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Abstract. We study properties of the Hirzebruch class of quotient singularities C" /G,
where G is a finite matrix group. The main result states that the Hirzebruch class
coincides with the Molien series of G under suitable substitution of variables. The Hirze-
bruch class of a crepant resolution can be described specializing the orbifold elliptic genus
constructed by Borisov and Libgober. It is equal to the combination of Molien series of
centralizers of elements of G. This is an incarnation of the McKay correspondence. The
results are illustrated with several examples, in particular of 4-dimensional symplectic
quotient singularities.

1. Introduction

The McKay correspondence is a postulated relation between the geometry of a
crepant resolution of a quotient singularity and the properties of the group defining
the singularity, or its representation theory, see [IR96], [Rei97]. A resolution of
singularities 7: Y — X is called crepant if ¢*Kx = Ky. One may think that
this condition is to ensure that the resolution is, in some sense, “not too big”,
it does not have unnecessary components. It was first observed by McKay in
the 2-dimensional case, [McK80], that the structure of the minimal resolution
of a Du Val singularity, C2/G for G C SL(2,C), can be described in terms
of the group structure: the components of the exceptional fiber correspond to
conjugacy classes of elements of GG, or to its irreducible representations. Reid
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conjectured, see [Rei97], that this should be true in a more general setting. Since
then the correspondence was proven in certain cases on various levels of detail. First
came the proof in dimension 3, given, e.g., in [IR96]. The weak version, i.e., the
equality between dim H*(F), where E is the exceptional divisor, and the number
of conjugacy classes in G is due to Batyrev for any G C SL(n,C), [Bat99].
For symplectic resolutions of symplectic quotient singularities Kaledin has shown
that there is a natural bijection between conjugacy classes in G and the basis of
cohomology, [Kal02]. The correspondence conjecture can be also rephrased in the
language of derived categories, see [BKRO1].

There is a broader understanding of the McKay correspondence. We search
for a relation between the geometric properties of the resolution and the algebraic
properties of the group and its representation. Here we do not assume that the
resolution is crepant. It can be any resolution, but we pay a price: we have to
correct the data if the resolution is too big. This is the strategy of [BLO5] or
[Vey03], also present in [Bat99]. The correction terms depend on the structure of
the resolution. The invariant which we are interested in is the Hirzebruch class

tdy (X) € H.(X) ® Qly].

It is defined both for the quotient variety, which is singular in general, and its
resolution. If X admits a crepant resolution f : X — X then td,=o(X) coincides
with the image of the classical Todd class of the resolution

tdy—o(X) = futd(X).

The equality does not hold for the full Hirzebruch class, as it is seen already by the
example of Du Val singularities. However, the difference between td, (X — M)
and f*tdy(X') is well controlled.

It is convenient to assume that X is embedded in an ambient smooth variety

M and to study the image
tdy (X — M) € H,(M) @ Qly] ~ H*(M) ® Q[y].

Since we are interested in equivariant situation with respect to the torus C* action,
our enriched invariant belongs to the equivariant cohomology

fiz. (X) ® Qly] = ( I] 1% <X>) ® Qly.
k=0

To compute the Hirzebruch class we use its functorial and motivic properties
[BSY10, Thm. 3.1], see also [Web16b, §5]:

tdy, (X < M) = p.tdy(X) — putdy (B — X) + td, (p.(E) < M). (1)
Here p : X — X is the resolution of singularities and E C X is the exceptional

divisor. The formula (1) can be treated as an inductive definition of the Hirzebruch
class for singular varieties, provided that we know what td,(X) is for a smooth
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variety as the initial step of the induction. In the smooth case the class td,(X) =
td(TX)ch(A, (T* X)) was defined by Hirzebruch [Hir56, Chap. 4]. (We recommend
[Huy05, §5.1] as a short introduction.) It is the multiplicative characteristic class
associated to the formal power series

1+ye™™
h =r—.
y(@) =2 P

The Hirzebruch class for singular varieties was defined in [BSY10]. The equivariant
version is studied in [Web16a], using the method of [OhmO06], see also the introduc-
tions to [MWI15], [Webl16b]. We wish to study singularities locally, therefore
we restrict the Hirzebruch class to the singular point, or equivalently to any
contractible C*-stable neighbourhood of the singular point. We will assume that
the ambient space M is a vector space with a linear action of C*. This way
we obtain the local equivariant Hirzebruch class which belongs to the equivariant
cohomology

HE (M) ® Qly] = H. (pt) ® Qly] ~ Q[[t]][y]-

One can express the Hirzebruch class in a convenient way by taking 7' = e~* and
using the Euler class of the C*-representation on the tangent space ToM ~ M.
Our first result, Theorem 1, says that the Hirzebruch class of the quotient M/G
essentially coincides with the (extended) Molien series of the representation of G
on M ~C".

A fundamental problem of the McKay correspondence is to compute invariants
of a crepant resolution of a quotient singularity in terms of invariants of the action
of G. In our case we consider quotients of an affine space, but to compute the
Hirzebruch class of a crepant resolution (if it exists) we recall a construction which
holds in general, and moreover is valid in the equivariant setup. The general theory
is built in a series of papers of Borisov and Libgober [BL00], [BL03], [BLO05]. They
define a more delicate invariant, called the elliptic genus, and a related cohomology
class. It is not motivic, i.e., it does not behave additively with respect to cut and
paste operations. Nevertheless, the elliptic class can be defined for a certain class
of singular varieties, including quotient singularities.

Due to [BLO5] the elliptic class of X/G can be computed in terms of various
data associated to the fixed point sets X9 for ¢ € G. If X/G has a crepant
resolution, then the elliptic class of X/G is the image of the elliptic class of the
resolution. If X = V is an affine space we obtain a rather complicated description
of the equivariant elliptic class of V/G in purely algebraic terms. The elliptic class
(depending on a formal parameter ¢) specializes to the Hirzebruch class when ¢
tends to 0. This way, somehow going around, we arrive at the formula for the
Hirzebruch class of a crepant resolution of V/G. This time the formula is easy.
We obtain a combination of Molien series of centralizers of elements of G. The
formula makes sense even when a crepant resolution does not exist.

The results presented here fit in the general idea of describing the geometry of
resolutions of a quotient singularity in terms of group properties. In Theorem 1
we show that the equivariant Hirzebruch class of a quotient singularity C™/G is
very closely related to (and can be easily derived from) the (extended) Molien

t
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series of GG, containing information about the degrees of invariants of exterior and
symmetric powers of the considered representation of G. For us the symplectic
actions are the most interesting. Their Hirzebruch class has a very particular
form. We have computed multiple examples (mainly in dimension 4) and we have
noticed certain phenomena, which deserve further study.

Maybe the most intriguing one is certain positivity of the local equivariant
Hirzebruch class. The search for positivity of singular characteristic classes was
started by Aluffi and Mihalcea in [AMO09]. They observed that Chern—Schwartz—
MacPherson classes of Schubert cells in the classical Grassmannians are effective
in all computed cases. Being effective (in that case) is equivalent to having
nonnegative intersections with the basis of the cohomology of the Grassmannian
formed by Schubert classes. It was conjectured that positivity holds for Grassman-
nians. The conjecture was proven by Huh [Huhl6]. His proof works only for
classical Grassmannians, while the question of positivity makes sense for any
homogeneous space G/P. Also, the proof of Huh cannot be repeated in the
equivariant setting.

Positivity of local equivariant Chern—Schwartz—MacPherson classes for Schubert
varieties was noticed in [Web12] by computer experiments. So far there is no proof.
Moreover, in [Webl6a], it was noticed that there is another, stronger positivity
of local equivariant Hirzebruch classes. Positivity was proven for simplicial toric
varieties, while for various Schubert cells in G/ P it was only observed in the results
of computations. The positivity of local equivariant Hirzebruch classes implies the
positivity of local Chern—Schwartz—MacPherson classes. In the present paper we
prove a particular form of positivity of local equivariant Hirzebruch classes as well
as positivity of local equivariant Chern—Schwartz—MacPherson classes of quotient
varieties C"/G.

We would like to remark that we do not know what are the meanings and
consequences of both positivities. It is just a phenomenon, which we observe and
prove in some cases. We wish to have applications and to find relations with other
properties of singularities.

The results of the paper are the following;:

e Theorem 1 shows that essentially the equivariant Hirzebruch class of C"/G
is equal to the Molien series of the representation. The proof is based on a
version of the Lefschetz—Riemann—Roch theorem proved in [CMSS12]. It is
given in Section 3.

e In Section 4 there are described symmetries of the Hirzebruch class of the
quotient singularity. The proof is based on the interpretation of the equiva-
riant Hirzebruch class as the Molien series. This is done in Section 4. For
G C SL,,(C) or symplectic quotients we have additional functional equations.

o We illustrate Theorem 1 by the example of Du Val singularities in Section 5.

e Theorem 13 and Corollary 14 in Section 6 describe the equivariant Hirzebruch
class of a crepant resolution in terms of Molien series. The result is a
specialization of the McKay correspondence proved for the elliptic class by
Borisov and Libgober [BL05].
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e In Section 7 we discuss positivity of the local equivariant Hirzebruch class.
e In Appendix 8 we give a series of examples of Hirzebruch classes for symplectic
quotients.

The symplectic singularities were in the center of our interest. Their crepant
resolutions are automatically hyperkahler. For this class of singularities probably
one should define and study a characteristic class which would contain more
information than the elliptic class. We leave this subject for future research.

2. The main result

Suppose G C GL,(C) is a finite group. In general the quotient X = C"/G is
a singular variety which admits an action of C* coming from scalar multiplication
in C". Suppose X is embedded equivariantly in a vector space M. As M* we can
take the space freely spanned by the generators of (Sym®(C"))“. Precisely, the set
of homogeneous generators sy, 8o, ..., S, € (Sym®(C™))% defines a surjection from
the polynomial ring C[31, 32, . . ., §m] — (Sym®(C™))€. This defines an embedding
C"/G — M = C™. The vector space M admits a linear action of C* such that
the embedding is equivariant. The weights of this action are wy = deg(sy) for
k=1,2,...,m. The equivariant Hirzebruch class (see, e.g., [BSY10], [Web16a])

tdy (X — M) € HS' (M) @ Qly] ~ Q[[]][y]

is of the form
GU(M, O) ! H(ya eit)v
where

e cu(M,0) is the Euler class at the fixed point p, that is

dim(M)

eu(M,O):( H wk)tdim(l‘/l)7

k=1

is the product of the weights wy € Z of the action of C* on TyM ~ M.
e H(y,T) is a rational function in 7' = e~*. When multiplied by

dim(M)

IT a-1v)

k=1

it is a polynomial in T and y. The function H(y,T) does not depend on the
embedding.

We stress that the equivariant Hirzebruch class is an invariant of a singularity
computed via resolution. That is so in general, but of course in some particular
cases one can avoid resolutions — see our computation of the Hirzebruch class for
Du Val singularities given in §5.1.
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On the other hand, we have a purely algebraic invariant of the representation
of G. The (extended) Molien series is defined by the formula:

Mol(v, T)) ZZdlm ((AY(C™)* @ Sym*(C™)") )t T*.

|k0£0

By Molien’s theorem (1897)
1
Mol(0,T) _—
ol( |G| Z < det(1 — Tg)’

An easy generalization (see Appendix 9) of Molien’s theorem provides the formula

det(1 + vg)
Mol(v, T') 2
ol(v, \G\Zdetl—Tg @)

The goal of this paper is to show a relation between the local equivariant Hirze-
bruch class of the quotient singularity C"/G and the Molien series of (the chosen
representation of) G. We prove

Theorem 1. For any quotient singularity we have
c* _
td, (X < M) = eu(M,0)Mol(yT,T),

i.e.,

H(y,T) = Mol(yT,T).

This kind of interpretation of the local Hirzebruch class (or rather the Todd class
for y = 0) has appeared already in [Bau82, (3.8)] in a slightly different context.

The equality can be understood as a form of the McKay correspondence: a
relation between geometry of the resolution of the quotient singularity and algebra-
ic properties of the action. We prove Theorem 1 by applying the Lefschetz—
Riemann—Roch theorem. A similar LRR-type formula for the elliptic genus was
proved by Borisov and Libgober [BL05]. Their formula applies to crepant resolu-
tions of global quotients of projective manifolds. Our approach is local. By the
result of Borisov_and Libgober specialized to the Hirzebruch class of a crepant
resolution of f : X — C"/G we obtain that

-
m= > ()= IMol(C(h), (€)' yT, T),

heConj(G)

where Mol(C(h), (C™)";yT,T) is the Molien series of the representation of the
centralizer C'(h) on the space of fixed points (C™)". By age(h) we understand
heq Mk, where €™M k=1 ... n are the eigenvalues of h and A\ € [0,1) N Q.

Remark 2. The elliptic genus is more general than the Hirzebruch x,—genus. The
elliptic characteristic class specializes to td, by a limit process. It might be
interesting to see what is an interpretation of the local elliptic class from the
representation theory point of view.
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3. Lefschetz—Riemann—Roch

First let us recall results of [BFQT79] which lead to a formula for the Todd class
of the quotient variety td,—o(Y/G). After that we review [CMSS12]|, adapting
the notation to our purposes. These strengthened versions of Lefschetz—Riemann—
Roch allows us to compute the full Hirzebruch class. The proof of Theorem 1 is
just checking that the methods of [BFQ79] and [CMSS12] apply in the equivariant
case and interpreting the result for ¥ = C”.

3.1. LRR for the Todd class

Suppose Y is a smooth quasiprojective variety on which a finite group G acts. Set
Yi={zeY|gx =z}

Let V C Y9 be a connected component. We will define a certain element \{, €
K(V)®C in the K-theory of coherent sheaves. Let Ny /v be the conormal bundle

codim(V')
o= ) Z a-(A*Ny )y )ga € K(V)®C (3)

a root of unity

where (A*Ny )y )50 € K(V) is the subbundle of A*Ny .\, on which g acts with

eigenvalue a. If Ny, = ZO:dlim(V) Lj was a direct sum of line bundles with g

acting on Ly via the multiplication by ag(g) then we would have

codim(V')

o= I (- anle) 'z,

k=1

By [Don69, Lem. 4.3] this element is invertible. Let

LWy = > M) te K(Y9)®C.

V component of Y9

Denote by X = Y/G the quotient variety. By [BFQT9, §4(2)] we have an equality

[Ox] = IGIZWQ LYY) e K(X)®C, (4)

geaG

where 79 : Y9 — Y/G = X is the projection of the fixed point set to the
quotient. The Todd class is obtained by applying the Grothendieck—Riemann—
Roch transformation

K(M) — H*(M),
F > td(M)ch(F),
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to formula (4). Here td(Y) is the classical Todd class and ch(—) is the Chern
character. We obtain

td(M)ch(Ox) = td(M <|G| > m(L9Y) )

geG

1
GRR ___ = S 7 (td(Y9)ch(LOY)).
Gl 24"

This is an expression for the image of Baum-Fulton-MacPherson class in H*(M),
which coincides for rational singularities with tdy=o(X < M) (see [BSY10, Examp-
le 3.2] or [Webl6a, §14]). Each morphism 79 can be factorized as 7 o 19, where
19 :Y9 — Y is the inclusion of the fixed point set. We write

T Yy 1(td(Y9)ch(LWY)).

geG

1
tdy:()(X — M) = @
The class ch(L9Y) is the sum of contributions ch((A{,)~!)) coming from various

components of Y9 and the expression for :f(td(Y?)ch((A\{,)™1)) in terms of the
Chern roots is the following:

codim(V) 1
v (td(yg) ‘ H _1_>
pon L—ar(g)~tem
dim(Y) 1 codim(V) 1
— 9 . e
= < H 1 — e H 1— ak(g)—le—xk> (5)
f{=codim(V)+1 k=1
codim(V') dim(Y) " codim(V') 1
J4
= H Tp - H T H PR p——
k=1 t=1+codim(V) l—emoe o 1-ar(g)™lem™

where

o 1 for k=1,...,codim(V) are the roots of (Ny,v),
e the eigenvalue corresponding to xy is ag(g),
o 1y for £ = codim(V),...,dim(Y") are the roots of Ty .

Finally we can write
dim(Y)

#(td(Y)eh((A) ) = ]

k=1

. S
1 —ak(g)~te
setting ar(g) =1 for k > codim(V).

3.2. LRR for the Hirzebruch class

The same argument can be carried on for the full Hirzebruch class, as it is done in
[CMSS12, Thm. 5.1]'. For simplicity let us assume that Y9 has one component.
We obtain

tdy (X — M) |G| Z?Tg <td (Y9) H TG ((Nyyys),, e76)> (7)

0€(0,2m)

!The authors of [CMSS12] use the notation Ty for our tdy.
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where for 6 € [0,1) the entry fg ((Ny)ya)gen) € H*(Y9) ® Cly] is expressed in
terms of z,, the Chern roots of (Ny/ys) cio as follows:

dim((Ny,ya), .i0)

. 14 y efzsfie
T@? ((NY/Yg)g,e”’) = H 1 _ 210
s=1

Lo Lrvalten
) T—ax(g)Te

Y

k: ei®=ay(g)

see [CMSS12, §2.1(vi) and Def. 2.2]. The formula for td, is almost the same as for
Ty‘g with 6 = 0:

dim(Y) —
o (1 +ye )
tdy (V9) = H =T
{=codim(V)+1
Therefore
L‘z (tdy(Yg) H Ty@ ((NY/Yg)g,eie) >
0€(0,2m)
dim(Y codim(V
_Lg( 1—([) zo(l+ye ™) H( )1+yak(9)‘1e‘“> -
T x _ p—xy _ —1,—x
t=codim(V)+1 L—emm i L ak(g)Tlemm
codim(V dim(Y - codim(V 1
- H( )x : 1-([) (l+ye™) H( 1t ya(g) e
¥ - 1—e o 1—ap(g)~te—zr ~
k=1 {=1+codim(V) k=1

As before, we write that class in a closed formula

dim(Y")

g (tdy(Yg) H fve ((NY/Yﬂ)gﬁw)) = H xk(l —‘v‘yak(g)—le—mk) (9)

_ —1l,—x
0€(0,27) k=1 1 —ap(g)~tem™

setting a(g) = 1 for k > codim(V'). We remark that the proof given in [CMSS12]
uses K-theory of mixed Hodge modules of M. Saito [Sai00].

3.3. Proof of Theorem 1

Suppose that the group C* acts on Y and the action of C* commutes with the
action of G. Then X =Y/G admits an action of C* such that the projection

Y =+ X
is C*-equivariant. We claim that formula (7) holds in equivariant cohomology.

To justify that let us recall the definition of the equivariant Hirzebruch class via
approximation [Webl6a, Def. 7.1]:

c* T * —1 c*
S (X) = Tim_pi, (tdy(Br) ™) Nty (B xS X),
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where F,, — B,, is an approximation of the universal C*-bundle with B,, being a
smooth algebraic variety? and p,, : Em x€ Y — B, the associated approximation
of the Borel construction. The group G acts on E,, x© Y and by the functoriality
of the Riemann-Roch transformation we obtain the generalization of formula (7)
for equivariant homology

tdg*(X |G|Z7T*Lg(tdc YY) HT NY/Yg)ge“’))EHC* (X)eCly]. (10)

geG 0e(0,2m)

Here the equivariant class ¢J (tdg (Y9) Ioe(0,2m) ((Ny/yg)g ebe)) is given by

the same formula (6), which is valid in the equlvarlant cohomology of Y9. Since
X has only quotient singularities, we have Poincaré duality

Hro(X) ~ B2 (x),

Let G C GL,(C) be a finite group and let Y = C™ be the natural representation
of G. Assume Y& = {0}. The scalar action of C* commutes with the action of G.
We apply formula (10) to computing the equivariant Hirzebruch class. As before,
each morphism 79 is factorized as 7 o (9, where 9 : (C™)9 — C" is the inclusion.
Let us compute the equivariant version of the class computed in (6):

Lg (td(c Yg H T NY/YQ)g,ei9)>

0€(0,2m) (11)
dim((C™)Y) _ codim((C™)Y) 1
_ 4eodim((C™)?) H tl+ye™) H (1+yar(g)~'e™)
1—et 1—ap(g)~te t ~
(=1 k=1

The numbers a(g) € C for k =1,..., codim((C™)9) are the eigenvalues of g which
are different from 1. Finally, we can write

ol -ir
d (td(C YY) H T NY/Yy)g,e'i9)> =t" H Ma (12)

_ 1
0€(0,27) jo 1 ar(g)~'T
where ay(g) for k = 1,...,n are all the eigenvalues of g acting on C* and T' = e *.
We assume that the ambient space M containing X is another vector space. Let
J : X — M be the inclusion. For any element a € H¢. (Y') we have

(ema)lo _ oy
eu(M,0) eu(Y,0)

€ He. (pt) @ Cly,t™'] ~ C[[t]] ® Cly, ¢~ '].

Setting a = ¢4 (tdg (Y9) Ipe(0,2m) Ty ((Ny/yj) 619)) and summing over the ele-
ments of g we obtain the expression for tdg (X <= M)|p/eu(M,0). We change the

2The standard model for By, is P™ and Ep, = C™ 1\ {0}.
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1

order of the summation replacing g by ¢~ and we conclude that

tdy (X <= Mo gtd (X)lo

eu(M,0) eu(M 0)
i 1—ap(g)T = det(1 —Tg)

By formula (2) this is exactly the expression for the extended Molien series with
v = yT. Hence i
tdy, (X < M)|o = eu(M,0)Mol(vT, T).

The restriction to 0 is an isomorphism on equivariant cohomology since M is
contractible. Thus we obtain the claim. [

4. The functional equation

The function

H(y,T) = tdS (C"/G — M)

eu(M,0)
has some symmetries.

4.1. General linear group

The basic symmetry holds for arbitrary G C GL, (C); further symmetries appear
for subgroups of SL,,(C) or Sp,,(C).

Proposition 3 (Duality). For any n-dimensional quotient singularity we have

H(1/y,1/T)(~y)" = H(y,T).

Proof.

1+a 1
H(1/y,1/T) = Mol(1/(yT),1/T) = |G|ZHW

geGk 1

a (yI') = (yTa |
|ZH k( Z‘/ y k(g)1 )

ey i “Tar(g)~t - 1)
1+yTak -1
ZH T T (T
|G| 9eG k=1 1 Tak

1 1

We replace g by g7 in the summation and we note that the eigenvalues of g~
are inverses of the eigenvalues of g:

1+yTak 1)
H(1/y, 1/T) = \G| ;IH1—T% 0y
= (—y)‘”Mol(yT’ T)=(-y) "H(y,T). 0O
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This duality does not hold for arbitrary singularities. For example, for the affine
cone over a curve of degree 4 in P? we have

T+T?+ (3T -T2y

1—1) +1

H(y,T) =2(1+y)

and the duality does not hold. (The formula for the Hirzebruch classes of affine
cones is given in [Webl16a, Prop. 10.3].)

Proposition 4 (Divisibility). For any finite subgroup G C GL,(C) the polyno-
mial H(y, T) —1 € Q(T)[y] 4s divisible by y+ 1.

Proof. We have

det(1+yTg) — det(1 — Tg)
det(1 —Tg) '

H(y,T) —1 = Mol(yT,T) — |G|Z

The expression vanishes for y = —1, so divisibility in Q(T)[y] follows. [
Divisibility can be explained geometrically by the fact that

eu(M,0)(H(y,T) — 1) = tdy ((C"\ {0})/G < M)

and (C™\ {0})/G is a sum of nonconstant orbits of C*. Each orbit is isomorphic
to C* and x,(C*) = —(y + 1). The divisibility follows from the multiplicative
properties of x,-genus and the Hirzebruch class.

4.2. Special linear group
Proposition 5 (SL-duality). For any finite subgroup G C SL,,(C)

H(yT?,1/7)

H(y,T) = (—T)"

Proof. First note that for G C SL,,(C) the sequence of exterior powers is symmet-
ric, i.e., AY(C") ~ A"~!(C"). Hence we have

Mol(v,T) = Mol(1/v, T)v"™

Then, applying Prop. 3, we obtain

H(yT?1/T)  Mol(yT,1/T)  Mol(1/(yT),1/T) .

e T T
— H(/y.1/T)(~y)" = I?EZZ)? (" =Hy.T). O

The SL-duality means that the coefficients of H(y,T) as a polynomial in y are
palindromic with respect to 7. This kind of duality does not hold in general. For
example, for the quotient of C? by Z, acting diagonally we have

14+ (n—DT"+2nT"y + ((n — 1)T™ + T?")y?
(1—-Tm)2

H(y7T) =
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4.3. Symplectic group
Proposition 6 (Symplectic divisibility). If G C Sp,,(C) C SLg,(C) is a finite
symplectic group then H(y,T) — (—y)" is divisible by yT? + 1.

Proof. We have

H(y,T) — (—y)" = Mol(yT T) = (—y)"

Z det(1 4+ yTg) — (—y)™ det(1 — Tg)
|G’| det(1 —Tg) ’

geG

so it suffices to prove that for any g € G the polynomial
P(y,T) = det(1 +yTg) — (—y)" det(1 — Tg)

is divisible by (yT?+1). If we view it as a polynomial in y over the field of rational

functions Q(T'), we need only to show that P(—=z,T) = 0. One looks at

1 1
P (—T2,T) = det (1 - gT> Tom det(1 —Tg)

which is 0 if and only if the coefficients dy, . . ., ds, of the polynomial det(1 — Tg)
form a symmetric sequence: dy = da,—j for any k € {0,...,n}. Equivalently, the
sequence of eigenvalues (a1(g),...,a2,(g)) of g is a permutation of the sequence
(a1(g)71,...,a2,(g)~1). And symplectic matrix groups have this property. [

Corollary 7. The polynomial H(y,T) — (—y)™ for a symplectic quotient C*"/G
is divisible by (y +1)(yT? +1).

Proof. Observe that (—y)™ — 1 is divisible by y + 1 and use Propositions 4 and 6.
O

Corollary 8. For a surface quotient singularity the polynomial H(y,T) is deter-
mined by H(0,T). It is of the form

(y+ D) +yf(1/T)) +1
where f(T) = H(0,T)—1. For symplectic quotients the Hirzebruch class is equal to

Proof. The first statement follows from Propositions 3 and 4 since for a surface
singularity H(y,T) is of degree two as a polynomial in y. The second statement
follows from Corollary 7. [
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5. Hirzebruch class of quotient surfaces

5.1. Du Val singularities as hypersurfaces

The Hirzebruch classes of Du Val singularities, i.e., the symplectic quotients of C2,
are surprisingly simple. All of these quotients can be realized as hypersurfaces
X C C? given by quasihomogeneous polynomials. In general, for a hypersurface
in a smooth variety X C M the image of the Baum—Fulton-MacPherson class in
H*(M) is given by the formula

td(M)ch(Ox) = td(M)(1 — e~ XD, (13)

see [Ful98, 18.3.5]. The embedding into C* can be made equivariant and the
formula (13) holds for equivariant classes. Since the Baum-Fulton-MacPherson

class coincides with the class tdy 0, We obtain
td® (C3) . 1—17
H(0,T) = ——=+——%ch- (Ox) =
0.7 = G0 O = g-mna a1y

where w; are the weights of the action of C* on C3 and d is the weighted degree
of the polynomial defining the hypersurface. By Corollary 8 we have

1-14

H(y7T) = (y + 1)(yT2 + 1) (1 _ Twl)(l _ Twz)(l _ Tws)

— .

5.2. Hirzebruch classes of Du Val singularities
We list below the Hirzebruch classes for the series A, D and E:

e Group Z,, singularity A, _1, 2™ + y? + 22

) 1—71°"
(y+1) (yI* +1) T —T”)2 — .

By Theorem 1 this expression is equal to

1 Z 1+ 2cos(2knm/n)y T + y?T?
1 —2cos(2km/n)T + T2

e Binary dihedral group BDy,_3), singularity D,, 2"t 4yt 4 22

1— T4n—4

(y + 1) (yT2 + 1) (1 _ T4) (1 _ T2(n—2)) (1 _ T2(n—l))

— .

e Binary tetrahedral group BTh4, singularity Eg, 2% + 33 + 22

1 _T24
1-16(1-181-12

(y+1) (yT? +1)
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o Binary octahedral group BO,s, singularity E7, 23 4+ 2y3 + 22

1 T3
(1—T12)(1—1%) (1 T1%)

(y+1) (yT? +1) — .

o Binary icosahedral group Blgg, singularity Eg, 2° + 3> + 22

1— T60
(]_ _ T12) (1 _ T20) (1 _ TBO) -y

(y+1) (yI? +1)

The Chern—Schwartz—MacPherson classes are specializations of Hirzebruch clas-
ses: ¢*M Jeu(M,0) = lim,,_; H(y,e~*¥?). The local equivariant version of
Chern—Schwartz—MacPherson classes is studied in [Web12]. Here are the formulas
for Du Val singularities.

An_1 D, E¢ E7 Es

nt242t+1  4(n—2)t2+2t+1  244242t41  48t242¢+1 120t2 42t +1
nt2 4(n—=2)t2 > 2412 48t2 12062

5.3. Hirzebruch class of surface singularities via resolution

Suppose that (S,0) C (M,0) is a germ of isolated surface singularity embedded in
a smooth variety. Suppose a torus C* acts on M preserving S and 0. As before,
M can be taken as a vector space with a linear action of C*. Let S — S C M be
an equivariant resolution of S with the exceptional divisor having simple normal
crossings. By functoriality and additivity of the Hirzebruch class we have

c o cr ~ cr
td, (S — M) =p.td, (5) —pitd, (E— S)+td, (0= M)
=p.tdy (S) + (1 - xy(E))[0],
where p : S — M is the resolution map composed with the embedding into M, E =

Ule E; is the exceptional divisor and [0] € H¢. (M) is the class of the point. The
Xy-genus of I/ can be computed by additivity:

k k
Xy(E) = ZXU(EZ) —Lxy(pt) = Z(l —g)(1—y)—¢

i=1

where g; is the genus of F; and ¢ is the number of intersection points. If F is a
tree of rational curves then

Xy(B)=—k(1-y)—(k-1)=—-ky+1

and
o =
tdy (S — M) :p*tdy (S) + kyl0].



686 MARIA DONTEN-BURY, ANDRZEJ WEBER

To compute the push forward p*tdg*(g) one can apply Atiyah-Bott or Berline-
Vergne localization, [AB84], [BV82], which holds in the relative case by [PT07,
Cor. 3.2]. If the action of C* has only isolated fixed points, then

.~ 1 .~
petdy (S)]o = eu(M,0) > —=—tdy (S)], =
QC* eu(S7p)

peSt
B 1+ yTwr(®) ] 4 yTw2(P)
= ell(Mg 0) Z 1_ Tw1(p) 1_ TU)2(P) )

pesc”

where w;(p) for ¢ = 1,2 are the weights of the C* action on the tangent space Tpg.
If the fixed point set S is not finite then the expression for the Hirzebruch class
has an additional summand corresponding to each fixed component Ey;,

1 C*,/ Cc* 1 + ye_cl(Nfiz)
——td = td, (Ffiz) ————————, 14
/Efig; Cl(Nfi;c) y (S)|Efw / y ( f ) 1 — e—c1(Nsia) (14)

Efiz
where Ny;, is the normal bundle to the fixed component.

We will illustrate the computations by the example of Du Val singularities.
Among Du Val singularities only A,, with n even has isolated fixed points in the
resolution. For the remaining Du Val singularities there always exists exactly one
fixed component:

— the central component of E for the series A,, with n odd,

— the component which meets three other components for the series D,, and

E63 E77 E8'
To describe the situation we encode the weights in the Dynkin diagram: the edges,
i.e., the intersections of divisors, are labelled by the weights of the action of the
torus on the tangent space at the intersection point. The loose edges of the diagram
correspond to the fixed points which are not the intersection points. Let us give a
few examples:

e The singularity Ag

7,—5 5,—3 3,—1 1,1 -1,3 —35 —5,7
[ ] [ ] [ ] [ ] [ ] [ ]

e The singularity As

6,—4 4,-2 2,0
° ° Efix ° °

e The singularity D5
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e The singularity E;

o

6,—4 4,—2 2,0 0,2 —24 46 —6,8
° ) Eyiy ° ° °

The weights are computed in the following way: A, admits an action of two-
dimensional torus, so it is an affine toric surface. The structure of the resolution
can be read from the fan. The singularity D,, is a quotient of Ag, by Zs and
the series Ej can be analyzed directly: the curve with three intersection points
has to be fixed by C* and the action on the remaining curves can be computed
inductively: the action on the normal direction determines the self-intersection
which is —2.

The neighbourhood of the fixed component for Du Val singularities is equivari-
antly isomorphic to the resolution of A; singularity. The contribution of that
component is equal to

Wy (CHZo s M) () (IR (TP41)
eu(M,0) —y= (1—T2)2 -2y

by §5.1 or by a direct computation. For example, from the formula (14) and the
diagram above we compute the Hirzebruch class for E7:

potd (§) = (y+1) (yI? +1) (T? +1)

(1 4+ yT2)(1 + Ty)
(1=12) B T v T
1+ yT=H(1+T%) (1+yT= %1+ T8)

A-TH1-T% ' (1-T51-T9)

_
eu(M,0)

+ 2

After simplification we obtain

(y+1) (yT? +1) (1 —T3)
(1—T2)(1—1T8)(1—1T18)

— 8y.

To get the formula for td(yc* (S — M)/eu(M,0) one has to add 7y.

5.4. Relation with Poincaré series

In [CDGZ04] there are constructed Poincaré series of surface singularities. They
are generating series for multifiltrations in Oy defined by valuations in the compo-
nents of the exceptional divisors of the minimal resolution. This filtration is related
to the grading defined by the torus action. For the singularities Ag,,_1, Dy, Eg, E7
and Eg there is a component which is fixed by the torus. When we specialize the
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Poincaré series to that component we obtain the classical Molien series (v = 0)
which coincides with H(0,T).

e General form of Poincaré series for A,, singularity (notation from [CDGZ04,

Ex. 1])
L= ([T, )™
=TI te) (1 =TT, ) (1 = T, .5
e For n = 2m — 1 substituting ¢,, = 72 and t;, = 1 for k # m we obtain the

function H(0,T) = Mol(0,T).
e For the singularity D4 the Poincaré series ([CDGZ04, Ex. 2]) is

(1 — tatotst]) (E3t3¢565 4+ 1)
(1 — t2t9t3t2) (1 — tat3tst?) (1 — t1tat3t2)

When we substitute t4 = 72 and t; = 1 for i # 4 we obtain the function
H(0,T)=(T%+1)/(1-T")72.

e For Dj after the substitution t3 = T2 and ¢; = 1 for i # 3 we obtain the
function H(0,T) = (T® +1)/(1 — T*)(1 — T9).

e But there are more possible substitutions; for example, for A,: t, =t1 =T
and t; = 1 for k # 1, n, which works also for any n.

e Forn=2m: t,, =t,41 =T, and t, =1 for k # 1.

The relation between the equivariant Hirzebruch class (or rather the equivariant
Todd class) and the Poincaré series we will study elsewhere.

5.5. Toric singularities

If the group G C GL, (C) is abelian, we may assume that the chosen representation
is diagonal, so the action of G commutes with the action of the torus T = (C*)".
The quotient singularity is an affine toric variety. Its local equivariant Hirzebruch
class with respect to the action of the torus T can be computed via a toric
resolution. By Brion—Vergne [BV97] the local Todd class (i.e., for y = 0) can
be computed by counting lattice points in the dual cone. In fact, the method of
the proof in [BV97] is as in our case based on the localization to the fixed points,
a version of Lefschetz—Riemann—Roch. The generalization of Brion—Vergne result
for the Hirzebruch class is given in [Web16a].

Proposition 9. Let X, be an affine toric variety given by the cone o. Let p be
the fixzed point of X,. Then

tdy (Xo ),
eu(M, p)

_ Z (1 +y)dim(v') Z e~ ™M

TCoV meint(T)NA
Here we identify the lattice A = Hom(T, C*) with HZ(pt;Z) and the summation is
taken with respect to faces (of any dimension) of the dual cone oV

Remark 10. When we restrict the action to a one-dimensional diagonal torus then
the formula above (at least when we set y = 0) reduces to computation of the
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classical Molien series: counting lattice points corresponds to counting the dimen-
sions of Sym*(C™)%. This way we obtain another proof of Theorem 1 for diagonal
representations.

Let us give an example of surface singularities with G = Z,, C SLo(C), i.e., 4,1
with the action of (C*)2. We set T}, = e~ for k = 1, 2. We have four ways of
computing the Hirzebruch class and obtain four different expressions. We leave to
the reader checking that these results are equal.

e The Hirzebruch class computed for A,_; as a hypersurface in C3:

1—(TTo)"

(1+y)(1+T1Toy) 1 -1 —-TH(1 - 17

) Y

e The Hirzebruch class via resolution:

n—-1 i+1itl—n —igm—i
1+y Tyt T, 1+yT'T
Z g i1+1 ii—l—n : . S (= 1)y
— 11771 1-17"T5
e The Hirzebruch class via counting lattice points:
Ty 13 ) 1 IR "
1 1 1 ThTs)".
H+ )<1—T1"+1—T2”) Hy+D) 1—T1”1—T2”’;( 112)

e The Hirzebruch class via Lefschetz—Riemann—Roch:

n—-1 14+ ye2k7ri/nT1 14+ yef2k7ri/nT2
1— 62k7ri/nT1 1— 672k7ri/nT2 '

1
n
k=0

6. Hirzebruch class of a crepant resolution

The elliptic genus was defined by many authors. We focus on the version
of Borisov and Libgober. In [BL00] a historical account is given and different
versions of the elliptic genus are discussed. The elliptic genus generalizes the
Hirzebruch class and behaves well with respect to crepant resolutions. First we
review basic necessary constructions of Borisov and Libgober [BLO03], [BL05] and
next we specialize the results of [BLO5] to the Hirzebruch class of C"/G. Our goal
is to give a formula for the Hirzebruch class of a crepant resolution in terms of
Molien series.

6.1. Elliptic genus

Let us define the theta function?®
1 — L1y2 .
0 I —1)" s(n+3)° Cn+l)miv _
=1 3 (g

n—=—oo

=2 Z(—l)"q%(mr%)z sin((2n + 1)7v),
n=0

3We give a definition according to [Cha85] but following [BLO00], [BL03], [BL05] we
set ¢ = e>™" not g = ™. Therefore we have to divide the exponents of ¢ by 2.
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where ¢ = 2™ see [Cha85, Chap. V.1]. The series is convergent for Im(7) > 0
(i.e,, |g| < 1) and v € C, but we treat it only as a power series in v with a parameter
7. According to Jacobi product formula [Cha85, Ch V.6]

l=00 l=oo . .
0(v,7) = ¢"/® 2sin(mv H (1—¢" — ¢'e¥ ) (1 — gle= T, (15)
=1 1:1

For a smooth complex variety the elliptic class is defined in terms of the Chern
roots x; of the tangent bundle as

dim(Y")

ELL(Y;2,7) = H T

O(xy /27t — 2,7) .
oz S W)@l (16)

The elliptic genus is the integral
/ ELLYY ; z,T).
Y

Let us take the limit of the elliptic class when 7 — oo (or when ¢ — 0). By the
Jacobi product formula (15) we have

O(x/2mi — z,7)  sin(w(x/2mi — 2))

li =
100 O(x/2mi, T) sin(max/2mi) (17)
7 efri(:c/Zﬂ'ifz) _efﬂ’i(z/Z'n'ifz) i (1 _627riz67z)
- emiz/2mi _ o—mix/2mi =¢ (1_6—2)
Therefore

lim ELL(Y;z,7) = e  dmImiztq_ o (Y),

T—100

which can be written as
(=y)~ E td, (Y), with y = —e?™=

Note that in [BLOO0], [BL05] €*™** = y, but we want to have a formula which agrees
with our convention for x, genus, thus we introduce the minus sign.

Then a relative elliptic genus for Kawamata log-terminal pairs (Y, D) is intro-
duced; for definition see [Bat99, Def. 3.7] or [BLO5, §2]. If f : ¥ — X is a resolution
of a variety with (at most) Q-Gorenstein singularities and D = Ky — f*Kx, then
the relative elliptic genus is independent of the resolution. This way one obtains
an invariant of singular varieties, see [BL03, Prop. 3.6, 3.7]. The construction is
local and allows us to define the characteristic class ELL(X; z, 7) for varieties with
Q-Gorenstein singularities. If f: Y — X is a crepant resolution then

ELL(X;z,7) = fL(ELL(YY ; 2,7)) € Ho(X) @ C[[z, 7]]- (18)

In particular, f.(ELL(Y;z,7)) does not depend on the crepant resolution.
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Corollary 11. Suppose X has at most Q-Gorenstein singularities. For a crepant
resolution f :Y — X the push-forward

f*(tdy(y)) € H.(X) ® Cly]

does not depend on Y .

Note that for symplectic quotients of dimension 4 Corollary 11 follows from
[AW14, Thm. 3.2] where it is shown that any two crepant resolutions differ by a
sequence of flops.

6.2. Orbifold elliptic genus

Suppose a finite group G acts on a complex manifold Y. For any two commuting
elements ¢, h € G denote by Y 9" the fixed point set for both elements. For the sake
of simplicity we assume that Y9" is connected. For a pair of commuting elements
g, h we decompose the bundle TY |y4.n ~ @, V) into common eigen-subbundles.
Let z be the first Chern class of V. (We assume that dim(V)) = 1, otherwise we
use the splitting principle.) Suppose that g (resp. h) acts on V) via multiplication
by e2™A9) with A(g) € QN[0,1) (resp. by e?™ M \(h) € QN0,1)). The orbifold
elliptic class is defined by the formula

gﬁﬁorb(y GZ T)
O(xx/2mi+A(g)—TA(h)—2,7T) 2rin(h)z)  (19)
|G\ Z iya.n) ( H /\H O(xzn/2mi+A(g)—TA(R),T) € Ah))7

gh= A(g)=A(h)=0 A

where iy . : Y9 — Y is the inclusion. Note* that in the summation the numbers
A(g) and A(h) in fact depend on the pair (g, h), because the decomposition of C™
into eigenspaces of g has to be h-invariant. The main result of [BLO05] is the
following

Theorem 12 ([BL05, Thm. 5.3]). Let X = Y/G be a quotient variety with Y
smooth. Suppose 7*(Kx) = Ky, where 7 is the quotient map. Then

T (ELLob (Y, G 2,7)) = ELL(X; 2,7) € Hi(X) ® Cl[2, 7]].
Therefore if f : X — X is a crepant resolution of the quotient variety, then
T (ELLo, (Y, G 2,7)) = fo(ELL(X; 2,T)).

In fact Borisov and Libgober prove an equality for quotients of G-Kawamata
log-terminal G-normal pairs ([BLO5, Def. 3.2]). The second equality given here
follows from the birational invariance of the elliptic class ([BL05, Thm. 3.7]).

“Instead of A(g) we should have written )\i’h(g) with k = 1,...,dim(X%") and Ai’h(h)

instead of A(h), but we do not want to make the formula complicated and we keep the
notation of [BLO5].
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6.3. An equivariant version of the elliptic class
If a torus C* (or any other algebraic group) acts on a G-variety Y and the actions
commute, then one can define equivariant elliptic cohomology classes
ELLE (Y,G;2,7) and ELLS, (YViz,7) in Hi(Y)® Cllz, 7]
by applying the formulas (16) and (19) to equivariant tangent bundles. We

approximate the Borel construction by (C™*1\{0}) x€"Y". The equivariant elliptic
class is approximated by

(pm) ELLP™; 2,7) " N ELL((C™HI\ {0}) x© Y, G;2,7),

where p,, : (C™1\ {0}) x© Y — P™ is the projection. Theorem 12 is applied to
the twisted product C™*+1\ {0}) x©" Y and in the limit we obtain the equality for
the equivariant classes.

The straight-forward verification of the formula (18) in the equivariant context
was done in [Wae08a]. The equivariant counterpart of McKay correspondence for
elliptic genus, i.e., the equivariant version of Theorem 12, was proved in [WaeO8b].
Recently the equivariant elliptic class in the context of equivariant localization was
studied in [Lib15].

6.4. Comparison with Molien series

Let Y = C", G C GL,(C). The group C* is acting on C" via scalar multiplication.
We study the equivariant version of the orbifold elliptic class and its limit when
7 — i00. We will show that the limit can be expressed by the extended Molien
series of centralizers of elements of G. Let us introduce some notation.

For a group H acting on a vector space W let us denote by Mol(H, W;v,T) the
extended Molien series.

Recall that the age of an element g € GL,(C) of finite order is defined as
> ki Ak, where e2™Ax k= 1,... n are the eigenvalues of g and \; € [0,1) N Q.

We will prove that

Theorem 13. Let G C GL,(C). Then

hII{l S,CLS:b((C", Ga 2, T) = tn(_y)—n/Q E (_y)agE(h)LIOl(C(h)7 ((Cn)ha yj 71 )7
T—100
heConj(G)

where T = e~ t.

If G € SL,(C), then age(g) is an integer and

Corollary 14. Let G C SL,(C) and let f : X — X = C"/G < M be a crepant
resolution. Then

£6dS(X)

SO0y = L (urEtNMlC(), ()T ),

heConj(G)

where C(h) is the centralizer of h in G and M is an ambient space containing

Cr/G.
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Proof. Having in mind that each xy = ¢ and that the action of (ig). is the
multiplication by teodim(Y*™) wo rewrite the definition of the elliptic class

€L (C, Gz, )
£ t/2m + >‘ ) — T)‘(h> ) T) 2mwiA(h)z
Ly e e,

heG geClg) A 0(t/2mi + A(g) — 7A(h), T)

Let us study the limit of the class E£LE, (C™, G;z,7)|o when 7 — ico. First
observe that

lim O(a — A1 — 2) ~ lim sm‘(w(a — AT —2))
r—ico  B(a — AT) r—ico  sin(m(a — A7))
eﬂ'i(af)\isfz) _ efwi(af)\isfz)

= SILIEO omi(a—Xis) _ p—mi(a—Ais)
ew()\s+1'(a—z)) _ e—7r()\3+1'(a—z))

= lim . . =
Sy 00 em(As+ia) _ p—m(As+ia) €

—Tiz

for A € (0,1). Also, we will apply the equality (17) with x/27i 4+ A(g) instead of
x/2mi. Therefore

lim ELLE,(Y,G;2,7)
T—>00
2 N 27r1z 7(t+27r2)\(g)) 2 iA(h)
—Tiz T z —‘IT’LZ Z
| Z Z H € H € 1—e—(t+2miA(9))
hEG geC(g) A:A(h)>0 A:A(R)=0
Now setting T = e~ t, e2™% = —y, with the convention that (—y)l/2 = €™ we
obtain

e?ﬂize—(t+27ri/\(g))

1—
—n7iz 271'12 A(h)z
1G] Z Z € * H 1 — o—(t+27ir(9))
heG geC(g) A:A(h)=0
1—yax(9)~'T
agc(h) yax\g
| Z Z H 1— a)\(g)*lT

heG geC(yg) A:A(h)=0

Here ay(g) = e*™*9) is an eigenvalue of g. Finally we obtain

’I’L/2 Z Z agc(h) det(Id + yTg|((Cn)h)
|G| det(Id — Tg|(cnyr)

heG geC(g)
= tn(—y)7% Z % Z (_y)age(h) dgt([;i+ y;_vgk(:")h)
[h]€Conj(G) | (g)| geCl(g) et( - g‘((C")’l)

=t"(-y) " > (—y)"Mol(C(h), (CM)yT, T). O
[R]€Conj(G)
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Theorem 13 can be interpreted as

_
eu(M,0)

1

futdS (X)) = PRV

f4d5 (C/G),

where o
Cr/G= || (@€©"r/C(h)xcree®.
heConj(G)
This space only slightly differs from the so-called inertia stack
L] @)"/Ch) ={(z.9) € C" x G| gx = 2}/G,
heConj(G)
defined already in [BCS88|.
6.5. Divisibility
Denote by H(y,T) the sum

> (=yEMMol(C(h), (C)5yT, T). (20)
[R]€Conj(G)

By Theorem 13 N

furdy (X)

v ) H(y, T
for a crepant resolution of a quotient variety C"/G. By [Web16b]

fedy (X) _

4 = Xy(f 1(0))'

TS50 eu(M,0)
If f is crepant, then this limit is equal to I;'(y,()) = deconj(G)(—y)age(g). By

[Bat99, Thm. 8.4] the cohomology of f~1(0) is pure of Hodge type (k,k). It
follows that

H(=2,0) = bay(f'(0)2* and H(-1,0) = xsop(f~"(0)) = |Conj(G)|.
Proposition 15. If G C Sp,,(C), then
H(y,T) - (—y)"H(~1,0)
is divisible by (y + 1)(1 + T?%y).
Proof. By Proposition 7
(=)= Mol(C(h), (€)', wT, T) — (—y) e+ adim( &'

is divisible by (1+%)(1+T2y). For symplectic actions age(h) = codim((C?")")/2,
see [Kal02]. The exponent of (—y) is equal to
codim((C?™)"  dim((C*")"
2 T -

To have divisibility of H(y,T) we have to subtract (—y)" for each summand of
(20), i.e., for each conjugacy class [h] € Conj(G). O
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7. Final remarks, positivity

The initial work of the second author [Webl6a] was directed towards the search
of positivity results. We can check that in our examples (and in many others)
after the substitution 7' := 1+ S and y := —1 — ¢ the numerator of H(y,T) is
a polynomial with nonnegative coefficients. That is always the case for simplicial
toric varieties by [Webl6a, Thm. 13.1]. The proof is based on the formula for the
Hirzebruch class of a toric variety, Proposition 9. Any representation of an abelian
finite group can be diagonalized, therefore the quotient variety admits an action of
the full torus. Hence such quotient is a simplicial toric variety and the positivity
holds. For general quotient varieties we have no proof, except from a partial result,
Proposition 16 and Corollary 17.

Proposition 16. If G C Sp,,,(C) then after the substitution
T:=1+S and y:=-1-90

the Hirzebruch class H(y,T) for C"/G can be wrilten as a quotient of polynomials
with nonnegative coefficients. The polynomial in the denominator has roots in the
unit circle.

Proof. We look at component of H(y,T) corresponding to ¢ € G. If £ is an
eigenvalue of a matrix ¢ € G then, since g is symplectic, € = ! is also an
eigenvalue of g. Moreover, eigenvalues 1 and —1 appear with even multiplicities.
Thus we may write

Py(y,T) 11+ ar(g)yT
Qq(T) ,};[1 1—ar(9)T

(LT (1 + alo)yT) (1 + ax(g)yT) ) (1+yT)2"(1 - yT)ms

(T2, (1 = ar(@)T)(1 = anlg)T) ) (1+T)20 (1 — T2

After given substitutions (1 —yT)?, (1+yT)?, (1+T)2, (1—T)? have nonnegative
coefficients as polynomials in 4, S. Also, for € from the unit circle and a polynomial
P we have

1-e(1+P)1 -1+ P)=1—(c+8)(1+P)+ (1+ P)?
=2+2P — (e +8)(1+P)+ P?
=(2-¢e-8)(1+P)+ P
which has nonnegative coefficients if P has. This shows that for any eigenvalue
ax(g) both (14 ax(g)yT)(1+ax(g)yT) and (1 —ax(g)T)(1—ar(g)T) have nonnega-

tive coefficients in 9§, S.
Thus by formula (2) and Theorem 1 we see that

Z(%

geG
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is a sum of fractions where P, and @, are products of indecomposable (over R)
factors; each factor has nonnegative coefficients after the considered substitutions.
When we reduce the sum of fractions to the common denominator, then both
numerator and denominator will have nonnegative coefficients after the substitu-
tions. U

Multiplying the numerator and the denominator by (1—eT')(1—2T), where € is a
root of unity, we can achieve the product of the factors 1 —7"%i in the denominator,
not losing the positivity of the numerator.

Corollary 17. If G C Sp,,(C) then the Hirzebruch class for C"/G can be written

as
P(y,T)

[T, (1 =Tk

where P(—1 — 4,1+ S) is a polynomial in S and & with nonnegative coefficients.

H(y’T) =

The equivariant Hirzebruch class specializes to the Chern—Schwartz—MacPher-
son class (see [BSY10, §1]). For an equivariant embedding ¢ : X — M the image
i.(c$),)(X) is a polynomial in t € H2C*(pt) of degree dim(M) and divided by
eu(M,0) does not depend on M. We have

. t i*(c(c* )(X)
}%H(—l—é,e‘s ) = euﬁ#o)' (21)

Proposition 18. IfG C GL,(C) then the equivariant Chern—Schwartz—MacPher-
son class is equal to

ou dim((C™)?)
(o0 =0 ¥ () € H- (M) ~ Q).
geG

Proof. First note that

lim

1—a(l4+0)e®  [(1+t)/t fora=1, (22)
350  l—aedt

1 for a # 1.

To compute the limit (21) we apply formula (2) and Theorem 1

i (G (X) P det(I — (1 +6)e’'g)
(M, 0) amH(-1=0e |G|Zé—>0 det(I — edlg)

- g)(1+ 8)edt
H 530 1 - ak(g)eét

dim((C™)Y)
.y . D

oY
ZG
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Corollary 19. IfG C GL,(C) then the equivariant Chern—Schwartz—MacPherson
class

ix(c5a)(X) € HE. (M) ~ Q]
for X = C"™/G is a polynomial in t with nonnegative coefficients.

This is a local version of a positivity property, which was studied for Schubert
varieties in [AMO09] and for hyperplane arrangements [Alul3, §6].

Remark 20. The formulas (7) and (22) imply the analogous statement for Chern—
Schwartz—MacPherson classes of the global quotient X = Y/G, where Y is a
smooth variety, and G is a finite group of automorphisms, see [CMSS12, formula

(13)): .
com(X) = —= Y (mg)ulcsm(Y9)).
|G| QEG

Similar formulas hold for the equivariant global case. By Theorem 13 for crepant
resolutions f: X — X

feesm(X) = Y csm(Y"/C(h))

[R]€Conj(G)

= ﬁ Y (won)e(esm(Y9H))

[R]€Conj(G) geC(h)
1
=g 2 (Tandelesn(VOh)
gh=hg

Here my p, : Y9" — Y /G is the projection restricted to the fixed point set Y9".

The starting point of our common research was to study the Hirzebruch class
from the point of view of the existence of symplectic resolution. We have observed
certain regularities, especially for H(y,T) of quotients having a crepant resolution.
However, it is hard to grasp a general pattern. We hope it is possible to find a
necessary criterion for existence of a crepant resolution. This problem might be
an interesting subject of further research.

8. Appendix: more examples

If G C Sp,,(C) then the crepant resolution of C™ /G is the same as the symplectic
resolution, see [Ver00]. All the examples given below are quotients by symplectic
groups, and all these groups except example (9) are generated by symplectic
reflections (i.e., matrices such that the eigenspace for the eigenvalue 1 is of dimen-
sion n—2). Again by [Ver00], this last condition is a necessary one for the existence
of a symplectic resolution. Note that all irreducible matrix groups generated by
symplectic reflections can be found in Cohen’s classification [Coh80].

For the sake of simplicity most of our examples are 4-dimensional. We give
H(y,T) = Mol(yT,T) and H(y,T) in the simplified fraction form. The computa-
tions presented here were performed in the hope of discovering whether the form
of the equivariant Hirzebruch class is related to certain properties of the given
quotient or its resolutions.
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8.1. List of tested groups
(1) Du Val singularities.

(2) A 4-dimensional symplectic group with 32 elements, which is isomorphic to
Qs Xz, Ds, where Qs is the quaternion group and Dy is the dihedral group of 8
elements. The group is the first element of the second infinite series in the first
part of Cohen’s classification [Coh80, Table I]. By [BS13] symplectic resolutions of
the corresponding quotient singularity exist; they were constructed in [DBW14].

(3) A reducible 4-dimensional symplectic representation of the binary tetrahedral
group. It is obtained from a 2-dimensional representation by taking a direct sum
with its contragradient representation. There are 2 symplectic resolutions for the
corresponding quotient singularity; they were constructed in [LS12].

(4) A 4-dimensional symplectic representation of the dihedral group D8, const-
ructed as a wreath product Zs ! S3. This is an element of an infinite series of
(reducible) symplectic representations, for which a symplectic resolution can be
constructed using a suitable Hilbert scheme.

(5) A 4-dimensional symplectic representation of the symmetric group Ss. This
is the only 4-dimensional element of another infinite series of symplectic represen-
tations (of symmetric groups S,) for which symplectic resolutions come from a
Hilbert scheme construction.

(6) A 4-dimensional symplectic group of order 16, a semidirect product (Z4 X
Zs2) X Zs. Tt appears for m = 2 in the 7th infinite series in [Coh80, Table I]. Tt
is a subgroup of the 32-element group (2). It is not known whether a symplectic
resolution exists.

(7) A 4-dimensional symplectic group of order 24, a semidirect product (Zg X
Zs) X Zy. It appears for m = 3 in the 7th series in [Coh80, Table I]. It is not
known whether a symplectic resolution exists.

(8) A 4-dimensional group of order 64, isomorphic to (Z4 X Qg) X Zo. It appears
in the 1st series (for m = 2) in [Coh80, Table I]; in particular, it is generated by
symplectic reflections. However, by [BS13] symplectic resolutions do not exist.

(9) The smallest (imprimitive) group generated by symplectic reflection in di-
mension 6. It is a representation of the symmetric group Sy, constructed from Zs
and the trivial group as described in [Coh80, Not. 2.8]. The symplectic resolution
does not exist by [BS13, Thm. 7.2].

(10) A representation of Zs without symplectic reflections. The considered
subgroup Zs C SL4(C) is generated by diag(&h, £2,€3,£%). Note that this is not an
action by symplectic reflections and therefore there is no symplectic, i.e., crepant,
resolution.

8.2. Results for H(y,T) and ﬁ(y,T)

(1) The Molien series of Du Val singularities are given in §5.2. The Molien series
of the crepant resolutions are obtained by subtracting ky, where k is the number
of the components of the exceptional divisor.
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(2) Qs xz, Ds, order 32, dimension 4.

(y +1)(T%y +1)
(1 —T2)2(1 — T4)2
+ (=T +2T® + T° + T + 277 — 1)y)

(1+y)(1+T%)
(1 —T2)2(1 — T*)2
—2(T? +1)(3T% — 9T° + 11T* — 9T* + 3)y)

H(y,T)=y*+

S((T® = 2T° +4T* = 2T% + 1)(T%y* + 1)

H(y,T) =17y + (1 =272 + 4T* — 275 + T®)(T%y* + 1)

(3) Binary tetrahedral group, dimension 4.

(y+1)(T?y +1)
(1-T2)(1-T%)2(1-19)
(TP + 1) 4+ (T + T2 4T +4T% + 4AT® + 4T + T? — 1)y)

(y+D)(T*y +1)
(1-T72)(1—-T%)2(1-19)
(T?y* +1) — (T? + 1)(3T"* — 4T® — 67° — 4T + 3)y)

H(y,T) =y* + ((T"* 4 27° + 27° 4+ 2T + 1)

H(y,T) =7y + (T2 + 278 + 27° + 27 + 1)

(4) Dihedral group Dsg, dimension 4.

(y+1)(T%y +1)
(1=T72)2(1-T%)
+ (=T +2T®% + 77° + 7T* + 2T% — 1)y)

(y+D(T%y +1)
(1 —T2)2(1 —T*)2
— (T? +1)(37® — 37° — 87" — 377 + 3)y)

H(y,T) =y + S (TP + T +4T* + T? + 1) (T + 1)

H(y,T) =5y> + (T + T+ 4T + 7% + 1)(T%y% + 1)

(5) Symmetric group 53, dimension 4.
(y+ (T +1)

(1 —T2)2(1 —T3)2
+ (=T 4 2T° + 4T° + 2T* + 4T? + 2T% — 1)y)

H(y,T)=y>+ (T +T* +27° + T? + 1)(T%y* + 1)

(y +1)(T%y + 1)
(1 —T2)2(1 - T3)2
+ 273 + T? + 1)(T?y* + 1)
—(T% +1)(2T° + 27° — 3T* — 8T° — 377 + 2T + 2)y)

H(y,T) =3y> + (Tt + 1"

(6) (Z4 X Zo) % Zs, order 16, dimension 4.
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(y+ (T +1)
(1—T2)2(1 —T4)?
HAT = T? + 1)(T?? + 1)
+ (=T +2T® + 37° + 3T* + 2T% — 1)y)
(y+D(T%y +1)
(1—T2)2(1 —T*%)?
+4T* = T2 + 1)(T%y* + 1)
— (T +1)(4T® — 9T°® + 6T* — 9T + 4)y)

H(y,T) =y* + (1%~ T°

H(y,T) =10y + (T8 - T°

(7) (Zg x Zs3) x Zso, order 24, dimension 4.

(y +1)(T%y +1)
(1 —T%)2(1 —T6)2
(7" + T 4 27" 4 4T"° + 8T® + 4T
+2T* + T2 + 1)(T%y? + 1)
+ (—=T"° + 37" 4+ 872 + 1470 4+ 14T° + 8T° 4 3T — 1)y)
(y+1)(T%y +1)
(1 —T%42(1 —1T6)2
(T + T + 2712 + 4710 + 8T® + 476
+ 2T + T2 + 1)(T%? + 1)
—(T? +1)(37"¢ 4 T — 272 — 8710
—127% — 8T° — 27" + 7% 4 3)y)

H(y,T)=y*+

H(y,T) =9 +

(8) (Z4 x Qg) X Z2, order 64, dimension 4.

(y +)(T%y +1)
(1-T72)2(1-T%1-T%)
(1" = 2710 + 3T — 2T° + 3T — 272 + 1)(T?y* + 1)
+ (=T + 2T+ T° + T + 2T% — 1)y)
(y+H(T%y +1)
(1-T2)*A-T*)(1-1T%)
(1" =270 + 3T — 2T° 4 3T* — 272 + 1)(T?y* + 1)
— (T? + 1) (57" — 1470 + 21T® — 2676 + 21T* — 1472 + 5)y)

H(y,T)=y*+

H(y,T) =16y +

(9) Symmetric group Sy, dimension 6.
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(y +1)(T%y +1)
(T4 = 1)>(T° = 1)*(T? - 1)
(T2 + T 4 27° + 4T + 277 4 4T°
+ 275 + 4T* + 2T* + T? + 1) (y*T* + 1)
+ (=T™ 427" 4 47" + 770 +107° + 16T + 2077 + 16T
+107° + 7T* +4T° + 27° — 1)(y°T° + 1)y
+ (T — 7™ — 273 127" + 19710 4 3077 4 26T°
+ 3077 + 197° + 127° — 2T°% — T? + 1)y°)
(y +1)(T%y +1)
(T* = 1)2(T° = )*(T? - 1)
(T2 + T 4+ 27% + 4T% 4+ 277 + 4T 4 277
+4T* +27° + T2 + 1)(T*y* + 1)
— (T +1)*27" — 27" + 47" — 6T° + 3T% — 127"
— 270 — 12T% + 3T* — 673 + 4T? — 2T + 2)(T?y* + 1)y
+2(T* + T +1)(2T™ — T3 — 27" — 57" — 4710 4 679 + 8T®
+ 1677 4+ 8T° 4+ 67° — 4T —5T° — 27% — T + 2)y?)

H(y,T)= -y’ +

H(y,T) = —5y° +

(10) Zs, no symplectic reflections, dimension 4.

H(y,T) =y + ((i’ j;))f’(fz_}g (2T +1)(1 — 3T + 572 — 37% + T*)
— (1 =37 +2T° —27°% 4+ 2T* — 3T° + T®)y)

(y +1)(uT* +1)

(1-T)*(1—-1°)

— (T% - 3T° + 2T* — 273 + 2T — 3T + 1)y)

H(y,T) =5y +

((T* =3T3 + 5T% = 3T + 1)(T%y* + 1)

9. Appendix: Extended Molien series

We prove formula (2).
For a vector space V' denote by A(V') the bigraded vector space

oo dim(V)
Y symf (V) @AY
k=0 ¢=0
We have
AVaeW)=AV)® AW). (23)

Let g : V. — V be a linear map. Let g : A(V) — A(V) be the induced map.
Denote by tr.(g) the generating function of traces

Ztr(g|8ymk(V)®A2V)Tkvz' (24)
I,
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If dim(V) =1 and g is the multiplication by a, then

co 1
1
tr.(g) = Z ZakHTka = ﬂ. (25)

k=0 £=0 1-aT

For an automorphism g : V' — V which is semisimple® on V by (23) and (25) we

have W)
dim(V
1+ a;v
tre(g) = —
r.(9) 1;[1 T
where a; for i = 1,...,dim(V) are the eigenvalues of g. Hence
det(1 + vg
in.(g) = S £09),
det(1 —Tg)

To compute the extended Molien series we use the well-known formula

G
dim(V |G| Z tr(g
geG

which applied to every summand Sym” (V) @ A*V instead of V gives us

We obtain

Mol(v, T") e Ztr*
| |g6G

det(1 + vg)
Mol(v,T)
ol(v, |G|Zdet1—Tg

where a;(g) for : =1,...,dim(V) are the eigenvalues of g € G acting on V. If the
action of G is replaced by the dual action on V* then the Molien series remains
unchanged, since the eigenvalues of g are the same as the eigenvalues of (g*)~!.

[AB84]
[Alu13]
[AMO9]
[AW14]

[Bat99]
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