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The effect of quenched sequence disorder on the thermodynamics of RNA secondary structure formation
is investigated for two- and four-letter alphabet models using the constrained annealing approach, from
which the temperature behavior of the free energy, specific heat, and helicity is analytically obtained. For
competing base pairing energies, the calculations reveal reentrant melting at low temperatures, in excellent
agreement with numerical results. Our results suggest an additional mechanism for the experimental
phenomenon of RNA cold denaturation.
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RNA plays a central role in all living systems. In addition
to transmitting genetic information, RNA participates
actively in a variety of cellular processes [1]. RNA chains
consist of four different bases A, C, G, and U that can form
double-helical structures consisting of stacks of A-U or
G-C Watson-Crick base pairs; thereby, the base sequence
controls the three-dimensional RNA structure. RNA
sequence is, thus, subject to evolutionary selection as the
structure is important for proper functioning [2].
Experimentally, RNA secondary structure stability is
probed in denaturation studies, where RNA chains are
unfolded by change of temperature or denaturant concen-
tration. In the standard scenario, RNA secondary structures
melt at high temperature in order to maximize the con-
formational chain entropy [3]. But RNA melting at low
temperatures was also observed, a finding that was con-
troversially discussed and still is only partially understood
[4,5]. For proteins, cold unfolding is argued to be a
consequence of the nonmonotonic temperature dependence
of the hydrophobic effect [6–8], and for RNA, it is not clear
whether the same mechanism applies [5]. In this Letter, we
show that quenched sequence disorder alone can weaken
RNA secondary structure stability at low temperatures,
which thus offers an alternative mechanism for the exper-
imental phenomenon of RNA cold melting.
Because of the challenging theoretical nature of the

RNA folding problem, it has been extensively investigated
with emphasis on the effects of pseudoknots [9], chain
loops [10], externally applied pulling forces [11], and most
relevant in the present context, sequence disorder [12–16].
The key point of the treatment of RNA sequence disorder is
to correctly distinguish between the base pairing degrees of
freedom, which are annealed and averaged over in the
partition function, and the sequence degrees of freedom,
which are quenched and averaged on the level of the free
energy. Previously, replica and numerical methods were
applied to quenched disordered RNA models. Here, we use
the constrained annealing approach [17–20], which we first

validate by comparison with exact enumeration methods
[21,22] for finite-length RNA chains for one selected
parameter value. We demonstrate that the constrained
annealing approach offers a surprisingly accurate descrip-
tion of the RNA folding problem with quenched disorder.
We next analyze the thermodynamics of an RNA model
with sequence disorder in the complete parameter space
spanned by the base-pair energy and sequence distribution
parameters. We find the temperature-dependent specific
heat to exhibit two broad maxima, which is paralleled by a
helicity decrease at both low and high temperatures only for
competing base pairing energies (favorable for unequal and
unfavorable for equal bases).
We study RNA sequences using two different alphabets:

two letter, composed of only A and U bases, and four letter,
composed of A, U, G, and C bases. The Hamiltonian for an
RNA chain with N bases reads

HðM; fhNgÞ ¼
X

1≤i<j≤N
mijϵij; ð1Þ

where M is the N × N base-pairing matrix with mij ¼ 1
if bases i and j are paired and mij ¼ 0 otherwise. For the
two-letter alphabet, the interaction

ϵij ¼ ϵ0 þ ϵhihj ð2Þ

contains a constant ϵ0 and a term dependent on the
sequence variables hi � 1 that describes the nucleotide
type; hi ¼ þ1 corresponds to A, and hi ¼ −1 corresponds
to U. For the four-letter alphabet, we have

ϵij ¼ ϵ0 þ ϵhihj þ ϵ0gigj; ð3Þ

with an additional degree of freedom gi ¼ �1. The
partition function reads

ZNðfhN; gNgÞ ¼
X

M

0
exp½−βHðM; fhN; gNgÞ�; ð4Þ
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where β ¼ 1=kBT and the sum is taken over all realizations
of M that have at most one nonzero entry in each row and
column and that contain no pseudoknots. The first restric-
tion reflects that each base can at most pair with one other
base, while the absence of pseudoknots means that for any
two base pairs (i; j) and (k; l) with i < j, k < l, and i < k
we have either i < k < l < j or i < j < k < l [12]. The
base sequence distribution for the two-letter alphabet
factorizes as

P2ðfhNgÞ ¼
YN
i¼1

ρðhi; qÞ ð5Þ

with ρðhiÞ ¼ qδðhi − 1Þ þ ð1 − qÞδðhi þ 1Þ where q and
1 − q are the probabilities to have hi � 1, respectively. For
the four-letter alphabet, the base sequence distribution
factorizes as P4ðfhNg; fgNgÞ ¼

Q
N
i¼1 ρðhi; qÞρðgi; pÞ.

Without pseudoknots, the partition function of an RNA
subchain Zi;j between nucleotides i and j can be recursively
calculated as [21,22]

Zi;j ¼ Zi;j−1 þ
Xj−1
k¼i

Zi;k−1QkjZkþ1;j−1; ð6Þ

where Qkj ¼ expð−βϵkjÞ is the statistical weight of a base
pair between nucleotides k and j and ZN ¼ Z1;N .
We first focus on the two-letter alphabet case. The free

energy per nucleotide for a given sequence fhNg is defined
as βfðfhNgÞ ¼ −N−1 lnZNðfhNgÞ. Self-averaging means
that fðfhNgÞ in the thermodynamic limit N → ∞ becomes
independent of fhNg and equal to the sequence-averaged
free energy [23]

βf̄ ¼ −
1

N
lnZNðfhNgÞ; ð7Þ

where Ō denotes the average over the sequence distribution
P2ðfhNgÞ in Eq. (5). This fact is exploited by constructing
the constrained annealed free energy

βfcaðμÞ¼−
1

N
lnZca

N ¼−
1

N
lnZNðfhNgÞe−NμαðfhNgÞ; ð8Þ

where αðfhNgÞ is an appropriately defined intensive
sequence-dependent quantity that self-averages to zero.
According to Ref. [19], fca satisfies the conditions

f̄ ≥ fcaðμÞ ≥ fa; ð9Þ

where βfa ¼ −N−1 lnZNðfhNgÞ is the reduced annealed
free energy. Thus, fcaðμÞ improves the annealing approxi-
mation and constitutes a strict lower bound of the quenched
free energy f̄. The best estimate follows from maximization
of fca with respect to the Lagrange multiplier μ,

f�ca ¼ fcaðμ�Þ ¼ max
μ

fcaðμÞ: ð10Þ

The simplest constraint imposed on the quenched
variables fhNg uses the linear variable αðfhNgÞ ¼
1
N

P
N
i¼1½hi − ð2q − 1Þ�. After some algebra (see the

Supplemental Material [24]), Zca
N defined in Eq. (8)

follows as

Zca
N ¼ eNμð2q−1ÞΩNZhom

N ðϵcaÞ; ð11Þ

where Zhom
N ðϵcaÞ is the partition function of a homogeneous

RNA chain obtained from Eq. (4) by setting ϵij ¼ ϵca. Here,
ϵca ¼ ϵ0 − ð1=βÞ lnðW=Ω2Þ, Ω ¼ qe−μ þ ð1 − qÞeμ, and
W ¼ e−βϵ½q2e−2μ þ ð1 − qÞ2e2μ� þ 2qð1 − qÞeβϵ. Since
Zhom
N for N ≫ 1 to leading order scales as [14]

Zhom
N ∼ N−3=2ð1þ 2

ffiffiffiffiffiffiffi
Qca

p ÞN , whereQca ¼ e−βϵca , the varia-
tional free energy becomes

fcaðμÞ
kBT

¼ −μð2q − 1Þ − lnΩðμÞ − lnð1þ 2
ffiffiffiffiffiffiffi
Qca

p
Þ: ð12Þ

Maximization of this expression with respect to μ yields
μ� and, thereby, the optimal constrained annealed free
energy f�ca.
In Fig. 1(a) we compare f�ca (thick blue line) for q ¼ 0.75

with exact enumeration results for N ¼ 50 bases using the
recursion algorithm Eq. (6), where red lines show 30
distinct random sequence realizations and the dotted line
shows the corresponding quenched average f̄ according to
Eq. (7). The overall agreement between the numerical and
constrained annealing approaches is very good. The energy
parameters ϵ0 < 0 and ϵ ¼ 1.5jϵ0j are chosen such that the
UA base-pair energy ϵ0 − ϵ ¼ −2.5jϵ0j is favorable but the
UU and AA base-pair energies ϵ0 þ ϵ ¼ 0.5jϵ0j are unfav-
orable, yielding the particularly interesting competitive
scenario.
A more critical comparison is possible with the specific

heat, defined as CV ¼ −T∂2f=∂T2, shown in Fig. 1(b).
The constrained annealing result (blue line) shows an
interesting double-peak structure, which is in perfect
agreement with the quenched average numerical result
(dotted line). The spread in the individual sequence
realizations (red lines) is substantial, showing that the
N ¼ 50 chain is still far from the self-averaging limit.
The structural significance of two peaks in the heat capacity
can be assessed by the helicity order parameter θ

θ ¼ 2

N

�X
i<j

mij

�
; ð13Þ

where hOi denotes the thermal average over all permitted
base pairing matricesM as in Eq. (4). θ ¼ 1 corresponds to
a situation where all bases are paired, and θ ¼ 0 corre-
sponds to the situation where no base is paired. In the
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constrained annealing approximation, θ is given by the
previously derived expression for a homogeneous
RNA chain [14] θ ¼ 2

ffiffiffiffiffiffiffi
Qca

p
=ð1þ 2

ffiffiffiffiffiffiffi
Qca

p Þ. In the
numerics, θ is calculated from the probability of base
pair formation between nucleotides i and j, hmiji ¼
QijZiþ1;j−1Zjþ1;Nþi−1=Z1;N [14], where the partition func-
tion Zjþ1;Nþi−1 is calculated from Eq. (6) for a periodically
replicated sequence. In Fig. 1(c), we compare θ obtained by
the constrained annealing approach and by exact enumer-
ation (same color coding as before), again giving excellent
agreement. The helicity exhibits a distinct maximum
at intermediate temperatures, indicating the presence of
melting at both high and low temperatures.
Insight into the mechanism of the low-temperature

melting can be gained by considering the fractions ηþ
and η− of energetically unfavorable (i.e., AA and UU) and
favorable (i.e., UA) base pairs, defined as

η� ¼ 2

N

�X
i<j

δðhihj∓1Þmij

�
; ð14Þ

which follow straightforwardly by suitable derivatives of the
free energy (Supplemental Material [24]). By definition,
θ ¼ ηþ þ η−. In Fig. 1(d), we compare ηþ from the con-
strained annealing and numerical methods. It is seen that the
fraction of unfavorable contacts quite abruptly decreases at
low temperature. In the inset of Fig. 1(d) the constrained
annealing results for ηþ and η− demonstrate that favorable
contacts η− monotonically grow with decreasing temper-
ature over a broad range roughly paralleling the high-
temperature peak in Cv, while the abrupt fall of ηþ roughly
coincides with the low-temperature peak of Cv. The
antagonistic temperature behavior of ηþ and η−, thus, not
only explains the nonmonotonicity of θ in Fig. 1(c) but also
the double-peak structure of Cv in Fig. 1(b).
That the double-peak structure of Cv is really a conse-

quence of quenched randomness is demonstrated in the
inset of Fig. 1(b), where we compare the constrained

annealing result (blue line) with the annealed case (green
line) and the homogeneous case of an RNA chain with an
averaged base pairing energy of ϵ̄ ¼ ϵ0 þ ϵhihj ¼ ϵ0 þ
ϵð2q − 1Þ2 ¼ −5=8jϵ0j (brown line). The annealed calcu-
lation only produces a single broad high-temperature peak,
while the homogeneous calculation reproduces accurately
the low-temperature peak. The reason is the absence of
competition between favorable and unfavorable base pair-
ing, leading to a monotonic increase in helicity θ with
sinking temperature for the annealed and homogeneous
scenarios, see Fig. 1(c) inset.
After having validated the constrained annealing

approach for one parameter value, we next use it to explore
the global RNA phase behavior. Figure 2 shows (a) helicity
θ and (b) heat capacity Cv for the previously used fixed
energy parameters ϵ0 < 0, ϵ ¼ 3jϵ0j=2, and for various
probabilities 1=2 ≤ q ≤ 1 (note that the system is sym-
metric around q ¼ 1=2, so the range q < 1=2 gives
identical results). Except the homopolymeric case q ¼ 1
and the symmetric case q ¼ 1=2, all systems show a double
peak in Cv and a decrease of θ at both high and low
temperatures. The homopolymeric limit for q ¼ 1 has been
discussed before; the case q ¼ 1=2 is more interesting:
Minimization of Eq. (12) for q ¼ 1=2 yields μ� ¼ 0
corresponding to an annealed average in Eq. (8), which

FIG. 1 (color online). (a) Free energy f, (b) specific heat Cv, (c) helicity degree θ, and (d) fraction of unfavorable base pairs ηþ vs
rescaled temperature kBT=jϵ0j for parameters ϵ0 < 0, ϵ ¼ 1.5jϵ0j and q ¼ 0.75. Thin red lines denote numerical results for 30 different
base sequence realizations for an N ¼ 50 RNA chain, and the thick dashed black line gives the corresponding quenched average. The
thick blue line gives the constrained annealing result in the thermodynamic limit N → ∞. In the insets (a)–(c), constrained annealing
(blue line), annealed (green line), and homopolymeric [brown line, with a homogeneous base pairing energy of
ϵ̄ ¼ ϵ0 þ ϵð2q − 1Þ2 ¼ −5=8jϵ0j] cases are compared. The inset in (d) compares the fraction of unfavorable (blue solid line) and
favorable (blue broken line) base pairs ηþ and η− from the constrained annealing approach.

FIG. 2 (color online). Temperature dependence of (a) helicity θ
and (b) specific heat Cv for the competitive scenario ϵ0 þ ϵ > 0
(ϵ0 < 0, ϵ ¼ 3jϵ0j=2) for various base probabilities q. The black
dots in (a) indicate the maxima. The inset (a) compares the
fraction of unfavorable (ηþ, yellow solid line) and favorable
( η−, yellow broken line) base pairs for q ¼ 0.7.
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as we showed already in Fig. 1, has a single peak in Cv and
monotonic θ. This is in harmony with the numerical work
on the same model by Pagniani et al, who only considered
the symmetric situation q ¼ 1=2 [13]. We note that for all
probabilities q ≠ 1=2, the number of possible unfavorable
base pairs UU and AA, q2 þ ð1 − qÞ2, is larger than the
number of favorable base pairs, UA and AU, 2qð1 − qÞ;
thus, at high temperature UU and AA base pairs are for
q ≠ 1=2 statistically favored. This explains why the sym-
metry line q ¼ 1=2 is special, since only on this line do
favorable and unfavorable base pairs have the same
statistical weight. We conclude that the double peak in
Cv and nonmonotonicity of θ are obtained for all q except
the special cases q ¼ 0; 1=2; 1.
Whereas the energy parameters considered so far of

ϵ0 < 0, ϵ ¼ 3jϵ0j=2 give rise to competition between
favorable UA base pairs (energy ϵ0 − ϵ < 0) and unfavor-
able AA/UU base pairs (energy ϵ0 þ ϵ > 0), we next
consider the noncompetitive situation for which both ϵ0 −
ϵ < 0 and ϵ0 þ ϵ < 0. The results in Fig. 3 for ϵ0 < 0,
ϵ ¼ 2jϵ0j=3 for various q values demonstrate that the heat
capacity Cv still displays two maxima but that the cold
melting has disappeared and the helicity θ monotonically
increases with lowering temperature.
While the low-temperature peak of the heat capacity Cv

in the competitive case is caused by the gradual disappear-
ance of unfavorable base pairs ηþ with lowering temper-
ature [see the inset of Fig. 2(a)], the low-temperature
Cv peak in the noncompetitive case is produced by a
low-temperature increase of less-favorable base pairs ηþ
[see the inset of Fig. 3(a)].
Figure 4 summarizes the RNA folding behavior in a

phase diagram as a function of the sequence probability q
and the base pairing energy ϵ0 þ ϵ between identical bases
UU and AA (we assume the UA and AU base pairing
energy to be favorable, i.e., ϵ0 − ϵ < 0). For the competi-
tive situation ϵ0 þ ϵ > 0 (upper half), two peaks in Cv are
present and both high- and low-temperature melting occurs
as indicated by a maximum in the helicity at intermediate
temperatures. In the noncompetitive situation ϵ0 þ ϵ < 0
(lower half), we still find two peaks in Cv but only high-
temperature melting takes place and the helicity increases

monotonically towards θ ¼ 1 as the temperature decreases.
The lines q ¼ 0 and q ¼ 1 correspond to the standard
homopolymer case, and the symmetry line q ¼ 1=2 is
within the constrained annealing approach mapped onto the
annealed scenario, which shows phase behavior similar to
the homopolymeric case. The line ϵ0 þ ϵ ¼ 0 corresponds
to the quenched dilute case, where only hot melting takes
place and the specific heat exhibits only one peak.
Similar behavior is observed for the four-letter alphabet.

In Figs. 5(a) and 5(b), we compare the helicity degree θ
and the specific heat from the constrained annealing
calculation with numerical results (red and blue lines)
for q ¼ p ¼ 0.75. We see that two heat-capacity peaks are
also obtained for the more realistic four-letter alphabet, so
our results for the low-temperature RNAmelting are robust.
The mechanism for the experimental phenomenon of cold
RNA denaturation [4,5] has been controversially discussed
in terms of a positive specific heat difference between the

FIG. 3 (color online). Temperature dependence of (a) helicity θ
and (b) specific heat Cv for the noncompetitive scenario ϵ0 þ ϵ <
0 (ϵ0 < 0, ϵ ¼ 2jϵ0j=3) for various q. The inset (a) compares the
fraction of less favorable (ηþ, solid line) and more favorable
(η− , broken line) base pairs for q ¼ 0.7.

FIG. 4 (color online). Phase diagram of RNA thermal folding
behavior as a function of base probability q and base-pair energy
between similar nucleotides ϵ0 þ ϵ. Except for the homopoly-
meric scenarios for q ¼ 0 and q ¼ 1, the annealed scenario for
q ¼ 1=2, and the quenched dilute case ϵ0 þ ϵ ¼ 0, the heat
capacity shows two peaks. For ϵ0 þ ϵ > 0 (upper half), both
high- and low-temperature melting occurs, while for ϵ0 þ ϵ < 0
(lower half) only high-temperature melting takes place.

FIG. 5 (color online). Temperature dependence of helicity
degree (a) and specific heat (b) for the four-letter alphabet with
the energy parameters ϵ ¼ 3jϵ0j=2 and ϵ0 ¼ −jϵ0j=10 at the
point p ¼ q ¼ 0.75.
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denatured and native states due to the hydrophobic effect
[6,7], electrostatics [4,5], and the competition between
inter- and intramolecular hydrogen bonds [26] and con-
stitutes a long-standing puzzle in biopolymer basic
research. Our results show that quenched randomness itself
weakens the secondary structure formation tendency for
nonsymmetric sequence distributions (i.e., q ≠ 1=2) with
competitive base pairing energies at low temperature and
leads to reentrant behavior; it thus constitutes an additional
mechanism for cold melting. Future experiments with
disordered RNA sequences would be highly desirable in
order to check our predictions. In the presence of loop
entropies, the melting crossovers obtained in the present
Letter are expected to turn into real thermodynamic phase
transitions in the N → ∞ limit [10], which will be
addressed in future work.
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