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Quantum systems strongly coupled to many-body systems equilibrate to the reduced state of a global
thermal state, deviating from the local thermal state of the system as it occurs in the weak-coupling limit.
Taking this insight as a starting point, we study the thermodynamics of systems strongly coupled to thermal
baths. First, we provide strong-coupling corrections to the second law applicable to general systems in three
of its different readings: As a statement of maximal extractable work, on heat dissipation, and bound to the
Carnot efficiency. These corrections become relevant for small quantum systems and vanish in first order in
the interaction strength. We then move to the question of power of heat engines, obtaining a bound on the
power enhancement due to strong coupling. Our results are exemplified on the paradigmatic non-

Markovian quantum Brownian motion.
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Thermodynamics is the fundamental theory concerned
with heat and temperature and their relation to energy and
work. In phenomenological thermodynamics, an implicit
assumption is that couplings between the working systems
and their heat baths are so weak so that effects of the
interaction can be neglected. As a consequence, the
equilibrium states of the working systems are thermal
states, in fact thermal states of local Hamiltonians. For
small-scale systems governed by quantum mechanical
laws, however, such a weak-coupling limit can be far from
being reasonable, as the surface area of such systems is
often not much smaller than their volume. An impressive
body of literature in a related field, namely, equilibration
and thermalization of closed quantum many-body systems
[1], strongly suggests that a system coupled strongly to a
thermal bath should be described by the local reduced state
of the global Gibbs state pg = Trz[e ! /tr(e7#")|—and
not by a Gibbs state of the local Hamiltonian itself [2-5].

In this work we take this basic but profound insight
seriously when studying in detail quantum thermal
machines strongly coupled to heat baths. First, we prove
exact and general bounds on work extraction from a
nonequilibrium system that can be brought in contact with
a single heat bath. These results can be captured as
universal corrections to the weak coupling limit—showing
that strong coupling unavoidably leads to irreversibility and
is hence detrimental for work extraction. Similar correc-
tions are obtained for heat dissipation and the Carnot
efficiency, hence providing strong-coupling corrections
to the different formulations of the second law of thermo-
dynamics. For thermal machines, we also show that strong
interactions lead to power enhancements.

There have been recent efforts to describe the thermo-
dynamics of quantum systems with strong interactions
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between system and bath [6-37]. These include consid-
erations on heat engines [9-14], equilibrium and non-
equilibrium thermodynamics [15-30,33-37]. The key
contribution of the present work, compared with earlier
strong-coupling analyses [9-14,21], is to provide bounds
on work and efficiency, without having to restrict to any
particular model for the systems involved. Our bounds
apply to thermodynamic scenarios in which the system
equilibrates to the reduced state of a global Gibbs state, and
for which the coupling can be switched on and off. More
precisely, our results are derived within a framework
applicable to general situations; after all, also phenomeno-
logical thermodynamics is widely applicable by largely
abstracting from the specifics of a given setting.

Framework.—We consider a system S, a heat bath B,
with internal Hamiltonians Hg and Hp, respectively.
They can interact via a possibly strong interaction V.
Thermodynamic protocols then consist on transformations
over Hg, and equilibration processes induced by V.
Specifically, we consider protocols of N steps, and denote
by p'Y) and H) the state and Hamiltonian of SB in the ith
step, consisting of three elementary operations:

(A) Turning on and off interaction.—With this, we
model the process of bringing S and B into contact, so

that the Hamiltonian takes the form H) = Hé’) +Hp+V.
Similarly, V can be turned off at any step of the process.
Treating such processes as quenches, the average work gain
when placing or removing V is

Wal = Tr(p@V) = Wi (1)

(B) A quench on S.—A fast transformation of Hy is
implemented, so that H() = Hgl) + Hp + V is changed to

© 2018 American Physical Society
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HH = HgiH) + Hp + V, whereas the state p{) remains
unchanged. The corresponding work gain reads

Wi = Te[pd (B — BT, (2)

which depends only on the state of S [38].

(C) A thermalization process.—This operation models
the closed free evolution of SB when V is present, i.e.,
under H"*1). This operation has no work cost, as the total
energy of SB is preserved. When they reach equilibrium,
we assume that S is well described by

P = Trglay(HE)], (3)

where w;(H) = e " [tr(e™PH).

Similarly, we assume that the boundary between S and B,
i.e., the support of V, can also be described by the reduced
form of w;(H"1). Both assumptions are reasonable for
locally interacting systems and are backed by a body of
rigorous arguments [1,5,39]. When it is clear from the
context we will use the notation ®(*) = w;(H") and
a)<sl) = a)ﬂ(H(Sl)). We also use the convention # =1,
kg = 1, and that when SB decrease their global energy,
then work W > 0 is extracted.

A thermodynamic protocol then consists of an arbitrary
sequence of operations of the types (A)—(C). The total
expected work W gained in the process is the sum of all the
contributions of the form (1) and (2). In this framework, the
Hamiltonian terms V and Hp remain fixed throughout the
protocol, reflecting the fact that an experimenter will in
many realistic situations not have precise control over B
and the coupling between S and B, at least not beyond the
capability of turning it on and off. During transformations
of the form (C), S is assumed to be brought to equilibrium
after sufficiently long times. That is, possible finite-time
effects are not included.

Maximal work extraction for arbitrary coupling
strengths.—We now study work extraction from an out-
of equilibrium state of S. In order to avoid the possibility of
extracting work from the energy stored in V, we consider
that S is initially isolated from B. The initial Hamiltonian is
hence noninteracting, H®) = Hg + H, and the initial state
is uncorrelated, p(¥ = pg @ wpz(Hp). Given these initial
conditions, the task is to optimize the extracted work
over all cyclic Hamiltonian processes under the operations
(A)—(C) [42].

It is instructive to first recall the optimal protocol in the

weak-coupling regime [22,43-45]. It consists of four steps:
(i) a quench from H (SO) to Hy, where w;(Hy) = ps, (ii) turn-
ing on V, (iii) an isothermal process from Hg back to H,
and (iv) turning off V. In our framework, isothermal
processes correspond to a concatenation of infinitesimally

small quenches followed by equilibration steps—see

Refs. [22,45,46] for more details. The protocol (i)—(iv) has
no dissipation, and is hence reversible in the limit of an
arbitrarily weak V. In the strong-coupling regime, we show
in Sec. III of the Supplemental Material (SM) [46] that the
optimal protocol also has the form (i)—(iv), but the initial
and final Hamiltonians of the isothermal process need to be
modified. Let H 21) and H (SN> be the Hamiltonians of S when
V is turned on and off, respectively. Then, the protocol’s
total work W reads

W = W(weak) _ AF(res) _ AF(in‘)’ (4)

where W¥eak) = F(pg, Hg) — F(w;(Hg), Hy) is the maxi-
mal extractable work in the weak coupling regime,
F(p,H) = Tr(pH) + TTr(pIlnp) is the (nonequilibrium)
free energy, and we have defined

AF™) = F(p© HOY) = F(o), HD), (5)
AFCe) = F(o™ HO) - F(o©, HO),  (6)

with HO/®™) = g{/™) 4 g, 4 V. Note that F(p, H) —
Flwz(H), H) = TS[p|lwg(H)] > 0 with S(pl|le) :=
Tr[p(log p — log )] the quantum relative entropy. It follows
that always AF(™/() > 0 and we can already conclude
that strong coupling cannot be beneficial for work extrac-
tion as W < W) The correcting term AF(™ can be
interpreted as the energy dissipated when S is put in contact
with B, whereas AF() is the extractable work left on the
final state. The extracted work W in Eq. (4) is maximized

when H (Sl> and H(SN) minimize the correcting terms A F(™)

and AF(®) respectively. Assuming that pg has full rank,
we show in Sec. II of the Supplemental Material [46] that
this happens for

Trglay(HY)] = ps. (7)

Trg(wp(HN)(Hip, , = HY))

Tr(ay(HW) (HY, ,— HM))

Trp [y (H™))] . (8)

where Yy 5= [} dre’™Ye P for Hermitian operators
Y—an integral that can be solved analytically; see Sec. II B
of the Supplemental Material [46]. Furthermore,
AF(m)/(es) have at least one minimum, so that Eqgs. (7),
(8) always provide the desired solution; see Sec. III of the
Supplemental Material [46]. Altogether, our techniques
provide a procedure to determine for any model the optimal
protocol for work extraction in the strong coupling regime.
Essentially, it consists of an isothermal process, where S is
put in contact with B according to Egs. (7) and (8).

It is important to stress that although a priori Egs. (7),
(8), and in general W, depend on the entire bath B,
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commonly its Hamiltonian is local and the correlations
between its degrees of freedom decay rapidly with the
distance. Therefore, only the degrees of freedom that are
geometrically close to the boundary between S and B will
contribute. This has the important consequence that we can
solve Egs. (7), (8) by considering a small buffer region in B,
while maintaining tight bounds for the error made in such a
prescription [40,59,60]. This renders the solution practi-
cally and efficiently computable.

Corrections at lowest order of work.—Interestingly, in a
perturbative treatment, the problem at hand can be essen-
tially solved by computing covariances. Let us replace V by
gV, where the dimensionless g > 0 quantifies the inter-
action strength. In Sec. III C of the Supplemental Material
[46], Egs. (7) and (8) are expanded in g, obtaining

qul) = Hy — gTrp[ls ® w(Hp)V] + O(¢*),  (9)

(N

Hyg ) = Hg — gTrplls @ o(Hp)V] + O(g?),  (10)

where we recall that Hy satisfies pg = a)ﬁ(I:I s). Inserting
Egs. (9) and (10) into AF (i) and AF(res) respectively,

() (1)

provides AF = min H(l)/(N)AF (irr)/(res) at Jowest non-

N
vanishing order in g (See Sec. III C of the Supplemental
Material [46] for details.)
7

AF — TCOWH@))(V, V)+0(g)., (11)

and, similarly, AF I(;f;) = ﬁgzcovmﬁw(m)(v, V)/2+0(g).
Here, we have defined V:=V —Try[Vaws(Hp)),
HY:=Hg+Hyg, and cov,, ) (A, B) = Tr[Ay sBwy(H)] -
Tr[Aws(H)]Tr[Bwg(H)] is the generalized covariance
[40,46], also known as the Kubo-Mori inner product
[47-49].

Some important remarks are now in order. (i) The

expansion of AF f:;)/ () at order O(g%) depends only on

HW/WN) at order O(g), as shown in Sec. IIIC of the
Supplemental Material [46]. (ii) The first order correction
to W vanishes for any H(Sl) =Hg+0(yg), H(SN) =H+0(g).
This follows from the penalty terms AF(™/() being
differentiable functions of g and having a minimum at
g = 0. The choice (9), (10) provides the minimum coef-
ficient of O(g?). (iii) The first order correction in Egs. (9),
(10) exactly compensates for the term ¢Trglw(Hpg)V],
which often appears in open quantum systems as an
effective action of B on § [61,62]. (iv) The generalized
covariance COV (1) (A, B) captures the linear response of
the thermal state under perturbations [47-49].

Heat and dissipation.—Let us now turn to heat dis-
sipation in an isothermal process in the strong coupling
regime. For that, we do not consider a cyclic process, and
we instead fix the initial and final Hamiltonian to be Hg and

H(SN), respectively [63]. We consider the same initial
state as in the work-extracting protocol, i.e., p(0> =
ps ® wy(Hpg).

From the first law of thermodynamics, the total heat
Q=AEg+W, with AEg=Tr(Ho®)-
Tr(Hgp'?). Since AEj is fixed by pg and Hgm, it becomes
clear that the protocol for maximizing W also minimizes
dissipation —Q. Then, from Eq. (4), we obtain (see Sec. IV
of the Supplemental Material [46])

reads

Q = TAS — [AFSY + TI(0™); S:B) + AF(™],  (12)

where AS = S[Trz(@™))] — S(ps) is the gain of entropy of
S, AFU) = T[Trs(0™)|lws(Hp)] is the increase of the
free energy of B, and I(w™);S:B) > 0 is the mutual
information between S and B. In the strong coupling case,

Q < TAS, even when the isothermal process is accom-
plished reversibly. Again, this is due to the penalizing terms

AFS™) and AFG™in addition to the correlations captured
by the mutual information. Minimizing dissipation corre-
sponds to minimizing the negative terms in Eq. (12).

However, here AF ges) and / (a)(N );§:B) are fixed through
HW), Hence, we only have freedom to minimize AF (i”), a
problem that has been solved in Eq. (7).

Similar to the case of work, we can expand the correcting
terms over the interaction strength g. As before, the first
order correction vanishes, so that the series expansion reads

Q0 =TAS—-K,&* + O(g*), (13)

with K, > 0, and where we note that AS depends on
a)ﬂ(H(N)) and, hence, indirectly also on g [64]. From
Eq. (12), the simple and useful lower bound K, >

AFI(:;) follows, as given by Eq. (11). In other words,
Eq. (11) also provides a strong coupling correction to
dissipation, and to the Clausius formulation of the
second law.

Heat engines.—Given Egs. (4) and (12), bounds to the
efficiency of a heat engine can be extended to the strong
coupling regime. We consider engines made up of two
baths at different temperatures which can sequentially
interact strongly with S. We extend our formalism to
account for equilibrations of the form (3) with two baths
B, or By, at two different (inverse) temperatures . and f3;,.
The task is then to maximize the efficiency of a cycle of the
engine. The optimal cycle turns out to have the same form
as a Carnot engine (see Sec. VA of the Supplemental
Material [46]), consisting of (i) an isothermal transforma-

tion in contact with B;, from H gA)

to HgB), (i1) a quench
from HgB) to ch), (iii) an isothermal transformation with
B, from H (SC) to H <SD>, and (iv) a quench from H gD) back to

H(SA>. For weak coupling, the efficiency is maximized
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through the choice of Hamiltonians g, (H(SB)/ (A)) =

a),,c(H(SCV (D)), guaranteeing no dissipation. Given our
previous results, these conditions are naturally
extended for strong coupling to Trg w, (HB/W) =

Trg ws (HO/), where H® := H) 4V + Hy. This
provides a simple recipe for constructing minimal dissipa-
tion engines in the strong coupling regime. We show in
Sec. V of the Supplemental Material [46] that the corre-
sponding maximal efficiency #, using n = 1 —|Q.|/|Q},
(13) and expanding in g, reads

k]

(h) (c)
T./ K K
C 2°¢ q q 3
n=n"-—-9g — +0(g°), 14
Th (Q%wea.k) ngeak)> ( ) ( )

where 7€ is the Carnot efficiency, leyjak) =Ty AS (weak)

with AS®) — §(a,(HP))) = S(wy(HY)) and K\
are coefficients obtained from Eq. (13) for Bj,. By
recalling the bound K, > AF () at order O(g?)], through

min
Eq. (11) we obtain strong coupling corrections to the
Carnot efficiency.
Limit of large S.—Let us briefly discuss the macroscopic
limit, in which S becomes large. The correcting terms to

work and heat in Egs. (4) and (12) can be bounded by the
interaction strength as AF ™/ <21y ||, TI(w™); §: B) <

min

2||V||, where ||V|| is the operator norm of V. The first
bound is derived in Sec. IID of Ref. [46], whereas the
second one follows from Ref. [65]. For many-body systems
with local interactions, || V|| scales as the boundary between
S and B, while W and Q scale as the volume of S. Thus, the
above corrections become negligible in the limit of large
systems. In other words, macroscopic phenomenological
thermodynamics is insensitive to the strength of the under-
lying interactions, making these effects only relevant for
small systems.

Power.—Although nonzero interactions between S and
B tend to increase dissipation, they can enhance power by
decreasing the time scale of thermalization z. We now
derive an upper bound for such a power enhancement in a
Carnot-like engine. In order to do so, we need some
considerations on how 7 is related to g. A dimensional
analysis argument suggests that 7o g~'. In fact, in
Sec. VI A of the Supplemental Material [46] we show that
7 > 6Q/gr, with 6Q being the energy change of B during
the equilibration and r := ||[Hp, V]|| the maximum rate in
which § and B can exchange energy. From these consid-
erations we obtain (see Sec. VIB of the Supplemental
Material [46])

w gren(g)
=— < JBI . , 15
A STt <9 (15)

where W is the work produced in a cycle, At the cycle time,

n the efficiency of the machine, 7./, := ||[Hp_,. V]|, and

e/h’

V. couples S to the cold or hot bath. Using Eq. (14) we
can expand Eq. (15) in g, yielding P(g) < gr.¢/
(1 _77C + rc/rh) - 0(93)'

While the bound (15) is valid for arbitrary systems, it is
expected to be very crude in general, as it depends on ||V||.
Further progress relies on a better characterization of the
time scales of equilibration of generic systems, a notori-
ously hard and diverse problem [1]. Relations between
power and efficiency of Carnot engines have also been
obtained in Refs. [66—68], yielding complementary results.

Thermodynamic protocols within the CL model.—We
now apply our findings in the paradigmatic quantum
Brownian motion, captured in the Ullersma or Caldeira-
Leggett (CL) model [69,70]. In this model,
H=Hg+gV+ Hp+ H;, where S is a harmonic oscil-
lator, Hg = (mw’x*> + p*/m)/2, B a bosonic bath,
Hp = > (mwix? + p2/my;)/2, coupled to S through
gV with V = x>, g;x; and where g quantifies the strength
of the interaction and, for Ohmic spectral densities, the
deviations from Markovian dynamics [71], and, finally,
H; = x*¢*> 91/ (mo?) is a renormalization term. This
model plays a crucial role in open quantum systems [61]
and finds numerous applications in thermodynamics
[12,13,15,18,20,29,72-75].

The equilibrium state of S in the CL-model is given by
Trp[ws(H)), thus satisfying Eq. (3) [4,76,77]. Furthermore,
the total Hamiltonian is quadratic, and, hence, can be
solved exactly with matrices of order O(n?), where 7 is the
number of oscillators in B (see, e.g., Refs. [57,58]). This
allows us to numerically simulate thermodynamic proto-
cols exactly for arbitrary strong coupling and large (but
finite) baths. Details on the discretization of the CL model
and its simulation are provided in Sec. VII of the
Supplemental Material [46]. There, the equilibration time
is also discussed, finding 7 o 1/ g%, for g<1, using
techniques from Refs. [50,51], which agrees with standard
perturbative approaches [61].

Moving to work-extraction protocols, we stress that the
first order corrections in Egs. (9) and (10) vanish, as the
thermal state of Hp is symmetric under x; <> —x;. This
implies that the optimal protocol in the weak coupling
regime is in fact also optimal for small but nonzero g. This
is perfectly illustrated in Fig. 1, where we plot the work
extracted using the weak coupling protocol and the optimal
one, which is obtained by numerically minimizing
AF(e)/(im) - Differences between the two start appearing
only at higher orders than O(g?). Note also that Fig. 1
shows an excellent agreement between the exact unitary
dynamics and our framework, in which Eq. (3) is assumed,
even when many quenches are performed. For studying
power, we keep the number of quenches N fixed and vary
the coupling strength g. As a result of the equilibration time
7« 1/g* for g < 1, the power P(g) = W(g)/z(g), scales as
P(g) x W) — 0(g?), as shown in the inset of Fig. 1.
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FIG. 1. We take p = wy (Hg) ® w;(Hp), with g # f, and
consider the protocol for maximal work extraction in the weak
coupling regime: A quench w — wf/fg, m +— fg/f, followed by
an isothermal process back to Hg. We model the isothermal
process by N = 200 quenches, with a waiting time 10/g*> when
computing the unitary dynamics. Outer: Work vs strength of
interaction. (i) Blue dots: extracted work calculated through the
unitary evolution of SB, (ii) orange line: same computation but
assuming (3), (iii) dashed blue: optimal protocol by numerically
optimising W, (iv) dashed orange: W("%) (ie., g = 0). Inner:
Power vs interaction. Blue dots: exact unitary evolution. Orange
line: effective description using our framework. Parameters for
both figures: Setting @ = 1, B consists of n = 165 oscillators
with m; = 1 and the w;’s uniformly distributed up to Q = 1.2,
and f=3.5.For S, fg =1, and m = 1.

Conclusion.—By bringing insights from the theory of
equilibration in closed many-body systems to the realm of
quantum thermodynamics, we have derived general strong
coupling corrections to the second law of thermodynamics.
These corrections are applicable to any model of interest,
and have been obtained by designing optimal thermody-
namic protocols in the strong coupling regime. They become
relevant if the working body is a small system, and vanish in
first order with the interaction strength. An upper bound on
the power enhancement due to the interaction strength has
also been derived. A particularly relevant open problem is to
extend these considerations to scenarios where S is simulta-
neously strongly coupled to more than one thermal bath.
Then reaction coordinate mappings [12,13] appear as a
promising technique to extend results in the weak coupling
[78]. It is the hope that this work further stimulates the
emerging field of strong-coupling quantum thermodynam-
ics, aiming at identifying the potential and burden coming
along with such interactions.
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