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1 Introduction

The main goal of the paper is to prove the Central Limit Theorem (CLT) for Markov oper-
ator generated by random dynamical systems. The existence of an exponentially attractive
invariant measure was proven by Horbacz and glgczka [19].

Random dynamical systems [15,17] take into consideration some very important and
widely studied cases, namely dynamical systems generated by learning systems [1,20,22,
29], iterated function systems with an infinite family of transformations [37,38], Poisson
driven stochastic differential equations [16,35,36], random evolutions [11,32] and irreducible
Markov systems [41], used for the computer modelling of different stochastic processes.

A large class of applications of such models, both in physics and biology, is worth men-
tioning here: the shot noise, the photo conductive detectors, the growth of the size of structural
populations, the motion of relativistic particles, both fermions and bosons (see [10,23,26]),
the generalized stochastic process introduced in the recent model of gene expression by
Lipniacki et al. [30] see also [3,14,18]. The results bring some information important from
biological point of view. On the other hand, it should be noted that most Markov chains,
appear among other things, in statistical physics, and may be represented as iterated function
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1262 K. Horbacz

systems (see [24]), for example iterated function systems have been used in studying invari-
ant measures for the WaZewska partial differential equation which describes the process of
the reproduction of red blood cells [27].

In our paper we base on coupling methods introduced in Hairer [12]. In the same spirit,
the Central Limit Theorem was proven by Hille, Horbacz, Szarek and Wojewddka [13] for
a stochastic model for an autoregulated gene. Komorowski and Walczuk studied Markov
processes with the transfer operator having spectral gap in the Wasserstein metric and proved
the CLT in the non-stationary case [25].

Properly constructed coupling measure, if combined with the results for stationary ergodic
Markov chains given by Maxwell and Woodroofe [31], is also crucial in the proof of the CLT.
If we have the coupling measure already constructed, the proof of the CLT is brief and less
technical then typical proofs based on Gordin’s martingale approximation.

The aim of this paper is to study stochastic processes whose paths follow deterministic
dynamics between random times, jump times, at which they change their position randomly.
Hence, we analyse stochastic processes in which randomness appears at times 79 < 7] <
Ty < ... We assume that a point xo € ¥ moves according to one of the dynamical systems
T; : Ry x Y — Y from some set {71, ..., Tn}. The motion of the process is governed by
the equation X (t) = T; (¢, xo) until the first jump time 71. Then we choose a transformation
qo : Y — Y fromaset{qy, ..., gx}anddefine x; = gy (T; (71, x0)). The process restarts from
that new point x; and continues as before. This gives the stochastic process {X (¢)};>0 with
jump times {71, 72, ...} and post jump positions {xj, x2, ...}. The probability determining
the frequency with which the dynamical systems 7; are chosen is described by a matrix of
probabilities [p,'j]ft’ j=10 Pij * Y — [0, 1]. The maps gp are randomly chosen with place
dependent distribution.

The existence of an exponentially attractive invariant measure and strong law of large
numbers for Markov operator generated by discrete time random dynamical systems was
proven by Horbacz and Slgczka in [19]. Our model is similar to the so-called piecewise-
deterministic Markov process introduced by Davis [S]. There is a substantial literature devoted
to the problem the existence of an exponentially attractive invariant measure for piecewise-
deterministic Markov processes. In [2] the authors considers the particular situation for
random dynamical systems without jumps, (i.e o (x) = x), when Y = R?. Under Hormander
type bracket conditions, the authors proves that there exists a unique invariant measure and
that the processes converges to equilibrium in the total variation norm. We consider random
dynamical systems with randomly chosen jumps acting on a given Polish space (Y, ¢). In fact,
it is difficult to ensure that the process under consideration satisfies all the ergodic properties
on a compact set. In [4] the authors consider a Markov process with two components: the
first component evolves according to one of finitely many underlying Markovian dynamics,
with a choice of dynamics that changes at the jump times of the second component, but also
without jumps.

Given a Lipschitz function g : X — R we define

t
Sn(g) = gxo) + -+ g(x,-1) and Sz(g)Z/O g(X(s))ds.

Our aim is to find conditions under which S, (g) and S;(g) satisfies CLT.

The organization of the paper goes as follows. Section 2 introduces basic notation and
definitions that are needed throughout the paper. Random dynamical systems is provided
in Sect. 3. The main theorem (CLT) is also formulated there. Section 4 is devoted to the
construction of coupling measure for random dynamical systems. Auxiliary theorems are
proved in Sect. 5. The CLT for discrete and continuous time processes is established in
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Sect. 6. In Sect. 7 we illustrate the usefulness of our criteria for CLT for Markov chain
associated with iterated function systems with place - dependent probabilities and Poisson
driven stochastic differential equations.

2 Notation and Basic Definitions

Let (X, ox) be a Polish space. We denote by By the family of all Borel subsets of X. Let
B(X) be the space of all bounded and measurable functions f : X — R with the supremum
norm. Then, C(X) is the space of all bounded and continuous functions and Lipj(X) is the
space of all bounded and Lipschitz functions, also with the supremum norm.

We denote by M (X) the family of all non negative Borel measures on X and by M r;;, (X)
and M1 (X) its subfamilies such that u(X) < oo and u(X) = 1, respectively. Elements of
M yi, (X) which satisfy p(X) < 1 are called sub-probability measures. To simplify notation,
we write

(fop) = /X Feouldx) for f € BX), p e M(X).

Let u € M(X), by L?(u) we denote the space of square integrable function g : X — R
for which [g|> = [, gdu < oo, and let L3(u) denote the set of g € L*(u) for which

(&, m)=0.
An operator P : My, (X) — My, (X) is called a Markov operator if

Py +Az2pm2) = A Puy + APy for Ay, Ao >0, puy, 2 € Myin(X),
Pu(X) = pn(X) for ue Mygin(X).

Markov operator P : My;,(X) — M y;y(X) for which there exists a linear operator U :
B(X) — B(X) such that

(Uf. ) =(f, Pu) for f e B(X), n € Mgin(X)

is called a regular operator. We say that a regular Markov operator P is Fellerif U(C (X)) C
C(X). Every Markov operator P may be extended to the space of signed measures on X
denoted by Mg (X) = {1 — pa @ p1, 2 € Myin(X)}

By {I1(x,-) : x € X} we denote a transition probability function for P, i.e. a family of
measures [1(x, -) € M;(X) for x € X, such that the map x — IT(x, A) is measurable for
every A € By and

Pu(A):/ I(x, A)u(dx) for A€ Bx and pu € Mygiy(X),
A
or equivalently
Uf(x) :/ fI(x,dy) for xe€X and f € B(X).
X

Distributions I1"(x, -)), n € N, are defined by induction on n

MO0, A) = 8, (A), TT'(x, A) = [(x, A) = PS,(A),
n”(x,A)z/nl(x,A)n"*I(x,dy), 2.1
Y

forx €e X, A € By .
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1264 K. Horbacz

A coupling for {IT1'(x,-) : x € X} is a family {C'((x, ), ") : x, y € X} of probability
measures on X2 such that

Cl((x,y),Ax X)=T"(x,A), C'((x,y),X x B)=T1'(y, B)

for A,Be Byandx,y € X.

In the following we assume that there exists a subcoupling for (IM'(x,) : x € X}, ie.a
family {Q'((x, y),-) : x,y € X} of subprobability measures on X? such that the mapping
(x,y) — Ql((x, y), A x B) is measurable for every A, B € By and

0 ((x,y), Ax X) <TT'(x,4), Q'((x,y),X x B) <T'(y, B)

for A, B € Bx. Measures {Q] ((x,y),") : x,y € X} allow us to construct a coupling for
{IT'(x, ) : x € X}. Define {R'((x, y),-) : x,y € X} by

R'((x,y), A x B)
_ (M A) = 0N ). A x X)) (T (1. B) — Q' ((x.y). X x B))
1—0N(x,y), X%

if 01((x, y), X?) < land RY((x, y), A x B) = 0if Q'((x, y), X?) = 1 for A, B € By.
A simple computation shows that the family {C'((x, y),-) : x,y € X} of probability
measures on X X X defined by

Cl(x,y),) = 0N, y), )+ R ((x,y),) forx,yeX

is a coupling for {IT!(x, ) : x € X}.
For fixed x € X we consider the space M 11 (X) of all probability measures with the first
moment finite, i.e.,

M) = [u M0 [ oxtr.Du@n < oo]
X
and the space M 12(X ) of all probability measures with finite second moment, i.e.,

M}(X) = [M € Mi(X) : /Ygi(x,f)u(dx) < oo] :

The family is independent of the choice of X € X.
Fix probability measures u, v € Ml1 (X) and Borel sets A, B € Byx. We consider b €
M (X2) such that
b(A x X) =pu(A), b(X x B)=1v(B) (2.2)

and b" € M;(X?) such that, for everyn € N,
b"(A x X)=P'u(A), b"(X x B)= P"v(B), (2.3)

where P : M{(X) — M;(X) is given Markov operator.
For measures b € M }.in (X?) finite on X2 and with the first moment finite we define
the linear functional

) = /X2 ox(x, y)b(dx x dy). (2.4)

A continuous function V : X — [0, co) such that V is bounded on bounded sets and
limy_» V(x) = 400 is called a Lapunov function.
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The Central Limit Theorem for Random Dynamical... 1265

We call uy € Myin(X) an invariant measure of P if P, = 4. An invariant measure
I 18 attractive if

lim (f, P") = (f, us) for f e C(X), u € M(X).

n—oo

For u € My, (X), we define the support of u by
suppu = {x € X : u(B(x,r)) >0 for r > 0},

where B(x, r) is an open ball in X with center at x € X and radius r > 0.
In Mj;,(X), we introduce the Fortet-Mourier norm

lill za1 = sup [{f, ),
feF

where F = {f € C(X) : [f(x) — f(W] < ox(x,y), [f(x)| =1 for x,y € X}. The
space M (X) with the metric |1 — pu2|lzam is complete (see [9,33] or [39]). It is known
(see Theorem 11.3.3, [7]) that the following conditions are equivalent

1) limy oo f, un) = (f, u) forall f € F,
(i) limy—co lltn — pllzm =0,

where (n)nen C M1(X) and € M (X).

3 Random Dynamical Systems

Let (Y, o) be a Polish space, Ry = [0, 400) and I = {1,..., N}, ® ={1,..., K}, where
N and K are given positive integers.

We are given a family of continuous functions gg : ¥ — Y, 0 € © and a finite sequence
of semidynamical systems 7; : Ry x Y — Y,i € I, i.e.

Ti(s+1t,x)=T;(s, (Ti(t,x)), Ti(0,x)=x for s,te€R;y, ie€l and x €Y,

the transformations 7; : Ry x Y — Y, i € [ are continuous.

Let p; :' Y — [0,1], i € I, pp : Y — [0,1], & € O be probability vectors,
SEipi) =1.xe Y. 36 po(0)=1.x € Y,andlplijer. pij - ¥ = [0, 11, i) €
I be a matrix of probabilities, Z?’:l pij(x) =1 ,x €Y,i € I.Inthe sequel we denote the
system by (7, ¢, p).

Finally, let (2, X, P) be a probability space and {7,},>0 be an increasing sequence of
random variables 7, : 2 — R4 with 7p = 0 and such that the increments Az, = 1, — 7,—1,
n € N, are independent and have the same density g(t) = re M 1> 0.

The intuitive description of random dynamical system corresponding to the system
(T, g, p) is the following.

For an initial point x9 € Y we randomly select a transformation T;, from the set
{Th,..., Ty} in such a way that the probability of choosing T;, is equal to p;,(xo), and
we define

X(t) =T;(t,x0) for 0<t<r1.

Next, at the random moment 71, at the point T;, (1, xo) we choose a jump gg from the set
{q1. ..., gk} with probability pg (T, (71, x0)) and we define

x1 = qo (T} (t1, X0))-
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1266 K. Horbacz

Finally, given x,,, n > 1, we choose T;, in such a way that the probability of choosing T;,
is equal to p;,_,;, (x,) and we define

X)) =T, -1, x,) for 7, <t < tuq1.

At the point T, (AT,41, x,) We choose gg, with probability pg, (Ti, (AT,+1, x,)). Then we
define

Xn+1 = 46, (Tt,, (ATyq1, Xn)).

The above considerations may be reformulated as follows. Let {§,},>1 and {y,},>1 be
sequences of random variables, &, : Q@ — [ and y,, : @ — ©, such that

P&y = ilxo = x) = pi (x),
P&, =klx, =x and &,_1 =i) = pi(x), for n>1
P(yn = 0|z, (ATy, Xp—1) = ¥) = pa(¥). (3.1)

Assume that {&,},>0 and {y,},>1 are independent of {z,},>0 and that for every n € N.
Given an initial random variable &; the sequence of the random variables {x,},>0, X, :
Q — Y, is given by

xn = qy, (T, (AT, xp—1)) for n=1,2,... (3.2)
and the stochastic process {X (#)};>0, X (¢) : £ — Y, is given by
Xt)=Tg, (t —ty—1,%4-1) for 7,1 <t <71, n=12,... 3.3)

We obtain a piecewise deterministic trajectory for {X (¢)};>0 with jump times {71, 12, ...}
and post jump locations {x1, x3, ...}.
Now define a stochastic process {§(?)};>0, §(¢) : 2 — I, by

Et)y=¢&,-y for 7,1 <t<1, n=1,2,... 3.4

It is easy to see that {X (¢)};>0 and {x, },>0 are not Markov processes. In order to use the
theory of Markov operators we must redefine the processes {X (t)};>0 and {x,},>0 in such a
way that the redefined processes become Markov.

To this end, consider the space X = Y x I endowed with the metric ox given by

ox((x, i), (v, ) = 0(x, ¥) + 0c(i, j) for x,y€eY, i, jel, (3.5)

where o, is the discrete metric in /. The constant ¢ will be chosen later.
We will study the Markov chain {(x,, ) }n>0, (x4, &) : £ — X and the Markov process

{(X (@), §()}i=0, (X(0), (1)) : @ > X.

Now consider the sequence of distributions
y(A) =P((xy, &) € A) for A€ Bx,n>0.

It is easy to see that
Rnt1 = P, for n =0,

where P : M1(X) - M;(X) is the Markov operator given by

Pu(A) = ZZ// e 1a(qo (T (1,2)), j) pij ) po (T (2, %)) di w(dx, di)

jel 6e®
(3.6)
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The Central Limit Theorem for Random Dynamical... 1267

and its dual operator U : B(X) — B(X) by

Ufen =33 / 3¢ fqo Ty, ), J)py 0P Ty, 0) dr. (37)

jel 0e®

The semigroup { P'};>¢ generated by the process {(X (1), £(1))};>0, (X (1), (1)) : @ — X
is given by

(P'u, fY=(u,T"f) for f e C(X), p € M(X) andt > 0, (3.8)
where
T'f(x,i) = Eq.i(f(X(1),£@1))) for f € C(X). (3.9

(E denotes the mathematical expectation on (€2, X, P)).
A measure p is called invariant with respect to P if P! g = uo for every ¢ > 0.
We make the following assumptions on the system (7', ¢, p).
There are three constants L > 1, o € R and L, > 0 such that

> pii()e(Tj(t,x). Tj(t. ) < Le®o(x.y) for x.yeY, iel t=0 (3.10)
jel
and

> Pe(0)o(ge(x). g9 (1) < Lgo(x,y) for x,yeVY. (G.11)
0e®

Assume that there exists x, € Y such that
/ e_MQ(qg(Tj(t,x*)),qg(x*)) dt <oo for jel, 6e0O. (3.12)
Ry

We also assume that the functions py, 6 € ©, and p;;, i, j € I, satisfy the following
conditions

Do 1pij(x) = pii(MI < Viox,y) for x,yeY, iel,

jel

D 1) — pe( < Va0(x,y) for x,y €Y, (3.13)
0e®

where ¥, ¥, > 0.
Moreover, we assume that there are iy € I, 8y € © such that

0(Tiy(t,x), Tiy(t, y)) < Le*'o(x,y) for x,yeY, t>0,
0(qo,(x), qo,(¥)) < Lgo(x,y) for x,y €Y, (3.14)

and
81 =inf inf p;;;(x) > 0, & = inf pg,(x) > 0. (3.15)
iel xeY xeY

Let {(x,, &) }nen be the Markov chain given by (3.1) and (3.2). The existence of an expo-
nentially attractive invariant measure for Markov operator generated by random dynamical
systems was proven by Horbacz and Sleczka in [19].

Theorem 1 [19] Assume that system (T, q, p) satisfies conditions (3.10)—(3.15). If
LLq+%<1. (3.16)

then
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1268 K. Horbacz

(1) there exists a unique invariant measure [Ly € /\/l{ (X) for the chain {(x,, &) }n>0, which
is attractive in Mj(X).
(ii) there exists g € (0, 1) such that for p € M} (X) there exists and C = C(un) > 0

NP " — wsllry < ¢"C(w), for neN,

where x, is given by (3.12),

(iii) the strong law of large numbers holds for the chain {(x,, &,) }n>0 starting from (xo, &) €
X, i.e. for every bounded Lipschitz function f : X — R and every xo € Y and &y € 1
we have

n—1

1
fim > £, 60 = [ £06,6) pa(dr.de)
k=0

neoo
Py, almost surely.

Remark 1 Condition (3.16) means that a large jump rate and a good contraction of the jumps
could compensate expanding semiflows (« > 0).

Let {(xy, &) }nen be the Markov chain given by (3.1), (3.2) with initial distribution p €
M IZ(X )andlet u, € M } (X) be aunique invariant measure for the process (x,, &,),>0. Now,
choose an arbitrary function g : X — R which is Lipschitz and satisfies (g, i) = 0. For
every n € N, put

SI,L o g(XI»SI) +"’+g(xns$n)
n = ﬁ .

Now we formulate the main results of this paper. Its proof is given in Sect. 6.

Theorem 2 Assume that all assumptions of Theorem 1 are fulfilled and the unique invariant
measure has finite second moment, then S converges in distribution to some random variable
with normal distribution N (0, 02), asn — 0o, where 62 = lim, o0 E,., (SH)2.

Checking that the invariant measure has finite second moment could be difficult if we have
no a priori information about the invariant measure. Now, assumption (3.12) is strengthened
to the following condition:

/ e Mo (Tj(t, x4), x,)dt <00 for jel. (3.17)
Ry

Theorem 3 Assume that system (T, p, q) satisfies conditions (3.17) and instead of (3.14)—
(3.15) for some iy € 1,6y € O, that the conditions (3.14)—(3.15) are satisfied for all iy €
1,60y € ©.If
L+ <l (3.18)
K A2 '
then the invariant measure (L. for the process {(x,, ) }n>0 has finite second moment.

Note that (3.18) implies (3.16). Assuming (3.18) instead (3.16) allows us to show that
Us €M 12(X ), which is essential to establish CLT in the way presented in this paper.

The next result describing CLT for the process {(x,)},>0 on Y is an obvious consequence
of Theorem 2.
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The Central Limit Theorem for Random Dynamical... 1269

Remark 2 Choose an arbitrary function f : ¥ — R whichis Lipschitz and satisfies ( f, ji«) =
0, where ji4(A) = ux(Ax1I), A€ By.Letfi € Mlz(Y) be an initial distribution of {x;, },eN-
Under the hypotheses of Theorem 2 the distribution of
S+ )

Jn
converges to some ran~d0m variable with normal distribution N (0, 62), as n — oo, where
02 =lim,_o0 Ez, (5%

N

:*g,

Let {(X(¢),&(t))};>0 be the Markov process given by (3.3) and (3.4). Relationships
between an invariant measure for the Markov operator P given by (3.6) and an invariant
measures for { P'},>¢ given by (3.8) was proven by Horbacz [17]. Similar results have been
proved by Davis [5, Proposition 34.36]. It has been also studied in [28].

The existence of invariant measure for { P’ },>0 follows from Theorem 1 and Theorem 5.3.1
[17]. If py € M(X) is an invariant measure for the Markov operator P, then po = G iy,
where

+00
Gu) =3 [ [ 1T, Dpuore diutar. iy, A€ By w e M0)
iel'y
is an invariant measure for the Markov semigroup { P’ };>0.
The next theorem is partially inspired by the reasoning which can be found in Lemma
2.5 [2]. Since the Markov process {(X (¢), £(t))};>0 is defined with he help of the Markov

chain {(x,, &,)}nen given by (3.1), (3.2) we use Theorem 1 and Theorem 2 in the proof of
following theorem.

Theorem 4 Assume that all assumptions of Theorems 1 and 2 are fulfilled and the unique
invariant measure [Lo has finite second moment, then

(1) the strong law of large numbers holds for the process {(X (), £(t))};>0 starting from
(x0, i0) € X, i.e. for every bounded Lipschitz function f : X — R and every xo € Y and
ig € I we have

1 t
tlimf/ f(X(S),S(S))dS=/ f(x, i) mo(dx, di)
€t Jo X

Pyy.io almost surely,
(2) the Central Limit Theorem holds for the process {(X (), £(t))};>0 i.e. for every bounded
Lipschitz function f : X — R such that ( f, no) =0

\2/0’ f(X(s),&(s))ds

converges in distribution to some random variable with normal distribution N (0, &2), as
n — 00, where 5% = lim, s 00 Ey1, (Si*)? + (Hf — K2 f, i) and

N 00 s 2
Hf(x,i) =Z/O Ae‘“(/o f(T,(v,x),j)du) pij(x)ds,
j=1

N o]
K f(x,i)= Z/O e M f(Ti(s,x), j)pij(x)ds for f e B(X). (3.19)
j=1

@ Springer



1270 K. Horbacz

4 Coupling for Random Dynamical Systems

Let P : Myin(X) — M i (X) be the transition Markov operator for the random dynamical
system (7', p, q), where X =Y x I.
Distributions IT"((x, i), -)), n € N, are given by

M0((x, i), A) = 8.1y (A),
' ((x, i), A) = TI((x, i), A) = P8y (A)

=22 / e 1a(go (T (1, )). ) pij (0) o (T 0. ) di

jel 60”0

n"((x,i),A)=/Xn‘((y,j),A)H"—l«x,i),d(y,j)), @.1)

for (x,i) € X, A € By. If we assume that, for (x, i) € X, [1"((x, i), -) is a measure on X",
generated by a sequence (Hk((x, i), *))keN, then

I:I’1+l((x,l.),A X B) :/ Hl(Zn,B)l:In((x7i)’ dZ), (4.2)
A

where z = ((z1, 1), ..., (zn, in)) and A € Bx», B € By, is a measure on X" 1. Note that
' ((x, i),-), ..., I"((x, i), -), given by (4.1), are marginal distributions of IT"((x, i), -), for
every (x, i) € X. Finally, we obtain a family {IT°°((x, i), -) : (x, i) € X} of sub-probability
measures on X . This construction is motivated by Hairer [12].

Denote by

(q 0 T)ult, 8. ins ) = g6, (Ti, (tn @6,y (T (it T (0, 5))) (43)

and consider the probabilities P, : ¥ x I"*! x R%™! x @1 — [0, 1]and P, : ¥ x I" x
R% x ©" — [0, 1] given by

Pi(x,1,i1) = pii, (x),
Pu(x, 1, in, tn—1, Op—1)
= pii, () Pirin (90, (T3, (11, X)) - - ..+ Pin_yin ((q © Ty (a1, Op—1, in—1, X)),
forn > 2, and
Pi(x, i1, 11,61) = py, (T3 (11, X)),
P, in, tn, 0n) = o, (T (t1, %)) B, (Tiy (t2. qo, (T (41, %)) - ...
- P8y (Ti, (tn, (g © T)p—1(tn—1, Op—1,in_1, %)),
for n > 2, where
th =ttty -, 1), 0 = (0n,0h—1,...,01), in=(n,in-1...,01).
Then P" is given by

P u(A) = 14((g © T)n(tn, On, jn, X)), jn)
R

Jn=Cjn.....j)EI" O1,...s 9n)eO"
* Pn (xv i, jns ta—1, on—l) - Pa (x! Jn, tn, 0n))¥€_)\(tl+m+tn) dty pu(dx, di).
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Fix x, € Y for which assumption (3.12) holds. We define V : X — [0, c0), by
V(x,i) =o0(x,x,) for (x,i)e X.

Lemma 1 Assume that the system (T, p, q) satisfies conditions (3.10) - (3.12) and (3.16).
If n e Mll (X), then P"u € Mll (X) for every n € N. Moreover, there are constants a < 1
and ¢ > 0 such that

(V, P"u)y <ad™{(V,u) + ¢ for neN.

1
1—a
Proof

+o0
Uvi,i) <> >, /0 0o (T; (1. %)), g0 (T; (2, x.)))he ™ py; (x) po (Tj (2, x)) dt

jel 0€®

+o00
+> > /0 0(qs (T} (1, %)), g9 (x:)) e pij (x) po (T; (1, X)) dt

jel 0O

+00
+> > /0 0(qo (x2). x:)he ™ pi(x) po (T (1. x)) dt.

jel 6€®

Further, using (3.10)—(3.12) and (3.16) we obtain

UV(x,i) <aV(x,i)—+c, 4.4)
where
_ALL,
I ’
+o00
c=>> / re M o(qo(Tj(t, %)), go(x))dt + D~ 0(go(x), %), (4.5)
jel 6e0”0 0cO
so V is a Lapunov function for P. O

Furthermore, we define V : X2 — [0, c0)

V((x, i), (v, j)) = V(x,i)+ V(y,j) for(x,i), (y,j) € X.
Note that, for every n € N,

_ _ _ 2
(V,b")y < a(V,b" ") +2¢ < a"(V,b) +

c, (4.6)

1—a

where b and b" are given by (2.2) and (2.3). Since the measure b € M]'in (X?) is finite on
X? and with the first moment finite we define the linear functional

) = /2 ox((x, 1), (v, D)bd(x, i) x d(y, j))-
X
Following the above definitions, we easily obtain

¢(b) < (V,b). A7)
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Set F = X x X and define
Q'((x1,i1)(x2,02), A x B) =
+o0
> / e ™M {piy (e0) o (T (8, x1)) A iy (x2) po (T (1, x2))}
jel 6e0”0
x Laxs((qo(Tj(t. x1)), ). (qo(Tj (1. x2)). j)) dt (4.3)

for A, B C X, where a A b stands for the minimum of a and b, and
0" ((x1, i1)(x2,i2), A X B)
= / 0" (u, i), j), A x B)Q" N ((x1.i1)(x2.12), d(u, i) x d(v, j)), neN. (49)
be
It is easy to check that
0 ((x1.i1)(x2,i2), A x X)
+00
< z Z/ re M {pi i (x0) po (Tj (8, x0)) Laxs (g0 (T; (2, x1)), 1)), j)) dt
jel 6e©”0
=" ((x1. 1), A)

and analogously Q! ((x1, i1)(x2, i2), X x B) < IT1'((x2, i), B). Similarly, for n € N,

0" ((x1,i1)(x2, i2), A x X) < T1"((x1, i1), A)
0" ((x1,i1)(x2,12), X x B) < I1"((x2, i2), B)

Forb € Myiy (X?), let 0"b denote the measure

(Q"b)(A x B) = /xz Q" ((x, )(y, j), A x B)b(d(x,i) x d(y, ) (4.10)

for A, B € Bx,n € N. Note that, for every A, B € Bx and n € N, we obtain

(Q""'h)(A x B) = /X Q" (e, ) (v, ), A X B)b(d(x, i) x d(y, )
:/X2 /X2 O (((u, D, k), AxB)Q" ((x, i)(y, ), d(u, 1) x d(v, k)b(d(x,i)xd(y, j))
= /X2 O (. D (v, k), A x BY(Q"b)(d(u,1) x d(v, k) = (Q'(Q"b))(A x B).
4.11)
Again, following (4.1) and (4.2), we are able to construct measures on products and, as a
consequence, a measure Q°°b on X, for every b € My;, (X 2y, Now, we check that, for
neNandb e My, (X?),
#(Q"b) < a"p(b). (4.12)
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Let us observe that

$(0"D) =/X2 /X ox ((r. i), (3, i2) Q" (. D(v, ). d(x. 1)
x d(y, i2)b(d(u,l) x d(v, k))

T
=/ / / / ox ((x,i1), (v, i2)Q" ((ur, I vy, k) (d(x, i1) x d(y, i2))
x2Jx2Jo X2
0" N (@, D, ), (e, 1) % (v1, k)b(d(u, 1) x d(v, k)
+00
=/ / Qx((x,m,@,iz))ZZ/ re M {pi () po (Tj (t, up)) A
x> x jel 60”0
A iz 0P (T VDD (0 (1 1)) ot (7). 7)) (GO0 E) X A0 02)
Q"N (. D, k), (ur, 1) x (v1, k))b(d(u, 1) x d(v, k)

+00
_A't . . = .
5/)\(2 AQZZA Ae pzlj(ul)pg(TJ(l,ul))

jel 6€0
0x ((go (Tt u). j). (qo (Tj (1, v1)). j))
Q"N (D, k), (. 1) x (v, k))b(d(u, 1) x d(v, k).
Following (3.10) and (3.11), we obtain
$(Q"b) = / / / e Ly oG, ), o1, )
x2Jx2Jo

. Qn—l(((u’ D, k), (ur, 1) x (vi, k1))b(d@, 1) x d(v, k))
. LL4A

//Qx((ul,ll),(vl,kl))dt
A—a Jx2 Jx2
Q"N (((u, (v, k), @y, 1) X (vr, kD)b(d(u, 1) x d(v, k)

A
<. = (LLg—2)"¢(b) = a"¢ ().

We may construct the coupling {Cl(((x, D), /),  (x,0),(,j) € X} for
{I((x, ), ) = (x,i) € X}suchthat Q' (((x, i), (v, j)), ) < CH(((x, 1), (¥, j)), -), whereas
measures R (((x, i), (v, j)), -) are non-negative. Following the rule given in (4.2), we easily
obtain the family of probability measures

{CWGe, D), (v s ) 2 (), (v, ) € X}

on (X2)* with marginals TT%((x, ), -) and TI®((y, j), -). This construction appears in [12].

We may also consider a sequence of distributions ({C"(((x, i), (¥, j)), -)})neN, con-
structed by induction on n, asitis donein (4.1). Note that C" (((x, i), (y, j)), -) is the n-th mar-
ginal of C*°(((x, i), (v, j)), ), for (x, 1), (v, j) € X. Additionally, {C"(((x, 1), (¥, j)), )}
fulfills the role of coupling for {IT"((x, i), -) : (x,i) € X}. Indeed, for A € By,

C*(((x, D), (3, ), A X X) = /X2 C((w,v), A x X)C" N ((x, 1), (v, )), du x dv)

= [ A (. 0 x )
X
=...=I1"((x,1), A)
and, similarly, C"(((x, i), (v, j)), X x B) = IT"((y, j), B).
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Fix ((x0,i0), (yo, jo)) € X?. The sequence of transition probability functions
({C”(((x, D, (v, ) ) s (i), (s j) € X}) _, defines the Markov chain Z on X? with
ne
starting point ((xo, ip), (Yo, jo)), while the sequence of transition probability functions

([« oo o) e Xoke 0.1

n>1

defines the Markov chain Z on the augmented space X2 x {0, 1} with initial distrib-

ution CO(((x0, i0), (50, J0))» ) = S(xonio) (v, jo. ) ()- I Zn = ((x,1), (v, /), k), where
(x,0),(y,j) € X,k € {0, 1}, then

P(Zy41 € Ax Bx {1}] 2, = ((x, 1), (v, ), k), k € {0, 1)) = Q"(((x, ), (v, ), A x B),

P(Zy41 € A X B x {0} Z, = ((x,1), (v, ), k), k € {0, 1)) = R"(((x, 1), (¥, /), A x B),

where A, B € By. Once again, we refer to (4.1) and the Kolmogorov theorem to obtain the
measure C° (((x0, i0), (Yo, jo)), -) on (X2 x {0, 1})® which is associated with the Markov
chain 2.

From now on, we assume that processes Z and Z taking values in X2 and X? x
{0, 1}, respectively, are defined on (€2, X,P). The expected value of the measures

C=(((x0, i0), (Y0, jo))s ) or C®(((x0, i0), (Y0, jo)). -) is denoted by E(xy.io). (vo. jo)-

5 Auxiliary Theorems

Before proceeding to the proof of Theorem 2 we formulate two lemmas and two theorems,
which are interesting in their own right. The first one is inspirated by the reasoning which
can be found in [13].

Fixa € (0,1 — a) and set

Ka ={((x,D), (v, ) € X*: V((x,0), (v, ))) <a "2},
where a and c are given by (4.5). Let 7g, : (X 2y _5 N denote the time of the first visit in
Kg, ie.
TK; (((xXns in)s Yns jn)Inen) = inf{n € N o ((xp, in), Vn» jn)) € Kz}

As a convention, we put g, (((Xu, in), (Vu, ju))nen) = 00, if there is no n € N such that

((xns in)s Qs Ju)) € Kj.
Since

(V,b") < a™(V,b) +

c,
1—a
by Lemma 2.2 in [21] or Theorem 7 in [13], we obtain
Lemma 2 Forevery ¢ € (0, 1) there exist positive constants Dy, Dy such that
E (x0.i0),(v0. jo) [(a + ﬁ)_mﬁ] < D1V ((x0,i0), (o, jo)) + D>.
For every positive r > 0, we define the set

Cr={(Cx i), (v, ) € X* 1 ox((x, ), (v, ) <r}.
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Lemma 3 Assume that the system (T, q, p) satisfies conditions (3.10)-(3.11) and (3.15)—
(3.16). Fix ay € (a, 1). Let C, be the set defined above and suppose that b € M ¢;y (X?) is
such that suppb C C,. There exists y > 0 such that

(Q"b)(Capr) = V"Il

Proof By (4.3), (4.8) and (4.9), we obtain

0"((x, D, ), Ca'l’r) = Z z ) WMt Fin)
(1sein) (B1,06) B
n

. H[Pik_lik ((q o T)g—1(ti—1, Ok—1, ik—1, X))
k=2

- poy (T (tx, (q o Tik—1(tk—1, Ok—1, ik—1, X)))

A Dig_yip ((@ 0 T)g—1(tk—1, Ok—1, ik—1, y))

- po (Tiy (1, (q o T)i—1(tk—1, Ok—1, ik—1, )))

- piiy (X) po, (T, (t1, X)) A piiy (9) pe, (T, (1, )

e, (g 0 Thnltn, o, Tn, x), (g 0 T (tn, On, in, )11 ... diy.

Directly from (4.9) and (4.10) we obtain

(Q"b)(Cyry) = /X Q" ((x, D)y, J), Carp)b(d(x, i) x d(y, j))
Set

T, XS, X1,
= {(tn, On,1n,) € Rﬁ_ x ©" x I":0((q o T)y(tn, bn, in, x), (g © T)y(tn, On, in, y)) < ajr}

Note that lCanr((qu)n(tn, On, in, x), (qoT),(tn, bn,in, y)) = lifand only if (tn, On, in) €
1

Ty xSy x I,.Set (7, x S, X I,,)/ =R x O" x I"\T, x S x I,,. According to assumptions
(3.10) and (3.11), we have

/ i, e MHF1) o (g o T (tn, Ons in, X), (¢ © T)p(tn, On, in, ¥))
(Tn xS xILy)

“ Pin_tin((@ 0 T)p—1(tn—1, bn—1,1n_1, X))

- P, (T, (ta, (q © T)y—1(tn—1, bn—1,in—1, X)) - ... - pii; (X) po, (T3, (11, x))dty . ..d1,
< / LZLnknef)\(tl+...+t,,)eoz(t1+...+t,,)Q(x, y)dt1 . dln < ar
RY
AL

Z" . Comparing this with the definition of (7, x S, xZ,,)’,

for (x, i), (y, j) € Cr,wherea = =

we obtain

ai’r/ Atem bt (g © Tt (tn—1, On—1, in—1, X)
(TyxSpxTy)

- o, (Ti,,(tn, (g 0 T)p—1(tn—1, On—1,in—1, X)) - ... - pii; X) e, (T;, (t1, x)dty . ..dt,

<a'r,
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which implies

/ A Mttt (@ © T)n—1(ta—1, On—1, in—1, X)
(T xSy xIyn)

<P, (T, (tn, (g © T)y—1(tn—1, bn—1,in—1, X)) - ... - pii; (X) po, (T3, (11, x))dty . ..d1,
n

< — < 1.
aﬂ

1
n
We then obtain that the integral over 7,, X S,, X Z,, is not less than 1—(£) > (1—;—1)” =:y",

for sufficiently bign € N.
Using (3.15) we obtain

/ Ae= Mt gy gy > " ’
Tpx Sy x1Iy - MHMEL
where
My = supsup pjio(x), Mz = sup pg,(x). (5.1
iel xeY xeY
Finally,

(Q"D)(Car) = / 880 / MMt G dnb(d(x, i) x d(y, })
X2 T X Spx I

2%
M”M2

Z 8”82

If wesety := 152 =¥ the proof is complete. O

Theorem 5 Assume that the system (T, q, p) satisfies conditions (3.10)—(3.16). For every
a € (0,1 — a), there exists ng € N such that

1_ , .
10%°(((x, ), (vy j))s I = EV”" Jor ((x, 1), (y, J)) € Ka,
where y > 0 is given in Lemma 3.

Proof Note that, for every real numbers u, v € R, there is a general rule: min{u, v} + |u —
v| —u > 0. Hence, for every (x1, i1), (x2,i2) € X , we obtain

> / e (min{py, j (x1) po (Tj (£, 1)), pinj (x2) po (T (£, x2)))

jel 0e®
+ 1piyj ) po(Tj(t, x1)) — piyj (x2) po(T; (t, x2))| — piy j(x1) po(T; (¢, x1)))dt = 0

and therefore, due to (4.8),
10" ((x1, i1) (x2, i), )|
+>° > / i D) Po (T (1, x1)) = pinj (¥2) po (T (2, x2))|d1 = 1.

jel 0€®
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For every b € Miin(X?), we get

1081 = [ | Q"1 a2, i X1, 1) x iz, 2)

= /xz 1Q" ((x1, i) (x2, i), )IIb(d(x1, i1) x d(x2, i)

+o0
=0l = [ ST [ e iy o) (T 10) = i o) o T 22

jel 0€®
X dtb(d(xy,i1) x d(x2, i2)).

We consider two cases: i1 = i = i and i1 # ip. From (3.10) and (3.13), we obtain for
i1=i)=1I

/0 re ™M DTS | pij ) po (T (¢, x1)) = pij (02) po (Tj (1, x2)ldt

jel 0€®
o
<[RSS o) = s el T xo )l
0 jel e®

+

|3 S e T e 000 = e

jel 0€®
* A
<¥yio(x1,x2) +/ re My, Le* o(x1, x2)dt
0

<1 ty2olxi, x2) < (V) + y2)d((x1, 1), (x2, i2)),

where y, = 72%.
Suppose now that i; # iz, then o.(i1,i2) =c > (| + )/2)_1. In this case, we obtain

L= +r2)d((x1,01), (x2,02)) =1 = (7 + »2)e(x1,x2) +¢) =1 = (¥ + y2)c < 0.

Thus

0 ((x1, 1), (x2,02)), X2) = 0= 1 — (¥, + y2)d((x1, i1), (x2, i2)).

Hence,

10"l = |Ib]| —/}(2(71 + y2)d((x1,i1), (x2,12))b(d(x1,i1) X d(x2,i2))
= bl = 71 + v2)p(b).
By (4.11) and

$(Q"b) < a"p(b),
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we obtain
1Q"pll = /X LN Dy, ). Q" D)@ (. i) x d(y. )
> 10" 'bll = 71 + y2)$(Q"'b)

> |Ibl = 71 + v2) D ¢(Q*b) = I — 7y + y2)p(B) D d*

k=1 k=1

)

> bl = (71 + v2) 1
—da

LLgh
— q
where a = 5—L=.

We may choose r > 0 such that d((x1, i1), (x2,i2)) < r and
1

_ a
()/1+J/2)1_ar< 5

Since

¢ b) <rlb|
and suppb C C,, then we obtain
161,
2
Fix a € (0,1 — a). It is clear that K; C C;-1,.. If we define np := min{fn € N :

a"(@~"2¢ < r}, then Cy0s-17, C Cr. Remembering that Q"™ (((x,i)(y, j)),") =
O™ (Q"((x,1)(y, j), -)) and using the Markov property, we obtain

0% ((x, )(y, ), X3 = (0™ ((x, )(y, j), XP)).

Then, according to (5.2) and Lemma 3, we obtain

10D = (5.2)

o= (x, i)y, 1), )| = [(@® Q") ((x, )y, ), )| = [ (. D6 1. e,

2
_ 0" DG ) C) 0" DG )y Camoatad) 7™
N 2 - 2 -2
for ((x, i), (¥, j)) € K;. This finishes the proof. ]

The next theorem is partially inspired by the reasoning which can be found in Lemma 2.1
(21]

Theorem 6 Under the hypothesis of Theorem 1, there exist g € (0, 1) and D3z > 0 such that
Eg iy plg "1 < D31+ V((x,i). (v, /) for ((x. 1), (7. j) € X*.

Proof Fix a € (0,1 — a) and ((x,i), (y, j)) € X2. To simplify notation, we write o =
(a+ 51)’%. Let s be the random moment of the first visit in K. Suppose that

S1=25, Sp+1=8p+s0 l?s,,,
where n € N and ¥, are shift operators on (X2 x {0, 1), i.e.

D (s i)s Vs Ji)s Ok)keN) = (Kktns letn) s Vktns Jkn)» Ok-tn)ken-
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Theorem 5 implies that every s, is C*°(((x, i), (v, j)), -)-a.s. finished. The strong Markov
property shows that

E(x,i),(y,j) [aS © ﬁvn |FV;1] = E(xsnsixn)»(ysnsjsn)[as] forn € N’

where Fj, denotes the o-algebra on (X2 x {0, 1}) generated by s, and Z = ((x,,i,),
(Vns jn))nen is the Markov chain with sequence of transition probability functions
{C (((x, 1), (v, j))7) & (x,0), (¥, j) € X)ien. By Theorem 5 and the definition of K,
we obtain

E(xi), . ple™ ] = Ex.iy.(v.)) [as" E(xSnJML(},S”’].S”)[O(S]]
< E(eiy.jy @] (D127 "2¢ + D).
Fix n = Dia~'2c + D;. Consequently,
Ecino [0 ] = 0" B [0 ] < 0" [DIV@ D, 000 + D2 (53)

We define f(((xm in), (yn» jn)v On)nen) = lnf{n € N: ((xn,in), (yna Jn)) € KJI’ O =
1 fork > n}and o = inf{n € N: 7 = s,}. By Theorem 5, there is ng € N such that
o

n
Vz ) forn € N. (5.4)

C®(((x, 1), (v, ), {o > n}) < (1 -

Let p > 1. By the Holder inequality, (5.3) and (5.4), we obtain

o0
z Sk,
E(ci)(.)) [a”} <D Ewi.o.i) [a v 1a=k]

k=1
o0 o 1
<3 (o 1) (€50 i to =)
k=1
o . LIk ([ =0(1-7)
<[DiV((x, i), (v, )+ D2]" P};ni’(l—zy )
_ 1 —(1—%) 00 1 1 k
= [D1V((x, i), (v, DD 07 (1—5‘"0) ; [(l_gy) (1—5710)} :

1
For p sufficiently large and ¢ = o™ 7, we get

Einon [077] = Eino [a?] < (14 V(. ). (5. ) D

for some Dj3. Since t < T, we finish the proof. O

6 Central Limit Theorem: Proof of Theorems 2, 3 and 4

Let {(x,, &) }nen be the Markov chain given by (3.1) and (3.2) with initial distribution
e MHX), X =Y x I.Let g € L}(1). Define
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Su _ g(xhéfl)‘i"""‘g(xnaén)
n — ﬁ ’

and let @S denote its distribution.

Denote by 1, € M} (X) an invariant measure for the process {(x,, &) }n>0-

Central Limit Theorems for ergodic stationary Markov chains have already been proven
in many papers. See, for example, Theorem 1 and the subsequent Corollary 1 in Maxwell
and Woodroof [31].

for n>1 (6.1)

Theorem 7 [31] Let g € L%(u*). If the following condition is satisfied

00 n—1 1/2
Zn—3/2( / Q] / g(y)nk(x,dy»zu*(dx)) < 00, 6.2)
n=1 X k=0’X

then there exists
02 =0%(g) = lim E,, (5")* < oo,
n—oo

and the sequence of distribution of (S#*)nzo converges weakly to some random variable with
normal distribution N (0, o%).

Proof of Theorem 2 We shall split the proof in 4 steps.
Step 1 Let f € F. Then, there exist g € (0, 1) and Ds > 0 such that

/X2 | f(Quy,i1) — f(U17j1)|(H*XzHZé°°(((X, i), (v, 7)), Ny, i) x d(vy, j1))
<q"Ds(1 + V((x,i), (y, j)))
for every (x,i),(y, j) € X,n € N, where IT}, : (X2 x {0, 1)>™® — X2 x {0, 1} are the

projections on the n-th component and 1'[*;(2 1 X2 x {0, 1} — X2 is the projection on X?.
For n € N we define sets

= (X?* x {0, 1H>\As.

n
2

Ay =1 e (X% {0.1)%: 1) < g}, B
Thus, we have forn € N

Co®(((x, 1), (v, ), ) = C®(((x, 1), (v, 1)), May + C®(((x, i), (v, 1)), sy -

‘/Xz(f(zl, i) = f 2. i2) (MR ECX (0 ). 0 ). ay ) @1 i) X d(za,i2)

[ @i = faia) (M (D, 0 ) iy ) @) x dGa i)

5/ ox (@1, i), (22, 2) (TR MEEX (0, D, (v ),y ) @1 i) X d(z2, )
X? )

+20% (((x, D), (. ), B%) :
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Note that, by iterative application of (4.12), we obtain
/xz ox((z1,11), (22, 2)) (H}“(znzé“’(((x, 0, (v, 7)), ')|A%) (d(z1,11), d(22, 12))
= (M (C=x D, 0 ). )y )
< al¥g (MM, (E°( D 00y )

Then it follows from (4.6) and (4.7) that
¢ (M (€@ .00 )y )) = atF

We obtain coupling inequality

I . . 2c
V(()C, l)5 ()’7 j)) + m

/ﬂ FGin = £ )] (MpMEE W i), (v, 1)) @, i) x d(z2, i)

n ntl) = . . 2c A . .
<al?! [at V(x, ), 0, ) + T a} +2C* (((x, D), (v, ), Bg) .
It follows from Theorem 6 and the Chebyshev inequality that

¢ ((Cra ). 2. By) = E=((G ). 0. ) {r > 5

~ n E.xi pla™"t
= EV( D, 0 ) G 2 G = Tl
q
< G2D3(1+ V((x, i), (v, )

for some g € (0, 1) and D3 > 0. Finally,
/)(2 | f(z1,i1) — f(z2, iz)l(l'l}}znﬁéoo(((x, i), (y, j)), N(z1,11) x d(z2,12))
< a2IDy(1+ V(. D), (3, ) +2G2 D31+ V((x, ). (v, ))),

where Dy = max{a%, (11— a)’12c}. Setting g := max{a% , c}%} and D5 := D4+ 2Ds3, gives
our claim.

Step 2 If g : X — R is an arbitrary bounded and Lipschitz function with constant Cg,
then, there are g € (0, 1) and D5 > 0, exactly the same as in Step 1, for which we obtain

/X 181 i) = 82, DI (T IE®((Gr. i), (0 1) D@1 1) X (2. )

< Gq"Ds(1 + V((x,i), (v, j)))

forevery (x,1), (y, j) € X,n € N, where G := max{Cy, sup,x [g(x)[}.

Let S/ and &S/ be given by (6.1). In particular, S,* and S,(,x’i) are defined for the Markov
chains with the same transition probability function IT and initial distributions pt4 and (. ;),
respectively. Further, let g : X — R be a bounded and Lipschitz continuous function, with
constant C,, which satisfies (g, us) = 0.

Step 3 Let g : X — R be a bounded and Lipschitz continuous function with constant Cy.
Additionally, (g, u«) = 0. Then,

00 n—1
> /X (Xt PkS(x,i)))ZM*(d(x, z‘))]l/2 < oo, (6.3)
n=1 k=0
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Note that, by Step 1 and Step 2,

1 n—1

<g, Pk5(x,i)> = Z ((g Pk5(x,i)> — (g, M*))

n

M

k=0 k=0
n—1

= / [ / 8@ I (e, ), ) = TG ), D@ ) |y, )
k=0 X X
n—1

= / [/ (81, i1) = (e, T IEC((x, ), (v, 1)), )
=0’/ X -/ X2

@1, i1) x d(z2, 1) [ @y, )
n—1 _

< 36"Ds [ (14 V(0. 0 D)y, ).
k=0

Then, for every (x,i) € X,n € N,
n—1
1—¢" _
e PHon) = GDs = [ (14 V(i 0 )

k=0
< Do(1 + V((x,1))),

where Cy9 := GDs(1 — q)’l(l + fX V((y, j)m«(d(y, j))). Since w, has finite second
moment, we obtain that (6.3) is not bigger than

oo
S a2 D3 (1 +2v + V2 )] < .
n=1

Hence, assumptions of Theorem 7 are satisfied

Step 4 Hence, by applying Theorem 7, we obtain that ®SL* converges to the normal
distribution in Levy metric, as n — 00, which equivalently means that the distributions
converge weakly to each other (see [8]).

Note that, to complete the proof of Theorem 2, it is enough to establish that ® Sk converges
weakly to ®St*, as n — oo. Equivalently, it is enough to show that lim,_ | ®Sh —
OSH | a1 = 0, since weak convergence is metrised by the Fourtet-Mourier norm.

Set (x,i), (y,j) € X and choose arbitrary f € F. Suppose that we know that the
following convergence is satisfied, as n — oo,

‘/ f(u)d)Sfj‘*”(du)—/ FW)®SY ) (dv)| — 0. (6.4)
R R
Then, by the Dominated Convergence Theorem, we obtain
| [ raesian - [ rwesia)
R R

< / / ‘ / f(u)( )S'(X,i)(il ) / f(v)q) S(y,j)(;lv) ( y(x’ )) ( '(y, ])) ’
XJX R R L O

as n — oo. Note that, by Theorem 11.3.3 in [7], (6.5) implies that DSH converges weakly
to ®SX*, asn — oo, which completes the proof of the CLT in the model. Now, it remains to
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show (6.4). Note that

| / F @S (du) / F@@SPdv)|
R R

:‘/Mf(g(ul’il)+;/'r;l+g(""’i"))l'l"((x,i),d(ul,il)><~-~xd(un,in))

,. +---+ n» .n n . . .
- [ (e = 8y ey, . dtn, 1) x -+ x da, (6.6)
We may write
gur, i) + -+ guy, in) gy, j1) + -+ gnu, jn)
LD 7 )—/( 7 )]
Hn((x7i)ad(ula ll) X X d(una l.n))nn((%j)ad(‘)l,jl) X X d(v}’hj}’l))‘
glur, i) + -+ gUn, in) g1, ji) + -+ gWn, jn)
( inn* ,,,,, WCC D, (0 ), ) @, 1) X - % i, i)
xd(vi, j1) X -+ x d(vp, jn)), (6.7)

where IT : (X2 x {0, 1) — (X2 x {0, 1})" are the projections on the first n components
and H*;(Q,, : (X2 x {0,1}))" — X" is the projection on X?". Since f is Lipschitz with
constant C s, we may further estimate (6.7) as follows

Cf/ oL N . .
N 2n|:|g(l/i1,ll) gy, jOl + -+ + [g(un, in) g(vn,]m]

(M THE (6, 1), (3 1)), ) (@i i)  d i, Vi)

C n R
= 7’% Zl/x 18k, i) — g JOITELTEEC®((x, 1), (3, ), )

x (d(uk, ix) x d(vk, jk))-
[m}

Now, for every 1 < i < n, we refer to Step 1 and Step 2 to obseve that (6.7) is not bigger
than

CrG

1— -
NG Zq Ds(1 4+ V((x,i), (y, ) =n 2CfGDsq T (1 + V((x, i), (v, ).

thanks to the upper bound of (6.6). We go with n to infinity and obtain (6.4). The proof is
complete.

Proof of Theorem 3 Let u € MZ(X). Fix (x,i) € X.

AECHED I / 20%(q0 (Tj (1, %)), g0 (T; (1. x2))) e pi; (x) po (T (2, x)) dt

jel 0e®

+ZZ/ 40%(qo (T (1, x2)), go (x:))he ™ pij (x) po (T (¢, x)) dt

jel 0O
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+> > / 407 (g9 (x+), x:)he ™ pij(x) po (T (1, x)) dt

jel 0O

Further, using (3.17), (3.18) and (3.14) for all iy € I and 6y € ©, we obtain
UV2(x,i) < yV3(x,i) + B,

where
2
_BaLy?
A —2a
—4L222/ he M QUTj (1, x2). x) dt +47 0% (go (). xv).
jel 6e® 0e®
Since
(V2 Pu) <y (V2 )+ B.
thus
(V2 Pu) < y™ (V2 u)+ %

We take a non-decreasing sequence (sz)keN such that VkZ(y) = min{k, V2(y)}, for every
k € Nand y € Y. We know that P"u converges weakly to .. Hence, for all k € N,
V2 e C(X)and

B
L—y

Tim (V2. Pu) = (V. ) <

so the sequence ((sz, M*))keN is bounded. Because (sz)keN is non-negative and non-
decreasing, we may use the Monotone Convergence Theorem to obtain

(V2 a) = Jim (V2 1)
S0, indeed, 1 is with finite second moment. O
Proof of Theorem 4 Theorem 1 implies that there exists an invariant measure ., € M (X)
for the Markov operator P given by (3.6). By Theorem 5.3.1 [17], o = G 144, wWhere
+00
Gu(A) =7 / La(Ti(t, %), D) prs (¥ M dip(dx, dk), A € By, p € Mi(X),
i€lysr o
is an invariant measure for the Markov semigroup {P'},>0 given by (3.8). Define

+0o0

Grx,iy=>" / F@, %), Dpri(re™de for f e B(X),

iel 0
then (f, Gu) = (Gf, u) . For every f € B(X), we set
n—1
Unf = fl.&). Uif= / f(X(5),&(5)ds

k=0
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and
1 =
Kf= XGf’ Ny = Z L=z

Decomposing [0, ¢] along the jumps yields, we obtain

Ni—1

U, f = (1\;’) [(N T Z/w FX (), 5(s))ds—Rt], fora = 10ra— Z.(68)

’Nr+1 ™

where || R:[| < || f =%
Forn € Nand f € B(X) we define

n-l Tit+1 -
M= (/ F(X(s). E(s)ds — K f (xi, so)
i=0 VU
and F, = o (A1, x;i, &) i <n). (6.9)

Using (6.8), it is easy to check that

1Uf ! aU Gf
The N ) N

_ (Nt)a( 5 1(/ F(X(s), E(s))ds — R f(xi, & ))
t (N)a 1y 6S1

Ni—i

(VY S k) 5 ()
—(A —(I)) e 2 K8 +(Z) R,

N[ 1 N e N
_ (N (e (M S e £ N
_(t) ((N:)aMN’) ¢ (r)) e & K/ +(r) i

(6.10)
Since
Titl At

F(X(s), E(s))ds = A S (T (s, xi), §ig)ds for i =0,

Ti

(M}, Fn)nen 1s a martingale with increments in L% E(My4+1 — M) < %{”. Therefore,
by the strong law of large numbers for martingales

.M,
lim — =0 almost surely. (6.11)
n—oo n
Let us observe that, lim;_, % = A and lim;_, o R; = 0 almost surely, from (6.10) for
a = 1and (6.11), we have
1 1
lim U,f——UN,Gf_O for f e B(X) (6.12)
t—00 t N;

with probability one.
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Note that, G f € Lipy(X) for f € Lipy(X), by applying Theorem 1, we obtain

N;—1
. I - = . - ~
lim —Ux,Gf = lim - kzzo G f (. &) = (G f. i) = (f. Gis) = (. po).

n—oo

Py, almost surely. Therefore, by (6.12), we have

.1t
lim */ S(X(s),&(s))ds = (f, po)-
=00t o
The proof of Theorem 4 (i) is complete. m]

Moreover, for f € Lipy(X)

1 n 1 n 5
=D E((Miy1 — M)? | F) = = D (Hf = K> f) (0, &),
n n o

k=1

where the operators H and K are given by (3.19). Since Hf — I€2f € Lipp(X) for f €
Lipp(X), by Theorem 1

n

1 - -
Jim — > (Hf ~ K2 ) &) = (Hf = K2 f. 1) = of
k=1

Thus, all assumptions of Theorem A.1 [40] are satisfied. By the Central Limit Theorem for
martingales, My converges in distribution to some random variable with normal distribution

N
N(O, 0]2), asn — 00.

Furthermore, from (6.10) for a = % and Theorem A.1 [40], we obtain

1 1 ~ -
ﬁUtf WUMGJC (6.13)
converges in distribution to some random variable with normal distribution N (0, 012), as
n — oo.
Finally, let f : ¥ — R be a bounded and Lipschitz continuous function such that
(f, no) = 0, then (Gf, ) = 0. By (6.13) and Theorem 2 we obtain CLT for the process
(X(),E(®)=0)-

7 Applications

Example 1 Poisson driven stochastic differential equation.

Poisson driven stochastic differential equations are quite important in applications. For
example the whole book of [34] , is devoted to the applications of these equations in physics
and engineering. Applications in biomathematics (population dynamics) can be found in the
papers of [6]. Consider stochastic differential equations driven by jump-type processes [28].
They are typically of the form

dX(t)=a(X(t),$(z))a’t+/ b(X (1), O)N,(dt,d6)  for >0 (7.1)
®

with the initial condition
X (0) = xo, (7.2)
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where {X (¢)};>0 is a stochastic process with values in a separable Banach space (Y, || - |),
or more explicitly

t t
X (1) :xo—l—/ a(X(s),i;'(s))ds—i—/ /b(X(s—),O)Np(ds,dQ) for + >0 (7.3)
0 0 Jo

with probability one. Here » 1s a Poisson random counting measure, {& (t)},>0 is a stochastic
process with values in a finite set / = {1, ..., N}, the solution {X (¢)};>0 has values in ¥ and
is right-continuous with left-hand limits, i.e. X (1) = X (t+) = lim,_,,+ X (s), forallt > 0
and the left-hand limits X (—) = lim,_,,~ X (s) exist and are finite for all # > 0 (equalities
here mean equalities with probability one).

In our study we make the following assumptions:

On a probability space (€2, 2, P) there is a sequence of random variables {7, },>¢ such that
the variables At, = 1, — t,—1, where 19 = 0, are nonnegative, independent, and identically
distributed with the density distribution function g(¢) = e fort > 0.

Let {n,},en be a sequence of independent identically distributed random elements with
values ® = {1, ..., K}; their distribution will be denote by v. We assume that the sequences
{th}n=0 and {n,},>0 are independent, which implies that the mapping w — p(w) =
(tn(w), Np(w))n>0 defines a stationary Poisson point process. Then for every measurable
set Z C © the random variable

Np((0, 8] x Z) =#{i : (r;,m;) € Z}

is Poisson distributed with parameter A1v(Z). NV, is called a Poisson random counting mea-
sure.

The coefficienta : Y x I — Y, I = {1, ..., N}, is Lipschitz continuous with respect to
the first variable.

Wedefinegp : Y — Y bygo(x) =x +b(x,0)forx €Y, 6 € O.

For every i € I, denote by v;(t) = T;(¢, x) the solution of the unperturbed Cauchy
problem

vl{(t) =a(v;(),i) and v;(0) = x, x evy. (7.4)

Suppose that [p;;li jer, pij : ¥ — [0, 1] is a probability matrix, there exists | > 0 such
that

N

D 1pijx) = pi(WI < Vyllx =yl for x,y €Y,
j=1

and [p;lier, pi : Y — [0, 1] is a probability vector.
Consider a sequence of random variables {x,},>0, X, : £ — Y and a stochastic process
{£(®)}i>0, () : Q — I (describing random switching at random moments t,,) such that
Xn = (qy, (Té(rn,l)(fn — Tn—1, Xn—1)),
P{&(0) = k|xo = x} = pi(x),
P{&(tn) = slxn =y, §(ty—1) =i} = pis(y), for n=1,...
and
§W)=%&(y—1) for 7y <t <71, n=12,... (7.5)

The solution of (7.3) is now given by

X(t) = Te,_ )t — Tu—1, Xn—1) for 1 <t<1t, n=12,... (7.6)
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The stochastic process {(X (¢), £(t)};>0, (X (2), £(2)) : 2 — Y x [ is a Markov process
and it generates the semigroup {7"'};>¢ defined by

T'f(x,i) = Ean(f(X(®),6(1) for feCY xI),

with the corresponding semigroup of Markov operators {P'};>0 , P' : Mi(Y x I) —
M (Y x I) satisfying

(P, fy=(u,T' f) for feBY xI), peM(Y xI) and t >0. (7.7)

In the case when the coefficient a : R? x I — R? does not depend on the second variable,
we obtain the stochastic equation considered by Traple [36], Szarek and Wedrychowicz [35].

In many applications we are mostly interested in values of the solution X (¢) at the switching
points 7,. Setting

1y (A) =P((X(10), E(Tn)) € A) for A€ Byxj,
we obtain i, = P,, n € N, where P is given by
Pu(A) =" / / / e Mg (1, x), 0), ) pij ()dtdv(©)du(x. i) (1.8)
e /e <1 JRy

for A € Byxyand u € M{(Y x I).
Assume that there exist positive constants Ly, L, o and x, € Y such that

lgo(x) —qo(W)Il < Lyllx — yll, for 6 € ®, x,y €Y,
ITj(t,x) = Tj(t, )| < Le*|lx —y|l, for jel,t>0x,y€Y,

inf inf p;j(x) >0
iel xeY¥ -
+o00
/ eM|Tj(t, x4) — x4||°dt < 00 for jel.
0

If

o 1
LL)> + — < —,
( q)+k<2

then there exists aunique invariant measure (i, € M 12(Y x I') for the chain {(X (z,), £ (1)) }n>0,
which is exponentially attractive in M 11 (Y x I) and the Central Limit Theorem for the

processes {(X (), §(tu))}n=0 and {(X (1), §(1))}i=0 holds.
Example 2 Tterated Function Systems.

Let (Y, o) be a Polish space. An iterated function system (IFS) consists of a sequence of
continuous transformations

qg:Y—>Y 6=1...,K
and a probability vector
pe:Y —1[0,1], 6=1,....K.

Such a system is briefly denoted by (¢, p)x = (q1,--.,9k, P1,---, Px)- The action of an
IFS can be roughly described as follows. We choose an initial point xo and we randomly select
from the set ® = {1, ..., K} an integer 0y in such a way that the probability of choosing 6
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is pg, (x0). If a number 6 is drawn, we define x1 = gg,(xo). Having x1 we select 8; in such
a way that the probability of choosing 6 is pg, (x1). Now we define x = g, (x1) and so on.

An IFS is a particular example of a random dynamical system with randomly chosen
jumps. Consider a dynamical system of the form / = {1} and T7(t,x) = x forx € Y,
t € R;. Moreover assume that pj(x) = 1 and py1(x) = 1 forx € Y. Then we obtain an IFS
(q’ ﬁ)K

Denoting by fi,, n € N, the distribution of x,, i.e., ii,(A) = P(x, € A) for A € By, we
define P as the transition operator such that fi,4+1 = P ity for n € N. The transition operator
corresponding to iterated function system (g, p)k is given by

Pua)=>" /Y 14(gs () po(x) u(dx) for A€ By, peMi(Y). (79
0e®

If there exist positive constants L, and y

Zﬁe(X)Q(qa(X),qa(y)) < Lgo(x,y) for x,y€Y,
6e®

D 1Pe(x) — po(y)| < volx,y) for x,yeY
6e®

with L, < 1 then from Theorem 1 we obtain existence of an invariant measure y € M 1] Y)
for the Markov operator P, which is attractive in M (Y’), exponentially attractive in M 11 Y).

Nl

IfL, < 72 then by Theorem 3 the invariant measure /i, has finite second moment and by
Theorem 2 the Central Limit Theorem for iterated function systems (¢, p) holds.

Example 3 Let g1 and g1 be two maps from [0, 1] into inself defined by

q1(x) = px and g2(x) = px + (1 - p)

where 0 < B < 1 is a constant parameter. Consider the Markov chain with the transition
probability

I(x, A) = p(x)1a(g1(x)) + (1 = p(x)1alg2(x)), x €[0,1], A € Bjo,1),

where p : [0, 1] — [0, 1] is a Lipschitz function.
The case when p(x) = % for x € [0,1] and B8 = %, where the uniform distribution
on [0, 1] is the unique stationary distribution, and the case when p(x) = % for x € [0, 1]

and g = %, where the uniform distribution on the (middle third) Cantor set is the unique
stationary distribution, are two important particular cases of this model.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.
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