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To those four women in my life.





“.... For in this world, time has three dimensions, .... Each future moves in a different
direction of time. Each future is real. At every point of decision, whether to visit a woman in
Fribourg or to buy a new coat, the world splits into three different worlds, each with the same

people but with different fates for those people. In time, there are an infinity of worlds.

.... In such a world, how could one be responsible for his actions? Others hold that each
decision must be considered and committed to, that without commitment there is chaos. Such
people are content to live in contradictory worlds, so long as they know the reason for each.”

Excerpt from
Einstein’s Dreams
by Alan Lightman





Preface

FREE-SPACE OPTICAL (FSO) communications is drawing increasing attention as a
promising technology to overcome bandwidth shortage, of an evermore crowded

wireless marketplace. Currently radio-frequency (RF) technology struggles to cope
with the ever increasing demand for high-bandwidth data. Moreover, as the num-
ber of users increases, the RF spectrum is getting so crowded that there is virtually
no room for new wireless services, with the additional inconvenient of limited band-
width restriction for using a RF band and the license fees that have to be paid for
such bands. FSO communications offer clear advantages over other alternatives such
as narrower and more secure beams, virtually limitless bandwidth and no regulatory
policies for using optical frequencies and bandwidth. Moreover, in the space sector
FSO technology is becoming more attractive for satellite communication systems due
to the less mass and power requirements—compared to RF.

The major drawback for deploying wireless links based on FSO technology is the
perturbation of the optical wave as it propagates through the turbulent atmosphere.
Many effects are produced, of which the most noticeable is the random fluctuations
of the signal-carrying laser beam irradiance (intensity), phenomenon known as scin-
tillation and quantified by the scintillation index (SI). The statistical analysis of the
random irradiance fluctuations in FSO links is conducted through the probability
density function (PDF), from which one can obtain other statistical tools to measure
link performance such as the probability of fade and the bit error-rate (BER). Nowa-
days, the most widespread models for the irradiance data are, by far, the Lognormal
(LN) and Gamma-Gamma (GG) distributions. Although both models comply with
actual data in most scenarios neither of them is capable of fitting the irradiance data
under all conditions of atmospheric turbulence for finite receiving aperture sizes, i.e.
in the presence of aperture averaging. Furthermore, there are several cases where
neither the LN or the GG model seem to accurately fit the irradiance data, specially
in the left tail of the PDF.

The work presented here is devoted to propose a new model for the irradiance
fluctuations in FSO links under atmospheric turbulence, in the presence of aperture
averaging; resulting in the exponentiated Weibull (EW) distribution. A physical jus-
tification for the appearance of the new model is provided along with numerous test
scenarios in the weak-to-strong turbulence regime—including numerical simulations
and experimental data—to assess its suitability to model the irradiance data in terms
of the PDF and probability of fade. Here, a semi-heuristic approach is used to find a
set of equations relating the EW parameters directly to the SI. Such expressions were
tested offering a fairly good fitting the actual PDF of irradiance data. Furthermore,
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for all the scenarios tested a best fit version of the EW PDF is obtained and always
presents itself as an excellent fit to the PDF data. The new model has been com-
pared to the LN and GG distributions proving to cope to the predictions made by
those and, in some cases, even outperforming their predictions. Additionally, a new
closed-form expression has been derived for estimating the BER performance under
EW turbulence, for intensity-modulation/direct-detection (IM/DD) systems using
on-off keying (OOK) modulation. Moreover, this expression has been extended to
include pointing errors. Finally, the exponentiated Weibull PDF has been proved to
be valid with fully and partially coherent beams.

The results presented here suggest that the EW distribution presents the better
fit for data under different scenarios, thus, the exponentiated Weibull distribution
becomes an excellent alternative to model the PDF of irradiance data under all con-
ditions of atmospheric turbulence in the presence of aperture averaging.
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1
Introduction

THIS CHAPTER gives an overview of the work presented
herein. A glimpse on free-space optical communica-

tion is given, along with the motivations for the work con-
ducted during this doctoral thesis. The book organization
is also presented and some referencing conventions are ex-
plained.
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1.1 Thesis Motivation

In the past decades a renewed interest has been seen around wireless optical commu-
nications (WOC), commonly known as free-space optics (FSO), because of the ever
growing demand for high-data-rate data transmission as to a large extent current
applications, such as high-definition (HD) contents and cloud computing, require
great amount of data to be transmitted, hence, demanding more transmission band-
width. Nowadays, the last mile problem continues to be the bottle neck in the global
communication network. While the fiber-optic infrastructure—commonly called net-
work backbone—is capable of coping with current demand, the end user accesses the
network data stream mostly through copper based connections and radio-frequency
(RF) wireless services, that are inherently slower technologies. Nevertheless, it has
to be said that fiber-to-the-home (FTTH) connections are becoming more frequent,
although this kind of services are only profitable in large urban areas. As the num-
ber of users increases, the RF spectrum is getting so crowded that there is virtually
no room for new wireless services, with the additional inconvenient of limited band-
width restriction for using a RF band and the license fees that have to be paid for such
bands. Regarding cooper-based technologies, with the lower-speed connections of-
fered compared to the backbone, such as DSL (digital subscriber line), cable modems,
or T1’s (transmission system 1), these are alternatives that make the service providers
to incur in extra installation costs when deploying thewired network through the city.

When a fiber-optic link is neither practical nor feasible in the above scenario,
FSO systems become a real alternative, since they allow to transfer data with high-
bandwidth requirements and the additional advantages of wireless systems [1–3].
Moreover, a wireless optical communication system offers, when compared with RF
technology, an intrinsic narrower beam; less power, mass and volume requirements,
and the advantage of no regulatory policies for using optical frequencies and band-
width.

On the other hand, satellite communication systems is a fieldwhere FSO is becom-
ing more attractive thanks to the advantages mentioned above, and the additional
fact that for satellite-satellite links there is no beam degradation due to the absence
of atmosphere. Nevertheless, pointing systems complexity is increased as the order
of the optical beam divergence is hundreds of µrad, whereas for a RF beam is in
the order of tens to hundreds of mrad. The Semi-Conductor Inter Satellite Link EX-
periment (SILEX) was the first European project to conduct a successful demo with
the transmission of data through an optical link, between the SPOT-4 and Artemis
satellites achieving 50 Mbps of transfer rate [4]. The first successful ground-satellite
optical link was conducted between the ETS-VI satellite and the optical ground sta-
tion (OGS) in Konegi, Japan [5]. There have also been other experiments such as the
Ground/Orbiter Lasercomm Demonstrator (GOLD) [6], the Kirari Optical Commu-
nication Experiments (KODEN) [7], and the Kirari’s Optical Downlink to Oberpfaf-
fenhofen (KIODO) experiment where a link was established between an OGS in Ger-
many and the OICETS satellite [8]. The Airbone Atmospheric Laser Link (LOLA, for
its French initials), which used the Artemis optical payload and an airborne optical
transceiver flying at 9000 m, has demonstrated the feasibility of air-satellite links.

The major drawback when deploying horizontal (ground-ground) wireless links
based on FSO technology, where lasers are used as sources, is the perturbation of the
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Figure 1.1 Laser beam propagation through the turbulent atmosphere.

optical wave as it propagates through the turbulent atmosphere. Moreover, fog, rain,
snow, haze, and generally any floating particle can cause extinction of the signal-
carrying laser beam intensity. In a worst case scenario the intensity attenuation can
be strong enough to cause link outages, leading to a high bit error-rate that inevitably
decreases the overall system performance and limits the maximum length for the
optical link.

The turbulent atmosphere produces many effects, of which the most noticeable
is the random fluctuations of the traveling wave irradiance, phenomenon known as
scintillation. Additionally, there are other effects that perturb the traveling wavefront
such as beam wander, that is a continuous random movement of the beam centroid
over the receiving aperture plane; angle-of-arrival fluctuations, which are associated
with the dancing of the focused spot on the photodetector surface; and beam spread-
ing that is the spreading beyond the pure diffraction limit of the beam radius.

A compound of various perturbations suffered by an optical traveling wavefront
is shown in Fig. 1.1. Here, it is depicted how small fluctuations in the atmospheric
refractive index produce distortions int he wavefront provoking a random pattern,
both in time and space, of self-interference of the beam at the points of the transverse
receiver plane, and as a consequence rapid variations of the received power appear.
The rays (solid arrows) leaving the laser source are deflected as they travel through
the largest air pockets, whose size defines the turbulence outer scale, arriving off-
axis instead of what is expected without turbulence, represented in Fig. 1.1 with the
straight dashed arrow starting at laser and finishing at the receptor surface. Addi-
tionally, the turbulent atmosphere induces an extra spreading of the beam, i.e. the
broadening of the beam size beyond of that expected due to pure diffraction, for the
case of a laser beam. It is customary to refer as refractive effects to those caused by the
outer scale size of turbulence, whereas, the inner scale sizes produce the diffractive
effects. As the raysmay also be interpreted as the wave vector for the traveling wave-
front, the variations in the angle respect to the optical axis at the receiver represent
the concept of angle-of-arrival fluctuations. Furthermore, this bouncing of the optical
wavefront as it propagates through the atmosphere is also responsible for the beam
wander effect as the centroid of the laser beam is displaced randomly at the receiver
plane. The effect of placing a collecting aperture, e.g. a lens—as shown in Fig. 1.1—,
at the receiver end of the FSO link is to mitigate the turbulence induced fading on the
optical power. This phenomenon is known as aperture averaging.
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The statistical analysis of the random irradiance fluctuations in FSO links is done
through the probability density function (PDF), from which one can obtain other sta-
tistical tools to measure link performance such as the probability of fade and the bit
error-rate (BER). More mathematically complex metrics can be derived from the PDF,
such as the expected number of fades per unit time and their mean fade time. His-
torically, the PDF models that have drawnmore attention are the Lognormal (LN) [9,
p. 292], Beckmann [10], lognormally modulated exponential [11], Gamma-Gamma
(GG) [12], and the K distribution [13]. Nowadays, the most widespread models for
the irradiance data are, by far, the LN and GG distributions. Although both models
comply with actual data in most scenarios neither of them is capable of fitting the
irradiance data under all conditions of atmospheric turbulence for finite receiving
aperture sizes [14]. Furthermore, there are several cases where neither the LN or the
GG model seem to accurately fit the irradiance data, specially in the left tail of the
PDF.

Herein, a new model is proposed for the irradiance fluctuations in FSO links un-
der atmospheric turbulence in the presence of aperture averaging resulting in the ex-
ponentiated Weibull (EW) distribution. A physical justification for the appearance of
the new model is provided, along with numerous test scenarios to assess its suitabil-
ity to model the irradiance data in terms of the PDF and probability of fade, whereas
new closed-form expressions for the average BER are presented. Moreover, the anal-
ysis on the EW distribution is conducted on fully and partially coherent Gaussian
beam waves.

1.2 Thesis Overview

The remainder of this book is organized as follows. The next chapter presents a com-
pact yet complete review of the current theory on free-space optical communication
through the turbulent atmosphere. It starts by describing the atmospheric turbulence
phenomenon and the most common atmospheric power spectrum models. Follow-
ing with the propagation theory for Gaussian optical beam waves and the effects
induced by atmospheric turbulence. A simulation method is described where ran-
dom phase screens, accounting for the turbulence effects, are obtained either in the
frequency domain or the spatial domain directly, using a fractal method. Finally, an
analysis of FSO communication links is presented, along with the necessary tools to
assess the performance of such links.

Chapter 3 is devoted to introduce the new proposed fading channel model result-
ing in the exponentiated Weibull distribution. After briefly reviewing the Lognor-
mal and Gamma-Gamma model, the two most widespread fading models for FSO
communications, a physical justification for the appearance of the EW model is de-
veloped. Furthermore, knowing that for any new PDF model to be accepted and
actually be used by the FSO community it must has tractable expressions to estimate
the distribution parameters, a set of equations relating the EW parameters directly
to the scintillation index is provided, by making use of a semi-heuristic approach.
In order to show that the EW distribution is a valid model for the irradiance data
in weak-to-strong atmospheric turbulence, simulation results and experimental data
are used to assess the new model, and comparisons are made to the LN and GG dis-
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tributions. Moreover, a comparison to previously published data from other authors
is conducted, including numerical simulation results and experimental data in the
moderate-to-strong turbulence regime.

In Chapter 4 the analysis of the probability of fade and bit error-rate performance
of a FSO link, when the atmospheric turbulence can be modeled by an exponentiated
Weibull distribution, is presented. The BER analysis is conducted assuming a FSO
link with intensity-modulation/direct-detection (IM/DD) FSO system using on-off
keying (OOK) modulation. New closed-form expressions for the average BER are de-
rived, for the EW and GG models, utilizing the very general special function known
as Meijer’s G-function. The same data set presented in Chapter 3 is used to evaluate
the new expressions. Additionally, the average BER expression, for the proposed EW
fading channel model, is extended to account for misalignment fadingwhen pointing
errors are included in the analysis. Monte Carlo simulations are conducted to assess
this new expression.

The analysis for the exponentiated Weibull fading channel model is extended for
partially coherent beams (PCB) in Chapter 5. First, the Gaussian Schell-model intro-
duces the necessary theoretical tools to generate a PCB. Next, a recently developed
approach to simulate partially coherent beams is presented. Moreover, this simula-
tion technique is utilized to assess if the exponentiatedWeibull model is still valid for
a PCB propagating in atmospheric turbulence in the presence of aperture averaging.

Finally, Chapter 6 summarizes the main conclusions of the work developed dur-
ing this Ph.D. Thesis. The current shortcomings of the proposed exponentiated Wei-
bull model are pointed and the future research lines, envisioned as the next steps
in the development of the EW fading channel model—that will help to enlarge the
theoretical ground of the new model proposed—, are also presented.

In order to make the reading as agile as possible useful information, but not essen-
tial to understand the concepts being explained, has been compiled in the appendix
section. In Appendix A a complete list of all the publications derived from the work
presented in this thesis is given. Appendix B is a compound of some higher-order
transcendental functions, key in applied sciences, needed in the mathematical devel-
opment carried out throughout this book, specially in Chapter 4. A special notation
is used in the text, when referring to some function definition or function relation-
ship, by the capital letter ’B’ followed by a sequential number—with sublevels within
each function indicated by dots—, always enclosed in parenthesis. For example, the
Gamma function Γ(z) is defined in Eq. (B.1.1). Note that equations throughout this
book are numbered sequentially within each chapter separately.

Lastly, Appendix C gives a complete set of equations to estimate the scintillation
index for Gaussian beams, and Appendix D presents the mathematical derivation of
different probability density function models in FSO fading channels, including the
new exponentiated Weibull model proposed in this book.





2
Free-Space Optical
Communications under
Atmospheric Turbulence

THE AIM of this chapter is to present a complete review
of the current theory on free-space optical communica-

tions through the turbulent atmosphere. It encompasses the
basic theory of wave propagation in turbulent media, tur-
bulence spectra and simulation techniques. Moreover, an
approach to the theory behind the communication systems
is presented.
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2.1 Introduction

In recent years a large number of studies have been carried out on free-space op-
tical (FSO) communication, some times also called wireless optical communication
(WOC), with great interest on investigating the effects of the turbulent atmosphere
on the communication link that mostly produces irradiance fluctuations in the re-
ceived signal, greatly reducing link performance [15–19].

Whereas the most noticeable effect due to atmospheric turbulence is the random
fluctuations of the signal-carrying laser beam intensity (irradiance), phenomenon
known as scintillation, there are other perturbations affecting the traveling wavefront
such as beam wander, that is a continuous random movement of the beam centroid
over the receiving aperture plane; angle-of-arrival fluctuations, which are associated
with the image jitter at the receiver focal plane; and beam spreading that is the spread-
ing beyond the pure diffraction limit of the beam radius.

While the first works on atmospheric turbulence were primarily devoted to the
plane and spherical wave propagation problem [20–24], soon the interest was redi-
rected to the study of Gaussian beam waves [17, 25, 26], which is in fact the case for
propagation of laser beams through the atmosphere. Hereafter, the analytic expres-
sion on the effects of atmospheric turbulence on propagating waves will be focused
essentially on those for Gaussian beam.

With the purpose of mitigate the turbulence effects over a propagating Gaussian
beam, there are a variety of techniques that have been proposed over the years. The
first of these techniques to be applied was the aperture averaging [20], consisting in
the use of a collecting lens as large as possible to effectively increase the area of the
detector, hence, a larger portion of the incoming wavefront is concentrated into the
photodetector. If the collecting lens is larger than the beam diameter at the receiver
plane, and neglecting angle-of-arrival fluctuations and lens aberrations effects, then
virtually all the intensity fluctuations due to scintillation can be averaged out. Re-
cently, other mitigation techniques have been introduced, such as the use of phase
diffusers as inexpensive beam expanders at the transmitter to create a partially co-
herent laser beam, that is claimed to reduce the scintillation effects [27], and the
application of spatial diversity either at the transmitter or the receiver, by setting
equally spaced multiple laser sources and receiving apertures, respectively [28]. An
almost mandatory mitigation technique in coherent optical communications systems
is based on adaptive optics, where fast-stearing mirrors are used to correct angle-of-
arrival fluctuations, while correcting wavefront distortions is done with deformable
mirrors and wavefront sensors [29–31]. Although, adaptive optics presents itself as
a major alternative in coherent systems, its implementation on intensity-modulation
with direct-detection (IM/DD) systems means a higher complexity burden on the re-
ceiver design and it does not represent a major improvement on system performance.

The rest of this chapter is organized as follows. In Sec. 2.2 some power spectrum
models to characterize the turbulent atmosphere are addressed. Next, in Sec. 2.3,
a short yet complete review of the propagation of optical electromagnetic waves in
turbulent media is presented, followed by a brief introduction to the beam split-step
method for the simulation of optical waves in Sec. 2.4. Finally, WOC systems are
addressed from a communication theory approach where a general system charac-
terization and performance evaluation are made in Sec. 2.5 and Sec. 2.6, respectively.
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2.2 Atmospheric Turbulence

All the models used to describe the effects of the atmosphere on an optical traveling
wave are based on the study of turbulence, which involves fluctuations in the velocity
field of a viscous fluid [32]. These variations in the air of the atmosphere—i.e. the
fluid—are firstly due to temperature differences between the surface of the Earth
and the atmosphere, and, to the differences in temperature and pressure within the
atmospheric layers themselves, thus, producing pockets of air, also known as eddies,
that cause the atmospheric turbulence.

The different eddy sizes—i.e. the inertial range—, responsible for the transfer of
kinetic energy within the fluid, go from the outer scale L0 to the inner scale l0 of
turbulence, where typical values of L0 are between 10 and 20 m, while l0 is usu-
ally around 1–5 mm. Such conditions comprise a continuum where wind energy is
injected in the macroscale L0, transferred through the inertial range and finally dis-
sipated in the microscale l0. This energy transfer causes unstable air masses, with
temperature gradients, giving rise to local changes in the atmospheric refractive-
index and thus creating what is called optical turbulence as an optical wave propa-
gates. Treating the atmospheric turbulence as a consequence of the fluctuations in
refractive-index instead of temperature is the natural way to address wave propaga-
tion for optical frequencies. Following this reasoning is a good approach to define
a power spectral density for refractive-index fluctuations as a means to express the
atmospheric turbulence.

The variations of the atmospheric refractive-index n, which can be considered as
locally homogeneous, can be mathematically expressed by

n(~r, t) = n0 + n1(~r, t), (1)

where n0 is the mean value of the index of refraction; n1(~r, t) is a random variable
with zeromean, representing the changes caused by the atmospheric turbulence, and
t indicates the temporal dependence. Nevertheless, under the Taylor frozen turbulence
hypothesis, the turbulence is regarded as stationary as the optical wave propagates,
hence, the time dependence is traditionally dropped in Eq. (1).

The statistical characterization of a locally homogeneous random field is usually
done by its structure function, denoted by

Dn(~r1, ~r2) = 〈[n(~r1)− n(~r2)]
2〉, (2)

where there is no time dependence in the index of refraction.

2.2.1 Refractive-index structure parameter

The atmospheric turbulence can be defined by the strength of the fluctuations in
the refractive-index, represented with the refractive-index structure parameter C2

n

in units of m-2/3—which has a direct relation with the structure function presented
in Eq. (2). Along the optical propagation distance the value of C2

n has small varia-
tions for horizontal paths, while for slant and vertical paths these variations become
significant. It’s very common to assume a constant value in horizontal links, and to
measure the path averaged value of C2

n from methods that rely on the atmospheric
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data in situ [15, 33–35], or others that extract the C2
n value from experimental scintil-

lation data [20, 36].

On the other hand, when a vertical path is considered, the behavior of C2
n is con-

ditioned by temperature changes along the different layers within the Earth’s atmo-
sphere, hence, the refractive-index structure parameter becomes a function of the
altitude above ground.

Many authors have tried to predict the behavior of the refractive-index structure
parameter, and various models have been proposed. However, it should be noted
that most of these models are based on fittings from experiments conducted in spe-
cific places, which makes difficult their generalization. Table 1 presents a list of dif-
ferent C2

n models, namely, the Submarine Laser Communication (SLC) Day model
and the Hufnagel-Valley, best suited for inland day-time conditions, the HV-Night
for night-time conditions, and the Greenwood model adapted for astronomical tasks
on mountaintop locations. A comparative of all four refractive-index structure pa-
rameter models is shown in Fig. 2.1, where it is readily seen that day-time models
predict higher values of C2

n than night-time models, as expected.

Sadot and Kopeika [35] have developed an empirical model for estimating the
refractive-index structure parameter from macroscale meteorology measurements in
situ. The value of C2

n depends strongly on the hour of the day. It has a peak value
at midday and local minima at sunrise and sunset. Provided that the time elapsed
between the sunrise and sunset is different according to seasonal variations, the con-
cept of temporal hour (th) has been introduced. The duration of a temporal hour is
1/12th of the time between sunrise and sunset. In summer it is more than 60 min and
in winter is lower, therefore, it can be seen as a solar hour. The current th is obtained
by subtracting the sunrise time from the local time, and dividing by the value of one
th. Thus, in any day of the year th = 00 : 00 at sunrise, th = 06 : 00 at noon, and

Table 1 Refractive-index structure parameter models as a function of the al-
titude h above ground. For the HV model, A = C2

n(0) is the refractive-index
structure parameter at ground level, and v is the rms wind speed.

Model Expression

SLC-Day C
2
n(h) =































1.700 × 10−14 0m < h < 19 m

4.008 × 10−13
h
−1.054 19m < h < 230 m

1.300 × 10−15 230 m < h < 850 m

6.352 × 10−7
h
−2.966 850 m < h < 7000 m

6.209 × 10−16
h
−0.6229 7 km < h < 20 km

Hufnagel-Valley Day
C

2
n(h) =Ae

−h/100 + 5.94 × 10−53
(

v

27

)2

h
10
e
−h/1000

+ 2.7× 10−16
e
−h/1500

Hufnagel-Valley Night
C

2
n(h) =1.9 × 10−15

e
−h/100 + 8.16 × 10−54

h
10
e
−h/1000

+ 3.02 × 10−17
e
−h/1500

Greenwood C
2
n(h) =

[

2.2× 10−13(h+ 10)−1.3 + 4.3× 10−17
]

e
−h/1500



FSO Communications under Atmospheric Turbulence 11

10
−18

10
−16

10
−1410

0

10
1

10
2

10
3

10
4

10
5

C
n
2 [m−2/3]

H
ei

gh
t [

m
]

 

 

SLC−Day
HV−Day
HV−Night
Greenwood

Figure 2.1 Refractive-index structure parameter altitude profile of different
models. For HV-day model A = 1.7 · 10−14m−2/3 and v = 21m/s.

th = 12 : 00 at sunset. It should be noted that temporal hours are allowed to have
negative time hours.

The expression obtained that describes the refractive-index structure constant C2
n

is based on a polynomial regression model according to

C2
n =3.8× 10−14Wth + 2× 10−15T − 2.8× 10−15RH+ 2.9× 10−17RH2

− 1.1× 10−19RH3 − 2.5× 10−15WS+ 1.2× 10−15WS2

− 8.5× 10−17WS3 − 5.3× 10−13, (3)

where Wth denotes a temporal-hour weight (see Table 2), T is the temperature in
Kelvins, RH is the relative humidity (%), and WS is the wind speed in ms−1—which
is measured as the wind component transverse to the optical path.

An improved version of this model is also presented in Sadot and Kopeika [35],
with introduction of the effects of solar radiation and the aerosol loading in the atmo-

Table 2 Weight Wth parameter as a function of the corresponding temporal
hour.

Temporal hour interval Wth

until -4 0.11
-4 to -3 0.11
-3 to -2 0.07
-2 to -1 0.08
-1 to 0 0.06

Sunrise → 0 to 1 0.05
1 to 2 0.10
2 to 3 0.51
3 to 4 0.75
4 to 5 0.95

Temporal hour interval Wth

5 to 6 1.00
6 to 7 0.90
7 to 8 0.80
8 to 9 0.59
9 to 10 0.32
10 to 11 0.22

Sunset→ 11 to 12 0.10
12 to 13 0.08

over 13 0.13
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Figure 2.2 Refractive-index structure parameter predicted from macroscale
meteorologic and aerosols from data collected in an autumn day in Barcelona,
Spain.

sphere, as follows

C2
n =5.9× 10−15Wth + 1.6× 10−15T − 3.7× 10−15RH+ 6.7× 10−17RH2

− 3.9× 10−19RH3 − 3.7× 10−15WS+ 1.3× 10−15WS2

− 8.2× 10−17WS3 + 2.8× 10−14SF− 1.8× 10−14TCSA

+ 1.4× 10−14TCSA2 − 3.9× 10−13, (4)

where SF is the solar flux in units of kWm−2, and TCSA is the total cross-sectional
area of the aerosol particles and its expression can be found in Yitzhaky et al. [37]

TCSA =9.96× 10−4RH− 2.75× 10−5RH2 + 4.86× 10−7RH3

− 4.48× 10−9RH4 + 1.66× 10−11RH5 − 6.26× 10−3 lnRH

− 1.37× 10−5SF4 + 7.30× 10−3. (5)

A 24-hour data set of macroscale meteorologic measurements taken at the Cam-
pus Nord in the Technical University of Catalonia in Barcelona, Spain, collected on
the 14th of November of 2009 was used to generate the plot presented in Fig. 2.2, of
the estimated refractive-index structure parameter C2

n using Eq. (3) and Eq. (4) for
Model 1 and Model 2, respectively.

2.2.2 Atmospheric power spectrum models

The first studies on the atmospheric turbulence effects on propagating light waves
were conducted by Tatarski [9] using the Rytov method and considering, as still does
nowadays, the Kolmogorov turbulence spectrum [38] which suggests that the inertial
range has a degree of statistical consistency, where points in the atmosphere sepa-
rated certain scale size exhibit statistical homogeneity and isotropy. The use of these
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characteristics, along with additional simplifications and assumptions, was essential
to develop tractable expressions for an essentially nonlinear phenomenon, as the at-
mospheric turbulence.

Kolmogorov was the first to derive an expression, which led to the spectrum
model

Φn(κ) = 0.033C2
nκ

−11/3, (6)

where κ is the scalar spatial frequency (in rad/m).
Although Eq. (6) is only valid over the inertial subrange, 1/L0 ≪ κ ≪ 1/l0, often

it is assumed that the outer scale is infinite and the inner scale is negligibly small
in order to make use of it for all wave numbers. However, in practice, making this
assumption can lead to untrustworthy results when using the Kolmogorov spectrum
for wave numbers out of the actual inertial range.

To overcome the singularities appearing in Eq. (6) other spectrum models have
been proposed. Tatarskii suggested to include the inner scale effects with a Gaussian
function, defining a new power spectral density for refractive-index fluctuations in
the form

Φn(κ) = 0.033C2
nκ

−11/3 exp

(
− κ2

κ2m

)
, κ≫ 1/L0; κm = 5.92/l0. (7)

The Tatarskii spectrum still presents a mathematical singularity at κ = 0 in the
limiting case L0 → ∞. A further improvement of the Tatarskii and Kolmogorov
spectrum, valid for all wave numbers, called the von Kármán spectrum is given by
the expression

Φn(κ) = 0.033C2
n

exp(−κ2/κ2m)

(κ2 + κ20)
11/3

, 0 ≤ κ <∞; κm = 5.92/l0, (8)

where κ0 = 2π/L0.
It should be noted that both Eq. (7) and Eq. (8) reduce to the Kolmogorov power

spectrum, when evaluated in the inertial range κ0 ≪ κ≪ κm.
The spatial power spectral density of refractive-index fluctuations, as being de-

rived from a locally homogeneous random field, is described by its structure function
defined by

Dn(~r) = 8π

∫ ∞

0

κ2Φn(~κ)

(
1− sin~κ · ~r

~κ · ~r

)
d~κ, (9)

where Φn(~κ) is the power spectrum model of interest.

2.3 Propagation Theory

An optical wave propagating through the atmosphere will be altered by refractive-
index inhomogeneities that form turbulent eddies of different sizes, where energy is
injected in the macroscale L0 and transfered through ever smaller turbulent eddies
and finally dissipated at the microscale l0 . This energy transfer causes unstable air
masses, with temperature gradients, giving rise to local changes in the atmospheric
refractive-index and thus inducing perturbations as the optical wave propagates.
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These random variations on the amplitude and phase of the traveling wave can
be addressed analytically, by solving the wave equation for the electric field and its
respective statistical moments. For a propagating electromagnetic wave the electric
field is derived from the stochastic Helmholtz equation

∇2 ~E + k2n2(~r) ~E = 0, (10)

where k = 2π/λ is the wavenumber, ~r is a point in space and n(~r) is given by Eq. (1).
In practice, the actual equation to be solved is the scalar stochastic Helmholtz

equation
∇2U + k2n2(~r)U = 0, (11)

which corresponds to one of the three components of the electric field.
To solve Eq. (11) the Born and Rytov approximations have traditionally been used.

Additionally, several assumptions are made, namely, backscattering and depolariza-
tion effects are neglected, the refractive-index is assumed uncorrelated in the direc-
tion of propagation, and the paraxial approximation can be used.

2.3.1 Born approximation

In the Born approximation the solution of Eq. (11) is assumed to be a sum of terms of
the form

U(~r) = U0(~r) + U1(~r) + U2(~r) + · · · , (12)

where U0(~r) represents the unperturbed field, i.e. an optical wave traveling through
free-space. While U1(~r) and U2(~r) denote first-, second-order, and so on, perturba-
tions caused by inhomogeneities due to the random term n1(~r) in Eq. (1).

Next, by using the fact that in Eq. (1) no
∼= 1 and |n1(~r)| ≪ 1, Eq. (11) reduces to

∇2U(~r) + k2 [1 + 2n1(~r)]U(~r) = 0, (13)

Finally, substituting Eq. (12) into Eq. (13) yields [32]

∇2U0 + k2U0 = 0, (14)

∇2U1 + k2U1 = −2k2n1(~r)U0(~r), (15)

∇2U2 + k2U2 = −2k2n1(~r)U1(~r), (16)

and so on for higher order perturbations terms.
Solving Eq. (14) gives the unperturbed propagated optical field, whereas solving

Eq. (15) and Eq. (16) give the two lower-order perturbed fields. Next, a brief explana-
tion on how to solve this system of equations is given below.

2.3.1.1 Unperturbed field

Let us refer to Fig. 1.1 and consider a Gaussian beam wave propagating in the z
direction, where the input plane z = 0 of the system is located at the output of the
laser, and the output plane is located at the receiver lens position. The initial field can
be described by [39]

U0(r, 0) = A exp

(
− r2

W 2
0

)
exp

(
−i kr

2

2F0

)
, (17)
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where r is the distance from the beam center, andW0 and F0 are the beam radius and
phase front radius at the transmitter plane, respectively.†

Furthermore, the Gaussian beam can be characterized by the input parameters

Θ0 = 1− z

F0
, (18)

Λ0 =
2z

kW 2
0

, (19)

and by the output parameter in the receiver plane at z = L

Θ = 1 +
L

F
=

Θ0

Θ2
0 + Λ2

0

, (20)

Λ =
2L

kW 2
=

Λ0

Θ2
0 + Λ2

0

, (21)

where W and F are the beam radius and phase front radius at the receiver plane,
respectively.

The set of parameters defining a Gaussian beam presented above corresponds to
the notation used in Andrews and Philips [32]. Nevertheless, other ways of charac-
terizing a Gaussian beam can be utilized, such that used in Ricklin et al. [16].

The solution of Eq. (11) for propagating a Gaussian beam wave a distance z in
free-space is given by

U0(r, z) =
1√

Θ2
0 + Λ2

0

exp

(
− r2

W 2

)
exp

[
i

(
kz − ϕ− kr2

2F

)]
, (22)

where Θ0 and Λ0 are non-dimensional parameters defined above, and ϕ, W , and F
are the longitudinal phase shift, beam radius, and radius of curvature after propagat-
ing a distance z. These quantities are defined by

ϕ = tan−1 Λ0

Θ0
, (23)

W =W0

√
Θ2

0 + Λ2
0, (24)

F =
kW 2

0

2

[
Λ0(Θ0 + Λ0)

Θ0(1−Θ0)− Λ0

]
. (25)

2.3.1.2 Perturbations terms

For an optical wave propagating a distance L in the z direction, the first-order per-
turbation term of the final field is given by

U1(~r) = 2k2
∫∫∫

V

G(~r, ~s)n1(~s)U0(~s)d~s, (26)

†The notation used in this section is taken from Andrews and Philips [32]. Special care has to be taken
with this notation, where W0 is specifically referring to the beam radius at the output of the light source,
and it should not be confused with the actual beam waist of a Gaussian beamWB .
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where U0(~s) and G(~r, ~s) are the unperturbed field [see Eq. (22)] and the free-space
Green’s function [40], respectively. Moreover, by applying the paraxial approximation
the first Born approximation reduces to

U1(~r, L) =
k2

2π

∫ L

0

dz

∫∫ ∞

∞
d2s exp

[
ik(L− z) +

ik|~s− ~r|2
2(L− z)

]

×U0(~s, z)
n1(~s, z)

L− z
. (27)

When solving for higher-order perturbation terms in the Born approximation, the
following recurrent formula can be used

Um(~r, L) =
k2

2π

∫ L

0

dz

∫∫ ∞

∞
d2s exp

[
ik(L− z) +

ik|~s− ~r|2
2(L− z)

]

×Um−1(~s, z)
n1(~s, z)

L− z
, (28)

wherem indicates the order of the perturbation term to be calculated.

2.3.2 Rytov approximation

The Rytov approximation assumes a solution for Eq. (11) formed by the unperturbed
field U0(~r) modified by complex phase perturbations, expressed as

U(~r) = U0(~r) exp [ψ1(~r) + ψ2(~r) + · · · ] , (29)

where ψ1(~r) and ψ2(~r) are first- and second-order phase perturbations, respectively.
These perturbations are defined by [40]

ψ1(~r) = Φ1(~r),
ψ2(~r) = Φ2(~r)− 1

2Φ
2
1(~r),

(30)

where the new function Φm(~r) appearing in the system of equations in Eq. (30) are
directly related with the Born perturbation terms in the form

Φm(~r) =
Um(~r)

U0(~r)
(31)

Historically, the Born approximation was first introduced but its results were lim-
ited to conditions of extremely weak scintillation. Afterwards, the second-order Ry-
tov approximation won more acceptance thanks to the good agreement with scintil-
lation data in the weak fluctuation regime.

2.3.3 Statistical moments

The first relevant statistical moment for a traveling optical field is the second-order
moment, also known as the mutual coherence function (MCF), which is defined as the
ensemble average in two points of the field, taken in a plane perpendicular to the
propagation direction at a distance L from the source, as follows

Γ2(~r1, ~r2, L) = 〈U(~r1, L)U
∗(~r2, L)〉, (32)
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where U(~r) is the Rytov approximation solution for Eq. (11), and the brackets 〈·〉
denote an ensemble average. Vectors ~r1 and ~r2 are transversal vectors without z
component, which is chosen as the propagation direction.

Solving Eq. (32)

Γ2(~r1, ~r2, L) = Γ0
2(~r1, ~r2, L) exp

[
σ2
r(~r1, L) + σ2

r (~r2, L)− T
]

× exp

[−1

2
∆(~r, ~r, L)

]
, (33)

where

Γ0
2(~r1, ~r2, L) = U0(~r1, L)U

∗
0 (~r2, L)〈exp [ψ(~r1, L) + ψ∗(~r2, L)]〉, (34)

σ2
r(r, L) = 2π2k2L

∫ 1

0

∫ ∞

0

κΦn(κ) exp

(
−ΛLκ2ξ2

k

)

× [I0(2Λrξκ)− 1] dκdξ, (35)

σ2
r (0, L) = 2π2k2L

∫ 1

0

∫ ∞

0

κΦn(κ) exp

(
−ΛLκ2ξ2

k

)

×
{
1− cos

[
Lκ2

k
ξ(1−Θξ)

]}
dκdξ, (36)

and I0(·) is the modified Bessel function of zero order, T is a term denoting the fluctu-
ations of on-axis mean irradiance at the receiver plane caused by atmospheric turbu-
lence [32, Chp. 6.3], and the most-right exponential of Eq. (35) is the complex degree
of coherence (DOC).

From the MCF and the DOC some physical effects on the optical traveling wave
can be derived, namely the mean irradiance, turbulence-induced beam spreading,
angle-of-arrival fluctuations and beam wander.

Actually, the most important effect caused by atmospheric turbulence is the opti-
cal scintillation, and it is quantified by the scintillation index (SI)

σ2
I (~r, L) =

〈
I2(~r, L)

〉

〈I(~r, L)〉2
− 1, (37)

where I(~r, L) denotes the irradiance of the optical field in the receiver plane.
The mathematical derivation of σ2

I relies upon the fourth statistical moment of the
optical field U(~r), given by

Γ4(~r1, ~r2, ~r3, ~r4, L) = 〈U(~r1, L)U
∗(~r2, L)U(~r3, L)U

∗(~r4, L)〉. (38)

By setting ~r1 = ~r2 = ~r3 = ~r4 = ~r and evaluating Eq. (32) and Eq. (38) for the same
point, yields

〈I2(~r, L)〉 = Γ4(~r, ~r, ~r, ~r, L), (39)

〈I(~r, L)〉 = Γ2(~r, ~r, L), (40)

thus, obtaining an analytic expression for the scintillation index.
A fundamental parameter in the study of optical wave propagation through ran-

dom media is the Rytov variance σ2
R, which is in fact the scintillation index for a
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plane wave in the weak turbulence regime. The Rytov variance can be derived from
Eq. (36), and by setting Λ = 0 and Θ = 1 in the limiting case of a plane wave, yields

σ2
R = 1.23C2

nk
7/6L11/6. (41)

A more detailed explanation on the derivation of the solution of Eq. (10), and the
statistical moments of the optical field can be found in [32].

2.3.4 Extended Rytov theory

The Rytov approximation is valid only in weak irradiance fluctuations regime, and an
extension of the theory is needed to address strong turbulence effects on optical trav-
eling waves. As a wave propagates through the turbulent atmosphere its degree of
transverse spatial coherence decreases, this coherence loss is quantified by the spatial
coherence radius

ρ0 =





(
3

1+Θ+Θ2+Λ2

)1/2 (
1.87C2

nk
2Ll

−1/3
0

)−1/2

, ρ0 ≪ l0
(

8

3(a+0.62Λ11/6)

)3/5 (
1.46C2

nk
2L
)−3/5

, l0 ≪ ρ0 ≪ L0,
(42)

where a is a constant [32, p. 192]. It should be noted that Θ and Λ are dimensionless
parameters associated with the Gaussian beam. The expression for ρ0 in the limiting
cases of plane wave (Λ = 0, Θ = 1), and spherical wave (Λ = 0, Θ = 0) can be
deduced from Eq. (42).

Another parameter to measure the spatial coherence is the atmospheric coherence
width r0 = 2.1ρ0, widely known as the Fried parameter. For the limiting case of a
plane wave the Fried parameter is given by

r0 =
(
0.42C2

nk
2L
)−3/5

. (43)

Under the extended Rytov theory the refractive-index n1(~r) in Eq. (1) can be seen
as the result of the influence of two terms, i.e., the large-scale inhomogeneities nX(~r)
and the small-scale inhomogeneities nY (~r). Thus, as the refractive-index directly
influences the turbulence power spectrum, an effective power spectral density for
refractive-index fluctuations can be expressed by

Φne(κ) = Φn(κ)G(κ, l0, L0) = Φn(κ) [GX(κ, l0, L0) +GY (κ, l0)] , (44)

where GX and GY are amplitude spatial filters modeling the large-scale and small-
scale perturbations, respectively.

The effective atmospheric spectrum can be used instead of the classic spectrum
to solve the statistical moments of a traveling optical field, thus, allowing to treat the
effects of inner-scale size and outer-scale size of turbulence separately throughout the
theory.

2.3.5 Physical effects

2.3.5.1 Angle-of-arrival fluctuations

Referring to Fig. 1.1 the rays (solid arrows) leaving the laser source are deflected as
they travel through the turbulent atmosphere, some arriving off-axis instead of what
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is expected without turbulence, represented with the horizontally straight dashed
arrow. As the rays may also be interpreted as the wave vector for the traveling wave-
front, the variations in the angle respect the optical axis at the receiver represent the
concept of angle-of-arrival fluctuations. The expression for the angle-of-arrival fluc-
tuations, that directly depends on the turbulence strength and the optical path length,
is given by

〈β2
a〉 = 2.91C2

nL(2WG)
−1/3, (45)

whereWG is the soft aperture radius, and it is related to the receiving apertureD by
D2 = 8W 2

G.
The main technique to counterbalance the negative effects of receiving the opti-

cal wave off-axis, is by the combination of fast steering mirrors and adaptive optics
algorithms [29–31].

2.3.5.2 Beam wander

The beam wander effect is related to the displacement of the instantaneous center of
the beam—defined as the point of maximum irradiance—of the traveling wave over
the receiver plane. It is well known that this phenomenon is caused by the large-
scale inhomogeneities due to their refractive effects. A Gaussian beam wave after
propagating through the turbulent atmosphere is corrupted in such a way that the
instantaneous field, at the receiver plane, greatly differs from a Gaussian shape, with
the added characteristic that the beam center can exhibit major deviations from the
optical axis of the link.

On the other hand, the short-term and long-term fields have a field shape that
resembles that of a Gaussian beam. Nevertheless, the optical field in the short-term
exposition is skewed from a Gaussian beam profile, while the long-term profile de-
scribes a more accurate Gaussian profile and the deviation of the beam center from
the optical axis is relatively small, and can be neglected. A computer simulation
of a Gaussian beam, shown in Fig. 2.3, was conducted following the method de-
scribed in Dios et al. [41], where the field profile for different exposure times is pre-
sented. For this simulation it was assumed a propagation distance of L = 2000 m,
C2

n = 6 × 10−15 m−2/3, λ = 1064 nm, W0 = 2 cm, and the exposition time of the
long-term profile in Fig. 2.3(c) is 34 times of that used for the short-term profile in
Fig. 2.3(b).

Fante [42] in his work relates the random displacements of the incoming wave-
front center or “hot spot” with the long-term WLT and short-term WST spot sizes,
assuming that the “hot spot” coincides with beam centroid, by the expression

〈r2c 〉 =W 2
LT −W 2

ST, (46)

where WLT is the long-term beam radius and, following the conventional Rytov
method, its form is [43]

W 2
LT =W 2

[
1 + 1.33σ2

RΛ
5/6
]
, Λ =

2L

kW 2
, (47)

whereW is the pure diffraction beam radius at the receiver plane. Furthermore, the



20 Chapter 2

(a) Instantaneous beam. (b) Short-term beam. (c) Long-term beam.

Figure 2.3 Profile of a Gaussian beam with different exposure times, after
propagating 2000 m in atmospheric turbulence.

short-term beam radius is given by

W 2
ST =W 2

{
1 + 1.33σ2

RΛ
5/6

[
1− 0.66

(
Λ2
0

1 + Λ2
0

)1/6
]}

. (48)

It is clear how in Eq. (47) and Eq. (48) the extra beam spreading effect due to the
atmospheric turbulence is included through the Rytov variance σ2

R.
For the sake of simplicity, the geometrical optics approximation used by Churnside

and Lataitis [44] yields a closed form expression for the beam wander

〈r2c 〉 = 0.97C2
nL

3W
−1/3
0 , (49)

while taking into account that this expression is valid for an infinite outer scale and a
collimated beam, as is mostly assumed.

2.3.5.3 Scintillation

A laser beam propagating through the atmosphere will be altered by refractive-index
inhomogeneities. At the receiver plane, a random pattern is produced both in time
and space [23]. The irradiance fluctuations over the receiver plane resembles the
speckle phenomenon observed when a laser beam impinges over a rugged surface.
The parameter that expresses these irradiance fluctuations is the scintillation index
(SI)

σ2
I =

〈
I2
〉
− 〈I〉2

〈I〉2
=

〈
I2
〉

〈I〉2
− 1, (50)

where I ≡ I(0, L) denotes irradiance of the optical wave observed by a point detector
after propagating a distance L.

Classical studies on optical wave propagation have been classified in two major
categories, either the weak or strong fluctuations theory. It is customary to discrim-
inate both cases for a given propagation problem by determining the value of the
Rytov variance σ2

R. The weak fluctuations regime occurs when σ2
R < 1, the strong
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fluctuations regime is associated with σ2
R > 1, whereas if σ2

R → ∞ results in the
saturation regime.

Different expressions are derived for the SI depending on whether the calcula-
tion has to be done in the weak or the strong fluctuations regime, although, when
σ2
R ∼ 1 both expressions will give similar results. Andrews et al. [17] have devel-

oped a set of expressions for the SI of Gaussian-beam waves and claim to be valid
in the weak-to-strong fluctuation regime. This work is based on the extended Rytov
theory. The idea behind this approach is to separate the influence of the turbulence
in two parts, namely, that caused by the small-scale eddies—that are assumed to be
diffractive inhomogeneities—on one hand, and, on the other, the effects caused by
the large-scale eddies—regarded as refractive inhomogeneities. Mathematically the
normalized irradiance is then written as

Î =
I

〈I〉 = XY, (51)

where X and Y are unit mean statistically independent processes arising from the
large-scale and small-scale size of turbulence, respectively. Alternatively, the irradi-
ance can be written as I = A exp(2χ), where χ is the log-amplitude of the optical
wave. Moreover, when χ is normally distributed, the variance of the log-amplitude
is related to scintillation index according to

σ2
I = exp

(
4σ2

χ

)
− 1 = exp

(
σ2
ln I

)
− 1, (52)

where σ2
ln I is the variance of the log-irradiance, that in turn depends on the large-

scale σ2
lnX and small-scale σ2

ln Y variances as follows

σ2
ln I = 4σ2

χ = σ2
lnX + σ2

lnY . (53)

Under the Rytov approximation, the on-axis log-irradiance scintillation index for
a point receiver has the integral form

σ2
ln I = 8π2k2L

∫ 1

0

∫ ∞

0

κΦn(κ) exp

(
−ΛLκ2ξ2

k

){
1− cos

[
Lκ2

k
ξ(1 −Θξ)

]}
dκdξ

(54)
where Θ = 1−Θ.

If one uses the simple Kolmogorov spectrum forΦn(κ) then the solution of Eq. (54)
is only valid in weak turbulence. In this regime the approximation σ2

I
∼= σ2

ln I is valid,
and thus the scintillation index for Gaussian beam is given by

σ2
I = 3.86σ2

Rℜ
{
i5/62F1

(
−5

6
,
11

6
;
17

6
; Θ + iΛ

)
− 11

6
Λ5/6

}
, (55)

where ℜ{·} is the real part operator, and 2F1(·) is a hypergeometric function [See
Appendix B.3]. Equation (55) can be approximated by

σ2
I = 3.86σ2

R

{
0.40[(1 + 2Θ)2 + 4Λ2]5/12 cos

[
5

6
tan−1

(
1 + 2Θ

2Λ

)]
− 11

16
Λ5/6

}
, (56)

where Θ and Λ are defined by Eq. (20) and Eq. (21), respectively. The expression in
Eq. (56) is often regarded as the Rytov variance for a Gaussian beam wave σ2

B .
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In order to account for moderate-to-strong turbulence effects the extended Rytov
approximation is applied—by means of the effective spectrum in Eq. (44)—, using
the large-scaleGX and small-scale GY filters defined by

GX(κ) = exp

(
− κ2

κ2X

)
, (57)

GY (κ) =
κ11/3

(κ2 + κ2Y )
11/6

exp

[
ΛLκ2(1− z/L)2

k

]
, κY ≫ 1, (58)

respectively; where κX and κY are variables denoting low- and high-pass spatial
frequency cutoffs, that eliminate the ineffective scale sizes in the turbulent process
for the moderate-to-strong fluctuations regime [32, p. 327]. Nevertheless, it should
be noted that Eq. (57) and Eq. (58) do not account for the inner-scale l0 and outer-
scale L0 of turbulence.

Now using the effective atmospheric spectrum defined above, Eq. (54) can be
solved for the large-scale σ2

lnX and small-scale σ2
lnY variances, separately. Moreover,

by inserting Eq. (53) in Eq. (52) the on-axis optical scintillation index of a Gaussian
beam for a point receiver is [17]

σ2
I =exp

(
σ2
lnX + σ2

ln Y

)
− 1

= exp





0.49σ2
B[

1 + 0.56(1 + Θ)σ
12/5
B

]7/6 +
0.51σ2

B(
1 + 0.69σ

12/5
B

)5/6





− 1. (59)

where σ2
B is the Rytov variance for a beam wave, given by Eq. (56).

For a receiving aperture with finite apertureD, the expression of the scintillation
index is given by

σ2
I (D) = 8π2k2L

∫ 1

0

∫ ∞

0

κΦn(κ) exp

(
− Lκ2

k(Λ + ΩG)

[
(1−Θξ)2 + ΛΩGξ

2
])

×
(
1− cos

[
Lκ2

k

(
ΩG − Λ

ΩG + Λ

)
ξ(1 −Θξ)

])
dκdξ, ΩG ≥ Λ, (60)

where ΩG = 2L/kWG is a non-dimensional parameter defining the beam radius at
the collecting aperture element. A tractable expression for Eq. (60) has been derived,
based on the large-scale and small-scale variances [32]. Following the same strategy
to deduce Eq. (59), and extending for finite apertures

σ2
I (D) = exp

[
σ2
lnX(D) + σ2

lnY (D)
]
− 1. (61)

where large-scale and small-scale log-irradiance variances are given by

σ2
lnX(D) =

0.49
(
ΩG−Λ
ΩG+Λ

)2
σ2
B

[
1 + 0.4(2+Θ)(σB/σR)12/7

(ΩG+Λ)( 1
3
− 1

2
Θ+ 1

5
Θ

2)
6/7 + 0.56(1 + Θ)σ

12/5
B

]7/6 , (62)
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Figure 2.4 Scintillation index for different receiver aperture diameters. As
reference the SI for a point receiver is shown (dashed line).

σ2
lnY (D) =

0.51σ2
B(ΩG + Λ)

(
1 + 0.69σ

12/5
B

)−5/6

ΩG + Λ+ 1.20(σR/σB)12/5 + 0.83σ
12/5
R

. (63)

It should be noticed that Eq. (59) and Eq. (61) do not account for effects induced
by the inner and outer scale of turbulence. In oder to include them additional con-
siderations must be made [See Appendix C].

In Fig. 2.4 a plot of the scintillation index is shown, where different receiving aper-
ture diameters have been used to calculate Eq. (61), and a collimated Gaussian beam
has been assumed with wavelength λ = 780 nm and beam size at the transmitter
W0 = 1.13 cm. Additionally, the effects of the inner scale and the outer scale limits of
turbulence were neglected.

From the analysis of the Fig. 2.4 it can be concluded that a wireless optical com-
munication link can be classified in one of three well differentiated zones. In the
first one, regarded as the weak turbulence regime, the scintillation index increases
monotonically as either the optical turbulence, denoted by the refractive-index struc-
ture parameter, or the link distance increases. Next, a peak in the scintillation index
appears representing the point of maximum atmospheric turbulence. This zone is
known as strong turbulence regime. Finally, a third zone called the saturation regime
the value of the scintillation index settles to a plateau. The physical reason for the
constant level of the SI, irrespective of the increase of the C2

n value or the link range,
is because after a certain point the atmospheric turbulence completely breaks the
spatial coherence of the traveling wavefront and the arriving optical wave behaves
as a diffuse source. It becomes evident that the localization of the three turbulence
regimes explained before is affected by the size of the receiving aperture size.

2.3.5.4 Aperture averaging

To counterbalance the scintillation effects on the optical link performance, it is desir-
able to have a large area at the detection plane in order to integrate as much light
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Figure 2.5 Aperture averaging factor for different atmospheric turbulence
conditions as a function of the receiving aperture radius D/2 normalized to

the Fresnel zone
√
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as possible. The received wavefront can be regarded as a self-interference pattern,
produced by atmospheric inhomogeneities of different spatial scale sizes, that is av-
eraged over the entire receiving area, thus, the intensity fluctuations are mitigated.
From the ray optics point of view more rays, which all travel through distinct opti-
cal paths, can be collected by means of a lens to be integrated on the photodetector
and the measured scintillation index will be lesser compared to that of a point re-
ceiver. This phenomenon, called aperture averaging, has been extensively addressed
[20, 23, 24]. Churnside [23] developed simple closed-form expressions, to easily eval-
uate aperture averaging under weak fluctuation regime, that were later improved by
Andrews [24]. More recently, an aperture averaging expression for Gaussian beams
has been developed for the moderate-to-strong turbulence regime [17, 32].

The mathematical expression for the aperture averaging factor A is defined by

A(D) =
σ2
I (D)

σ2
I (0)

, (64)

where σ2
I (0) is the SI for a point receiver defined in Eq. (59), while σ2

I (D) is the SI of a
receiving aperture with diameter D given by Eq. (61). As far as experimental data is
concerned an appropriate way to evaluate the aperture averaging factor is by using

an effective point receiver, defined as an aperture much smaller than
√
λL and the

inner scale size l0 [45]. Note that the lowest possible value of A is desirable, in order
to average out signal fluctuations due to atmospheric turbulence.

As it is seen from previous section, Eq. (64) is a rather complicated expression.
Nevertheless, it is customary to assume the spherical wave as a good enough ap-
proximation for a Gaussian beam at the receiver plane for some rapid estimations
[14]. The aperture averaging factor for a spherical wave has a fairly simple closed-
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form expression given by [24]

A =

[
1 + 0.333

(
kD2

4L

)5/6
]−7/5

, (65)

where k = 2π/λ is the wavenumber,D is the receiving aperture size, and L is the link
distance.

In Fig. 2.5 the aperture averaging factor is shown for a Gaussian beam with the
same characteristics of those used to plot Fig. 2.4. Additionally, a link distance of
2 km was set. It is clear that for higher turbulence strength the aperture averaging
effect becomes less noticeable. Moreover, it is evident that the averaging capability of
the receiver system increases as the receiving aperture diameter increases.

2.4 Propagation Simulation

Since its introduction by Fleck et al. [46] the beam split-step method has been widely
used to simulate the propagation of electromagnetic waves, where the effects pro-
duced by the turbulent atmosphere are simulated by a series of linearly spaced ran-
dom phase screens. In Fig. 2.6 are depicted the main aspects involved in the beam
split-step method, also known as the beam propagation method (BPM). First, an initial
traveling optical field is set and the path length L is split into a series ofN steps, thus,
dividing the optical path into N different slabs of turbulent atmosphere of width
∆z = L/N . Each of these slabs is represented by a two-dimensional (2D) random
phase screen placed in the middle of such slab. Consequently, the first and last prop-
agation step have length∆z/2while all other steps are∆z in length. The propagation
of the optical field between every step takes place in the transformed domain, where
the field is decomposed into a linear combination of plane waves. After each step
the optical wavefront is inverse transformed, to the spatial domain, where a random
phase screen is then used to simulate the atmosphere’s effects. This process is re-
peated until the propagation path length is completed.

LASER

DETECTOR

Δz

Perturbed 
wavefront

Propagation Length,L

Phase
Screen

Figure 2.6 General scheme of beam propagation method (BPM) applied to the
propagation of light through the turbulent atmosphere.
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At the receiver end the detector is a single pixel in the case of a point receiver.
When considering a finite size aperture, the optical power in the two-dimensional
grid of the traveling wavefront is integrated over the aperture area.

The most widespread technique used to generate the random phase screens is
based on the spectral method, in which phase screens are generated in the spectral
domain with the selected turbulence power spectrum [47–49]. The fractal method is
an alternative approach to reproduce the phase screens directly in the spatial domain
by successive interpolations from a set of random numbers that obey the desired
structure function associated with the turbulence power spectrum being used [50].

2.4.1 Spectral method

In this method the screens are numerically generated by the use of fast Fourier-
transform and assumed to follow a particular turbulence power spectrum, where
the most employed one is the Kolmogorov spectrum.

The phase screen is generated in the spectral domain by means of filtering Gaus-
sian white noise with the selected turbulence power spectrum, then an inverse trans-
formation yields the desired random phase screen in the spatial domain, which is
given by [48]

θs(j∆x, l∆y) =

Nx∑

n=0

Ny∑

m=0

[a(n,m) + ib(n,m)]× exp [2πi(jn/Nx+ lm/Ny)] , (66)

where i =
√
−1; ∆x and ∆y are the grid spacing; Nx and Ny are the number of

points in the respective dimension of the screen; and a(n,m) and b(n,m) are random
numbers following Gaussian white noise statistics with

〈a2(n,m)〉 = 〈b2(n,m)〉 = 2πk2∆z
2π

Nx∆x

2π

Ny∆y
Φn(~κ,∆z), (67)

where k is the wave number, Φn(~κ,∆z) is the two-dimensional power spectrum for
refractive-index fluctuations as a function of the propagation step ∆z, and ~κ is the
spatial wave number vector in the plane transversal to propagation direction.

However, a major difficulty with this technique is to reproduce the atmospheric
large-scale effects owing to the fact that they are related with lowest spatial fre-
quencies of the turbulence spectrum, and, it is precisely around zero where the Kol-
mogorov spectrum has a singularity. This issue was addressed first by Lane et al.
[50] with the addition of subharmonics components to the random phase screen, as
a result of which more resolution in the spatial frequencies around zero is obtained.
Later, an improved version of this method was introduced by Recolons and Dios [49].

2.4.2 Fractal method

Phase screens generated following a Kolmogorov power spectrum have an important
property, namely, that they present a fractal behavior as they look similar regardless
of the scale they are viewed. The firsts to propose the use of fractal interpolation for
generating phase screens were Lane et al. [50], and later an improved version of this
method was introduced [51].
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With this method, first, an exact low-resolution phase screen is generated by eval-
uating its covariance matrix that is obtained directly from the structure function,
which for a pure Kolmogorov spectrum—as it is normally assumed—, is given by

D(~r1, ~r2) = 〈[θs(~r1)− θs(~r2)]
2〉 = 6.88

( |~r1 − ~r2|
r0

)5/3

, (68)

where θs(~r1) and θs(~r2) are the phase evaluated at positions ~r1 and ~r2, respectively,
and r0 is the Fried parameter. The covariance matrix can be obtained from the struc-
ture function with the relationship

Cθs(~r1, ~r2) = −1

2
D(~r1, ~r2) +

1

2

∫∫
D(~r1

′, ~r2)T (~r1
′)dx′1dy

′
1

+
1

2

∫∫
D(~r1, ~r2

′)T (~r2
′)dx′2dy

′
2

−1

2

∫∫∫∫
D(~r1

′, ~r2
′)T (~r1

′)T (~r2
′)dx′1dy

′
1dx

′
2dy

′
2, (69)

where T (~r) is a windowing function that has a constant value inside the domain of
the phase screens and zero value outside. Next, once the covariance matrix is ob-
tained, an square matrix matching the size of the phase screen is generated from a set
of Gaussian random numbers with variance given by the eigenvalues of Cθs(~r1, ~r2)
[51]. Nevertheless, it is important to note that if the initial squared phase screen
has a size N × N , then the covariance matrix has N2 × N2 dimension, making the
method applicable to small values of N . Thereby, the use of interpolation techniques
rises as mandatory to obtain phase screen with higher resolution. Probably, the most
widespread window sizes in the literature are N = 512 and N = 1024.

When the low-resolution phase screen has been completely generated, successive
randomized interpolation steps are executed to produce the final desired grid size.
This interpolation method helps to achieves high resolution screens while demand-
ing a relatively small computational effort, although, having the drawback of poorer
statistical performance.

2.5 Wireless Optical Communication Systems

Previous sections have been focused on the explanation of the physical phenomena
that affect an optical traveling wave in free-space optical links. From the communi-
cation systems approach, there are other factors that become critical when evaluating
the performance of a wireless optical communications link. A simplified scheme is
shown in Fig. 2.7, where the main blocks in a FSO link are presented.

Wireless optical communications rely on a traveling wave generated by a laser
source, at a certain average transmitted power level PT . Aside from the effects suf-
fered by the optical traveling wavefront through the turbulent atmospheric channel,
addressed in Sec. 2.3, the average optical power at the receiver plane PR is influenced
by various parameters. The expression for the average optical power detected at a
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Figure 2.7 Block diagram for a free-space optical communication link.

distance R in a WOC link, is given by

PR(R) = PT
D2

R

D2
T + (Rθ)2

exp

(
−

θ2mp

(θ/2)2

)
Ta(R)TR, (70)

where θ is the laser beam full-angle divergence, Ta(R) is the transmittance of the at-
mosphere along the optical path, TR is the transmittance of the receiver optics, θmp

denotes pointing errors between the emitter and receiver, and, DT and DR are the
transmitting and receiving aperture diameters, respectively. It should be noted that
the pointing errors are not only due to misalignments in the installation process, but
also to vibrations on the transmitter and receiver platforms. For horizontal links the
vibration comes from transceiver stage oscillations and buildings sway caused by
wind, while for vertical links—i.e. ground-satellite links— satellite wobbling oscilla-
tions are the main source of pointing errors.

2.5.1 Atmospheric attenuation

A laser beam traveling through the turbulent atmosphere is affected by extinction due
to aerosols and molecules suspended in the air. The transmittance of the atmosphere
can be expressed by Beer’s law as

Ta(R) =
P (R)

P (0)
= e−αaR, (71)

where P (0) is transmitted laser power at the source, and P (R) is the laser power
at a distance R. The total extinction coefficient per unit length αa comprises four
different phenomena, namely, molecular and aerosol scattering, and, molecular and
aerosol absorption

αa = αmol
abs + αaer

abs + βmol
sca + βaer

sca . (72)

The molecular and aerosol behavior for the scattering and absorption process is
wavelength dependent, thus, some atmospheric windows appear where the trans-
mission of certain optical wavelengths is more favored. The spectral transmittance of
the atmosphere is presented in Fig. 2.8, for a horizontal path of nearly 2 km at mean
sea level [52].

Within the atmospheric transmittance windows the molecular and aerosol ab-
sorption can be neglected. Molecular scattering is very small in the near-infrared,
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Figure 2.8 Earth’s atmospheric transmittance (Adapted from Hudson [52]).

due to dependence on λ−4, and can also be neglected. Therefore, aerosol scattering
becomes the dominating factor reducing the total extinction coefficient to [53]

αa = βaer
sca =

3.91

V

(
λ

550

)−q

, (73)

where V is the visibility in kilometers, λ is the wavelength in nanometers, and q is the
size distribution of the scattering particles. Typical values for q are given in Table 3
for high, average and low visibilities.

The attenuation factors that induce the larger penalties are the atmospheric atten-
uation and the geometrical spreading losses, both represented in Fig. 2.9. It becomes
evident from the inspection of their respective behaviors, that the atmospheric atten-
uation imposes a larger attenuation for poor visibility conditions than the geometrical
losses due to the beam divergence of the laser source. Meteorological phenomena as
snow and haze are the worst obstacle to set horizontal optical links, and, of course,
the clouds in vertical ground-satellite links, which impose the need of privileged lo-
cations for deploying the optical ground stations.

For the calculations in Fig. 2.9(a) a light source with wavelength λ = 780 nm was
assumed, and for Fig. 2.9(b) the aperture diameter in transmission and reception was

Table 3 Value of the size distribution of the scattering particles q, for different
visibility conditions.

Visibility q

V >50km 1.6

6km< V <50km 1.3

V <6km 0.585V 1/3
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Figure 2.9 Attenuation factor dependence on link distance.

set to 4 cm and 15 cm respectively. The negative values of the attenuation in Fig. 2.9(b)
imply that the geometrical spreading of the transmitted beam, has not yet exceeded
in size the receiving aperture.

2.5.2 Background radiance

In a wireless optical communication link the receiver photodetector is always subject
to an impinging optical power, even when no laser pulse has been transmitted. This
is because the sun radiation is scattered by the atmosphere, the Earth’s surface, build-
ings, clouds, and water masses, forming a background optical power. The amount
of background radiance detected in the receiver depends on the area and the field
of view of the collecting telescope, the optical bandwidth of the photodetector, and
weather conditions. The most straightforward method to decrease background radi-
ation is by adding an interference filter with the smallest possible optical bandwidth,
and the centered at a wavelength matching that of the laser source. Typical values of
optical bandwidth these filters are in orders of a few nanometers.

The total background radiation can be characterized by the spectral radiance of
the sky that depends on the elevation angle, and changes for day and night operation.
In nighttime, the sky emissivity for a nearly horizontal path through the atmosphere
is essentially that of a blackbody at the temperature of the lower atmosphere—e.g
8◦C in Fig. 2.10(a). The curves for daytime conditions will be very similar to those
of nighttime, with the corresponding change due to higher temperatures, with the
addition of scattered sun radiation below 3 µm [52]. The typical behavior of the
spectral radiance of the sky is shown in Fig. 2.10(b) for daytime conditions and a
horizontal path at noon.

Once the spectral radiance of the sky is known the total optical power at the re-
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ceiver, due to background, can be calculated by

PB = NBTR

(
π
D

2

FOV

2

)2

Bopt, (74)

whereNB is the background spectral radiance, FOV is the field of view of the receiv-
ing telescope, and Bopt is the optical bandwidth of the interference filter.

Following the method described by Bird and Riordan [56] an estimation of the
diffuse irradiance, considering rural environment, for 830 nm would be between 60
and 100 Wm−2

µm−1, depending on the elevation angle of the Sun during the day.
These values respond to the irradiance received on the ground coming from the sky
in all directions without considering the solar crown, and result of the same order
that the values extracted from Fig. 2.10. Therefore, special care has to be taken from
having direct sunlight into the telescope field of view, situation that may produce link
outages due to saturation of the photodetector.

2.5.3 Probability density function for the received optical power

In any communication system the performance characterization is, traditionally, done
by evaluating link parameters such as probability of detection, miss and false alarm;
threshold level—for a hard-decoder—and fade probability, that demands knowledge
of the probability density function (PDF) for the received optical power [14]. Actually,
it is rather a difficult task to determine what is the exact PDF that fits the statistics of
the optical power received through an atmospheric path.

Historically, many PDF distributions have been proposed to describe the random
fading events of the signal-carrying optical beam, leading to power losses and even-
tually to complete outages. The most widely accepted distributions are the Log-
Normal (LN) and the Gamma-Gamma (GG) models, although, many others have
been subject of studies, such as theK , Gamma, exponential, I-K and the Lognormal-
Rician distributions [57–59].
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In the literature, although not always mentioned, the PDF distribution for the re-
ceived optical power in a wireless link will be greatly influenced whether the receiver
has a collecting aperture or it is just the bear photodetector, i.e., a point receiver. Ex-
perimental studies support the fact that the LN model is valid in weak turbulence
regime for a point receiver and in all regimes of turbulence for aperture averaged
data [58, 60]. On the other hand, the GG model is accepted to be valid in all tur-
bulence regimes for a point receiver, nevertheless, this does not hold when aperture
averaging takes place [12, 58].

The Log-Normal distribution is given by

fI(I;µln I , σ
2
ln I) =

1

I
√
2πσ2

ln I

exp

[
− (ln I − µln I)

2

2σ2
ln I

]
, I > 0, (75)

where µln I is the mean and σ2
ln I is the variance of the log-irradiance, and they are

related to the scintillation index σ2
I by

µln I = ln(〈I〉) − σ2
ln I

2
, (76)

σ2
ln I = ln

(
σ2
I + 1

)
. (77)

The Gamma-Gamma distribution is used to model the two independent contri-
butions of the small-scale and large-scale of turbulence, assuming each of them is
governed by a Gamma process. The GG distribution is then given by

fI(I;α, β) =
2(αβ)

α+β
2

Γ(α)Γ(β)
I

α+β
2

−1Kα−β

(
2
√
αβI

)
, I > 0, (78)

where Kν(x) is the Macdonald function of order ν, defined in Eq. (B.2.1), and α and
β are parameters directly related to the effects induced by the large-scale and small-
scale scattering, respectively [59]. The parameters α and β are related to the scintilla-
tion index by

σ2
I =

1

α
+

1

β
+

1

αβ
. (79)

It is customary to normalize Eq. (75) and Eq. (78) in the sense that 〈I〉 = 1. Under
such assumption, the parameters α and β of the GG distribution can be related to the
large-scale and small-scale scintillation, introduced in Sec. 2.3.5.3, in the form [32]

α =
1

σ2
X(D)

=
1

exp[σ2
lnX(D)]− 1

, (80)

β =
1

σ2
Y (D)

=
1

exp[σ2
lnY (D)]− 1

. (81)

2.6 Performance of Wireless Optical Communication

2.6.1 Intensity-modulation direct-detection

One of the fundamental technical decisions for a wireless optical communication
systems is the choice of the modulation scheme. Although, many modulation tech-
niques have been proposed, from non-coherent to coherent schemes, there is marked
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Figure 2.11 Binary sequence 101100010 encoded in 8-PPM (top) and same
sequence corrupted by noise (bottom).

trend to favor the use of intensity-modulation direct-detection (IM/DD) scheme be-
cause it hides the high-frequency nature of the optical carrier thanks to its equiva-
lent baseband model [61]. Another reason to prefer the IM/DD scheme is the rel-
atively low design complexity of the receiver system, when comparing to coherent
systems, and because the photodetector is many times larger than the optical wave-
length it exhibits a high degree of immunity to multipath fading [62]. Among the
most widespread intensity-modulation schemes for optical communications, there
are the on-off keying (OOK) and pulse position modulation (PPM). Chan [63] noted
that the PPM scheme is the most suitable for FSO owing to the fact that it does not
rely on a threshold value to apply optimal detection.

The PPM format encodes L bits of information into one symbol, or word, of du-
ration Tw that is divided in M = 2L slots, by transmitting power in only one out
of theM possible slots. Therefore, PPM presents itself as an orthogonal modulation
scheme. On the receiver side the maximum-likelihood detection is done by choos-
ing the slot that contains the maximum count of photons—i.e. energy—, over a word
time after synchronization has been achieved. The waveform for a set of bits encoded
in 8-PPM before and after propagation is shown in Fig. 2.11.

A communication system based on PPMmodulation groups the input bits, at the
transmitter, in blocks of length L = log2M , with bit rate Rb, to transmit them at a
symbol rate of Rw = 1/Tw = Rb/ log2M , where Tw is the word or symbol time.
Hence, the bandwidth required for transmitting data using M -PPM can be approxi-
mated by the bandwidth of a single pulse slot [61]

B ≈ 1

Tp
=

1

Tw/M
=

MRb

log2M
, (82)

where Tp is the pulse or slot time, and represents a higher requirement in bandwidth
compared to that of an OOKmodulation scheme, which isB = Rb. Table 4 shows the
average power and bandwidth requirements for OOK and PPMmodulation. The bi-
nary phase-shift keying and quadrature phase-shift keying with N subcarriers mod-
ulation schemes—BPSK and N -QPSK, respectively—are presented as reference.
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On the other hand, regarding the average optical power required for achieving a
certain bit error-rate (BER), a PPMwaveform needs 1/

√
0.5M log2M less power than

OOK. Consequently, for a given bit rate and BER value PPM demands higher band-
width and less average optical power, when comparing with OOK. Except for the
special case of 2-PPM, where the power requirement is exactly the same as for OOK,
while the bandwidth is double. Furthermore, many authors have proposed new
modulations derived from PPM, in particular differential PPM (DPPM) [64], over-
lapping PPM (OPPM) [65], improved PPM (IPPM) [66] and multipulse PPM (MPPM)
[67], aiming to overcome the excessive bandwidth requirements of PPMmodulation.

Demodulating a PPM signal can be done using hard-decoding or soft-decoding. The
latter is preferred as it requires, after slot and symbol synchronization have been
achieved, to integrate the power on each slot within a frame and then choose the one
with the largest power measure. This way the PPM is highly resistant to background
noise and the receiver sensibility is increased with respect to the hard-decoding ap-
proach, where a simple threshold detector is used to decide if a pulse has been re-
ceived.

As the information is conveyed in time for PPM modulation format, a critical
issue is the synchronization procedure. Timing recovery of the slot and symbol clock
become essential to correctly decode the received noisy waveform. Many strategies
have been proposed to aid in the synchronization stage [68–70]. Moreover, variants
of PPM have been introduced, such as half-pulse PPM [71] and digital pulse interval
modulation (DPIM) [72], in order to simplify the synchronization process.

Table 4 Average power and bandwidth requirements for differentmodulation
schemes for a given bit error-rate (Adapted from Barry [61]).

Modulation Scheme Average power Bandwidth

OOK POOK =
√
N0Rberf

−1(BER) Rb

M -PPM 1√
0.5M log2 M

POOK
MRb
log2 M

BPSK
√
2POOK 2Rb

N -QPSK
√
2NPOOK Rb

2.6.2 Signal-to-noise ratio in an APD photodetector

Several terms of noise have to be taken into account for the evaluation of the signal-
to-noise ratio (SNR) in an optical link. Some of them are characteristic of the photo-
detector device, as the noise associated to the dark current or the noise coming from
the intrinsic gain physical mechanism. Other terms come from the amplifier electron-
ics.

The usual expression for the SNR at the receiver output is

SNR =
i2S

σ2
S + σ2

B + σ2
D + σ2

A + i2n
(83)

being i2S the generated photocurrent, σ2
S the shot noise associated to the received

signal, σ2
D the dark current noise, σ2

B the noise coming from the background optical
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power, i2n the thermal noise and σ2
A the total equivalent noise input current associated

to the amplifier. The photocurrent is calculated as follows

iS = ηeG
λPS

hc
(84)

where η is the quantum efficiency, PS is the received signal optical power, h is the
Planck’s constant, e is the electron charge, c is the speed of light in vacuum and G is
the photo-detector intrinsic gain. The photocurrent can also be expressed by

iS = RIPS , (85)

where RI is the current responsivity,

RI = ηeG
λ

hc

[
A

W

]
. (86)

2.6.2.1 Noise sources

To complete the characterization of the signal-to-noise ratio an analysis of the noise
sources in the APD has to be done. Some noise terms depend directly on the pho-
todetector physical characteristics, while others are generated by the optical power
illuminating the surface of the APD.

The process that detects the optical power impinging on the detector’s surface is
described by the occurrence of independent random events, modeled by the Poisson
distribution, as an optical wave is ultimately formed by photons carrying quantized
amounts of energy. This randomness in the detection process of any photon illumi-
nating the APD, is what gives rise to the shot noise and background noise. The shot
noise is given by

σ2
S = 2eiSBGF = 2e(RIPS)BGF (87)

and the background noise by

σ2
B = 2eiBBGF = 2e(RIPB)BGF (88)

where B is the electrical bandwidth, PB is the background optical power, and F the
excess noise factor. For a PIN photodiode this excess noise factor is the unity, as no
internal gain exists. For an APD the general expression is

F = keffG+ (1− keff )

(
2− 1

G

)
, (89)

where keff is the carrier ionization ratio, for which 0.01–0.1 is the typical range of
values.

Every photodetector, whether it is a PIN diode or an APD, generates a drift cur-
rent even when no photons are entering the detector surface. This phenomena is
due to the random generation of electron-holes pairs within the depletion area, and
charges are attracted by the electric field produced by the polarization voltage. The
dark current is the result of two current terms, and it is defined by

iD = iDS + iDBG, (90)
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where iDS is the surface leakage current, and iDB the bulk noise current (for gain
unity). The second term is a function of the gain, as it is affected by the avalanche
process. The corresponding noise term is

σ2
D = 2e

(
iDS + iDBG

2F
)
B. (91)

In an actual system the photodetector is always followed by an amplifier in or-
der to adequate the signal to next stages, in the receiver chain. The amplifier noise
is characterized by means of two noisy sources at the input, namely, an equivalent
noise voltage source and an equivalent noise current source. The values of these
sources appear as two parameters of the amplifier in the datasheet provided by the
manufacturer, most of times even with plots showing their behavior as a function of
the modulated signal frequency. A first approximation to the total equivalent noise
current of the amplifier can be written as

σ2
A =

(
i2nA +

e2nA
R2

)
B, (92)

being R the feedback resistor in the transimpedance amplifier scheme, inA the am-

plifier equivalent noise current density, in A/
√
Hz, and enA the amplifier equivalent

noise voltage density, in V/
√
Hz.

Finally, as in any electronic system there will always exist thermal noise, defined
by

i2nR =
4KTB

R
, (93)

where K is the Boltzmann’s constant and T is the absolute temperature in Kelvins.

Normally the manufacturer gives the noise equivalent power (NEP), a characteristic
noise figure of the photo-detector. This is defined as the minimum optical signal that
could be detected by the device, where minimum signal is understood as the signal
power level for which the SNR equals unity. For a bare APD the NEP is limited by
the dark current, whereas for a complete photodetector module other terms must be
included, namely, the electronic and the thermal noise. Moreover, it is a common
practice to give that parameter for 1 Hz bandwidth, i.e., normalized with respect
to the bandwidth which may vary from one application to another. The NEP for a
complete photodetector (APD plus preamplifier) is given by

NEP =
PS√
B

∣∣∣∣
SNR=1

=
1

RI

√
1

B
(σ2

D + σ2
A + i2n)

[
W√
Hz

]
(94)

By using this figure of merit the evaluation of the noise can be abbreviated, as
there is no need to calculate all of the terms of noise involved in it. Therefore, the
SNR calculation only implies the knowledge of the signal and background power,
along with the photodetector NEP, thus

SNR =
i2s

σ2
s + σ2

B +R2
INEP2B

. (95)
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2.6.3 Bit error-rate performance

In digital communication systems, reliability is commonly expressed as the proba-
bility of bit error, best known as bit error-rate (BER), measured at the output of the
receiver and depends directly on the received signal level and receiver noise level.
The smaller the BER, the more reliable the communication system.

In order to obtain an accurate calculation of the BER, it is necessary to know the
probability density function of the receiver output signal. In the case ofWOC systems
the APD is the preferred choice as photodetector. The output of an APD is modeled
by the McIntyre-Conradi distribution [73], although, the Gaussian approximation is
sufficient enough when the bulk current is of the order of nanoamperes and the ab-
sorbed photons are more than a few hundred within an observation time [74, 75].

For the output of a wireless optical communication link, with an APD as pho-
todetector, there are two possibilities, namely, that a pulse is transmitted or not. In
the former situation the APD is detecting optical power corresponding to the signal
level and the background radiation, while in the latter only background radiation is
received. Assuming a Gaussian distribution given by

f(x;µ, σ2) =
1√
2πσ2

exp

[
− (x− µ)2

2σ2

]
, (96)

the average current µ1 and its associated current noise σ2
1 generated at the APD’s

output when a pulse has been transmitted are

µ1 = eG
η

hν
(PS + PBG) + iDS + iDBG, (97)

σ2
1 = 2B

(
e2η

hν
FG2(PS + PBG) +

2KT

RL
+ e(iDS + iDBG

2F )

)
. (98)

On the other hand, when no pulse is transmitted the average current µ0 and its asso-
ciated current noise σ2

0 are

µ0 = eG
η

hν
(ǫPS + PBG) + iDS + iDBG, (99)

σ2
0 = 2B

(
e2η

hν
FG2(ǫPS + PBG) +

2KT

RL
+ e(iDS + iDBG

2F )

)
, (100)

where ǫ denotes the laser extinction ratio, generating residual light even when no
pulse is being transmitted. All other parameters in Eqs. (97)–(100) were presented in
Sec. 2.6.2.1.

2.6.3.1 Probability of error for on-off keying modulation

The simplest signaling format in a digital wireless optical communication system is
the on-off keying (OOK), where a binary ‘1’ is represented by a pulse while a binary
‘0’ is represented by the absence of a pulse. The receiver, in this case, is comprised
of a threshold detector for deciding which symbol has been received. Assuming that
the receiver output noise follows a white Gaussian model, the corresponding PDFs
for the cases of a pulse and no pulse being transmitted are shown in Fig. 2.12, where
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Figure 2.12 Received signal PDF under white Gaussian noise assumption.

τ represents the threshold level applied for comparison, and, the mean and variances
are defined in Eqs. (97)–(100).

Let us consider now the word-error probability (PWE), which is compound of two
types of errors. If the received signal level is higher than the set threshold τ when no
pulse has been transmitted by the source, a false alarm is produced. On the contrary,
if a pulse indeed has been transmitted and the received signal level is lower than τ ,
then, a missed event is generated. Thus, the PWE is given by

PWE = PFAP0 + PMissP1, (101)

PFA = Q

(
τ − µ0

σ0

)
, (102)

PMiss = 1−Q

(
τ − µ1

σ1

)
= Q

(
µ1 − τ

σ1

)
. (103)

where PFA denotes the probability of false alarm, PMiss is the probability of miss, and
Q(x) is the Gaussian Q-function defined as

Q(x) =
1

2π

∫ ∞

x

e−x2/2dx. (104)

Whenever an equiprobable signaling system is used, the probability of receiving
a pulse or not are equal, this is P0 = P1 = 1/2. For OOK modulation, the bit-error
probability Pb is the same as the word-error probability—i.e. Pb = PWE.

The problem of defining the optimum threshold level has been addressed before,
and the expression for τ in a maximum-likelihood receiver yields [75]

(
σ2
1

σ2
0

− 1

)
τ2 + 2

(
µ1 −

σ2
1

σ2
0

µ0

)
τ − σ2

1 ln

(
σ2
1

σ2
0

)
+
σ2
1

σ2
0

µ2
0 − µ2

1 = 0. (105)

Nevertheless, as real-time calculation of the mean and variance of the received
signal is rather a complex task, a reasonable approach is to set the threshold level to
half of the signal average amplitude, which actually approaches the optimum value
of τ for high SNR values.
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2.6.3.2 Probability of error for M-ary pulse position modulation

Pulse position modulation is a signaling format well suited for laser applications,
requiring low average power and is very resistant to background radiation. In M-ary
PPM signaling, L binary source bits are transmitted as a single light pulse in one out
ofM = 2L possible time slots, once every Tw seconds.

A maximum-likelihood APD based receiver, using M -PPM modulation, has a
word-error probability given by [76]

PWE = 1−
∫ ∞

−∞

√
γ

β + γ
φ

(√
γ

β + γ

(
x−

√
β
))

Φ(x)M−1dx, (106)

where φ(x) is given by Eq. (96) with zero mean and unitary variance, Φ(x) is the
standard Gaussian cumulative distribution function, β = (µ1−µ0)

2/σ2
0 is the symbol

signal-to-noise ratio, and, γ = (µ1 − µ0)
2)/(σ2

1 − σ2
0).

In a different approach, a threshold detector can be implemented for demodulat-
ing PPM signals. Although, it is not the optimum strategy it can greatly simplify the
receiver design, as tight synchronization requirements have not to be pursued as for
the optimum receiver. The expression for the word-error probability for a threshold
receiver has been derived by Moreira et al. [77], leading to

PWE = 1−
[
P1 +

1

M
P2 +

M∑

n=2

1

n
P3n

]
, (107)

where P1 is the probability of detecting a pulse in the correct position, P2 is the prob-
ability of that no pulse is detected and P3n is the probability of detecting n pulses.
These probabilities are defined by

P1 = (1 − PMiss)(1 − PFA)
M−1

P2 = PMiss(1− PMiss)
M−1 (108)

P3n =

(
M − 1

n− 1

)
(1 − PMiss)P

n−1
FA (1 − PFA)

M−1

where PFA and PMiss are given by Eq. (102) and Eq. (103), respectively.
Sometimes having the error probability at bit level is desirable. Thus, for a M-

ary orthogonal signaling system, the probability of word error can be converted to
bit-error probability according to [78]

Pb =
M/2

M − 1
PWE (109)

2.6.4 Bit error-rate under atmospheric turbulence

In the presence of optical turbulence, the probability of error is a conditional probabil-
ity owing to the random nature of the received optical power. Thus, the SNR becomes
a random variable and consequently the PWE has to be averaged over all the possible
received optical signal levels, according to the proper statistical distribution model of
the irradiance I . This yields

PWE(σ2
I ) =

∫ ∞

0

fI(I;σ
2
I )PWE(I)dI, I > 0, (110)
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(a) Performance of OOK modulation.
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(b) Performance of 8-PPM modulation.

Figure 2.13 BER performance vs received optical power, with IM/DD, for
fixed threshold (solid line) and optimum threshold (dashed line) receivers.
No-turbulence (circles) is presented for reference.

where σ2
I is the scintillation index defined in Sec. 2.3, which depends directly on

link’s parameters such as C2
n, link distance, laser divergence, and aperture averaging

among others.
As stated in Sec. 2.5.3 the Log-Normal model is the most accepted in weak tur-

bulence regimes for receiver points, and in all regimes of turbulence when aperture
averaging takes place. Under weak turbulence regime the scintillation index, given
by Eq. (52), can be expressed as

σ2
I
∼= σ2

ln I , (111)

and normalizing the irradiance in the sense that 〈I〉 = 1, Eq. (75) reduces to

fI(I) =
1

I
√
2πσ2

I

exp

[
−
(
ln I + 0.5σ2

I

)2

2σ2
I

]
. (112)

Some examples of the performance of a wireless optical communication system,
with intensity-modulation and direct-detection, for OOK and PPM modulation with
fixed and optimum threshold are shown in Figs. 2.13(a) and (b), respectively, and for
different levels of scintillation index. It should be noted that the SI includes all the
parameters such as laser wavelength and beam divergence, aperture averaging, the
refractive-index structure parameter, link distance, transmitting and receiving aper-
ture diameters, among others. It is readily seen, from Fig. 2.13, the tremendous im-
pact of atmospheric turbulence in wireless optical communication systems regardless
of the modulation scheme being used, although, a PPM system in general performs
better than OOK with respect to the average optical power needed for achieving a
desired bit error-rate level. For example, both for OOK and 8-PPM, there is roughly
a 7 dB power penalty for a BER = 10−6 with fixed threshold receiver (solid lines) and
σ2
I = 0.5with respect to the case of no turbulence, i.e. free-space conditions.
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ent orders of PPM modulation.
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(b) Optimum threshold and maximum-
likelihood receiver.

Figure 2.14 Performance of a PPM optimal threshold receiver (dashed line)
and maximum-likelihood receiver (solid line) vs received average optical
power under no-turbulence conditions.

Figure 2.14 is presented for a more comprehensive analysis of a pulse position
modulation receiver. The performance of PPM maximum-likelihood receiver with
modulation orders up to 16 is shown in Fig. 2.14(a), where it becomes evident that
when increasing the PPMmodulation order to the next permitted one there is an im-
provement of 3 dB with respect to the average optical power needed to achieve a
certain BER. Figure 2.14(b) is presented as a mean of comparison between the per-
formance of a maximum-likelihood receiver and an optimum threshold receiver for
PPM modulation. The penalty incurred for using the optimum threshold receiver
instead of the maximum-likelihood receiver is about 1 dB for BER < 10−4. Never-
theless, this penalty increases for higher values of bit error-rate, although, a typical
communication system with no forward error correction (FEC) code implemented
will be designed to have a BER lower than 10−4.

For the calculations in Fig. 2.13 and Fig. 2.14 background radiation was omitted
in the analysis and it was assumed an APD’s current gain G = 70, carrier ionization
ratio keff = 0.094, quantum efficiency η = 0.77 and NEP = 55 fW/Hz. The light
source was set to λ = 780 nm, pulse time Tp = 1 ns and extinction ratio ǫ = 0.001.





3
The Exponentiated
Weibull Fading Channel:
An Alternative

THIS CHAPTER is focused on presenting the new pro-
posed exponentiated Weibull (EW) fading channel

model, the development of its physical justification, and
the derivation of expressions for the parameters governing
the EW distribution. Simulation and experimental data are
used to assess its suitability to model the PDF of irradiance
data in FSO links. Moreover, data previously published by
other authors are used for completeness of the analysis.
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3.1 Introduction

For many decades the scientific community, dedicated to the study of the atmospheric
turbulence effects in free-space optical (FSO) communication link, has been in the
search for a probability density function (PDF) capable to model the fluctuations of
the signal-carrying laser beam intensity. Many distributions have been proposed over
the years, all with different degrees of success. Historically, the models that drawn
more attention were the lognormally modulated Rician distribution—also known as
the Beckmann distribution—[10], the lognormally modulated exponential distribu-
tion [11], and the I-K distribution introduced by Andrews and Phillips [79] as a
generalization of the well-known K distribution [13]. But, nowadays, the two most
widely acceptedmodels are the Lognormal (LN) and Gamma-Gamma (GG) distribu-
tions [12].

The major difficulty continues to be finding a single distribution to model the
PDF of the irradiance fluctuations, valid in all regimes of turbulence strength and
under all aperture averaging conditions. Many authors report that the LN model is
valid in weak turbulence regime for a point receiver and works well in all regimes of
turbulence for aperture averaged data [58, 60]. On the other hand, the GG model is
accepted to be valid in all turbulence regimes for a point receiver, nevertheless, the
GG model does not hold when aperture averaging takes place [12, 58, 59].

Nowadays, the search for a distribution capable of accurately model the PDF of
irradiance data under all conditions of atmospheric turbulence in the presence of
aperture averaging still drives a large amount of theoretical work, as well as efforts
in simulation and experimental work.

Herein, the exponentiated Weibull (EW) distribution [80] is presented as an alter-
native model to describe the distribution of the irradiance PDF in FSO links. This
distribution was first introduced by Mudholkar & Srivastava [81] as a generalization
of the well-known Weibull distribution, with the addition of an extra shape parame-
ter. TheWeibull distribution—initially appearing in the field of reliability engineering
[82]—has been extensively used in physics and engineering to model the wind speed
distribution [83], particles size distribution [84], a specific type of clutter [85], and, in
wireless communications where some channels aremodeledwithWeibull fading [86–
88]. Moreover, very recently Chatzidiamantis et al. [89] proposed a double-Weibull
process, to describe the PDF of the optical irradiance fluctuations, in the moderate-
to-strong turbulence regime.

The next section covers a brief explanation of the classic FSO fading channel mod-
els based on the Lognormal and Gamma-Gamma distributions. In Sec. 3.3 the pro-
posed exponentiated Weibull fading channel model is introduced, departing from
physical assumptions, and Sec. 3.4 provides expressions to estimate its distribution
parameters directly from atmospheric parameters. Section 3.5 is devoted to assess the
suitability of the EW model with simulation results and experimental data. More-
over, Sec. 3.6 extends the analysis using already published data by other authors.
The study conducted for every scenario includes a direct comparison of the exponen-
tiated Weibull distribution with the LN and GG models. A detailed explanation of
the mathematical derivation of each fading model presented in this chapter can be
found in Appendix D.
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3.2 Classic FSO Fading Models

In this section the two most widely accepted models the Lognormal and Gamma-
Gamma distributions are introduced, including the physics behind their appearance
in FSO fading channels. For both models the probability density function and the
cumulative distribution function (CDF) are presented. Furthermore, the expressions
to deduce their corresponding distribution parameters in terms of atmospheric pa-
rameters, through the scintillation index, are also given.

3.2.1 Lognormal fading

The lognormal distribution is the most commonly used PDF under weak irradiance
fluctuations. To derive this model the first-order Rytov approximation is used to
express the irradiance of an optical wave traveling in atmospheric turbulence as

I = exp (2χ1) , (1)

where χ1 = 1
2 (ψ1 + ψ∗

1) is the first-order log-amplitude of the the field, and ψ1 is
the first-order phase perturbation term in the Rytov approximation [See Eq. (29) in
Chapter 2]. By definition the log-amplitude χ1 is Gaussian distributed [90, p. 65],
and by making the transformation of variables χ1 = 1

2 ln(I), and using standard
statistical procedures, the PDF of the irradiance can be obtained as [91, Appx. B.1]

fI(I) =
1

I
√
2πσ2

ln I

exp

[
−
(
ln I + 1

2σ
2
ln I

)2

2σ2
ln I

]
, (2)

where the irradiance is normalized in the sense that 〈I〉 = 1, and the variance of the
log-irradiance σ2

ln I is related to the scintillation index (SI) by [9, p. 293]

σ2
ln I = ln

(
σ2
I + 1

)
. (3)

The cumulative distribution function of a random variable I described by the
Lognormal distribution is defined by

FI(I) =
1

2
− 1

2
erf

[
ln I − 0.5σ2

ln I√
2σ2

ln I

]
. (4)

Recently it has been suggested that the PDF of the irradiance fluctuations in weak
turbulence is not truly Lognormal, when the second-order phase perturbation term is
accounted for in the Rytov approximation [92], resulting in a skewed LN distribution.
Experimental results [57] and simulation data [57, 93] seem to support this claim.

3.2.2 Gamma-Gamma fading

In order to find a PDF capable of modeling the irradiance fluctuations in the weak-to-
strong turbulence regime many distributions have been proposed before [10, 13, 79].
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But, the most accepted model to date is the Gamma-Gamma distribution first pro-
posed by Al-Habash et al. [12]. This heuristic model was developed under assump-
tion that the resulting irradiance fluctuations are due to a modulation process be-
tween the large-scaleX and small-scale Y irradiance

I = XY, (5)

where X and Y are independent identically distributed (i.i.d.) Gamma random vari-
ables.

Note that a Gamma random variable X can be derived as the summation of m
negative exponential (NE) variates as

X =

m∑

j=1

Xj , (6)

whereX1, X2, . . . , Xm are i.i.d. negative exponential variates. Recall that a NE distri-
bution is obtained by assuming that the received optical field is a zero mean circular
complex Gaussian random field U = u + iv, with variance σ2; where i2 = −1. Then,
the irradianceXj = |U |2 = u2 + v2 of such optical wave follows a negative exponen-
tial distribution [See Appendix D.2].

Through standard statistical procedures and setting m = α, where α is a real
valued parameter, it can be proved that the PDF of the variateX , described by Eq. (6),
is given by [See Appendix D.3]

fX(x) =
α(αx)α−1

Γ(α)
exp (−αx) , (7)

where Γ(·) is the gamma function, defined in Eq. (B.1.1).
Now, knowing that the PDF of the large-scaleX and small-scale Y irradiances are

both described by Eq. (7), then the probability density function of a double stochastic
process with variate I , defined by Eq. (5), yields

fI(I;α, β) =
2(αβ)

α+β
2

Γ(α)Γ(β)
I

α+β
2

−1Kα−β

(
2
√
αβI

)
, I > 0, (8)

whereKν(x) is the Macdonald function of order ν, defined in Eq. (B.2.1), and α and β
represent the effective number of large-scale and small-scale eddies. In Appendix D.4
a detailed derivation of the Gamma-Gamma distribution is presented.

The parameters of the GG distribution can be related to the large-scale and small-
scale scintillation, introduced in Sec. 2.3.5.3, in the form

α =
1

σ2
X(D)

=
1

exp(σ2
lnX(D))− 1

, (9)

β =
1

σ2
Y (D)

=
1

exp(σ2
lnY (D))− 1

. (10)

Moreover, the parameters α and β are related to the scintillation index by

σ2
I =

1

α
+

1

β
+

1

αβ
. (11)
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The CDF of a random variable I having the Gamma-Gamma distribution is de-
fined by [12]

FI(I;α, β) =
π csc(π(α − β))

Γ(α)Γ(β)

[
(αβI)β

βΓ(β − α+ 1)
1F2(β;β + 1, β − α+ 1;αβI)

− (αβI)α

αΓ(α− β + 1)
1F2(α;α + 1, α− β + 1;αβI)

]
, (12)

where csc(x) = 1/ sin(x); and 1F2(·) is a generalized hypergeometric function, de-
fined in Eq. (B.3.1) .

The GG model has been proved to provide good fits to both simulation results
and experimental data in the weak-to-strong turbulence regime [59, 86, 91, 94, 95].
Nevertheless, data suggests that the GGmodel is not capable of accurately reproduce
the PDF of irradiance fluctuations when aperture averaging takes place [14, 94].

3.3 New Fading Model

After formally presenting the Lognormal and Gamma-Gamma models in FSO fading
channels, here a newmodel is proposed aiming to describe the irradiance fluctuations
in free-space optical links, resulting in the exponentiated Weibull distribution. The
reasoning followed to derive such model is a combination of previous proposals by
other authors, plus particular assumptions added. Similar physical assumptions to
those used to derive the exponentiated Weibull model can be found in the work of
Yacoub [96], Abdi et al. [97] and Jurado-Navas et al. [98].

First, a simple fading channel model is derived based on the Weibull distribu-
tion. Finally, this simple model is extended to a more versatile one resulting in the
exponentiated Weibull fading channel model for free-space optical communications.

3.3.1 Weibull fading

Let us first assume a very simple fading model. An optical wave propagating in the
turbulent atmosphere, can be regarded as a circular complex Gaussian random field
U = X1 + iX2 = X exp(−iϕ) [88]. Considering that X1 and X2 are zero-mean Gaus-
sian processes with variance σ2, then, the random phase ϕ = tan−1(X2/X1) is uni-

formly distributed in [0, 2π), and the amplitude of the optical wave X =
√
X2

1 +X2
2

is Rayleigh distributed, with probability density function [See Appendix D.2]

fX(x; Ω) =
2x

Ω
exp

(
−x

2

Ω

)
, (13)

where Ω = E[x2] is a scale parameter; and E[·] denotes the expected value. Now
let the received irradiance to be obtained from a nonlinear function of the squared
modulus of the wave’s amplitude X . Such a nonlinearity is manifested in terms of
a power parameter β > 0, so that the received signal intensity is the result of not
simply the squared modulus of X , but this squared modulus to a certain power [96].
Therefore, the received random signal is Y = U2/β = X2/β exp(−i2ϕ/β), and the
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corresponding PDF of the irradiance I = X2/β follows aWeibull distribution defined
as

fI(I;β, η) =
β

η

(
I

η

)β−1

exp

[
−
(
I

η

)β
]
, (14)

where β > 0 is a shape parameter, and η > 0 is a scale parameter, that depends on β,
and is related to the mean value of the irradiance. For the special cases of β = 2 and
β = 1, Eq. (14) reduces to the Rayleigh and negative exponential PDF, respectively.

The cumulative distribution function of a random variable I having the Weibull
distribution is defined by

FI(I;β, η) = 1− exp

[
−
(
I

η

)β
]
. (15)

It is easily proved that the n-th irradiance moment of the Weibull PDF is given by
[See Appendix D.5.1]

〈In〉 = ηnΓ

(
1 +

n

β

)
, (16)

where the brackets 〈·〉 denote expectation, and Γ(·) is the gamma function.
Based on the scintillation index definition [See Eq. (50) in Chapter 2]

σ2
I =

〈
I2
〉

〈I〉2
− 1, (17)

and combining with Eq. (16), the shape parameter β can be derived in terms of the
scintillation index by [99, Eq. (6-15)]

σ2
I =

Γ(1 + 2/β)

Γ(1 + 1/β)2
− 1 ≈ β−11/6. (18)

For the derivation of the scale parameter η, without loss of generality, the irra-
diance data is normalized in the sense that 〈I〉 = 1, and setting n = 1 in Eq. (16),
yields

η =
1

Γ(1 + 1/β)
. (19)

3.3.2 Exponentiated Weibull fading

Models in which the fading is characterized by a single PDF are only valid for sta-
tionary conditions, where the statistics of the channel are somehow invariant over
the observation time period. On the other hand, if the process of interest is non-
stationary and the signal statistics vary significantly over the interval of interest, a
mixture of model is better suited, where a weighted summation of several statistical
distributions can be used [97].

Let us now extend the simple Weibull fading channel model. Assume an optical
wave propagating in the turbulent atmosphere, with multiple scatterers and random
refractive-index variations. As the wave travels through this medium, multipath
scattering components start to appear and cause irradiance random fluctuations of
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LASER DETECTOR

Turbulent
Atmosphere

Figure 3.1 Propagation model of a laser beam through the turbulent atmo-
sphere. The received field is decomposed in an on-axis component (solid line),
and various weakly scattered off-axis terms (dashed lines).

the signal-carrying laser beam. Then, the observed field at the receiver is, thus, com-
posed by an on-axis component and a weak multipath term, composed by scattered
components via different independent off-axis paths. The physical reason for this
partition of the received optical field is supported by the high directivity inherent to
laser beams sources. Figure 3.1 depicts the on-axis component as a solid line, from
the source to the detector, while the dashed-lines represent the weakly scattered off-
axis terms. This propagation model is very similar to that proposed by Jurado-Navas
et al. [98], but here the term coupled with the on-axis component is dropped.

Considering the above physical justification, the observed field irradiance I is
assumed to be a weighted summation of several mutually independent irradiance
random variables. Taking into account that the number of separable or independent
components is unknown, and even the degree of correlation of such terms, a simple
summation is not valid as this would imply that different traveling waves are mu-
tually coherent, i.e. correlated. Thus, in order to provide the necessary degrees of
freedom to the mathematical model to account for uncorrelated terms a generalized
average is used as follows

Ip =

m∑

j=1

wjI
p
j , (20)

where Ij are Weibull random variables, and wj are weighting factors accounting for
the mean attenuation of each path. This factors are normalized such that

∑
wj = 1.

The on-axis component is denoted by I1, and there are m − 1 off-axis terms. More-
over, instead of a summation of linear components it is assumed the existence of a
nonlinear relationship—as in the Weibull fading model— manifested in terms of a
power parameter p > 0. Recall that a similar, but much simpler, approach is used to
derive the Gamma model. Refer to Appendix D.3 for a more detailed explanation.

Now, supported by the fact that the on-axis term is on average greater than the
multipath component one can try to make an approximation of the summation in
Eq. (20). The naive alternative would be to drop all the off-axis terms, but this would
lead to the simple Weibull fading model derived in the previous section. Then, in
order to approximate such summation to the on-axis component, but still considering
the off-axis terms the maximum function can be introduced as

I = lim
p→∞




m∑

j=1

wjI
p
j



1/p

= max {I1, I2, . . . , Im} , (21)



50 Chapter 3

where I1, I2, . . . , Im are independent and identically distributed Weibull random va-
riables of the irradiance data terms. Therefore, the cumulative distribution function
of Ij is given by Eq. (15), and using the property of ordered statistics for themaximum
of a sample the CDF of the irradiance is F (I) = [FIj (I)]

m [100, Eq. (5.3b)]. These
types of distributions are referred to in the literature as exponentiated distributions,
werem is a nonnegative integer number.

Furthermore, it is a natural assumption to define α > 0 as the real valued exten-
sion of m. This allows for a less stringent model, where noninteger values may ac-
count for nonzero correlation among the components of different propagation paths
[96]. Therefore, the parameter α can be interpreted as the average number of on-axis
plus off-axis components effectively intervening in a given observation period.

Physical intuition tells us that the α parameter should be low for weak turbulence,
as there are few scatterers decreasing the probability of off-axis components to ap-
pear, increasing to a maximum value somewhere in the moderate turbulence regime,
as the number of scatterers increases too. Nevertheless, when approaching the strong
turbulence regime this value should decrease as—although, there is a higher number
of scatterers in the optical path—the off-axis components easily deviate in such a way
that the probability of missing the receiver increases. Moreover, the value of α can be
lower than unity denoting deep fading events, during the observation time period,
meaning that on average even the on-axis component could not reach the receiver.

Then, the PDF and CDF of a random variable I described by the exponentiated
Weibull (EW) distribution are given by

fI(I;α, β, η) =
αβ

η

(
I

η

)β−1

exp

[
−
(
I

η

)β
]{

1− exp

[
−
(
I

η

)β
]}α−1

, (22)

and

FI(I;α, β, η) =

{
1− exp

[
−
(
I

η

)β
]}α

, (23)

respectively; where β > 0 and α > 0 are shape parameters, and η > 0 is a scale
parameter, which is related to the mean value of the irradiance. It is noteworthy that
Eq. (22) includes other distributions, such as theWeibull (α = 1), Rayleigh (α = 1, β =
2), and the negative exponential (α = 1, β = 1).

The n-th irradiance moment of the exponentiated Weibull PDF has recently been
derived for any α, both real and integer, and has the form [101]

〈In〉 = αηnΓ

(
1 +

n

β

)
gn(α, β). (24)

where gn(α, β) was introduced to simplify the notation, and is defined by

gn(α, β) =

∞∑

j=0

(−1)jΓ(α)

j!(j + 1)1+
n
β Γ(α− j)

. (25)

Equation (25) is easily computed numerically as the series converges rapidly, and
usually as much as ten terms or less are sufficient for the series to converge.
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3.4 EW Distribution Parameters Derivation

For any PDF model proposed it is very desirable to find expressions for the distribu-
tion parameters directly related to atmospheric parameters. In fact, the lack of such
expression for the Beckmann distribution was one of the major impediments for the
distribution to be widely accepted. Although, this model has been found to be in
close agreement with various type of data [12].

Traditionally, in the literature concerning FSO communications, the parameters of
the PDF of the irradiance data have been directly related to atmospheric parameters
through the scintillation index using Eq. (17). Now, inserting Eq. (24), the exponenti-
ated Weibull distribution parameters are related with the SI as

σ2
I =

Γ(1 + 2/β)g2(α, β)

α [Γ(1 + 1/β)g1(α, β)]
2 − 1. (26)

The analytic derivation of the EW parameters is rather a complex task, as it is
readily seen from Eq. (26). Therefore, a semi-heuristic approach was used to obtain a
relationship between the EW parameters and the scintillation index.

For the semi-heuristic study a wave-optics code was set in order to obtain the
probability density function for different turbulence strengths and several receiving
apertures. The detailed explanation of the simulation scenario is given below, in
Sec. 3.5.1, and can also be found in [80, 102].

Using simulation data the probability density function was obtained for each re-
ceiving aperture and Rytov variance σ2

R value—i.e. different turbulence strengths.
Next, the exponentiated Weibull distribution was fitted to the simulation PDF, us-
ing the Levenberg-Marquardt least-square fitting algorithm [103, 104], to obtain a
best-fit estimation of the EW distribution parameters. After a exhaustive data min-
ing process, it was found that the shape parameter β closely follows the power rule
β ≃ a(ασ2

I )
−b + c; where a, b and c are real nonnegative constants. After applying

standard curve fitting methods, the shape parameter β was found to be

β ≃ 1.012(ασ2
I )

−13/25 + 0.142. (27)

Predicted values of the parameter β for the exponentiatedWeibull distribution are
presented in Fig. 3.2(a). Here, simulation results values βsim are shown by crosses,
and the estimated values βfit, using Eq. (27), are shown by a solid line. It is readily
seen how the power law expression found provides an excellent fit to the β values
obtained from simulation data.

Performing exhaustive data mining procedures, as for the β parameter, a first
approximation for the second shape parameter in the EW distribution was found to
approximately be given by [80]

α ≃ 3.931(D/ρ0)
−0.519; (28)

where ρ0 = (1.46C2
nk

2L)−3/5 is the atmospheric coherence radius andD is the receiv-
ing aperture diameter. Nevertheless, this expression was found to work only in some
particular cases. Furthermore, the power law expression in Eq. (28) is in contradic-
tion of the physical expected behavior for the shape parameter α, as discussed in the
previous section.



52 Chapter 3

10-3 10-2 10-1 100

ασ 2
I

10-1

100

101

102
S
h
a
p
e
 p
a
ra
m
e
te
r 
β

βsim

βfit

(a) Crosses denote values from simula-
tion data, and the solid line is the pre-
dicted values using Eq. (27).

0 2 4 6 8 10 12 14
σ 2
I

0

1

2

3

4

5

6

7

S
h
a
p
e
 p
a
ra
m
e
te
r 
α

αsol

αfit

(b) Crosses denote values by solving
Eq. (26), and the solid line is the pre-
dicted values using Eq. (29).

Figure 3.2 Curve fitting for the shape parametersα and β of the exponentiated
Weibull distribution.

Therefore an alternative procedure is undertaken. Thus, Eq. (27) is inserted in
Eq. (26) to graphically solve for α in terms of the scintillation index. This method
was chosen as the numerical methods tried to solve nonlinear equations resulted in
unstable solutions. The values of the shape parameter obtained with this method,
denoted as αsol, are shown in Fig. 3.2(b) with crosses. Next, after applying standard
curve fitting methods, the shape parameter α was found to approximately follow

α ≃ 7.220σ
2/3
I

Γ
(
2.487σ

2/6
I − 0.104

) , (29)

and the estimated values using this expression are also presented in Fig. 3.2(b) with a
solid line, and labeled as αfit. It is readily seen how the expression in Eq. (29) provides
an excellent fit to the αsol values.

Finally, once the shape parameters α and β are obtained, for the derivation of the
scale parameter η, without loss of generality, it is assumed that 〈I〉 = 1, and setting
n = 1 in Eq. (24), yields

η =
1

αΓ(1 + 1/β)g1(α, β)
. (30)

It is easily verified that for fixed values of the shape parameter β and the scale
parameter η, the shape parameter α controls the left-tail steepness of the PDF—when
data is visualized in a logarithmic scale. This is an attractive property of the EW
distribution as, in any communication system, it is precisely the left-tail of critical
importance because it defines the error-rate and fade probability.

3.5 Data Analysis

Simulation results and experimental data are used to study the suitability of the ex-
ponentiated Weibull distribution to model the probability density function of the re-
ceived optical power in FSO communication links [80, 105].
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Figure 3.3 Estimation methods for the PDF distribution parameters.

For the analysis the PDF data is compared to the EW, LN and GG models. Here-
after, three different methods, presented in Fig. 3.3, are used to estimate the distribu-
tion parameters for each one of the PDF models tested. Method A uses data directly
extracted from simulations or experiments to estimate the distribution parameters
through the corresponding expressions. Method B estimates the parameters using the
Levenberg-Marquardt least-squares fitting algorithm [103, 104]. Whereas, method C
utilizes the scintillation index predicted by the theory to estimate the distribution
parameters using the corresponding expressions for each PDF model.

In Sec. 3.5.1 and Sec. 3.5.3 method A is used to estimate the distribution param-
eters for the LN and EW models. Therefore, the LN parameter is estimated using
the scintillation index extracted directly from the simulation or experimental data
in combination with Eq. (3), while the expressions presented in Sec. 3.4 are used to
estimate the parameters of the EW distribution. To estimate the GG distribution pa-
rameters method B is preferred over A, as it produces better fits to the actual PDF
data [14, 94, 106]. Additionally, the EW PDF parameters are also estimated following
method B. Finally, in Sec. 3.5.2, method C is used for comparison of all three PDF
models to simulation results, as all the link variables can be controlled allowing for a
better consistency between the theoretical predictions and the actual data.

The parameter values used to plot each distribution are presented in tables, to
allow for better readability of the figures. For the sake of clarity some parameters
have the subscript ’fit’ or ’data’, meaning that their values are extracted from the
fitting process or the data itself, respectively. If no subscript is found, then, the value
of such parameter is estimated with the corresponding expression.

3.5.1 Simulation results

To study the PDF of the received optical power in free-space optical links, a simu-
lation scenario was set in order to obtain the probability density function for several
receiving apertures. The wave optics code used to perform the numerical simulations
is based on the fractal method, using the Kolmogorov spectrum of turbulence, where
the phase screens are directly reproduced in the spatial domain by first generating an
exact low-resolution screen, bymeans of the covariancemethod [51], of 16×16points.
Next, successive interpolations, using the method by Lane et al. [50], were executed
to produce the desired grid size of 512× 512 points. The final grid spacing∆x for the
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propagation window is 1.63 mm.
All the simulations for a Gaussian beam were conducted setting a link distance

of 1425 m using 29 random phase screens, a refractive-index structure constant C2
n =

2.1×10−14 m-2/3 was used, the wavelength and the half-angle beam divergence were
set to λ = 780 nm and θ = 37 µrad, respectively. The initial beam radius is given by
W0 = DT /(2

√
2), where DT = 3.2 cm is the transmitter aperture. The simulation pa-

rameters reproduce conditions of weak tomoderate turbulence, with Rytov variances
σ2
R = 1.23C2

nk
7/6L11/6 from 2× 10−3 to 1.78. A total of 30000 realizations were run to

reduce the statistical uncertainties in the numerical simulations of the irradiance.
Receiving apertures of 3, 25, 60 and 80 mm were used to analyze the effects of

aperture averaging. Under the simulation conditions used the 3 mm receiving aper-
ture behaves as a point-like receiver, as it is always smaller than the atmospheric
coherence radius ρ0 [94].

In Fig. 3.4 the scintillation index values obtained from the simulation results are
compared with the theory presented in Sec. 2.3.5.3 of the previous chapter. It is read-
ily seen how the simulation data complies with the analytic predictions. One effect of
using a finite grid is that, although a Kolmogorov spectrum is used, the minimum ef-
fective scale size that produces scintillation is not zero, but rather it is determined by
twice the grid spacing ∆x owing to Fourier spectral considerations [107]. The outer
scale of turbulence is still considered to be unbounded, and its effects on the total
SI negligible. Thus the simulated data had to be compared with a theoretical curve
including the effects of a nonzero inner scale size l0 = 3.36mm. The expression used
to calculate the solid lines in Fig. 3.4 can be found in Appendix C.3. The difference
between the SI predicted by theory and simulation for the smallest receiving aper-
ture, i.e. D = 3 mm, can be explained due to the fact that the propagation window
is discretized in steps of 1.63 mmmaking difficult to accurately represent the circular
area for D = 3mm, resulting in an area slightly larger than expected.

The simulated PDF was obtained by sorting the normalized irradiance data into
a histogram of 80 bins of equal width, and the count of each bin was associated with
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Figure 3.5 Simulation data PDF for (a)(b) L = 325 m and ρ0 = 18.89 mm;
and (c)–(f) L = 1225 m and ρ0 = 9.27 mm. The best fit curve for the EW
distribution (solid line) is shown along with its parameters values.

the midpoint of its respective bin width. When a zero-count bin is found its width
is merged with the next bin to the right, thus, unequal bins were used whenever
needed.

To demonstrate the suitability of the exponentiated Weibull distribution in the
weak and moderate turbulence regime Fig. 3.5 is presented, and Table 1 lists all the
parameters needed to reproduce the PDF plots. The σ2

Idata value is used to deduce the
LN (dotted line) and EW (dashed line) parameters, using the estimation method A
described in the previous section. For the GGmodel (dash-dotted line) the parameter
values are obtained from the fitting algorithm applying the estimation method B.
Furthermore, in Table 1 link defining parameters are also listed, such as the receiving
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aperture size D, the Rytov variance σ2
R and the aperture averaging factor A given by

[24]

A =

[
1 + 0.333

(
kD2

4L

)5/6
]−7/5

, (31)

where k = 2π/λ is the wavenumber. Figure 3.5 includes the best fit—using method
B—of the exponentiated Weibull distribution (solid line) to the PDF data and the
corresponding fitted parameter values are embedded in each plot, as well as the scin-
tillation index determined from such parameters.

In theweak turbulence regime the PDF for the two smallest apertures of 3mm and
25mm tested at a distanceL = 375m is shown in Figs. 3.5(a) and (b), respectively. It is
clearly seen how the GG model (dash-dotted line) is valid for the smaller aperture—
i.e. the point-like apertures—as expected. Nevertheless, in Fig. 3.5(b) the GG is not
capable of effectively reproducing the right-tail shape of the PDF data, and presents
a slight deviation in the left-tail. On the other hand the EW distribution appears as
a valid model, where the best fit (solid line) closely follows the PDF data. The EW
model—obtained from the estimation method A—has an excellent fit in Fig. 3.5(a);
while it fails to reproduce the left-tail in Fig. 3.5(b). The Lognormal distribution,
although valid for the right-tail in Fig. 3.5(a), does not fit the data in both cases. In
the weak turbulence regime the PDF for the 60 and 80 mm apertures is not shown
due to the fact that the histogram is completely concentrated in a bin of 1 dB width
or less.

For the moderate turbulence regime all the four receiving apertures are tested for
L = 1225 m, and the corresponding plots are shown in Figs. 3.5(c)–(f). Here, the
exponentiated Weibull distribution keeps giving the best fit for all the receiving aper-
tures tested. It is evident how the GG model and the EW distribution have a fit very
close to the simulation PDF in Fig. 3.5(c) and (d), although, the EW distribution has
a better fit for the Fig. 3.5(e) and (f) receiving apertures. Moreover, the EW obtained
from method A outperforms the best fit GG model, for the 60 and 80 mm apertures.
In the moderate turbulence cases, the LN model fails by a large amount, except in
Fig. 3.5(c); where it can be regarded as a good fit. Nevertheless, the Lognormal dis-
tribution always presents the worst fit to the PDF data.

Table 1 Parameters for the LN, GG and EWdistributions used to generate PDF
curves in Fig. 3.5. The general conditions of the simulations, and the estimated
scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma Exponentiated Weibull

D [mm] σ2
Idata σ2

R A σ2
ln I αfit βfit σ̂2

Ifit α β η σ̂2
I

3.0 0.078 0.154 0.964 0.075 24.21 24.21 0.084 3.53 2.13 0.76 0.078
25.0 0.011 0.154 0.403 0.011 143.02 143.02 0.014 1.71 8.07 1.00 0.012
3.0 0.486 1.351 0.986 0.396 5.22 3.07 0.579 5.45 0.76 0.30 0.487
25.0 0.218 1.351 0.663 0.198 4.77 25.84 0.256 4.68 1.15 0.51 0.219
60.0 0.047 1.351 0.283 0.046 22.63 171.62 0.050 2.98 2.98 0.85 0.047
80.0 0.018 1.351 0.183 0.018 171.62 84.68 0.015 2.07 5.78 0.97 0.018
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3.5.2 Analytical PDF of the irradiance data

In the previous section the Lognormal and the exponentiated Weibull distributions
were plotted using the expression presented in Sec. 3.2.1 and Sec. 3.4, respectively;
while using the scintillation index value directly extracted from the simulation data,
denoted as σ2

Idata. Additionally, the Gamma-Gamma distribution was fitted to the
PDF data using a least-squares algorithm, as well as for the EW model. The corre-
sponding parameters for each PDF plot were given in Table 1.

In this section, the distribution parameters for the LN, GG and EW models are
estimated directly from the scintillation index values σ2

Ith predicted from the expres-
sions presented in Appendix C. For this analysis, the same simulation data set used
in Sec. 3.5.1 is employed. The resulting PDF curves are plotted in Fig. 3.6 and the
corresponding parameter values are listed in Table 2. On the one hand, the SI pre-
dicted by Eq. (C.9) is used to estimate the distribution parameters for the LN and EW
models. On the other hand, the GG model parameters are estimated using Eq. (9)
and Eq. (10), in combination with Eq. (C.10) and Eq. (C.14), respectively. Again, the
inner scale of turbulence is set to l0 = 3.26 mm, and the outer scale of turbulence is
assumed to be unbounded.

This analysis permits to directly compare the predictions made by each model,
when relying only in link parameters. In other words, this allows to assess the suit-
ability of each model when predicting the probability density function of irradiance,
when link conditions are known beforehand.

The PDF from simulation data (circles) in Fig. 3.6 is exactly the same as in Fig. 3.5.
Nevertheless, the PDF for the LN (dotted line), GG (dashed line) and EW (dashed
line) models are plotted by estimating their respective parameters from the scintil-
lation index theory. Again, Fig. 3.5(a) and (b) correspond to weak turbulence con-
ditions with σ2

R = 0.15, and Fig. 3.5(c)–(f) correspond to the moderate turbulence
regime with σ2

R = 1.35. It is immediately evident how in weak turbulence the EW
distribution offers the better prediction for the PDF’s left-tail, but fails in the right-tail
shape where the LN and GG present better fits, specially in Fig. 3.5(b). Note that the
EW parameter expressions found directly depend on the SI, and for values close to
zero these expressions appear to have poorer performance.

In moderate turbulence conditions the EW offers the better fit, with particular in-
terest on the left-tail of the PDF data. As expected the GG offers an excellent fit for
the smallest apertureD = 3mm, and a good fit forD = 25mm. It is noteworthy that

Table 2 Parameters for the LN, GG and EWdistributions used to generate PDF
curves in Fig. 3.6. The general conditions of the simulations, and the estimated
scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma Exponentiated Weibull

D [mm] σ2
Ith σ2

R A σ2
ln I α β σ̂2

I α β η σ̂2
I

3.0 0.065 0.154 0.964 0.063 28.74 33.91 0.065 3.33 2.40 0.80 0.065
25.0 0.014 0.154 0.403 0.014 194.61 117.91 0.014 1.85 7.05 0.99 0.014
3.0 0.555 1.351 0.986 0.441 3.66 4.52 0.555 5.56 0.71 0.28 0.555
25.0 0.237 1.351 0.663 0.213 7.57 10.77 0.237 4.77 1.10 0.48 0.238
60.0 0.052 1.351 0.283 0.050 41.78 36.87 0.052 3.08 2.79 0.84 0.052
80.0 0.027 1.351 0.183 0.026 111.12 56.60 0.027 2.42 4.37 0.93 0.027
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Figure 3.6 Simulation data PDF for (a)(b)L = 375mand ρ0 = 18.89mm (weak
turbulence); and (c)–(f) L = 1225m and ρ0 = 9.27mm (moderate turbulence).

EW distribution replicates the GG model behavior in Fig. 3.5(c), and outperforms in
Fig. 3.5(d)–(f). The LN distribution is the worst of all the models tested, albeit it ap-
proaches the predictionsmade by the GG distribution in weak turbulence conditions.
Recall that the Lognormal model has been proved valid before [93, 99], although new
evidence suggests that the PDF data is not truly LN distributed [57, 93], specially
when the light source is a Gaussian beam [14, 94].

Analyzing Fig. 3.6 it can be concluded that the predictions made by the exponen-
tiatedWeibull model, when utilizing the theoretical scintillation index, can reproduce
the predictions of the Gamma-Gamma distribution for a wide range of aperture aver-
aging conditions, and even outperforms the GG model for large receiving apertures,
i.e. when D > ρ0. Nevertheless, the expressions to estimate the EW parameters, de-
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duced in Sec. 3.4, appear to have a poor behavior when σ2
I < 0.03, see for example

Fig. 3.6(a) and (f).

3.5.3 Experimental data

The experiments were conducted at Barcelona, Spain, between the rooftops of two
buildings along a medium density residential terrain. A 780 nm continuous-wave
diode laser at 15 mW (12 dBm) from LISA Laser (HL25/MIII), with built-in collima-
tor, was used. A beam expander of diameter 32 mm was mounted with the laser
to produce a beam divergence of 37 µrad. The testbed selected for the experiments
consisted in a nearly horizontal 1.2 km optical path with the transmitter and receiver
at either side of the optical path. At the receiver side the light was detected using
a 15 cm focal length Fresnel lens, along with a bandpass interference filter with a
3 dB bandwidth of 10 nm to remove the out-of-band background radiation. A set
of diaphragms was used to allow measurements for different aperture diameters. A
complete description of the experimental setup can be found in [102].

The irradiance data were collected at the receiver side with a PIN photodetector,
and the detected signal was captured at 10 kHz of sampling rate. Data were taken in
individual runs for the receiving apertures of 5 min each, hence, 3×106 samples were
available to calculate the experimental probability density function. The diaphragms
used for the experiments had aperture diameters of 3, 25, 60 and 80 mm. The esti-
mated value for the refractive-index structure constant during the experiments was
found to be C2

n = 2.1× 10−14 m−2/3 [102].
Figure 3.7 shows the probability density function obtained from experimental

data, and Table 3 lists all the parameters needed to reproduce the PDF plots. The
same procedure presented in Sec. 3.5.1 to estimate the PDF was applied to the exper-
imental data set. Again, the best fit of the exponentiated Weibull distribution (solid
line) to the PDF data and the corresponding fitted parameter values are embedded
in each plot, as well as the scintillation index determined from such parameters. The
scintillation index σ2

Idata value—directly extracted from the experimental data—is
used to plot the LN (dotted line) and EW (dashed line) distributions. The GG model
(dash-dotted line) is plotted using the parameter values obtained from the fitting al-
gorithm, as in Sec. 3.5.1.

It can be seen how both versions of the exponentiated Weibull distribution offer
an excellent fit to experimental data under all of the aperture averaging conditions
tested. In Fig. 3.7(a) and (b) the EWdistribution has the ability to reproduce the shape

Table 3 Parameters for the LN, GG and EW distributions used to generate
PDF curves in Fig. 3.7. The general conditions of the experiments, and the
estimated scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma Exponentiated Weibull

D [mm] σ2
Idata σ2

R A σ2
ln I αfit βfit σ̂2

Ifit α β η σ̂2
I

3.0 0.477 1.301 0.986 0.390 6.39 3.69 0.470 5.44 0.76 0.31 0.478
25.0 0.212 1.301 0.659 0.192 5.25 57.94 0.211 4.65 1.17 0.52 0.213
60.0 0.058 1.301 0.279 0.056 19.51 171.62 0.057 3.19 2.61 0.82 0.057
80.0 0.023 1.301 0.180 0.023 171.62 60.56 0.022 2.29 4.84 0.94 0.023
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Figure 3.7 Experimental data PDF for L = 1200m, ρ0 = 9.40mm and different
receiving aperture sizes in moderate turbulence conditions. The best fit curve
for the EW distribution (solid line) is shown along with its parameters values.

of the Gamma-Gammamodel—both the EW best fit and EW predicted by the expres-
sions from Sec. 3.4—, and it gives a better fit for all other cases. Again, the models
have been tested through a wide range of aperture averaging conditions. Never-
theless, the EW model predicted with the estimation method A still presents a poor
behavior when σ2

I < 0.1, slightly overestimating the left-tail and underestimating the
right-tail of the PDF data in Fig. 3.7(d). It should be noted that the Gamma-Gamma
distribution is confirmed as a valid model for the PDF data when D < 5ρ0, i.e. the
receiving aperture diameter is comparable or smaller than the atmospheric coherence
radius (see Figs. 3.5–3.7).

3.6 Data from other Authors

In this section already published data is used to assess the proposed exponentiated
Weibull distribution when modeling the PDF of irradiance data in FSO links. More-
over, a comparison of this model to the Gamma-Gamma and Lognormal distributions
is also made, as the two most widely accepted models nowadays.

For completeness of this study numerical simulation results as well as experimen-
tal data are used. The simulation data was extracted from Vetelino et al. [94], while
the experimental data used can be found in Wayne et al. [14]. Note that, in some fig-
ures, the original axes limits are changed aiming to a better resolution allowing for a
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straight forward comparison of the different PDF curves plotted.
The parameter values used to plot each distribution are presented in Table 4 and

Table 5. Here, the same subscript convention for variables names as in Sec. 3.5 is
followed.

3.6.1 Simulation data

The numerical simulation data presented in Vetelino et al. [94] was intended to repro-
duce the experimental results of a testbed where a 1550 nm continuous-wave laser,
with 0.46 mrad full-angle divergence, was used. The beamwas launched in a 1500 m
horizontal path and, at the receiver plane, the optical power was detected using three
simultaneous photodetectors of 1, 5, and 13 mm with no collecting lenses. For the
simulation the smallest aperture used is 1.8 mm instead of 1 mm [94].

The simulation was conducted with an optics wave code based on the spectral
method of the split-step technique, in which phase screens are generated in the spec-
tral domain by means of filtering Gaussian white noise with the second-order statis-
tics of the selected turbulence power spectrum [47–49]. The power spectrum chosen
is the Kolmogorov spectrum, therefore the inner and outer scale of turbulence are ig-
nored. In this case the turbulence strength C2

n used corresponds to the value inferred
from the experimental data.

The probability density function of the irradiance fluctuations is generated from
40,000 realizations for each case, and then plotted as a function of the normalized log-
irradiance. It should be noted that the PDF values for the GG and LN distributions
are obtained by the transformation [94]

fX(z) = fX(I)
dI

dz

∣∣∣∣
I=ez

= ezfX(ez), (32)

where fX(·) is given by either Eq. (2) or Eq. (8), and z = ln I is the natural logarithm
of the normalized irradiance.

The simulation data PDFs shown in Fig. 3.8 correspond to those presented in Fig. 3
of Vetelino et al. [94]. In Table 4 all the defining parameters of the three PDFs being
studied are listed, along with the other parameters as in Sec. 3.5.

Note that the scintillation index σ2
Idata was calculated directly from the simula-

tion data, and the σ2
ln I parameter in the LN model was obtained from Eq. (3). The

Table 4 Parameters for the LN, GG and EWdistributions used to generate PDF
curves in Fig. 3.8. The general conditions of the simulations, and the estimated
scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma Exponentiated Weibull

D [mm] σ2
Idata σ2

R A σ2
ln I αfit βfit σ̂2

Ifit α β η σ̂2
I

1.8 1.230 2.7 0.997 0.80 1.49 3.00 1.228 5.93 0.50 0.14 1.227
1.8 3.550 19.2 0.997 1.51 0.88 0.88 3.564 5.57 0.36 0.05 3.547
5.0 1.190 2.7 0.985 0.78 1.83 2.42 1.185 5.92 0.51 0.14 1.187
5.0 3.150 19.2 0.985 1.42 0.96 0.96 3.168 5.66 0.37 0.06 3.146
13.0 1.010 2.7 0.928 0.70 2.38 2.38 1.017 5.88 0.55 0.17 1.008
13.0 2.160 19.2 0.928 1.15 1.28 1.28 2.173 5.87 0.41 0.08 2.154
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Figure 3.8 Simulation data PDF from Vetelino et al. [94] in comparison with
the EWdistribution. The curves are plotted using the parameters from Table 4.
The best fit curve for the EW distribution (solid line) is shown along with its
parameters values.

αfit and βfit parameters, presented in Table 4, are those found by a fitting process in
Vetelino et al. [94], and the corresponding σ̂2

Ifit was calculated using Eq. (11), for the
GG distribution.

On the other hand the α, β and η parameters for the proposed EW model, were
obtained from the equations presented in Sec. 3.4, and are also listed in Table 4. These
parameters along with Eq. (26) are used to calculate the scintillation index σ̂2

I for the
EW distribution. Additionally, all the plots in Fig. 3.8 include the best fit of the expo-
nentiated Weibull distribution to the PDF data and the estimated parameter values
are embedded in each plot, as well as the scintillation index determined from such
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parameters.

3.6.2 Experimental data

The data presented in Wayne et al. [14] correspond to an experimental setup, con-
sisting in a 532 nm continuous-wave solid-state laser (4 mrad full-angle divergence)
followed by a defocused beam expander, which produces an approximately spheri-
cal wave at the receiver plane. The laser was launched in a 1 km long testbed, and
the receiver telescope was a 6 in. (1 in. = 2.54 cm) diameter refracting lens. All the
data were collected in two minutes runs by means of a 24 bits digitizer operating
at 51.25 kS/s, producing a total of 6.15 × 106 samples to construct the experimental
PDF for each run. The probability density function was generated by sorting the data
using unequal bin widths, thus, avoiding the appearance of zero-count bins in the
PDF.

The PDFs plots in Fig. 3.9 correspond to the receiving aperture diameters 4, 20.6
and 154 mm from Figs. 3 and 4 in Wayne et al. [14]. In Table 5 all the defining pa-
rameters of the three PDF models being studied are listed. For the experimental data
case the σ2

ln Ifit parameter in the LN model as well as the αfit and βfit parameters for
the GG model were determined in [14] by doing a best fit of the PDF data. The rest
of the parameters in Table 5 were filled following the same approach as in Table 4.
Again, all plots in Fig. 3.9 include the best fit version of the exponentiated Weibull
distribution to the PDF data, along with the corresponding fitted parameter values
as well as the scintillation index determined from such parameters.

Table 5 Parameters for the LN, GG and EW distributions used to generate
PDF curves in Fig. 3.9. The general conditions of the experiments, and the
estimated scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma Exponentiated Weibull

D [mm] σ2
Idata σ2

R A σ2
ln Ifit αfit βfit σ̂2

Ifit α β η σ̂2
I

4.0 4.570 10.3 0.964 2.00 1.30 1.30 2.130 5.33 0.34 0.04 4.572
4.0 2.250 2.5 0.964 1.78 1.60 1.60 1.641 5.85 0.41 0.08 2.244
20.6 1.500 11.1 0.619 1.16 2.10 2.10 1.179 5.94 0.47 0.11 1.495
20.6 0.840 2.1 0.619 0.73 3.00 3.00 0.778 5.81 0.59 0.19 0.839

154.0 0.140 7.0 0.029 0.15 7.60 95.50 0.143 4.19 1.49 0.62 0.140
154.0 0.050 1.9 0.029 0.06 34.50 34.50 0.059 3.04 2.86 0.84 0.050

3.6.3 Discussion

In this section, the Lognormal and the Gamma-Gamma distributions have been com-
pared to the new proposedmodel, the exponentiatedWeibull distribution. In order to
conduct this study already published data have been used, corresponding to numer-
ical simulations [94] and experiments [14]. In both scenarios the respective authors
reach the same conclusion, neither distribution—i.e. the LN and GG models—can
model the probability density function of the irradiance fluctuations under all aper-
ture averaging conditions and every atmospheric turbulence regime.

It has become customary in the literature to use as a decision criterion, to deter-
mine whether the LN or the GG distribution is adequate to model the irradiance PDF,
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Figure 3.9 Experimental data PDF fromWayne et al. [14] in comparison with
the EWdistribution. The curves are plotted using the parameters from Table 5.
The best fit curve for the EW distribution (solid line) is shown along with its
parameters values.

the ratio between the receiving aperture diameter D and the atmospheric coherence
length ρ0 = (1.46C2

nk
2L)−3/5. Basically, it is accepted—in the moderate-to-strong

turbulence regime—that ifD ≪ ρ0 the receiving aperture is unable to average the at-
mospheric effects and under this condition the Gamma-Gamma distribution presents
the best fit to PDF of the received irradiance data. On the contrary, if D ≫ ρ0 a fair
amount of aperture averaging takes place and the PDF of the data is better described
by a Lognormal distribution [58, 60, 106]. While, in the region ofD ∼ ρ0 there is not a
definitive answer and the best distribution to model the irradiance PDF can be either
the LN or the GG distribution.
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Although this is the general consensus, there are many situations where neither
the LN or GG distribution can be said to accurately model the PDF of the irradiance
data in numerical simulations and experimental data, specially when aperture av-
eraging takes place. Take for example Figs. 3.8(b), (e), (f), and Figs. 3.9(b), (c), (d),
(f). Here, it is readily seen that, although the fitting of the right-tail is almost always
achieved, the left-tail of the PDF is the hardest section to be properly fitted by these
two distributions.

However, in those situations where the LN and GG distributions both fail, the
proposed exponentiated Weibull distribution presents an excellent fit to the proba-
bility density function of the irradiance data. This is particularly appreciable in the
left-tail of the PDF, which is of maximum importance as it defines the error-rate and
fade probability. In both Figs. 3.8 and 3.9, the best fit version of the exponentiated
Weibull distribution to the PDF data arises as the closest fit. Note that the estimated
scintillation index σ2

Ifit from the best fit EW parameters is always within a 10% of er-
ror, except for Fig. 3.8(e) and for Figs. 3.9(a) and (b) where the errors are 12.15, 16.70
and 25.15%, respectively.

It is noteworthy that the approximation given in Eq. (27) holds—within a 10%
of error— when using the shape parameters αfit and βfit of the EW distribution esti-
mated by the fitting algorithm, although, Eq. (29) does not cope to the values of αfit

predicted by the fitting algorithm suggesting the need for a better approximation. It
is the author’s belief that the shape parameter α for the EW distribution is somehow
affected by the ratio D/ρ0, as previously suggested [80], and/or the Rytov variance
σ2
R.

On the other hand, the shape of the exponentiated Weibull distribution predicted
by the expressions derived in Sec. 3.3.2 presents a good fit for the right-tail of the PDF
data in Figs. 3.8 and 3.9; while the prediction of left-tail shape is not robust. The better
estimation of the probability density function is achieved for the case of experimental
data (see Fig. 3.9), where Fig. 3.9(a) is the exception and the prediction for the left-
tail is very similar to that of the GG distribution, but a better fit for the right-tail.
A possible explanation for this is the relative high value of the scintillation index
σ2
I = 4.57, and that Eq. (29) is not capable of predicting values of α larger than 6. The

goodness of fit of the estimated EW distribution is rather less accurate for numerical
simulation data (see Fig. 3.8) than for the experimental data, except for Fig. 3.8(e)
where it is a perfect fit. Once again the left-tail is the most problematic section of
the PDF. Nevertheless, the predicted scintillation index σ̂2

I from the estimated EW
parameters, using the estimation method A, is always within less than 1% of error of
the expected value (see Table 4 and Table 5).

3.7 PDF models goodness-of-fit

Previously the exponentiated Weibull distribution has been assessed utilizing differ-
ent types of data, along with the Lognormal and Gamma-Gamma models. In Sec. 3.5
own produced data sets were obtained from numerical simulations and experiments.
Moreover, already published data from other authors have been used in Sec. 3.6,
including both simulation results and experiments. There, the EW and LN PDFs
have been estimated using the corresponding expressions to deduce their distribu-
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Figure 3.10 Average relative root-mean-squared-error (rRMSE) for (a) simu-
lation results, (b) experimental data, (c) Vetelino et al. [94] data and (d) Wayne
et al. [14] data.

tion parameters—method A in Fig. 3.3—, whereas the parameters for the GG model
are estimated by means of a lest-square fitting algorithm—method B. Additionally, a
best-fit version of the EW distribution is also presented for every data set tested. A
visual inspection of Figs. 3.5–3.9 allows to qualitatively establish the different degrees
of fit to the actual PDF data for all the models analyzed, where the EW distribution
appears to have the best performance.

This section presents a quantitative analysis of the degree of goodness-of-fit (GOF)
for each model in relation to the actual PDF of irradiance data. Common metrics
used to test the goodness of a curve fitting process are the mean squared error (MSE)
and the root-mean-squared error (RMSE). The problem with these metrics is that the
errors near the peak of the probability density function have more weight than the
errors at the tails, which are underestimated and not properly accounted. Therefore,
in order to have similar weights for errors at the peak and tails of the PDF a relative
root-mean-squared error (rRMSE) is used, defined by

rRMSE =

√√√√ 1

M

M∑

j=1

(yj − ŷj)2

ŷj
, (33)

where yj and ŷj denote the actual PDF points and the PDF points estimated by each
model tested, respectively. Note that Eq. (33) resembles a chi-square goodness-of-fit
test [108, Eq. (9-75)].
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The GOF of the exponentiated Weibull, Lognormal and Gamma-Gamma models
to the PDF of the irradiance data is evaluated in Fig. 3.10. For the analysis Figs. 3.5,
3.7, 3.8 and 3.9 are used, which correspond to the data sets obtained from simulations,
experiments, Vetelino et al. [94] and Wayne et al. [14], respectively. Within each data
set the rRMSE is calculated for every PDF model and receiving aperture, and the
results are averaged for each PDF model tested. Thus, the suitability of each model
being tested can be quantified through the average value of the rRMSE as a measure
of GOF to the actual PDF data. For a better readability the average rRMSE values
are presented as bar plots, in Fig. 3.10, with logarithmic scale in the vertical axis. The
distributions tested are denoted by the labels in the horizontal axis; where models
denoted by EW and LN correspond to PDFs estimated using method A, while the
GG and EWfit PDFs were estimated with method B—refer to Fig. 3.3.

In the analysis conducted in the previous sections it was concluded that the LN
distribution had always the worst fit to the PDF data. This is confirmed by the rRMSE
analysis in Fig. 3.10, where the LN model performs at least one order of magnitude
poorer than the other two models, except for Fig. 3.10(d) where it is comparable to
the other models but continues to be the worst fit. The EW model has an excellent
performance similar to the fit offered by the GG PDF for every data set, and even
outperforms the GG model in Fig. 3.10(a)—i.e. for simulation results—by one order
of magnitude. This is expected as the expressions to estimate the EW distribution pa-
rameters were obtained following a semi-heuristic approach based on the simulation
data set. As the expressions found in Sec. 3.4 are a first approximation, the best fit
version of the exponentiated Weibull PDF—predicted by method B—has also been
included throughout the analysis of the EW fading model and denoted by EWfit. It
is readily seen that the fitting performance of the EWfit has the better performance of
all the models tested. This indicates that on average the EW distribution was capable
of offering the best fit to the actual PDF of the irradiance data, for the weak-to-strong
turbulence regime under various aperture averaging conditions.

3.8 Summary

A new fading model was presented to describe the irradiance fluctuations in free-
space optical links, resulting in the exponentiated Weibull distribution; with simple
closed-form expression for its PDF and CDF as a very attractive property. The EW
model was derived using standard physical assumptions similar to those used for the
Gamma model, with the addition of a nonlinearity manifested in terms of a power
parameter as in the work by Yacoub [96]. Thus, a physical justification for the ap-
pearance of the exponentiated Weibull distribution in FSO links has been provided.

For any PDF model proposed it is very desirable to find tractable expressions re-
lating the distribution parameters directly to atmospheric parameters. Consequently,
by means of a semi-heuristic approach a set of equations was derived in Sec. 3.4,
relating the EW parameters directly to the scintillation index.

In order to assess the newly proposed model it has been compared with the Log-
normal and Gamma-Gamma distributions, the two most widespread distributions
nowadays. Numerical simulations were run and an experimental testbed was de-
ployed, to produce PDF data sets under different turbulence and aperture averaging
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conditions. In Sec. 3.5 it was shown how the proposed EW distribution offers an
excellent fit to simulation and experimental data under all aperture averaging condi-
tions, under weak and moderate turbulence conditions, as well as for point-like aper-
tures. In this analysis the GG model presents an unpredictable performance when
D > ρ0. Specially it fails to reproduce the lower-tail shape when aperture averaging
takes place. On the contrary, the exponentiated Weibull model gives a perfect fit in
both tails of the probability density function of the irradiance data.

In Sec. 3.5.2 the distribution parameters for the LN, GG and EW models are esti-
mated directly from the scintillation index values predicted from theory. This anal-
ysis permits to assess the suitability of each model when predicting the probability
density function of the irradiance data, if link conditions are known beforehand. It
is noteworthy that the EW distribution replicates the GG model behavior in some
scenarios—when the latter is valid—, and even outperforms the GG predictions in
others. Nevertheless, the expressions in Sec. 3.4 to estimate the EW parameters ap-
pear to behave poorer when σ2

I < 0.1. The LN distribution is the worst of all the
models tested, indicating that the PDF data is not truly Lognormal as suggested be-
fore [92].

In addition, comparisons to previously published data from other authors have
been done in Sec. 3.6, including numerical simulation results and experimental data
in the moderate-to-strong turbulence regime. In this analysis the expressions to de-
rive the EW parameters have shown to be fairly accurate when the aperture averag-
ing A < 0.90, but they have rather unpredictable behavior for values of A close to
unity—i.e. for point-like apertures. Nevertheless, it should be noted that the EW pa-
rameters expressions were obtained with an approach relying on data from weak-to-
moderate turbulence conditions, and such expressions can be improved if sufficient
data from the strong turbulence regime are available.

In summary, the exponentiated Weibull distribution has been analyzed with data
from the weak-to-strong turbulence regime and compared to the LN and GG mod-
els. The results presented here suggest that the EW distribution presents the better
fit for data under different aperture averaging conditions. Moreover, expressions to
derive the EW distribution parameters have been found. For these reasons the ex-
ponentiated Weibull distribution becomes an excellent candidate to model the PDF
of irradiance data under all conditions of atmospheric turbulence in the presence of
aperture averaging.



4
FSO Link Performance
under Exponentiated
Weibull Fading

THIS CHAPTER is devoted to present the analysis of the
probability of fade and bit error-rate (BER) perfor-

mance of a FSO link, when the atmospheric turbulence can
be modeled by an exponentiatedWeibull distribution. New
closed-form expressions are derived for the average BER.
Moreover, these expressions are extended to include the im-
pact of pointing errors.
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4.1 Introduction

In the last chapter a new fading model has been introduced to describe the irradiance
fluctuations in free-space optical (FSO) links, resulting in the exponentiated Weibull
(EW) distribution. The new model has been compared with the Lognormal (LN) and
Gamma-Gamma (GG) distributions, the two most widespread distributions nowa-
days, using simulation and experimental data results, as well as already published
data from other authors.

Here, the analysis for the EWmodel is continued to include the probability of fade
and bit error-rate (BER) performance of a FSO link. New closed-form expressions for
the average BER assuming an intensity-modulation/direct-detection (IM/DD) FSO
system with on-off keying (OOK) are derived, for the EW and GGmodels, utilizing a
very general special function called the Meijer’s G-function [See Appendix B.4]. Fur-
thermore, the BER expression for the proposed exponentiatedWeibull fading channel
model, is extended to account for misalignment fading based on the seminal paper
by Farid and Hranilovic [109].

The remainder of this chapter is structured as follows. First, in Sec. 4.2 the three
models being tested are presented, and their probability density function (PDF) and
cumulative distribution function (CDF) are given. Next, in Sec. 4.3, closed-form ex-
pressions for the average BER are derived. Section 4.4 is devoted to discuss simula-
tion and experimental data results, using the same data sets presented in Chapter 3.
The BER analysis is extended to include the impact of pointing errors in Sec. 4.5, as-
suming that the atmospheric turbulence can bemodeled by an exponentiatedWeibull
distribution. Finally, some concluding remarks are given.

4.2 Probability of Fade

A laser beam propagating through the atmosphere will be altered by refractive-index
inhomogeneities. At the receiver plane, a random pattern is produced both in time
and space [23]. These fluctuations produce fading events, on the received signal, and
under severe atmospheric conditions they can lead to complete outages. The perfor-
mance of a FSO system can be addressed analytically from the PDF of the randomly
fading irradiance signal. Different models were presented in Chapter 3 for the PDF
of irradiance data, including the new proposal, namely the exponentiated Weibull
distribution. In terms of these PDF models, the probability of fade is defined as the
cumulative distribution of probability below a prescribed threshold. Note that the
CDF for each model was presented in the previous chapter.

The probability of fade Pfa offers an estimate of how likely the received signal is
to drop below a prescribed irradiance threshold IT [58], defined as

Pfa , Pr(I ≤ IT ) =

∫ IT

0

fI(I)dI = FI(IT ), (1)

where fI(I) is the corresponding PDF of irradiance fluctuations, and IT is the thresh-
old level of the irradiance. The probability of fade can be obtained in closed-form,
by means of the respective cumulative distribution function FI(I) for each fading
model. For the analysis conducted here a fade threshold parameter FT is introduced,
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which is defined as the number of decibels below the mean irradiance [58]

FT = 10 log10

( 〈I〉
IT

)
, (2)

where, without loss of generality, the irradiance data is normalized to themean value,
i.e. 〈I〉 = 1.

Next, the probability of fade expression, in terms of the threshold parameter FT ,
is presented for the Lognormal, Gamma-Gamma and exponentiated Weibull distri-
butions. The respective PDFs and some useful expressions, introduced in Chapter 3,
are also presented here for a self-contained chapter.

4.2.1 Lognormal distribution

The PDF and probability of fade of a random variable I described by the Lognormal
distribution are given by

fI(I) =
1

I
√
2πσ2

ln I

exp

{
−
[
ln(I) + 0.5σ2

ln I

]2

2σ2
ln I

}
, I > 0, (3)

and

Pfa(FT ) =
1

2
+

1

2
erf

[
0.5σ2

ln I − 0.23FT√
2σ2

ln I

]
, (4)

respectively; where σ2
ln I is the variance of the log-irradiance, and it is related to the

scintillation index by
σ2
ln I = ln

(
σ2
I + 1

)
. (5)

4.2.2 Gamma-Gamma distribution

The PDF and probability of fade of a random variable I described by the Gamma-
Gamma distribution are given by [12]

fI(I) =
2(αβ)

α+β
2

Γ(α)Γ(β)
I

α+β
2

−1Kα−β

(
2
√
αβI

)
, I > 0, (6)

and

Pfa(FT ) =
πcsc(π(α − β))

Γ(α)Γ(β)

[
(αβ)βe−0.23βFT

βΓ(β − α+ 1)
1F2

(
β;β + 1, β − α+ 1;αβe−0.23FT

)

− (αβ)αe−0.23αFT

αΓ(α − β + 1)
1F2

(
α;α+ 1, α− β + 1;αβe−0.23FT

)]
(7)

respectively; whereKν(x) is theMacdonald function of order ν, defined in Eq. (B.2.1);
and 1F2(·) is the generalized hypergeometric function [See Appendix B.3]. The pa-
rameters α and β are directly related to the scintillation index (SI) by

σ2
I =

1

α
+

1

β
+

1

αβ
. (8)
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4.2.3 Exponentiated Weibull distribution

The PDF and probability of fade of a random variable I described by the exponenti-
ated Weibull distribution are given by

fI(I) =
αβ

η

(
I

η

)β−1

exp

[
−
(
I

η

)β
]{

1− exp

[
−
(
I

η

)β
]}α−1

, I > 0, (9)

and

Pfa(FT ) =

{
1− exp

[
−e

−0.23βFT

ηβ

]}α

, (10)

respectively; and the expressions for the distribution parameters have been found to
approximately follow

α ≃ 7.220σ
2/3
I

Γ
(
2.487σ

2/6
I − 0.104

) , (11a)

β ≃1.012(ασ2
I)

−13/25 + 0.142, (11b)

η =
1

αΓ(1 + 1/β)g1(α, β)
, (11c)

where g1(α, β) can be obtained by setting n = 1 into Eq. (25) in Chapter 3, leading to

g1(α, β) =

∞∑

j=0

(−1)jΓ(α)

j!(j + 1)1+
1
β Γ(α− j)

; (12)

which is a convergent series [105].

4.3 Bit Error-Rate

In any communication system the main metric to assess the link performance is the
probability of error—also called bit error-rate (BER). Traditionally, the analysis of BER
in the FSO community has been done by modeling the atmospheric turbulence as
Lognormal, in the weak turbulence regime, and Gamma-Gamma, for the strong tur-
bulence regime [30, 59, 106, 110–116]. In this section the BER performance is studied
for the LN andGG distributions, alongwith the newproposed exponentiatedWeibull
model. Moreover, closed-form expressions for the bit error-rate are derived for the
GG and EW models.

Assuming a free-space optical communication system using IM/DD with OOK
modulation—a very common choice in FSO links [8]—, the word-error probability
under atmospheric turbulence is given by [106]

PWE =
1

2

∫ ∞

0

erfc

(
SNR0 I

2
√
2

)
fI(I)dI, (13)

where erfc(·) is the complementary error function and fI(I) is the PDF of irradiance
fluctuations. Assuming a simple PIN receiver front-end the signal-to-noise ratio in
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the absence of atmospheric turbulence is related to the average transmitted optical
power Pt as SNR0 = 2RPt/σn; where R is the receiver responsivity and σn is the
noise standard deviation. Note that for OOKmodulation, the bit-error probability Pb

is the same as the word-error probability, i.e. Pb = PWE [78].
In order to provide a closed-form solution of Eq. (13) the erfc(x) can be expressed

in terms of the Meijer’s G-function Gm,n
p,q [·], defined in Eq. (B.4.1), using Eq. (B.4.2.3)

erfc(x) =
1√
π
G2,0

1,2

[
x2

∣∣∣∣∣
1

0, 12

]
,

leading to

Pb =
1

2
√
π

∫ ∞

0

G2,0
1,2

[
(SNR0 I)

2

8

∣∣∣∣∣
1

0, 12

]
fI(I)dI, (14)

Note that the Meijer’s G-function can be found as a bult-in function in commer-
cial software packages such as Mathematica and Maple. The particular implementa-
tion used here corresponds to the pure-Python open source library for multiprecision
floating-point arithmetic mpmath, written by Johansson [117].

Next, new closed-form expressions for the bit-error rate under Gamma-Gamma
and exponentiated Weibull turbulence are derived. It was not possible to obtain
such expression for Lognormal turbulence due to the complex mathematical form
of Eq. (3), thus, efficient numerical integration of Eq. (13) is used instead for the Log-
normal case.

4.3.1 BER under Gamma-Gamma turbulence

To obtain the bit error-rate under GG turbulence first Eq. (6) is inserted into Eq. (14).
By writing the Macdonald function of order α−β in terms of the Meijer’s G-function
using Eq. (B.4.2.4), then, the bit-error probability yields

Pb =
(αβ)

α+β
2

2
√
πΓ(α)Γ(β)

∫ ∞

0

I
α+β

2
−1G2,0

1,2

[
(SNR0 I)

2

8

∣∣∣∣∣
1

0, 12

]
G2,0

0,2

[
αβI

∣∣∣∣∣
−

α−β
2 , β−α

2

]
dI.

(15)
This integral can be solved using the convenient property that the integral of the

product of two G-functions yields anotherMeijer’s G-function [See Eq. (B.4.3.2)] lead-
ing to

Pb =
2α+β−3

π
√
πΓ(α)Γ(β)

G2,4
5,2

[
2

(
SNR0

αβ

)2
∣∣∣∣∣

1
2 − α

2 , 1− α
2 ,

1
2 − β

2 , 1−
β
2 , 1

0, 12

]
. (16)

Note that a similar expression has been derived before by Dang [118].

4.3.2 BER under exponentiated Weibull turbulence

To obtain the bit error-rate under EW turbulence first Eq. (9) is inserted into Eq. (14).
Next, by making use of the Newton’s generalized binomial theorem [See Eq. (D.28)]
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the last term in Eq. (9) can be expanded and, thus, the bit-error probability yields

Pb =
αβ

2η
√
π

∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)

×
∫ ∞

0

(
I

η

)β−1

exp

[
−(1 + j)

(
I

η

)β
]
G2,0

1,2

[
(SNR0 I)

2

8

∣∣∣∣∣
1

0, 12

]
dI. (17)

By using Eq. (B.4.2.1) to express the exponential function in terms of the Meijer’s
G-function, the probability of error can be written as

Pb =
αβ

2η
√
π

∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)

×
∫ ∞

0

(
I

η

)β−1

G2,0
1,2

[
(SNR0I)

2

8

∣∣∣∣∣
1

0, 12

]
G1,0

0,1

[
(1 + j)

(
I

η

)β
∣∣∣∣∣
−
0

]
dI. (18)

The above integral can be solved, by applying again Eq. (B.4.3.2), after making the
transformation of variables y = (I/η)2, resulting in

Pb =
αβ

√
kπ

2σ(2π)
ℓ+k
2

(
ℓ

σ

) β
2
−1 ∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)

×Gk,2ℓ
2ℓ,k+ℓ

[(ωj

k

)k ( ℓ
σ

)ℓ
∣∣∣∣∣
∆(ℓ, 1− β

2 ),∆(ℓ, 12 − β
2 )

∆(k, 0),∆(ℓ,−β
2 )

]
, (19)

where ∆(k, a) = a
k ,

a+1
k , · · · , a+k−1

k [See Eq. (B.4.1.5)]; ωj = 1 + j, σ = (ηSNR0)
2/8,

and ℓ and k are integer numbers that satisfy ℓ/k = β/2. Although Eq. (19) is given
in terms of an infinite summation, usually about 30 terms are needed for the series to
converge.

The average BER closed-form expression, for an IM/DD FSO systems with OOK
modulation under exponentiated Weibull turbulence, given in Eq. (19) was first pub-
lished in [105]. Furthermore, an approximation of such expression has recently been
derived using the generalized Gauss–Laguerre quadrature rule by Yi et al. [119].

4.4 Data Analysis

For the analysis of the probability of fade given in Sec. 4.2 and the new closed-form
expressions for the BER derived above, both numerical simulation results and exper-
imental data are used for different aperture sizesD, namely 3, 25, 60 and 80 mm. Un-
der the simulation conditions used the 3 mm receiving aperture behaves as a point-
like receiver, since it is smaller than the atmospheric coherence radius ρ0 [94]. The
analysis is performed for the LN, GG and EW models. The data sets presented here
are the same as those used in Chapter 3.

For the simulation data, a wave optics code for the propagation of a Gaussian
beam was used and set a link range L = 1225 m, a refractive-index structure con-
stant C2

n = 2.1 × 10−14 m2/3 and the wavelength λ = 780 nm. The simulation pa-
rameters reproduce conditions of moderate turbulence, with a Rytov variance σ2

R =
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1.23C2
nk

7/6L11/6 of 1.35, where k = 2π/λ is the wavenumber. A total of 30000 real-
izations were run to reduce the statistical uncertainties in the numerical simulations
of the irradiance. A complete description of the simulation details can be found in
Sec. 3.5.1 and Barrios et al. [102].

The probability of fade of the simulation data was obtained by calculating the cu-
mulative distribution function of each data set, using 80 bins of equal width, and the
count of each bin was associated with the midpoint of its respective bin width. When
a zero-count bin is found its width is merged with the next bin to the right, thus, un-
equal bins were used whenever needed. Finally, the bit-error rate for simulation data
was obtained by performing a numerical integration of Eq. (13) using the values of
the simulation PDF presented in Fig. 3.5. All the results are shown in Fig. 4.1.

On the other hand, the experiments were conducted at Barcelona, Spain, between
the rooftops of two buildings along a medium density residential terrain. A 780 nm
continuous-wave diode laser at 15 mW (12 dBm), with built-in collimator, was used.
The testbed selected for the experiments consisted in a nearly horizontal 1.2 km op-
tical path. On the receiver side the light was detected using a 15 cm focal length
Fresnel lens. A set of diaphragms was used so measurements for different aperture
diameters were possible. A complete description of the experimental setup can be
found in Sec. 3.5.3 and Barrios et al. [102].

Data was taken in individuals runs for the receiving apertures of 5 min at 10 kHz
sampling rate each, hence, 3×106 samples were available to calculate the experimen-
tal probability of fade. The same procedure used for the simulation data was applied
to estimate probability of fade and BER for the experimental data set. For the BER
analysis the experimental PDF presented in Fig. 3.7 is used to perform the numerical
integration of Eq. (13). All the results are shown in Fig. 4.2.

For the analysis of both data sets, in Figs. 4.1 and 4.2, the probability of fade is in
the left column of each figure, while the BER plot are in the right column, for every
receiving aperture tested. Moreover, some link parameters are given for the sake of
direct comparison, namely, the scintillation index σ2

Idata calculated directly from the
simulation and experimental data, the Rytov variance as a measure of the turbulence
strength, the ratio of the receiving aperture diameter to the atmospheric coherence
length ρ0 = (1.46C2

nk
2L)−3/5, and the aperture averaging factor A given by [24]

A =

[
1 + 0.333

(
kD2

4L

)5/6
]−7/5

.

All the data used here were presented in Chapter 3, where the corresponding
PDF analysis has been done and the parameter values for each model plotted were
obtained. The plots in Figs. 3.5 and 3.7 contain the corresponding PDF curves of
Figs. 4.1 and 4.2, respectively. Recall that the σ2

Idata value is used to estimate the LN
(dotted line) and EW (dashed line) parameters, using Eq. (3) and Eq. (11), respec-
tively. For the GG model (dash-dotted line) the parameter values are obtained from
the fitting algorithm. In all figures a best fit version of the EW model (solid line) is
also shown, allowing a direct comparison with the GG distribution. All the parame-
ter values used to plot each curve are embedded in the corresponding subfigure.

For the analysis of the probability of fade, it has to be noted that higher values of
the FT threshold parameter correspond to lower values of the irradiance in the PDF,
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Figure 4.1 Probability of fade (left column) vs. fade threshold parameter FT ,
and estimated BER (right column) vs. average signal-to-noise ratio (SNR0) for
numerical simulation results (circles), and various receiving aperture diame-
ters.
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Figure 4.2 Probability of fade (left column) vs. fade threshold parameter FT ,
and estimated BER (right column) vs. average signal-to-noise ratio (SNR0) for
experimental data (circles), and various receiving aperture diameters.
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as expressed in Eq. (2). Having this in mind, it becomes evident that the behavior of
the left tail in the PDF is somehow equivalent to the right side of the probability of
fade plot. According to this, note how the relative position of each of the compared
models maintains in Figs. 4.1 and 4.2, with respect to the PDF plots in Figs. 3.5 and 3.7.
In the probability of fade curves the exponentiated Weibull model—fitted version—
also presents the best fit to the corresponding data being evaluated. It is noteworthy
to say that the probability of fade and the BER curves of the GG model for the 80 mm
aperture are not plotted in both figures as the relatively high value of its parameters
causes convergence problems in Eq. (7) and Eq. (16), respectively.

For the bit-error rate the new closed-form expressions derived in Sec. 4.3, for the
GG and the EWmodel, were used. As mentioned before such expression is not avail-
able for the Lognormal distribution, thus, BER curves were obtained by direct nu-
merical integration of Eq. (13) using the Lognormal PDF. Analyzing the BER plots,
in both Figs. 4.1 and 4.2, it can be seen how all the tested models comply with the
actual data up to about a signal-to-noise ratio of 8 dB, where the error rate is 10−2 or
larger. After this point the LNmodel starts to deviate from the others, for all the cases
presented here, unable to follow expected values. In the case of the 3 and 25 mm re-
ceiving aperture diameters the GG distribution has a close fit, and offers nearly the
same prediction as the EW model. This situation is expected as for the PDF analysis
both models have practically the same fit to the data. Nevertheless, for the 60 and
80 mm receiving aperture diameter cases the EW model offers a better prediction of
the probability of fade and bit error-rate performance, as it can be seen in Figs. 4.1
and 4.2.

4.5 Bit Error-Rate with Pointing Errors

In the previous section BER performance analysis of an IM/DD FSO system under
exponentiated Weibull fading, using OOK modulation, has been presented. Here,
based on the work of Farid and Hranilovic [109], the BER analysis is extended to in-
clude the impact of pointing errors under exponentiated Weibull turbulence. Many
other authors have utilized the model proposed in [109] with the atmospheric turbu-
lence modeled by different distributions [111, 120–122].

Next, the FSO system and channel model is presented, along with the EW dis-
tribution, misalignment model, and overall combined channel statistics. The CDF
is also derived for completeness. In Sec. 4.5.5 a new closed-form expression for the
average BER in the case of FSO system with pointing errors, assuming OOK modu-
lation, is derived. Section 4.5.6 is devoted to assess the new expression with Monte
Carlo simulations, including the effects of aperture averaging, where the spherical
wave approximation to a Gaussian beam is used to estimate the scintillation index.
Lastly, some conclusions are given.

4.5.1 System and channel model

In this section an IM/DD FSO communication system with OOK modulation is con-
sidered. The signal-carrying laser beam propagates through the turbulent atmo-
sphere, where traditionally the channel statistics have been assumed to be either
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Lognormal or Gamma-Gamma. Here, the new proposed model is used, based on
the exponentiated Weibull distribution. In addition, the impact of pointing errors is
included in the analysis of the overall system performance.

For the receiver a collecting aperture of diameterD plus an avalanche photodetec-
tor (APD) is a typical configuration in FSO systems. In such conditions, for horizontal
links, the additive white Gaussian noise (AWGN) channel is a good assumption, as
although the output statistics of an APD aremodeled by the McIntyre-Conradi distri-
bution [73], the Gaussian approximation is sufficient enough when the bulk current is
of the order of nanoamperes and the absorbed photons aremore than a few hundreds
within the observation time [123], mostly due to background optical power.

Therefore, the output signal y of a FSO system under the influence of atmospheric
and misalignment fading, and additive noise, can be modeled as

y = Rhx+ n, (20)

where x is the transmitted optical power in watts, R is the receiver responsivity in
A/W; whereas h represents the overall channel state, and n is the AWGN term with
variance σ2

n.
The channel induced fading h = hℓhahp is composed by three different factors,

where two of them are random independent processes while the other is a determin-
istic factor. As explained in [109], the random terms hp and ha are the misalignment
and atmospheric turbulence fading, respectively; and the atmospheric path loss hℓ—
explained in Sec. 2.5.1—is considered to be deterministic, andwithout loss of general-
ity, herein it is assumed that hℓ = 1. Note that the time scales of the fading processes
considered in FSO systems are in the order of milliseconds and, thus, the overall
channel state h is assumed to be constant for a large number of transmitted bits [109].

4.5.2 Atmospheric turbulence

Let us assume, that the turbulence induced fading ha can be modeled by an exponen-
tiatedWeibull distribution with PDF given by Eq. (9), and the distribution parameters
are estimated with the expressions in Eq. (11). The parameters for the EW distribu-
tion can be directly related to atmospheric conditions, through the scintillation index
σ2
I , as indicated by Eq. (11). Recall that the SI for a finite receiving aperture with

diameterD and zero inner scale of turbulence is given by [See Eq. (61) in Chapter 2]

σ2
I (D) = exp

[
σ2
ln x(D) + σ2

ln y(D)
]
− 1, (21)

where σ2
ln x and σ2

ln y are the large-scale and small-scale log-irradiance flux variances,
respectively, and assuming that the spherical wave is a good approximation at the
receiver plane, they can be calculated as [124]

σ2
ln x(D) =

0.49β2
0(

1 + 0.18d2 + 0.56β
12/5
0

)7/6 ,

σ2
ln y(D) =

0.51β2
0(1 + 0.69β2

0)
−5/6

1 + 0.9d2 + 0.62d2β
12/5
0

,
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where β2
0 = 0.41σ2

R is the Rytov variance of a spherical wave, and d2 = kD2/4L
is a normalization of the receiving aperture diameter. Note that the spherical wave
approximation is valid for estimating the scintillation index of Gaussian beams when
the link conditions produce a beam size at the receiver plane relatively larger than
the collecting aperture size.

The atmospheric turbulence induced fading can be classified in a continuum of
regimes, from weak to strong turbulence conditions, depending on the value of the
Rytov variance σ2

R. Thus, the weak fluctuations regime occurs when σ2
R ≪ 1, and the

strong fluctuations regime is associated with σ2
R ≫ 1, while for σ2

R ∼ 1 the regime is
said to be moderate.

4.5.3 Misalignment fading

In a FSO link when a pointing error r is present, considering a circular receiver of ra-
dius a, the fraction of the collected power in the receiving plane can be approximated
by hp(r, L) = A0 exp(−2r2/W 2

Leq); where A0 = [erf(ν)]2 with ν2 = πa2/2W 2
L, and

W 2
Leq = w2

L

√
π erf(ν)/(2ν exp(−ν2)) . Lastly, erf(·) is the error function andWL is the

beam radius at the receiver plane [109].
The fading due to pointing errors hp has beenmodeled as the result of considering

independent identical Gaussian distributions, with variance σ2
s , for the elevation and

horizontal displacement (sway) [125]. Based on this assumption Farid andHranilovic
[109] developed a model for the statistics of the misalignment fading as

fhp(hp) =
γ2

Aγ2

0

hγ
2−1

p , 0 ≤ hp ≤ A0, (22)

where γ = WLeq/2σs is the ratio between the equivalent beam radius and the point-
ing error jitter at the receiver.

4.5.4 Combined channel statistics

The overall channel h = hpha term of the FSO model in Eq. (20) is modeled as the
product of two i.i.d. random variables, thus, the statistics of h can be obtained as a
conditional random process given a turbulence state ha as

fh(h) =

∫
fh|ha

(h|ha)fha(ha)dha.

Using Eq. (22) and applying standard statistical procedures, the channel state dis-
tribution gives [109]

fh(h) =
γ2

Aγ2

0

hγ
2−1

∫ ∞

h/A0

h−γ2

a fha(ha)dha. (23)

By applying the Newton’s generalized binomial theorem to expand the last term
in Eq. (9) and inserting the result in Eq. (23), the PDF of h yields

fh(h) =
αγ2

ηA0

(
h

ηA0

)γ2−1 ∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)ω
1−γ2/β
j

Γ

[
1− γ2

β
, ωj

(
h

ηA0

)β
]
, (24)
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where ωj = 1 + j, and Γ(a, z) is the upper incomplete Gamma function, defined in
Eq. (B.1.4). Although Eq. (24) is given in terms of an infinite summation this is a fast
convergent series.

Now, the cumulative distribution function is obtained by integration of Eq. (24).
To provide a compact closed-form solution of such integral, the upper incomplete
Gamma function is expressed in terms of the Meijer’s G-function using Eq. (B.4.2)

Γ(a, x) = G2,0
1,2

[
x

∣∣∣∣∣
1

0, a

]
.

Next, by applying Eq. (B.4.3.1) the CDF of h gives

Fh(h) =
αγ2

β

(
h

ηA0

)γ2 ∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)ω
1−γ2/β
j

G2,1
2,3


ωj

(
h

ηA0

)β
∣∣∣∣∣

1, 1− γ2

β

0, 1− γ2

β ,−
γ2

β


 .

(25)

4.5.5 Average bit error-rate

Assuming on-off keying modulation, the transmitted signal x is either 0 or 2Pt; where
Pt is the average transmitted optical power. Then, the average bit error probability
under fading h is given, as in Eq. (13), by [106]

Pb =
1

2

∫ ∞

0

erfc

(
SNR0 h

2
√
2

)
fh(h)dh, (26)

where SNR0 = 2RPt/σn is the signal-to-noise ratio in the absence of channel induced
fading, erfc(·) is the complementary error function, and fh(h) is the PDF of the chan-
nel state, derived in the previous section.

To find a closed-form expression for Eq. (26) the same strategy followed to solve
Eq. (14) is used here. The complementary error function erfc(·) is rewritten using
Eq. (B.4.2.3), and when misalignment is present in a FSO system the average BER is
obtained by using Eq. (24) as the PDF statistics of the overall fading channel. Next,
applying Eq. (B.4.3.2) and solving yields

Pb =
αγ2

√
πk1−2γ2

2σ(2π)
ℓ+k
2

(
ℓ

σ

) γ2

2
−1 ∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)ω
1−γ2/β
j

×G2k,2ℓ
2ℓ+k,2k+ℓ

[(ωj

k

)k ( ℓ
σ

)ℓ
∣∣∣∣∣
∆(ℓ, 1− γ2

2 ),∆(ℓ, 12 − γ2

2 ),∆(k, 1)

∆(k, 0),∆(k, 1− γ2

β ),∆(ℓ,− γ2

2 )

]
, (27)

where ∆(k, a) is defined by Eq. (B.4.1.5); σ = (ηSNR0)
2/8, and ℓ and k are integer

numbers that satisfy ℓ/k = β/2 as in Eq. (19).

4.5.6 Monte Carlo simulations

Some numerical simulation results are shown in Figs. 4.3–4.5, where an FSO system
with OOK modulation is analyzed in terms of its BER performance in the presence
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of atmospheric turbulence and misalignment fading under aperture averaging con-
ditions.

To conduct the analysis the link parameters were set to emulate common values
encountered in real FSO systems. Therefore, the link distance, divergence and beam
size at the receiver are set as reported by Wayne et al. [14], where the laser source
is used in combination with a beam expander to achieve a good approximation to a
spherical wave at the receiver plane. To assess the impact of aperture averaging in
such system three different receiving aperture sizes are tested, with diameters 200,
100 and 50 mm. Furthermore, in order to study the influence of the atmospheric
turbulence three distinct values, reported in [14, 122], of the refractive-index struc-
ture parameter were used—corresponding to weak, moderate and strong turbulence
regimes. A complete list of the link parameters and their values is presented in Ta-
ble 1.

For the simulation results the Monte Carlo method was used, and 10000 channel
conditions tested. The overall channel state was obtained by using the inverse CDF
method to draw random values from the atmospheric turbulence and misalignment
fadingmodels, and thenmultiplying them, since both are assumed to be independent
processes. To obtain the BER statistics, blocks of 104 bits are transmitted through the
FSO link model in Eq. (20) until a minimum of 100 errors are found or a maximum
of 107 bits are transmitted, for each SNR condition. This helps to keep reasonable
simulation runtimes.

In every scenario tested turbulence-only conditions are simulated, as well as tur-
bulence plus pointing errors with jitter σs = 30 cm—presented as a standard value
in Farid and Hranilovic [109]. Taking into account the receiving apertures used the
normalized jitters are σs/a = 3, 6, 12; where higher values indicate higher impact
of pointing errors. Moreover, the normalized beam widths are WL/a = 20, 40, 80;
where higher values indicate higher impact of atmospheric turbulence, due to lower
aperture averaging.

In Figs. 4.3–4.5 the average BER is presented in terms of the signal-to-noise ra-
tio, for a single receiving aperture size. Monte Carlo simulation results are shown in
circles, while the predictions of the closed-form expressions in Eq. (19) and Eq. (27)
are plotted as lines; where weak (solid line), moderate (dashed line) and strong (dot-
ted line) turbulence conditions are shown. Additionally, the exponentiated Weibull

Table 1 FSO System Configuration

Description Parameter Value

Optical transmitted power Pt [−40, 20] dBm
Optical wavelength λ 780 nm

Weak turbulence C2
n 7.2× 10−15 m−2/3

Moderate turbulence C2
n 5.0× 10−14 m−2/3

Strong turbulence C2
n 3.6× 10−13 m−2/3

Beam half-angle divergence θ 2 mrad
Link distance L 1000 m
Beam radius at receiver wL 2 m
Receiver responsivity R 0.5 A/W
Noise standard deviation σn 1× 10−17 A/Hz
Pointing errors jitter std. σs 30 cm
Receiving aperture diameter D = 2a 200, 100, 50 mm
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Figure 4.3 BER performance assuming normalized pointing errors jitter
σs/a = 3 andWL/a = 20 in weak (solid), moderate (dashed) and strong (dot-
ted) turbulence regimes with increasing Rytov variance σ2

R = 0.32, 2.22, 15.97;
respectively.

parameters values—predicted with Eq. (11)— are given for each scenario, using the
scintillation index estimated with Eq. (21). Lastly, the ratio of the aperture diameterD
to the coherence length ρ0 is shown, where the sense of increment ofD/ρ0 is indicated
with an arrow. For spherical waves the coherence radius is ρ0 = (0.55C2

nk
2L)−3/5.

In Fig. 4.3 the receiving aperture D = 200 mm is analyzed. It is readily seen
the major impact of the misalignment fading (σs = 30 cm) on system performance,
where there is about a 25 dB penalty to achieve a 10−7 bit error-rate performance—
herein this is the reference BER value when referring to decibel penalties—, respect to
a turbulence only scenario, in all the regimes of turbulence tested. As expected, the
performance is undermined as the turbulence strength increases, and about a 5 dB
difference is seen between weak and strong turbulence regime—either if pointing
errors are present or not.

In Fig. 4.4 the receiving aperture size is 100 mm, half of that in Fig. 4.3. Here, it
is noteworthy to say that, when going from D = 200 to 100 mm, for turbulence only
conditions there is only 1 dB and 4 dB difference, considering weak and strong tur-
bulence regime, respectively; whereas this penalty increases to 7 dB and 11 dB when
pointing errors are included in the analysis. It can be inferred that in the presence of
misalignment fading aperture averaging offers even better performance in the FSO
link, when compared with turbulence only conditions. The penalty in BER perfor-
mance is about 30 dB when misalignment is present, respect to a turbulence only
scenario.

The results for the receiving aperture size D = 50 mm are shown in Fig. 4.5. This
is the smallest aperture size tested here and it becomes evident, as expected, that it
provides the worst BER performance. As the ratioD/ρ0 indicates, in weak and mod-
erate turbulence the aperture is not capable of producing effective aperture averag-
ing, thus, demanding higher SNR values to achieve any given BER value. In strong
turbulence, although the aperture size should provide a fair amount of aperture av-
eraging as D/ρ0 > 10, the coherence radius is ρ0 = 3.4 mm indicating a severe loss
of the light source coherence, and in such conditions it is well known that the atmo-
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Figure 4.4 BER performance assuming normalized pointing errors jitter
σs/a = 6 andWL/a = 40 in weak (solid), moderate (dashed) and strong (dot-
ted) turbulence regimes with increasing Rytov variance σ2

R = 0.32, 2.22, 15.97;
respectively.

spheric turbulence imposes a larger impact than the countermeasures that aperture
averaging can provide.

From the analysis of the three different aperture sizes, in Figs. 4.3–4.5, the per-
formance in weak turbulence conditions with no misalignment is relatively similar,
as there is only a 3 dB difference between the largest and smallest apertures. This
situation may be explained as the scale sizes of the aperture diameter relative to the
coherence radius are comparable—if the convention that D is much larger than ρ0
when D/ρ0 > 10 is established—and, therefore, they represent similar aperture av-
eraging scenarios. In the moderate and strong turbulence regimes this difference is
of about 8 dB, in both cases, as the ratio D/ρ0 is no longer comparable for the three
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Figure 4.5 BER performance assuming normalized pointing errors jitter
σs/a = 12 andWL/a = 80 in weak (solid), moderate (dashed) and strong (dot-
ted) turbulence regimes with increasing Rytov variance σ2

R = 0.32, 2.22, 15.97;
respectively.
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apertures.
When pointing errors are considered in weak turbulence, although the aperture

averaging conditions can be comparable, the impact of misalignment is larger and
there is a penalty of 14 dB, when going from a receiving aperture D = 200 mm to
50mm. A similar situation is seen formoderate and strong turbulence regimes, where
this penalty is even higher with 18 and 20 dB, respectively.

4.6 Summary

To summarize, free-space optical communication links based on an IM/DD system,
using OOK modulation, have been studied in terms of the probability of fade and bit
error-rate performance.

Numerical simulation results and experimental data have been used to study the
probability of fade and BER performance of FSO communications links in the turbu-
lent atmosphere. Themain goal of this analysis was to contrast the new proposed fad-
ingmodel, namely, exponentiatedWeibull, with the most acceptedmodels nowadays
in the FSO community. Additionally, new closed-form BER expressions have been
derived for the Gamma-Gamma and exponentiated Weibull fading channel models,
for OOK modulation, by making use of the Meijer’s G-function.

The analysis presented here suggests that the better fit to the actual data are the
predictions made by the EW model. Although part of the analysis has been done by
estimating the parameters of eachmodel from curve fitting algorithms, estimated pa-
rameters using Eq. (11) were also used to assess the EW distribution. The parameter
estimation made by such equations, for the EW model, outperforms the prediction
made by fitted GG model, in the 60 and 80 mm receiving aperture diameter cases for
both simulation and experimental data.

It was seen that whenever a model has a close fit to the PDF of the irradiance
data—by contrasting to Fig. 3.5 and Fig. 3.7—, then the probability of fade and the
bit-error rate have a close fit too, accordingly.

Furthermore, the BER expression has been extended to account for pointing errors
when the atmospheric turbulence is assumed to follow the exponentiated Weibull
fading model, and a new closed-form expression has been derived.

To assess this new expression Monte Carlo simulations have been conducted. For
this study the link parameters were set to values previously reported in the literature,
to provide a realistic scenario, allowing to include weak-to-strong turbulence regimes
in the analysis, as well as the impact of aperture averaging, by the use of three differ-
ent receiving aperture sizes. Monte Carlo simulations for turbulence only conditions
have also been presented here for completeness of the analysis, and also to test the
closed-form BER expression derived in Sec. 4.3.2.

From the analysis of the BER plots presented here, it can be concluded that the
influence of the aperture averaging has a larger impact in the presence of pointing
errors, relative to that of turbulence only conditions. For instance, to achieve a 10−7

BER performance, considering no misalignment fading and strong turbulence, there
is a 7 dB improvement in passing from a receiving aperture D = 50 mm to 200 mm;
whereas, when pointing errors are included, this improvement is about 20 dB.

Finally, as the PDF fit for the exponentiatedWeibull model has been demonstrated
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in the weak-to-strong turbulence regime under numerous aperture averaging condi-
tions in Chapter 3, the EW fading channel model can be regarded as an excellent
candidate to accurately predict the probability of fade and the BER performance of
laser beam propagating through atmospheric turbulence under the presence of aper-
ture averaging.



5
The Exponentiated
Weibull Model with
Partially Coherent
Beams

THE PURPOSE of this chapter is to evaluate the validity
of the exponentiated Weibull fading channel for par-

tially coherent beams (PCB), based on the Gaussian Schell-
model. A recently reported simulation approach is used for
the analysis of a PCB propagating under atmospheric tur-
bulence in the presence of aperture averaging.
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5.1 Introduction

The study presented up to this point for the exponentiatedWeibull (EW) fading chan-
nel, in free-space optical (FSO) communications through the turbulent atmosphere,
has been entirely based on coherent beams. It has been shown, in Chapter 2, how
these types of beams are affected by atmospheric turbulence and the corresponding
theory to estimate the beam size, beam wander, angle-of-arrival fluctuations, and
scintillation index (SI) has also been presented. Among these effects, the most impor-
tant metric for FSO communications is the latter where the lower the SI the better the
performance of the communication system, as it will be less affected by the intensity
fluctuations caused by the atmospheric turbulence.

The most common technique to fight against the turbulence induced fading in
FSO links is the aperture averaging method, in which a collecting telescope is used
as a receiving optical antenna, instead of a bear photodetector [17, 20, 23, 24, 32].
The received wavefront can be regarded as a self-interference pattern, produced by
atmospheric inhomogeneities of different spatial scale sizes, that is averaged over
the entire receiving area, and thus the intensity fluctuations are mitigated, therefore,
reducing the scintillation index. Other atmospheric turbulence mitigation methods
used rely on active and adaptive optics [29–31].

In the past decade the interest in spatially partially coherent beam (PCB) waves
has been constantly growing, as yet another mitigation technique to counterbalance
the effects of atmospheric turbulence over the signal-carrying laser beam in FSO links
[25, 27, 126–131]. By reducing the coherence length lc of the initial light source there
is also a reduction on the SI at the receiver plane—at the expense of lower received
optical power—, therefore, the use of a PCB is often regarded as transmitter aperture
averaging [132].

The vast majority of works on partially coherent beams rely on the Gaussian
Schell-model (GSM) beams [133] to account for the coherence degree of the light
source used at the transmitter side. In the GSM theory the PCB generated beam
field amplitude distribution and spatial coherence function are both Gaussian. It is
noteworthy that the practical generation of a PCB is still a difficult task. To achieve
a Gaussian-like beam the GSM theory requires that a large number of random PCBs
are averaged at the receiver within the observation time, i.e. the bit time [134]. One
way to create a partially coherent beams is using a spatial light modulator (SLM) to
control the phase of a fully coherent light source, by rapidly applying a series of ran-
dom phase realizations following the desired statistics—Gaussian in the GSM case.
Current SLM technology does not permit to achieve refresh rate scales shorter than
bit-time for high-speed communications, although work is being done in this regard
[135].

The remainder of this chapter is devoted to present the basic Gaussian Schell-
model theory in Sec. 5.2, and a recently developed approach [136, 137]—based on the
GSM—to simulate partially coherent beams in Sec. 5.2.1. Moreover, in Sec. 5.3, this
simulation technique is utilized to assess if the exponentiated Weibull model is still
valid for a PCB propagating in atmospheric turbulence in the presence of aperture
averaging, and comparisons are made to the Lognormal and Gamma-Gamma PDF
models. Finally, some conclusions are given in Sec. 5.4.
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5.2 Gaussian Schell-Model

To create a partially coherent beam one must have control over the (spatial) phase of
the initial beam. A PCB can be generated in different ways, the most simple of which
is to place a diffuser at the transmitter of a quasi-monochromatic laser source [127]. A
propagation scheme for a GSM beam, generated with a diffuser, is shown in Fig. 5.1.

LASER

LENS

DETECTOR

Propagation Length, L

DIFFUSER

Perturbed 

Figure 5.1 Propagation scheme of a partially coherent Gaussian beam.

Hereafter, the light source is assumed to be a collimated coherent optical beam,
with Gaussian profile, that can be characterized by its input dimensionless parame-
ters [See Sec. 2.3]

Θ0 = 1; Λ0 =
2L

kW 2
0

, (1)

whereW0 is the beam radius at the transmitter plane; and k = 2π/λ is the wavenum-
ber, being λ the optical wavelength. The output parameters, for a system without the
diffuser, at the receiver plane z = L are

Θ =
Θ0

Θ2
0 + Λ2

0

; Λ =
Λ0

Θ2
0 + Λ2

0

. (2)

If the effects of the diffuser placed at the transmitter located at z = 0 are included,
as shown in Fig. 5.1, the field of the optical wave emerging from the diffuser is mod-
eled by

Ũ0(~r, 0) = U0(~r, 0) exp [iϕ(~r)] , (3)

where U0(~r, 0) is the light source optical field before the diffuser, ~r is a transverse

vector, ϕ(~r) is a random phase with zero mean, and Ũ0(~r, 0) is the effective source
[32]. The diffuser can be modeled by a thin random phase screen characterized by a
single-scale Gaussian spectrum model [127]

Φϕ(κ) =

〈
n2
1

〉
l3c

8π
√
π

exp

(
−1

2
l2cκ

2

)
, (4)

where κ is the scalar spatial frequency;
〈
n2
1

〉
denotes the fluctuation of the index of

refraction associated with the diffuser, and lc is the lateral coherence length—the only
effective scale associated with the diffuser.
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Alternatively, the diffuser can also be modeled through the autocorrelation func-
tion of Eq. (3), that it is customary to be described by a Gaussian function in the GSM
as

RŨ0
(~r1, ~r2) =

〈
Ũ0(~r1, 0)Ũ

∗
0 (~r2, 0)

〉

=U0(~r1, 0)U
∗
0 (~r2, 0) 〈exp [iϕ(~r1)] exp [−iϕ(~r2)]〉

=U0(~r1, 0)U
∗
0 (~r2, 0) exp

[
−|~r1 − ~r2|2

2σ2
f

]
(5)

where σ2
f is the variance of the Gaussian function describing the ensemble average

of the random phases; and is related to the lateral coherence length of the diffuser by
l2c = 2σ2

f .
† Note that if σ2

f → ∞ —consequently lc also tends to infinity—then the
exponential factor in Eq. (5) vanishes and the source is essentially a coherent wave,
whereas if σ2

f is comparable in size with the beam radius the source starts to act like an
incoherent source. Indeed, if the coherence radius of the beam after passing through
the diffuser is significantly smaller than the beam radius, the process of propagation
of the laser beam can be considered as the independent propagation of a large number
of coherent beams [128]. The effective number of independent propagation paths or
speckle cells is described by the source coherence parameter defined as [127]

ζS = 1 +
2W 2

0

l2c
. (6)

Now, all the theory developed for coherent waves [Refer to Chap. 2] can be ex-
tended to account for partially coherent beam waves, using the Gaussian Schell-
model. Thus, the beam size of a PCB in turbulence, at the receiver plane z = L,
is defined as

Wζ =W0

√
Θ2

0 + ζΛ2
0. (7)

Note that Eq. (7) is virtually the same as Eq. (24) in Chap. 2, except for the global
coherence parameter ζ defined as

ζ = ζS +
2W 2

0

ρ20
, (8)

where ρ0 = (0.55C2
nk

2L)−3/5 is the coherence radius for a spherical wave.
Additionally, the average intensity for a unit-amplitude GSM beam after propa-

gating a distance z = L, i.e. at the receiver side, can be expressed as

〈I(r)〉 = W 2
0

W 2
ζ

exp

(
− 2r2

W 2
ζ

)
, (9)

where r is the radial distance from the optical axis.

†Note that σ2
f is traditionally denoted as σ2

g in the literature. Here, the notation has been changed to

keep consistency with the rest of the manuscript.
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Finally, the effective output parameters of a partially coherent beam wave are
affected by the source coherence parameter in Eq. (6) resulting in

Θe =
Θ0

Θ2
0 + Λ2

0ζS
; Λe =

Λ0ζS
Θ2

0 + Λ2
0ζS

. (10)

These effective output parameters can be replaced ad-hoc in Eq. (59) and Eq. (61)
of Chap. 2, to estimate the scintillation index for a point receiver and a finite aperture
receiver, respectively.

5.2.1 Simulation approach for GSM beams

Traditionally the analysis of partially coherent beams has been done based on the-
oretical studies [25, 27, 126, 127, 129–131], until very recently Xiao and Voelz [137]
developed a wave optics simulation method to generate a PCB relying on the Gaus-
sian Schell-model, and a number of works have been published based on this method
[132, 135, 138, 139]. This technique consists in applying a series of random phase
screens—following Gaussian statistics—to the initial beam wave at the transmitter
end, thus, at the receiver plane the final intensity profile resulting from the summa-
tion of the incoming waves can be regarded as a partially coherent beam. Some recent
experimental results, utilizing a SLM based setup, are also available [135].

Now, in the Gaussian Schell-model the random phase screen is denoted by ϕ(~r) in
Eq. (3); where ~r = (x, y) is a point in the transverse plane of the propagating optical
field, and is related to the radial distance by r2 = x2 + y2. This random phase screen
is now defined in terms of the convolution of two functions

ϕ(x, y) = r(x, y)⊗ g(x, y), (11)

where r(x, y) is a uniform random variable with probability density function (PDF)
given by [136]

fr(x, y) =





1

C
, −C

2
< x, y <

C

2

0, otherwise
(12)

and g(x, y) is a Gaussian filter defined as [137]

g(x, y) =
1

2πσ2
g

exp

(
−x

2 + y2

2σ2
g

)
, (13)

where σ2
f is a transverse spatial correlation length parameter.

In the Gaussian Schell-model theory the autocorrelation of the transmittance of
the GSM random phase screen T (x, y) = exp [iϕ(x, y)] is assumed to be a Gaussian
function, as shown in the last term of Eq. (5). Therefore, this correlation function can
be expressed as

Rϕ(x, y) = exp

(
−
σ2
∆ϕ

2

)
, (14)
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where σ2
∆ϕ =

〈
(ϕ(x1, y1)− ϕ(x2, y2))

2
〉

is the variance of the difference random

phase ∆ϕ. As the phase can be considered stationary, and taking that ϕ is a con-
volution of two functions as shown in Eq. (11), then σ2

∆ϕ can be taken to be [136]

σ2
∆ϕ = Rr(∆p,∆q)⊗ [g(∆p,∆q)⊗ g∗(−∆p,−∆q)] , (15)

where ∆p = x2 − x1 and∆q = y2 − y1.
For a random signal governed by the PDF in Eq. (12), the autocorrelation function

is found to be

Rr(∆p,∆q) = σ2
rδ(∆p,∆q), (16)

where δ(∆p,∆q) is the delta function, and σ2
r = C2/12 is a parameter related to the

amplitude variation of the random phase screen ϕ(x, y) [137].
Additionally, the second part of Eq. (15) can be calculated as

g(∆p,∆q)⊗ g∗(−∆p,−∆q) =
1

4πσ2
g

exp

[
− (∆p+∆q)2

4σ2
g

]
. (17)

Next, inserting Eq. (16) and Eq. (17) into Eq. (15), and using the result in Eq. (14)
yields

Rϕ(∆p,∆q) = exp

{
− σ2

r

4πσ2
g

[
1− exp

(
−∆p2 +∆q2

4σ2
g

)]}
. (18)

Note that if σ2
r/(4πσ

2
g) ≫ 1, then Eq. (18) can be approximated by

Rϕ(∆p,∆q) ≈ exp

(
−∆p2 +∆q2

2σ2
f

)
, (19)

which is very similar to Eq. (5); and the variance of the Gaussian function is given by

σ2
f =

8πσ4
g

σ2
r

. (20)

5.2.2 Simulation of a GSM beam under atmospheric turbulence

In the previous section the grounds to simulate a partially coherent beam wave were
set. In the method described the average intensity profile of the propagated optical
wave is Gaussian as expected by the GSM theory. Consequently, after applying M
random phase screens the intensity profile of the source wave is given by

I(x, y) =
1

M

M−1∑

j=0

|U0(x, y) exp [iϕj(x, y)]|2 , (21)

where U0(x, y) is the initial coherent beam and ϕj(x, y) are the GSM random phase
screens. In previous works a summation of 30 GSM screens has been used because
it starts to bring in the Gaussian-like intensity profile in the computer simulations
conducted [132, 135, 138].
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In order to include the effects of atmospheric turbulence over a partially coherent
beam various realizations of turbulence states are used. Then, the average intensity
profile of a PCB for each realization n of atmospheric turbulence is given by

In(x, y) =
1

M

M−1∑

j=0

∣∣F−1 {F {U0(x, y) exp [iϕj(x, y)]}H(u, v)} exp [−iθn(x, y)]
∣∣2 ,

(22)
whereH(u, v) is a Fourier propagator defined as [50]

H(u, v) = exp

(
−i∆z u

2 + v2

2k

)
, (23)

where F{·} is the two-dimensional Fourier transform operator, ∆z is the propaga-
tion length, u and v are spatial frequencies, and θn(x, y) corresponds to each of the
turbulence phase screen realizations. Evidently, the process described by Eq. (22) is
executedmany times and the resulting fields are averaged to obtain the estimation of
the intensity for a PCB propagating in a specific atmospheric turbulence condition.
Note that Eq. (22) complies with the beam propagation method described in Sec. 2.4.

Herein, the turbulence phase screens θn(x, y) are generated using the spectral
method described in Sec. 2.4.1, where the Kolmogorov power spectrum is used. Mo-
reover, the resolution in the spatial frequencies around zero is improved by adding
five subharmonics components to each of the turbulence random phase screen fol-
lowing the procedure proposed by Recolons and Dios [49].

5.3 Simulation Results of Partially Coherent Beams

In Chapter 2 the suitability of the proposed exponentiated Weibull fading channel
was studied in terms of the PDF, and in Chapter 3 the analysis was in terms of the
probability of fade and bit error-rate, obtaining promising results for the new model.
All the work conducted in previous chapter dealt exclusively with fully coherent
waves. Next, the EW is explored in its capabilities to model the fluctuations of the ir-
radiance data for partially coherent beams under atmospheric turbulence in the pres-
ence of aperture averaging, by conducting some simulations and analyzing the PDF
of the simulated data.

The atmospheric turbulence induced fading can be classified, depending on the
value of the Rytov variance σ2

R = 1.23C2
nk

7/6L11/6, from weak to strong turbulence
conditions. The weak fluctuations regime occurs when σ2

R ≪ 1, and the strong fluc-
tuations regime is associated with σ2

R ≫ 1, while for σ2
R ∼ 1 the regime is said to be

moderate. Thus, to include different atmospheric conditions in the simulation anal-
ysis the value of the refractive-index structure parameter C2

n is set to 7.2 × 10−15,
5.0 × 10−14 and 3.6 × 10−13 m−2/3 in order to reproduce the weak, moderate and
strong turbulence regime, respectively. Note that these values of C2

n are the same as
those used in Sec. 4.5. The simulation grid size is set to 256 × 256 pixels for weak
and moderate turbulence, while it is set to 512 × 512 pixels for strong turbulence
conditions.

All the simulations conducted use an initially collimated Gaussian beam with
wavelength λ = 785 nm and a link distance L = 1000 m. The initial beam radius
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at the transmitter is W0 = 5 cm. To assess the impact of aperture averaging in such
system three different receiving aperture sizes are tested, with diameters 25, 60 and
80 mm—this apertures sizes were also used in Chap. 3. In addition point receiver
conditions are also tested, which is taken as a single pixel in the optical axis of the
simulation grid.

The wave optics code used to perform the numerical simulations for partially co-
herent beams is based on the method described in the previous sections. In order
to generate a GSM phase screen ϕ(x, y) the convolution in Eq. (11) is performed us-
ing the Fourier transform convolution theorem, thus, to accurately approximate the
convolution—accounting for the discretization limitations imposed by the finite sim-
ulation grid size—the expression in Eq. (11) is scaled as

ϕ(x, y) = [r(x, y) ⊗ g(x, y)]∆x∆y, (24)

where ∆x and ∆y are the spatial sample step sizes along the dimensions of the sim-
ulation grid, and g(x, y) is a Gaussian filter given by Eq. (13). Next, to create the
Gaussian-correlated random phase function in Eq. (24), the random matrix r(x, y),
following the probability density function in Eq. (12), is defined as

r(x, y) =
[γ(x, y)− 0.5]

√
12σ2

r√
∆x∆y

, (25)

where γ(x, y) is a random number generator uniformly distributed on [0, 1]. The
spatial coherence length lc of the initial GSM beam can be related to the variance of
the Gaussian filter σ2

g and the variance of the random matrix σ2
r using Eq. (20) as

l2c =
16πσ4

g

σ2
r

. (26)

The spatial coherence length is set to lc = 3 cm as a common value used in a pre-
vious work [132]. To reduce the simulation runtime 30 random GSM phase screens
are used to generate a partially coherent beam wave to be propagated through the
turbulence random phase screens [135]. The number of turbulence screens are 6, 16
and 46 for weak, moderate and strong turbulence conditions, respectively; in order to
only create sufficiently weak fluctuation in each propagation step and avoid aliasing
issues.
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Figure 5.2 Simulated average intensity profile (crosses) and analytic profile
(solid line) for a GSM beam propagating in atmospheric turbulence.
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Figure 5.3 Scintillation index predicted by simulation data (circles), and the-
ory for a partially coherent beam (solid line) and a fully coherent beam (dashed
line), in (a) weak and (b) strong turbulence regimes, as a function of the receiv-
ing aperture size.

The average intensity profile obtained from the wave optics code (crosses) and the
estimated intensity profile (solid line), predicted by Eq. (9), is shown in Fig. 5.2. The
simulated and theoretical intensity profiles for weak and moderate turbulence con-
ditions are in good agreement; while for strong turbulence there is a slight deviation,
possibly due to the relatively low number of GSM phase screens used to generate
the partially coherent beam. Note that the intensity profiles shown correspond to the
cross-section taken along the x-axis at the receiver plane in the optical axis.

Figure 5.3 shows a comparison between the scintillation index predicted by the
GSM theory for a partially coherent beam and the SI obtained directly from the sim-
ulation data. Weak and strong turbulence conditions are presented in Figs. 5.3(a) and
5.3(b), respectively. The scintillation index for a fully coherent beam (FCB) is also
shown, for comparison purposes. The expressions to calculate the SI for a PCB and a
FCB are those given in Appendix C, where for the PCB case the dimensionless beam
parameters Θ and Λ are replaced for the effective parameters defined in Eq. (10), in
order to include the effects of a GSM beam. Moreover, the minimum effective scale
size that produces scintillation in the simulations is not zero, but rather twice the grid
spacing∆x of the respective scenario. Thus, the resulting inner scale of turbulence is
l0 = 2.05 mm in weak turbulence and l0 = 2.23 mm for strong turbulence. The dif-
ferences observed between the simulated data and the theoretical predictions can be
due to the finite number of realizations of the GSM phase screens, that were restricted
to 30 to avoid an excessively long simulation runtime. This discrepancies have been
annotated before [138]. It can be seen in Fig. 5.3(a) how the use of a PCB in weak tur-
bulence improves the SI statistics compared to a FCB, but this improvement vanishes
as aperture averaging increases. Whereas for strong turbulence there is no relative
advantage when using a PCB. This situation is expected as the effects of strong atmo-
spheric turbulence disrupt the spatial coherence length of a FCB, within a short dis-
tance from the source, in such a way that the beam starts to behave like a PCB when
the traveling beam is detected at the receiver plane. Moreover, it has been concluded
elsewhere that for fixed link conditions a smaller coherence length lc is necessary—in
strong turbulence compared to weak turbulence—for a PCB to effectively reduce the
scintillation index [138]. Note how the receiving aperture averaging effect increases,
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consequently reducing the SI value, as the aperture diameter increases to finally set-
tling to a plateau indicating that the SI can not be reduced without bounds, as any
physical system has a saturation regime.

5.3.1 PDF data analysis and discussion

The study of fully coherent beams in terms of the probability density function has
been performed in Chapter 3. Here, the analysis is extended to partially coherent
beams based on the Gaussian Schell-model described above. Previously, Xiao and
Voelz [132] conducted a work on the on-axis PDF of a PCB in atmospheric turbu-
lence, i.e. only for point receivers, using the Lognormal (LN) and Gamma-Gamma
(GG) distributions. The authors concluded that in weak turbulence regime the PDF
data was best described by a GG distribution; while the LN model has a better fit
in strong turbulence conditions. Nevertheless, they found that by manipulating the
ratio between the initial beam size and the atmospheric coherence lengthW0/ρ0, and
the PCB coherence length size lc the PDF data fits with one of both models.

Here, the exponentiated Weibull (EW) model is tested to find if it is still valid for
partially coherent beams propagating in atmospheric turbulence, as the validity of
this model for fully coherent beams has been demonstrated in the preceding chap-
ters. Additionally aperture averaging conditions are also included in the analysis. In
addition to the EW model, the LN and the GG models are assessed to find their suit-
ability to model the irradiance fluctuation for PCBs in atmospheric turbulence in the
presence of aperture averaging. The GG and EW models are fitted to the PDF data,
using the Levenberg-Marquardt least-squares fitting algorithm [103, 104]. To gener-
ate the PDF plots in the Lognormal model case, no fitting algorithm is used; and the
LN parameter is estimated using the scintillation index data directly in combination
with Eq. (3) in Chap. 3. In addition, the expressions presented in Sec. 3.4 are used to
estimate the PDF data for every tested case, for the EWmodel. The same conventions
to conduct the PDF study in Sec. 3.5 are adopted here. A total of 10000 realizations
were run to reduce the statistical uncertainties in the numerical simulations of the

Table 1 Parameters for the LN, GG and EW distributions used to generate
PDF curves in Figs. 5.4–5.6. The general conditions of the experiments, and the
estimated scintillation index for the GG and EW distributions are also shown.

Aperture Conditions LN Gamma-Gamma ExponentiatedWeibull

D [mm] σ2
Idata σ2

R A σ2
ln I αfit βfit σ̂2

Ifit α β η σ̂2
I

Weak→ 0.0 0.265 0.317 1.000 0.235 9.66 6.63 0.270 4.89 1.03 0.46 0.266
25.0 0.089 0.317 0.334 0.085 171.62 11.77 0.091 3.67 1.97 0.73 0.089
60.0 0.011 0.317 0.041 0.011 143.02 143.02 0.014 1.69 8.27 1.00 0.011
80.0 0.004 0.317 0.013 0.004 143.02 143.02 0.014 1.01 19.27 1.03 0.004

Moderate→ 0.0 1.625 2.202 1.000 0.965 1.62 1.62 1.620 5.93 0.46 0.11 1.620
25.0 0.438 2.202 0.270 0.363 9.28 2.84 0.498 5.37 0.80 0.33 0.439
60.0 0.074 2.202 0.046 0.072 171.62 13.12 0.083 3.47 2.20 0.77 0.074
80.0 0.030 2.202 0.018 0.029 171.62 40.07 0.031 2.52 4.06 0.92 0.030

Strong→ 0.0 1.559 15.851 1.000 0.940 1.96 1.96 1.281 5.94 0.46 0.11 1.554
25.0 0.512 15.851 0.235 0.413 6.82 2.78 0.559 5.50 0.74 0.29 0.513
60.0 0.244 15.851 0.112 0.219 171.62 3.64 0.282 4.80 1.08 0.48 0.245
80.0 0.168 15.851 0.077 0.155 5.20 171.62 0.199 4.39 1.34 0.58 0.168
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Figure 5.4 Simulation data (circles) for a GSM beam in weak turbulence
regime (σ2

R = 0.317) with lc = 3 cm for different receiving apertures. The
best fit curve for the EW distribution (solid line) is shown along with its pa-
rameters values.

irradiance. Unequal bins were used whenever needed.
The simulation scenario included weak (σ2

R = 0.317), moderate (σ2
R = 2.202) and

strong (σ2
R = 15.851) turbulence conditions. All the parameters needed to reproduce

the plots for each PDF model shown in Figs. 5.4–5.6 are presented in Table 1. The
σ2
Idata value—i.e. the scintillation index obtained directly from the simulation data—

is used to estimate the parameters of the LN (dotted line) and EW (dashed line) mod-
els. For the GG model (dash-dotted line) the parameter values are obtained from the
fitting algorithm. The best fit curve for the exponentiated Weibull distribution (solid
line) is also plotted, and its estimated parameters values are embedded in each figure.
Furthermore, in Table 1 some optical link defining parameters are also listed, such as
the receiving aperture sizeD, scintillation index σ2

I , Rytov variance σ2
R, and the aper-

ture averaging factor A obtained by the ratio of the SI of the corresponding aperture
to that of the point receiver. This approach is used as the expression in Eq. (31) in
Chapter 3, for the aperture averaging factor, only depends on the receiving aperture
size and it does not account for the additional transmitter aperture averaging effect
due to the use of a PCB, thus it is no longer valid for GSM beam waves.

Figure 5.4 presents the PDF analysis for a partially coherent Gaussian beam in
weak turbulence conditions. Data has been obtained for a point receiver Fig. 5.4(a)
and three other aperture diameters Fig. 5.4(b)–(d). The first thing to be noticed is that
the EW parameter values obtained with the fitting algorithm are exactly the same as
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Figure 5.5 Simulation data (circles) for GSM beam in moderate turbulence
regime (σ2

R = 2.202) with lc = 3 cm for different receiving apertures. The best
fit curve for the EWdistribution (solid line) is shown along with its parameters
values.

those predicted by the expressions derived in Sec. 3.4—see Table 1—, for Fig. 5.4(a)
and (b). Note that in these cases the GG model offers an excellent fit to the PDF data.
Secondly, the best fit algorithm for the GG distribution for the largest aperture tested
fails to converge as the model parameters are relatively large and produce overflow
errors in the GG PDF, for Fig. 5.4(d). The LNmodel is a good fit in all cases, except in
Figs. 5.4(c) and (d) where the tail prediction fails in large amount. Nevertheless, the
tails behavior of the simulation PDF data is not properly modeled by a Lognormal
distribution. It is noteworthy that EW distribution (dash line) offers a best prediction
than the LN model for all shown cases; improves the estimation of the GG model for
the right tail, and even offers an acceptable fit to the PDF data when the GG fails for
the largest aperture.

The analysis for moderate turbulence conditions is shown in Fig. 5.5, where the
same apertures as in Fig. 5.4 are tested. Again, the EW parameter values from the
fitting algorithm are the same as those in Table 1 for Figs. 5.5(a)–(c). Here, the EW
distribution is always the best fit, while the GG curve practically offers the same fit
as the EW model for the point receiver and for D = 25 mm, although it has a poorer
performance in Fig. 5.5(c). Whereas the LNmodel appears as a valid fit for Fig. 5.5(a)
and (b), it fails for the other two receiving aperture diameters tested. For the largest
aperture shown in Fig. 5.5(d) the EW model (dashed line) gives a better fit than the
LN and GG distribution, although it is not a perfect fit to the PDF data. Nevertheless,
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Figure 5.6 Simulation data (circles) for GSM beam in strong turbulence regime
(σ2

R = 15.851) with lc = 3 cm for different receiving apertures. The best fit
curve for the EW distribution (solid line) is shown along with its parameters
values.

the fitted EW curve (solid line) offers the best prediction to actual data.
Finally, the simulation PDF results for the strong turbulence regime conditions are

shown in Fig. 5.6. Once more, the EW parameter values from the fitting algorithm are
the same as those in Table 1 for Fig. 5.6(a) and (b). For the point receiver case all the
three models tested can be said to offer the same fit to the PDF data. For the smallest
apertureD = 25mm the EW and GG distributions are excellent fits, whereas the LN
model is a good fit with a slight deviation in the left tail from the simulation data.
The LN model estimation fails for the rest of the apertures. In Fig. 5.6(c) and (d) the
fitted EW model (solid line) offers the best prediction to PDF data. For these cases
the EW model (dashed line) offers the same prediction for the right tail as the GG
distribution; while the EW is outperformed by the GG model for the left tail fit.

5.4 Summary

In this chapter a recently developed approach to simulate partially coherent beams,
based on the Gaussian Schell-model theory, has been applied to study the suitability
of the exponentiated Weibull distribution to model the irradiance fluctuations un-
der atmospheric turbulence. For completeness of the study the Lognormal and the
Gamma-Gammamodels have also been included in the analysis, allowing for a direct
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comparison to the EW distribution.
In a previouswork [132] it was concluded that in weak turbulence regime the PDF

data was best described by a GG distribution; while the LN model has a better fit in
strong turbulence conditions. Whereas the analysis conducted above suggests that
the EW distribution has an excellent fit to the PDF of the irradiance data for partially
coherent beam waves propagating in weak-to-strong atmospheric turbulence regime
in the presence of aperture averaging.

The exponentiatedWeibull model, using the parameter values estimated from the
expressions derived in Sec. 3.4, in most of the cases tested offered a good fit; while
for some cases it provided the best fit to simulation PDF data. Nevertheless, in the
cases where the EW model (dashed line) was not the perfect fit, the EW fitted ver-
sion (solid line) was always the best fit to actual PDF data. Thus, the exponentiated
Weibull proves to still be valid for partially coherent beams propagating in atmo-
spheric turbulence in the presence of aperture averaging.



6
Conclusions & Future
Work

THIS CHAPTER summarizes the main conclusions of the
work developed during this Ph.D. Thesis. A general

conclusion, along with the shortcomings of the proposed
exponentiated Weibull model, and the future research lines
are presented.
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6.1 Conclusions

Since the Gamma-Gamma (GG) model was introduced by Al-Habash et al. [12] a
decade ago, along with the Lognormal (LN) model, they have become ubiquitous in
the free-space optical (FSO) communications literature in the studies on the probabil-
ity density function (PDF) of the irradiance fluctuations in atmospheric turbulence.
After a great number of works published on the subject, it has become customary to
use as a decision criterion the ratio between the receiving aperture diameter D and
the atmospheric coherence length ρ0, to determine whether the LN or the GG distri-
bution is adequate to model PDF data. Basically, it is accepted that if D ≪ ρ0 the
receiving aperture is unable to average atmospheric effects and under this condition
the Gamma-Gamma distribution presents the best fit to PDF of the received irradi-
ance data. On the contrary, ifD ≫ ρ0 a fair amount of aperture averaging takes place
and the PDF of the data is better described by a Lognormal distribution. While, in the
region of D ∼ ρ0 there is not a definitive answer and the best distribution to model
the irradiance PDF can be either the LN or the GG distribution.

Although the Lognormal model has long been accepted to model data in weak
turbulence, and when a relatively large amount of aperture averaging takes place,
recently it has been suggested that the PDF of the irradiance fluctuations in weak
turbulence is not truly Lognormal, as the second-order phase perturbation term in the
Rytov approximation is needed to accurately represent the PDF data [92], resulting
in a skewed LN distribution. Experimental results [57] and simulation data [57, 93]
seem to support this claim.

The major drawback of the most widespread PDF models nowadays, i.e. LN and
GG distribution, is that either of them is capable of fitting the irradiance data under
all conditions of atmospheric turbulence in the presence of aperture averaging [14].
Moreover, there are several cases where neither the LN or the GG model seem to fit
the irradiance data, specially in the left tail of the PDF [14, 58, 60, 106].

The work presented here was devoted to introduce and assess the suitability of a
new model for the probability density function of the irradiance data in atmospheric
turbulence, namely the exponentiatedWeibull (EW) distribution, with simple closed-
form expression for its PDF and cumulative distribution function (CDF). The pro-
posed model has been derived using standard physical assumptions similar to those
used for the Gamma model, with the addition of a nonlinearity manifested in terms
of a power parameter as in the work by Yacoub [96]. Thus, a physical justification
for the appearance of the exponentiated Weibull distribution in FSO links has been
provided.

Previously, the Lognormal-Rician distribution—also called Beckmann PDF—, a
very promising PDF model, was discarded as it was not possible to find expressions
to deduce the distribution parameters directly from observable atmospheric param-
eters [12]. Knowing that for any new PDF model to be accepted and actually be used
by the FSO community it must has tractable expressions to estimate the distribu-
tion parameters, Sec. 3.4 deals with this issue for the exponentiated Weibull model.
There, a semi-heuristic approach was used to find a set of equations relating the EW
parameters directly to the scintillation index (SI). This first approximation to the EW
parameters has been tested in the weak-to-strong turbulence regime offering a fairly
good fitting of the PDF of irradiance, with data from a wave optics code simulations
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and experiments. In addition, previously published data from other authors, includ-
ing numerical simulation results and experimental data in the moderate-to-strong
turbulence regime, have been used to assess the EW model [14, 94]. Furthermore,
for all the scenarios tested a best fit version of the EW distribution is obtained and
always presents an excellent fit to the PDF data. The best fit version of the mod-
els analyzed is obtained by means of the Levenberg-Marquardt least-square fitting
algorithm [103, 104].

The expressions derived for the EW distribution parameters have not been tested
in the saturation regime, i.e. the scintillation index approaches unity for a point re-
ceiver. Nevertheless, if one is certain that the saturation will occur then the simple
Weibull model, developed in Sec. 3.3.1, can be used as it degenerates to the nega-
tive exponential (NE) distribution, i.e. f(I) ∼ exp(−I), complying with theory as it
is well known that the PDF of irradiance becomes the NE distribution in the limit of
saturated scintillation [11, 140]. For the exponentiatedWeibull distribution to become
a negative exponential distribution the shape parameters α and β shall be unity. This
is clearly not the case for current expressions of the EW parameters, suggesting the
need for a better approximation to make the distribution parameter expressions valid
in all regimes of atmospheric turbulence and additional work should be done in this
regard. Perhaps, the EW parameters expressions should not only depend on the SI—
as the current expressions—, but in some other link parameters. It is the author’s
belief that the shape parameter α for the EW distribution is somehow affected by the
ratioD/ρ0, as previously suggested [80], and/or the Rytov variance σ2

R.

The results presented here suggest that the EW distribution exhibits the better
fit for data under different aperture averaging conditions. Moreover, expressions
to derive the EW distribution parameters have been found. For these reasons the
exponentiatedWeibull distribution becomes an excellent candidate to model the PDF
of irradiance data under all conditions of atmospheric turbulence in the presence of
aperture averaging.

In Chapter 4 the analysis of the probability of fade and bit error-rate (BER) per-
formance of a FSO communication link, when the atmospheric turbulence can be
modeled by an exponentiated Weibull distribution, is presented. For this analysis the
new model was also compared with the Lognormal and Gamma-Gamma distribu-
tions, using simulation and experimental data results. It was seen that whenever a
model has a close fit to the PDF of the irradiance data, then the probability of fade and
the bit-error rate have a close fit too, accordingly. Thus, the EW distribution offered
the best fits to actual data for the probability of fade and BER performance, when
compared with the LN and GG models.

For the BER performance study a free-space optical communication links based
on an intensity-modulation/direct-detection (IM/DD) system, using on-off keying
(OOK) modulation, has been used. New closed-form average BER expressions have
been derived for the Gamma-Gamma and exponentiated Weibull fading channel
models by making use of the Meijer’s G-function [See Appendix B.4]. It was not pos-
sible to obtain such expression for Lognormal turbulence due to the complex mathe-
matical of its PDF expression. It is noteworthy to mention that Yi et al. [119] have pro-
posed an approximation of the average BER expression by means of the generalized
GaussLaguerre quadrature rule, for an IM/DD FSO system with OOK modulation
using the exponentiated Weibull fading channel model. This is an evidence that the
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EW is starting to be considered by other authors in the FSO community as a valid
model for the irradiance fluctuations in atmospheric turbulence.

Using the seminal work of Farid and Hranilovic [109] the BER expression is ex-
tended to include the impact of pointing errors under exponentiated Weibull turbu-
lence. The misalignment fading model results of considering independent identical
Gaussian distributions for the elevation and horizontal displacement (sway), chang-
ing the statistics of the probability density function of the received irradiance data.
Therefore, a new PDF and CDF have been derived when the atmospheric turbulence
and pointing errors are modeled by an EW distribution and the misalignment model
in [109], respectively. In terms of the bit error-rate a new closed-form expression
has been derived, again utilizing the Meijer’s G-function. To assess this new expres-
sion Monte Carlo simulations have been conducted, where the overall channel state
was obtained by using the inverse CDF method to draw random values from the at-
mospheric turbulence and misalignment fading models, and then multiplying them,
since both are assumed to be independent processes. The spherical wave approxima-
tion is used to estimate the scintillation index, which then is used to obtain the EW
distribution parameter. The whole analysis was done in terms of the aperture averag-
ing, as three different receiving aperture diameters were used and no point receiver
has been analyzed. From the BER analysis conducted, it was concluded that the influ-
ence of the aperture averaging has a larger impact in the presence of pointing errors,
relative to that of turbulence only conditions. Note that other authors have utilized
the model proposed by Farid and Hranilovic [109] with the atmospheric turbulence
modeled by different distributions [111, 120–122].

Lastly, the proposed exponentiated Weibull fading channel model has been as-
sessed, in Chapter 5, with partially coherent beams (PCB) using the Gaussian Schell-
model (GSM) theory. The use of a PCB in FSO links has been suggested as an atmo-
spheric turbulence mitigation technique, called transmitter aperture averaging. The
simulation approach recently developed by Xiao and Voelz [137] was used in a wave
optics code to generate a PCB propagating in atmospheric turbulence, and the PDF
statistics were obtained from the simulated irradiance data. The first work on the
probability density function of the irradiance data of partially coherent beams based
on the GSM theory was conducted by Xiao and Voelz [132], and only included the
LN and GG distributions for point receivers. Here, the study on the PDF included
the new proposed EW model in the presence of aperture averaging, in the weak-
to-strong turbulence regime. Point receiver conditions were also analyzed. For com-
pleteness of the study the Lognormal and the Gamma-Gammamodels have also been
included in the analysis, allowing for a direct comparison to the EW distribution. On
the one hand, the exponentiated Weibull model, estimated from the expressions de-
rived in Sec. 3.4, in most of the tested cases offered a good fit; while for some cases
it provided the best fit to simulation PDF data. On the other hand, the EW fitted
version—obtained from a least-squares curve fitting algorithm—was always the best
fit to the actual PDF data. Thus, the exponentiated Weibull fading channel model
proves to still be valid for partially coherent beams.

In summary, a new proposal to model the irradiance fluctuations, in FSO links,
under atmospheric turbulence in the presence of aperture averaging has been made,
resulting in the exponentiated Weibull distribution. The work conducted here sug-
gests that the EW model is a valid model in the weak-to-strong turbulence regime.
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The new model has been compared to the two currently most widespread fading
models, based on the Lognormal and Gamma-Gamma distributions, proving to cope
with the predictions made by those and, in some cases, even outperforming the LN
and GG models. From the communication theory point of view, the EW model has
been analyzed in terms of the probability of fade and bit-error rate, and a new-closed
form expression has been derived for estimating the BER performance for IM/DD
systems, using OOKmodulation. Furthermore, this expression for the EWmodel has
been extended to include pointing errors. Finally, the exponentiated Weibull distri-
bution has been proved to be valid with partially coherent beams, using the GSM
theory. In the following section, the lines of work that the author has envisioned
as the next steps in the development of the exponentiated Weibull fading channel
model, to enlarge its theoretical ground, are given.

A special acknowledgement to the scientific open-source community is given, as
the vast majority of the work presented in this book has been accomplished by us-
ing free and open-source alternatives to commercial packages. Among the libraries
used here there is the Scientific Python (SciPy) package for mathematics, science, and
engineering written by Jones et al. [141]; the pure-Python library for multiprecision
floating-point arithmetic mpmathwritten by Johansson [117]; and the python 2D plot-
ting library matplotlibwritten by Hunter [142].

6.2 Future Work

In future lines of work, in order to provide an evenmore solid ground to the exponen-
tiatedWeibull fading channel model proposed in this book, it is expected to obtain an
improved set of expressions to estimate the distribution parameters, to be applicable
in any conditions of aperture averaging and turbulence regime, including the satu-
rated scintillation region; as current expressions—derived in Sec. 3.4—were obtained
following a semi-heuristic approach. Moreover, to complete the development of the
EW distribution as a solid candidate to model irradiance fluctuations in FSO links,
it is desirable to obtain a mathematical expression for the joint PDF of the irradiance
and its time derivative, in order to account for expected number of fades per unit
time and their mean fade time. This problem, eminently mathematical, is of great
complexity in its derivation and unfortunately it couldn’t be solved during the time
frame of this thesis. Once this two major shortcomings are solved, the exponenti-
atedWeibull fading channel model would possess a solid physical and mathematical
ground to be considered within the FSO community as a valid and practical-to-use
distribution to model the irradiance fluctuations under atmospheric turbulence.
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Appendix B

Special Functions

B.1 Gamma Function

The Gamma function is an interpolation between integer numbers in the factorial
function. The most common way to define the Gamma function is through the inte-
gral representation

1. Γ(z) =

∫ ∞

0

e−ttz−1dt, Re(z) > 0. [143, Eq. (8.310.1)]

If the argument is an integer then the Gamma function reduces to a simple facto-
rial

2. Γ(z) = (z − 1)!. [144, Eq. (2.4)]

The Gamma function can be generalized by the lower and upper incomplete
gamma function, respectively defined

3. γ(a, z) =

∫ a

0

e−ttz−1dt, [143, Eq. (8.350.1)]

4. Γ(a, z) =

∫ ∞

a

e−ttz−1dt. [143, Eq. (8.350.2)]

B.2 Macdonald Function

The modified Bessel function Kν(z) is one of the two linearly independent solutions
to the modified Bessel’s equation

z2
d2y

dz2
+ z

dy

dz
+ (z2 + ν2)y = 0.

The modified Bessel functions of the second kind are sometimes called the Mac-
donald functions [144, Eq. (6.106)] or Basset functions. They are exponential decaying
functions, with integral representation

1. Kν(z) =
1

2

(z
2

)ν ∫ ∞

0

t−(ν+1) exp

(
−t− z2

4t

)
dt. [143, Eq. (8.432.6)]
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B.3 Hypergeometric Function

A generalized hypergeometric function is defined in terms of hypergeometric series
as

1. pFq (a1, . . . , ap; b1, . . . , bq; z) =
∞∑

n=0

(a1)n . . . (ap)n
(b1)n . . . (bp)n

zn

n!
,

where (a)n is the Pochhammers symbol, and it is defined by

(a)n = a(a+ 1) · · · (a+ n− 1) =
Γ(a+ n)

Γ(a)
, (a)0 = 1.

A hypergeometric function complies with the following convergence properties
[144, Sec. 10.2]

• p < q + 1, the series converges for all (finite) x.

• p = q + 1, the series converges for |x| < 1 and diverges for |x| > 1.

• p > q + 1, the series diverges for all x except x = 0.

B.4 Meijer’s G-Function

The Meijer’s G-function is a very general function, first introduced as an analytic
continuation of the generalized hypergeometric function for the divergent cases. The
Meijer’s G-function is defined as a line integral in the complex plane

1. Gm,n
p,q

[
z

∣∣∣∣∣
ap

bq

]
=

1

2πi

∫

L

∏m
j=1 Γ(bj − s)

∏n
j=1 Γ(1 − aj + s)

∏q
j=1 Γ(1− bj + s)

∏p
j=n+1 Γ(aj − s)

zsds,

where ap = a1, . . . , ap and bq = b1, . . . , bq ; and L denotes the path to be followed in
the integration [143, Sec. 9.302].

The Meijer’s G-function includes most of the special functions used in mathemat-
ics as particular cases.

B.4.1 Useful expressions

1. b∗ = s+ t− u+ v

2
[145, Eq. (07.34.21.0015.01)]

2. c∗ = m+ n− p+ q

2
[145, Eq. (07.34.21.0016.01)]

3. ρ =

v∑

j=1

dj −
u∑

j=1

cj +
u− v

2
+ 1 [145, Eq. (07.34.21.0017.01)]

4. µ =

q∑

j=1

bj −
p∑

j=1

aj +
p− q

2
+ 1 [145, Eq. (07.34.21.0018.01)]

5. ∆(k, a) =
a

k
,
a+ 1

k
, · · · , a+ k − 1

k
[146, Eq. (22)]
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B.4.2 Relation to other functions

1. exp(z) = G1,0
0,1

[
z

∣∣∣∣∣
−
0

]
[147, Eq. (8.4.3.1)]

2. Γ(a, z) = G2,0
1,2

[
z

∣∣∣∣∣
1

0, a

]
[145, Eq. (06.06.26.0005.01)]

3. erfc(z) =
1√
π
G2,0

1,2

[
z2

∣∣∣∣∣
1

0, 12

]
[147, Eq. (8.4.14.2)]

4. Kν(z) =
1

2
G2,0

0,2

[
1

4
z2

∣∣∣∣∣
−

1
2ν,− 1

2ν

]
[147, Eq. (8.4.23.1)]

5. pFq (ap; bq; z) =

∏m
j=1 Γ(bj)∏m
j=1 Γ(aj)

G1,p
p,q+1

[
−z
∣∣∣∣∣

1− ap

0, 1− bq

]
[143, Eq. (9.34.8)]

B.4.3 Definite integrals

1.

∫ y

0

xα−1Gm,n
p,q

[
ωx

∣∣∣∣∣
ap

bq

]
dx = yαGm,n+1

p+1,q+1

[
ωy

∣∣∣∣∣
an, 1− α, an:p
bm,−α,bm:q

]
[146, Eq. (26)]

2.

∫ ∞

0

xα−1Gs,t
u,v

[
σx

∣∣∣∣∣
cu

dv

]
Gm,n

p,q

[
ωxℓ/k

∣∣∣∣∣
ap

bq

]
dx =

kµℓρ+α(v−u)−1σ−α

(2π)b∗(ℓ−1)+c∗(k−1)

×Gkm+ℓt,kn+ℓs
kρ+ℓv,kq+ℓu

[
ωkkk(p−q)

σℓℓℓ(u−v)

∣∣∣∣∣
∆(k, an),∆(ℓ, 1− α− dv),∆(k, an+1:p)

∆(k,bm),∆(ℓ, 1− α− cu),∆(k,bm+1:q)

]
,

[147, Eq. (2.24.1.1)]
where

• s, t, u, v,m, n, p, q, ℓ and k are integer numbers.

• an:p = an, an+1, . . . , ap; ∀ n ≤ p, ap , a1:p.
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Scintillation index for
nonzero scales of
turbulence

C.1 Useful dimensionless quantities

Hereafter, for mathematical convenience, the following dimensionless quantities are
defined

Θ0 = 1− L

F0
, Λ0 =

2L

kW 2
0

,

Θ =
Θ0

Θ2
0 + Λ2

0

, Λ =
Λ0

Θ2
0 + Λ2

0

,

where k = 2π/λ is the wavenumber, being λ the optical wavelength; L in the link
distance, andW0 and F0 are the beam radius and phase front radius at the transmitter
plane, respectively.

Additional quantities are defined as

Ql =
10.89L

kl20
,

Q0 =
64π2L

kL2
0

,

ϕ1 = tan−1

(
2Λ

1 + 2Θ

)
,

ϕ2 = tan−1

[
(1 + 2Θ)Ql

3 + 2ΛQl

]
,

Θ = 1− Θ.
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C.2 Point receiver case

In order to account for the effects induced by the inner l0 and outer scale L0 of turbu-
lence, the scintillation index for a point receiver is given by

σ2
I (l0, L0) = exp

[
σ2
lnX(l0)− σ2

lnX(L0) + σ2
lnY (l0)

]
− 1. (C.1)

The first term in the exponential of Eq. (C.1) is the large-scale log-irradiance scin-
tillation due to the inner scale of turbulence, defined by

σ2
lnX(l0) = 0.49σ2

R

(
1

3
− 1

2
Θ +

1

5
Θ

2
)(

ηXQl

ηX +Ql

)7/6

×
[
1 + 1.75

(
ηX

ηX +Ql

)1/2

− 0.25

(
ηX

ηX +Ql

)7/12
]
, (C.2)

where σ2
R = 1.23C2

nk
7/6L11/6 is the Rytov variance, and

ηX =



 0.38

1− 3.21Θ+ 5.29Θ
2 + 0.47σ2

RQ
1/6
l

(
1
3 − 1

2Θ + 1
5Θ

2

1 + 2.20Θ

)6/7



−1

. (C.3)

Next, the large-scale log-irradiance scintillation induced by the outer scale of tur-
bulence is given by

σ2
lnX(L0) = 0.49σ2

R

(
1

3
− 1

2
Θ +

1

5
Θ

2
)(

ηX0Ql

ηX0 +Ql

)7/6

×
[
1 + 1.75

(
ηX0

ηX0 +Ql

)1/2

− 0.25

(
ηX0

ηX0 +Ql

)7/12
]
, (C.4)

where

ηX0 =
ηXQ0

ηX +Q0
. (C.5)

Finally, the small-scale log-irradiance scintillation—note that the effects of L0 are
negligible—is given by

σ2
lnY (l0) =

0.51σ2
G(

1 + 0.69σ
12/5
G

)5/6 , (C.6)

where

σ2
G = 3.86σ2

R

{
0.40

[
(1 + 2Θ)2 + (2Λ + 3/Ql)

2
]11/12

[(1 + 2Θ)2 + 4Λ2]
1/2

[
sin

(
11

6
ϕ2 + ϕ1

)

+
2.61

ξ1/4
sin

(
4

3
ϕ2 + ϕ1

)
− 0.52

ξ7/24
sin

(
5

4
ϕ2 + ϕ1

)]
− 13.40Λ

Q
11/6
l [(1 + 2Θ)2 + 4Λ2]

−11

6

[(
1 + 0.31ΛQl

Ql

)5/6

+
1.10(1 + 0.27ΛQl)

1/3

Q
5/6
l

− 0.19(1 + 0.24ΛQl)
1/4

Q
5/6
l

]}
,

(C.7)
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where
ξ = (1 + 2Θ)2Q2

l + (3 + 2ΛQl)
2. (C.8)

C.3 Finite aperture receiver case

For a finite apertureD receiver, including the effects induced by the inner l0 and outer
scale L0 of turbulence, the expression of the scintillation index is given by

σ2
I (D, l0, L0) = exp

[
σ2
lnX(D, l0)− σ2

lnX(D,L0) + σ2
lnY (D, l0)

]
− 1, ΩG ≥ Λ, (C.9)

where ΩG = 2L/kWG is a non-dimensional parameter defining the beam radius at
the collecting aperture element; being WG the soft aperture radius, related to the
receiving apertureD by D2 = 8W 2

G.
The first term in the exponential of Eq. (C.9) is the large-scale log-irradiance scin-

tillation due to the inner scale of turbulence, defined by

σ2
lnX(D, l0) = 0.49σ2

R

(
ΩG − Λ

ΩG + Λ

)2(
1

3
− 1

2
Θ +

1

5
Θ

2
)(

ηXdQl

ηXd +Ql

)7/6

×
[
1 + 1.75

(
ηXd

ηXd +Ql

)1/2

− 0.25

(
ηXd

ηXd +Ql

)7/12
]
, (C.10)

where
ηXd =

ηX

1− 0.40ηX(2−Θ)/(Λ + ΩG)
. (C.11)

Next, the large-scale log-irradiance scintillation induced by the outer scale of tur-
bulence is given by

σ2
lnX(D,L0) = 0.49σ2

R

(
ΩG − Λ

ΩG + Λ

)2 (
1

3
− 1

2
Θ +

1

5
Θ

2
)(

ηXd0Ql

ηXd0 +Ql

)7/6

×
[
1 + 1.75

(
ηXd0

ηXd0 +Ql

)1/2

− 0.25

(
ηXd0

ηXd0 +Ql

)7/12
]
, (C.12)

where

ηXd0 =
ηXdQ0

ηXd +Q0
. (C.13)

Finally, the small-scale log-irradiance scintillation is given by

σ2
lnY (D, l0) =

1.27σ2
Rη

−5/6
Y

1 + 0.40ηY /(Λ + ΩG)
, (C.14)

where

ηY = 3

(
σ2
R

σ2
G

)12/5 (
1 + 0.69σ

12/5
G

)
. (C.15)
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Derivation of PDF
models

D.1 Lognormal distribution

The first-order Rytov approximation is used to express the irradiance of a optical
wave traveling in atmospheric turbulence as

I = 〈I〉 exp (2χ1) , (D.1)

where χ1 = 1
2 (ψ1 + ψ∗

1) is the first-order log-amplitude of the the field, and ψ1 is the
first-order phase perturbation term in the Rytov approximation. As the irradiance
is normalized in the sense that 〈I〉 = 1, and the log-amplitude χ1 obeys a Gaussian
distribution [90, p. 65], by making the transformation of variables χ1 = 1

2 ln I , the
PDF of the irradiance can be obtained as

fI(I) =fχ1
(χ1)

dχ1

dI

∣∣∣∣
χ1=

1
2
ln I

=
1

2I
√
2πσ2

χ1

exp

[
−
(
1
2 ln I − 〈χ1〉

)2

2σ2
χ1

]
. (D.2)

Equation (D.2) is a Lognormal distribution, where the variance of χ1 can be ex-
pressed in terms of log-irradiance variance as [See Eq. (52) in Chapter 2]

σ2
ln I = 4σ2

χ1
. (D.3)

Next by taking the expected value of Eq. (D.1) yields

〈I〉 = 〈I〉 〈exp (2χ1)〉 = 〈I〉 exp
[
2
(
〈χ1〉+ σ2

χ1

)]
,

where the equality only holds if the argument in the exponential is zero. Thus,

〈χ1〉 = −σ2
χ1
. (D.4)
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Finally, inserting Eq. (D.3) and Eq. (D.4) into Eq. (D.2) results in

fI(I) =
1

I
√
2πσ2

ln I

exp

[
−
(
ln I + 1

2σ
2
ln I

)2

2σ2
ln I

]
, (D.5)

where the variance of the log-irradiance σ2
ln I is related to the scintillation index by

[See Eq. (53) in Chapter 2]
σ2
ln I = ln

(
σ2
I + 1

)
. (D.6)

The cumulative distribution function (CDF) of a random variable (RV) I having
the Lognormal distribution is defined by

FI(I) =
1

2
− 1

2
erf

[
ln I − 0.5σ2

ln I√
2σ2

ln I

]
.

Another method to derive the Lognormal distribution relies on assuming that the
travelling optical wave is scattered forward due to the interaction with many on-
axis turbulent eddies, along the propagation path. At the receiver plane the intensity
pattern is composed by the multiplication of many independent fields scattered by
each eddy. Taking the logarithm and invoking the central limit theorem results in the
Lognormal distribution. A complete demonstration of this procedure is presented by
Wayne [90, Sec. 4.2].

D.2 Negative exponential distribution

Let us assume a circular complex Gaussian RV U = X1 + iX2 = X exp(−iϕ), where
i2 = −1. Considering thatX1 andX2 are independent zero-meanGaussian processes
with variance σ2, then, the joint PDF of X and ϕ can be determined from [108, Eq.
(6-72)]

f(x, ϕ) = xf(x1, x2) = xf(x cosϕ, x sinϕ) = xf(x cosϕ)f(x sinϕ), (D.7)

where the last equality is due to the independence of X1 and X2.
Since,

f(x1, x2) =
1

2πσ2
e−(x2

1+x2
2)/2σ

2

; x21 + x22 = x2,

Eq. (D.7) yields,

f(x, ϕ) =
x

2πσ2
e−x2/2σ2

, x ≥ 0, 0 ≤ ϕ < 2π.

Then, the PDFs of X and ϕ can be determined as the marginal distributions of
f(x, ϕ). Thus,

fX(x) =

∫ 2π

0

f(x, ϕ)dϕ =
x

σ2
e−x2/2σ2

, (D.8)

easily recognized as a Rayleigh distribution, and,

fΦ(ϕ) =

∫ ∞

0

f(x, ϕ)dx =
1

2π
,
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is evidently following a uniform distribution in the interval [0, 2π).
Now, applying the transformation of variables I = X2, and applying [108, Eq.

(5-5)]

fI(I) = fX(x)
dx

dI

∣∣∣∣
x=

√
I

=
1

2σ2
e−I/2σ2

,

and setting 2σ2 = η, yields

fI(I) =
1

η
e−I/η, (D.9)

where η = E[I] is a scale parameter, and E[·] denotes expectation. As the irradiance
is normalized in the sense that 〈I〉 = 1, then

fI(I) = e−I , (D.10)

which is a negative exponential distribution, with scale parameter equal to unity.
The CDF of a variate I defined by a negative exponential distribution is given by

FI(I) = 1− e−I .

D.3 Gamma distribution

A Gamma random variable I can be derived as the summation of m negative expo-
nential variates as

I =
m∑

j=1

Ij , (D.11)

where I1, I2, . . . , Im are i.i.d. negative exponential variates.
The PDF of the sum ofm i.i.d. variates is the convolution of their respective PDFs.

Furthermore, if their characteristic functions are given, then characteristic function of
the random variable I is

ΦI(ω) =
[
ΦIj (ω)

]m
=

[
1

1− iω 〈Ij〉

]m
, (D.12)

where ΦIj (ω) is the characteristic function for a negative exponential variate.
Therefore, the PDF of a Gamma RV can be obtained by applying a inverse Fourier

transform [91]

fI(I) =F
−1

{[
1

1− iω 〈Ij〉

]m}
(D.13)

=
1

〈Ij〉m (m− 1)!
Im−1e−I/〈Ij〉. (D.14)

Now, setting m = α, where α is a real valued parameter, using Eq. (B.1.2), and
due to independence between all Ij then 〈I〉 = α 〈Ij〉 = 1, yields

fI(I) =
α(αI)α−1

Γ(α)
exp (−αI) , (D.15)
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which is a Gamma probability distribution function; where α = 1/σ2
I is directly re-

lated to the scintillation index. The parameter α is associated with the effective num-
ber of scatterers along the propagation path [32].

The CDF of a random variable I defined by a Gamma distribution is given by

FI(I) =
1

Γ(α)
γ(α, αI),

where γ(a, z) is the lower incomplete Gamma function defined in Eq. (B.1.3).

D.4 Gamma-Gamma distribution

This heuristic model was developed under the assumption that the resulting irra-
diance fluctuations are due to a modulation process between the large-scale X and
small-scale Y effects over the irradiance [12]

I = XY,

where X and Y are i.i.d. Gamma random variables. Thus, the probability density
functions of X and Y are

fX(x) =
α(αx)α−1

Γ(α)
exp (−αx) ,

and

fY (y) =
β(βy)β−1

Γ(β)
exp (−βy) ,

respectively. Hence, the conditional PDF of the irradiance is

fI(I|x) = fY (y)
dy

dI

∣∣∣∣
y=I/x

=
β

xΓ(β)

(
βI

x

)β−1

exp (−βI/x) ,

where the small-scale Gamma process Y is assumed to be modulated by the large-
scale Gamma distributed processX .

The unconditional PDF of irradiance is then found by taking the expectation over
the conditional PDF [91]

fI(I) =

∫ ∞

0

fI(I|x)fX(x)dx

=
(αβI)β−1

Γ(α)Γ(β)I

∫ ∞

0

tα−β−1 exp

(
−t+ αβI

t

)
dt, (D.16)

where the variable transformation t = αxwas used. Here, the integral can be related
with the Macdonald function, using Eq. (B.2.1), resulting in

fI(I) =
2(αβ)

α+β
2

Γ(α)Γ(β)
I

α+β
2

−1Kα−β

(
2
√
αβI

)
(D.17)
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where α and β represent the effective number of large-scale and small-scale eddies,
and are related to the scintillation index by [12]

σ2
I =

1

α
+

1

β
+

1

αβ
.

The derivation of the GG distribution parameter values can be done through the
relationships [12]

α =
1

σ2
X(D)

=
1

exp(σ2
lnX(D))− 1

,

β =
1

σ2
Y (D)

=
1

exp(σ2
lnY (D))− 1

.

The CDF of a variate I having the Gamma-Gamma distribution is defined by [12]

FI(I) =
π csc(π(α− β))

Γ(α)Γ(β)

[
(αβI)β

βΓ(β − α+ 1)
1F2(β;β + 1, β − α+ 1;αβI)

− (αβI)α

αΓ(α − β + 1)
1F2(α;α + 1, α− β + 1;αβI)

]
, (D.18)

where csc(x) = 1/ sin(x); and 1F2(·) is a generalized hypergeometric function de-
fined in Eq. (B.3.1).

A more compact expression for the CDF can be given in terms of the Meijer’s G-
function. First, the Macdonald function in Eq. (D.17) is rewritten using Eq. (B.4.2.4),
and thus the CDF can be calculated as

FI(I) =

∫ I

0

fI(I)dI =
(αβ)

α+β
2

Γ(α)Γ(β)

∫ I

0

I
α+β

2
−1G2,0

0,2

[
αβI

∣∣∣∣∣
−

α−β
2 , β−α

2

]
dI.

Finally, applying Eq. (B.4.3.1), the cumulative distribution function can be given
in terms of the Meijer’s G-function as

FI(I) =
(αβI)

α+β
2

Γ(α)Γ(β)
G2,1

1,3

[
αβI

∣∣∣∣∣
1− α+β

2
α−β
2 , β−α

2 ,−α+β
2

]
(D.19)

D.5 Weibull distribution

To derive the Weibull distribution a similar approach to that used in Sec. D.2 is fol-
lowed. Here, applying the transformation of variables I = X2/β in Eq. (D.8), where
a shape parameter β > 0 is introduced, yields

fI(I) = fX(x)
dx

dI

∣∣∣∣
x=Iβ/2

=
β

2σ2
Iβ−1e−Iβ/2σ2

,

and setting 2σ2 = ηβ , results in

fI(I) =
β

η

(
I

η

)β−1

exp

[
−
(
I

η

)β
]
. (D.20)
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Equation (D.20) is a Weibull probability distribution function where β and η are
the shape and scale parameters, respectively.

The cumulative distribution function can be derived in terms of the PDF as fol-
lows

FI(I) =

∫ I

0

fI(I)dI =
β

ηβ

∫ I

0

Iβ−1 exp

[
−
(
I

η

)β
]
dI,

Making the transformation of variables y = (I/η)β , integrating, and evaluating
the limits yields

FI(I) = 1− exp

[
−
(
I

η

)β
]
. (D.21)

D.5.1 Raw moments

The n-th moment of a RV I following the Weibull distribution is obtained solving

〈In〉 =
∫ ∞

0

InfI(I)dI

=
β

ηβ

∫ ∞

0

In+β−1 exp

[
−
(
I

η

)β
]
dI.

Making the transformation of variables y = (I/η)β , results in

〈In〉 = ηn
∫ ∞

0

yn/βeydy,

where the integral can be easily related with a gamma function, thus, the n-th irradi-
ance moment of the Weibull distribution is given by

〈In〉 = ηnΓ

(
1 +

n

β

)
. (D.22)

D.6 Exponentiated Weibull distribution

Assume a non-linear weighted summation of several mutually independent random
variables

Ip =

m∑

j=1

wjI
p
j , (D.23)

where Ij are Weibull RVs and wj are weighting factors, such that
∑
wj = 1.

Next, in order to approximate such summation to the largest term, but still con-
sidering all other terms, the maximum function can be introduced as

I = lim
p→∞




m∑

j=1

wjI
p
j



1/p

= max {I1, I2, . . . , Im} , (D.24)
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where I1, I2, . . . , Im are i.i.d. Weibull random variables.
By using the property of ordered statistics for the maximum of a sample the CDF

of the irradiance is FI(I) = [FIj (I)]
m [100, Eq. (5.3b)], where FIj (I) is the CDF of

the Weibull RVs Ij , and m is an integer number. Then, by setting α as real valued
extension ofm, the CDF of the RV I yields

FI(I) =

{
1− exp

[
−
(
I

η

)β
]}α

. (D.25)

Next, by applying standard statistical procedures, the PDF of the RV I is given by

fI(I) =
d

dI
FI(I) =

d

dI

{
1− exp

[
−
(
I

η

)β
]}α

,

resulting in

fI(I) =
αβ

η

(
I

η

)β−1

exp

[
−
(
I

η

)β
]{

1− exp

[
−
(
I

η

)β
]}α−1

. (D.26)

D.6.1 Raw moments

The n-th moment of a random variable I following the exponentiated Weibull distri-
bution is obtained solving

〈In〉 =
∫ ∞

0

InfI(I)dI

=
αβ

ηβ

∫ ∞

0

In+β−1 exp

[
−
(
I

η

)β
]{

1− exp

[
−
(
I

η

)β
]}α−1

dI. (D.27)

Using the Newton’s generalized binomial theorem

(1 + z)r =

∞∑

j=0

Γ(r + 1)

Γ(r − j + 1)

zj

j!
, (D.28)

the last term in Eq. (D.27) can be expanded to yield

〈In〉 = αβ

ηβ

∞∑

j=0

(−1)jΓ(α)

j!Γ(α− j)

∫ ∞

0

In+β−1 exp

[
−(j + 1)

(
I

η

)β
]
dI.

Making the transformation of variables y = (j + 1)(I/η)β , results in

〈In〉 = αηn
∞∑

j=0

(−1)jΓ(α)

j!(j + 1)1+n/βΓ(α− j)

∫ ∞

0

yn/βeydy,
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where the integral can be easily relatedwith a gamma function using Eq. (B.1.1), thus,
the n-th irradiance moment of the exponentiated Weibull distribution has the form

〈In〉 = αηnΓ

(
1 +

n

β

)
gn(α, β). (D.29)

where gn(α, β) was introduced to simplify the notation, and is defined by

gn(α, β) =

∞∑

j=0

(−1)jΓ(α)

j!(j + 1)1+n/βΓ(α− j)
. (D.30)
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