~%).

Lemma 1. Given s € M, a*,b* € A* and x~* € A™*, there exists an adjacent* sequence
{Xk}k | € (A%, x7°) connecting (a®, x™°) and (b°, x™%).

Proof. Since D@ ") £ ¢ and D® ™) = ¢ by minimal richness, there are two situations: (i)
There exist P; € D@ *"") and P e D®**™) such that they agree on the relative ranking of some
pair of alternatives, and (i) both D@ -*"") and D®"*"*) are singleton sets, say D@ ¥ ") = {P;}
and D®*™) = {P/}, and P; and P/ are complete reversals.

In the first situation, the no-detour property implies that there exists a path {Pik }Z:I C D con-
necting P; and P/ such that ry (Pl.k) € (A%, x7*) for all 1 <k < g. We partition the path {Pl.k }Z: |
(without any rearrangement) according to the preference peaks, and then elicit a sequence of
preference peaks which starts from (a®, x ) and ends at (b*, x~*):

ki—1+1
{PiEPil,...,P.kl phtl PR pat

ki
i i i ’ P P
the same peak x; ~ the same peak x; "~~~ the same peak x;

Elicit peaks

—— {X1, X2, ..., X¢ ).

Note that the sequence {x1, x2, ...... , X} may contain repetition, and every pair of consecutive
alternatives is distinct. First, since two preferences with distinct peaks are never adjacent by
Lemma 9 of Appendix B, we know that each consecutive pair of {x, x2,...... , X} is adjacent*,
i.e., xg ~T xpyq forallk=1,...,¢t—1. Second, whenever a repetition of one alternative appears
in the sequence, we remove all alternatives strictly between the repetition and one alternative of
the repetition. For instance, if x; = x; where 1 <k <[ <t¢, we remove Xg, Xk+1, ..., X/—1, and
refine the sequence to {x1, ..., xx—1, X1, ..., x¢}. Thus, by repeatedly eliminating repetitions, we
finally elicit an adjacent™ sequence {x }Zz 1 € (A%, x%) such that x; = (a®, x %), x4 = (b°, x ™)
and x; ~* xpyq forallk=1,...,g — 1.

We next show that the second situation is invalid. Suppose that the second situation oc-
curs. Consequently, (b*, x™*) must be bottom ranked in P;. Pick arbitrary v € M\{s} and
z¥ € AT\{x7}, and assemble the alternative (b*,z%,x 1™}, Since ri(P}) = (@*,x*) =
(@, x, x~7h) | top-separability implies (b*, x%, x T P, (b%, 27, x 7)), which contradicts
the hypothesis that (b*, x*) is the worst alternative in P;. 0O

Lemma 2. Given s € M and x5 € A7, let {xk}Z:l C (A%, x7%), g > 2, be an adjacent™ se-
quence. There exist 0 <oy < -+ < ag_1 < 1 such that forall 1 <k < k' <gq, we have

@ (e, Xpr) = ey, + Z

jmppg (@ —=Dex + (1 —ap—1)ey, .

Moreover, for every P; € D*', we have xy Pixx11 forallk=1,...,q — 1.

Proof. Given 1 < k < g — 1, since xx ~T x441, we have P; € D¥* and P; € D%+ with
P, ~t Pj. Thus, r1(P;) = r2(Pj) = x; and r2(P;) = r1(P;) = xx+1. Then, by tops-onlyness,
item 2(ii) of Lemma 8 of Appendix B and unanimity, we have @y, (xg, Xkt1) + @x g (ks X 1) =
Oxe (Piy Pj) +@x o (Piy Pj) =@x (P, Py) +@xyy (Piy Pi) =@y (Pi, P) =1, Let oy (X, Xpy1) =



ay and @y, | (Xk, Xk+1) = 1 — o where 0 < oy < 1. Thus, @ (xk, Xk+1) = o ex, + (1 —ag)ey, ;.
We adopt an induction argument.
Induction Hypothesis: Given [ > 2, for all 1 <k <k’ < g with 0 <k’ — k < I, we have
Ok, X10) = e, + 3w g (@ — ay—pDex, + (1 — ap_ey,,.

Let k' —k = 1. We show ¢(xi, x¢) = axex, + 3 X (@0 —ay—1)ex, + (1 —ar_1)ey, . Since
xk ~T Xgy1, we have P; € D% and P/ € D*+! with P; ~* P/. Then, by the induction hypothesis
and items 2(ii) and 2(iii) of Lemma 8 of Appendix B, the following three equalities hold:

(1) @ (Piy x5) + @y (Piy Xp) = @ (P xp0) + @ (P, Xp) = oty 1,
(1) @y, (P, xp) = (va(Pi/,xk/) =ay,—a,_qforallv=k+2,...,k—1,and
(i) @x, (Pis Xp) = @, (P, xp) = 1 — oty 1.

Similarly, since xz ~* xp_;, we have P; € D* and P]’. € D*-1 such that P; ~F P]/.. Then,
item 2(iii) of Lemma 8 and the induction hypothesis imply @y, (x¢, P;) = @y, (X, P]/.) = ag. Thus,
Oxpr ks X)) = @ (Piy Xpr) + @iy (Piy X)) — @ (Xk, Pj) = a1 — o Therefore, ¢ (xg, xp1) =
agey, + Zﬁ:klﬂ (ay —ay—1)ex, + (1 —ap—1)ex, - This completes the verification of the induction
hypothesis.

Next, we show oy < oy forallk=1,...,g —2. Given 1 <k < g — 2, since x; ~T xp41
and xgyp1 ~1 xpi2, we have P; € D* and P; € D%+2 with ry(P;) = ra(Pj) = xx41 and
Xk» Xk42, Xk+1 € (A%, x7°). Then, the compromise property implies a1 —ox = @y, (Pi, Pj) >
0.

Last, given P; € D*!, we show x; Pjxgy) forall k=1,...,g — 1. Given 1 <k <qg — 1,
suppose xx11 P;xi. Evidently, 1 < k < g. At the profile (P;, xx41), we have @y, (P;, xg41) = o —
ag—1 > 0. Assume Xyt = ry(P;) for some 1 <n < |A|. We then have 3, @y, (p) (P;, Xig1) <
I — @ (P, Xpkp1) < 1= @up (Kb, Xkg1) = Z?:l ©r,(P) (Xk41, Xk+1). Consequently, voter i
will manipulate at (P;, x¢41) via a preference with peak xi1. Therefore, xi P;x;4+1 for all k =
I,...,qg—1. O

Given s € M and x~* € A™*, we induce a graph G .+ ((A*, x™*)) where (A%, x™*) is the set
of vertices, and two distinct alternatives form an edge if and only if they are adjacent™.

Lemma 3. Givens e M and x5 € A7, G+ ((AS, xﬂ)) is a tree.

Proof. By Lemma 1, we first know that every pair of distinct alternatives of (A*,x™%) is
connected via an adjacent® sequence of (A*,x~%). Suppose that G+ ((As,x_s)) is not a
tree. Then, there must exist a cycle {xk}i:1 C (A%, x7%), t > 3, such that x; ~ x4y for
all k =1,...,¢, where x;41 = x1. According to the sequence {xk};(:l, Lemma 2 implies
©x, (X1, 1) + @y, (x1,x:) < 1. However, x| ~* x, implies ©x, (X1, X¢) + @y, (x1,x;) = 1. Con-
tradiction! O

We are going to show that two trees G+ ((AS, x_s)) and G+ ((AS, y_s)) are “identical” in
the sense that for all a*, b* € A*, (a*, x™*) and (b*, x™*) form an edge in G+ ((A%, x ™)) if
and only if (¢®, y~*) and (b*, y=°) form an edge in G+ ((AS, y_s)). With this result, we can
generate a tree G(A®) on the component set A®.

For the next lemma, we fix the following four alternatives: a = (x%,x7, 7 ’f}), b=
O y" 27 e= (%, yT, 27 and d = (%, x7, 2719 7)) where x* # y* and x7 £ yT.
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a= (ZIIS,ZI‘T,Z_{S’T})

Fig. 2. The geometric relations among a, b, ¢ and d. The dash line represents an adjacent’ sequence connecting two
alternatives.

Lemmad.Ifa~"canda~"*d, thenb~% cand b~ d.

Proof. Since b,d € (y*, A*,z7 7)) and b, c € (A%, y*,z7 7)), Lemma 3 implies that there
exists a unique adjacent™ sequence {)ck},f:1 C (y*, AT, z77}) connecting b and d, and a unique
adjacent™ sequence {yk}Z:1 C (A%, y7,z~ 157}y connecting b and ¢. We use Fig. 2 to illustrate
the geometric relations among a, b, ¢ and d.

To verify this lemma, we show g =2 and p = 2 (equivalently, b ~T ¢ and b ~T d). Suppose
not, i.e., either ¢ > 2 or p > 2. Assume w.l.o.g. that ¢ > 2. The verification related to p > 2 is
symmetric, and we hence omit it. Thus, y» = (y3, y7, 27197y ¢ (b, ¢} and vy & {x*, y°}.

Since a ~T ¢, we have P; € DY and P/ € D¢ with P; ~* P/. According to {yc}{_;.
@y, (P!, b) = ¢y, (¥4, y1) > 0 by Lemma 2. Let z5 = (yé,x’,z_{”}). Thus, {z3, y2} is a lo-
cal switching pair of P; and P/, and hence item 2(ii) of Lemma 8 of Appendix B implies
@z, (Pi,b) + @y, (P;, b) = @z, (P!, b) + @y, (P/,b) > 0. On the other hand, since a ~ d, we
have P; € D® and P/ € D¢ with P; ~* P/. Since y2, 22 ¢ {xx}!_, € (3, A", z718)), Lemma 2
implies (pyz(f’i’,b) = ¢y, (xp,x1) =0 and gozz(ﬁi’,b) = ¢;,(xp,x1) = 0. Furthermore, since
v2,22 € (x*, A%) U (y*, A™%), item 2(iii) of Lemma 8 of Appendix B implies goyz(l_’i, b) =
@y, (P!, b) =0and ¢, (P;, b) = ¢, (P!, b) =0. Thus, ¢, (P;, b)+¢,, (P;, b) = 0. Consequently,
@(P;, b) # ¢(P;, b) which contradicts the tops-only property. Therefore, ¢ = 2. By a similar ar-
gument, p=2. O

Lemma 5. Given s € M and a*,b* € A%, if (a®,x™%) ~T (b*, x™%) for some x™* € A™5, then
@, y=S)~T b, y™) forall y™> € A5,

Proof. Given y™° € A~*\{x ™} and t € M\{s} with x™ % y7, we show (a°, y7,x 17} ~+
(b*, y©, x~H . By switching x 7} to y~{%7} component by component and applying the
symmetric argument, we can complete the verification of the lemma.

Since G+ ((a®, A", x~1:7)) is a tree, there exists a unique adjacent™ sequence {ai}7_; €
(a*, AT, x~ 17}y such that a; = (a®, x7, x 157}, ag = (a‘,yf,x_{”}) and a; ~T ayy, for
all k=1,...,9 — 1. For each k = 1,...,q — 1, we switch the element a® of the alterna-
tive a; to b°, and construct an alternative by = (b°, a,:,x_{”}). Thus, we have a sequence
{bi}l_, c b, AT, x7 ), by = (b%, x%, x 719 T) and b, = (b°, y7, x~5:7}) (see Fig. 3(1)). Note
that {bk}Z: | is not necessarily an adjacent* sequence.

Since a = (a*, x%, x 7T = (@, x 7)) ~T (b, x %) = (b*, xT, x~7}) = by by the hypoth-
esis, and a; ~T ay, we note that {ay, by, by, ap} are analogous to {a, b, ¢, d} of Lemma 4. Hence,
Lemma 4 implies b ~T b and b, ~* ay (see Fig. 3(2)). Following the adjacent™ sequence
{ax},—, and repeatedly applying Lemma 4, we have by ~* by_; and by ~ a; for all k =
2,...,q (see Fig. 3(3)). Eventually, we have (a*, y’,x’{”}) =ay ~t by = (°, y’,x’{”}),
as required. O
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Fig. 3. The graphic illustration of the proof of Lemma 5.

Now, by Lemma 5, we know that forall s € M and x™*, y ™5 € A™*, both trees G+ ((A*, x ™))
and G+ ((A*, y™)) induced by Lemma 3 coincide: [(a*,x %) ~ (0%, x™%)] & [(a*, y %) ~*
(&%, y~*)]. Therefore, for each s € M, we induce a tree over A%, denoted G(A*), such that
a*, b’ € A* form an edge in G(A®) if and only if (a*, x™%) ~* (b*,x™") for all x> € A™5.
Then, combining all these trees, we have a product of trees X ey G(A®). Thus, we know that in
the product of trees X ) G(A*), a pair of distinct alternatives a and b forms an edge if and only
if they are similar, i.e., a™* = b~* for some s € M, and ¢® and b°* form an edge in G(A®).

Lemma 6. Given a separable preference P; € D, it is multidimensional single-peaked on
Xsem G(AY).

Proof. Assume r|(P;) = a = (a®)sepr. To verify this lemma, it suffices to show that for every
s € M, the marginal preference [ P;]* is single-peaked on the tree G(A®) (recall Remark 1).

Given s € M and distinct x*, y* € A® such that x* € (a®, y*), we show x*[P;]*y*. If x* = af,
the result holds evidently. Assume x* # a®. Let (a®, y*) = {x,ﬁ}zzl where x{ = a* and x; =y,
Thus, x¥ = xj for some 1 </ < q. Let x; = (x{,a™) forall k=1,...,q. Thus, x|y =a =
r1(P;) and {)ck}Z:1 C (A%, a™*) is an adjacent* sequence. Then, Lemma 2 implies (x*,a™*) =
x;1Pixq = (y°,a™*). Furthermore, by separability, we have x*[P;]°y*, as required. Therefore, P;
is multidimensional single-peaked on X ey G(A®). O

Lemma 7. Domain D is multidimensional single-peaked on X ;¢ G (A®).

Proof. Given P; € D, say r1(P;) = a = (a’®)sepm, suppose that it is not multidimensional single-
peaked on Xsecpr G(A®). Thus, there exist distinct x, y € A such that x € (a, y) but y P;x. Evi-
dently, a # y. Since D is minimally rich, we have Pl./ e DY. Thus, P; and Pl.’ differ on peaks,
but agree on the relative ranking of y and x, i.e., yP;x and yP/x. Then, the Exterior* prop-
erty implies that there exists a path {Pl.k}z=1 C D connecting P; and P/ such that yPl.kx for
all k=1,...,q. Note that since rl(Pl.l) =a#y= rl(Piq), there must exist 1 < k < g such
that rl(P[.k) =a# rl(Pl.kH). Consequently, Lemma 9 of Appendix B implies Pl.k ~t P[.k+1.
Hence, Pl.k is a separable preference, and hence multidimensional single-peaked on X ¢ G(A¥)
by Lemma 6. Consequently, x € (a, y) implies x Pl.k y. Contradiction! This proves the lemma, and
completes the verification of the necessity part of Theorem |. O

Now, we turn to the sufficiency part of Theorem 1. Given a product of trees X ey G(A®),
let Dpsp be the multidimensional single-peaked domain, and D C Dysp. Thus, to complete the
verification of the sufficiency part, it suffices to construct an RSCF on Dysp which satisfies



unanimity, sd-strategy-proofness and the compromise property. The construction consists of 3
steps and 4 claims below.

If |A%| =2 for each s € M, then every generalized random dictatorship is unanimous and
sd-strategy-proof, and satisfies the compromise property vacuously. Henceforth, we consider the
case that |A%| > 2 for some s € M. For notational convenience, let Dmsp = Ds N Dysp denote
the intersection of the separable domain and the multidimensional single-peaked domain, and
[Dmspl® = {[P;]*: P; € ]ﬁ)Msp} denote the induced marginal domain over A* for each s € M.
Evidently, for each s € M, [Dmspl? is the single-peaked (marginal) domain on the tree G(A®).
We construct an RSCF on Dysp in three steps.

STEP 1. We introduce a class of DSCFs on each marginal domain. Fix s € M. Given a
N-tuple (xj,...,x3) € [ASTY, let G(xj,...,x}) denote the minimal subgraph of
G(A®) containing xj,...,x} as vertices.”” Fixing a® € A*, we have the projection
of a* on G(x{,...,x3), denoted 7% (a*, G(x{, ..., x3)), which is unique.”® Thus, we
have a particular marginal function g% : [A*]Y — A® such that g (x], . xy) =
78 (a®, G(x], ..., x3)) forall (x],...,x3) € [A*]V.

STEP 2. Fixing a = (a®)sem € A, we assemble all marginal functions (g“s)seM to construct a
DSCF on Dysp: Given (P, ..., Py) € Dﬁsp, say for notational convenience r{(P;) =
xi = (x7)sem foreachi e I, let f*(Py,..., Py)= (g“s (x7,.. .,va))seM. DSCF f%is
called a multidimensional projection rule, and alternative a = (a®);cp is referred to
as the projector.

STEP 3. Last, we construct an RSCF on Dysp by a mixture of all multidimensional projection
rules. We associate each projector a € A with a strictly positive weight A, > 0, and let
> wea ka = 1. We then construct an RSCF ¢(P) =Y, Ao f(P) for all P € Dfqp.
RSCEF g is called a mixed multidimensional projection rule.

Evidently, ¢ is well-defined, and satisfies unanimity. Also note that since only preference
peaks are used in constructing the multidimensional projection rule in Step 2, it is true that all
multidimensional projection rules and the mixed multidimensional projection rule ¢ satisfy the
tops-only property.

CLAIM 1: Each multidimensional projection rule f¢ is decomposable on Dwsp, i.e., for each
s € M, there exists a marginal DSCF f* : [[DMSP]S]N — A® such that for all P € Dll\V/ISP’ we
have f*(P) = (f*([P\F, ..., [PN]), -

By the construction of f¢ at Step 2, for each s € M, we can construct a marginal DSCF: For
— N A
all ([P1),....[Pn]¥) € [[Dmspl’]™, fS(LP1F, ... [PNTF) = g7 (ri((P1T), ..., ri([PNT®)).

Therefore, f“ is decomposable on Dysp. This completes the verification of the claim.

CLAIM 2: Each multidimensional projection rule f¢ is sd-strategy-proof on Dysp.

27 For details of minimal subgraph, please refer to Chatterji et al. (2013).
28 Fix atree G, a subtree G’ C G and a vertex a. If a belongs to the vertex set of G’, the projection of @ on G is a itself.
If a does not belong to the vertex set of G’, there exists an unique vertex a’ in G’ which lies in every path connecting a
and every vertex of G'. Thus, a’ is referred to as the projection of @ on G’.



First, note that DMsp satisfies Properties A and B of Le Breton and Sen (1999).29 Then, by
Theorem 4.1 of Le Breton and Sen (1999), we know that to prove the claim, it suffices to show
that for each s € M, the marginal DSCF f* of Claim 1 is sd-strategy-proof. Last, following
exactly the proof of the sufficiency part of the Theorem of Chatterji et al. (2013), we obtain that
£ is sd-strategy-proof on [Dysp]®. This completes the verification of the claim.

CLAIM 3: RSCF g is sd-strategy-proof on Dysp.

First, since ¢ is a mixture of all multidimensional projection rules, Claim 2 implies that ¢
is sd-strategy-proof on ]ﬁ)MSp. Now, given i € I, P;, Pi’ € Dumsp and P_; € Dll\v,ls}l, we show
that for each a € A, either f*(P;, P_;) = f*(P!, P_;) or f*(P;, P_;)P; f*(P/, P_;). Suppose
not, i.e., there exists a € A such that f“(Pl.’, P_;))=yPx = f%(P;, P_;). For notational con-
venience, assume r1(P;) = z. Next, by the definition of multidimensional single-peakedness,
yPix implies x ¢ (z, y). By minimal richness of Dysp, we identify two arbitrary preferences
P;, P € Dumsp and P_;e DMSP such that rq (P )=r1(P), r1(P )= r1(P/) and r1(P ) =r1(Pj)
for all j # i. By the construction at Step 2, we know f”(P,, P_)) = fP;, P_; ;) = x and
fA(P!, P_;) = f*(P/, P_;) = y. Then, Claim 2 implies x P;y. Since we choose P; arbitrar-

ily, it is also true that xP; y for all P; € Dysp with r1(13,') = z. Then, the definition of Dysp
implies x € (z, y).>’ Contradiction! Therefore, for each a € A, the multidimensional projec-
tion rule f¢ is sd-strategy-proof on Dysp. Consequently, as a mixture of all multidimensional
projection rules, RSCF ¢ is sd-strategy-proof on Dysp. This completes the verification of the
claim.

CLAIM 4: RSCF ¢ satisfies the compromise property.

Let / C I be a subset of voters with |f| = % if N is even, and |f| = NTH if N is odd.
Given P;, Pj € Dygsp, assume 71 (P;) = (x*,a™°) # (y*,a™°) =r1(P;) and ra(P;) = r2(P)) =
(z*,a™*). According to the product of trees X e G(A*), one can easily tell z°¥ € (x*, y*). Thus,
@, a~*) € ((x*.a~*), (»*,a~*)), and hence, f@ ‘>(

’

i i) = (z*,a™*). Consequently,

N
O .a-) (P 1%) A(zs a5y > 0. This completes the verification of the claim, and hence proves
the sufficiency part of Theorem 1. O

Remark 5. The Theorem of Chatterji et al. (2016) shows that in the class of minimally rich
and path-connected domains, the existence of a unanimous, tops-only and sd-strategy-proof

29 Both Properties A and B are specified on a domain of separable preferences, say D € Dg. Property A re-
quires each marginal domain be minimally rich which is evidently satisfied by DMSP- Property B contains two
parts. Fixing marginal preferences ([Pi]f) rem- the first part requires that for each s € M, there exists a preference
P; € D such that [P;]7 = [P;]* for all T € M, and component s is lexicographically dominant, i.e., [Py ] =
[(x*,a™5)P;(y*,b75) foralla™, b~ € A™5], while the second part requires that for each s € M, there exists a pref-
erence P; € D such that [P;]" = [P;]" for all € M, and component s is lexicographically dominated by all other
components, i.e., [xP;y and x5[P;]*y*] = [either x5 = y™5, or there exists T € M\({s} such that x"[P;]%y¥]. Given
single-peaked marginal preferences ([Pi]f) rem for each s € M, we pick two lexicographic orders > and >’ such that
s>t and T >’ s for all T # s, and then assemble two preferences of DMSP which meet the two parts of Property B
Therefore, DMsp satisfies Property B.

30 Suppose x ¢ (z, y). There must exist s € M such that x5 ¢ (z°, y¥). Consequently, there exists [P;]* € [DMSP]S
such that r ([ ]°) = z° and y*[P;]*x’. Next, for each 7 # s, pick [P;]” € [Dysp]® with 1 ([P]7) = z7. Last, we fix
a lexicographic order > where component s is lexicographically dominant, i.e., s > 7 for all T # s, and assemble all
marginal preferences according to >. Thus, we have P; € Dysp and y P;x. Contradiction!



RSCEF satisfying a stronger version of the compromise property implies that the domain must be
single-peaked on a tree.’! Theorem 1 significantly generalizes their result in three ways. First, all
multidimensional domains studied here are excluded by their domain richness condition. Second,
we endogenize the tops-only property. Third, the necessity part of Theorem 1 does not require the
full power of their compromise property, and the mixed multidimensional projection rule con-
structed for the sufficiency part of Theorem 1 outperforms their compromise property: Whenever
a common second best alternative appears in a preference profile where some two voters dis-
agree on peaks, it receives a strictly positive probability.>> Next, we observe that even though the
Interior and Exterior properties of Chatterji and Zeng (2018) include multidimensional single-
peaked domains, the characterization in Theorem 1 cannot be achieved in their model. In their
setup, the boundary that distinguishes one-dimensional models from multidimensional models
is not clear. On the contrary, the key notion of this paper, adjacency™, brings sufficiently many
separable preferences into consideration, which not only clearly separate the domains in ques-
tion from the one-dimensional setting, but also create the basis for embodying the restriction of
multidimensional single-peakedness (see Lemma 6) and furthermore spreading the restriction to
other preferences (see the proof of Lemma 7). More importantly, in a connected* domain, we
utilize the notion of adjacency™ to induce a general geometric relation among alternatives which
is eventually refined (via Lemmas 4 and 5) to a product of trees, a necessary step for establishing
multidimensional single-peakedness. O

If two complete reversal preferences happen to be included in the domain in question, we
refine the necessity part of Theorem | to the multidimensional single-peakedness of Barbera et
al. (1993).33

Corollary 2. Let D be a minimally rich and connected™ domain. If it contains two complete
reversal preferences and admits a unanimous and sd-strategy-proof RSCF satisfying the com-
promise property, it is multidimensional single-peaked on a product of lines.

Proof. By Theorem 1, we know that domain D is multidimensional single-peaked on a product
of trees x;epm G(A*). Let P;, P; €D be two complete reversal preferences. Assume rj(P;) = x
andr (P;) =X. Evidently, x # x. We show that x ¢ G (A*) is a product of lines. Suppose that it
is not true. Then, it must be the case that (x, X) # A. Thus, there exists a ¢ (x, x). Foreachs € M,
let a* be the projection of a* on (x*,x"). Let a = (@°)sepm. Since a ¢ (x,X) and a € (x,x), it is
evident that a # a. Since a € (x,a) and a € (x, a), multidimensional single-peakedness implies
aP;a and aP;a. Contradiction! O

31 Given a domain D, a pair of distinct alternatives a, b € A is adjacent if there exist P; € D and PI.’ € D? such that
P; ~ Pi’ . Then, a domain is said path-connected if every pair of distinct alternatives is connected via a sequence of
alternatives which are consecutively adjacent. Note that this notion of adjacency between alternatives is stronger than the
notion of adjacency™ between alternatives specified in the end of Section 2.2.

32 Given a preference profile (Pp,..., Py) € Dysp, assume r(P;) = x; = (x;.")seM for all i € I, x1 # xp and
rp(P)) =+ =rp(Py) =z = (z%)sepm. It is easy to show that for each s € M, z° is included in the minimal
subgraph induced by (x‘i‘,...,x‘[“v)‘ Consequently, according to the multidimensional projection rule f<, we have

f¥(P1,...,Py)=z,andhence (Py,..., PN) =D ycaraf?(Pr,..., PN) =2z > 0.

33 Let x sem G(A®) be a product of lines, and Dygp be the corresponding multidimensional single-peaked domain.
Given s € M, according to the line G(A®), we can arrange all elements in A® on a linear order >*, and identify x*, %" €
A® such that ¥ >* x* >* x* forall x* € A\ (x*,%*}. We then find P; € Dyisp with r1(P;) = (x;)sep and P/ € Dysp
with r| (Pl./) = (X5)sepm Which are complete reversals.



3.1.1. Indispensability

In this subsection, we demonstrate the indispensability of each axiom of the RSCF and each
domain condition in the characterization result of Theorem 1. For each case, we drop or weaken
an axiom or a domain condition, keep all other axioms and domain conditions fixed, and construct
a domain that diverges from multidimensional single-peakedness.

Example 1 (Indispensability of unanimity). Consider the top-separable domain Dts. We refer
to Barbera (1979), and construct a two-voter point voting scheme ¢ : ]D)%S — A(A). First, we
specify a vector (o1, a2, ..., x4]) € Ilel such that o) > 0, ap > 0, @] +ap = % and oy =0 for
all k=3, ..., |A|. Next, given (P;, Pj) € D%s and a € A, if a =rg(P;) and a =r,(Pj), then ¢
gives a probability o 4 o;. Therefore, a social lottery is well defined at each preference profile.
Theorem 1 of Barbera (1979) implied that ¢ is sd-strategy-proof. We assert that ¢ also satisfies
the compromise property since op > 0. However, ¢ fails unanimity as at each preference profile,
each voter’s second best alternative receives a strictly positive probability. O

Example 2 (Indispensability of sd-strategy-proofness). Consider the top-separable domain Drs.
We construct the following two-voter DSCF f : ]D)%s — A, which chooses the common second
best alternative whenever it appears in a preference profile with distinct peaks, and chooses voter
i’s preference peak otherwise, i.e.,

a ifri(P;) #r1(P;) andra(P;) =r2(Pj) =a, and

P.7P- =
f(Pi, Pj) r1(P;)  otherwise.

DSCF f satisfies unanimity and the compromise property. However, by Corollary 1, it fails
sd-strategy-proofness since it is never a generalized random dictatorship. O

We have explained the violation of the compromise property in all generalized random dic-
tatorships at the beginning of Section 2.3. This demonstrates the indispensability of the com-
promise property in Theorem 1. The next example shows that if we impose more restrictions
on recognizing a compromise alternative, the corresponding compromise property becomes too
weak to diversify the social lottery’s support, and consequently, can be vacuously satisfied by
generalized random dictatorships.

Example 3 (Indispensability of the compromise property>*). An alternative x is called a modified
compromise alternative at P if all preference peaks are pairwise distinct, and x is the common
second best alternative. We then say that an RSCF ¢ : DV — A(A) satisfies the modified com-
promise property if we have [x is a modified compromise alternative at P] = [¢,(P) > 0].
Now, let I ={1,2,3}, A= A! x A%, A' ={0,1,2} and A% = {0, 1}, and consider the top-
separable domain Dtg. Note that whenever a profile P € ]DD%S has a compromise alternative,
this modified compromise alternative can be assembled by the three distinct peaks. Therefore,
a generalized random dictatorship where all voter sequences have strictly positive weights is
unanimous and sd-strategy-proof, and satisfies the modified compromise property. O

Example 4 (Indispensability of top-separability). Let A = A' x A% and A' = A2 ={0, 1}. Con-
sider the complete domain P which satisfies the Interior* and the Exterior* properties, but fails

34 We are grateful to an anonymous referee for suggesting this example.
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Fig. 4. The product of lines G(Al) X G(Az).
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0,1,0 .1,
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(0,0,0) (1,0,0) (2,0,0)

Fig. 5. The product of lines G(A!) x G(A%) x G(43).

top-separability. An arbitrary random dictatorship is unanimous and sd-strategy-proof, and satis-
fies the compromise property vacuously since |A'| = |A%2| =2. O

Example 5 (Indispensability of minimal richness). Let A = A' x A%, A’ ={0, 1,2} and A =
{0, 1}. Let Dpsp be the multidimensional single-peaked domain on the product of two lines
G(A") x G(A?) specified in Fig. 4.

We first pick the subdomain of Dyisp containing every preference whose peak is neither (2, 0)
nor (2,1),1i.e., D ={P; € Dmsp : r1(P;) # (2,0) and r1 (P;) # (2, 1)}. Meanwhile, we specify
one particular top-separable preference P : (0,0)_.(0,1)—(1,0)—(2,0)—(2,1)_.(1, 1). Note
that P; is excluded from Dysp since (1, 1) € (r1(P;), (2, 1)) but (2, 1) P;(1, 1). Finally, we con-
struct the domain D =D U {P;).

Evidently, D is a top-separable domain, and violates minimal richness. It is also true that
D satisfies the Interiort and Exterior™ properties (the detailed verification is available in Ap-
pendix E.8). However, D is never a multidimensional single-peaked domain. We refer to an
arbitrary random dictatorship which is unanimous and sd-strategy-proof on ID. Moreover, since
no preference of D has peak (2, 0) or (2, 1), no preference profile has a compromise alternative
(i.e., the nonassemblable common second best alternative). Consequently, the random dictator-
ship satisfies the compromise property vacuously. O

Example 6 (Indispensability of paths in connectedness*). Let A= A! x A% x A%, A' = {0, 1, 2},
A? = {0, 1} and A3 = {0, 1}. Let Dysp be the multidimensional single-peaked domain on the
product of three lines G(A!) x G(A%) x G(AY) specified in Fig. 5.

We specify a particular top-separable preference:

P;:(0,0,0)~(1,0,0)_.(2,0,0)_.(0,1,0)—(1,1,0)_.(2,1,0)_.(0,0, 1)
(13 07 1)4(27 O’ 1)—\(07 1’ 1)4‘(2’ 11 1)4‘(11 17 1)
Note that P; is excluded from Dysp since (1,1,1) € (ri(P;), (2,1, D) but (2, 1, D P(1, 1, 1).
Thus, D = Dysp U {P;} is a minimally rich top-separable domain, but never a multidimen-

sional single-peaked domain. Next, domain D satisfies the Interior* property, but violates the
Exterior* property since there exists no path in D which reconciles the difference between P;



and a preference with peak (2,1, 1), and meanwhile keeps (2, 1, 1) ranked above (1,1, 1) in
every involved preference. However, a two-voter mixed multidimensional projection rule which
only associates strictly positive weights to projectors A\ {(1, 1, 1), (2, 1, 1)} satisfies unanimity,
sd-strategy-proofness and the compromise property. All detailed verifications are put in Ap-
pendix EO. O

We conclude this subsection by mentioning some issues that remain unresolved. First, the
example in Appendix E.l suggests that in some special cases, the full extent of the no-detour
property may not be required for establishing the characterization result of Theorem 1. However,
in the general setting, in particular, when the number of dimensions M is large, and each di-
mension includes sufficiently many elements, we are unable to establish the result of Theorem |
without using the no-detour property.*> Second, we have also been unable to construct an exam-
ple to illustrate the indispensability of the Interior* property, since a violation of the Interior*
property usually implies a failure of the Exterior* property.*© It is also inconclusive whether the
Interior® property is redundant for establishing Theorem 1 since we have been unable to show
that the Exterior™ property is by itself sufficient for the tops-onlyness result of Proposition 2.

3.2. Deterministic voting

In this section, we provide a characterization of multidimensional single-peaked domains us-
ing deterministic social choice functions. Unlike the random setting where anonymity can be
satisfied by the random dictatorship that gives equal weights to all voters, the axiom of anonymity
is appropriate for distinguishing deterministic social choice functions from dictatorships. We
replace the compromise property by anonymity, and obtain a characterization result that is anal-
ogous to Theorem 1.

Formally, a DSCF f : DY > Ais anonymous if for all (Py,..., Py) € DY and every per-
mutation o : I — I, we have f(Py,..., Py) = f(PO—(l), e Po(N))-

Theorem 2. Let D be a minimally rich and connected” domain. If it admits a unanimous, anony-
mous and sd-strategy-proof DSCE, it is multidimensional single-peaked. Conversely, a multidi-
mensional single-peaked domain admits a unanimous, anonymous and sd-strategy-proof DSCF.

The proof of Theorem 2 is available in Appendix C.

Remark 6. The verification of the indispensability of axioms and domain conditions in The-
orem 2 is similar to the examples of Section 3.1.1. First, fixing the top-separable domain, we
can illustrate the indispensability of unanimity via a constant rule which is anonymous and
sd-strategy-proof; the indispensability of anonymity via a generalized dictatorship which is unan-
imous and sd-strategy-proof, and the indispensability of sd-strategy-proofness via a plurality rule
with a fixed tie-breaking order over alternatives which is unanimous and anonymous. Second, we
use the domain of Example 5, and show the indispensability of minimal richness via a multidi-
mensional projection rule which has the projector (0, 0), or (1, 0), or (0, 1), or (1, 1). Third, we

35 For instance, the proof of Lemma 4 fails without the path connecting b and d, and the path connecting b and c.

36 Recall the example in Appendix E. 1. If we drop Py, then the Interior® property fails. Meanwhile, one can tell that the
Exterior* property is also violated, e.g., the path {P3, P, Py, P{, P5, P3} becomes the unique path connecting P3 and
f’3, and however, (1, 0) does not always rank above (0, 0) along the path.



adopt both the domain and an arbitrary multidimensional projection rule of Example 6 to show
the indispensability of the path in the domain richness condition of connectedness™. Last, unlike
Example 4, we are unable to show the indispensability of top-separability. However, we refer to
the single-peaked domain and a median voter rule to show the indispensability of the conjunction
of top-separability and the no-detour property. 0O

Remark 7. The characterization of multidimensional single-peaked preferences in Theorem 2
can be interpreted as further evidence in favor of the Gul conjecture (see Section 6.5.2 of Bar-
bera, 2010). Our work is related to earlier work by Chatterji et al. (2013) and Chatterji and
Mass6 (2018). The paper by Chatterji et al. (2013) excludes multidimensional models. They de-
rive a weaker version of single-peakedness, semi-single-peakedness, assuming tops-onlyness and
an even number of voters. Chatterji and Mass6 (2018), using the same additional assumptions on
the DSCEF, derive another weaker version of single-peakedness, semilattice-single-peakedness, in
a more general setup which allows A to be infinite, and includes multidimensional models. Our
Theorem 2 recovers full multidimensional single-peakedness without the tops-onlyness assump-
tion and the restriction on the number of voters. We get a sharper result here because our richness
condition is more elaborate. In particular, the Exterior* property plays a key role in recovering
full multidimensional single-peakedness.’’ O

3.3. Voting under constraints

Barbera et al. (1997) first studied the model where not all alternatives are feasible. The set
of feasible alternatives then becomes a strict subset of the Cartesian product structure. In such a
setup, our result is not valid. In particular, the necessity part of Theorem 1 fails once invalid alter-
natives appear,”® while the sufficiency part of Theorem 1 may not hold as the multidimensional
projection rule may select infeasible alternatives.

In this section, we adapt our model to accord with the infeasible alternatives problem in the
following three ways: (1) modify RSCFs to constrained RSCFs which only assign probabilities
to feasible alternatives, (2) adjust the axioms of unanimity and the compromise property w.r.t.
feasible alternatives, and (3) restrict attention to the class of feasible alternative sets such that
two preferences with the same peak also share the same best feasible alternative. We then show
that without any change in the domain condition: minimal richness and connectedness*, the
existence of a unanimous (w.r.t. feasibility) and sd-strategy-proof constrained RSCF satisfying
the compromise property (w.r.t. feasibility) implies that the domain must be multidimensional
single-peaked w.r.t. feasible alternatives, i.e., (i) the set of feasible alternatives is factorizable (in
other words, the feasible set itself is a Cartesian product), and located on a product of trees, and
(ii) for each preference over A, the induced preference over the feasible alternatives is multidi-
mensional single-peaked on the product of trees consisting of feasible alternatives. With these
modifications, every multidimensional projection rule that has a projector of a feasible alterna-
tive (recall the proof of the sufficiency part of Theorem 1) is well-defined, and the mixture of

37 If we drop the Interior* property, keep the Exterior* property, and add the top-only property on the DSCF to cover
the invalidation of Proposition 2, the characterization result of Theorem 2 still holds. If we further weaken the Exterior™
property to a richness condition stated in Lemma 1, a significantly weaker version of multidimensional single-peakedness
can be elicited, multidimensional semi-single-peakedness, which is an extension of semi-single-peakedness of Chatterji
et al. (2013) to the multidimensional setting (see Appendix E.9).

38 For instance, the verification of Lemma 4 relies on the feasibility of the four alternatives a, b, ¢ and d.



these multidimensional projection rules satisfies the requirements of unanimity (w.r.t. feasibil-
ity), sd-strategy-proofness and the compromise property (w.r.t. feasibility). This indicates that
our characterization of multidimensional single-peaked preferences is robust to voting under
constraints.

Let A C A = x,epA® denote the set of feasible alternatives. Note that if there exists s € M
such that a* =b° forall a,b € A, then the component set s becomes redundant, and hence can
be eliminated. For simplicity, we impose an assumption to make all components indispensable.

Assumption 1. For each s € M, there exista, b € A such that a* #*Db°.

Under Assumption |, we say that the feasible set A is factorizable if there exists A* C A’ for
each s € M such that A = xseM/is.

Given a preference P; over A, let P, ; denote the induced preference over A which preserves
the relative rankings of feasible alternatives in preference P;. Accordingly, let Dz ={P; ;: P; €

D} denote the domain of induced preferences over A and A(A) = {r € A(A): Yoacita=1}
denote the constrained lottery space where each lottery over A assigns zero probability to
infeasible alternatives.’® A constrained RSCF is a map ¢ : DV — A(A). We modify the ax-
ioms of unanimity and the compromise property to accord with feasibility. Formally, a con-
strained RSCF ¢ : DY — A(A) is unanimous (w.r.t. feasibility) if for all @ € A and P € DV,
[rl(PiM) =aforalli € Il = [@.(P) = 1]. Next, a constrained RSCF ¢ : DV — A(A) satisfies

the compromise property (w.r.t. feasibility) if there exists [ < I with |f |= % if N is even, and
|f| = NT“ if N is odd, such that given P;, P; € D, we have

r(P)=x*,a"*)#(y*,a”*) =ri(Pj) and P P
— — (S oS A s s .S = @(zx,a*5)<_A, —A) >0].
r(P) =r(Pj)=(z",a*) € Awhere z° ¢ {x°, y*} I g

Note that in the definition of compromise property (w.r.t. feasibility), the peaks of preferences
P; and P; need not be feasible. The definition of sd-strategy-proofness is not affected by the
feasibility issue. For voting under constraints, the definition of multidimensional single-peaked
domain is modified as follows.

Definition 9. A domain I is multidimensional single-peaked w.r.t. A if the following two
conditions are satisfied:

(i) The feasible set A is factorizable, i.e., A = XseM AS.
(ii) There exists a produ_ct of trees Xsep G(A®) su(_:h that every P; € D is multidimensional
single-peaked w.r.t. A, i.e., given distinct x, y € A, [x € (rl (Py4), y)] = [xP;y]. %

We shall continue to restrict attention to the class of minimally rich and connected® do-
mains. However, without additional conditions imposed on the feasible set or domains, the
factorization of the feasible set cannot be elicited, and the characterization of multidimensional
single-peakedness over feasible alternatives eventually fails. We provide an example to illustrate.

39 For mathematical consistency and notational convenience, we define each element of A(A) as a lottery over A, not
over A. Thus, A(A) C A(A), and, for instance, Lemma 8 of Appendix B still holds in voting under constraints.
40 For each s € M, graph G(A®) is a tree over A®. The vertex set of xcpr G(A%) is A = x ey AS.



(0,1) (1,1) (2,1)

(0,0) (1,0) (2,0)

Fig. 6. The product of lines G(Al) X G(Az).

Example7.Let A= A' x A2, A' ={0, 1,2} and A> = {0, 1}. Let Dysp be the multidimensional
single-peaked domain on the product of two lines G(A') x G(A?) in Fig. 6. It is evident that
Dwmsp is a connected” domain.

Let A = A\{(0, 0), (2, 1)}. Thus, A is not factorizable, and Dwmsp is not multidimensional
single-peaked w.r.t. A. We can construct a unanimous (w.r.t. feasibility) and sd-strategy-proof
constrained RSCF ¢ : ]D)%,ISP — A(A) which satisfies the compromise property (w.r.t. feasibility):
Forall P;, P; € Dvsp, ¢(FP;, Pj) = %erl(P,-‘,a) + %erl(Pj\/i)' In fact, ¢ is a constrained random dic-
tatorship,*" and therefore is naturally unanimous (w.r.t. feasibility) and sd-strategy-proof. Note
that a preference profile (P;, Pj) € DI%ASP has a non-assemblable feasible compromise alternative
if and only if one of the following two cases occurs:

@ {r1(P),r1(Pj}={(0,0),(2,0)} and r2(F;) = r2(Pj) = (1,0), and
(i) {ri(P),ri(P)}={0,1), (2, D} and rz2(F;) =r2(P;) = (1, 1).

When all alternatives are feasible, these two compromise alternatives never receive any proba-
bility from any random dictatorship or generalized random dictatorship. However, when (0, 0)
becomes infeasible, alternative (1, 0) becomes the feasible peak of some voter’s preference in a
preference profile of case (i), and then inherits probability % in ¢. The same argument holds for
case (ii) as well. Therefore, ¢ satisfies the compromise property (w.r.t. feasibility). 0O

Example 7 indicates that under the feasibility constraint, the compromise property is weak-
ened so that it is no longer incompatible with constrained random dictatorships. In general, we
are unable to elicit any meaningful preference restrictions over the feasible alternatives from a
constrained random dictatorship. Therefore, without further conditions, our characterization of
multidimensional single-peakedness in Theorem 1 fails in voting under constraints. We observe
that in Example 7, there are two preferences of Dysp which share the same the infeasible alter-
native (0, 0) as the peak, but have two distinct feasible peaks (1, 0) and (0, 1), e.g.,

Pi:(0,00~(1,00~(0, Do(1, D~ (2,00~ (2, 1)  Pz:(1,0)~(0, H~(1, 1)~ (2,0)
P/ :(0,0)(0, D (1,0)~ (1, )~ (2,0~ (2, 1) - Pli: 0 D101, D-2,0)°

We impose an additional condition which excludes the alluded observation by ensuring that two
preferences with the same peak over A always share the same feasible peak.

Assumption 2. For all P;, P/ € D, we have [r(P;) =ri(P))] = [r| (Pyp)=r1 (Pi/M)]'
41" A constrained RSCF ¢ : DN — A(A) is a constrained random dictatorship if there exists &; > 0 for each i € /

with ) ;<7 &; = 1 such that for all P € DY anda € A, ¢, (P) = Ziel:rl Py =a &; . A constrained random dictatorship
1

is unanimous (w.r.t. feasibility) and sd-strategy-proof on an arbitrary domain.



If A= A, then both Assumptions | and 2 are automatically satisfied. In the framework of
Example 7, there are three ways to satisfy Assumptions 1 and 2: Set A = {0, 1,2} x {0, 1}, or
A=1{0,1}x{0,1},or A ={1,2} x {0, 1}. In either case, the feasible set A is factorizable, and one
can immediately infer that Dysp is multidimensional single-peaked w.r.t. A. Note that if we make
A= {0, 2} x {0, 1}, the feasible set A is factorizable, domain Dmsp remains multidimensional
single-peaked w.r.t. A, but Assumption 2 fails since two preferences with the same peak (1, 0)
may own two distinct feasible peaks (0, 0) and (2, 0) respectively.

Now, we present the result.

Theorem 3. Fix Assumptions | and 2. The following two statements hold:

(i) Let D be a minimally rich and connected* domain. If it admits a unanimous (w.r.t. feasi-
bility) and sd-strategy-proof constrained RSCF ¢ : DV — A(A) satisfying the compromise
property (w.r.t. feasibility), then it is multidimensional single-peaked w.r.t. A.

(ii) Conversely, a multidimensional single-peaked domain D w.r.t. A admits a unanimous (w.r.t.
feasibility) and sd-strategy-proof constrained RSCF ¢ : DN — A(A) satisfying the compro-
mise property (w.r.t. feasibility).

The proof of Theorem 3 is available in Appendix D.

Remark 8. Example 7 demonstrates that Assumption 2 is needed for Theorem 3(i), as we pro-
vide a multidimensional single-peaked domain which is connected* but violates Assumption 2,
construct a unanimous (w.r.t. feasibility) and sd-strategy-proof constrained random dictatorship
which satisfies the compromise property (w.r.t. feasibility), but we are unable to elicit the multidi-
mensional single-peakedness restriction on all feasible alternatives. More specifically, Assump-
tion 2 is critical for establishing that the sd-strategy-proofness and unanimity (w.r.t. feasibility)
of a constrained RSCF on a connected* domain imply that the constrained RSCF satisfies the
tops-only property (see Proposition 3 in the proof of Theorem 3 in Appendix D). This step com-
mences the proof of Theorem 3, and its role is analogous to the one played by Proposition 2 in the
proofs of Theorems | and 2 respectively. Assumption 2 is strong, but we are unable to proceed
without it. Indeed if one considers a constrained voting scenario where Assumption 2 does not
hold, there exists no sd-strategy-proof and unanimous (w.r.t. feasibility) constrained RSCF that
satisfies the tops-only property, and then it may not be possible to make any inferences about the
structure of the domain. Example 7 is a case in point.*> Proposition 3 summarizes the role of
Assumption 2 with regards to the tops-only property. O

Remark 9. We briefly discuss the indispensability of our assumptions. Assumption 1 is intro-
duced to simplify the analysis, and can be dispensed with by refining the Cartesian product
structure appropriately. The indispensability of Assumption 2 has been shown in Example 7. Ex-
amples | - 6 of Section 3.1.1 can be appropriately adapted to show the indispensability of our
axioms and domain conditions of Theorem 3. The details are available in Appendix E.10. O

We conclude this section by discussing the relation of Theorem 3 to the literature.

42 Note that the constrained random dictatorship in Example 7 violates the tops-only property.



Remark 10. Barbera et al. (1997) studied a deterministic constrained voting model on the mul-
tidimensional single-peaked domain Dysp of Barbera et al. (1993) where A is located on a
product of lines, and A is an arbitrary subset of A. They characterized the class of unanimous
(w.rt. feasibility) and sd-strategy-proof DSCFs that map to A: These are feasible generalized
median voter schemes satisfying the intersection property.** The structure of the feasible set A
determines the size of the class of feasible generalized median voter schemes satisfying the inter-
section property. On the one hand, if A is factorizable, then all feasible generalized median voter
schemes satisfy the intersection property automatically, and Dyssp is multidimensional single-
peaked w.r.t. A. Furthermore, one can construct a multidimensional projection rule on Dyispia
using a projector of a feasible alternative, and then extend it to a feasible generalized median
voter scheme on Dysp which satisfies unanimity (w.r.t. feasibility), anonymity and sd-strategy-
proofness. On the other hand, if A is not factorizable, see for instance, Example 7, Section 4
of Aswal et al. (2003) and Theorem 2 of Barbera et al. (2005), every feasible generalized me-
dian voter schemes satisfying the intersection property degenerates to a constrained dictatorship.
We ask what structure on A is implied by the existence of a “well-behaved” sd-strategy-proof
RSCEF, and shows that the existence of a unanimous (w.r.t. feasibility) and sd-strategy-proof con-
strained RSCF satisfying the compromise property (w.r.t. feasibility) implies that A must be
factorizable. Moreover, in contrast to the model of Barbera et al. (1997) where domain Dysp
was the primitive and automatically multidimensional single-peaked w.r.t. every factorizable
feasible set, our characterization analysis (i) takes a more general class of domains as the prim-
itive, connected* domains, (ii) endogenously establishes the factorizability of A = x ¢ A* and
induces a product of trees X ;¢ MG(A“), and (iii) elicits the embedded restriction of multidimen-
sional single-peakedness w.r.t. feasibility. Barbera et al. (1999) considered the same model of
Barbera et al. (1997), fixed a feasible generalized median voter scheme satisfying the intersec-
tion property, and induced preference restrictions to retrieve sd-strategy-proofness of the fixed
generalized median voter scheme. However, their induced preference restrictions depend on the
specific form of the primitive generalized median voter scheme. On the contrary, our analysis
only takes a general unanimous (w.r.t. feasibility) and sd-strategy-proof constrained RSCF as
the primitive, and more importantly, our notion of multidimensional single-peaked preferences
is independent of the primitive RSCF. O

4. Conclusion

We have proposed a class of multidimensional domains, connected* domains. We first prove
that multidimensional single-peakedness is necessary and sufficient in the class of minimally rich
and connected* domain for the existence of a unanimous and sd-strategy-proof RSCF satisfying
the compromise property. We also present an analogous result for DSCFs using anonymity in-
stead of the compromise property. Last, we show that our characterization is robust to voting
under constraints. The results for multidimensional models presented here are in the spirit of
earlier results (e.g., Bogomolnaia, 1998; Nehring and Puppe, 2007; Chatterji et al., 2013, 2016;
Chatterji and Mass6, 2018) that indicate that some form of single-peakedness is inherent in pref-
erence domains that allow the construction of “well-behaved” sd-strategy-proof rules.

43 A feasible generalized median voter scheme is a generalized median voter scheme which always chooses a feasible
alternative at each preference profile. The formal definition of the intersection property can be found in Definition 9 of
Barbera et al. (1997). An alternative formulation of the intersection property can be found in Section 3.3 of Nehring and
Puppe (2007).



We suggest that connected* domains may be useful in resolving other open issues; one such
issue is the equivalence of sd-strategy-proofness and local sd-strategy-proofness where the latter
is formulated by requiring that only a manipulation via a preference adjacent or adjacent® to the
sincere one is forbidden from being profitable.

The characterization of all well-behaved sd-strategy-proof RSCFs on connected™ domains is
not attempted in this paper, and is left for future work. It would also be of interest to extend the
analysis to situations where some of the dimensions include private goods or monetary transfers.

Appendix A. Proof of Proposition 1

Given i = (i%)5epm, let fi : DV - A denote a generalized dictatorship. Recall the defini-
tion of a generalized random dictatorship, given y (i) > 0 for each i € I" and ) ; _;m y (i) =1,
©qa(P) = » y(@) for all @ € A and P € DV. We know that ¢ can

i=(%)semel™: a=(r1(Ps)*) cpy
be rewritten as a mixture of generalized dictatorships, i.e., ¢(P) = Zie Y (@) fi(P) for all

P € DV Therefore, to verify the sufficiency part of Proposition 1, it suffices to show that every
generalized dictatorship is sd-strategy-proof.

Fix i = (i*)sem and i € I. Given P;, P/ € D and P_; € DV, assume fi(P;, P_;) =x =
(x%)sem and fi(Pi’, P_;)) =y=(y")sem. We show either x = y or x P;y. Assume r{(P;) =a =
(a®)sep and rq (Pi’) =b = (b*)yepm. In the voter sequence i = (i*)sep, we identify S € M such
that i =i forall s € S and i* #i forall T ¢ S. Thus, we know x* =a* and y* =b* foralls € S,
and xT = y? for all T ¢ S. Evidently, if S =@, then x = y. Similarly, if S # ¢ and a* = b* for
all s € S, we also have x = y. Last, we assume that S # (J, and there exists a non-empty stcs
such that a® # b* for all s € ST and a® = b* for all T € S\S™. For notational simplicity, assume
St ={1,...,s}. Thus, we know x¥ = gk ;ébk :yk forallk=1,...,s,and x* = y* = 7% forall
t=s+1,....,m, and write x = (a!, ..., a*, 22 T!, ..., 2 and y = (b", ..., 0%, 2° L, ... ™).
We identify alternatives a; = (a',...,a*, b¥t1 .. b5 5%, ... 2" forall k =0,1,...,s.
Evidently, ap = y and a; = x. Since r{(P;) = a, top-separability implies a; P;ax—; for all
k=1,...,s. Consequently, we have x P;y by transitivity. This completes the verification of sd-
strategy-proofness of fL, as required.

Conversely, to verify the necessity part of Proposition 1, we consider a particular general-
ized random dictatorship ¢ : DV — A(A) where y (i) > 0 for all i € I"". We show that all
preferences of ID are top-separable. Suppose not, i.e., there exists P; € D, say ri(P})) =a =
(a®)sem, such that (b, z %) Pi(a®,z~%) for some s € M, b* € A\{a*} and z~° € A~*. Let
B, z7% = r,,(f_’,-) for some 1 < 1 < |A|. We construct a particular preference profile (P;, P_;)
where r(P;) = (b*,z7°) for all j #i. We know that (a*, z7*) can be assembled by a voter se-
quence i such that i* =i and i* #i for all T # 5. Hence, gﬂ(as’zfs)(f_)i, P_;) > vy(@i) > 0. Given
P/ € D®<) by minimal richness, it is evident that ggs .—s)(P/, P_;) = 1. Consequently, we
have Z?zl @r 131,)(13,-, P_)<1= Z:’zl @r( F’,-)(Pi/ , P_;), and hence voter { will manipulate at
(P;, P_;) via Pl.’. Therefore, all preferences must be top-separable.

Appendix B. Proof of Proposition 2

We first provide four general results which will be repeatedly applied. Let D be a connected”
domain and ¢ : DV — A(A) be an sd-strategy-proof RSCF.



Lemma8. Fixi eI, P;, P/ €D and P_; € DN~ The following two statements hold:

1. If P, ~ P/ and T'(P;, P]) = {{a, b}},** then we have
() @a(P;, P—i) = @4 (P{, P_;) and @p(Pi, P—;) < @p(P], P_;);
(i) @a(Pi, P—i) +@p(P;, P—j) = @a(P], P_j) + @ (P!, P_;);
(iii) @;(Pi, P—;) = ¢, (P{, P_;) for all z ¢ {a, b}.
2. If P ~* Pl and T(P;, P)) = {{(a*,z7%), (%, Z*S)}}Z__YeA_S, then we have
(1) (D(ax,z**')(Pi» P_i) > (p(as’z—s)(Pi/, P_i) and w(b“’,z*‘)(PlU P_i) < (p(bs,z—x)(Pi/, P_l‘) for
allz775e€ A™5;
(1) @(as 2=y (Pis P—i) 4+ Qs =) (Pis P—i) = @as z—5) (P}, P—i) + Qs ) (P{, P—;) for all
Z—S e A—S’.
(ili) @c(P;, P_;) = (P!, P_;) forall c € A with ¢* ¢ {a*, b*}.

The verification of Lemma 8 is routine, and we hence omit it.
Lemma 9. Tivo preferences with distinct peaks are never adjacent.

Proof. Suppose not, i.e., there exist two preferences P;, P/ € D such that r{(P;) =a #b =
r1(P{) and P; ~ P/. Alternatives a and b must disagree on some component, say a* # b*. Given
the Cartesian product structure, we can identify x, y € A\{a, b} such that x* =a*, y* =b* and

x7% =y~ Thus, x and y are similar, and P; ~ P/ implies either x P;y and x P/y, or y P;x and
yP/x. However, since P; and P/ are top-separable preferences, r1(P;) = a implies x P;y while
r1(P}) = b implies y P/x. Contradiction! O

Lemma 10. Let P; ~ P/ and T'(P;, P) = {{a,b}}. Let Pj ~ PJ’. or Pj ~7 P;. Assume either
aPjb and aP]/.b, orbPja and bP]/.a. We have

[o(P;, Pj, P—i jy) = ¢(P{, Pj, P—ii j)] = [@(Pi, P}, P—ii jy) = o(P{, P, P—ii jp)].

Proof. Since P; ~ Pj or P; ~* P/, and P; and P} agree on the relative ranking of a and b,
we can identify an integer 1 < < |A| such that P; and P have the same set of top-¢ ranked
alternatives which either includes a and excludes b, or includes b and excludes a, i.e., either
acf{r(P)l_, = {rk(P]’.)}fcl $b(ifaP;b andanfb), ora ¢ {r(Ppl._, = {rk(Pj’.)}tk:l > b (if
bPja and bPl’.a). Thus, we assert in the terminology of Chatterji and Zeng (2018): Alternatives

a and b are isolated in P; and P,/'- Then, the verification of this lemma follows exactly from
Lemma 1 of Chatterji and Zeng (2018). O

Lemma 11. Let P; ~* P/ and T'(P;, P!) = {{(x*,z7%), (*, Z_s)}}z*SeA*f' Assume Pj ~F P,
and either (x*,z7*)P;(y*,z7%) and (xs,z_s)P]’-(ys,z_s) for all z75 € A5, or (¥*,27%) x

Pi(x*,z7%) and (y°, Z_S)PJ’.(xS, z7%) forall 775 € A=5. We have

[o(P;, Pj, P—ijy) = @(P{, P, P—ii j)] = [@(Pi, P}, P—ii jy) = 9(P{, P, P—ii jp)].

44 Recall that whenever we write {a,b} e T'(P;, Pi’), we presume a P;b and bPl.’a.



Proof. According to items 2(ii) and 2(iii) of Lemma 8, to verify this lemma, it suffices to
shgw Ehat given 7% € A7, @(gs -5 (P, PJ/., P_iij) = Qs (P, Pj/., P_y; jy) for some a’° €
{x*, ¥}

We assume (x*,z7 ) P;(y*,z7°) and (x*, z_S)P]’. (y%,z7%) forall z7% € A™%. The verification
related to the other case is symmetric, and we hence omit it. Since P; ~* P]’., we know that

Pj and Pl’. are separable preferences, and I'( P}, P/’.) = {{()?’, 275, %, Zfr)}}Z for some
T € M and x7, y* € AT. We consider two situations: T =s and T # s.

Assume T = 5. Given z7° € A7, since (x*,z7%)P;(y*,z™°) and (xs,z_s)R;(ys,z_s),
it is true that there exists a® € {x*, y*} such that a* ¢ {x%, y*}. Therefore, item 2(iii) of
Lemma & and the hypothesis imply @(gs .—s)(P;, P]/., P_i.jY) = Qs (Pi, Pj, P_ii j)) =

Qs ) (P!, Pj, P_{i jy) = Qa5 -5y (P}, Pj’., P_y;. ), as required.

=T EA*‘(

Next, assume 7 # s. Given z7° € A™*, either one of two cases occurs: (i) There
exists a® € {x%,y*} such that (a®,z7°) ¢ (X", A7) U (3",A7F), or (i) (x%,z79),
275 e, ATH) U (YT, A7Y). In the first case, item 2(iii) of Lemma 8 and the hypoth-
esis imply @(gs -5 (P;, P//" P_iij}) = Pas,=—)(Pi, P, P—i j}) = Qs == (P}, Pj, P—i j)) =
gﬂ(axgz—x)(Pi/, P]/., P_y; j}), as required. If the second case occurs, it must be either (x°,z7°) =
(xs’ )?T, Z—{s,r}) and (ys’ Z—S) — (ys’ )ET, Z_{S’T}), or (xs’ Z—S) — (xs’ yr’ Z—{s,r}) and (ys’ Z—S) —
(ys’ )-)r’ Z_{S’T}).

Given (x*,z7%) = (x*, %7,z and (y*, z7%) = (y*, 7, z~157)), by item 2(ii) of Lemma 8
and the hypothesis, we have

/!
Z&fe{if,if} Qo(x",&f,z_(L’})(Pl” Pj’ P_{i,j}) = Z&fe{if,ir} w(xf,&f,z_(5=f))(Piv Pj, P—{i,j})
/
= Zﬁfe{jfjf} w(xJ',ﬁT,Zf(S’T))(PI' ’ P]’ P*{i»j})
! /7
= Zﬁ'fe{)f’,y'[} ¢(X’T,ér,z7(‘y*r))(Pi . P], P—{l,]})
Furthermore, since item 2(i) of Lemma 8 implies

(p(x.v’jr’z—(s.r))(P,’, P]/’ P_{l,/}) Z(p(xx’)?r’z—(s.r))(f’i/7 P]/’ P—{i,j})v and
Qs 57,2~y (Pi P Pii ) Z@es 50 o~ (P Pj Pii ),

we have @s o) (Pi, Pj, Poii j)) = Qs v o~y (Piy Py P—i ) = @ (s 5o o~ts.0)y (P, P, P—yi jy)
= Qs ) (P, PJ’., P_{i j}), as required.

Given (x*,z7%) = (x*, 3%,z and (y*, z7%) = (y*, 37, z~157)), by item 2(ii) of Lemma 8
and the hypothesis, we have

/!
Z[lfe{;r&f} @(ys)&riz—(s,r))(Pi, Pj’ P—{i,j}) = Z&re{;r,yf} (p(yx)&r’z—(s.r))(Pi, Pj, P—{i,j})
/
= Z&TG{XT&T} w(yj,ﬁT,Zf(s’T))(Pi ’ P]’ P*{i»j})
!/ /7
ZZaTe{fT,yT} gﬂ(y,r,ar’z—(s,r))(Pi . P], P—{l,j})
Furthermore, since item 2(i) of Lemma 8 implies

(p(yx’jr’z—(.v.r))(P,’, Pj/’ P_{l,l}) S(,O(yx’)?r’z—(s.r))(f’i/7 P]/, P—{i,j})7 and
P(ys 57, ts1hy (P P;, P_ii j)) <@y 57 ooy (P, P;, P_i i,



wehave @ys =) (Pi, Pl, P—ii, j) = @y v -ty Piy Py P, j) = @(ys zv oty (P, Pf, P—ii jy)
= @ys ) (P}, Pj’., P_ii j1), as required. O

Now, we start to prove Proposition 2. Let domain D be connected™. If N = 1, it is evident
that unanimity implies the tops-only property.*> Next, we provide an induction argument on the
number of voters.

Induction Hypothesis: Given N > 2, every unanimous and sd-strategy-proof RSCF ¢ : D" —
A(A) with 1 <n < N satisfies the tops-only property.

Given a unanimous and sd-strategy-proof RSCF ¢ : DV — A(A), we show that ¢ satisfies
the tops-only property. According to the Interior* property, it suffices to show that fixing i € I,
for all P;, P/ € D with r(P;) = r1(P/) and either P; ~ P/ or P; ~* P/ and P_; e DN~!, we
have o (P;, P—;) = ¢(P/, P—;).

We first induce an (N — 1)-voter RSCF. Fixing j € I\{i}, let ¢ (P;, P_y; j}) =@(F;, Pi, P_y jy)
for all P; € D and P_g; j; € DV72. It is evident that ¢ is a well-defined RSCF satisfying
unanimity and sd-strategy-proofness. Hence, the induction hypothesis implies that ¢ satisfies
the tops-only property. Henceforth, we fix P;, P/ € D with r{(P;) = ri(P/) = x* and either
P;~ P! or P;~% P/ and P_; j) € DN=2. We show ¢(P;, Pj, P_ii j)) = @(P/, Pj, P_y; j) for
all Pj eD.

The lemma below implies that if 7{(P;) = x*, then ¢(P;, Pj, P_(; jy) = ¢(P!, Pj, P j})-

Lemma 12. Given P}, P; eD withri(Pj) =r (P;) = x*, we have

(i) @(P;, Pj, P_ii jy) =@(P/, P, Py jy) and ¢(P;, P]/-, P_iijp) =P/, P]/-, P_iij})s
(i) (P, Pj, P—ii,jy) = ¢(P;, P}, P—i.jy) and ¢(P/, Pj, P jy) = (P}, P}, P_ii j}).
Proof. Given P_(; j) € DN-2, by sd-strategy-proofness, we have that for every 1 </ < |A],
Yoket @rPy (P Piy Pii j)) < iy @ry (Pis Py Pty j)) < iy @y (Pis Piy P ), }
Yt Prph(Pjs Pj, P—jijy) < St Precpy (P, Py Pijy) < it P (PPl P jy),
(D
Stmt (P (P Py P i) < Yty @iy (Pis P P—ii ) < Xty 9y (Pis Piy P ),

I ! !
2kt Precphy (Pl Phy P—ii ) <Dy @r(pry (P Pl P—i ) <Dy Orpry (P P P—ii ),
(2)

1 1 1

2kt PriPp) (Pis Piy P—ii i) <D 3y Py (Pis Pjs P—iijy) < 3y 0P (Pjs Py P—ii ),
1 1 1

21 Orp (Bi Piy Piij) < et @y (P Pl Pijy) < Xm0 (Pl Pl Piicjy)

3)
) ) 1

2 k=t Cre Py (PLy Pl P j3y) <3 kg @ P (P Py P—i jy) < 3 iy 0rpy) (Pjs Pjy P—iijy),

) ) )
L=t Pripp P Py Pt 1) < Dkt @ p) (P Pl Ptinj) < X mt @rppy (P P Pii )
4

45 We follow Chatterji and Sen (2011) and add the case N = 1 just to simplify the proof.



In Inequalities (1), since (p(Pj, Pj, P—{i,j}) Ed)(Pj, P—{i,j}) =¢(Pi, P—{i,j}) = (p(Pl', P,', P—{i,j})
and (p(Pj, Pj, P—{i,j}) = ¢(Pj, P—{i,j}) = ¢(Pi/’ P—{i,j}) = (p(Pi/, Pi/’ P—{i,j}) by the induc-
tion hypothesis, it is true that ¢(P;, P;, P_y; j}) = @(Pj, Pj, P_y; j}) = (p(Pl./, Pj, P_y; ;). This
proves the first part of item (i). Symmetrically, by Inequalities (2), (3), (4) and the induction
hypothesis, we complete the verification of the lemma. O

Henceforth, we fix P; € D with | (P;) # x*. The lemma below considers the situation P; ~
P!.

1

Lemma 13. Let P; ~ P/ and T'(P;, P)) = {{a, b}}. Given P; € D with r1(P;) # x*, we have
@(P;, Pj, P_ii j)) = @(P{, Pj, P_ii j}).

Proof. We assume w.l.0.g. that a P;b. The verification related to the case b P;a is symmetric and
we hence omit it. Now, by the Exterior* property, we have a path {Pj’.‘ };c=1 C D connecting P;

and P; such that aP]].‘b forall 1 <k <1.%° Since o(P;, le, P_iij) = go(Pl./, le, P_y; jy) by item
(1) of Lemma 12, following the path from P J.l to P/’. = P;, and repeatedly applying Lemma 10,
we eventually have ¢(P;, P;, P_i; j)) = QD(PI/, Pi,P ;). O

Now, to complete the verification, we consider the situation P; ~t Pi/ .

Lemma 14. Let P; ~* P/ and T(P;, P)) = {{(x*,27°), (", 27)}} - oo~ Given P; € D with
r1(P;) # x*, we have o(P;, Pj, P_; jy) = ¢(P/, Pj, P_y; j}).

Proof. Given an arbitrary z7° € A™*, we assume w.Lo.g. that (x*,z7*)P;(y*,z™*). The veri-
fication related to the case (y*,z™*)P;(x®,z"°) is symmetric, and we hence omit it. Accord-
ing to the Exterior* property, we have a path {Pj].‘}fc:l C D connecting P; and P; such that
(%, 2 ) P{(y*,27%) for all 1 < k <. Evidently, 9(P;, P}, P—i.jy) = (P/, P}, P—ji j)) by
item (i) of Lemma 12. We introduce another induction argument.

The Secondary Induction Hypothesis: Given 1 < k < ¢, for all 1 < k' < k, we have
@(P;, P¥, P_ii jy) = (P, P¥, P_ii jy).

We show ¢(P;, Pk P_iijy) = @(P/, Pk P_y;i,jy). First, we know either Pk*1 ~* Pk or
Pk I~ Pk Assume Pk bt Pk Thus Pk ! and Pk are separable preferences Smce
(x z é)Pk l(y z7%) and x%,z A)Pk(y Z*A) separablhty implies (x*, Z*A)Pk 1(y z7%)
and (x* ,z_S)P]].‘(y ,z %) forall z7° € A7%. Consequently, by Lemma 11, ¢ (P;, P]].‘ 1, P_i iy =
(P, P]/f_l, P_y; jy) implies ¢ (P;, P]].‘, P_iiip) =P/, P]].‘, P_;i j}), as required.

Next, assume Pj].c_l ~ P]]F and F(P]].‘_l, Pj].‘) = {{a,b}} (note that aPJ”.‘_I!b and bP]].‘!a).
Thus, Lemma 9 implies rl(Pj].‘_l) = rl(P]]?) =x and x ¢ {a, b}. We consider two situations:
x = x* and x # x*. First, if x = x*, then item (i) of Lemma 12 implies ¢(P;, P]'.‘, P_iij)=

46 1t bPja, we have a path {Pk} 1< D connecting P and P; such that bPka forall 1 <k <t.

4T 9f (S 2P (%, 27), we have a path {Pk}k 1 S ]D) connecting P’ and P such that (y*, z_J)Pk (x%,z7%) for all
I<k<t.



@(P/, P]]?, P_y;,jy)- Second, assume x # x*. Assume w.l.0.g. that a P;b. The verification related
to the case b P;a is symmetric, and we hence omit it. Thus, the Exterior* property implies that
there exists a path {Pk}Z | €D connecting Pk_l and P; such that aPkb forall 1 <k <gq.*

Since (p(Pl, ; P_{, = (p(P P , P_i;, J}) by item (ii) of Lemma 12, following the
path {Pik}k:1 from Pl.1 to Pl.q = P, and repeatedly applying Lemma 10, we eventually have
o(P;, le;—l’ P_ii ) =P, P]].‘, P,{,-)j})."w Analogously, we also have (p(Pi/, Pj].‘_l, P_i ) =
gp(Pl-’, PJIF,P,{W-}).SO Last, by the secondary induction hypothesis, (p(P,',PJI.‘*l,P,{i,j}) =
o(P/, Pj’f*‘, P_y; jy) implies ¢(P;, P¥, P_y; jy) = @(P/, P¥, P_y; j}). This completes the verifi-
cation of the secondary induction hypothesis. Therefore, @(F;, Pj, P_j ;) =
@(P/, Pj, P_jijp. O

Finally, by Lemmas 13 and 14, we have ¢ (P;, P}, P_{; j}) = (p(Pl.’, Pj, P_y; j) forall P; € D.
This completes the verification of the induction hypothesis and hence proves Proposition 2.

Appendix C. Proof of Theorem 2

First, by the verification of the sufficiency part of Theorem 1, we know that all multidimen-
sional projection rules are unanimous, anonymous and sd-strategy-proof on the multidimensional
single-peaked domain. Therefore, we focus on the necessity part of Theorem 2.

Let D be a minimally rich and connected* domain. Let f : DV — A be a unanimous, anony-
mous and sd-strategy-proof DSCF. First, Proposition 2 implies that f satisfies the tops-only
property. Next, note that we establish all Lemmas 1, 5, 6 and 7 in the proof of the necessity part
of Theorem | without referring to any RSCFs. These lemmata therefore remain valid for the
DSCF f . Therefore, to complete the verification, we only need to use f and its induced DSCFs
to prove the results of Lemmas 3 and 4.

There are two cases: N is an even integer, and N is an odd integer. If N is an even integer,
we separate [ into I= {1,..., %} and I = {% +1,..., N}, and similar to the proof of the
necessity part of Theorem 1, we induce a two-voter DSCF f :D? — A which is unanimous,
anonymous, tops-only and sd-strategy-proof. If N is an odd integer, we separate / into three
subgroups i= 1,2,..., %= l} I = {NJrl — 1} and I\[I U I] = {N}, and induce the
following three DSCFS: For all P, P;, Py € ]D),

f(P; p‘p)_f<£ip)
1 J° N IA ’ I— ’ N ’
g(P;i, Pj)= f(P;, Pj, Pj)and h(P;, Py) = f(P;, P;, Pn).

Note that f is unanimous, tops-only and sd-strategy-proof, and satisfies constrained anonymity:
f(P;, Pj, Py) = f(Pj, P;, Py) for all P;, P;, Py €D, while both DSCFs g and / are unani-

a8 qf bP;a, we have a path {Pk}k = D connecting Pk and P; such that bPka forall 1 <k <gq.

49 To apply Lemma 10 here, we need to make a notat10na1 change on the expression of Lemma 10 by switching voters
iand j: Let Pj ~ P/ and T'(P;, P )={{a,b}}. Let P; ~ P/ or P; ~T P/. Assume that either a P;b and a Pb, or bP;a

and bP/a. We have [(p(P Pj, P_ii jy) =o(P;, P P_y;, j})] [o(P!. Pj. P_ii jy) = (P, P P_ii ]
50 ¢ aP b, then by the Exterior™ property, we have a path connecting P l and P’ along whlch each preference ranks
a above b. If bPl a, then by the Exterior* property, we have a path connectmg PJ}.‘ and Pl./ along which each preference

ranks b above a. Then, by a similar argument, we can show <p(Pl.’, PJ].‘_I, P_{i,j}) = (p(Pl.’, Pj].‘, P_{,-,j]).



mous, tops-only and sd-strategy-proof. The verification for the case of an even number of voters
is significantly simpler. Henceforth, we assume that N is an odd integer, and establish lemmas
accordingly. To make clear that our proof applies to the case of an even number of voters as well,
we provide a paragraph at the end of each lemma to explain how the proof can be adapted to the
two-voter DSCF f .

We first provide an intermediate step which will be repeatedly applied in the subsequent veri-
fication.

Lemma 15. The following three statements hold:

1. Givena,x,y,z€ A if f(x,y,a)=Y, f(y,z,a):zandy~+z, then f(x,z,a)=z.
2. Let {xk}f(:1 C (A%, x7%) be an adjacent™ sequence. Given a,y € A, if f(x1,y,a) =

(x],27°) for some z7° € A™%, then f(x;,y,a) € {(x}, z_s)}i:1 foralll=1,...,t
3. Let {xk}2:1 C (A%, z7%) be an adjacent sequence. Given a € A, if f(x1,x1,a) = x| and
f(x¢, x¢,a) = x4, then f(xg, xk,a) =xk forallk=1,...,t.

Proof. Since z ~* y and f(x,y,a) =y, sd-strategy-proofness implies f(x,z,a) € {y,z}. If
f(x,z,a) =y, sd-strategy-proofness implies f(y, z,a) = y which contradicts the hypothesis
f(y, z,a) = z. Therefore, f(x, z,a) = z. This completes the verification of the first statement.

Since f(x1,y,a) = (xf, z~%), we adopt an induction hypothesis: Given 1 < k < ¢, for all
1 <k’ <k, wehave f(xp,y, a)e{(x},z7%), (x3,27%),..., (x3,,27°)}. We show f(xx, y,a) €
{(x],27%), (x3,27°%), ..., (x, 27%)}. Since x_1 ~7T x¢, we have P; € D%-! and Pl/ e D
with P; ~T P/. Note that {(x;_,,z7%), (x},z~*)} € ['(P;, P)). If f(P;,y,a) = (x],z~*) where
I < k—1by the induction hypothesis, item 2(iii) of Lemma & implies f (xx, y,a) = f(P/,y,a) =
f(Pi,y,a)=(x;,z7°). If f(Pi,y,a) = (x;_;,z*) by the induction hypothesis, item 2(ii) of
Lemma 8 implies f(xx,y,a) = f(P/,y,a) € {(x{_;,27*), (x},z~*)}. This completes the veri-
fication of the induction hypothesis, and hence proves the second statement.

To verify the third statement, we refer to DSCF 4, and have h(x1,a) = f(x1,x1,a) = x1
and h(x;,a) = f(x;, x¢,a) = x;. Similar to the verification of Statement 2, we have h(xy,a) €
{x1,x2,...,x¢} forallk=1,...,¢. Given | < k < ¢, suppose h(xg, a) # xx. Thus, h(xg,a) = x;
for some 1 <[ < k. Following the sequence {x;}}_, from x; to x;, since x; ¢ {x}, x 41} for all
v=k,...,t — 1, by repeatedly applying item 2(iii) of Lemma 8, we eventually have h(x;, a) =
x;. Contradiction! Therefore, f(xy, xx,a) = h(xg, a) = xi. This proves the third statement. O

In order to adapt the proof to the case of an even number of voters, we erase alternative a in
each preference profile in Lemma 15; it is evident that the first two statements of Lemma 15 still
hold under f while the third statement follows directly from the unanimity of f

Next, we replicate the conclusion of Lemma 3.

Lemma 16. Given s e M and x5 € A7, G+ ((As, x_s)) is a tree.

Proof. Suppose not, i.e., by Lemma 1, there exists a cycle {)ck}f(:1 C (A%, x%), t = 3, such that
xi ~T x¢qq forall k=1,...,t, where x;4| = x1. Start from profile (x1, x»). First, by unanim-
ity and sd-strategy-proofness, x; ~* x, implies f(x1, X2, x2) € {x1, x2}. We consider two cases
separately: f(x1, x2,x2) =x1 and f(x1, x2, X2) = X2, and induce a contradiction in each case.
First, assume f(x1, x2, x2) = x1. We recall DSCF g. Thus, g(x1, x2) = f(x1, x2, x2) = x1.
We claim f(xg, xpr, xp) = g(xg, xp) = xx for all 1 < k < k' <t. We introduce an induction



hypothesis: Given 2 <[ <¢, for all 1 < k <k’ <[, we have g(xg, xp’) = x. To verify the
induction hypothesis, it suffices to show g(xg,x;) = x; for all 1 < k <. We consider two
situations: (1) k <! — 1 and (2) k = — 1. In situation (1), the induction hypothesis implies
g(xx, x;_1) = xx. Furthermore, since x; ~* x;_1 and x; ¢ {x]_;,x7}, item 2(iii) of Lemma 8
implies g (xk, x;) = xx. Next, assume that situation (2) occurs. Since g(x;—2, X;) = x;—2 by situa-
tion (1) and x;_1 ~T x;_5, sd-strategy-proofness implies g(x;_1, x;) € {x;_2, x;_1}. Meanwhile,
since x;_1 ~T x;, unanimity and sd-strategy-proofness imply g(x;_1, x;) € {x;_1, x;}. Therefore,
it is true that g(x;—_1, x7) = x;—1. This completes the verification of the induction hypothesis.
Thus, f(xk, xp, xp) = x forall 1 <k <k’ <t. Now, we have f(x;, x2, %) = f(x2, X1, X) = X2
by constrained anonymity. Then, sd-strategy-proofness implies f (x;, x2, x2) = x2. Furthermore,
since x; ~1 x; and x5 ¢ {x}, x{}, item 2(iii) of Lemma 8 implies f(x1, x2,x2) = x2. This con-
tradicts the hypothesis f(x1, x2, x2) = x1. Therefore, G+ ((AS, x“v)) must be a tree in the case
fx1, x2, x2) = x1.

Next, assume f(x1, x2, Xx2) = x3. Since x| ~7 x2, by unanimity and sd-strategy-proofness, we
also know f(x2, x1, x1) € {x1, x2}. If f(x2, x1, x1) = X2, we can relabel the cycle as {zk};(:l such
that z; = x2, 7o = x1 and zx = xy;43—f forall k =3, ..., ¢t. Thus, f(z1,22,22) = f(x2,x1,x1) =
x3 = z1. Then, by the same argument in the second paragraph, we induce a contradiction.

Therefore, we further assume f (x2, x1, x1) = x1. We recall DSCF g. Thus, g(x1, x2) = x» and
g(x2, x1) = x1. We claim g(x;, xx) = xg forall 1 <k, k¥’ <t. We introduce an induction hypoth-
esis: Given 2 <[ <1, forall 1 <k, k' <1, we have g(xy, xi') = xx. To verify the induction hy-
pothesis, it suffices to show g(xx, x;) = x; and g(x;, xx) = xi forall 1 <k <[.If k =1, the result
follows from the axiom of unanimity. Next, assume k <[ — 1, the induction hypothesis implies
g(xk,x;—1) =x;_1 and g(x;_1, xx) = xx. According to g(x;_1, xx) = X, since x; ~* x;_| and
x; ¢ {x;_;,xj'}, item 2(iii) of Lemma 8 implies g(x;, xx) = x¢. According to g(xx, x;—1) = x;—1,
* x;_1, sd-strategy-proofness implies g(xx, x;) € {x;_1, x;}. Suppose g (xg, x7) = x;_1.
We refer to the counter clockwise sequence {Xg, Xg—1, ..., X1, X, X;—1, ..., X]41, X7} from xi
to x; which excludes x;_;. For all x;, and x, in the counter clockwise sequence with x;, ~T
X, we know x; | ¢ {x;,x¢}. Therefore, by repeatedly applying item 2(iii) of Lemma 8,
we have xj—1 = g(x, x1) = g(xp—1,x1) = --- = gx1,x1) = g(xs, X)) = gxp—1,x7) = -+ =
g(x141,x1) = g(x;,x;) which contradicts unanimity. Therefore, g(xx,x;) = x;. Last, assume
k=1—1. Since I > 2, we know g(x;_2,x;) = x; and g(x;,x;—2) = x;—2. According to
g(x;_2,x;) = x;, since x;_1 ~T x;_» and x; & {x]_,,xj_,}, item 2(iii) of Lemma 8 implies
g(x1_1,x1) = x;. According to g(x7, x;_2) = x;_2, since x;_1 ~ x;_5, sd-strategy-proofness
implies g(x;, x;_1) € {x;_2, x;_1}. Meanwhile, since x;_; ~* x;, unanimity and sd-strategy-
proofness imply g(x;, x;—1) € {x;—1, x;}. Therefore, we have g(x;, x;—1) = x;—1. This completes
the verification of the induction hypothesis. Hence, g(xy/, xx) = xi forall 1 <k, k' <t.

Now, we have f(x;,x2,x2) = g(x;, x2) = x2. Since x; ~ x;, sd-strategy-proofness im-
plies f(x;, x2,x1) € {x1,x2}. We show that both cases f(x;,x2,x1) =x1 and f(x;, x2,x1) =
xp are invalid. Suppose f(x;,x2,x1) = x. Since x; ~T x| and x3 ¢ {x{,x]}, constrained
anonymity and item 2(iii) of Lemma 8 imply f(x2, x1,x1) = f(x1, X2, x1) = x2, which con-
tradicts the hypothesis f(x2, x1,x1) = x1. Suppose f(xs, x2,x1) = x1. On the one hand, we
refer to the counter clockwise sequence {x;, x;—i,...,x3,x2} from x; to xp which excludes
x1. For all x; and x, in the counter clockwise sequence with x; ~* x¢, we know x] ¢
{x}, x¢}. Then, by repeatedly applying item 2(iii) of Lemma 8, we have x; = f(x;, x2, x1) =
f(xi—1,x2,x1) = -+ = f(x3,x2,x1) = f(x2,x2,x1). Thus, f(x2,x2,x1) = x1. On the other

hand, by anonymity of f and the hypothesis f(x1, x2, x2) = x2, we have f_(ﬁ, X2, XT-Z, x1) =

+

since x; ~



f_(l\{ x xz) f(xT‘, x[—E, xg) = f(x1,x2,x2) = x2. Then, sd-strategy-proofness implies
f(x2, x2,x1) = f(ﬁ,xz, 7 ,xl) = xp. Contradiction! Therefore, G+ ((As,x_s)) must be a

tree in the case f(xy, x2, x2) = x2. This completes the verification of the lemma. O

For the case of an even number of voters, we prove the result of Lemma 16 simply by erasing
the third element in each preference profile of f, and changing f and g to f in the first three
paragraphs of the proof of Lemma 16. The remaining paragraphs in the proof of Lemma 16 are
omitted.

Lemma 17. Given an adjacent™ sequence {xk}Z:l C (A%, x7 %) and P; € D!, we have xi P;xg+1
forallk=1,...,q — 1.

Proof. Suppose xi41P;x; for some 1 <k < g. It is evident 1 < k < g. Pick an arbitrary

! € D+ by minimal richness. By the no-detour property, we have a path {Pil }11’:1 c D)
connecting P; and Pi’ such that xk+1Pilxk foralll =1,..., p. Evidently, rl(Pl.l) #+ xi for all
1 <1 < p. Then, by the proof of Lemma 1, we elicit an adjacent* sequence connecting x; and
Xi+1 from {Pl }j—; which excludes xi. This contradicts Lemma 16. Therefore, xi P;xg for all
k=1,...,q — 1 O

The verification of Lemma 17 has nothing related to the number of voters, and applies to both
the odd and even cases.

Before proceeding further with the proof, we note that the order of Lemmas 2 and 3 is opposite
to the order of Lemmas 16 and 17, which arises mainly from the difference between the random
setting and the deterministic one. In the random setting, the preference restriction in Lemma 2 is
simply induced from the compromise property of the RSCF, and Lemma 3 is proved by the RSCF
characterization result in Lemma 2. In the deterministic case, Lemma 16 (identical to Lemma 3)
is proved using mainly the anonymity of the DSCEF, and the preference restriction in Lemma 17
(the counterpart of Lemma 2) is elicited from the result of Lemma 16 and the richness condition
of connectedness®.

We fix four alternatives: a = (x*, x7, z’{”}), b= (", y", z’{”}), c=x%,y", z’{”}) and
d=(y*,x7,z7 7)) where x* # y* and x¥ # y*. Assume a ~T ¢ and a ~* d. Let {x;}}_, €
(y*, AT, 7z~ 1.7}y denote the adjacent™ sequence connecting b = x; and d = Xp, and {yk}Z:1 C
(A%, y7, z7157}) denote the adjacent™ sequence connecting b = y; and ¢ = ¥4 (recall Fig. 2).

Lemma 18. Given a ~* c and a ~* d, we have [b ~T d] < [b~T c].

Proof. Assume b ~1 d. We show b ~T c. Suppose not, i.e., ¢ > 2. Fixing an arbitrary 1 <k <
g, Lemma 17 implies yi P;c for all P; € D? and ykP b for all P; € D¢. Since yi & {x°, %), we
induce an alternative x* = (y ,x%, 7z T}) € A\{a,d}. Thus, a,d, x* € (A5, x* ,z_{s T}). Since
a~Ttd, by Lemma 16, there exists an adjacent” sequence {2]12}2:1 C (A%, xT, z_{”}) such that
one of the following two cases occurs:

) {Zf}}z:l connects d and x*, and includes a (see Fig. 7(1)).
2) {zi }Zz | connects d and x*, and excludes d (see Fig. 7(2)).

In each case, we induce a contradiction.
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Fig. 7. Two cases for the adjacentt sequence {zllz}Z:] connecting d and x*.

d o ... o b d o . ... o b d o ... Wb d o . ... o b
Situation 1 Situation 2 Situation 3 Situation 4

Fig. 8. Four situations. Taking the first diagram of Fig. 8 as an example, the arrow “a — ¢” represents that a ~* ¢ and

fla,c,a)= f(c,a,a)=c.

In case (1), Lemma 17 implies aPl.’x* for all Pl./ e D4. Since b ~T d, we have two sep-
arable preferences P; € D? and P/ € D with P; ~* P/. Thus, T'(P;, P)) = {{(y", 27",
(7, 27}, —r g - Note that yg Pc and a P/x*. Since y = (v, y7, 27 P (¥, y¥, 27007y =
¢, separability implies x* = (y{, x7, z7 ) P;(x*, x7,z71%7)) = a. Thus, x*P;a and aP/x*.
Hence, {(y},x%, z7%™), (x%,x7,z718™H} e I'(P;, P!). Contradiction! Therefore, b ~* c.

In case (2), Lemma 17 implies d P/x* for all P/ € D®. Since ¢ ~* a, we have two sep-
arable preferences P; € D¢ and P/ € D with P; ~* P/. Thus, T'(P;, P)) = {{(y".z7"),
(x7, Z_T)}}Z,,EA,,.Note that yy P;b and df_’i’x*. Since yr = (v}, y", 7 BThpi(ys, y7, 0T =
b, separability implies x* = (y{, x7, z~ (8T P;(y*,x7,z71%7)) = d. Thus, x*P;d and d P/x*.
Hence, {(y},x%, 2747, (3%, x7, 271%™} e I'(P;, P!). Contradiction! Therefore, b ~* c.

Therefore, we conclude [b ~T d] = [b ~T ¢]. Symmetrically, we can show [b ~T d] <
[b~Tcl. O

The verification of Lemma 18 has nothing related to the number of voters, and applies to both
the odd and even cases.

Now, we are ready to prove the equivalent of Lemma 4. Since a ~* ¢ and a ~* d, by sd-
strategy-proofness and constrained anonymity of f, we have f(a, c,a) = f(c,a,a) € {c,a} and
f(a,d,a)= f(d,a,a) € {a,d}. Therefore, there are four situations (also see Fig. 8):

Situation 1. f(a,c,a) = f(c,a,a) =cand f(a,d,a)= f(d,a,a) =a.
Situation 2. f(a,c,a) = f(c,a,a) =cand f(a,d,a)= f(d,a,a)=d.
Situation 3. f(a,c,a)= f(c,a,a) =a and f(a,d,a) = f(d,a,a) =d.
Situation 4. f(a,c,a) = f(c,a,a) =a and f(a,d,a)= f(d,a,a) =a.

Note that Situations 1 and 3 are analogous. Therefore, we only consider Situations 1, 2 and
4. We show that in each situation, b ~1 ¢ and b ~1 d. After removing the third element in each
preference profile of f and switching notation f to f , we establish the counterpart 4 situations
in the case of an even number of voters.

Lemma 19. In Situation 1, b ~T c and b ~* d.



Proof. Since f(d,a,a) =a, f(a,c,a) =c and ¢ ~1 a, Statement 1 of Lemma 15 implies
f(d,c,a) =c. By Lemma 18, it suffices to show b ~td. Suppose not, i.e., p > 2. Thus, we
have x,_1 = (y*, x;_l, 7z~ and x;_l ¢ {x",y"}.

CLAIM I: f(xp,xp_1,a) = f(Xp_1,Xp,a) =Xp.

According to f(xp,c,a) = f(d,c,a) =c, since x, ~T

xp—rand " =y" ¢ {x}, x]_,}, item
2(iii) of Lemma 8 implies f(x,_1, c,a) = c. Next, since a ~7 ¢, sd-strategy-proofness implies
f(xp_1,a,a) € {c,a}. Suppose f(xp_1,a,a) =c.Since x, ~* Xp—jandct =y* ¢ {x;,x;_l},
item 2(iii) of Lemma 8 implies f(d,a,a) = f(xp,a,a) = f(xp—1,a,a) = ¢ which contradicts
the hypothesis of Situation 1. Therefore, f(x,—_1,a,a) = a. Furthermore, since x, ~t a, sd-
strategy-proofness implies f(x,_1, Xp, a) € {xp, a}. Suppose f(xp_1,d,a) = f(xp_1,xp,a) =
a. On the one hand, following the sequence {xk}le from x,_1 to x; = b, since a® ¢ {x[,x;_,}
forall k =p —1,...,2, by repeatedly applying item 2(iii) of Lemma 8, we eventually have
f(b,d,a)=a. On the other hand, recall f(y;,d,a)= f(c,d,a) = f(d,c,a) =c=y, and the
sequence {yx }ZZ | (from y, to yp). Statement 2 of Lemma 15 implies f(yk,d, a) € {y };]:k for all
k=1,...,q. Consequently, f(b,d,a) = f(y1,d,a) # a. Contradiction! Therefore, it must be
the case f(xp—1,xp,a) =x,. This completes the verification of the claim.

Next, we show f(b,d,a) =d. Since f(xp_1,xp,a) =x, and x[T, & {x{,x;_,} forall k =
p—1,...,2, following the sequence {xk},’z:1 from x,_; to x; = b, by repeatedly applying item
2(iii) of Lemma 8, we eventually have f(b,d,a) = f(x1, xp,a) = x, = d. Furthermore, since
d~%aand f(d,a,a)=a by the _hypothesis of Situation 1 Statement 1 of Lemma 15 implies
f(b,a,a) =a. Pick an arbitrary P, e DY. Since r1(P;) = = (y*,y7, 277}, top-separability
implies ¢ = (x*, y7, z 157} VP (xS, xT, 2T =a. Consequently, by the hypothesis of Situation
1, we have f(c,a,a) = cﬁia = f(l;i, a,a), and hence voter i will manipulate at (f’i, a,a) via
Pl./ e D€. Therefore, it must be the case b ~T d, as required. O

In order to adapt the proof of Lemma 19 to the case of an even number of voters, we remove
alternative a in each preference profile of f, and switch f to f.

Lemma 20. In Situation 2, b ~T c and b ~T d.

Proof. Suppose not, i.e., Lemma 18 implies p > 2 and g > 2.
CLAIM 1: According to sequence {xk}le, we have f(a,b,a) = f(b,a,a)=d

Since x, ~* x,_i, unanimity, constrained anonymity and sd-strategy-proofness imply
fOp,xp_1,xp) = f(xp_1,Xp,xp) € {xp_1,xp}. Suppose f(xp,xp—1,%xp) = f(xp_1,%Xp,
Xp) = xp—1. Meanwhile, since f(a,xp,a) = f(xp,a,a) = x, by the hypothesis of Situa-
tion 2, sd-strategy-proofness implies f(a, xp,xp) = f(xp,a, xp) = x,. According to alterna-
tives x,,x,—1 and a, we induce another alternative x* = (xs,x;,_l z~¥.7H). Thus, Xp ~t a,
Xp ~*t Xp—1, f(xp, a, xp) = f(a, Xp, xp) =Xp and f('x[?a xp—l’xp) = f(x[?—la Xp, xp) =Xp-1
which together formulate an analogy of Situation 1 (see Fig. 9). Consequently, x* ~T a and
x* ~* xp_1 by Lemma 19.

We next show f(a,xp—1,a) = f(xp—1,a,a) =x, 1. Since f(a, x),,a) = x, by the hypoth-
esis of Situation 2 and x,_; ~* x,, sd-strategy-proofness implies f(a,xp_1,a) € {x,—1, xp}.
Suppose f(a, xp—1,a) = xp. Then, sd-strategy-proofness implies f(xp,xp—1,Xp) = X, which
contradicts the hypothesis f(xp, x,—1,xp) =xp_1. Therefore, f(a,xp-1,a) = f(xp_1,a,a) =
Xp—1-



Fig. 9. The analogy of Situation 1 on {xp, x*, Xp—1,a}.

We next show f(a,x* a) = f(x* a,a) = x*. Since a ~* x*, unanimity and sd-strategy-
proofness imply f(a,x*,a) € {a,x*}. Meanwhile, since f(a,x,_1,a) = xp_1 and x* ~t
Xp—1, sd-strategy-proofness implies f(a, x*, a) € {x,_1, x*}. Therefore, f(a,x*,a) € {a,x*} N
{xp—1,x*} = {x*}, and hence f(a,x*, a)=x*.

Note that a, ¢, x* € (x*, AT,z &™), x* ~* g and a ~ ¢. According to f(a,c,a) = c by
the hypothesis of Situation 2, since a ~ x* and ¢ ¢ {a®, x*7}, item 2(iii) of Lemma 8 im-
plies f(x*,c,a) = c. Furthermore, since ¢ ~T a, sd-strategy-proofness implies f(x*, a,a) €
{a, ¢} which contradicts f(x*,a,a) = x*. Therefore, it must be the case f(xp,,x,_1,%p) =
f(xp—1,xp,xp) =xp. Equivalently, f(x,-1,d,d) =d.

For notational convenience, recall DSCF g. We know g(x,—1,d) = f(xp—1,d,d) =d. Next,
since a ~7 d, sd-strategy-proofness implies g(x,—1, a) € {a, d}. Suppose g(x,_1,a) =a. Since
Xp—1 ~T xp, we have P; € D*»-! and P/ € D*» with P; ~* P/. Note that {x*,a} € T(P;, P),
ie., x*P;la and aP/!x*. Since g(P;,a) = a, item 2(i) of Lemma & implies g(P/,a) = a.
Thus, f(d,a,a) = g(d,a) = a which contradicts the hypothesis of Situation 2. Therefore,
f(xp-1,a,a) = g(xp_1,a) = d. Last, following the sequence {xk},‘?:1 from x, 1 to x; = b,
since d* ¢ {x{,x;_;}forallk=p—1,...,3,2, by repeatedly applying item 2(iii) of Lemma 8,
we eventually have f (b, a, a) = d. This completes the verification of the claim.

Symmetric to Claim 1, according to sequence { yk}Z=1 from y; = c¢ to y; = b, we can show
f(a,b,a) = f(b,a,a) = c, which contradicts Claim 1. Therefore, it must be the case b ~T ¢
andb~Td. O

In order to adapt the proof of Lemma 20 to the case of an even number of voters, we remove
the third element in each preference profile of f, and replace f and g by f .

The verification related to Situation 4 is more complicated. First, since a ~td, unanimity
and sd-strategy-proofness imply f(a,d,d) = f(d,a,d) € {a, d}. We then have to consider two
separated cases under Situation 4:

(i) DSCF f is invariant at profiles (a,d,d) and (a,d, a),i.e., f(a,d,d)=a= f(a,d,a), and
(i) DSCF f is variant at profiles (a,d,d) and (a,d,a), ie., f(a,d,d)=d #a= f(a,d,a).

Note that in the case of an even number of voters, the hypothesis of Situation 4 coincides with
the invariant case after removing the third element of each preference profile of f and replacing
f by f . Therefore, the invariant case arises for both cases of the odd and even number of voters,
while the variant case only occurs for the case of an odd number of voters.

Lemma 21. In Situation 4, if [ is invariant at (a,d,d) and (a,d,a), i.e., f(a,d,d) =a =
fla,d,a), thenb~Tcandb~"d.

Proof. By Lemma 18, it suffices to show b ~* d. Suppose not, i.e., p > 2. According
to the adjacent* sequence {xi};_, < (y*, AT, z787h) we replace the element y* in each
x; by x®, and then construct another sequence of alternatives {)Ek},le = {(x*, x;, S)},f:1 =



' or !

Fig. 10. The analogy of Situation 1 or 2 on {xp,X,_1,%p, Xp—_1}.

{(xs,x,f, z_{‘”})},f:1 C (x*, AT, z71%7h), Note that Xp = (¥, xp, Ty = (x5, x7, 7T =
a, x; = (x%, x{, z7th = (%, y7, 27 = ¢, and {&, },’;Z] may not be an adjacent* sequence.

We start from x,, Xp—1, X, and x ,_. First, note that x,, ~* x,_1, x, ~T X, and f (xp, Xp, xp)
= f(Xp,Xxp,Xp) = X, by the invariance hypothesis. Second, since x, ~T x,_, unanimity
and sd-strategy-proofness imply f(xp,xp—1,%p) = f(xp—1,%p,Xp) € {xp,xp_1}. Therefore,
if f(xp,xp_1,%p) = f(xp_1,Xp,xp) =xp, then {xp,Xp_1,Xp, xp_1} formulate an analogy of
Situation 1, and if f(xp, xp—1,xp) = f(Xp—1,Xp, Xp) =xp_1, then {x,,x,_1,%p, x—1} formu-
late an analogy of Situation 2 (see Fig. 10). Then, by Lemma 19 or 20, we have X, ~t Xp and
)E[,_l ~t x,,_l.

Furthermore, we recall DSCF g and claim f(xp_1,Xp—1,Xp—1) = f(Xp—1,Xp—1,Xp—1) =
g(Xp—1,Xp—1) = Xp—1. Since xp_; ~T X,_1, unanimity and sd-strategy-proofness imply
g(xp_1,xp—1) € {xp—1,Xp_1}. Suppose g(Xp_1,xp—1) = xp—1. On the one hand, since x, ~T
Xp—1, sd-strategy-proofness implies g(X,—1, xp) € {xp_1, xp}. On the other hand, by the invari-
ance hypothesis, we know g(xp, xp) = f(xp, xp, xp) = f(a,d,d) = a = x,. Furthermore, since
Xp_1 ~Tx »» sd-strategy-proofness implies g(x,_1, xp) € {Xp, Xp—1}. Contradiction! Therefore,
fGp—1,Xp—1,Xp—1) = f(Xp—1,Xp—1,Xp—1) = g(Xp—1,Xp—1) = Xp_1.

Following the adjacent™ sequence {xk},f: | from x,,_ to x; = b, we consecutively consider
{xk, Xk—1, Xk, Xr—1} from k = p — 1 to k =2, and by repeatedly applying the similar argument in
the two paragraphs right above, we have x;_1 ~% X, Xx—1 ~T xx—1 and f(xp_1, Xg—1, Xk—1) =
f(Xk—1, Xk—1, Xk—1) = X)—1 for all k = p — 1,...,2. Eventually, we have c = x| ~tx1=b
which furthermore implies » ~* d by Lemma 18. This contradicts the hypothesis p > 2. There-
fore, it must be the case b ~T d, as required. O

In order to adapt the result of Lemma 21 to the case of an even number of voters, we remove
the third element in each preference profile of f, and replace f and g by f . Recall that the
variant case cannot occur in the case of an even number of voters. Therefore, we have completed
the verification of the necessity part of Theorem 2 for the case of an even number of voters. The
remainder of the proof only applies to the case of an odd number of voters.

Lemma 22. In Situation 4, if f is variant at (a,d,d) and (a,d,a), i.e, f(a,d,d)=d #a=
f(a,d,a), thenb~Tcandb~"d.

Proof. Suppose not, i.e., Lemma 18 implies p > 2 and g > 2.

CLAM 1: f(a,c,c)= f(c,a,c)=c.

Since a ~* ¢, unanimity and sd-strategy-proofness imply f(c,a,c) = f(a,c,c) € {a,c}.
Suppose f(c,a,c) = f(a,c,c)=a.Then, by the hypothesis of Situation 4, we have f(a, c,c) =
a= f(a,c,a). Thus, f isinvariant at (a, c, c) and (a, c, a). Consequently, analogous to the proof
of Lemma 21, we can eventually induce a contradiction! Therefore, f(c,a,c) = f(a,c,c) =c.
This completes the verification of the claim.

CLAIM 2: f(d,c,a)= f(c,d,a)=a.
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Since a ~* ¢ and f(d,a,a) = a by the hypothesis of Situation 4, sd-strategy-proofness
implies f(d,c,a) € {a, c}. Symmetrically, since d ~* a and f(a,c,a) = a by the hypothe-
sis of Situation 4, sd-strategy-proofness implies f(d,c,a) € {a, d}. Therefore, it is true that
f(d,c,a) =a. This completes the verification of the claim.

CLAIM 3: f(d,d,a)=d and f(c,c,a)=c.

First, by anonymity of f and the variance hypothesis, we have f (1 ) ,d, a) =
= (4 B d a4
f (1 ik ) - (i r

fd,d,a) = (% d a) Symmetrically, by anonymity of f and Claim 1, we have
7 (5 e “):f<%’i\
ness implies f(c,c,a) = f( ,%
According to the adjacentt sequence {xk}lf:l - (yS,AT,z’{X’T}), we replace the ele-
ment y* in each x; by x*, and then construct another sequence of alternatives {)Ek},le =
{(x* x,:s)}k | € (7, AT, _{”) Note that x, = (x*, x Jlethy = (8 xT, 7T = g,
x = ,xl 7l r}) =%, y", 7z~ {s.7} ) = ¢, and {xk}k=1 may not be an adjacent™ sequence.
Symmetrically, according to the adjacent* sequence {yk}Z:1 C (A%, y7, z7 17} we replace the
element y® in each y; by x7, and then construct another sequence of alternatives {yk}zz | =
{(yz’xr’ Z_{S’T})}If:l C (A%, X7, Z_{S’T}). Note that Vg = (y;’xr’ Z—{s,r}) = (x*, x7, Z—{s,r}) =
a, 1=, x7, 2707 = (y*,x7, 27197y =d, and {3}{_, may not be an adjacent* sequence.
Note that {¥x}r_; N {37, = {a}.

\/

= f(d,a,d) = d. Then, sd-strategy-proofness implies

Q

5 ds c) f(?, %, c) = f(c,a,c) = c. Then, sd-strategy-proof-

~lo

, a) = c. This completes the verification of the claim.

CLAM 4: f(a,xk,a) = f(xk,a,a)=aforallk=1,...,p

By the hypothesis of Situation 4, we first have f(a,xp,a) = f(a,d,a) = a. We next
show f(a,x1,a) = f(a,b,a) =a. Since f(a,d,a) = a, following the sequence {xk},f:l from
xp =d to x; = b, Statement 2 of Lemma 15 implies f(a,b,a) € {)Ek},le. Symmetrically,
since f(a,c,a) = a by the hypothesis of Situation 4, following the sequence {yk}z=1 from
yq =c to y; = b, Statement 2 of Lemma 15 implies f(a,b,a) € {)'Jk}zzl. Thus, f(a,b,a) €
{Xi}P_, N {3}!_, = {a}, and hence f(a,x1,a) = f(a,b,a) = a. Furthermore, following the se-
quence {xk}f:1 from x1 = b to x,_1, since a ¢ {x,f,x,fH} forallk=1,...,p—3,p—2,by
repeatedly applying item 2(iii) of Lemma 8, we have f(a,x;,a) =a forallk=2,...,p — 1.
This completes the verification of the claim.

CLAIM 5: f(xg,xk,a) =xi forallk=1,..., p.

Recall DSCF h. We first show h(b,a) = b. On the one hand, according to the adjacent*
sequence {)ck},f:1 from x, =d to x; = b, since h(d,a) = f(d,d,a) =d by Claim 3, by a
similar proof of Statement 2 of Lemma 15, we know h(b,a) € {xk}/[c]:r On the other hand,
according to the sequence {yk}Z:l from y, = c to y; = b, since h(c,a) = f(c,c,a) =c¢
by Claim 3, by a similar proof of Statement 2 of Lemma 15, we know h(b,a) € {yk}zzl.
Therefore, h(b, a) € {xi}7_,; N {y}i_; = {b}, and hence f(b,b,a) = h(b,a) = b. Last, since
fx1,x1,a) = f(b,b,a) =b=x1 and f(xp,xp,a) = f(d,d,a) =d = x), by Claim 3, State-
ment 3 of Lemma 15 implies f (xk, xx,a) =xi forall k =1, ..., p. This completes the verifica-
tion of the claim.
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Fig. 11. The geometric relation among x, )Ep_l,)'cp and Xp—1-

CLAIM 6: f(xk, Xk—1,a) = f(xk—1,xk,a) =x; forallk=2,..., p.

We first show f(d, b,a) =d. Since f(xp, xp,a) = x, by Claim 5, Statement 2 of Lemma 15
implies f(d,b,a) = f(xp,x1,a) € {xk},le. Next, since d ~T a and f(a,b,a) =a by Claim 4,
sd-strategy-proofness implies f(d, b, a) € {a,d}. Thus, f(d, b, a) € {xk }le N{a,d} ={d}, and
hence f(d,b,a) =d = x,.

Now, given 1 < k < p, since x; ~7 xx—1 and f(xg, xg,a) = x; by Claim 5, sd-strategy-
proofness implies f(xx, xx—1,a) € {xx, xxk—1}. Suppose f(x,xx—1,a) = xx—1. First, if k =
p, we have f(xp,x;_1,a) = xx—1. Second, assume k < p. Following the sequence {xk}le
from xx to x, = d, since x;_; ¢ {xj, xj,;} for all k <1 < p, by repeatedly applying item
2(iii) of Lemma 8, we have f(xp,xx—1,a) = xx—1. In conclusion, given k < p, we have
f(xp, xk—1,a) = xx—1. Next, following the sequence {xk},‘?:1 from x;_1 to x; = b, Statement 2
of Lemma 15 implies f(d,b,a) = f(xp, x1,a) € {xx—1,...,x2,x1}. Contradiction! Therefore,
f(xp, xg—1,a) =xi forall k =2, ..., p. This completes the verification of the claim.

+

CLAIM 7: Given 1 <k < p, let {iv}zzl C (A5, x,ﬁ, 2%} be the adjacent™ sequence connecting
Xr = %1 and Xx = %,. Then, f(%,,%,,a) =X, forallv=1,...,7.

Recall DSCF h. We first show h(Xy,a) = Xx. Since Xx,a € (x*, AT, z~ ), by Lemma 1,
there exists an adjacent* sequence in (x*, A7, z~5*}) connecting %; and a. Furthermore, since
h(xg, xx) = x € (x5, Af,z_{”}) by unanimity, by the proof of Statement 2 of Lemma 15,
following the adjacent™ sequence in (x*, AT, z_{”}) from x; to a, we know h(xi,a) €
(x5, AT, z7 1511y Next, since h(X1,a) = f(xx, xx,a) = xx = £; by Claim 6, following the
sequence {)?U}Zzl - (As,x,f,z_{”}) from % to X, = X;, Statement 2 of Lemma 15 im-
plies h (3, a) = h(%y, a) € {£,}1_, € (A%, x},z719)). Therefore, h(¥x, a) € (x*, A", z7 N
(A%, x7, 2757 = {(x*, xf, 27T} = {%}, and hence, f (£, Xy, @) = f (Fk, ¥k, a) =h (T, a) =
Xr = Xy Last, since f(X1,%1,a) = f(x, xx, a) = xx = X1 by Claim 5, according to {)2,,}‘”):1,
Statement 3 of Lemma 15 implies f(X,, X,,a) = X, for all v=1,...,n. This completes the
verification of the claim.

We start from {x,, X,_1,Xp,x,—1}. Let {iv}zzl C (A%, xg, 7z lth, n > 2, be the adjacent™
sequence connecting x,_; = X1 and X,_1 = X (see Fig. 11). Note that f(xp,X%,,a) =
f(xp,xp,a) =a = x, by the hypothesis of Situation 4, and f(xp,xp_1,a) = f(xp_1,Xp,a) =
xp by Claim 6 (see the two arrows in Fig. 11). We focus on preference profiles (-, -, a) of f,
where the first two elements belong to {x,, X1, X, xp_1}, and the third element is fixed to be
a. The next claim shows X, ~T x,_j.

+

E,_q~t i ~t
CLAIM 8: Xxp—1 Xp—1and xp_1 Xp.

Suppose that X, is not adjacent™ to x,_i. Thus, n > 2, X3 ¢ {X] = x;,fg =x,} and
at = )E; ¢ {x],Xx3}. We first show f (¥, X2,a) = f (X2, X1,a) = X1. According to f(X1,a,a) =
f(xp—1,a,a) = a by Claim 4, since X| ~T % and a* ¢ {£}, %5}, item 2(iii) of Lemma 8
implies f(%2,a,a) = a. Next, since x, ~ a, sd-strategy-proofness implies f (%2, x,,a) €

{a,xp}. Suppose f(X2,xp,a) = a. Consequently, since £; ~T % and a® ¢ {£], %3}, item
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2(iii) of Lemma 8 implies f(x,—1,xp,a) = f(X1,xp,a) = f(X2,xp,a) = a which contra-
dicts Claim 6. Therefore, f (X2, xp, a) = xp,. Since x, ~ x,_1, sd-strategy-proofness implies
f(&2,%1,a) = f(%2, xp—1,a) € {xp, xp_1 = X1}. Meanwhile, since f(X1, X1, a) = %1 by Claim
7 and % ~* £, sd-strategy-proofness implies f (%, X1, a) € {%1, X2}. Therefore, it is true that
f (X2, X1,a) = x1. Now, following the adjacent™ sequence {iv}zzl from X, to X, = X,_1, since
*] ¢ {%), %)} forall v=2,...,n — 1, by repeatedly applying item 2(iii) of Lemma 8, we
eventually have f(X,—1,xp—1,a) = f(%,,%1,a) = --- = f(X2,%1,a) = X1 = xp_1. Further-
more, since f(xp—1,xp,a) = xp by Claim 6 and x, ~* Xp, Statement 1 of Lemma 15
implies f(Xp—1,xp,a) = xp. Last, by connectedness* and minimal richness, we have a top-
separable preference P; € D with r{(P) =x,_1 = (xs,x;_ 1 z~157}). Then, top-separability
implies a = (x*, x;, z_{”})Pi °, x;, z_{”}) = xp. Recall f(a,x),,a) = a by Claim 4. Thus,
fla,xp,a) =aPix, = f(P;,xp,a), and consequently, voter i will manipulate at (P, x), a)
via Pi’ € D“. Therefore, it must be the case X, ~* xp—1. Furthermore, Lemma 18 implies
Xp—1 ~1 Xp,. This completes the verification of the claim.

Now, note that f(x,,X,,a) = f(xp,xp,a) = X, by the hypothesis of Situation 4, and
¥p—1 ~T xp_1 and Xp_1 ~* ¥, by Claim 8. Following the adjacent™ sequence {xk},‘?=1 from
X to x1, we adopt an induction argument.

Induction Hypothesis: Given 1 <k < p, for all k < k' < p, we have

o fxw, Xy, a)=f(k,xp,a)=xy,and
o Xy ~T xp_1and xXp_1 ~T xpr.

To complete the verification of the induction hypothesis, we show f (xg, Xk, a) = f (Xk, Xk, @)
= Xk, and Xx_1 ~+ x;_1 and X;_1 ~ % in the following two claims.

CLAIM 9: f(xk, Xk, a) = f()fk, Xk, @) = Xk.

First, we have f(x, Xk+1,a) = xk41 by Claim 6 and f(xg+1, Xkt1,a) = Xk41 by the induc-
tion hypothesis. Furthermore, if k < p — 1, we refer to X’ = k + 2, and hence have x| ~T X1 1
by the induction hypothesis, and if k = p — 1, we refer to the hypothesis d ~T a, and hence
have x; 11 =x, =d ~ta= Xp = Xk+1. In conclusion, we have xjg ~% Xr41. Then, State-
ment 1 of Lemma 15 implies f(xk, Xk11,a) = X,y1. Furthermore, since ¥; ~* X;41 by the
induction hypothesis, sd-strategy-proofness implies f (xx, Xk, @) € {Xx+1, X }. Meanwhile, since
f (xk, Xk, a) = xx by Claim 5 and x; ~ x; by the induction hypothesis, sd-strategy-proofness
implies f (xg, Xk, a) € {xk, Xr}. Therefore, it is true that f(xi, Xk, a) = Xx. This completes the
verification of the claim.

CLAIM 10: Xj—1 ~T x3_1 and Xp—1 ~T Xp.

Note that f(xx, Xk, a) = f(Xk, xk,a) = X, by Claim 9, f(xx, xx—1,a) = f(xk—1, Xk, @) = X
by Claim 6, x; ~T X; by the induction hypothesis and x; ~T x;_; according to the adjacent™
sequence {xk},f:l. Thus, {x, Xx—1, Xk, x¢—1} formulate an analogy of {x,,x,_1,Xp,xp—1} in
Claim 8. Therefore, we immediately obtain x;_; ~ x;_; and X;,_; ~" Xx. This proves the
claim, and hence completes the verification of the induction hypothesis.

Therefore, we eventually have ¢ = ¥; ~* x; = b which contradicts the hypothesis g > 2
in the beginning of the proof. Hence, b ~* ¢ and b ~* d. This completes the verification of
Lemma 22. O
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Now, by Lemmas 19 - 22, we have [a ~T cand a ~ d] = [b ~T c and b ~T d] which is
analogous to Lemma 4, as required. This completes the necessity part of Theorem 2.

Appendix D. Proof of Theorem 3

For simplicity, we first show part (ii) of Theorem 3. Let A = X;epmAS, where A* C AS for each
s € M, satisfy Assumption 1. Thus, it is true that |AS| > 2 for each s € M. Let G(A®) be a tree
for each s € M. Thus, A is located on a product of trees X ¢ wG(A%). Let D be multidimensional
single-peaked w.r.t. A, and satisfy Assumption 2. Let D ;= {P~‘ i Pie ]D>}. Thus, the induced

l
domain ID)‘ 4 is multidimensional single-peaked on X ¢ uG(A%).
By the proof of the sufficiency part of Theorem 1, we construct the multidimensional projec-

tion rules { fe: []D)| A]N — A} o and assemble them as a mixed multidimensional projection
ae

rule ¢ : []D)M]N — A(A) such that ¢(P1|A"--’PN\A) = Zad)»af“(P”A,...,PNM) for all
(Pyas--s Pyjp) € [DM]N’ where A, > 0 forall a € A and 3_,_; A4 = 1. Recalling the con-
struction of the mixed multidimensional projection rule, we know that ¢ is unanimous and sd-
strategy-proof, and satisfies the compromise property. Next, we extend ¢ to a constrained RSCF
73 DN — A(A_) such that for all (Py,..., Py) € DV, o(P1,...,Py) = ¢(P1|A,..., PNM)'
It is evident that ¢ is well defined, and satisfies unanimity (w.r.t. feasibility) and sd-strategy-
proofness. Last, we show that ¢ satisfies the compromise property (w.r.t. feasibility). Given
[ 1 with |I| =5 if N is even, and |I| = X if N is odd, fix P;, P; € D with ri(P) =
&x*,a7%) # (Y, a™) =ri(Pj), n(P) =rn(P) =(5a’) e A and z* ¢ {x*, y*}. If either
x* ¢ AS or y* ¢ A®, we know either r1(P; ;) = (z°,a™") or r(P;z) = (z*,a"), and hence
f(zs’“_’v)(%, %) =(z*,a™%). If x*, y* € A%, by Claim 4 in the proof of the sufficiency part
of Theorem 1, we know (z%,a™%) € ((x*,a™®), (y*,a™*)), and hence f(z'rﬂﬂ)(%, %) =
(z*, a™*). Therefore, go(zsyaﬁ)(%, IPTII) = gb(zs’aﬂ)(P’IlA, %
fies the compromise property (w.r.t. feasibility). This completes the verification of part (ii) of
Theorem 3.

Now, we turn to part (i) of Theorem 3. Analogous to Proposition 2, we first show in Propo-
sition 3 below that every unanimous (w.r.t. feasibility) and sd-strategy-proof constrained RSCF
on a connectedt domain satisfies the tops-only property. Meanwhile, to illustrate the key role
of Assumption 2, we show that Assumption 2 is necessary and sufficient for the existence of a
unanimous (w.r.t. feasibility) and sd-strategy-proof constrained RSCF that satisfies the tops-only

property.

) = A@s.a-s) > 0. Hence, ¢ satis-

Proposition 3. Under Assumption 2, every unanimous (w.r.t. feasibility) and sd-strategy-proof
constrained RSCF on a connected® domain satisfies the tops-only property. Moreover, a unan-
imous (w.r.t. feasibility), tops-only and sd-strategy-proof constrained RSCF exists if and only if
the domain satisfies Assumption 2.

Proof. The verification of the first statement of Proposition 3 follows almost exactly from the
proof of Proposition 2. Let D be a connected* domain, and satisfy Assumption 2. First, note
that the notions of sd-strategy-proofness and connectedness™ are unchanged in voting under con-
straints, and Lemmas 8 - 11 are established according to an arbitrary sd-strategy-proof RSCF
which is either unconstrained or constrained, and is not required to satisfy unanimity. Therefore,
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Lemmas 8 - 11 remain valid for constrained RSCFs. Second, the initial argument in the proof of
Proposition 2 (see the middle of page 33) is modified as follows: If N = 1, by unanimity (w.r.t.
feasibility) and Assumption 2, we know that every constrained RSCF in question satisfies the
tops-only property. Last, since the induction argument in the proof of Proposition 2 (Lemmas 12
- 14) completely relies on Lemmas 8 - 11, it is also applicable to the proof of Proposition 3.
Therefore, we assert that every unanimous (w.r.t. feasibility) and sd-strategy-proof constrained
RSCEF satisfies the tops-only property.

We next show that Assumption 2 is necessary for the existence of a unanimous (w.r.t. fea-
sibility), tops-only and sd-strategy-proof constrained RSCF. Given an arbitrary domain D, let
¢ : DY — A(A) be a unanimous, tops-only and sd-strategy-proof constrained RSCF. We parti-
tion [ into to groups [ and I\f such that |f| = % if N is even, and |f| = NTH if N is odd, and

then induce a two-voter constrained RSCF ¢ : D? — A(A) such that ¢(P;, Pj)=¢( I;' , %

for all P;, P; € D. It is easy to show that ¢ is unanimous (w.r.t. feasibility), tops-only and
sd-strategy-proof. Suppose that D violates Assumption 2. Thus, we have P;, P/ € D such
that r1(P;) = ri(P}) ¢ A and rnPyp) =a#b= rl(Pi/M)' We construct profiles (P;, P;)
and (P, Pj/.) where P, = P; and P/ = P]’.. On the one hand, the tops-only property implies
o(P;, Pj) = <p(Pl./ , P]f ). On the other hand, unanimity (w.r.t. feasibility) implies ¢, (F;, Pj) =1
and ¢y, (P/, P]/.) = 1. Hence, ¢(P;, P;) # @(P/, PJ/.). Contradiction! Therefore, D satisfies As-
sumption 2.

Last, we show that Assumption 2 is sufficient for the existence of a unanimous (w.r.t. fea-
sibility), tops-only and sd-strategy-proof constrained RSCF. Let D satisfy Assumption 2. We
construct a constrained random dictatorship ¢ : DV — A(A) (recall footnote 41). It is evident
that ¢ is unanimous (w.r.t. feasibility) and sd-strategy-proof. Last, we claim that ¢ satisfies the
tops-only property. Given P, P’ € DV, let r{(P;) = r1(P/) for all i € I. Then, Assumption 2
implies rq (Pi| D=r (Pi/| A) for all i € I. Consequently, by the construction of the constrained

random dictatorship ¢, we have ¢(P) = @(P’). This completes the verification of Proposi-
tion3. O

Now, let A satisfy Assumption 1. Let D be a minimally rich connected* domain, and satisfy
Assumption 2. Let ¢ : DV — A(A) be a constrained RSCF satisfying unanimity (w.r.t. feasibil-
ity), sd-strategy-proofness and the compromise property (w.r.t. feasibility). By Proposition 3, we
know that ¢ satisfies the tops-only property. Then, similar to the proof of the necessity part of
Theorem 1, we induce a two-voter unanimous (w.r.t. feasibility), tops-only and sd-strategy-proof
constrained RSCF ¢ : D — A(A) satisfying the compromise property (w.r.t. feasibility).

Before proceeding with the proof, we point out that the following proof is essentially analo-
gous to the proof of Theorem 1. Lemmas 23, 24 and 25 replicate the conclusions of Lemmas 1,
2 and 3 respectively. Lemma 26 is a key result which identifies the best feasible alternative in a
preference whose original peak is infeasible. Under Lemma 26, we establish Lemma 27 which
is analogous to Lemma 4. However, the subsequent proof of Theorem 3 appears significantly
more complicated in the following two aspects. First, due to the feasibility issue, Lemma 5 is
not directly applicable to elicit a product of trees over the feasible alternatives. We therefore in-
troduce an intermediate step, Lemma 28, which implies that the feasible set is factorizable. This
eventually allows us to state Lemma 29 which is analogous to Lemma 5. Second, we can only
use the results of Lemmas 6 and 7 to reveal the restriction of multidimensional single-peakedness
embedded in preferences whose peaks are feasible alternatives. We have to establish additional
Lemmas 30 - 32 to deal with preferences whose peaks are infeasible alternatives.
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Lemma 23. Given s € M, a’,b* € A" and x™* € A™°, if (a@*,x™7), (b*,x7°) € A, there exists
an adjacent™ sequence {xk}zz1 C (A%, x7%) N A connecting (a®,x™*) and (b*,x7%), i.e, x| =
(@, x7%), xg = (b°, x™°) and xy ~txpyrforallk=1,...,q — 1.

Proof. First, by Lemma I, we have an adjacent* sequence {xk}Z:1 C (A%, x~%) connecting
(a®,x7*) and (b*, x™*). Suppose that xx ¢ A for some 1 < k < g. Thus, we elicit an a_djacent+
subpath {xg, Xg+1, ..., x;_, Xz} such that k —k > 2, xg, xp € A and xg 41, ..., x5_; € A.

Since x; ~* xi41, we have P; € D™ and P; € D*+! with P; ~* P;. Since x; € A and xj41 ¢
A, the tops-only property and unanimity (w.r.t. feasibility) imply Ox (X, Xk 1) = @ (Pi, Pj) =
1. Symmetrically, since xz ~t Xp_» X € A and X, ¢ A, we have ¢x;(XE71’ xz) = 1. On the
one hand, following the subsequence {xk, Xg+1, ..., X} from xx4; to xg, since xi & {x;, x;, 1}
for all k =k + 1,...,k — 1, by repeatedly applying item 2(iii) of Lemma 8, we have 1 =
Ox Xk Xg+1) = @ (ks Xp2) = -+ - = @, (X, X7). On the other hand, following the subsequence
{xg, ..., xg_q, xg} from xz_; to xg, since x% ¢ {xg, x;_,} for all k = k—1,...,k+1, by re-
peatedly applying item 2(iii) of Lemma 8, we have 1 = @, (xz_;, xp) = @x (Xg_p, xp) =+ -+ =
q)xﬁ(x& , xg). Contradiction! Hence, {)ck},z:1 CA. O

Lemma 24. Given s € M and x—* € A™*, let the adjacent™ sequence {)ck}Z:1 C (A%, x75) be
such that xy, ..., x; € A and Xyl --esXg ¢ A, where 1 <k < q. The following statements hold:

() Ifk =1, then (X1, Xg) = ey,
) If1 < k< q, there exist 0 <ay < --- <aj_; <1 suchthat (x1,xy4) = ajey, +Z];§;%(Olk —
ag—1)ex + (1 — a,;_l)ex,;. Moreover, for every P; € DM, xi Pixgy1 forallk=1,..., k—1.

Proof. The verification is similar to Lemma 2. We omit the detailed proof. O

Given s € M and x~ € A~ with (A*,x) N A # 0, let G+ ((A*, x~*) N A) be a graph
where the vertex set is (A%, x %) N A, and two distinct feasible alternative_s form an edge if and
only if they are adjacent*. The next lemma shows that G .+ ((A*,x %) N A) is a tree.

Lemma 25. Given s € M and x™* € A™, if |(A*, x*) N A| = 2, then G+ ((A*,x™*) N A) is
a tree. Furthermore, every two distinct feasible alternatives of (A%, x™%) are connected via a
unique adjacent™ sequence in (A%, x™%), and all alternatives of this sequence are feasible.

Proof. Suppose that G+ ((AS, x7)N A) is not a tree. By Lemma 23, we know that there must
exist a cycle of feasible alternatives {xk};<=1 C (A%, x*) N A, where t >3, x; ~T Xg41 for
all k=1,...,7, and x;41 = x1. Then, by the proof of Lemma 3, we induce a contradiction.
Therefore, G+ ((AS , x9N A) is a tree. Furthermore, by the proof of Lemma 23, we know
that every adjacent™ sequence connecting two feasible alternatives of (A*, x ~*) must consist of
feasible alternatives. Therefore, the adjacent™ sequence connecting two feasible alternatives of
(A%, x7%) isunique. O

Lemma 26. Fix s e M, x™* € A™ and a € (A*, x7%). If (A*,x*) N A # @, there exists a €
(A%, x75)N A such that a = r; (Pilg)for all P; e D%
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Proof. The lemma holds evidently if a € (A%, x )N A. Thus, we assume a € (A%, x %)\ A. Pick
an arbitrary b € (A%, x )N A. By Lemma 1, we have an adjacent* sequence {x; }Zzl C (A%, x7%)
connecting b and a. Since x; € A and x4 ¢ A, there must exist 1 <k < g such that x; € A and
Xiq1s---»Xq & A. Moreover, we know either k =1, or k > 1 and x1, x2, ..., x; € (A5, x )N A
by Lemma 25. Thus, the sequence {xk}Z: | is separated into two parts {xy, x2, ..., x;} which are
feasible, and {xz, ..., x,} which are not feasible. We show x; = r1 (P, ;) for all P; € D“.

First, since x,; ~* x, we have P; € D"+1 such that ro(P;) = xg, which implies 1 (P ;) =
xg. Furthermore, Assumption 2 implies r1(P; ;) = x; for all P; € D"+1. Next, we adopt an
induction hypothesis: Given k + 1 <[ < g, forall k + 1 <!’ <, we have r1(P; ;) = x for all
P; € D*. We show rl(P”A) = xg for all P; € D¥. Since x; ~7T x;_1, we have P; € D¥ and
P/ e D¥-! with P; ~* P!. Since x; =r; (Pl,’| A) by the induction hypothesis, we know that every
alternative ranked above x; in P/ is infeasible. Since x is not involved in any local switching
pair across P; and P/, P; ~t P/ implies that all alternatives ranked above x; in P; are also
infeasible. Hence, x; = rl(P” ). Furthermore, Assumption 2 implies x; = r; (Pi| ;) forall P; €
ID*. This completes the verification of the induction hypothesis. Therefore, x; = r| (P” A) for all
P, eD? O

To establish the next lemma which is similar to Lemma 4, we fix four alternatives: a =
(xs’xr’ Z_{S’T}), b= (ys’ yr’ Z_{S’T}), c= (xs’ yr’ Z—{s,r}) and d = (ys’xr’ Z—{s,r}) where x* #
y¥and xT #£ yT.

Lemma 27. Ifa,c,d € A, a~" canda~"* d, thenbe A, b~ cand b~ d.

Proof. We first show b € A. Suppose that it is not true. Since b,d € (y°, Af,z_{”}) and
d € A, Lemma 26 implies that there exists b € (y*, A%, z~ ™) N A such that r(P ;) = b for
all P, € D, Symmetrically, since b, c € (A*, yT, z7 7)) and ¢ € A, Lemma 26 implies that
there exists b € (A%, y7,z~7) N A such that ”l(Pi|A) = b for all P; € D’. However, since
(%, AT, z7 TN (A%, yT, 27187 = (b} and b ¢ A, we have b # b which contradicts Assump-
tion 2. Therefore, b € A.

Now, by Lemma 25, we have a unique adjacent* path {xk}f:1 C (y*, AT, z71T) N A con-
necting b and d, and a unique adjacent” path {yk}Z:1 C (A%, y7, 277 N A connecting b and
c. Then, the rest of the lemma follows exactly from Lemma 4. O

We introduce a new notion. Given distinct ¢, d € A and nonempty subset S € M, let ¢® # d°
for every s € S and ¢35 = d 5 = z=5. We say that ¢ and d formulate a feasible box if the
following two conditions are satisfied.

(i) For each s € S, there exists a sequence {xi}zg C A* where g(s) >2,"! x{ =¢* and x
d* such that B(c, d) = (({xg}ZSD . z—S) CA.
NS
(i) For all x,y € B(c,d), we have

s —
q(s) —

[x* =x;,y" =x;,andx™" =y~ for some s € S and some 1 <k < g(s)] = [x ~Tyl.

51 The notation q(s) implies that the length of the sequence may vary across all components of S.
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We highlight the key role of the feasible box B(c, d): We can always find an adjacent™ se-
quence consisting of feasible alternatives in the feasible box B(c, d) which connects ¢ and d.

Lemma 28. Every pair of distinct feasible alternatives formulate a feasible box.

Proof. Evidently, Lemma 23 implies that every two similar feasible alternatives always formu-
late a feasible box. Next, we provide an induction argument to complete the verification.

Induction Hypothesis: Given an integer 2 </ <m, forall ¢,d € A which disagree on at least one
component and at most / — 1 components, e.g., S € M, 1 <|S| <[, c* #d° foreverys € SC M
and ¢S =d 5 =75, we know that ¢ and d formulate a feasible box.

Givenc,d € Aand S C M, let |S|=1,¢* #d* foreveryse SCMand ¢S =d=5 =775,
We show that ¢ and d formulate a feasible box. For notational convenience, let S ={1,2,...,[}.
CLAIM 1: If there exists s € S such thata = (¢!, ..., 51, d5, 5t L, c, z75) € A, then ¢ and
d formulate a feasible box.

Assume w.l.o.g. that s = 1. Thus, a = (dl, 2, ..., cl, z_S) and d disagree on /[ — 1 compo-
nents, and induction hypothesis implies that @ and d formulate a feasible box B(a, d). Specifi-
cally,

(i) for each s € {2,...,1[}, there exists a sequence {x,ﬁ}zg C A® where ¢g(s) > 2, x{ =¢® and
x;(s) =d*, such that B(a,d) = (dl, {x,f}z(zzl), ey {x,l{}zg)l, Z_S) C A, and
(ii) forall x, y € B(a, d), we have

[x*=x{, ¥ =x}  andx~* =y’ forsomes € {2,..., [} and some 1 <k < ¢(s)]
=[x ~Tyl.
Next, since d, ¢ € (Al, ... , cl, z_s) N A, we have a unique adjacent™ sequence {)ck}Z:1 =

{(x,: L2, z_S)}Z:l CA connecting d and ¢ by Lemma 25.

Pick an arbitrary adjacent* sequence {yk},f:l C B(a, d) connecting a and d. Note that all
alternatives of {yk},f:1 agree on d!, and for every 1 <k < p, y; and yy; disagree on ex-
actly one component of {2,...,1}. Since a = x;, we know dl = x}, and rewrite B(a,d) =
(xll, {x,%}z(zzl), e {x,l(}zg)l, z_S>. Note that d! = xll #* x%. Foreachk=1,..., p, we replace d!

by le in the alternative y; = (d L Vi 1), and hence construct the alternative z; = (xé, Vi ! ). Note
thatzy = (x), yy D =), 2, ... el 275 and z), = (x), y,N=).d% ..., d" z75). Thus, we
have a sequence {zx}!_, (see Fig. 12(1)). We next show that {zx},_, € A and {z}}_, is an
adjacent™ sequence.

First, consider four alternatives y; = (dl,yfl), 70 = (le, y{l), 71 = (xé, yfl) and y, =
@', y2_2). Note that yl_l and y2_1 disagree on exactly one component of {2,...,1}, yy = x; ~T
X3 =21 and y; ~t 2. Thus, y1, 22, z1, y2 are analogous to a, b, ¢, d of Lemma 27 respectively.
Then, Lemma 27 implies z5 € A and zo ~ z1 and z ~T y, (see Fig. 12(2)).

Next, along the adjacent® sequence { yk},‘z:l from y; to y,, by repeatedly applying the ar-
gument above, we have zx41 € A, Zka1 ~V zr and gy ~FT ypqg forall k=1,...,p — 1.
Thus, {zk},‘?:1 C A and {zk},f:1 is an adjacent™ sequence. Furthermore, since we choose the
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1 T2 T 2 T T2
o [ o I o I
a =1y z1 a =Y, Z1 a=1yY 21

Y2 { o/ 2o Y2 j 22 Y2 22

s oo 25 {y1,22,21,92} va oo 2 {:k:z;c-'—l vzkvy:c-i—l) vs s

' ' =2,..., p ' '
d=yp* o/ zp d=yp* o/ zp d=ypo—"* 2z
1 2 ®3)
Fig. 12. The graphic illustration. In Fig. 12, “e” denotes a feasible alternative, “o”” denotes an infeasible alternative, while

“e/0” represents that we are uncertain on whether the alternative is feasible or not.

o= (e,
(z1,¢%,
(a2, ...

d=(d'd,....d

Fig. 13. Combine B ((f, 2, ... el 275), (e @2, dl 2=5)) forall k=1, g to formulate B, d),

adjacent* sequence {yk},f | arbitrarily, it is true that z; = (x;, ... cMm S ) and z, =
(xd,d?,...,d™, z=5) formulate a feasible box B(z1,zp) = (xz, {xk}z(_zl), .. {xk}Z(l)l, ’S),
and moreover, for all y € B(a,d) = B(y1,yp) and z € B(z1,2p), [y_ =z 1= [y ~ 7] (see
Fig. 12(3)).

Along the adjacent™ sequence {xk}Z: |» moving from x; to x4 = c, by repeatedly applying the
argument above, we know that the following two statements hold:

1 wvenk=1,...,q, (x,,c,...,c,z °)and (x,,d",...,d" ,z7 ormulate a feasible box

(i) Givenk =1 q. (x},c? !,z75) and (x}, d? d', z=5) formul feasible b
B((x}.c? . ... 275, (x}.d? ....d" z75)). See the ellipses in Fig. 13.

(i) Given k = 1,....q — 1, y € B((x}. % ....c",275), (x},d? ....d",z75)) and z €
B ((x,lﬂ,cz,...,cl,z_s), (x,}Jr],dz,...,dl,z_S)), we have [y_1 :z‘l] =y ~7t 7]. See
for instance the solid lines in Fig. 13.

Consequently, we assert that ¢ and d formulate a feasible box B(c,d) = ({x,& }ZZI, {x,%}z(zzl) s

{x,l(}zg)l, —$ ) This completes the verification of Claim 1.

CLAIM 2: If there exists s € S such that a = (d',...,d*" !, ¢5,a*t, ..., d',z75) € A, then ¢
and d formulate a feasible box.

The verification of this claim is symmetric to the verification of Claim 1.

CLAIM 3: There exists s e S such that either (d',...,d" ', ¢%,d*tY,...,d',z75) € A or
(Cl,. 7] dS s+1 C z S)EA
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Fig. 15. The geometric relations among a, b, ¢, d, XEs Vi Z,z and B(Z, z) in Case (1).

Suppose that it is not true. Thus, we have a = (cl,dz, o d z‘S) ¢ Aand b= (dl,cz, R
cl,z_S) ¢ A. Since b,c € (Al,c2,...,cl,z_s) and ¢ € A, by Lemma 26 and its proof, we
have an adjacent* sequence {xk},f: 1 C (A', 2, ..., ct, z=5) connecting b and ¢, and a particular
1 <k < p, such that xq1,...,x;_ ¢ A,x,;,x,gﬂ,...,xp €A and xj =r1(Pl-|/;) for all P; € DP.
Symmetrically, since a,d € (AL, d2,....d, z7%) and d € A, by Lemma 26 and its proof, we
have an adjacent™ sequence {yk}Z:l - (A1 Jd2, . d z’S) connecting a and d, and a particu-
lar 1 <k <g,suchthat yr,...,yk—1 € A, Y, Ykt1, -+, Vg € Aand yg =ri(P; ;) forall P; € D°
(see Fig. 14).

There are two cases: (1) {x], ..., x,} N {y}, ..., g} #Pand (2) {x], ..., x }O{yL, ...y =
@. In each of these two cases, we induce a contradiction. -

In the first case, assume z! € {x-l,...,x,l)} N {y,l,...,y;}. Since xll = yq1 =d' and x,l, =
yl1 = ¢!, we know z! ¢ {cl,dl} = {x},,y;}. Thus, we have two feasible alternatives 7 =
2z elxg, . xporyand 2= (21,d%, ... d 275) € {w, ..., yg—1) which dis-

agree on [ — 1 components. Then, the induction hypothesis implies that z and z formulate a
feasible box B(z, z) (see Fig. 15).

Note that ¢, z and Z are pairwise distinct, and more importantly, are analogous to ¢, d and a in
Claim 1. Then, by the proof of Claim 1, we know that ¢ and z formulate a feasible box B(c, z).
Consequently, a = (cl,dz, o d z’s) = (xll,, dz, ... d, z’S) € B(c,2) C A. This contradicts
the hypothesis a ¢ A.

Now, assume that the second case occurs. First, according to a = (ct, d?, ..., d', 7 SHandc=
(', 2, ..., ¢, z7%), we identify [ alternatives ¢; = (c',...,ck, d*t, ... d!,z%) for all k =
1,...,1. Thus, c; =a and ¢; = c. Foreach k=1, ...,] — 1, by Lemma 1, we have an adjacent*
sequence in (c!,...,ck, A1 gk+2 4l z=S) connecting (c',...,cK, dFt d%t2 . d,
275 and (¢!, ...,k M ak+2 . dl z7S). Combining all [ — 1 adjacent* sequences, we
have an adjacent™ sequence {zk}Z:1 C(ch, A%, ... AL ) connecting a and ¢ (see Fig. 16).

Note that all alternatives of {zk}Z:1 agree on clie., z}( =clforallk=1,..., n.
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Zyp=c= (c1 = ;vzl,,CQ, ,cl,z_s) Tz (:c% =d', ,cl,z_s) =b
- ----- B e i ©
{adiey ——————
[ i - - - - - - -
a=a=(c =yl d, ... d ) i (e =d'.d®,....d.=5) =d

Fig. 16. The geometric relations among a, b, ¢, d, Xis Vk and {zk}zz1 in Case (2).

Second, since a and d are connected via the adjacent* sequence { J’k}Z=1’ Lemma 24 im-

plies supp(¢(z1.d)) ={x € A: gx(z1,d) = ¢x(a,d) >0} S {y, ..., yq} € ({yll}zzlg A71). We
adopt another induction argument.

The Secondary Introduction Hypothesis: Given 1 < v <, for all 1 < v’ < v, we have
supp(p(z. d)) = {x € At gz, d) > 0} S (Y A7)

We show supp(¢(zy.d)) S (v} A7Y). Assume z,—; = (c!,... 5, 2K ak 2
d',z75) and z, = (!, ..., cK, 2Kt gkt2 . dl z7%) for some 1 < k < 1. Since zy_1 ~T z,,
we have P; € D%~ and P/ € D¥ such that P; ~* P/. Thus, ['(P;, P}) = {(Z"T!, x=&+D),
@+ 27} ineq-wrn. Suppose that there exists y = (v)sem € supp(¢(zv. d))\
({yi i A7), Thus, @y(zy,d) >0, y € A and y' ¢ {y/}{_;. By the secondary induc-
tion hypothesis, y! ¢ {yli}Z=k implies y ¢ supp(ga(zv_l,d)). Hence, ¢y(zy—1,d) =0. If y is
not involved in any local switching pair of I'(7;, Pi’ ), by item 2(iii) of Lemma 8, we have
0=¢,(zv-1,d) = ¢,(P;,d) = ¢y(P/,d) = ¢y(zy,d) > 0. Contradiction! If y is involved in
a local switching pair of I'(P;, P/), we know either y = (F1, y=*+D) or y = k1, y=(+D),
Let y = (z5*1, y=%+D)_ The verification related to the other case is symmetric, and we hence
omit it. Then, let j = (z**!, y=®*D). Thus, {y, 5} € (P, P)) and 3' = y' ¢ {y;}{_;- Hence,
y & supp ((p(zv_l, d)) by the secondary induction hypothesis, and equivalently, ¢5(z,—1,d) =0.
Consequently, item 2(ii) of Lemma 8 implies 0 = ¢y (zy—1,d) + ¢5(zv—1,d) = ¢, (P;,d) +
@5(Pi,d) = @y(P!,d) + ¢5(P/,d) = ¢y(zv,d) + ¢5(zy,d) > 0. Contradiction! Therefore,
supp(¢(zy,d)) € ({y}}i_i. A™'). This completes the verification of the second induction hy-
pothesis. Therefore, supp(¢(c,d)) € ({yi}i_;. A7").

Third, symmetrically, according to b = (dl, 2 ..., cl, z_S) and d = (dl, d?, ..., dl, z_S),
we can induce an adjacent® sequence in (d', A%, ..., A’, z75) connecting b and d. According
to the adjacent* sequence {xk},f:1 connecting b and ¢, Lemma 24 implies supp(<p(c, b)) C

{xg, ..., xp) C ({x,l}lf:];, A’1>. Then, following the adjacent®™ sequence connecting b and d,
by a similar argument, we have supp(p(c, d)) € ({x,l}li’:];, A”)-
Last, by the hypothesis of {x]%,...,xll,} N {ykl,...,y;} = ¢}, we have ({x,l}lf:E,A”) N

({y,i }Z: o A_l) = (). Therefore, we induce two mutually exclusive supports for the same social
lottery ¢(c, d). Contradiction! This completes the verification of Claim 3.

Now, by Claims 1, 2 and 3, we know that ¢ and d formulate a feasible box. This completes
the verification of the induction hypothesis, and hence proves Lemma 28. O

To establish the next lemma, we first introduce a graph. Let G .+ (A) be a graph where the ver-
tex set is A, and two distinct feasible alternatives form an edge if and only if they are adjacent™.
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Lemma 29. The feasible set A is factorizable and graph G+ (A) is a product of trees.

Proof. Given s € M, we first show that there exists a—* € A~ such that |(AS ,a—%)nN A| > 2.
First, since A # (), there exists a—* € A™* such that (A*,a™*%) NA #@.Givena = (a®,a™’) € A,
by Assumption 1, we have b = (b*,b™°) € A such that a* = b®. Then, Lemma 28 implies that a
and b formulate a feasible box B(a, b). Thus, (b*,a=") € B(a,b) C A. Hence, (A%, x7%)N A| >
2.

Next, fixing an arbitrary s € M, we pick x™* € A™® such that |(As,x_s) N A| > 2. Fur-
thermore, by Assumption 1, there must exist y™° € A~\{x~*} such that (A*,y~*) N A #
(. Then, it must be the case |(AS ,y7Y) ﬂ/ﬂ > 2. Furthermore, by Lemma 25, we induce
two trees G-+ ((As,x_s) N A) and G+ ((AS, y N A). Note that by Lemma 28, each al-
ternative in (A*,x~) N A and each alternative in (A*, y~*) N A formulate a feasible box.
Hence, it must be the case [(¢*,x%) € A] & [(a*, y_‘) € Al Consequently, there exists
A C A* with |A*| > 2 such that (A%, x ) N A = (A%, x™%) and (A%, y ™) N A = (A%, y™),
and hence, G+ ((As, _S)) and G-+ ((As,y_s)) coincide such that for all a®,b* € A,
[(as,x_x) ~* (bs,x_s)] & [(as,y_s) ~* (bx,y_s)]. In conclusion, we can induce a tree
G (A®) such that as and b* form an edge if and only if (a*,z7*), (b*,z7*) € A and (a*,z™%) ~7
(b*,z7%) forall 7% € A™* with (A%, z7%) = (A%, 275) N A # ). Hence, we assert that A is fac-
torizable, i.e., A = X epm A®, and G+ (A) = xsep G(A%) is a product of trees. O

Applying the proofs of Lemmas 6 and 7, we know that for all P; € D, if r|(P;) € A, then

P,z is multidimensional single-peaked on xe uG(A®). In the rest of the proof, we focus on

preferences whose peaks are infeasible alternatives.

Lemma 30. Fixa € A\A and P; e D. If P 114 IS multidimensional single-peaked on Xsem G(AY),

then every preference of D® is multidimensional single-peaked on x ;e G(A®).

Proof. Let r1(P ‘A) =a = (a*)sepm- Then, Assumption 2 implies r| (P, |A) =a for all P; € D4.
Note that a° € A forall s € M by the factorization A= XseymAS.
CLAIM 1: Given s € M and x* € A%, 1) (Pl', (xs,c_fs)) =@ (Ez, (xs,c_fs)) for all P; € D4,

If x* = a*, the claim follows from unanimity (w.r.t. feasibility). We henceforth assume
x* # a*. Note that (x*,a~*) € A. By the tops-only property, we know ¢ (P;, (x*,a™*)) =
17 (151-, (x5,a=*s )) for all P; € D“. Therefore, to complete the verification, it suffices to show

@ (P (x*,a™%)) =9 (a (*,a™).

Given the interval (a, (x*,a~*)) in G+ ((A%,a™*)), since P, i is multidimensional single-
peaked on Xsem G(AY) by the hypothesis of the lemma and ri(P 1 1) = a, we know that
P,Ha (xs,a-sy) is single-peaked on (a, (x*,a™*)). Next, pick arbitrary P/ € € D% by mini-
mal richness. Since a € A, we know that P/ is multidimensional single-peaked w.r.t. A.
Hence, Pz\(a s.a) is single-peaked on (a, (x*,a™*)) as well. Since rl(Pl| a,(,a—s))) =
rl(P 1@, (5 A=) ) = a, single-peakedness on (a, (x*,a~*)) implies Pil(é’(xs’éfs» = P’H{2 . ()>
Moreover, since Y- i (vs.a-)) @ (P, (x*,a=%)) =1 and > el (s .a—)) 9. (P!, (x*,a™%)) =
by Lemma 24, sd-strategy-proofness and the tops-only property imply (p(P,, x*,a 5))
@(P!, (x*,a™*)) =¢(a, (x{,a*)), as required. This completes the verification of the claim.
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Before establishing the next claim, note that minimal richness and connectedness* imply that
there exists a separable preference P; € D such that r(P;) =a.

CLAIM 2: Given a separable preference P; € D, the induced preference P; ; is multidimensional
single-peaked on Xscp G (A%).

By Remark 1, it suffices to show that [P-]S _is single-peaked on G(A®) for every s € M.

Given s € M and x°* € A®, since ¢ (P,, (x5, a_s)) = (p( (x5, a_s)) by Claim 1, the proof of
Lemma 6 implies that [ P; ]S is single-peaked on G(A*), as required. This completes the verifi-
cation of the claim.

CLAIM 3: Given P; € D¢, the induced preference P, i1A is multidimensional single-peaked on
Xsem G(A?).

Suppose not, i.e., there exist distinct x, y € A such that x € (@, y) and yP,x. Pick arbitrary
P! € DY by minimal richness. Evidently, a # y. Since y P;x and yP/x, by the Exterior* prop-
erty, we have a path {Pik }ZZI connecting P; and Pl.’ such that yPl.kx forallk=1,...,q. Since
a # y, there exists 1 < k* < ¢ such that r; (Pl.k*) =a and rl(Pik*H) # a. Thus, Lemma 9 implies
Pl.k* ~* Pl.k*‘H, and hence Pl.k* is a separable preference. Then, Claim 2 implies that Pﬁ} is mul-
tidimensional single-peaked on X ;¢ MG(AS), and hence xPik* y. Contradiction! This completes
the verification of the claim and the lemma. O

Lemma 31. Given P;, P/ € D with P, ~t P/, if P, iA IS multidimensional single-peaked on
Xsem G(AY), then Pi/\A is multidimensional single-peaked on X ;e G(A®).

Proof. If r{(P;) =ri(P/), the result follows from Lemma 30. If 7| (P/) € A, itis evident that P"A

is multidimensional single-peaked on X ¢ G (A%). Hence, we assume r; (P;) =a #b=r( Pl)
and b ¢ A. Since P; ~ P!, we know a* # b* and a—* = b~* for some s € M, I'(P;, P)) =
{{(ai, %), (b, Z_S)}}z*SeAﬂ" and both P; and P/ are separable preferences. Let a = r1 (P, ",
and b =r (Pi/|A)'

CLAIM 1: If a # b, then Pi’| i is multidimensional single-peaked on X ¢ G (A%).

Since aP;b, bP/a and P; ~T P/, we know {a, b} e T(P;, P/), and hence, aP; b, bP"a
@ =a*, b* =b* and a~° = b~* = 77%. Moreover, since a,b € A, we know a* = a°* GAS
b =b* eAS and 775 € A=, Next, we show (a®, b*) = {a®, b*}. Suppose not, i.e., there exists
c’ e_( a’,b*)\{a®,b*}. Thus, ¢’ € AS, = (c*,727% € A and (c*,77% e ((aé 7275, 727%) =
(a,b). Consequently, since P; is multidimensional single-peaked w.r.t. A, we have aP;¢ and
¢ P;b. This contradicts a P;!b. Therefore, (a®, b*) = {a’, b°*}.

Last, suppose that P/ is not multidimensional single-peaked on x ¢y G(A®), i.e., there exist
distinct x, y € A such thatx € (b, y) and yP/x.Since x € (b, y), wehave x* € (b*, y*) = (b*, y*)
and x5 € (b5, y™) = (z7°, y ™). Since (a*, b*) = {a*, b*}, x* € (b*, y*) implies x* € (a*, y*).
Thus, x = (x*,x7°) € ((@*,z7%), ", y™*)) = (a, y), and hence xP;y by multidimensional
single-peakedness w.r.t. A. Thus, {x, y} € ['(P;, P/), and hence x* =a’, y* =b* and x™* = y~*.
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Consequently, x* € (b*, y*) = (b, b*) = {b°} which contradicts x* = a®. This completes the
verification of the claim.

CLAIM 2: If @ = b, then Pl_’| i is multidimensional single-peaked on x e G(A®).

If a* ¢ A®, we show P, HA = P -. Suppose not, i.e., there exist x, y € A such that x P, ;14y and

—S

yP’ x. Thus, x P;y and yP/x. Consequently, P; ~T P! implies x* =a*, y* =b* and x ¥ =

y— Hence by factorization A = Xsey A®, x* =a’ ¢ A’ implies x ¢ A. This contradicts the

hypothesis x € A. Therefore, P A= P’ . Symmetrically, if b° ¢ A%, we have P, i =P/ A

Now, we show either a® ¢ A or bs gé A*. Suppose not, i.e., a*, b’ € A*. Sincea=b € A, it
is evident that 775 =a—* = b~ € A~*. Thus, (a*,77%), (b*,77%) € A. Recall that both P; and
Pi’ are separable preferences. Since r1(P;) = a and ry (Pi/ ) = b, separability implies (i) either
(@*,z7°)P;(a*,z7*) =a ora® = a’, and (ii) either (b*, z7*) P/ (b*,27°) = b or b* = b°*. Further-
more, since @ = b and a* # b*, it must be the case either (a*,z~%)P;a or (b°, Z_‘Y)Pl/ b which
contradicts the hypothesis a = ry (P, il ) and b=r (P/ ). This completes the verification of the
claim, and proves the lemma. 0O

Lemma 32. Domain D is multidimensional single-peaked w.rt. A.

Proof. Given an arbitrary P; € D,letri(P;) =a ¢ Aand r| (P;)a) = a. Pick an arbitrary Pl.’ eD?
by minimal richness. We know that Pl_’ ¥ is multidimensional single-peaked on x ey G (A®). We

have a path {Pl.k}Z:] connecting P/ and P;. We first consider preference Pl.z. If Pi2 ~ Pi1 =P/,
then r; (Pl.z) = rl(Pl.l) =a by Lemma 9, and then Lemma 30 implies that Piz‘ i is multidimen-
sional single-peaked on X semG(A). If Pl.2 ~T Pl.l, Lemma 31 implies that PI,Z| i is multidi-
mensional single-peaked on x ey G(A®). Following the path {P/}!_, from P? to P! = P;,

1
by repeatedly applying the argument above, we eventually show that P; ; is multidimensional

single-peaked on xep G (A*). This completes the verification of the lemma, and hence proves
part (i) of Theorem 3. O

Appendix E. Remaining verifications

E.l1. A minimally rich domain satisfying all conditions of connectedness* except the no-detour
property

Let A=Al x A2, Al = {0,1,2} and A2 = {0, 1}. Let Dysp be the multidimensional single-
peaked domain on the product of two lines G (A') x G(A?) specified in Fig. 4 of Example 5. Let
D C Dmsp be a domain of 20 preferences specified in Table 1.

Note that there exist no P; € DU-9 and Pl e D@D such that P; ~F P!. This implies the
violation of the no-detour property. We use a graph of adjacency and adjacency* over D to show
the Interior™ property and the remainder of the Exterior* property.

The diagram of Fig. 17 directly shows that the Interior* property is met by D. To verify the
Exterior* property (without the requirement of the no-detour property) on domain D, it suffices
to make two observations on Fig. 17: First, each pair of preferences is connected via two inde-
pendent paths, and second, each local switching pair in Fig. 17 appears exactly twice.
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Table 1
Domain D.

Py ) P3 Py Ps Ps Py Py Py Pio
(0,0) (0,0) (1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (2,0) (2,0)
0,1 (1,0) (0, 0) 0,0) 0,0) 2,0) 2,0) 2,0) (1,0) 2,1
(1,0) 0,1) (1, 1) (1, 1) (2,0) (0,0) (1, 1) (1, 1) 2,1) (1,0)
(L, (L, 0, 1) (2,0) (1, (1, 0,0) 2,1 1,1 (L1
(2,0) (2,0) (2,0) 0,1) 0,1) 2,1) 2,1) (0,0) (0,0) (0,0)
2,1 2,1 2,1 2,1 2,1 0,1 0, 1) 0, 1) 0, 1) 0, 1)

Py ) P3 Py Ps Ps i Py Py Pio
0, 1) 0,1) (1, 1) (1,1 (1,1 (1,1 (1, 1) (1, 1) 2,1) 2,1)
0,0) (LD 0, 1) 0,1 0,1 2,1 2,1 2,1 1,1 2,0)
(1, 1) (0,0) (1,0) (1,0) 2,1) 0, 1) (1,0) (1,0) (2,0) (1, 1)
(1,0) (1,0) (0, 0) 2,1 (1,0) (1,0) 0, 1) 2,0) (1,0) (1,0)
2,1) 2,1) 2,1) (0,0) (0,0) (2,0) (2,0) 0, 1) 0, 1) 0, 1)
(2,0) (2,0) (2,0) (2,0) 2,0) 0,0) 0,0) 0,0) 0,0) 0,0)

p, O @0}, (0.0, 1L 0) (0.1, 2,0} (A1, (2,0}, {0,0), 2,00}, (0,00, 4, D}, ((0,0), 21} (1,0), 2,00} (4,0, @ D},
{(0,0), (0, 1)} ((0 1, (1,1} o, @0y (0,0} ((2_()),(2_1)}
{(1,0), (1, 1)} {(1,0), (1, )}
(20,1} 5,100 (LD} (01, ()5 £0,0), (2 D} (0,0, (20} {01, 20 D)5 L0 1), (1,00} 10,1, (2D} (4,1, (2 DI L D, 200 ‘“’"")"“’1”

00,0y 10,0, 2,0 (0,0.2.0)
Fig. 17. The adjacency and adjacency® relations among preferences of ID. In Fig. 17, for instance, “ P} (©0.D.d.0) Py
represents P; ~ P, and I'(Py, P») = {(0, 1), (1, 0)}, and “PQW&” represents P ~t P3 and I'(P,, P3) =
{{(0,0), (1,00}, {(0, 1), (1, 1H}}.

E.2. The separable domain is a connected*™ domain

We first provide an example to illustrate how to verify connectedness™ on a particular separa-
ble domain.

Example 8. Let A = A' x A%, A' ={0, 1,2} and A% = {0, 1}. Fix two particular separable pref-
erences:

Pi: (0,0)_(0, D_(1,0)—(1, 1) (2,0)_(2, 1), and
P/: (2,1)(0, 1)~ (2,0)(1, 1) (0,0)_(1,0).

Note that (0, 1) P;(1, 1) and (0, 1) P/(1, 1).
First, we identify the transition of marginal preferences from P; to P/ below which consists
of 3 steps.

(1P IPT) = (0-1-2;0-1) =25 (0~ 1-2: 1.0) =2 (0~2_.1; 1_.0)
= 2.0.1;1.0) = (IP/1; [P]?).

For each transition step, we identify a pair of adjacent* preferences in Table 2.
Next, we make the following observations.

(i) P =P
(i) ﬁil and P? share the same marginal preferences, and f’il ~ P2
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Table 2
Three pairs of adjacent™ preferences.
SON 2 HON
Pl ~*t Pl P2~ P2 PP~ B3

0,0) ©,1) (0,1 ©,1) (©,1 2,1
0, 1) 0,0) (0,0) 0,00 2,1 o, 1)
(1,0) Ly an 2,1 1,0 [GF))
(1,1 (Lo (2,1 (1,1) (0,0) 2,0)
(2,0) 2,1) 1,0 2,00 (2,0 0,0)
2,1 2,00 (2,0 (1,00 (1,0) (1,0)

(iii) ﬁiz and Isi3 share the same marginal preferences. We identify another separable pref-
erence P; : (0,1)_(2,1)—(0,0)_. (1, 1)_.(2,0)_(1,0), and construct an adjacency path

{f’iz, P, f’f} along which (0, 1) always ranks above (1, 1).%
@iv) f’f and P/ share the same marginal preferences, and I3i3 ~ P!

Eventually, we construct a path connecting P; and P/ which meets the requirement of the
Exterior™ property: P; = P! ~F ﬁil ~ P2~ ﬁiz ~ P ~ Pf ~T ﬁf ~ P/. Note that r| (ﬁil) =
(0, 1) and 1 (P) = (2, 1) are similar, and { P!, P2, P?, P;, P}, P}, P/} satisfies the requirement
of the no-detour property. As an instance, {ﬁil, I3i2, ﬁiz, 13,-, Isf} meets the requirement of the
Interior* property. O

We make one observation on the separable domain Dyg.

Observation 1. If a pair of separable preferences is adjacent, they share the same marginal pref-
erence on each component. If a pair of separable preferences is adjacent”, they have a pair of
adjacent marginal preferences on one component, and share the same marginal preference on
every other component. Fix a separable preference P;. Given a P;!b, if a and b disagree on at
least two components, then by locally switching a and b in P;, we generate a new separable
preference P/ such that P; ~ P/ and I'(P;, P/) = {{a, b}}. Similarly, if there exist s € M and
a®,b® € A® such that (a®, z7*) P;1(b*, z7°) for all z7* € A™¥, then by locally switching (a®, z7%)
and (b°, z7°) for all z7° € A~ simultaneously in P;, we generate a new separable preference P/
such that P; ~* P/ and T'(P;, P/) = {{(a*,27°), (0*, 27)}} s ys O

Now, we provide five general facts to show that the separable domain in general is a
connectedt domain. Fact 1 only serves for the proof of Fact 2, Facts 2 and 3 are step results
for the proof of Fact 4, while Facts 4 and 5 are utilized to construct paths for the verification
of the Interior* and Exterior™ properties. We separately establish these five facts because they
will be replicated for the verifications of connectedness* on other multidimensional domains.
For notational convenience, let [Ds]® denote the marginal domain over A* which in fact is the
complete domain of marginal preferences over A®.

52 Note that the existence of preference P; also illustrates the importance of the co-existence of adjacency and
adjacency™. If we forbid the presence of adjacency, then preference ﬁf cannot be obtained via the transition of pref-
erence ﬁiz, and consequently, the adjacency™ relation between P3 and 133 disappears.
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Fact 1. Given s € M and distinct [ P;]°, [P]’.]s € [Ds1, there exist [P]//] € [Ds]® and a®, b* € A®

such that [ P;]* ~ [P]f’]‘?, a’[P;1°b°, bS[P]’-’]S!a‘Y and bS[P]’.]SaS. (Note that it is possible [Pj’-’]Y =
s

[P;T°.)

Proof. Since [P;]° and [ij]s are distinct, there exist a*,b* € A® such that a*[P;]°!b* and

bS[PJ’.]saf. By locally switching ¢* and b° in [P;]°, we generate [PI’.’]“‘ € [Ds]®. Thus, [P;]* ~

[P/ and b*[P/Pla*. O

Fact 2. Fixing P;j, PJ’. € Ds with [P;17 # [PJ/.]‘f for some g € M, and x,y € A with xP;y and
xP]’. v, there exists P]’./ € Dg such that

@) [P]’.’]S ~ [P;1* for some s € M, and [P]f/]“) =[P;1° forall w #s,
(i) a’[P;1°1p°, bs[P]/.’]S!as and bS[P;]SaS for some a*, b* € A’, and
(iii) xP;’y.

Proof. Let S={s € M :[P;]® # [P]/.]s} and T = {t € M : x* # y*}. Evidently, both S and T
are nonempty. We consider two cases:

(1) There exists 7 € T such that x*[P;]"y* and x’[PJ’.]’yf.
(2) Forallt e T, [x*[P;]"y"] = [y*[P}I"x"].

In case (1), we know either t € S or 7 ¢ S. If T € S, we know [P;]* # [PJ’.]I. Further-
more, by Fact 1, we have [P]’./]T € [Ds]* and a®, b* € A" such that [P]/.’]’ ~[P;]%, a"[P;]7 b7,
bT[PJ/./]T!aT and bT[P;]TaT. Thus, {a®,b™} # {x*, y"}. Hence, [P;]* ~ [P]//]T and xT[P;]"y"
imply x* [P”]r y*. We then refer to a lexicographic order > where 7 is lexicographically domi-
nant, assemble marginal preferences [P”]t and [P;]? for all w # 7, and form a lexicographically
separable preference P” Thus, P” must satisfy conditions (i) - (iii). If T ¢ S, we pick an arbi-
trary s € S. Since [P} ]A #* [P 1%, by Fact 1, we have [P”]A € [Ds]® and a®, b’ € A* such that
[P”]S [P;1°, a*[P;1°b*, bs[P”]”a and bS[P PPa’. We then refer to a lexicographic order >
Where T is lexicographically dominant, assemble marginal preferences [P;’]S and [P;]” for all
@ # s, and form a lexicographically separable preference PJ// . Thus, P]/./ must satisfy conditions
(1) - (iii).

Next, assume that case (2) occurs. Since xP]’. v, there exists s € T such that x* [Pj/.]s y*. Then,
case (2) implies y*[P;]°x*, and hence s € S. Then, by Fact 1, we have [P]’/]S € [Dg]® and a?, b* €
A’ such that [P]’./]S ~[P;1°, a’[P;1°'b°, b‘Y[P]’./]S!aS and bs[P]/.]sas. Symmetrically, since x P}y,
there exists T € T such that xf[Pj]fyf. Then, case (2) implies yf[P]/.]fxf. Since )cf[Pj]fyf and
y'[P;1°x*, we know 7 # s. Now, we refer to a lexicographic order > where 7 is lexicographically
dominant, assemble marginal preferences [Pj’.’]“, [Pj]f and [P;] for all @ ¢ {s, T}, and form a
lexicographically separable preference PJ’/ . Thus, P/’.’ must satisfy conditions (i) - (iii). O

Fact 3. Given Pj € Ds, s € M, a®, b* € A® with a®[ P;°\b°, there exists P € Ds such that

(i) forallx,y € A\(b*, A=), [xP;y] & [xPjy],



S. Chatterji, H. Zeng / Journal of Economic Theory 182 (2019) 25-105 85

(i) forall z7* € A™5, (a*,z7*)P;!(b*, %), and
(i) [P;]1® =[P;1” forallw e M.

Moreover, there exists ﬁj € Dg such that F(P_’j, 13]-) = {{(as, z7%), (b, zfs)}}z_seA_s.

Proof. We first construct preferences 13j satisfying conditions (i) and (ii). First, we remove
all alternatives of (b*, A™) fror{1 Pj, and induce preference Pjj4\@ps,a—s) over A\(b*, A™").
Next, we construct preference P; over A by plugging all alternatives of (b°, A™) back to
Pjia\@*,a-s) such that for all 775 e A™%, (a®,z7%) contiguously ranks above (b%,z7°), i.e.,
(a%,z7¢ )Pj!(bs,_z_s ). Evidently, by the construction, P; satisfies conditions (i) and (ii). More-
over, note that P; satisfies condition (iii) if it is a separable preference.

Next, we show that I3j is a separable preference. Given t € M, a”, bt € A* and 7tz e
A", let (a”, 277)15/ b*,777). Suppose by contradiction b, g_f)f_’j (@%,z~"). We consider the
following four cases, and induce a contradiction in each case:

(1) t#sandz® #0b° or z° #0b°,
2) t#sand 7’ =b* =7,

B) =5 andl;tzbs,and

4) t:sandl;t;ﬁbs.

In case (1), we assume z° # b°. The verification related to z* # b* is symmetric, and we
hence omit it. Since T # s and Z° # b*, we know (a*,z7 "), (b*,777) ¢ (b*, A™%). Then, by
condition (i), the hypothesis (a”, __7)1‘3 (b*,777) implies (a*,z7 ") P; b*,7 T) Furthermore,
by separability, we have (a z r)P (b’ %) and (@%,d’,z {”})P (br a’,z —{r.s}) which
implies (a7, a*,z~™ X})P b7, a L,z tosh by condition (i). If z* # b*, condition (i) implies
@,z r)P (br ~7). This contradicts the hypothesis (bf r)P (a®,z="). Therefore, z* = b°.
Since (a7, a*, z~(® ShPjl@t, b, z7 ") = (a%,z7%) and 7.a' 2 —losh b7, b, —{”)—
(b7,z77) by condition (ii), (a%,a*,z~{"N)P; (b7, a*,z~1"%) implies (a7, z ) P;(b7,z77).
Contradiction!

Assume that case (2) occurs. On the one hand, since (a® ,aS,Z_{T*S})ﬁj!(EzT, b, 77 oshy =
@,z and (b, a*, 77N P, b*, 771"y = (b7, 777) by condition (ii), the hypothe-
sis (&f,z—f)ﬁj(i}f,——f) implies (4%, a*,z ") P; (b7, a*,z~{"*}). Then, condition (i) implies
(&T,aS,Z*{T’S})P.,'(l;f,aS,E*{T’S}), and hence &’[Pj]fl;T by separability. On the other hand,
since (a7, a*, 2~ ™) Pj1@", b* 2717 = @, 277) and b7, a®, 27 Pj1bT, b, 21 Y})—
(b7,z~7) by condition (i), the hypothesis (b7, g—f)P (a%,z") implies (b7, a*,z~ ")) x
P @as,a* z_{”) Then, condition (i) implies (l; a’,z —{r.s} YPj@at,a*,z~ {5}y and hence
bf[P ]*a’ by separability. Contradiction!

In case (3), since (a*, z’s)P 1%, z7%) = (bS ~¥) by condition (ii) and (bS S)P @,z7%)
by the hypothesis, we know (a*, z Y)P @,z7% ‘and hence a* #a*. Then, condition (i) implies
(@*,z7%)P;j(@*,z7%), and hence (a*,z *)P;(a®,z™*) by separability. Again, condition (i) im-
plies (a*,Z Y)P (a®,77%). Last, since (a®,7 " )P 1(b%,Z~°) by condition (ii), it must be the case
b, 7~ S)P @*,z7% Wthh is equivalently (bT _’)P (a®,z~"). This contradicts the hypothesis
(&‘E’— T)Pj(bt,__r).
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In case (4), we first show b* = as . Suppose not, i.e., b* #a’. By condition (i), the hypoth-
esis (a*,z S)P (b%,77%) and (V*, _A)P @,z7) 1mply @,z %) P; (b*,77%) and (b°, z7%) x
P;j(a’, z~*) respectively, which contradict the separability of P;. Therefore, b* = a°. Next, since
(a®, Z_S)Pj!(bs, z~*) by condition (ii) and (b*,77°) = (a°, Z_S)Pj b*,77%) by the hypothesis,
transitivity implies (a°, Z*S)P (l;s z~%). Then, condition (i) implies (a’,z"°) P; (I;S z7%), and
hence (a*,z7*) P; (bs ~%) by separability. Furthermore, by condition (i), (a®,z" %) P; (bs z27%)
implies (a’,z Y)P (bY z7%). Last, since (a’, Z_Y)P (b‘ z7%) and (a°, z‘V)P 1%, 27%) =
@,z7%) by condition (ii), it must be the case (a*, z_‘)P (bY z~*) which contradicts the hy-

pothesis (bS - )P (@*,z™*). In conclusion, P is a separable preference. Hence, condition (iii)
is satisfied by P

Last, accordlng to Observation 1, by locally switching (a®, z7%) and b*,z7%) for all 4 e
A~ simultaneously in Pj, we generate a separable preference P such that F(P], P i) =
{{@*, z7%), @, z’s)}}Z,AGA,) This completes the proof of Fact 3. O

Fact 4. Fixing P;j, P]/. € Ds with [P;]° # [P]/.]S for some s € M, and x,y € A with xP;y and
xP]’.y, there exist t > 1 pair(s) {PJ/.‘, P}‘ ck=1,...,t} C Dg such that

() Pf~+t ﬁj’fforallk:l,...,z,
(i) [Pj]* = [le]sfor alls e M,
(iii) [ﬁj’f]s = [Pf“]s forallse Mandk=1,...,t—1,
(@iv) [13;]" = [PJ’.]S forall s € M, and
) xP]I-‘y andej’.‘yforallk =1,...,¢t

In particular, if ri(Pj) and rl(Pj/.) are similar, say r1(P;) = (a®,z™*) and rl(PJ’.) = b, z7%),
then ry(P¥), ri(P¥) € (A%, 27%) forall k=1,....1

Proof. Let S={q e M :[P;]? # [P;]q} and T = {r € M : x* # y*}. Evidently, both S and T
are nonempty. Since x P;y, there exists ¢ € T’ such that x*[P;]y*. According to P; and P//.,
we identify PJ’./ € Dg satisfying conditions (i) - (iii) of Fact 2. Specifically, (i) [Pj/.’ 1° ~[P;]® for
some s € S, and [P]f/]“’ =[P;]” forall w # s, (ii) a*[ P;]°1b°, bS[P]’/]S!aS and bS[P;]SaS for some
a®, b* € A%, and (iii) xP]//y.

CLAIM 1: According to P; and PJ{’, there exist P, P ;i € Dg satisfying the following four condi-
tions:

(i) P;j~* P;jand T'(P;, Pj) = {{(a*,z7%), (b*, z7*)}}
(i) [P;1° =[P;]® forallw € M,
(iii) [P;]° = [P/]?, and
(iv) xPjy andejy.

775€A™S?

According to the subset T and the component s in the first paragraph, we consider four cases:

(1) s¢T.
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2) T ={s}.
(3) IT|=2,s €T, and there exists T € T'\{s} such that x*[P;]* y*.
@) |T|=2,seT,x*[P;]°y® and y*[P;]*x" forall T € T'\{s}.

In case (1), component 7 in the first paragraph is distinct to s. Since )cf[Pj]fyf mentioned
in the first paragraph and [PJ/.’]f = [Pj]f by condition (i) of Fact 2, we have xf[R;’]fyf. We
fix a lexicographic order > where 7 is lexicographically dominant, and s is lexicographically
dominated. According to >, we assemble all marginal preferences of P;, and form preference
P; € Drs. Symmetrically, according to >, we assemble all marginal preferences of PJ’/, and form

preference P ; € Drs. Evidently, 13j and P ; satisfy conditions (i) - (iv) of Claim 1.

In case (2), we know x = (x*, x %) and y = (¥, y™*) where x* # y* and x° = y™*. Since
xP;y by the hypothesis of Fact 4 and xP]’.’ y by condition (iii) of Fact 2, separability im-
plies x*[P;]*y® and xS[P]’./ 1*y®. We fix a lexicographic order > where s is lexicographically
dominated. According to >, we assemble all marginal preferences of P;, and form preference
P; € Drs. Symmetrically, according to >, we assemble all marginal preferences of PJ’/ , and form

preference 13]- € Drs. Evidently, I5j and 13]- satisfy conditions (i) - (iv) of Claim 1.

In case (3), since x*[P;]7y* and [PJ{/]T =[P;]" by condition (i) of Fact 2, we have x* [PJ’.’]TyT.
We fix a lexicographic order > where t is lexicographically dominant, and s is lexicographically
dominated. According to >, we assemble all marginal preferences of P;, and form preference
E i € Drs. According to >, we also assemble all marginal preferences of PJ’./ , and form preference

13]- € Dis. Evidently, P_’j and 13]- satisfy conditions (i) - (iv) of Claim 1.

In case (4), since y*[P;]*x" for all T € T'\{s}, condition (i) of Fact 2 implies yT[P]’/]T)cr for
all T € T\{s}. We first show xS[P]/./]SyS. Suppose not, i.e., yS[PJ/./]SxS. Thus, yT[P]’./]Tx’ for all
7 € T, and consequently, ij’.’x which contradicts condition (iii) of Fact 2. Therefore, x* [PJ’.’]S ¥
Then, according to condition (ii) of Fact 2, we know {x*, y*} # {a®, b*}. We thus have two
subcases: y* £ b* and y* = b°.

First, assume y* # b°. According to Pj, since a*[P;]°!b° by condition (ii) of Fact 2, we
construct [_’j, P, € Dy satisfying Fact 3. Thus, conditions (i) and (ii) of Claim 1 are satisfied. Fur-
thermore, by ['(P;, P;) = {{@, 7%, @, Z_S)}}z—-ve,q—s in Fact 3 and conditions (i) and (ii) of
Fact 2, we know that condition (iii) of Claim 1 also holds. Last, we show condition (iv) of Claim
1. We consider two situations: x* 7 b® and x* = b®. If x* # b°®, condition (i) of Fact 3 implies
x P;jy. Furthermore, since x* # b* and y* # b*, I'(P;, ﬁj) ={{(a*,z7%), (¥*, Z_s)}}z—SeA—S in
Fact 3 implies that }Sj and I3j share the same relative ranking over x and y. Therefore, xﬁjy.
This proves condition (iv) of Claim 1 in the situation x* # b*. If x* = b*, a’[P;]*!b* by con-
dition (ii) of Fact 2 implies (a*, x™%) P;(b*, x™*) = x. Hence, condition (ii) of Fact 3 implies
(@*,x7*)P;!(b*, x*) = x. Moreover, since xP;y by the hypothesis of Fact 4, (a*,x™*)P;x
implies (a®, x™*)P;y. Then, condition (i) of Fact 3 again implies (a*, x*)P;y, and further-
more, (as,x_s)lsj!x implies xf_’jy. Last, since x* = b%, y* £ b° and xf_’jy, F(Ei,ﬁj) =
{{(as, z7%), (b*, z_s)}}Z_XGA_S in Fact 3 implies that I3j and 13j share the same relative rank-

ing over x and y. Therefore, xl3j y. This proves condition (iv) of Claim 1 in the situation
x5 =b".

Next, assume y* = b°. Since {x*, y*} # {a’®, b°}, we know x* ¢ {a’, b°}. Since a’[P;]*!b* by
condition (ii) of Fact 2 and x*[P;]°y® = b*® by the hypothesis of case (4), we know x*[P; [ a’.

We first identify preference P; € Dps such that [ﬁj]“’ = [P;]” for all w € M, and com-
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ponent s is lexicographically dominant in the lexicographic order. Thus, xI;j (a®,y~™®) and
(a®, y’A)P b5, y~%) = y. According to P;, since a *[P;]*1b* by condition (ii) of Fact 2 and
[P ¥ = [P;]°, we construct Pj, P € Dy satisfying Fact 3. Thus, condition (i) of Claim 1 is
satisfied. Moreover, by condition (iii) of Fact 3, we have [Pj]"’ = [P 1“=[Pj]®foralwe M
which verifies condition (ii) of Claim 1. Next, by F(}_’], 13 )= {{(a z7%), (b%, _Y)}} 1-SeA-s in
Fact 3 and conditions (i) and (ii) of Fact 2, we know that condition (iii) of Claim 1 also holds.
Last, we show condition (iv) of Claim 1. According to the construction of P], since xP (a®,y™*),
condition (i) of Fact 3 1mphes xP (a®, y™*), and since (a®, y A)P (6%, y~*) = y, condition (ii)
of Fact 3 implies (a°, y A)P '(bé ~%) = y. Therefore, xR,y by transitivity. Furthermore, since

x* ¢ {a*,b*} and x P;y, ['(P;, P}) = {{@*.z™), (bs,z_‘v)}}z_xeA . in Fact 3 implies that P;
and P; share the same relative ranking over x and y. Therefore, x P;y. This completes the veri-
fication of Claim 1.

By Claim 1, we identify the pair {I_’j, ﬁj}. Let Isj1 = I3j and 1’3].1 = I3j. Note that f’jl is
one- step closer to P’ than P; in the sense 1"([131]5 [P’]S) =T(P;), [P)] s)\{{as bs}} and
r(prP ]‘“ [P 1) = l"([P 1%, [P 1¥) for all w # s. Next, according to P1 and P’ we identify
another separable preference P satisfying condition (i) - (iii) of Fact 2 Then according to
le and P//.’ , we identify the second pair {13/.2, f’/z} satisfying conditions (i) - (iv) of Claim 1.
Note that 1’31.2 is also one-step closer to P/’ than PA’}. Repeat this procedure until identifying the
pair {P; , 13;} where ﬁ; and P]’. share the same marginal preferences. Thus, we have the pair(s)
{13]?, ISJI‘ ck=1,...,t} C Dg satisfying condition (i) - (v) of Fact 4. In particular, note that if
r1(P;) and rl(Pj’.) are similar, say r1(P;) = (a*,z™*) and rl(Pj’.) = (b*, z7%), the construction of
(P, 13]/? :k=1,...,t} implies rl(ﬁj’f), rl(ﬁ]’?) € (A%, z7%) forall k=1, ...,t. This completes
the verification of Fact4. O

Fact 5. Given two distinct P, Pj’» e Ds with [P;]* = [PJ’-]S for all s € M, there exists
an adjacency path {PJ‘V-‘}Z:1 C Ds connecting P; and PJ’- such that [xPjy and xP]fy] =
[xPfyforallk=1,...,q].

Proof. Since [P;]’ = [P]/-]S for all s € M, it is evident that r|(P;) = r1(P]’-). Searching from
the top of P; and P’ down to the bottom, since P; # P’ we identify 1 < k < |A| such that
ri(Pj) = rl(P ) for all 1<l <kandr(P;)# rk(P ). For notatronal convenience, let rk(P )=
and y = r,,(P ). It is evident that v > k, and hence v—1>k. Letx =r,_1(P;). Since rl(P ) =
rl(P )forall 1 <! <k, we know yP’ x. Thus, x P;!y and yP/ x. We construct another preference
P” by locally switching x and y in P;. Thus, P; ~ P” and I'(P}, P”) = {{x y}} Last, to show
that P]” is a separable preference, by Observation 1, 1t suffices to show that x and y disagree on
at least two components. Since x # y, there exists s € M such that x* # y*. Suppose x* = y* for
all T € M\{s}. Consequently, separability implies x*[P;]*y* and y* [P;]S x* which contradict the
hypothesis [P;]* = [P/ 1*. Therefore, P” is a separable preference.

Note that P’ is closer to P; than P; since T'(P}, P)) = (P}, P; )\{{x y}}. By repeat-
edly applying the argument in the first paragraph we eventually construct an adjacency path
{ij}k:l C Dg connecting P; and Pj. By the construction, we know that for each 1 <k < ¢,
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[xPj]?!y and yP]].‘+1!x] = [yPJ’.x]. Therefore, we have [xP;y and xP]fy] = [xP]]?y forall k =
1,...,q]. O

Now, we use Facts 4 and 5 to construct paths for the verification of the Interior* and Exterior®
properties. Fix Pj, P; € Dg and x,y € A with xP;y and xP}y. If P; and P; share the same
marginal preferences, then r(Pj) = (Pj’.), and we have a path connecting P; and PJ’. which
satisfies the requirement of the Interior™ property by Fact 5. If P; and PJ’. have distinct marginal
preferences, we first identify pair(s) {13/’? , f’Jk :k=1,...,t}satisfying condition (i) - (v) of Fact 4.
Next, according to conditions (ii) - (iv) of Fact 4, we construct an adjacency path connecting
P; and 15].1 which satisfies Fact 5, an adjacency path connecting PJ’.‘ and PJ].<Jr1 which satisfies

Fact 5 for each k =1,...,¢t — 1, and an adjacency path connecting 13/’ and P! which satisfies
Fact 5. Last, we combine all these adjacency paths via condition (i) of Fact 4, and generate a
path {PA;‘}Z:1 C Ds connecting P; and P/’ If ri(Pj) = rl(le) = qa, then the proof of Fact 4
implies rl(ﬁjl.‘) = rl(ﬁj’f) =a forall k=1,...,t, and furthermore, Fact 5 implies rl(Pj’F) =a
forall k=1,..., q. This meets the requirement of the Interior* property. If r1 (P;) # r (Pj’.), we
know xﬁj’.‘ y and xﬁj’.‘ y by condition (v) of Fact 4 for all k =1, ..., ¢, and furthermore, Fact 5
implies xPj’.‘ y for all k = 1,...,q. This meets the requirement of the Exteriort property. In
particular, if r{(P;) and rl(P/) are similar, say r1(P;) = (a*,z7*) and rl(P]/.) =%, z7%), we
know rl(Pk) rl(Pk) € (A%, z7%) by Fact 4 for all k =1, ..., ¢, and furthermore, Fact 5 implies
r1 (Pk )e (A%, z7%) forall k =1, ..., g. This meets the requirement of no-detour property.

E.3. The top-separable domain is a connected* domain
We first provide Fact 6 which links Drtg to the connectedness® of Ds.

Fact 6. Given P; € D1s\Ds and a,b € A with aP;b, there exists f_’j € Dg such {hat rl(};j) =
r1(Pj) = a and a Pjb. Furthermore, there exists an adjacency path {Pj]-‘ }2: | € Dig connecting

Pj and ﬁj such that [x P;y andxl_’jy] = [xP]].‘yforallkz I,...,t].

Proof. Let § = {s € M : a® # b*}. Evidently, S # ¥. Since aP;b, there exists s € S such that
b* # a* by top-separability. We then fix a marginal preference [P;]* such that ri([P;]°) = a*
and a®[ P;1°b*, and a marginal preference [ P;]* with r{([P;]%) = a® for each t # s. Last, we fix
a lexicographic order > such that component s is lexicographically dominant, and assemble all
marginal preferences above to generate a preference P; € Drs. Hence, ry (P )=a=r1(Pj) and
aP b.
Recalling the proof of Fact 5, according to P; and [_’/, we identify x,y € A such that
X #a, y ;éa xPjly and yP x. Let nonempty 7 € M be such that x* £ y® for all 7 € T and
x T = Slnce P;, P; € Drs, x P;!y implies that there exists T € T such that y* # a*, and
yPjx 1mphes that there exists 7/ € T such that x™ # a° . Note that either T = 7/ or 7 7& 7.
By locally switching x and y in P;, we generate a preference P]’.’. Thus, 71 ( Pj’.’) =a, Pj~ PJ’.’,
xP;ly, ij/.’!x and yP;x. Then, y* #a® and x7 #a" imply P]/.’ € Ds. Note that P]’./ is closer
to P; than P; since TPy, Pj) =T(P;, P)\{{x.y}}. By repeatedly applying the argument
above, we eventually generate an adjacency path {P/].‘ Yoy S DFg such that for each 1 <k <1,
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[xP]]?!y and yP]]f‘H!x] = [yl_’jx]. Therefore, we have [xP;y and xﬁjy] = [xP]'.‘y forall k =
1,...,t]. O

To verify connectedness® of Drs, we fix distinct P, Pj/. € Drs, and consider the following
three cases: (i) P; € Dg and P]’. € Ds, (ii) P; € Drs\Ds and P]/. € Ds, or P; € Dg and P]/. €
D1s\Ds, and (iii) P;, P]’. € Drs\Ds. In each case, we construct a path of Dts connecting P;
and P’ which satisfies the requirements of the Interior* and Exterior* properties.

Case (i) is covered by Section E.2. In case (ii)_, assume W.l.o.g._ that P; € Ds\Ds and
P]/. e Ds. If ri(P)j) = rl(Pj/.) = qa, we first identify P; € Dg with r{(P;) = a, and construct an
adjacency path of D74 connecting P; and 15j by Fact 6. Next, by Section E.2, we have a path of
IDg connecting }_’j and Pj’.. Last, combining these two paths, we have a path of Dfg con_necting
Pj and PJ’.. If ri(Pj) # rl(Pj’.), xP;y and xPJ’.y for some x, y € A, we first identify P; € Dg
with rq (I_’j) =r1(P;) and x}_’j ¥, and construct an adjacency path of Dts connecting P; and I_’j
along which x ranks above y by Fact 6. Next, by Section E.2, we have a path of Ds connecting
Pj and P; along which x ranks above y. Last, combining these two paths, we have a path of Dtg

connecting P; and P]/. along which x ranks above y. The verification of case (iii) is similar to
that of the second case. Therefore, Dts is a connectedt domain.

E.4. The intersection of the separable domain and the multidimensional single-peaked domain
is a connected* domain

We fix a product of trees X <y G (A®) and the multidimensional single-peaked domain Dysp.
Let Hj)Msp = Ds NDpmsp. Recall the notation [DMSP]S which denotes the single-peaked (marginal)
domain on G(A®). Similar to Section E.2, we first provide three step results, Facts 7, 8 and 9,
which are respectively analogous to Facts 1, 2 and 3. We next establish Facts 10 and 11, which
are respectively analogous to Facts 4 and 5, and will be utilized to verify connectedness* of

Dwmsp.

Fact 7. Given s € M and distinct [P;]°,[P]]* € [Dmspl®, there exist [P]T e [Dypsp]® and
a®,b® € A® such that [P;1° ~ [P/’.’]S, a*[P;1°1b°, bS[P/’.’]S!aS and bS[P/’.]Sas. (Note that it is pos-
sible [P =[P]I".)

C

Proof. By the proof of Proposition 4.2 of Sato (2013), we have an adjacency path {[PJ].‘ 1 }
[Dmsp]® connecting [P;]° and [P, i.e., [P}1* =[P;I°, [P{1* = [P{]° and [P¥]* ~ [P]’F“]S for
allk=1,...,qg — 1, such that [xS[Pj]SyS and xS[P]/-]SyS] = [xS[P]]?]Sys,k: 1,. q] Thus,

given [P/]' = [P}I, we have [P;I° ~ [P]T, a*[P;*1b*, b*[P]T"la® and b*[P]]*a* for some
a’,b*eAS. O

q
k

Fact 8. Fixing P;, PJ’- € ]ﬁ_)Msp with [P;19 # [P]f]q for some g € M, and x,y € A with x P;y and
xP/’.y, there exists P;' € Dyisp such that

@) [P]’.’]S ~ [P;]® for some s € S, and [P]f’]“’ =[P;1” forall w #s,
(i) a*[P;1°!b*, bs[P/’.’]s!as and bS[P;]SaS for some a*, b* € A, and
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(iii) xPj/./y.

Proof. After replacing the reference of Fact 1 and the notation [Dg]°® in the proof of Fact 2 by the
reference of Fact 7 and the notation [ID)MSP] respectively, the modified proof of Fact 2 remains
applicable for the verification of Fact 8. O

Fact 9. Given P; € ]ﬁ)Msp, seM,a*, b’ € A® with a®[P;]°\b*, there exists Pj € DMSP such that

() forallx,y € A\(b*, A™%), [xPjy] & [xPjy]
(i) forallz=* € A5, (a*,z7°)P;!(b*,z™°), and
(iii) [P;]° = [P ]“’for allwe M.

Moreover; if there exists [PJ//]S € [Dmspl® such that [P;]° ~ [P]’-/]S and T([P;]*, [P]/.’]s) =
{{as, bs}}, then there exists Pj € Disp such that F(Pj, Pj) = {{(as, z7%), (b, Z_S)}}

75 eATS”

Proof. By the proof of Fact 3, we have P € ]Ds satisfying condition (i) - (iii). Furthermore
by condition (iii), we know [P 1 =[P;]° € []D)Msp]‘” for all s € M. Therefore, P; € ]D)Msp by
Remark 1. B

Next, by the proof of Fact 3, we have P; € Ds such that I'(P;, P;) = {{(aS,z’s),
(bs,z_s)}}zfse/r:. Thus, [P;]* ~ [P;), T([P;I,[P;)) = {{a®,b"}} and [P;]° = [P;]*
for all w € M\{s}. We show P € Dysp. First, for every w € M\{s}, we know [Pj]“’ =
[P 1* € [Dmsp]®. Second, given [P P =[P;) and T'([P;]°, [Pj]s) = {{as, bx}}, the hypothesis
TP, [P]T) = {{a*,b*}} and [P]1 € [Dmspl® imply [P;]° = [P]] € [Dmsp]’. Therefore,
we have Pj € DMSP by Remark 1. O

Fact 10. Given P;, Pj/. € Dmsp with [P;]* # [PJ{]S for some s € M, and x,y € A with xP;y and
xP,’.y, there exist t > 1 pair(s) {Pj’.‘, ij k=1,...,1} C DMSP such that

Q) Pk~ P forallk=1,...,1,
(ii) [Pj1° = [Pl]sfor alls e M,
(ii1) [P}lf]s = Pk+] 1* foralls e M and k =1, -1,
@iv) [P;]‘Y = [Pj] forall s € M, and
v) xP]I.‘y andej]fyforallkz 1,...,t

In particular, if ri(P;) and rl(P}) are similar, say r1(P;) = (a®,z™") and rl(PJf) = (b%,77%),
then ry (PY), rl(P]].‘) €(AS, 2% forallk=1,...,t

Proof. Let S={qge M :[P;]? # [P]’.]q} and T ={r € M : x* # y"}. Evidently, both S and T
are nonempty. Since x P;y, there exists T € T such that x*[P;]"y*. According to P; and P/,
we first identify P” € Dwisp satisfying conditions (i) - (iii) of Fact 8. Specifically, we have (i)
[P”]S ~[P;]® for some s €S, and [P”]‘” [P;1” for all  # s, (ii) a®[P;1° 1", b‘[P”]”a and
bs[P/]sax for some a®, b* € A®, and (iii) xPj”y. Note that P/” € Dysp implies [P;’]S € [Dmspl®.



92 S. Chatterji, H. Zeng / Journal of Economic Theory 182 (2019) 25-105

Moreover, since [P;]° ~ [P]//]S and T'([P;]°, [P;’]“) = {{as, bx}}, Fact 9 becomes applicable
here. Then, after replacing the references of Facts 2, 3 and 4 and the notation D g in the proof
of Fact 4 by the references of Facts 8, 9 and 10 and the notation D s N Dysp respectively,
the modified proof of Fact 4 (from Claim 1 to the end) remains valid for the verification of
Fact 10. O

Fact 11. Given two distinct Pj, P]’- € Dysp with [P = [P]{]S for all s € M, there exists
an adjacency path {P/].‘}Z:1 C ID)MSP connecting P; and P; such that [xPjy and xPl’.y] =
[xle.‘yforallk: I...,ql

Proof. Recall the construction of P;’ € Dyg in the proof of Fact 5. If we show [PJ/.’ I* € [Dmspl®
for all s € M, then we have P]/./ € Dmsp, and the rest proof of Fact 5 on the construction of
the adjacency path remains applicable for the verification of Fact 11. Since both P; and P]’.’ are
separable preferences, P; ~ PJ’.’ implies that P; and Pj{’ share the same marginal preferences by
Observation 1. Therefore, [pj{/]s =[P;]’ € [Dmspl® forall s € M, as required. O

Now, similar to the last paragraph of Section E.2, we use Facts 10 and 11 to construct paths
satisfying the requirements of the Interior* and Exterior™ properties.

E.5. The multidimensional single-peaked domain is a connected® domain

We fix a product of trees X ey G (A*) and the multidimensional single-peaked domain Dwmsp.
We first provide Fact 12 which links Dysp to the connectedness™ of Dysp.

Fact 12. Given P; € ]D)Msp\]D)Msp and a,b € A with aP;b, there exists P € Dusp such that
r (P ) =r1(Pj) =a and aP;b. Furthermore, there exists an adjacency path {Pk}k 1 E ]D)]‘\‘,ISP

connecting Pj and P such that [x Pjy ande]y] = [xP]kyfor alk=1,...,q]

Proof. Let S ={s € M :a’ # b’}. Evidently, S # . Since a P;b, we know b ¢ (a, a), and hence,
there exists s € S such that b* ¢ (a®, a®). We then fix amarglnal preference [P e [DMSP]S such
that r1([P 1¥) =a’ and af [P I’b%, and a marginal preference [P;]° € [Dmsp]® with ri ([P;]7) =

a® foreach t # s. Last, we fix a lexicographic order > such that component s is 1ex1cographlcally
dominant, and assemble all marginal preferences to generate a preference Pj e Drs NDpsp €
DMsp. Hence, rq (Pj) =a =r1(Pj) and anb. This proves the first part of Fact 12. The second

part of Fact 12 follows exactly from Lemma 8 of Chatterji and Zeng (2018). O

_ Now, similar to the last two paragraphs of Section E.3, by applying the connectedness* of
Dwmsp and Fact 12, we assert that Dysp is a connected domain.

E.6. The union of the separable domain and several multidimensional single-peaked domains is
a connectedt domain

It suffices to consider the union Dy = Dg U Dysp U ]D){VISP where Dysp is the multidimen-
sional single-peaked domain on a product of trees xcpG(A*), and Dy,¢p is the multidimen-
sional single-peaked domain on another product of trees X e G’'(A%). Note that there exists at
least one component s € M such that G(A*) and G'(A*) disagree on some edges.
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To verify connectedness® of Dy, we fix distinct P;, P]/. € Dy. If P;, P; € Ds, or Pj, PJ/. €
Dwmsp, or Pj, PJ’. € Dygp- then by Section E.2 or Section E.5, we have a path of Dy connecting
P; and P]’. which satisfies the requirements of connectedness™. Next, we consider the following
two cases:

(i) Pj € Dmsp\Ds and P; € Dg\Dyisp, (symmetrically, P; € Dy;cp\Ds and P} € Ds\Dyqp),
and
(i) P; € Dysp\Ds and P; € Dyyep\Ds.

In each case, we construct two paths of Dy connecting P; and PJ’. which satisfy the requirements
of the Interior* and Exterior* properties respectively.

In case (i), assume w.l.o.g. that P; € Dvsp\Ds and P]f € Ds\Dwmsp. If r1(Pj) =7y (P]’.) =a,
we first identify P; € Ds N Dysp with r1(P;) = a, and construct an adjacency path of ]DK,ISP
connecting P; and P; by Fact 12. Next, by Section E.2, we have a path of Dg connecting P; and
PJ’.. Last, combining these two paths, we have a path of D{; connecting P; and P]’.. If r1(Pj) #
rl(P/{), xPjy and xPJ’.y for some x,y € A, we first identify P; € Dg N Dvgsp with r(P)) =
r1(P;) and x P;y, and construct an adjacency path of Dysp connecting P; and P; along which
x ranks above y by Fact 12. Next, by Section E.2, we have a path of Dg connecting P; and P]/.
along which x ranks above y. Last, combining these two paths, we have a path of Dy connecting
Pj and P; along which x ranks above y. The verification of case (ii) is similar to that of the first
case. Therefore, Dy is a connectedt domain.

E.7. The multidimensional eventually-single-peaked domain is a connected®™ domain

To motivate a multidimensional eventually-single-peaked domain, we consider the allocation
of multiple public facilities to a region. Consider a region which has a central urban area and a
large remote area surrounding the central urban area. There is a railway in the region which goes
through the urban area. Along the railway, there are several stations Q2 = {l1,lp, ..., [}, t = 2,
each of which is viewed as a location. A location in the urban area is referred to as an urban
location, while a location in the remote area is called a remote location. To depict the locations’
geometric relations on the railway, we use a linear order [} <l < --- < [;. We assume that
there are least two urban locations, and all urban locations cluster, i.e., any location between two
urban locations on the railway must also be an urban location. We then identify two particular
urban locations I and I, 1 <k < k < t, which separate 2 into three disjoint subsets: the set
of left remote locations £ = {I{, >, ..., g1}, the set of urban locations M = {ly, lg41, ..., Iz},
and the set of right remote locations R = {If FRTREE l;—1,1:}. Tt is natural to postulate that the
central urban area has a more advanced transportation than the remote area. We assume that all
urban locations are pairwise connected by urban roads, while all left (respectively, right) remote
locations are simply linked via the railway. Then, the railway and the urban roads together form
the transportation system of the region.>® Note that Iy is connected to all other urban locations
via urban roads, and is the gate to all left remote locations on the railway. Therefore, it can be
viewed as the left transportation hub. Symmetrically, I is referred to as the right transportation

53 Mathematically speaking, the transportation system is a graph where the vertex set is €2, and two distinct locations
form an edge if they are directly connected by the railway or an urban road.
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The Left Transportation Hub The Right Transportation Hub

©
lig

l12

L={l1,l2,13,14} M = {ls,l6,17,1s,l9,l10} R = {l11,l12, 113}

Fig. 18. The transportation system in the region.

hub. We use Fig. 18 to illustrate the transportation system of the region, where the space in the
bigger oval represents the region, the space in the smaller oval represents the central urban area,
the space between the two ovals therefore denotes the remote area, the bold line represents the
railway <, each hollow node represents a location, and the dash lines denote the urban roads.

Fixing three locations l,,, [, l; € @, letl, <, <I; and [, # lq.54 We know that [, is between
l, and [, on the railway, and hence [, is closer to /, than [, on the railway. However, if the three
locations are in the central urban area, their geometric relations on the transportation system
change to pairwise connections due to urban roads. Consequently, we are no longer able to infer
that /,, is closer to [, than /,. We make two more observations. First, if [,,, [, € £ U {/¢}, then
lo <1, <1, implies [, € L. Then, the unique railway connection on £ U {l;} implies that /,
is closer to [, than /; on the transportation system. Similarly, if /,,, [, € R U {It}, according to
lo <1, <1,, we know that [, is between [, and [, on every route of the transportation system
(either the railway, or the combination of the railway and the urban roads). Therefore, [}, is closer
to [, than /,; on the transportation system. Second, symmetrically, if [,, [, € LU {l;} (respectively,
lo, I, € R U{lz}), it is also true that [, is closer to [, than /; on the transportation system. We
introduce a ternary relation to summarize the two observations. Given l,, [, [, € A® with [, # [,
let (Iy, I, ;) denote a ternary relation such that /,, is between [, and [, on the railway <, i.e.,
lp € {lp,1y) (equivalently, either [, <[, <[, or [; <[, <1,), and one of the following two
additional conditions is satisfied:

) Ip=ly,0rlylye LU}, orly, 1, € RU{IE}, and
(i) 1, =1lo,0rlp, 1y € LU}, orly, 1, € RU (I

Multiple admissible public facilities M = {1,2,...,m}, m > 2, are to be constructed in the
region, and each facility will be built at some location of 2. For each facility s € M, some loca-
tions are available for its construction while some locations are not available. We let A® C Q
denote the set of locations that are available for the construction of the facility s. We nor-
mally write a location of A® as x* € A®. For simplicity, we assume that A® always contains
both transportation hubs. Let A = X cprA® be the set of alternatives. Note that each alterna-
tive a = (al, a, ..., a™) € A is an m-tuple which consists of m locations of 2. Therefore, we
sometimes also call an alternative a location bundle. Each agent has a preference over A, a lin-
ear order. To construct our restricted preferences over A, we first need to extend the ternary

54 For notational convenience, let lo <1p denote either [, <1p orlp =1p.

55 By the definition, the ternary relation is symmetric, i.e., (lo,lp,[q):l pos [(lq,lp,lo)], and fransitive, i.e.,

[(zo,lp,lq) and (lo,lq,lr)] - [(1(,,1,,,1,)]
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15 o Iy ls lg 15 b Iy l5 lg
Al = {l1,12,13,14,15} A% ={l1,l2,l4,16}

Fig. 19. Available location sets Al and A2 on the transportation system.

relation on three locations to a ternary relation on three location bundles. Given x,a,y € A
with x #£ y, let (x,a, y) be a multidimensional ternary relation such that for all s € M,

[x* #y' 1= [(xs, as, y“)] and [x* = y’] = [¢® = x* = y°]. Geometrically, (x, a, y) indicates
that the location bundle a is component-wise closer to x than y according to the transportation
system, provided a # y. Since all public facilities are admissible, it is natural that an agent, who
prefers x the best, would like all public facilities be constructed at the location bundle a rather
than at y.

Definition 10. Given a linear order < over Q ={/1,l>,...,;}and [, lr € Q with 1 <k < k<t,
a preference P; over A = Xyepm A® is multidimensional eventually-single-peaked if for all

distinct a, y € A, we have [(rl(P,»), a, y)] = [aP;y]. Let Dvisp denote the multidimensional
eventually-single-peaked domain which contains all admissible preferences.

If there are no urban roads, the railway < simply describes the transportation system of
the region, and then the closeness relations among location bundles can be simply recognized
from the product of lines xcpr(<, A%) where for each s € M, (<, A®) is the linear order over
A’ induced from the railway <. Intuitively, when urban roads are involved, some closeness
relations recognized by X ey (<, A®) are destroyed. We identify the remaining closeness rela-
tions by the multidimensional ternary relations, and then apply the single-peakedness restriction
accordingly to form a multidimensional eventually-single-peaked preference. Therefore, multi-
dimensional eventually-single-peakedness is close to, but less restrictive than multidimensional
single-peakedness on X epr(<, A*). We provide one example of a multidimensional eventually-
single-peaked domain below to illustrate.

Example 9. Let 2 = {I{, [5, 13,14, 15,16}, and [y and I4 be the left and right transportation hubs
respectively. Thus, £ = {l1}, M = {lp,13,1a} and R = {I5,ls}. Two admissible public facili-
ties M = {1, 2} will be constructed. The available location sets are Al = {I1, 12, 3, 14,15} and
A= {l1,1>,14,ls}. See the two diagrams of Fig. 19 where A represents a location of Aland v
represents a location of A2

We construct a multidimensional eventually-single-peaked preference P; with peak (/1,[;).
We first induce all corresponding multidimensional ternary relations:

{(@may)|y#@n.a ey, @ ey, andly' €l is) = 1’ £1:1}.

We notice that P; still follows the restriction of multidimensional single-peakedness on
{li, 1,13} x {l1,1p,14,16} and {ly, 1>, 14,15} X {l1,12,1a,ls} according to the product of lines
(<, A" x (<, A%). More importantly, as suggested by the last restriction of the multidimen-

sional ternary relation ((ll,l D, a, y), we have neither (1,13, 14) nor (I1,13,[s), and therefore,
a = (I3, 1) is no longer closer to (I1,/;) than any location bundle y € {l4,ls} x {l1, 2, la, ls}.
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Therefore, the relative ranking between a = (I3,11) and y € {l4, 5} x {l1, 2,4, l¢} is arbitrary
in P;, whereas a = (I3, 11) ranks above all y € {l4, 5} x {l1, 12,14, 16} in every multidimensional
single-peaked preference on (<, Al x (<, A?) which has the peak (/1,/1). O

Remark 11. First, we always induce the multidimensional ternary relation (x, a, y) such that
x5 =a® # y* and a=® = y~*® for some s € M. Therefore, it is true that all preferences of
Dwmesp are top-separable. Second, since (x,a,y) implies a® € (x*, y%) for all s € M, it is
also true that every multidimensional single-peaked preference on X cp(<, A%) is multidi-
mensional eventually-single-peaked. Therefore, Dygsp must contain many non-separable pref-
erences. In one extreme case, if A* € M for all s € M (in other words, for each public facility,

all feasible locations are urban locations), then we induce all multidimensional ternary re-
lations [m X Fy, a’=x5anda=S = y’S for some § C M}.56 Consequently, Dyesp =
Drs. In another extreme case, if A* "M = {x*,x*} for all s € M (in other words, for each public
facility, there is no feasible urban location other than the two transportation hubs), then we in-
duce all multidimensional ternary relations {m :x#yanda® € (x*, y%) foralls e M }.57

Consequently, Dygsp is identical to the multidimensional single-peaked domain Dysp on
xsem (<, A%). O

Remark 12. Chatterji et al. (2018) introduce a new preference restriction, eventually-single-
peakedness, in the one-dimensional setting. Formally, given an linear order < over Q =
{li,lp,.... i} and It, [ € Q with 1 <k < k<t a preference P; over Q2 is eventually-single-
peaked if it satisfies the following two conditions:

(i) For all distinct ly, Iy € LU {lg} or Iy, lg € RU{lE}, [lo € (ri(P)), o)1 = [lo Pjly]-
(i) If ri(P;) € L, max(Pj, M) = Iy. Symmetrically, if r| (P;) € R, max(P;, M) =Iz.

As suggested by its name, an eventually-single-peaked preference follows the single-peakedness
restriction on both LU {lx} and R U {l}, but has no restriction on the relative rankings of elements
in M\{ly, It}. We unify the two conditions above using ternary relations, and then establish Def-
inition 10 to generalize the restriction of eventually-single-peakedness to the multidimensional
setting. O

Now, we start to verify that Dygsp is a connected™ domain. For each s € M, recall that
A’ includes the two transportation hubs /; and Iz, and we for the notational convenience let
x5 = Iy and x5 = lz. We first investigate the intersection Dygsp = Ds N Dvgsp. According
to Dvgesp, for each s € M, we induce the domain of marginal preferences, denoted [Dgsp]®.
Note that [[Dgsp]® includes every marginal preference [P;]° such that for all distinct a®, y* €

A, [(rl([P[]S),aS,ys)] = [aS[R,]SyS]. Therefore, all marginal preferences of [Dgsp]® are

56 When A5 € M, we only have the ternary relations (x5, x5, y%) and (x%, y¥, y¥) for all distinct x*, y* € AS. Con-
N

sequently, we have (x,a, y) if and only if x # y, and a® = x% or a® = y* for each s € M which implies a5 = x5 and
a5 =y~ S forsome S C M.

57 When AS N M = {x*, %}, the two additional conditions in the definition of the ternary relation (x*,a’, y*) is
implied by the first condition a® € (x*, y*). Therefore, we have the ternary relation (x*, %, y¥) if and only if x* # y*
and a® € (x%, y*). Correspondingly, we have (x, a, y) if and only if x # y and a® € (x5, y*) forall s € M.
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eventually-single-peaked according to <, x* and x*° (recall Remark 12 above). We show that
Dumesp is a connectedt domain. The proof consists of five facts, Facts 13 - 17, which are respec-
tively analogous to Facts 1 - 5 of Section E.2. Last, we establish Fact 18 which links Dygsp to
the connectedness™ of ]ﬁ)MEsp.

Fact 13. Given s € M and distinct [P;]*, [P]/-]s € [Dgspl®, there exist [Pj/-/]s € [Dgspl® and
a’,b* € A® such that [P;]° ~ [Pj’-’]s, a’[P;1°'b°, b‘V[P]’-’]S!aS and bS[P}]Sas. (Note that it is pos-
sible [P/1 = [P/]".)

Proof. Let ri([P;]*) = x* and rl([P]’.]S) = y5. If x* = y* = Xx*, by a similar argument in the
first paragraph of the proof of Fact 5, we identify a®, b* € A® such that a® # X*, b* # X*,
a*[P;]°!b* and b° [Pj/.]sas. Then, by locally switching a* and b* in [ P;]*, we generate a marginal
preference [P]/./]s. Thus, r1([P]’./]S) =Xx%, [Pj]° ~ [Pj/./]s, a’[P;1°!b° and bS[PJ/,’]S!a‘V. We show
[P]/.’]S € [Dgsp]®. Suppose not, i.e., [P]/.’]S ¢ [Dgsp]®. Then, we must have (£%, a®, b*) which con-
sequently implies a* [P;]Sbs . This contradicts the hypothesis b* [P]’.]S a®! This proves Fact 13 in
the case x° = y*.

Henceforth, let x* # y*. We assume w.l.0.g. that x* < y*. The verification related to y* < x*
is symmetric, and we hence omit it. We consider the following four cases:

(1) x¥ <x*,

(2) x* <x’,

(3) x*<xf <X <y* and
@) xF<xf <y <X

In case (1), we identify the element b* which is contiguously located behind x* on <, i.e.,
x% < b, and there exists no ¢® € A’ such that x° < ¢® < b*. Thus, x* < b® <x® and x* <
b* < y*. Letrg([P;]*) = b° for some 1 < k <|A*|. Meanwhile, identify a* = ri_1([P;]*). Thus,
a®[P;°'b*. Since r(([P;]’) = x® € L and [P;]* € [Dgspl’, a’[P;]°b° implies a® < x*. Hence,
a® <x® < b’ <x'anda® <x® <b® <y*, which imply (y*, b*, a*) and hence, bS[P;]SaS. Thus,
we have a*[P;]°!1b° and b“[ij I*a®. Now, by locally switching a*® and b* in [P;]°, we generate
a marginal preference [Pj’.’]s. Thus, [P;]° ~ [ij']s, a’[P;1°b°, b“[ij']S!as and b‘V[PJ’-]SaS. We
last show [P/]° € [Dgspl*. We know either ri([P/1°) = ri(LP;I¥) or ri([P{T") # ri([P;1°).
If rl([PJ’f]S) = ri([P;1°) = x*, then bS[PJ’/]S!aS implies a® # x*. Hence, we have a* < x* <
b* < x* which implies neither (x*, a’, b%) nor (x%, b*, a®). Therefore, it is true that [P/’f P e
[Despl®. If r; ([PJ’./]S) #ri([P;]°) = x*, it must be the case r| ([ P;]) = rg([P]/.’]S) =x%=a’ and
(Pl = rl([P]’./]S) =b’. Since r1([P;]*) = x* and r2([P;]*) = b*, it must be the case that
x5, b% € LU {x*} must form an edge on <. Suppose [PJ/./]S ¢ [Dgspl’, i.e., there exist z*, z* € A®
such that (b%, z5,7%) and ES[P]/.’]SZS. Since x*,b* € L U {x°} form an edge on <, (b*, 2%, Z%)
implies (x*, z%, 2*), and hence z*[P;1°2°. Since I'([P;]°, [PJ’.’]") = {{x*, b*}}, we infer z° = x*
and z* = b*. Thus, we have (b, z5,7%) = (b, x5, b5) which contradicts the definition of the
ternary relation. Therefore, [PJ’./ 1° € [Dgsp]®. This completes the verification of Fact 13 in case
(D).

In case (2), we identify the element b* which is contiguously located behind x* on <, i.e.,
x* < b*, and there exists no ¢* € A% such that x* < ¢® < b*. Thus, ¥* < x% < b* < y®. Let
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ri([P;]*) = b® for some 1 < k < |A®|. Meanwhile, identify a® = ry_1([P;]*). Thus, a’[P;]*!1b°.
Since r{([P;1°) =x* e RU{x*} and [P;]° € [Dgspl’, a’[P;1°b® implies a® < x*. Consequently,
we know either a® <X* <x*® < b’ <y®, or X <a* <x® <b® <y, which implies (¥, b*, a*),
and hence b‘[PJ/-]‘YaS. Thus, we have a*[P;]*!b* and bs[P]/.]SaS. Now, by locally switching a®
and b° in [P;]*, we generate a marginal preference [P”]S Thus, [P;]° ~ [P”]‘V a*[P;1°1b°,
bS[PJ’.’]S!as and bS[PJ’.]saS. We last show [Pj’.’]s € [Dgsp]®. We know either rl([P”]S) =ri([P;]%)
or ri(LPIT) # r((Pi). If ri(LP/F) = ri(IP;F) = x°, then b*[P/]"la* lmphes at # x*
Hence, we know either a® < Xx° < x5 < b’ or x* < as < x% < b*, which implies nerther
(x5, as, b%) nor (x*, b*, a’). Therefore, it is true that [P]/.’]s € [Dgspl®. If rl([P]/.’]S) #ri([P;jI°) =
x*, it must be the case r1([P;]°) = rz([P]/./]s) =x*=a’ and n([P;]¥) = rl([P]/./]S) = b*. Since
ri([P;1°) = x* and ro([P;1°) = b°, x*,b* € R U {x*} must form an edge on <. Similar to the
verification in case (1), after locally switching of x* and &° in [P;]* (the top-two elements of
[P;]%) to obtain [Pj/.’ 1%, it is true that [P]’./ ]* € [Dgsp]®. This completes the verification of Fact 13
in case (2).

In case (3), let x* = ri([P;]°) for some 1 < k < |A®|. Meanwhile, identify a* = ri_1 ([P;]*).
Thus, a*[P;1°!x°. Since x* < x* <%* and [P;]* € [Dgspl®, a’[P;1°X" implies a® < x*. Thus,
we know either a® < x* < Xx* < y*, or x* <a® <X < y*, which implies (y%,x",a*), and
hence YS[PJ’.]‘a‘V. Thus, we have a°[P;]*!x* and YS[PJ’.]‘aS. Now, by locally switching a°

and x° in [P;]°, we generate a marginal preference [P” 1. Thus, [P;]* ~ [P”]S a’[P;1*!x°,
X [P”]S'a and xX° [P 1¥a®. We last show [P”]S [Desp]®. We know either rl([P”]s) —rl([P 1%
or rl([P” 1%) # rl([P ). If rl([P”]‘) = rl([P 1¥) = x%, we know a® # x°. Since a® < X*
and x* < x% <Xx° imply neither (x%,a*,x*) nor (x*,%° ,as), it is true that [Pj/.’]s € [Dgspl®.
If rl([P]/.’]s) # ri([P;1’) = x*, it must be the case ri([P;]*) = rg([PJ/f]s) =x% =a* and
r([P;1*) = rl([P]/./]“) = Xx". Suppose [P”] ¢ [Dgspl®, i.e., there exist z*,Z° € A® such that
(x*,z%,7%) and ﬁs[Pj’.’]SzS. Thus, z* # z° and x*° # z°. Furthermore, according to (x*, z*, Z°),
we know z* € (x*, z%), and either X*, z° € R U {x*} or z*, z* € R U {x*} which further implies
x* <78 <z% or 7%, 7° € L U {x*} which further implies z* < z% < x* < x*. Since x* < x* <x*,

we know either x* < x*¥ <x* <z¥ <Z% or ¥ <z¥ <x* <x® <X® which implies (x*, z%, z%),
and hence z*[P;]°Z°. Since F([Pj]s, [P]’./]S) = {{xs, YS}}, we infer z° = x* and z* = x*. Thus, we
have (x*, z%, z%) = (x*, x*, ¥*) which contradicts the definition of the ternary relation. Therefore,
[Pj’.’]s € [Dgsp]®. This completes the verification of Fact 13 in case (3).

In case (4), let y* = ri([P;]°) for some 1 < k < |A®|. Meanwhile, identify a® = ry 1 ([P;]*).
Thus, a*[P;]*!y* and y [P 1%a® (recall that r;([P ] ) = ¥%). Now, by locally switching a*
and y* in [P;]*, we generate a marginal preference [P”]* Thus, [P;]* ~ [P”]A S[PjIS Y,
y [P”]S'a and y*[P ] at Welastshow[P”]S € [Dgsp]®. Since y* ¢ LU {x* }andy ¢ RU{X"},

([P 1%, [P]”] ) {{a ¥ }} implies that [P 1* and [P]”]Y share the same relative rankings on
the elements of £U {x*} and the elements of R U {x*} respectively. Consequently, if r; ( [P’ ) =
ri([P;1¥) = x*, it is evident that [P”] € [Dgsp]®. Next, assume rl([P”]S) # ri([Pj ]5) =x5
Then, it must be the case r1 ([ P;]*) = rz([PJ”]A) =x*=a’and r([P;]*) = rl([P/”] ) =y5. Srm-
ilar to the verification in case (3), since x* < x* < y* < Xx*, after locally switching of x* and y*
in [P;]° (the top-two elements of [P;]*) to obtain [P;/]S, it is true that [P]’/]S € [Dgspl®. This
completes the verification of Fact 13 in case (4), and hence proves Fact 13. O
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Fact 14. Fixing Pj, P € Dygsp with [P;]? #£[P q 19 for some g € M, and x,y € A with xPjy
and xP] y, there exlsts Pj € ]DDMESP such that

1) [PJ//]S ~[P;]’ for some s € S, and [P]/.’]‘” =[P;1” forall w #s,
(i) a*[P;1°!b°, bs[P]f’]S!aS and bS[PJ’»]“aS for some a®, b* € A, and
(iii) xPj’.’y.
Proof. After replacing the reference of Fact 1 and the notation [Dg]® and [Dg]® in the proof

of Fact 2 by the reference of Fact 13 and the notation [Dgsp]” and [Dgsp]® respectively, the
modified proof of Fact 2 remains applicable for the verification of Fact 14. O

Fact 15. Given P; € Dwmesp, s € M, a®,b® € AS with a’[P;1°\b°, there exists Pj € Dygsp such
that

(i) forall x,y € A\(B*, A=), [xP;y] & [xP;y],
(ii) forall z_s_e A7S, (a@®, 27 %) Pj\(b*,z7%), and
(iii) [P;]® =[P;]® forallwe M.

Moreover, if there exists [PJ’./]S € [Dgspl® such that [P;1° ~ [PJ’.’]S and T([P;]°, [PJ’.’]S) =
{{as, bs}}, then there exists Pj € Dugsp such that F(Pj, Pj) = {{(a"', z7%), (b*, z’s)}}Z_SEA__Y.

Proof. By the proof of Fact 3, we have P € Dy satisfying condition (i) - (iii). Furthermore, by
condition (iii), we have [P 1“=[Pj]” e []D)Esp]‘” for all w € M. Therefore, P; € DmESp-

Next, by the proof of Fact 3, we have Pj € Dg such that I‘(P],Pj) = {{(a“,z_s),
b 27N} ey Thus, [P ~ [P;1°, TP, [P;)) = {{a*.b*}} and [P;]° = [P;]®
for all w € M\{s}. We show Pj € DMEsp. First, for every w € M\{s}, we know [Pj]"’ =
[P;]” € [Dgsp]®. Second, given [P;]* = [P;]* and T([P;1°, [P;1°) = {{a’, b*}}, the hypothesis
F([P I[P = {{a*,b*}} and [P/1* € [DEsp]® imply [P = [P/]* € [Dgsp]’. Therefore,

i € Dvesp. O

Fact 16. Fixing P;, P € ]D)MEsp with [P;]® # [P I for some s € M, and x,y € A with xP;y
and xP]’.y, there exist t > 1 pair(s) {P]].‘, P]].‘ ck=1,...,t} € Dygsp such that

() Pf~+ ﬁfforallk:l,...,t,
() [P = [le]sfor alls e M,
(iii) [13]’?]5 = [P]].‘H]Sforalls eMandk=1,...,t—1,
(v) [P} =[P} foralls € M, and
W) xP;‘y andeJ].‘yforallk =1,...,t

In particular, if r1(P;) and rl(P]/.) are similar, say r1(P;) = (a*,z™") and rl(P]’.) =%, z7%),
then rl(P/’.‘), rl(P/’f) € (A%, z7%) forallk=1,...,t
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Proof. Let S={qge M :[P;]? # [P;]q} and T ={r € M : x" # y*}. Evidently, both S and T
are nonempty. Since x P;y, there exists 7 € T such that x*[P;]* y*. According to P; and PJ’., we
first identify PJ’./ € Dwvesp satisfying conditions (i) - (iii) of Fact 14. Specifically, (i) [P;’]s ~[P;]®
for some s € S, and [P]/./]"J =[P;]” for all w # s, (ii) a’[P;]°!D°, bs[P]/./]‘Y!aS and b‘V[P]f]‘Ya“ for
some a*, b* € A®, and (iii) xP” y. Note that PJ’/ € DMgsp implies [PJ’-/ 1* € [Dgsp]®. Moreover,
since [P;1* ~ [P}’ and T'([P; ]3 [P/]) = {{a®, b*}}, Fact 15 becomes applicable here. Then,
after replacing the references of Facts 2, 3 and 4 and the notation D g in the proof of Fact 4 by

the references of Facts 14, 15 and 16 and the notation Dps N Dygsp respectively, the modified
proof of Fact 4 (from Claim 1 to the end) remains valid for the verification of Fact 16. O

Fact 17. Given two distinct Pj, P; € Dumesp with [P] = [P/’.]X for all s € M, there exists
an adjacency path {P/"‘}Z:1 - I[_))MESP connecting P; and PJ’. such that [xP;y and xPJ/. vl =
[xP/]fyforallk: 1,...,q]

Proof. Recall the construction of preference P” € Dg in the proof of Fact 5. If we show [P’ "% e
[Dgsp]® forall s € M, then we have P € ]D)MESP, and the rest proof of Fact 5 on the construction
of the adjacency path remains apphcable for the verification of Fact 17. Since both P; and PJ”
are separable preferences, P; ~ PJ’./ implies that P; and P]’./ share the same marginal preferences
by Observation 1. Therefore, [P]/./ 1 =[P;]° € [Dgsp]® forall s € M, as required. O

_ Now, similar to the last paragraph of Section E.2, we use Facts 16 and 17 to construct paths in
DwmEsp satisfying the requirements of the Interior™ and Exterior* pgoperties. Therefore, Dygsp
is a connected™ domain. Next, we establish a fact to link Dygsp to DMESP.

Fact 18. Given P; € ID)MESP\]D)MESP and a,b € A with aP;b, there exists P € ]D)MESP such that
r (P ) =r1(Pj) =a and aP;b. Furthermore, there exists an adjacency path {Pk}k 1 S ]D)MESP

connecting Pj and P such that [x Pjy ande]y] = [xP]kyfor alk=1,...,q]

Proof. Since a P;b, we do not have (a, b, a). Therefore, there must exist s € M such that either
a’ #a’ and (a*, b*,a) does not exist, or a* = a* and b* # a* = a’. Thus, b* # a*, and there
exists [P 1% € [Dgsp]® such that rl([P iI°) =a* and @’[P;]*b°. For each T # s, we fix a marginal
preference [P 1" € [Dgsp]® with rq ([P ]%) = a”. Last, we fix a lexicographic order > such that
component s is lexicographically dominant, and assemble all alluded marginal preferences to
generate a preference P; € Dps N Dvesp © ]D)MEsp Hence, r; (P )=a=r(P;)and aP;b.

Recalling the proof of Fact 5, according to P; and Pj, we identify x, y € A such that x #a,
y #a, xP;ly and yP;x. By locally switching x and y in P;, we generate a preference PJ’.’.
Thus, rl(P/’/) =a, Pj ~ PJ’.’, xP;ly, yP/’.’!x and ijx. We show P/’/ € DmEsp. Suppose not,
ie., P]// ¢ Dmesp. Then, we must have (a, x, y), which consequently implies xP/ v This con-
tradicts the hypothesis y P;x. Therefore, Pj/.’ € DmEesp. Note that PJ’-/ is closer to P; than P;
since F(P/’.’, Pj) =I(P}, Pj)\{{x, y}}. By repeatedly applying the argument above, we even-
tually generate an adjacency path {Pj’? }Z: 1 € ]D)fE,IESP connecting P; and P;, such that for each
l1<k<gq, F(P/’.‘H, Py = F(P/’.‘, P)\{{x. y}} for some x,y € A with xPJ’f!y, yPllf+1!x and
ijx. Therefore, we have [x P;y andejy] = [xP/’.‘y forallk=1,...,q]. O
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_ Last, similar to the last two paragraphs of Section E.3, by applying the connectedness™ of
DumEesp and Fact 18, we assert that Dyesp is a connected™ domain.

E.8. Detailed verification for Example 5

. To show that D iAs a connected* domain, we first provide two ob§ervati0ns on the subdomain
D: (i) subdomain D is connected*, and (ii) every preference of I ranks (1, 1) above (2, 1).
Therefore, with respect to the pair (2, 1) and (1, 1), we need not to construct a path in D to
reconcile the difference between P; and any preference of D. We next identify preference P
(0,0)—(0, ). (1,0)~(2,0)_(1, 1)~ (2, 1), which belongs to D. Note that ri(P) =r(P) =
0,0), P, ~ P;, and T(P;, P;) = {{@2. 1), (1, D}}. Therefore, by the first observation, D still
satisfies the Interior* property. Next, given P/ € D with ry (P/) #(0,0) and a, b € A with aPib
and aPl/ b, by the second observation, note that {a, b} # {(1, 1), (2, 1)}, and hence a13,~b. Then,
by the first observation, we have a path in D which connects P; and P!, and ranks a above b in

all involved preferences. Last, since Isi_ ~ P;, we add P; to the beginning of the path, and hence,
construct a path in I which connects P; and P/, and ranks a above b in all involved preferences.

E.9. Detailed verification for Example 6

To verify the Interior* property on domain D, we first identify preference P; € Dyisp below:

P;:(0,0,0)_(1,0,0)_(2,0,0)~(0,1,0)_ (1, 1,0)_(2,1,0)_ (0,0, 1)
(1,0,1)~(2,0,1)~ (0,1, 1) (1,1, 1)~ (2,1, 1).

Note that r1(P;) = ri(P;) = (0,0,0), P, ~ P; and T'(P;, P;) = {{(1,1,1), (2, 1, }}. Then, it
is easy to check that domain D satisfies the Interior™ property. We show by contradiction that
no path in D reconciles the difference between P; and a preference Pi’ with peak (2,1, 1), and
meanwhile keeps (2, 1, 1) ranked above (1, 1, 1) in every involved preference. Suppose not, i.e.,
we have such an admissible path in ID. Since the path starts from P; whose peak is (0,0, 0)
and ends at preference P/ whose peak is (2, 1, 1), the path must include a preference with peak
(1,0,0) or (0,1,0) or (1,0,0). However, in every preference of D which has peak (1, 0, 0) or
(0,1,0) or (1,0, 0), alternative (1, 1, 1) always ranks above (2, 1, ). Contradiction! Therefore,
domain D violates the Exterior* property.

We consider a particular mixed multidimensional projection rules ¢ : D> — A(A): For all
Pi, P j (S] ]D),

1 a
w(Pi, Pj) = 15 Za¢{<1,1,1>,<z,1,1>} 4P, P)).

It is evident that ¢ satisfies unanimity. To verify sd-strategy-proofness of ¢, we show that each
one of these 10 multidimensional projection rules is sd-strategy-proof. In fact, analogous to
the proof of the Theorem of Chatterji et al. (2013), it is easy to show that a multidimensional
projection rule f¢:D? — A is sd-strategy-proof if and only if domain D is multidimensional
semi-single-peaked w.r.t. the projector a, i.e., given P; € D, say r{(P;) =z,

1. if x,y € (z,a) and x € (z, y), then x P; y;
2. if x ¢ (z,a), then w(x, (z,a)) P;x. Recall that w(x, (z,a)) = (ns(xs, (z%, as)))seM denotes
the projection of x on (z, a).
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Since we choose projectors a ¢ {(1, 1, 1), (2,1, 1)}, sd-strategy-proofness of the multidimen-
sional projection rule f¢ does not require a preference with peak (0,0, 0) rank (1,1, 1) over
(2,1,1). Therefore, all 10 multidimensional projection rules here are sd-strategy-proof, and
hence RSCF ¢ is sd-strategy-proof. Last, we show that ¢ satisfies the compromise property.
By the proof of Claim 4 in the verification of the sufficiency part of Theorem 1, we here only
need to consider the profile (P;, P;) € D? such that {ri(P),r(Pj)}=1{0,1,1), (2,1, 1)} and
ra(P;) = r2(Pj) = (1,1, 1). According to Fig. 5, it is true that the projection of (1,0,0) or
(1,0, 1) or (1,1,0) on (r1(F;),r1(P;)) is (1, 1,1). Therefore, at least one of these 10 multi-
dimensional projection rules chooses the compromise alternative (1, 1, 1) at (P, P;). Hence, ¢
satisfies the compromise property.

E.10. Details of the discussion in Remark 9

Example 10 (Indispensability of unanimity (w.r.t. feasibility)). Let A= A' x A2 and A = A% =
{0, 1, 2}. First, let D! and D2 be two marginal domains such that D! is the single-peaked domain
over A! according to the underlying order 0 < 1 < 2, and D? is the complete marginal domain
over A2. Second, according to D! and D2, construct a separable domain I C Dg containing all
admissible preferences. It is evident that D is a minimally rich and connected* domain.

Let A = {1,2} x {0, 1, 2}. It is evident that D satisfies Assumptions 1 and 2. However, D is
not multidimensional single-peaked w.r.t. A. Last, similar to Example 1, we define a two-voter
point voting scheme ¢ : [ID)‘A]2 — A(A), and extend it to a constrained RSCF ¢ : D? — A(A)
such that @(P1, Pp) = ¢(P1|A, sz) for all (Py, P») € D?. It is easy to show that ¢ satisfies
sd-strategy-proofness and the compromise property (w.r.t. feasibility), but fails unanimity (w.r.t.
feasibility). O

Example 11 (Indispensability of sd-strategy-proofness). Consider the same domain I and the
same feasible set A of Example 10. Then, similar to Example 2 we define a two-voter constrained
DSCF f :D? — A such that

a if r1(P) #r1(Pj) and ra(Pi) =ra(Pj) =a € A,

P P)=
F (P, Py) ri(P;z)  otherwise.

It is evident that f satisfies unanimity (w.r.t. feasibility) and the compromise property (w.r.t.
feasibility), but fails sd-strategy-proofness. 0O

Example 12 (Indispensability of the compromise property (w.r.t. feasibility)). We adopt the
same strengthening on recognizing compromise alternatives as that in Example 3. Consider
the same domain D and the same feasible set A of Example 10. Note that since ]D)l ; re-
mains to be top-separable, we can construct a three-voter generalized random dictatorship
¢ : []D)l A]3 — A(A) which assigns strictly positive weights to all voters sequences, and is sd-
strategy-proof by Proposition 1, and extend it to a constrained RSCF ¢ : D3 — A(A) such that
o(Py, Py, P3) = ¢(P1|Av Py i, P3|A) for all (Py, P>, P3) € D3. It is evident that ¢ is unanimous
(w.r.t. feasibility) and sd-strategy-proof. Last, given (Py, P>, P3) € D3, assume that peaks are
pairwise distinct, the common second best alternative exists, say a, and a € A. If r (P;) ¢ A for
some i € I, then we have ¢, (Py, P>, P3) = ¢>a(P”A, Py i, P3\A) >y(@i,i,i)>0.Ifri(P)eA
for all i € I, then a can be assembled by three peaks via some voter sequence i. We then have
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©a(P1, P2, P3) = ¢, (PIM’ P2|A, P3|A) > y (i) > 0. Therefore, ¢ satisfies the modified compro-
mise property (w.r.t. feasibility). O

Example 13 (Indispensability of top-separability). Let A = A' x A%, A’ ={0, 1,2} and A? =
{0, 1}. Recalling the product of two lines in Fig. 4, we generate the multidimensional single-
peaked domain Dysp, and construct a particular preference P;: (2 0)(1,0)(1, D)2, 1)
(0,0)—~(0, 1). Evidently, P; ¢ Dysp since (1, 1)P; (2,1), and P; is not top-separable since
ri(P) = (2,0) and (1,1)P;(2,1). Let D = Dysp U {P;}, and A = {1,2} x {0, 1}. It is easy to
show that I satisfies Assumptions 1 and 2. However, D is not multidimensional single-peaked
w.r.t. A.

To show that I satisfies the Interior™ and Exterior* properties, we first highlight two prefer-
ences P,, P € Dymsp below which are adjacent to P;.

Pi: (2,0)(1,0)— (2, ) (1, 1)~ (0,0)_(0, 1), and
Pi: (1,00(2,0)— (1, (2, 1)—(0,0)_ (0, 1).

By Fact 11 of Appendix E.5, given P; € ]D)Msp\{ﬁ,-} with 71 (P;) = (2, 0), there exists an adja-
cency path of Dysp connecting P; and P; such that every involved preference has peak (2, 0).
Since P; ~ P;, we can generate an adjacency path of D connecting P; and P;. Therefore, the
Interior® property still holds. Next, given P; € Dysp with r1(P;) # (2,0) and a, b € A with a P;b
and a P;b, we know [{a, b} # {(1, 1), 2, D}] = [aP;b], and [{a. b} ={(1. 1), 2, D}] = [aP;b].
According to the Exterior™ property satisfied by Dvsp and Fact 11 of Appendix E.5, we know
that there exists a path connecting P; and P, (respectively, P; and P;) such that a is ranked above
b in every preference of the path. We then extend the path to connect P; and P; via either 2
or P;, and keep a ranked above b along the path. In particular, when r{(P;) € (A',0), since the
path connecting P; and P, (respectively, P; and P;) satisfies the requirement of the no-detour
property, we know that the extended path connecting P; and P; also satisfies the requirement of
the no-detour property. Therefore, domain I satisfies the Interior* and Exterior* properties.
Last, we can construct a constrained random dictatorship on D where all voters receive strictly
positive weights. Similar to Example 7, this constrained random dictatorship is unanimous (w.r.t.
feasibility) and sd-strategy-proof, and satisfies the compromise property (w.r.t. feasibility). O

Example 14 (Indispensability of minimal richness). We adopt the same domain D of Example 5.
Evidently, D is not minimally rich. By Appendix E.8, we know that D is a connected™ domain.
Let A={1,2} x {0, 1}. It is easy to show that D satisfies Assumptions 1 and 2. However, D
is not multidimensional single-peaked w.r.t. A due to preference P; of Example 5. Similarly, we
refer to an arbitrary constrained random dictatorship which is unanimous (w.r.t. feasibility) and
sd-strategy-proof, and satisfies the compromise property (w.r.t. feasibility) vacuously. O

Example 15 (Indispensability of paths in connectedness*). We adopt the same domain D of
Example 6. Thus, we know that ID is a minimally rich top-separable domain, satisfies the Interior*
property, but violates the Exterior* property by Appendix E.9.

Let A ={1,2} x {0, 1} x {0, 1}. It is easy to show that D satisfies Assumptions 1 and 2.

However, D is not multidimensional single-peaked w.r.t. A due to preference P; of Exam-
ple 6. Last, since A form a box in Fig. 5, we can construct a multidimensional projection rules

F4:[Dz]Y — A for each a € {(1,0,0), (1, 1,0), (1,0, 1), (2.0,0), (2. 1,0), (2.0, 1)}, and as-

semble them as a mixed multidimensional projection rule ¢ : []DI A]N — A(A). We then extend
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¢ to a constrained RSCF ¢ : DY — A(A) such that (P, ..., Py) = ¢(P1|A, e, PN|A) for all
(Py, ..., Py) € DV. By a similar verification in Appendix E.9, we know that ¢ is unanimous
(w.r.t. feasibility) and sd-strategy-proof, and satisfies the compromise property (w.r.t. feasibil-
ity). O
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