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NUMERICAL SOLUTION OF FIRST KIND SINGULAR INTEGRAL EQUATION
WITH HILBERT-TYPE MULTIPLE INTEGRAL

In the paper a first kind singular integral equatamntaining a Hilbert-type double integral ovee ttomain[0, 277]x[0, 277] is studied. The nec-

essary conditions providing solvability of this egion are given. The equation studied is discrdtinader additional assumptions by the
method of discrete singularities. The unique sollgtof the discrete problem obtained is provedieTspeed of convergence of the solution of
the discrete problem to the exact solution of tiitidl singular integral equation is estimated.

Key words: singular integral equation, method of discretgslarities.

T. C.IIOJIAHCBKA, O. O. HABOKA
YUCEJIBHE PO3B’' A3AHHS CUHT'YJISIPHOI'O IHTETI'PAJIBHOT'O PIBHAHHSA IEPIHIOIO POAY
3 KPATHUM IHTEI'PAJIOM TUITY I'VIBBEPTA

JlocmipkeHO CHHTYJIIpHE IHTerpajibHe PiBHSHHS IEpPIIOro poay 3 NOABIMHMM iHTerpajioM tumy ['inp0epra, y BUNAIKy, KOJIU 00JacTIO iHTErpy-
BaHHs € n100yTok [0, 277]%[0,277] . HaBeneHo HeoOXiHI YMOBH, 3a SIKMX 1€ PiBHSIHHS Ma€ po3B’ s130kK. [IpoBeeHO QUCKPETH3ALLiK0 PiBHSIHHS, IO

BUBYAETHCS, 32 J0JATKOBUX YMOB Ha OCHOBI METO/A JMCKPETHUX 0COOIMBOCTEH. J[oBeIeHa 0lHO3HAYHA PO3B’ A3HICTh AMCKPETHOI 3a1adi i JaHa
OIIiHKa CKOPOCTi 301KHOCTI PO3B’ A3KY ILi€i 3a1a4i J0 TOYHOTO PO3B’ 3Ky 3aJaHOTO CHHTYJIIPHOTO iHTErpaqbHOTO PiBHAHHS.
Kuto4oBi cjioBa: CUHTYIISIpHE IHTErpabHE PiBHAHHS, METOJ JUCKPETHUX 0COOIMBOCTEH.

T.C. IOJIAHCKAA, E. A. HABOKA
YUCJEHHOE PEHIEHUE CUHT'YJIAPHOI'O UHTEI'PAJIBHOI'O YPABHEHUA ITEPBOI'O POJA
C KPATHBIM MHTEI'PAJIOM TUIIA TNJIBBEPTA

PaccMOTpeHO CHHTYIIPHOE MHTErpalibHOE ypaBHEHHE MEPBOTO pojia ¢ ABYKPATHBIM MHTEerpajioM Tumna [uiabbepTa, koraa o0nactb HHTErpUpPOBa-
Hus sBiasercst npomsseaeHuem [0, 277]%[0, 277] . TlpuBeaeHbl HEOOXOAMMBIE YCIOBHS Pa3pelIMMOCTH 3TOTO ypaBHeHHs. [IpoBeneHa AuCKpeTH3a-

L PaccMaTpUBAaEMOr0 YPaBHEHHUS C JONOJHUTEIBHEIMH YCIOBUSMU Ha OCHOBE METOJA JUCKPETHBIX ocoOeHHOcTel. J[oka3aHa ofHO3HA4Has
Pa3pemMOCTh AUCKPETHOM 3a/1a4¥ U J]aHa OLEHKA CKOPOCTH CXOMMMOCTHU PELIEHHs ATOM 3aJa4M K TOUHOMY PELICHUIO 3aJaHHOTO CUHTYJISPHO-
T'O HHTETPAIbHOTO YPaBHEHUS.

KitoueBble €J10Ba: CUHTYISIPHOE MHTETPAJTEHOE YPABHEHHE, METOJ IUCKPETHBIX 0COOCHHOCTEH.

Introduction. It is shown in [1], that the problem of a flow owe rectangular wing can be reduced to a singu-
lar integral equation containing a double singueegral. Thus studying such equations is of imaoce for appli-
cations. In the present paper a first kind singiéegral equation with a double Hilbert-type intelgis solved by
the numerical method of discrete singularities.

Problem setting.We are looking for the solutiou(¢1, ¢2) to the followingsingular integral equatioSIE):

2m2r ¢ ) ¢ -9 1 22
7 [ [oto™ o o™ "2u(dy 9,) dhudgo+ [ [K(6,1.0, 414 Ug 8 J P = 0.6} (1)
(2m)" 5 % (2m)" 0 %

where K (&, 6,, ¢,,¢,) and g(&,, 6,) are 277 — periodic functions belonging to the functionkalss C* in each vari-

able uniformly with respect to the other variablelgre C#" stands for the class qff times differentiable functions
such that theiru — th derivatives satisfthe Hilbert condition with the exponeyrt(0< y< :I) .
We introduce the operators:

(F¢u)(0) = %Tzfctg¢—;9u(¢) dg,

where the integral should be understood in theesefthe Cauchy principal valuand
1 22w

(Ku)(@,92)=@1IK(91,92,¢1,¢2)u(¢1,¢2)d¢1d¢ >

Using the operators introduced above equationdfjits the following representation:
((Fﬁrvﬁz + K)u)(ﬁl, 6,)=9(6,,6,). (2)
We introduce two regularization functions for edomat(2):

hy () :{rﬁs %_[1‘”[( Ku)(&, 6,) - 9(6,, 92)1 dﬁr}(%), rs=12r#s
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and a regularization constant:
2m2r

( )-9(6y 92)1 &b, .

The regularization functions satisfy the addltlocrahd|t|ons.
= j h(¢s)dps=0, s=1,2

In caseu(g,, ¢,) is a solution to SIE (2), the following conditiohsld along this solutionh, (¢,) =0, s=1, 2,
h =0, which are the necessary conditions providingaaility of equation (2). Nevertheless, the numdnnathod can
be applied for solving equation (2) only if strictmnditions are imposed. Namely, in what follows assume that

2 2
[K (6,6, 81,6,)d6,=0, s= 1,2, [g(6,6,) B, = 0,5 1.
0 0

The operatofl’,, satisfies the following property (see [3]); : 1 » 0, which implies that
[yly, i1- 0 TyTy i x(4) - 0, 8=1,2

In view of this remark, following the ideas of [1§e conclude that to ensure the unique solvakilitthe standard equa-
tion

(F¢1F¢2u)(gl' 6,)=9(61,6,)
the following conditions are required:

¢52 J (¢1.,)dg, |(6)=Ci(6s), rs=1.2,

0
2
[u(¢r ¢,)dg.0p,=C
0

o (3)
2I
0
where C is a known constant:s( S) O C“'V, s=1, 2 are known27— periodic function satisfying equalities:
—jc )d6,=0, s=1,2. (4)

If all the above assumptions hold, then the unmjenon to the standard equation is given by thretion:
u(¢r. ¢,) = (ralrez )(¢1, ¢2)—(1"9101)(¢])—(1"92 Cz)(¢2)+ C.
Henceforth we assume that SIE (2) admits the ursgligion u(¢1, ¢2) satisfying additional conditions (3).

Regularization and discretization of given equationLet ¢,((n), k =0,2n be the points of the unit circle centered
at the origin dividing this circle int@n+1 equal arcs, and the poinfﬂérj‘) be the centers of the corresponding arcs

o o\ =0, (#, =),

We introduce the notations for two trigonometritenpolation polynomials:

on sin 2n+ 1¢ ¢k
(Pn(l)f)(¢)=2n1+1zf(¢|£n)) [ ( )]

)

. 2n 1¢ oA
(Prsz)f)(qﬁ):ﬁ%f(%’;)) Sl[n[Z({p( " ﬂ)]

According to the method of discrete singularitiée solutionus (¢, ¢,) = ( 51 F;](21¢2 )(¢l, $,), 1=(n, n) to

problem (2), (3) approximating the exact solutiu|@¢1,¢2) to initial problem (1) is found by solving the lmling
SIE:

and
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2

((F:ﬁlr:ﬁz + Kﬁ)uﬁ)(el’ 6,) +Z(F¢S hsﬁ)(es) *+ = ( E(h?l Frszzgz 9)(‘91 6,) ()
s=1
supplemented by the conditions:

2
[r¢5%jun(¢1,¢2)d¢,j(es)+ ren=(B7c)(6). n =12 s
22
o j j (¢1. 8,) dgrdp, = C (6)
1% B
2—([ )dg.=0, s=1,2.
Here K (8, 6,,0,,¢,) = ( A nszPr(hgléZZ )(91,82,¢1,¢2); he, (¢s), s=1,2 and h; are accordingly the

regularization functions and regularization consfanthe following SIE:
= (2) ¢ _
(F¢1F¢2+K )u ‘Pn(lela(zezg thn‘_J.(Fﬁs ) (6,) by s=1,2

are regularization corrections which are due tof#lue that in genera‘ Pns CS)(HS), s=1, 2, do not satisfy conditions
(4).

Considering system of equations (5), (6) at thesoid, = ¢(()?Z), is :Tms, s= 1, Zand computing the integrals
using quadrature formulas (see [3]), we arrivehatfollowing system of linear algebraic equatioBEAE) with respect
to the variabIeSJﬁ(qpi(lnl),;ﬁ.(”Z)), is=0,2g, s=12; heq,, 5= 1 2h, ;hgr(;ﬁi(ns)) Jis 08, ., L

12

S | BN G O i () yr)
G iy 2 o8 g A AT )
(g g L B A th =
uﬁ(¢i1 ’¢i2 ) 22 Z g 2 sn(¢ ) g(¢011 ¢O )'

s=1

J_Om1112 0,n, ,

e e |

is=0,2ng, s=1,2,
1 S POeS
Uy |, @ % | =C
g )
1 2ng
o, +1Zhsn( ) 0, s=12.
In (7) uy (¢i(1”1), ¢i(2”2)), ig = =0, X, s= 1, :stand for the values of the unknown functiofp(¢1, ¢2) at the interpola-
tion nodes. In case these values are known, then
| 2n +1 2
(402)= > 3o o )Sm{nl;(‘”l 80 L |
Up (B 82) = ooz > 3 U (A, 4 :
1 @2 (2r11+1)(2r12+])|l =0i,=0 sin[;(¢l—¢l(l”1))}3|n[ (¢ ¢n2 )}

We note that the regularization unknowhsy, s=1,2; h, ; rgn(¢i(:5)) ,ig= 0,2y, 1, were introduced by

I. K. Lifanov, [4]. Apparently the number of equations in SLAE équals the number of its unknowns.
SLAE (7) admits a unique solution if and only ibptem (5), (6) does.

Proof of solvability. In order to prove the unique solvability of problés), (6) we consider an equivalent problem
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with homogeneous additional conditions. After infioing a new unknown function(g,, #,) = u(#y, ¢,)+ ¥(#1, &),

where
2
Y(#1.¢2) = 3.(Ta,Gs)(#9) - C
s=1
equation (2) and conditions (3) become respectively
((raTy, +K)V)(6.6,) = £ (6,6,) ®)
and
1 2
(F¢SEIV(¢1, ¢2)d¢rj(ﬁs) =0, r,s=1,2,r#s
2772071 (9)
1 [ [v(¢1.8,)dgdg, =0
1, P2) AP0, = U,
(277)2 00
where f (6, 6,) = g(6,,6,) +(Ky)(6,8,). Apparently, for equation (8) the following conditis hold:
2 2
[K(6,.6,.81,4,)d6,=0, s=1,2, [1(6,8,)d,= 05 1, (10)
0 0
We introduce special functional spaces in whichaperators are defined. Denote:
L[20,2771><[0,ZT] — the Hilbert space of the functions of two valéshwith the scalar product defined by the formula:
22
(% ¥)2 = [ [ X(00.92) V(81 82) 1B
Hozr{od] 7
ledozdx[o o ~ @ subspace ofL[ZO,Z,,]X[O’m] consisting of the functions satisfying (9).
In view of conditions (9), (10), equation (8) camdonsidered in the pair of spaces
2,0 2,0
(%02 fomigaat) (11)

in which the operatol’y I', is continuously invertible. Then the assumptioowtthe unique solvability of problem
(2), (3) implies the continuous invertibility 01‘eth)perator1“¢ll“¢2 +K in the pair of spaces (11).
Considerw(6}, 8,) U L, 5402+ €(61,62) = L. Define the regularized function® (6, 6,) 0 leéozdx[o » by the

relation:
2 1

Wk (8, 6,) = w(6,, 6,)+ Zl{rws [(rer %Tz_fw(gl- 6,) desj(‘//r)”(er)__w( W éL[Zo,zzr]x[o?ﬂ] .

r,s=
r#s

The approximate solutiony; (¢,, ¢,) E(P@l F;](;)I,Z\ﬁ)(qbl,q)z) to problem (8), (9) is determined by the following

SIE:
((r¢1r¢2 * K%?)Vﬁ)(@ﬂz) = o (61.6,) 12§

supplemented by the additional conditions:

2
(Fcbs%-[.l.vn (¢1,¢2)d¢rj(95) =0, rs=12r#s
0

(13)
1 22
o [ [va(#0. ¢,) dgrdg, = 0.
00

In (12) (8., 8,) is the regularization of the functiofy, (&, 6,) :

2
2 2 2
f1(61.6,) = (PP, 0)(61 02) + (K )(8:6). (000)=3 T (8 6] (09~ ©
s=1
and the kerneK (6., 6,, ¢,,¢,) is regularized in the variable, 6, .
Regularization in the left- and right-hand parteqgfiation (12) enables us to consider it in the pspaces (11),
which implies that the necessary solvability coiodis are satisfied. Moreover, regularization britiys regularization
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variables about.

If v, (¢, #,) is the unique solution to problem (12), (13), ther(#,, @,) = V; (#, @) — Yo (¢, 8 is the unique

solution to problem (5), (6), hence, SLAE (7) adnatunique solution.
Regularizing equation (12) as defined above, wigaat the equation equivalent to SIE (12):

((Tore, +Ka)v ) (6.0 + zl(r%hgn)( J+h=(RY 5D, 1)@ ),
where hg, (¢s), s=1,2 and h, are respectively the regularization functions seglilarization constant for the SIE

(TTy, + KV = Prgla)l P(n25)’2 f.

Being invariant with respect to the change of thenown function in the equation, they are the saméhe regulariza-
tion functions and regularization constant for i

(FsTy, +Ka)un = B P g

Let the spacefI)O O L[O 21 consist of trigonometric polynomials of order moeater thann, in ¢, and n,

0.2
in ¢, , satisfying conditions (13). We consider equafib?) in the pair of spaces
(@5, @3). (14)
We prove that equation (12) admits a unique saluitiothe pair of spaces (14) faor= min{nl, nz} sufficiently

large.
By Jackson’s theorerand properties of interpolation polynomials, [bjcan be proved that fon > y the follow-

ing estimates hold (see, for example, [2]):
“(K - KﬁR)vﬁ < C(K) &, ( K)IZ]]\Ln”L[zo iond” whereg; (K) = O(n"”_") for n - oo,

2

Ho.270.27

”f—fR <D( )G (f), Where%(f):(’)(n"”"") for n - oo,

o.2rqo0.21
C(K) u D(f) are constants independentfof

The above estimates imply (see [6]), that thersteXl > 1 such that fom > N equation (12) admits a unique so-
lution v, (41, @,) in the pair of spaces (14), andvifg,,#,) is the solution to equation (8) in the pair of apa(11),
then

Iv- \H"-[zo,zn]x[o,m] <a,,

where a;, :O(n_”_") forn - .
Hence, fom> N SIE (5) supplemented by additional conditions @y the unique solutiormﬁ(¢l,¢2). If
u(gy, #,) is the solution to problem (2), (3), then

o-wle . <h

71X 0,27]
where 3, :O(n_”"") forn - .
Moreover, for the regularization unknowns the faling estimates hold:
- sdnS(CS):O(n‘”‘V) for n - o, s=1,2;

L Vir = 1,2,

1 1
|hﬁ|s_vﬁ' "hs*n|||_[202”] Sx/ZT

wherevﬁzu(Ku g)- ( Uy E(}jglFézg ) =(9(ﬁ"“’) forn - o,
* oo

Conclusions.The metod of discrete singularities is applieddetting up a system of linear algebraic equations
approximating the first kind singular integral etjoa with double Hilbert-type integral over the dam

[0,277]x[ 0,27] . It is proved that under additional smoothnessimggions on the right-hand part and the kernel of

the regular part of this singular integral equatiba system of linear algebraic equations obtaimeuiits a unique
solution. Moreover, the rate of convergance ofgdhproximate solution to the exact one is estimated.
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V]IK 621.923
B. H. ITOJITHCKHH

MATEMATHYECKASI MOJEJIb YIIPABJIEHUSA YIIPYTUMHU NEPEMEILEHUAMA
TIMPU MEXAHUYECKOM OBPABOTKE

Ha ocHoBe pa3paboTaHHOI MaTeMaTHYECKOM MOJIENH YIIPABICHUs YIPYTUMH TIEPEMELCHUAME MPH MeXaHH4ecKkoi 00paboTke MOoKa3aHo, YTO ¢ TOUKH
3pEHUs NOBBIIIEHUS POU3BOIUTEILHOCTH M TOYHOCTH pa3sMepa 00pabOTKH MPU TOUSHUH C HU3KOM JKECTKOCTBIO TEXHOJIOTHYECKOI CHCTEMBI LiEeco-
00pa3HO ChEM MPUITYCKa MPOM3BOUTD 32 OJWH MPOXOA HHCTPYMEHTA HJIM HCTIONb30BATh YIPYTYIO CXeMy HUTU(OBaHKSA ¢ (UKCHPOBAHHBIM pajHaib-
HBIM ycuieM. 1 JOCTHKEHUs BBICOKON TOYHOCTH (hOpMBI 00padaTbiBaeMOil TIOBEPXHOCTH U MOBBIIIEHUS TPOM3BOAUTEILHOCTH 00pabOTKH HEO0O-
XOJIMMO ChEM TPUITYCKa MPOM3BOAUTD 0 CXeMaM MHOTONPOXO/HOM 00paboTkK aOpa3UBHBIMH U JIE3BUMHBIMH MHCTPYMEHTAMH. AHATUTHYECKH YCTa-
HOBJIeHA d(()EKTHBHOCTh PUMEHEHHS B 9TOM Cllyyae JIe3BUITHOIT 00paboTKH, B 0COOCHHOCTH HHCTPYMEHTAMH U3 CHHTETHYECKUX CBEPXTBEPIbIX Ma-
TepHanoB, 00ECTIEUNBAIOIINX CHIYKEHHE MHTEHCHBHOCTH TPEHMs B 30HE PE3aHMs M COOTBETCTBEHHO MOBBIIIEHHE TOYHOCTH M MPOU3BOAHTENEHOCTH
00padOTKHU [0 CPAaBHEHUIO C IPOLIECCOM IUTH(OBAHUS.

KioueBbie cJ10Ba: ynpyroe nepemelieHne, TeXHOJIOTHIeckas cUcTeMa, TOYHOCTh 0OpabOTKU, MPOM3BOJMTENBHOCTE 00pabOTKH, TOUYEHHE,
uQoBaHue, HHCTPYMEHT, TPEHHUE.

B. I. IOJIAHCHKHH
MATEMATUYHA MOJIEJIb YIIPABJIIHHSI ITPYKHUMU NEPEMILLIEHHAAMM
P MEXAHIYHINA OBPOBIII

Ha ocHOBi po3po0iieHOT MaTeMaTUYHOT MOJIE YIPABIIiHHS NPYKHUMH TIEPEMIIICHHAMH PU MEXaHIuHii 00poOLL MOKa3aHo, O 3 TOYKH 30pY Mi/BH-
[IEHHS MPOAYKTHBHOCTI Ta TOYHOCTI pO3Mipy 00pOOKHU MPHU TOUiHHI 3 HU3BKOIO HKOPCTKICTIO TEXHOIOTIYHOT CHCTEMH JOLINBHO 3HATTS MPUITYCKY 37ii-
CHIOBATH 32 OJIMH MPOXIiJ iHCTPYMEHTY a00 BUKOPUCTOBYBATH NPY)KHY cXeMy HUTi(hpyBaHHs 3 (hiKCOBAHUM pafiajlbHUM 3yCHILISIM. [/t JOCATHEHHS BH-
COKOi TOYHOCTI (hopMU 0OpOOTIOBAHOI MOBEPXHI Ta MiJBUIIEHHS MPOIYKTUBHOCTI 0OPOOKH HEOOXiTHO 3HATTS MPUITYCKY 3AIMCHIOBATH 32 CXEMaMU
GararonpoxinaHoi 00poOkN aOpa3MBHUMH Ta JIE30BUMH iIHCTPYMEHTaMU. AHAJITHYHO BCTAHOBJICHO €(DEKTUBHICTh 3aCTOCYBAHHS B LIbOMY BHITAJIKY JIe-
30BO1 00pPOOKH, OCOOIMBO IHCTPYMEHTAMH 3 CHHTETUYHUX HAATBEPAMX MaTepialiB, O 3a0€3MeuyI0Th 3HIKEHHS iIHTEHCUBHOCTI TEpPTS B 30Hi pi3aHHA
1 BI/UTOBITHO i ABUINEHHS TOYHOCTI Ta NPOYKTUBHOCTI 0OPOOKHU MOPIBHSHO 3 MPOLECOM LLTi(DyBaHHS.

Ki1104oBi cj10Ba: npy)KHE MEPEMIIICHHs, TEXHOIOTIYHA CHCTeMa, TOYHICTh 0OpOOKH, MPOIYKTUBHICTE OOPOOKH, TOUiHHSA, HUTiQyBaHHS, iH-
CTPYMEHT, TePT.
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