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It is well known that any given density p(x) can be realized by a determinantal wave function for N particles.
The question addressed here is whether any given density p(x) and current density j(x) can be simultaneously
realized by a (finite kinetic energy) determinantal wave function. In case the velocity field v(x) = j(x)/p(x) is
curlfree, we provide a solution for all N, and we provide an explicit upper bound for the energy. If the velocity
field is not curl-free, there is a finite energy solution for all N > 4, but we do not provide an explicit energy bound
in this case. For N = 2 we provide an example of a non-curl-free velocity field for which there is a solution and

an example for which there is no solution. The case N = 3 with a non-curl-free velocity field is left open.
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I. INTRODUCTION

A question that arose in the early stages of density-
functional theory is whether, given the one-body density p(x)
of an N-body system of fermions, there exists an N-body
wave function (with finite kinetic energy) whose reduced
one-body density equals the given one. More particularly,
can this be accomplished with a determinantal wave function
(under the obvious, necessary assumption, which will be made
throughout, that V,/p is square integrable).

This article provides a proof of the existence of a fermionic
N-body determinantal state with a given one-body density
p(x) and a given one-body current density j(x) provided the
velocity field v(x) = j(x)/p(x) is curl-free. When N > 4, we
prove the existence of solutions even if the velocity field is
not curl-free, like when there are vortices, for example. The
proof is much more complicated in this case. To avoid dwelling
on unenlightening points of mathematical rigor, definitions of
function spaces, smoothness, and other technical questions
are left to the reader. We do assume the obvious requirement
that the support of j is contained in the support of p and,
for simplicity, that j, p, and v are differentiable. Actually we
assume that p and v are given and thus we let the current be
defined as j = pv.

In addition we provide a solution for an example with N =
2 in which v(x) is not curl-free, which implies that “curl-
freeness” is not a necessary condition for finding a solution
when N = 2. Againin the N = 2 case, an example is provided
for which no solution exists. This is contrary to a claim made
without proof in Ref. [1] [see the discussion preceding relation
(A1) there] that there always is a solution. The same claim
was made in Ref. [2] [see the sentence containing relation (54)
there]. Presently, it remains an open problem whether solutions
always exist when N = 3.

To avoid possible confusion, we emphasize that we are
discussing only the existence of determinantal functions with
the stated density and current; this state is not required to be the
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ground state of any Hamiltonian. We also note that we consider
only spinless (i.e., spin-polarized) particles here; spin can be
included but it is an unnecessary complication here.

II. STATEMENT OF THE PROBLEM

Notation. In our units, 7 = 1 and the particle mass and
particle charge are m = 1/2 and —e = —1. Vectors are
denoted by boldface. The density associated with a one-particle
function ¢ is given by p(x) = |¢(x)|>. The current density is
given by

1 1 <~
Jo(X) = Z[¢*(X)V¢(X) — p(X) Vo' (x)] = ZW(X) Vo),

which also defines the symbol V. This current is often called
the paramagnetic current. Clearly, ng V.jx)dx =0 by
Green’s theorem. The actual physical current, in the presence
of the magnetic vector potential A(x), equals j(x) + A(Xx)po(X).
Since p(x) and A(x) are regarded as given, the additional Ap
term is thereby fixed and can be ignored for our considerations.

A fermionic N-body wave function v (X;,X3,...,Xy) is
totally antisymmetric and normalized, i.e.,

||w||2=/R}N|w(xl,xZ,...,xN)de]dmmde —1. @

As stated above, spin variables could, but will not be, included
in our discussion. The associated kinetic energy is defined as

N
2
T(y) = wa [V (X1, X2, . .. X)| dx1dxs - - - dxy.
i=1

(2.2)

To this function i we associate the one-body density
Py (X) = Nf [V (X,Xa, ..., Xy)|2dXa - - -dxy,  (2.3)
R3WN-1
such that by (2.1)

/ py(X)dx = N. 2.4)
R3
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The associated current density is

L] N * pung *
Ix) = T/ Y (XX, .., Xy) Vi 7 (X,Xg, .0 Xy)
U JR3WN-D
X dX, -+ -dXy. (2.5)
When ¢;(X), .. .,¢n(X) are orthonormal functions on R3, the
N-body determinantal state
Y(xp, - Xy) = (N2 det{ge (XD h<incy  (2.6)

is normalized and

N N
Py () =Y 1P =Y pe(x),
k=1 k=1
1 N DI N
) =22 ) GOV =) k™, 27
k=1 k=1

N
) =3 [ IVacorax.
=1 'R’

We look for one-body functions that can be written as
Pe(x) = pr(x)"/? 1,

with single-valued phase functions x; and with the orthonor-
mality property

2.8)

G1.hi) = /R o0 i) expliba () — (Tl

= k. (2.9)

Our condition (2.8) should be noted. We are restricting
ourselves to functions with a well-defined global phase.
For example, the function ¥(x) = (x! + ixz)e")‘|2 is a real
analytic function that solves the problem for a smooth j and
0, whose velocity field has a curl (a § function), yet it has
no global phase function. The fact that we can solve the
problem for N > 4 with functions having a well-defined phase
is, therefore, of some interest.
The second equation in Eq. (2.7) takes the form

N N
i0=>k®=> A Vuw®. @10
k=1 k

=1

Our finite kinetic energy condition means that each component
of the vector field V¢ (x) is square integrable.

Finally, we define two energies: the kinetic energy of a
density p(x),

E) = [ 19500 . @1
RB
and the kinetic energy of a current density j,
. .
E(p) = / —i®PPdx = _/ p(X) [VX))%dx,  (2.12)
r P(X) R3
with the velocity field
1.
v(x) = —j(x). (2.13)

p(x)
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One quickly checks that, for a determinantal function,

N
TW) =Y [E(p) + Ei; o).

k=1

(2.14)

This identity is the motivation for introducing the kinetic
energy associated with a density and with a current density.

Now we can formulate the current-density problem.

The current-density problem. Given a density p(x) with
J p(X)dx = N and a current density j(x), satisfying [g: V-
jX)dx = 0, is there an N-body determinantal state r, with
functions as in Eq. (2.8), and with py(X) = p(x) and jy (X) =
j(x)? Suppose, in addition, E(p)+ E(j; p) < co. Can this
state be chosen to satisfy T () < oo? If so, what bound can
be placed on T ()?

For a physical motivation of this problem, see Ref. [2]. For
a previous discussion of this problem in the one-dimensional
case, see Refs. [1,2].

We recall a result for the case in which the density p(x)
alone is considered; that is, no j(x) is prescribed, and hence
the second condition is merely E(p) < oo. This was solved
affirmatively, independently, and by the same method in
Refs. [3,4]. The solution happens, incidentally, to have the
property that j = 0.

The following bound appears in Ref. [4]:

Suppose E(p) < oo. Then there is an N-body determinan-
tal state v satisfying py, = p and

T(y) < (4n)*N*E(p). (2.15)

Subsequently, Zumbach improved N? to N%/3 [5].

III. SOLUTION OF THE CURRENT-DENSITY PROBLEM
FOR A CURL-FREE VELOCITY FIELD

In this section we solve the problem for arbitrary N > 1,
when the velocity field is curl free, V x v = 0. See Theorem
1. In Sec. IV we drop this condition and are able to solve the
problem when N > 4. First, we recall the well-known solution
[3,4] to the familiar problem of finding ¥ which solves py, = p

for given p. Write x = (x',x?,x?) and define for —oo < x* <

f( ) - | p(S,l,M deZdu ,;.I
X _N ) ’ ( )

which is monotone increasing from 0 to 2. For given N we
introduce the set of N numbers

N—-1 N-=3 N-3 N—1
Ky =1— - , . (32
N { 2 2 2 2 } (3:2)
satisfying
> k=o. (3.3)
kE}CN
Set
1672 5
CW=7r§:k (3.4)
kE’CN
Define
¢e(x) = [p(x)/ N1 explikf (x*)}, k € Ky, (3.5)
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and  Y(xq,...,Xy) = (N2 det¢y(x;). Then p(x) =
p(x)/N and yxi(x) = kf(x?). These N functions {¢;} are
orthonormal. The kinetic energy of the determinantal state
¥ has the bound given in Ref. [4]:

T(y) < (I+Cn)E(p).

Since we establish a similar bound later, let us briefly recall
the argument for (3.6). We start with (2.14), where the first
sum on the right-hand side is

(3.6)

N
> E(p) = E(p).

k=1

For the second sum we have to compute E(ji; px) for these
functions ¢ (x), and we have that

(2n)? @)X,

OOV = ===k (e,
with the definition
gw)* = / / p(s,t,u)dsdt = ——f(u) (3.7
Hence
Z E(k; o)
keKy

= / Pk (X)| Vi () [*dx

= (ZH) Z / / / o(s,t,u)g(u)*dsdtdu

keky
(2”) / 2(w)’du. (3.8)
k€]CN
As shown in Ref. [4],
/ gw)®du < 4AN?E(p). (3.9)

For the convenience of the reader we briefly recall its proof.

Since
2(u)? = 2/” g(v)dg(v)dv
oo dv

holds, we conclude by the Schwarz inequality that for all u

[} 00 dg(v) 2
g(u)4<4/ g(v)zdv/ ( - )dva. (3.10)

The first integral on the right-hand side equals N by the
normalization condition on p. Therefore we obtain the estimate

/ " gwfdu < P / " gwdu

_ 2 [ (dg() g
= 4N /_oo(dv >dv.

To conclude the proof of (3.9) we must show that

© (dg(v)\’
/_oo< dv )d

(3.11)

< E(p) (3.12)

PHYSICAL REVIEW A 88, 032516 (2013)

holds. To do this write

/00 <dg(v)>2dv B 1/‘” (S I %p(x,y,v)dxdy)zdv
—00 dU B 4 —0o0 ffooo fjooo p(x/vy/»v)dx/dy/

(3.13)

and then use

© poo g 2
< / / —p(x,y,v)dxdy)
N N 1)

o0 00 9 2
=( / / Np(x,y,v)5¢p<x,y,v>dxdy)

< 4/00 /00 o(x,y,v)dxdy
/ / ( p(x,y, v)) dxdy,

by Schwarz’s inequality. Insert this bound into the right-hand
side of (3.13) thereby proving (3.12). We insert inequality (3.9)
into (3.8) and perform the sum over k. Collecting terms yields
(3.6).

Theorem 1. Assume v(x) = Vt(x) for some function t, i.e.,
v is curl-free. For given N > 1 let

(3.14)

0e(X) = T(X) + kf(x?), ke Ky. (3.15)
The revised functions
Pr(x) = 4/ % expli[T(x) + kf (x)]}, (3.16)

with f given by (3.1), form an orthonormal system. The
determinantal state

(X, ..., XN)
1 N
. o
= s | LVP00e™™) detfe™ ).
’ k=1

= p(X)v(x) with the

(3.17)

satisfies py(x) = p(x) and jyu(X) = j(x)

energy bound
T(Y) < CnE(p) + Ej; p). (3.18)

Proof. Clearly, the relation jy, = j = pv follows from the
fact that 3, .,k = 0. The proof of the first part follows from
[4]. So we only have to prove the estimate (3.18). By (3.15)
we have

Vx(x) =

where e; = (0,0,1) is the unit vector in the 3-direction.
Since ), k = 0, we have that

VI(x) + kVf(x®) = v(x) + %kg(x3)2e3, (3.19)

ZIVW)I = NIv(x)? +

g(x3) Zkz

i.e., the cross term vanishes. Combined with p, = p/N (and
the fact that p; is independent of k) this gives the inequality

> f pe(X) | Vi (%) *dx
r YR
47? *°
+sz2/ g(x*)0dx>.
k —o0

Using (3.7) and summing over k gives the bound (3.18). W

(3.20)
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In summary, the curl-freeness of v is a sufficient condition
for solving the current-density problem.

IV. SOLUTION OF THE CURRENT-DENSITY PROBLEM
FOR A NON-CURL-FREE VELOCITY
FIELD WHEN N > 4

This section is devoted to a proof of Theorem 2.

Theorem 2. Given p and j, when N = 4 there is always
a determinantal wave function ¥ with py = p and jy = .
Moreover, if in addition E(p) < oo and E(j,p) < oo and if
the curl w =V x vofv=j/p and its first-order derivatives
satisfy the bounds

sup [ +(x1)2](1+5)/2[1 + (xz)z](1+6)/2
xeR3, j=1,2,3

x [1+ (3?12 w;(x)] < oo

sup [1 + (x1)2](1+5)/2[1 + (x2)2](1+5)/2
xeR3,i,j=1,2,3

x [1 4 ()21 MH97218,w;(x)| < 0o

for some 6 > 0, then T (Yr) < oo.

4.1)

We conjecture that condition (4.1) can be considerably
loosened. We have used the notation 9; = 9/9,:. The proof will
be split into several steps. (To avoid clutter we will sometimes
omit the dependence on x from now on, when the meaning is
clear. Recall that x = (x',x2,x%) and do not confuse x? with
x[%.)

Step 1: Construct the p;. We do this in such a way that all
pi fori > 4 are equal, while the p; for 1 < i < 4 are different.
The motivation for this is that, in the case where the velocity
field is not curl-free, we cannot choose all p; to be equal to
p/N.Indeed, such an ansatz would give

1. 1 &
v(X) = EJ(X) = Vﬁ ; xi (X)

by (2.10), which shows that curlv =0 and which is a
contradiction. However, we may and do choose N — 3 of them
to be equal. Set

1 [ 1
§x) = m /_OO a+ yz)(1+5)/2dy’

with

o 1
- | am
and where £ (x) is a continuous, strictly increasing function in
x with £(—o0) = 0 and &(oc0) = 1. § is the § in Eq. (4.1) if
the curl w of v satisfies the bound (4.1) and is arbitrary >0
otherwise. Set p; = n; p, with

_ 2.
nmx) = ﬁé(x + o),

2
) = T—EC + A —m ),
4.2)
13(%) = == EG7 + )1 =m0 =],
1
ni(x) = m[l —mXx) —mE —nx)], 4<i<N.

o, B, and y are real and, for the moment, arbitrary.
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Observe that n; and 1, are functions of the first component
x! of x only, while the j for j > 3 depend on x! and x? but not
on x> Weclaim0<1—n(x)—nx) and0 <1 —n(x)—
1n2(x) — n3(x) hold and thus 0 < n; forall 1 < j < N.Indeed,
an easy calculation gives

1 = ni(x) = na(x)

— 2 1

—[l—nl(X)](l— N_IE(X +ﬁ)>,
L =) = n(x) —n3(x)

— 2 1

—[1—771(X)](1— N_lé(x +ﬁ)>

1 2 2
><< N t¢ +V)>,

and this combined with

-2 el py > 3
N -1 T N-T
N -4
1— 2 >
N_Zé(x + ) N2
proves the claim.
As a consequence
2
0<p<—=p, 0< < — P1)s
PLS 3P 02 N_l(p o1)

2
0< ;3 < ——=(p—p1 —p2),
N=2 4.3)

1
= m(p—pl — 02— p3),

N
4<i<N, ) pi=op.
i=1

To fix «, consider the function
2
Iw)=/ m@Mx=—1/504+amuwx
R3 N Jr3

which is continuous and monotonically strictly increasing in
o (since & has these properties). Since limy_, o /(@) =0
and lim,_, ; » I(o) = 2, these properties imply that there is
a unique o such that /() = 1. We choose this value of
a since it implies that fR3 pidx = 1, as required. Having
thus fixed «, by the same argument and using the fact that
fR3(,0 — p1)dx = N — 1, we can fix 8 uniquely such that also
fR3 p2 = 1 is valid. Similarly, we can fix y such that also
fR3 p3 = 1is valid. But then we also have that, for4 <i < N,

1
/ pi(x)dx = ﬁ/ [o(x) — p1(x) — p2(x) — p3(x)]dx
xeR3 - R3
=1. 4.4)

This completes the construction of all one-body densities
pi» 1 <i <N.

Step 2: Construction of phase functions x; satisfying (2.10).
We postpone the implementation of the orthogonality to the
remaining Steps 3-5. Given the p; and 5, constructed in the
previous step, Eq. (2.10) takes the equivalent form

3 N
> Vi +naV (Z Xi) =V.
i=l1 i=4

4.5)
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Recall that we assumed v = j/p to be well defined though
o may have zeros or even vanish in a region. As already
mentioned in the Introduction the best way to avoid such
problems is to assume p and v to be given rather than p and j.
The current j is then defined to equal pv.

We introduce

N
dm=ﬁ%§;%M) (4.6)
Then, with the auxiliary quantities
Xi=xi—t i=1273, 4.7
Eq. (4.5) is equivalent to
3
Vr=v—> 0V (4.8)

i=1

which in particular says that the right-hand side has to be
curl-free. The strategy for determining the phase factors is as
follows. We first determine the necessary form of the ¥; that
makes the right-hand side of (4.8) curl free. Equation (4.8)
then defines t up to an uninteresting additive constant. In
Step 3 the yx; for4 < i < N are determined in such a way that
they satisfy (4.6) and such that the resulting wave functions
¢ = ,oil/2 expiy;,4 <i < N, are orthogonal. For this we
follow the strategy used in the proof of Theorem 1. Finally
in Step 4 we determine the x; and hence the x;,1 < i < 3, via
(4.7) such that all ¢;, 1 < i < N, are pairwise orthogonal.

To implement these steps, we first take the curl of (4.8) and
obtain the curl-freeness condition:

3
ZVni x Vxi =w=curl v.

4.9)
i=1
Using (4.2) we can write out (4.9) in components:
dnz B3 = wi,
=011 93X1 — 0112 3X2 — 9173 D3 X3 = wa,

A1 X1 + 0112 daxa + 3113 daxz — am3 D1 X3 = W3.
(4.10)

Recall that ; and 1, depend on x! only, while 13 depends on
x! and x2. As a consequence no partial derivatives of the form
91 X1 or 9, x> appear in these equations. As preparation for the
next step we calculate some of the partial derivatives of the
n’s. The inequalities

2

amx) = N Gl o)D) >0 (4.11)
and
dan3(x) = >
m(N — 2)[1 + (2 + y)2[0)/2
X [1=ni(x) = n2(x)] >0
are valid due to
L= m®) —m®) > ¢, (4.12)

an easy consequence of the definitions (4.2) of n; and ;. In
particular 9;7; and d,13 never vanish.
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Let iy, hy, and k3 be arbitrary functions of x! only. Define

3
K1(X) =Y k1(X), K(x) =0,
j=1

(4.13)

3

K3(X)=/ <ﬂ>(xl,x2,S)ds,
o \ 0213

1 o 13
K1,1(X) = W/o ws(x',s,x° = 0)ds

1 v 0113 1 .2
——1 w2+ — W (x X 1t)dt7
amx) Jo 0213

with

Buhae) (4.14)
113(X 1.2
X) = — ) )
K1,2(X) 81n1(x‘)n3(x x7)
1
= ———[(d1m)ha(x1).
K1,3(X) 31771(x')[( 1m2)h2](x7)
In terms of these quantities the functions %; are defined as
3(\,' =K; + ]’l,‘, i = 1,2,3. (415)
Define
3
u=v->Y nvx. (4.16)
i=1

We have the following lemma.

Lemma 1. u is curl-free for arbitrary hy, h,, and hs.

By what has been said so far, it suffices to check that (4.10)
is satisfied. We give the proof in Appendix A. It is somewhat
intricate and uses the fact that w has zero divergence. By this
lemma u is a gradient field and we define t to be the solution
to the equation Vr = u. t is unique up to a constant and is
therefore fixed uniquely by requiring it to vanish at the origin.

To sum up, we have determined ¥, X», X3, and T such that
(4.8) holds. Finally we set

Xi=xi+t, i=1273 (4.17)

Observe that by (4.13) and (4.14) all components of the curl
w of v enter the definition of these three phase functions.

Step 3: Orthogonality for 4 < i < N.We construct suitable
phase functions X;, 4 < i < N, to achieve the orthoggnality of
the corresponding N — 3 one-body wave functions ¢;

$i(x) = pi ()2 B0 4 < i < N. (4.18)

To achieve this we refer to our discussion in Sec. III. Set

p=(p—p1—p2—p3)=(N—3)p4 (4.19)

such that f p(x) dx = (N — 3), which puts us in a (N — 3)-
body context by which we may invoke the discussion of
Sec. III. Indeed, the associated N — 3-body current is

N ~ N

" P ~

J= E piVxi = N_3 E Vxi=pVz, (4.20)
=4 i=4

and so the associated velocity field 1/0 T]'\is a gradient field
equal to u by the construction of t (see the end of Step 3).
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With
- 27 +00 ptoo px?
f(x) = m/ / / o(s,t,u)dsdtdu  (4.21)

and for 4 < i < N, we adjust the notation in Egs. (3.15) and
(3.16) to the present situation and set

(x) = (i —4- NT_“)]?()B), 4<i<N. (422

Observe that when i runs through 4,5,...,N, then i — 4 —
(N —4)/2 runs through the set y_3 [see (3.2)]. By the
arguments given in the proof of Theorem 1, the functions
(4.18) form an orthonormal system of N — 3 vectors.

Step 4: Orthogonality for i = 1,2,3. Here we extend the
orthonormal system (4.18) with the help of suitably chosen
phases X1, X2, and x3 and wave functions

be(x) = p P () M 1<k <3,

to an orthonormal system 5, of N vectors. This in turn means
we have to find suitable functions /4, h», and k3 as introduced
in Step 2. With this ansatz the scalar products, which we have
to make vanish, can be written as

-~ T —i —7 1/2 1/2
(¢k’¢i> — /1;3 e i(kx+hy X/)nk/ nz/ ,OdX,
' (4.23)
BB = /387i<xk+hrmfh1> 1 02 pax,
R

for1 <L k<3, 1<k 4<i<
theorem in Ref. [6].

N. We invoke the following

Theorem 3. Let m > 1 functions ¥; € L'(R"),1 <
m, be given. Then there exists a real, infinitely dlﬁ‘erentlable
function y(x) on R, with bounded derivatives, such that

f e MMy (x)dx = 0 (4.24)

holds for all 1 < j < m.The v; can be complex-valued.

The x(x) constructed in Ref. [6] is a function of one
variable only (which may be taken to be any one of the
x' that one wishes) and vanishes outside a bounded set in
that variable. Consequently, x(x) has bounded derivatives.
This implies that if the /; have finite kinetic energy [i.e.,
V¢ € L2(R™)] then the functions e *X®y j(x) also have finite
kinetic energy. Unfortunately, the theorem in Ref. [6] or the
one in Ref. [7] does not tell us how large the kinetic energies
of the e~ *™;(x) functions are, only that they are finite.

Theorem 3 is a generalization of the Hobby-Rice theorem
[8] (see also [9]), according to which a piecewise constant y (x)
(equal to 0 or = everywhere) exists with the property stated
in Theorem 3. Such a x would necessarily lead to infinite
kinetic energy (because of the discontinuities) and would not
be suitable for us. Theorem 3 tells us how to smooth out the
discontinuities and is essential for us.

Theorem 3 can be used to orthogonalize any set of any N
functions, fi, ..., fy. It says that one can add a phase to f,
so that fj and f, are orthogonal. Then one can add a phase to
f3 so that f3 is orthogonal to f; and f;. Finally, one can make
fwn orthogonal to fi, ..., fnv—1-

In our case we have to proceed cautiously. We use the three
undetermined functions %1, h,, and A3 as phases, but the astute
reader will notice that our functions already depend explicitly
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on k3 and &, and might complain about lack of independence.
In fact, only v depends on 43 and /,. Thus, no problem arises
if we do things in the right order: First we determine %3 to
make Y3 orthogonal to v; for i > 4. This fixes h3. Then we
fix h, similarly. Now 1, is fixed and we are free to choose 7
to complete the orthogonalization. The order is important!

We first consider the case k = 3 in the first relation in
Eq. (4.23). The aim is to find a suitable function /3 depending
on x! only. When we set

1/ff3)(x1)=/2 . ¢~ 0s@-T00 U2y p U2 () p(x)dx 2,
(x )eR
4<i<N,
an element of L'(R), we obtain
) =/ ey O ixl 4 <i < N.
x1eR

By the previous lemma we can find a continuously differen-
tiable function /3 such that all these expressions vanish. This
choice of &3 determines x3. We turn to the case k = 2 and
introduce the following functions in L'(R):

2
PP
_ / ¢TI0 120y 12 (30) o (x)d a2l
(x2,x3)eR?
2
¥
_ / ¢TI 20y 12 (%) p(x)dx2dx?,
(xz Z)GRZ
4<i<N,
such that
(62.01) = / ey D hax!, 3 <i < N.
R

Again by the lemma there is a continuously differentiable
function &, in the variable x! such that all these expressions
vanish. This choice of &, determines x». Finally we turn to the
case k = 1. Set

ZRED!

= /(xz . efi[m(x)fiz(x)]m(X)l/zm(x)l/zp(x)dxzdx3’
ZRED!

= /(x - e_i[Kl(x)_%(X)]'71(X)l/2n3(x)l/2p(x)dx2dx3,
v

= /(xz - eI O=TON 1200y pV2(3) 5 (x)d x>,

4<i<N,

which again are elements of L!(R). Observe that «; is known
since h3 and /&, have been determined [see (4.13) and (4.14)].
By construction

@80 =f YOG 2 << N,
R

holds. We use the lemma a final time to find a function % such
that all these expressions vanish.
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To sum up, the fﬁ, for all 1 <i < N form an orthonormal
system. Then

$i(x) = g™ = p/2(x)e ™, 1 <i <N.

are also orthonormal. By construction (2.10) holds, and the
proof of the first part of Theorem 2 is finished. It remains to
prove T () < oo when (4.1) holds. For this we take recourse
to (2.14). Since

V/pi =Vnip=VynJ/p+nVyp

holds, by using the definition (4.2) one can easily check
that each V . /n; is bounded. Since ,/p,|V . /p| € L?>(R?) we
conclude |V /p;| € L*(R¥); that is, E(p;) < oo for all i. To
estimate E(j;,0;) we proceed as follows. Since y; =t + X;
and 0 < p; < p,

fpi|Vx,~|2dx<2/ p|Vr|2dx+2/ PV dx.
R3 R3 R3
4.25)

First we consider the case i > 4. Then the second term on the
right-hand side is finite by the choice of ¥; and the discussion
in Sec. III. By the definition of t and relation (4.16),

3
Vel <8IVE+8) VXl

(4.26)
i=1
Since
[ piviax=EGip) < .
R3
by assumption, we are done if we can show that
f p|V7iI2dx < oo 4.27)
R3

holds for all i = 1,2,3. Then incidentally the right-hand side
of (4.25) is finite for all 1 < i < N. By (4.15),

/mvwdx@/ p|wz-|2dx+2/ pIVhi2dx,
R3 R3 R3

(4.28)
i=1,23.

The second term on the right-hand side is finite by the
choice of the h;, Theorem 3, and the comment thereafter.
As for the first term, the case i = 2 is trivial since x5 = 0. In
Appendix B we prove Lemma 2.

Lemma 2. The functions |Vk;| fori = 1,3 are bounded.

Given this lemma the first integral on the right-hand
side of (4.28) is also finite, thus completing the proof of
Theorem 2.

V. THECASEN =2,Vxv#0

In this section we discuss the case of two particles, N = 2.
Surprisingly, we have not been able to provide conditions
that are both necessary and sufficient for a solution of the
problem to exist. Of course curl-freeness of the velocity field
is sufficient but not necessary as the first example shows.
Conversely the second example provides a (non-curl-free)
velocity field, for which there is no solution.
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A. Solution to an example with N =2 and Vx v # (.

Let ¢ # 0 be a fixed vector and consider

p(x) =272 jx) = 732 x x)e M, (5.1)

with the resulting velocity field

v(x) = 3(¢ x X), (5.2)

which is not curl-free. The normalization f]R3 p(X)dx =2
holds, V- j(x) = 0, and both E(p) and E(j; p) are finite. We
consider the case where ¢ = (0,0,1); a general ¢ may be
discussed similarly.

Assume there are p; > 0, p» > 0, x1, and y,, with p; +
02 = p, which are solutions to the equation

p1Vxi+ V2= (5.3)
subject to the condition
A;S pj(X)l/Zpk(x)1/2ei[Xk(X)—X,(X)]dX = 8. (5.4)

Introduce ni(x) = pp(x)/p(x) which satisfies 0 < 1 <
1, n1 + n2 = 1. So we may rewrite (5.3) as

mVxi+mVyx=v, (5.5)
or equivalently
mVi —x2)+Vxa=v, (5.6)
and (5.4) as
/ 0 P! P O p)dx = b (5.7)
R

We take the curl of (5.5) and use V(X)) = —Vni(x), a

consequence of the relation 1;(x) + 1,(x) = 1. This gives
Vnix) x Vx(x) = Vx v(x) = c, (5.8)

with ¥ = x; — x2, and is valid for all x € R3. As a con-
sequence of (5.8) the vector fields Vni(x) and Vx(x) are
never parallel and in particular never vanishing. In addition
we conclude that they are orthogonal to c.

We define
m(x) = 1(1 4 tanhx"),
. (5.9
X(x) = 2x% cosh? x! + h(xl),

where for the moment 4 is an arbitrary function of x! alone.
In particular

m(x) = (1 — tanhx") (5.10)
and 0 < n; < 1is satisfied. Also by construction
VxmVy—-v=c¢

i.e., (5.8) is satisfied. But this implies there is a solution y, to
(5.6). More explicitly

x2(x) = —x?[(1 + tanh x") cosh? x! — x']

1

1 [ d
- = / (1 4 tanh y)—h(y)dy + const.,
2 0 dy
(5.11)

032516-7



ELLIOTT H. LIEB AND ROBERT SCHRADER

where h(y) is undetermined as yet. x; is of course given as
X — x2. Moreover, since tanh is odd,

1
/ npdx = [ mpdx = —/ pdx =1. (5.12)
R3 R3 2 Jr3

Thus (5.4) is satisfied for j = k = 1,2 for any choice of /. To
determine %, we inspect the remaining condition (j = 2,k =
1) in Eq. (5.4), which we write in the form

= 1
efdx = —— | 1 —tanh® x!
/R3 mmnap 2732 /}R3
x e~ @ =GP =)? il2x? cosh? x +h(x] gy
=0. (5.13)

Set

! V1 — tanh? xle=G"

273/2

x e—(xz)z—(x3)zei2x2 cosh? x! dedXS
(x2,x3)eR2

= ;\/ 1— tanhlee_(xl)ze_cosmxl,

2172

gxh) =

which is integrable and positive for all x'. Condition (5.13)
takes the form

o0
/ g(xHe™Vdx! = 0. (5.14)
—0Q
Set
+o00
a 2/ g(y)dy > 0.
—00
Then the choice
2 [F
h(x'y == / g(y)dy, (5.15)
a —00

with h(—o00) = 0 and h(c0) = 27 gives
d

o ; 1 a
/ gxhe dx! = — —e
% 2mi J_o dx!

ih(x") dx!

_ L(eih(oo) _eiht=)y — g,

2mi

By inserting this solution for 4 into (5.11), all quantities are
determined. We claim it gives a solution ¥ for which T'(y) <
oo. For the proof we use the identity (2.14). First E(p;) < oo
and E(p;) < oo is an easy consequence of E(p) < co and the
choice of n; and 1,. An easy calulation gives the bound

2 1 21 1 dh(x")
IVxo(x)| < 2|x“sinh2x"| +2cosh“x" + |x'| + ol |
x
but
dnxH 27
o = 80D
by a

decreases strongly as x! — 400. Since p, < p, and thanks to
the Gaussian form of p, we therefore obtain

E(jo; p2) = /z 02|V x2|?dx < oo.
R;
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As for E(ji; p1) weuse |V x1| < |Vxz2| + |V x| combined with
the estimate

dh(xh)
ax!

Vx| < |x2sinh2x1|+‘ + 2 cosh® x!,

a consequence of the definition (5.9) of X. So we may use the
same arguments as for the proof of E(j,; p,) < oo to conclude
E(ji; p1) < 00. By (2.14) this proves the claim 7' () < oo.

B. No solution to an example with N =2 and V x v # 0.

For the two-body case (N = 2) we provide an example with
V x v # 0, for which there is no continuously differentiable
solution to the problem. This example originated out of
discussions with Brocker [10]. Another, older example is by
Taut, Machon, and Eschrig [11].

Example 1 (N=2). Consider the choice

2 2

—X

p(x) = We )

32 (5.16)
ix) = T(0,—2x‘ 3 —x' xHe ™,
with resulting velocity field
v(x) = (0,—2x" x*,—x' x?). (5.17)

Clearly E(p) < oo and E(j,p) < o0.

Proposition 1 (N =2). There exists no solution to the
problem with continuously differentiable pr/p and i, k =
1,2, when p and j are of the form (5.16).

Remark 1. We have not been able to show that there is no
solution py, j1, p2, and j; to the problem, when the solution is
only requiredto satisfy T () = E(p1) + E(j1,p01,) + E(p2) +
E(j2,02) < 00, which means less smoothness for pi2).ji2),
and Vi)

Proof. Introduce the harmonic function on R3,

h(x'x?,x%) = 510D + (2 =267 (5.18)
An easy calculation shows that the curl of v equals the gradient

of h,

V x v(x) = Vi(x) = (x!,x%,—2x%). (5.19)

With the notation and discussion in the previous subsection,
in particular in connection with the first relation in Eq. (5.8),
we have to look for solutions 1; and ¥ to the relation

Vi x Vi = Vh. (5.20)

But now we claim there are no solutions to (5.20). Indeed,
there is even a stronger result due to Brocker [10], which reads
as follows. |

Lemma 3. Given the function h (5.18), there are no
continuous vector fields a and b on R3 with

axb=Vh 5.21)

Proof. Assume to the contrary that there are solutions a and
b to (5.21). Note that the vector field VA(x) is nonvanishing
for x # 0. Hence the vector fields a and b necessarily share
the same property and in addition we must have

ax) L Va(x), x#0 (5.22)
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[and similarly for b(x)]. Condition (5.22) written out for a(x) =
(a'(x),a*(x),a’(x)) is

a'x)x! + a*x)x? = 2a°x)x* = 0. (5.23)
Introduce the vector field
ux) = (@' (x),a*(x),—2a°(x)), (5.24)

which, by the discussion just made, is nonvanishing for x # 0.
By (5.23) itis orthogonal to the radius vector (x!,x2,x3). Hence
it is tangential to any sphere centered at the origin and nonva-
nishing everywhere there. But this contradicts the hairy ball
theorem of Brouwer [12]. For modern proofs of this theorem
see, e.g., [13], IV, 4.4, [14], Chap.4, Sec.7, Corr.11. A proof
using simple analytic tools is given in [15], VI, 2.4. ]

The proposition is now a direct consequence of this lemma
and the preceding discussion.

There is an easier direct proof, that there are no continuously
differentiable solutions a(x) and b(x) to (5.21), which uses a
slightly stronger condition. Indeed, make a Taylor expansion
and write a(x) =a + Ax + o(|x|?) and similarly b(x) = b +
Bx + o(|x|?), where A and B are 3 x 3 matrices. Alsolet T =
diag(1,1,—-2), whence Tx = Vh(x). But then the condition
(5.21) first says a x b =0 and a x Bx — b x Ax = Tx. The
first condition says thata and b are parallel. Now the casea =
b = 0 can be excluded immediately and so we may assume
Elat at least one vector is nonvanishing, say a # 0, and that
b = Aa. But with y = T'x this leads to the relation

aAx(-AA+ BT ly=y,

valid for all small y and hence, by linearity, for all y. In
particular this means that @ is orthogonal to all y,a L y, which
is a contradiction.
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APPENDIX A: PROOF OF LEMMA 1

With «3 as given in Eq. (4.13), X3 = k3 + h3 obviously
solves the first relation in Eq. (4.10). Inserting this into the two
other equations in Eq. (4.10) gives the equations

03(im1 X1 + 0im2 X2) = Wa,

- . (A1)
02(31m X1+ 0112 X2) = w3,
with
. dims(xt,x?)
Br(x) = —wy(X) — —— wi (%),

dn3(x!,x?)

)C3
W3(x) = ws(x) — 81n3(x',x2)/ (32&)(x',x2,S)ds
0 013
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0213
+ 3om3(x ' x?)drha(x!).

.X3
+32n3(x1,x2)/ <31&)(x1,x2,s)ds
0
(A2)

Using the fact that w has vanishing divergence by its
very definition, a short calculation shows that the following
necessary and sufficient condition for solving (A1),

W (x) = d3W3(x), (A3)

is valid for any choice of h13(x"). So since (A3) holds for each
x!, (3, ) is a two-dimensional gradient field. In other words
there exists w such that (w3, w,) = (d,w,d3w) holds. W can
be obtained by integrating this vector field, for example, from
(x',0,0)—with arbitrary initial value /1 (x')—to (x',x?,0) and
from there to (x',x2,x3). Thus

xz
w(x) = / Ws(x!,s,x° = 0)ds
0
3

+ / Dr(x" x3,0)dt + Iy (x). (Ad)
0

So with our choice (4.13)—~(4.15) for Xi, X2, and X3 and the
choice i1 (x") = 811, (x A (x1), the relation

m X1+ 0im x2=w
is satisfied. Observe that
w3 (x',x2,0) = wi(x",x2,0) + doms(x",x%)d1 A3(x ")

holds. Therefore also relation (4.10) is valid and the proof of
Lemma 1 is complete.

APPENDIX B: PROOF OF LEMMA 2
We start with estimates for V3. By (4.13),

ddam(xt xd) [

B = L x2s)d
) = G R J, T
1 v
-~ . 1 A~ a 17 27 d 3
+azn3(xl,x2>/o 9
82713()(1 x2) x3
P — 2P "7 1’ 2’ d B1
) = G Jy s B
1 x
- . 1 A~ 8 1’ 27 d 3
+82773(x1,x2)/(; 21 (x5 9)ds
d3 k3(X) = w1 (X).

dna(xt,x?)

To see that all |0 k3(x)|, j = 1,2,3, are bounded, we proceed
as follows. Let W stand for any of the quantities w;, d;w,
or d,w;. By the assumption (4.1) there exists a constant 0 <
C; < oo such that

W< Cill+ @R 4 ()72
x [1+ ()7~ (B2)
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holds. Therefore there is another constant 0 < C, < 00, such that the bound

X3
/ W(xl,xZ,s)ds
0

o]

oo
< / (W' a2 9)lds < Cofll+ ()72 4 (12?72 (B3)

is valid. With this preparation we start with an estimate for the first term contributing to 9; 3, which we call A;. Now

by (4.12),
d1m3(x",x?)

_ N—-2[1+ (xl + O5)2]—(l+5)/2[1 + (xz + }/)2](1"'6)/2

[32m3(x!,x2)]2

for yet another finite constant C3. We have used the relation

N [1—m®) — nX)]?

< Gl + (x4 p)? 02 (B4)

4

ddams(x' x?) = —

Combining this estimate with the estimate (B3) for the
choice W = w; and with the estimate

sup [1 + (x2 + )2 11H972[1 4+ (x2)?171+D/2 < 0 (B5)

x2eR

shows that A; is bounded.
As for the second contribution to 0y k3, and which we call
A,, we use the estimate (B3) for W = 9; w; combined with

1

| < Gyl + (x4 p)2 /2 (B6)
9n3(x!,x2)

which follows from (4.11) and (4.12), and the estimate (B5)
to conclude that A, is also bounded.

We turn to an estimate for 9, k3 and start with the first
contribution, which we call B;. The relation

2(1 4+ 82 +y)
m(N —2)(1 + (x2 + y)2)B+9/2
x [1 = n1(x) — n2(x)]

3n3(x) = —

gives the estimate

Fna(x! x?)
[Bom3(x !, x2)]?
(A 48mN —2) [x* + y|[1 + (x* + y)* 792

B 2 [1—nx) — n(x)]
Cs[1 + (x> + y)°1?
Cs[1 + (x* + y)* 12, (B7)

<
<

Again we have used (4.12) and the trivial bound
I+ @+ )T <L

We combine this bound with the bound (B3) for the choice
W = w; and the bound (B5) to conclude that B; is bounded.

As for the second contribution to 9, k3 and which we call
B, we proceed in analogy to the proof of the estimate of
A,. That is, we use (B6) and (B5) and (B3) for the choice
W = d,w; to conclude that B, is bounded.

Finally we use (B2) for the choice W — w; and (B6) to
conclude that |93 k3| is bounded.

MEN(N = 2)[1 + (! + @R[ 4 (22 4y PJI72

As for k, we start with

i) <Y lier )1
j=1
The boundedness of |V 1], see (4.14), follows similar to one
for | Vi3|. Due to the presence of the factor d;/3(x"), K12(X) is
smooth, vanishes for all large x ! and has bounded derivatives;
that is, [V« 2| is bounded. By the definition of «; 3 it remains
to estimate

1
01k1,3(x) = —<31Tm(x)> [(317m2) h2](x)

2
oo 0r) 2]

T [(817m2) 91h2](x), (B8)

since k1 3 is a function of x! only. The relations
1

9 ——x) = mN(1 + 8)x'[1 + (x")2]0~D2
o1m
31772(X) = m[l 4 ()Cl + ﬂ)2]7(1+5)/2[1 _ nl(x)]
- (! 1 29—(148)/2
aNN =1 & AL+ A
(B9)
show that

1
d— )oin
<l31771>12

is bounded. Since £, is bounded this shows that the first term
on the right-hand side of (B8) is bounded. By calculating 8775,
a similar argument shows that
1
52
! 2

is bounded, such that the second term on the right-hand side of
(B8) is also bounded. The third term is bounded, since 9;#>(x")
vanishes for all large x!. In conclusion, we have established
that |[Vk 3| = |9; k13| is bounded and this completes the proof
of Lemma 2.
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