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Preface

Quantum information science, which emerges from the combination of informa-
tion theory and quantum physics, has experienced an enormous progress during
the last decades, leading to revolutionary advances in a wide range of interdis-
ciplinary elds, such as quantum computation, quantum communication, high
precision measurements, and fundamental quantum science. However, the ambi-
tious goals at which the scienti ¢ community aim, e.g., quantum criptography,
quantum simulators, or even quantum computation, have only started to stand

out.

In most quantum information applications, atomic ensembles are normally
used to store and process the information, while light is used as a tool to ma-
nipulate and perform logical operations, as well as to transmit the quantum bits
between distant nodes of a quantum network. Thus, the realization of a suitable
quantum interface between light and atomic ensembles is essential in quantum
information science. Regarding light-matter interaction, one of the most relevant
systems are three-level atoms in interaction with a pair of electromagnetic elds.
Three-level systems exhibit a rich variety of phenomena due to quantum interfer-
ences between the two absorption paths for the light. These quantum interferences
lead, for instance, to coherent population trapping, electromagnetically induced
transparency, or stimulated Raman adiabatic passage, which have found applica-
tions in many areas of quantum information.

This thesis, which collects the research work that I have performed during
my PhD under the guidance and support of my supervisors and collaborators, is
mainly focused in quantum information applications using three level atoms in in-
teraction with electromagnetic elds both at the semiclassical and fully quantum
levels. The rst three chapters of the work are focused on the theoretical study of
novel methods to implement quantum memories for single photon qubits in super-

position of two components, either polarization or frequency. Quantum memories
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are devices capable of storing and retrieving on demand quantum states of light
with high e ciency and delity, and are essential components in many quantum
information applications, such as quantum repeaters or single photon sources. In
Chapter [I] a general overview of quantum memories is presented. Since this is
the main subject of the thesis, we dedicate a chapter to introduce the concept of
quantum memories and to point out their relevance in the context of quantum
information science. Moreover, we enumerate their applications and review the
main gures of merit that characterize the performance of a quantum memory.
Finally, we present a classi cation according to the di erent underlying physical
processes or techniques on which they are based, focusing on those which will be

of our interest along the following chapters.

In Chapter 2, we present two proposals for photon echo based quantum mem-
ories for polarization single photon qubits in three level systems, both in V and
con gurations. First, for the V scheme we show the possibility of storing and
retrieving a single photon pulse with two polarization components interacting
with the two optical transitions of the system. This scheme implements a quan-
tum memory for a polarization qubit without the need of two spatially separated
two-level media, thus o ering the advantage of experimental compactness and
overcoming the limitations due to mismatching and unequal e ciencies that can
arise in spatially separated memories. Moreover, we analyze the e ciency and
the delity of the memory considering both a relative phase between the atomic
levels and a phase noise due to, for instance, the presence of spurious electric and
magnetic elds. Next, for the con guration, we address the propagation of a
single photon qubit with two polarization components in a medium prepared in a
phaseonium state, i.e., a coherent superposition of the ground states. We com-
bine some of the nontrivial propagation e ects that exhibit this kind of systems
with photon echo techniques to propose di erent quantum information processing
applications, such as a protocol for polarization qubit ltering and sieving as well
as a tunable polarization beam splitter. Moreover, we show that by imposing a
particular spatial variation of the atomic coherence phase, an e cient quantum
memory for the incident polarization qubit can be also implemented in -type

three level systems.

In Chapter [3| we propose a quantum memory for a single photon wavepacket in
a superposition of two di erent colors, i.e., two di erent frequency components,
in a double- system using the electromagnetically induced transparency tech-

nique. Under the two photon resonance condition with the coupling elds, the
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two frequency components are able to exchange energy through a four-wave mix-
ing process as they propagate, so the state of the incident photon is recovered
periodically at certain positions in the medium. We investigate the propagation
dynamics as a function of both the relative phase between the coupling beams
and the particular superposition state of the single photon at the input. More-
over, by considering time dependent coupling beams, we numerically simulate the
storage and retrieval of a single photon qubit in a superposition of two frequency

components.

Additional work in quantum information processing done during my PhD is
collected in Chapters |4/ and [5| In Chapter [4] we focus on the problem of single site
addressing of ultracold neutral atoms in optical lattices with one atom per site.
Optical lattices with one atom per site systems constitute an ideal physical system
to investigate strongly correlated quantum phases which, in turn, have interesting
applications in quantum optics, quantum simulation and quantum information
processing, among others. However, in this kind of systems typical lattice spac-
ings below 1 m are needed, thus the di raction limit restricts the addressability
of individual lattice sites. In this context, we propose a single atom/single site
addressing implementation based on the position dependent adiabatic passage
technique considering the ultracold atoms in the lattice modeled by -type three
level systems coupled with a pump and a Stokes pulse. Assuming that all the
atoms are initially in one of the ground states, by using a pump eld with a sharp
node in its spatial pro le, all the atoms are transferred to the other ground state
of the system via stimulated Raman adiabatic passage except those at the position
of the node. Compared with coherent population trapping based techniques, our
proposal allows for a higher addressing resolution and has additional advantages
as robustness against parameter variations, coherence of the transfer process, and
the absence of photon induced recoil. Moreover, in comparison with the recent
adiabatic spin ip technique, the SLAP based SSA technique allows to reduce
the interaction time with the pulses, and provides comparable or higher address-
ing resolutions for similar focusing requirements. Analytical expressions for the
attainable addressing resolution and e ciency have been derived and compared
with numerical simulations for 8Rb atoms in state-of-the-art optical lattices. In
Chapter 5| we extend a theoretical model capable of providing reliable predictions
for the production of controlled bandwidth and pure single photon pairs experi-
ment, using a spontaneous parametric down-conversion setup. Using the spatial-

to-spectral mapping technique, which allows to transfer the spatial properties of
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the pump beam to the spectral features of the down-converted photons, we obtain
the optimal parameter values for the production of spectrally uncorrelated photon
pairs. Di erent experimental con gurations are analyzed, and expressions for the
purity are obtained.

Finally, in Chapter [6] we summarize the main results and the conclusions are

presented.
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1

Overview of quantum memories

Research in the eld of quantum information science, which deals with communi-
cation and computation incorporating the laws of quantum mechanics, has lead
to outstanding and promising discoveries. For instance, it has been shown that
quantum cryptography can allow for secure communication using public channels
[1], and that quantum computing could be used to e ciently solve several prob-
lems that are prohibitively hard in classical computing [2]. The basic elements
that quantum information deals with are qubits (contraction of quantum bits),
which mathematically correspond to elements of a two-dimensional Hilbert space,
and can be expressed as a superposition of two states, namely 0 and 1 . Thus,
the most general states of quantum information are superpositions of strings of
qubits. Physically, a qubit corresponds to a single quantum system with two
possible orthogonal states in one of its properties, and the choice of the speci ¢
physical system depends on the particular application. Speci cally, in quantum
computation, static, scalable, and robust quantum systems are desired, such as
cold atoms, solid state systems, trapped ions, or quantum dots. In these sys-
tems, quantum information is encoded, for instance, in the internal energy, in
the vibrational states, in the position, in the angular momentum or in the spin
state. On the other hand, in quantum communication, photons are the preferred
information carriers ( ying qubits) because they propagate fast and can preserve
their coherence over long distances [3]. When using photons for communication,
quantum information can be encoded in several ways, such as polarization, path,
photon-number, frequency, or time-bin. From such distinction between the phys-
ical systems needed to perform di erent quantum information tasks, it is clear
that a quantum interface between light and matter is crucial for the development

of quantum information processing and quantum communication.

In the context of light-matter interfaces, a quantum memory is an essential
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1. Overview of quantum memories

ingredient for quantum information science, since it allows to map the quantum
state of light into a storage medium and retrieve it on demand. Moreover, the
use of quantum memories is not restricted to the transfer of quantum information
between nodes of a quantum network, but they are necessary in a wide range of

quantum information applications, as will be discussed in the following Section|I.1

1.1 Applications

One of the main areas of application of quantum memories is found in quantum
communication over long distances. The distribution of quantum states of light
is a ected by losses associated to the transmission channels, which limit the dis-
tance over which quantum information can be properly transmitted. For example,
typical telecommunication optical bers have losses of 0.2 dB/km at wavelengths
around 1.5 m, which for distances of the order or larger than hundreds of kilo-
meters are very important (for a distance of 100 km the transmission e ciency
is  001). In classical communication this problem is overcome by using signal
repeaters or ampli ers. However, in quantum mechanics any measurement on a
transmitted qubit will destroy, in general, its quantum state, and in addition the
no-cloning theorem forbids its ampli cation. Thus, the use of a quantum repeater
[4, 5] has been proposed to overcome this di culty, allowing for quantum com-
munication over arbitrarily long distances. The idea of a quantum repeater is
to divide the long quantum channel into shorter segments, create and store en-
tanglement independently for each node between segments, and then distribute
entanglement between those nodes via entanglement swapping [6], i.e., quantum
teleportation of entanglement. In this protocol, quantum memories are essential
since they allow to store the entanglement distributed over adjacent sections of
the transmission link.

A more fundamental application for quantum memories is the implementation
of a reliable Bell s inequalities [7, 8] test, which allows to explore the basic con-
cepts of quantum mechanics, or to prove the quantum character of a system under
investigation. To test Bell s inequalities, one needs to perform measurements in
an entangled bipartite system, avoiding both locality and detection loopholes si-
multaneously. The rst aspect, the locality loophole, is related to the fact that the
settings of the detection apparatus of two distant observers have to be changed
randomly fast enough that no information about them can travel from one ob-

server to the other during the course of each measurement. Secondly, to avoid the
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1. Overview of quantum memories

detection loophole, the detection e ciency must be high enough to ensure that
the results of the experiment can not be due to missing detection events. There-
fore, a loophole-free test needs at the same time the creation of long distance
entanglement, to accomplish the locality condition, and detecting the entangled
systems with a high e ciency, in order to avoid the detection loophole. An in-
teresting proposal to realize this test consists in entangling two separated ions
through the interaction with photons [9]. This kind of setup can be seen as a node
of a quantum repeater, in which the ions act as quantum memories. Loophole-free
violations of Bell s inequalities are also important for communication complexity
theory, which studies the number of qubits that two distant computers need to
exchange to carry out a given task [10].

Another practical use of a quantum memory is as an on-demand single-photon
source. Spontaneous parametric down-conversion (SPDC) is a common source of
heralded single photons [I1]. However, since it is a probabilistic process, its use is
restricted for many applications. In particular, deterministic single-photon sources
are important ingredients for quantum computation [12] [13] and certain quantum
repeater protocols [5,[I4]. A non-deterministic source of photon pairs, e.g., SPDC,
can be turned into a deterministic source of single photons by storing one of the
photons of the pair in a high e ciency memory [15, [I6]. The other photon is
used to herald the presence of its partner inside the memory, i.e., detection of the
heralding photon indicates that the memory is loaded and the stored photon can
be released on demand.

Finally, another important application of quantum memories is related to pre-
cision measurements in magnetometry, clocks and spectroscopy. By creating long-
lived entanglement between two atomic ensembles it is possible to reduce the
projection noise, caused by the uncertainty relation, and obtain measurements
with precision beyond the quantum limit [I7] 19]. In this context, the entangle-
ment between atomic ensembles can be created by storing squeezed states of light

[20, 21] or by squeezing the collective atomic spin [22] 24].

1.2 Performance criteria

Since di erent applications demand quantum memories ful lling di erent require-
ments it is di cult to establish a general gure of merit to evaluate the perfor-
mance of a quantum memory set up. For instance, Sangouard et al. [5] exposed

the stringent requirements for a practical quantum memory in the context of quan-
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1. Overview of quantum memories

tum repeaters, e.g., multimode storage on the timescale of seconds with e ciencies
larger than 90% and bandwidths greater than 1 GHz. In the following, we provide
an overview of the gures of merit usually considered in the literature. Note that,
in some cases, important performance benchmarks for some techniques or quan-
tum memory protocols will be mentioned in order to give an idea about the state

of the art. The mentioned protocols will be discussed in more detail in Section [1.3

1.2.1 Fidelity

A quantum memory stores, in general, a quantum state of light which can be
represented by a density matrix ¢ = , Where is the state vector. After
the recalling process, the output state ¢ should be as close as possible to the input
one. The delity gives a measure of the distance between the two quantum states

in a Hilbert space, and is de ned as [25]

Flop)= Tr  pp ¢ (1.1)

For normalized states it takes values in the range [0 1] being one if and only if
the two quantum states are equal, ¢ = ¢. Therefore, the delity is related to
the overlap between the input and retrieved quantum states. Note that if the
input state ¢ is pure, Eq. turns into F' = © . The way to asses the

delity of a quantum memory may depend on the scheme considered. For instance,
depending on the conservation of the number of photons in the retrieval process,
conditional or unconditional delities can be considered. The conditional delity
is calculated assuming that all the input photons have been retrieved, i.e., it is
conditioned on the reemission of the photons, while the unconditional delity is
an absolute quantity and thus will take lower values than the former. In addition,
in experiments where several measurements are needed to reconstruct the state of

the reemitted photons an average delity has to be de ned.

Notice that, depending on the application of the quantum memory, the delity
may not be the most important gure of merit. A given quantum memory with
a high delity may present errors which are hard to correct, while protocols with
a poor delity and particular kinds of errors can be appropriate for a speci ¢

application.
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1. Overview of quantum memories

1.2.2 Efficiency

Another performance criterion that is usually considered is the e ciency of the
quantum memory. From a classical point of view, the e ciency is the ratio be-
tween the stored and the recalled light pulse energies. In the case of memories for
single photons, the e ciency de nition can be reformulated in terms of the write
(Purite) and read (Preaq) probabilities, = Pyyite Pread- The former corresponds
to the probability of storing the input photon while the latter is the probability of
retrieving it, provided it has been successfully stored previously. This distinction
between storage and reemission probabilities is important because, depending on
the quantum memory implementation, one can nd situations in which a poor
storage e ciency is obtained although presenting a very e cient reemission pro-
cess, or vice versa. For example, photon echo type quantum memories [26], which
will be discussed in Subsection [I.3.6] exhibit a high reemission e ciency when the
photons are recalled in the backward direction, albeit the absorption e ciency
is limited by the optical depth of the storage medium. However, if the photons
emerge in the forward direction the reemission e ciency is very limited even at
large optical depths [27], i.e., for high absorption probability.

Clearly, the e ciency that can be achieved in a quantum memory depends
not only on the technique used to perform the storage but also on the medium
itself. For example, in atomic ensembles, where the collective interference of all the
atoms may enhance the macroscopic coherence, the e ciency can be in general
close to one [28], and it is mainly limited by decoherence losses. In particular,
quantum memories with e ciencies around 70% have been achieved on solid state
materials [29] and in cold atomic ensembles [30]. On the contrary, for single atomic
systems the limited interaction probability implies a small e ciency, which can
be increased by using optical cavities to enhance the weak atom-light coupling
[30, 31].

1.2.3 Storage time

The time that a memory is able to store a quantum state is another important
feature, since it has to be long enough to carry out a given task. For instance,
in quantum communication, the transmission time between distant nodes of a
network imposes a limit for the storage time of the quantum memory [5l [32].
Speci cally, the characteristic timescale for the storage during entanglement dis-

tribution, required for the quantum repeater implementation, is the light travel
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1. Overview of quantum memories

time t;, = L v, where v is the speed of light in the medium and L the distance
between two nodes. Then, for L = 1000 km, ¢; ranges from several millisec-
onds to few seconds depending on the network architecture [4, 33]. The main
limitation in the storage time comes from losses and decoherence of the storing
medium. Thus, the system used for the storage plays an essential role, and it
should present long coherence times, small spontaneous decay rates, and reduced
losses. For example, the current record of storage time in a quantum memory (> 1
s) has been achieved using solid state systems (rare-earth ion doped solids) [34],
which present long spin coherence lifetimes at low temperatures. Even though
the decoherence mechanisms can be reduced by choosing a suitable material, they
are always present. Thus, long storage times are typically accompanied by poor
retrieval e ciencies, and one needs to look for a compromise between these two

quantities.

1.2.4 Multimode capacity

The number of modes that a quantum memory is able to store while maintaining
the performance requirements depends on the memory mechanism [3536]. A high
multimode capacity is not an essential feature, but it allows to increase the repe-
tition rate in quantum communication [37, [38]. To quantify the number of modes
that a quantum memory can store one needs to focus on the particular setup.
For instance, the number of temporal modes that can be stored in photon echo
and in electromagnetically induced tranparency (EIT) based quantum memories
depends on the optical depth [39, 40]. The exception is the approach based on
atomic frequency combs, in which the multimode capacity depends on the number
of peaks in the comb [36], and has been shown to be capable of storing 64 tem-
poral modes [41]. Recently, a train of 1060 weak pulses has been stored by using
frequency modulation, though with a very limited retrieval e ciency [42]. Note
that, in general, most of the approaches that consider storage of multiple modes
are in the time-domain. However, one interesting perspective in atomic ensembles
is the possibility to store multiple spatial modes to generate quantum holograms
[43) [45).

1.2.5 Bandwidth and wavelength

The bandwidth in which a quantum memory can operate is another interesting as-

pect to consider, and is closely related to the temporal multimode capacity. A large
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1. Overview of quantum memories

bandwidth allows to store short pulses and thus to increase the repetition rate.
Moreover, it has a direct in uence in the multiplexing capability of the memory,
i.e., the number of channels in which qubits can be stored. Large bandwidths are
also required to match the spectral range of the memory with entangled photons
sources as SPDC [46]. The group of techniques that o er an intrinsic larger band-
width are those based on photon echo [26], due to their inherent broad absorption
spectrum caused by the inhomogeneous broadening, allowing also for bandwidth
conversion [40]. However, recently, unprecedent storage bandwidths around 1.5
GHz have been demonstrated in Raman type memories [47] (see Subsection
using strong broadband control pulses.

Regarding wavelength requirements, for long distance transmission of qubits it
is necessary that the quantum states of light have the appropriate characteristics
to be transmitted within the range of small attenuation of a given channel, e.g.,

15 min telecommunication optical bers. Recently, storage of single photons
in the telecommunication wavelength domain has been realized [46, [48], 49] using

photon echo techniques in solid state systems.

1.3 Classification

Due to the vast research carried out on the eld of quantum memories, it is di cult
to establish a proper classi cation. Di erent criteria could be used depending on,
e.g., the technique or physical process on which the quantum memory is based,
the kind of quantum states that it stores, or the medium used for the storage [50].
In this Section we will present a classi cation based on the di erent techniques
that are used to implement quantum memories. In addition, a short review of
each technique will be performed, giving a special emphasis to those that will be
used along this Thesis, namely electromagnetically induced transparency (EIT)

and photon-echo based techniques.

1.3.1 Optical delay lines and cavities

One of the simplest and intuitive ways to store light is to use a delay line, for
instance a coiled optical ber, in which a light pulse travels a long path before
exiting the line, thus increasing its ying time. However, this approach has im-
portant drawbacks such as xed and relatively short storage times (for a 15 km

ber operating at the telecommunication range the storage time at which half of

the photons are lost is 70 s). To overcome these limitations, a setup consisting
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1. Overview of quantum memories

in a delay line loop with an electro-optical switch has been proposed [51]. In this
scheme, the electro-optical switch closes the loop when the detection of a signal
photon, coming from SPDC, heralds the presence of an idler photon inside the

ber. However, the storage time is still xed to a multiple of the round trip time.
Another option is to use a high-quality cavity, in which the photons bounce back
and forth between high re ectance mirrors. In this case, the injection and retrieval
of photons can be done using an electro-optical switch [52] (similarly as in [51]),
a pair of narrow cavities with a variable transmission probability [53], interaction
with single atoms passing through the cavity [54], or by controlling the quality
factor of the cavity [55] 56]. The main issue regarding the storage of light in cavi-
ties is the fact that long storage times require large round trip of the photons, but
this implies a limited on-demand capability. On the contrary, short cycle times
increase the losses of the cavity and diminishes the e ciency of the memory for

long storage times.

1.3.2 Quantum non-demolition (QND) measurement and feed-
back

The rst demonstration of storage of a quantum state of light into an atomic
ensemble was done by Julsgaard et al. in 2004 [57] applying techniques used to
entangle two separated atomic ensembles via interaction with o resonant light
pulses [23].

When a far detuned light eld passes through an ensemble of two-level atoms
it produces no population excitation, but the o resonant interaction may produce
a phase variation both in the atoms and in the light eld. This interaction causes
an entanglement between the atomic angular momentum and the polarization
of light, which can be used to implement a quantum memory via a feedback
protocol. In particular, the quantum storage of the light pulse is performed in
three steps: (i) optical pumping to initialize the atoms, (ii) interaction of the
light pulse, propagating in the z direction, with the atoms, (iii) measurement
of the transmitted light, and (iv) feedback onto the atoms conditioned on the
measurement result. In step (i) the atoms are prepared in a coherent spin state
in which the total angular momentum is oriented in the x direction, J, Sy
However, due to the uncertainty principle, the atomic transverse components of
the angular momentum J, and J. have a certain spreading along the y and z

directions. On the other hand, any polarization state of light can be described
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using the Stokes operators

1

Sy = 5 Gala  Oyay (1.2)
1

Sy = 3 ayay + a0 (1.3)
1

S, = 3; Caly Oyl (1.4)

where ¢ and a (e = x y) are the photon creation and anihilation operators for
photons polarized in the e direction. In the experiment, the input state is encoded
in a y-polarized pulse. Thus, during step (ii), J, causes a Faraday rotation, which
changes Sy. In turn, the J, component of the atomic angular momentum is a ected
by the angular momentum of the photons S,. Therefore, the light pulse and the
atomic ensemble become entangled. In the next step, (iii), a measurement on the
polarization of the emerging light pulse is performed which determines S,. The
result of this measurement determines the characteristics of a magnetic eld pulse
that is sent back to the atomic ensemble, in step (iv). The feedback magnetic

eld produces a change in the angular momentum of the atoms in such a way
that the initial Stokes operator S, of the photons is mapped into J.. This results
in both components of the optical polarization being transferred to the atomic
angular momentum. In the experiment [57] delities around 70% where obtained
for storage times of 07 ms.

Later, a variation of this technique, consisting in the teleportation of a quantum
state of light into the atomic memory was implemented [58]. This was achieved by
mixing in a beam splitter the weak eld to teleport with a strong o resonant pulse
emerging from the atomic ensemble, and feeding-back the result of an homodyne

measurement into the atoms.

1.3.3 Electromagnetically induced transparency (EIT)

One of the most usual methods to implement a quantum memory relies on the
technique known as electromagnetically induced transparency (EIT) [59 61]. This
technique consists in rendering a three-level medium transparent for a probe light
beam by means of quantum interference e ects induced by the presence of a strong
control eld. Speci cally, the control eld creates two absorption paths for the
probe that interfere destructively. Besides the suppression of the absorption, the
control eld induces also a variation of the refraction index of the medium, which

allows to slow down a probe pulse, and even stop and map it into the atomic
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coherence.

3)

1)

Figure 1.1: Three-level atom in a -type con guration interacting with probe and
control elds of Rabi frequencies , and ., respectively. The probe eld couples
transition 1 2 with detuning , = , 21, being ,, and 91 the frequencies
of the probeand 1 2 transition, respectively, while the control drives transition
3 2 withdetuning .= . 93, with .and o3 the frequencies of the control
and 3 2 transition, respectively. o1 and 23 are the spontaneous decay rates
from the excited state 2 to the ground states 1 and 3 , respectively.

Although EIT can be implemented in various three-level atomic schemes, such
as the V or the cascade con gurations, for protocols concerning light storage the
most used level con guration is the type because allows to store the light into
the long living ground state coherence. Thus, in what follows we focus on this
atomic level scheme, which is depicted in Fig. In this con guration, the probe
and control elds, with respective Rabi frequencies , and ., are coupled to
each of the two optical allowed transitions, 1 2 and 3 2, respectively,
with detunings , and . (see the caption of the gure for the de nition). The
spontaneous emission decay rate from 2 to 1 (3 )is 21 ( 23).

Many of the interesting features of the EIT technique can be understood by
considering the linear susceptibility v*), which determines the optical response of
the medium to a probe eld. In particular, the real and imaginary parts of (1) are
related to the dispersion and absorption properties of the medium, respectively.
For the three-level system presented in Fig. the linear susceptibility reads [61]:

(1) 2( p o)
) 22 (2 pt+i)( p o) (15)

The imaginary and real parts of Eq. (1.5) are plotted in Fig. [1.2(a) with solid
and dotted lines, respectively, as a function of the probe laser frequency ,, for
21 =05 93, =0,and =10 o3. Fig. b) shows the case with . =0, i.e.,

the probe response in a two-level system. As we see, the presence of the control
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eld modi es the absorption and dispersion curves in such a way that the typical
absorption pro le for a two-level system [Fig. (b)] split into two absorption
peaks located at , = o1 ¢ 2. Therefore, while the separation of the two
resonance lines is determined by ., its width is given by the decay rate o1,
and the condition . > 91 must be satis ed in order to produce an appreciable
splitting. From Fig. (a) it is clear that the absorption of the probe beam is

suppressed at resonance , = 921. The spectral range without absorption is the
so called transparency window, or EIT window, and it is proportional to 2 o;.

As pointed out, the non-absorption at resonance, i.e., the transparency window,
is due to a destructive interference between, neglecting higher order contributions,
two possible absorption paths for the probe light: (i) a direct transition to the
excited state by absorbing a probe photon, and (ii) the absorption of one photon
of the probe eld with a subsequent reemission and absorption of two photons of
the control eld.

Im[y V] Im[y V)]

_Q£ ,(521 glli Wp w2l"-‘1 T “p

@ (b)

Figure 1.2: Real (dashed lines) and imaginary (solid lines) parts of the linear
susceptibility, Eq. (1.5]), for a three-level atomic system as a function of the probe
frequency, for 91 =5 23, =0, (a) =10 23 and (b) .=0.

Slow and stopped light

Due to the Kramers-Kronig relations, a change in the absorption properties of the

medium is accompanied by a change in the dispersion, and thus in the index of

refraction n since n( ) 1+ Re[yM( ,)]. For a monochromatic wave, the
propagation velocity, or phase velocity v,;, depends on the index of refraction
as Uph( p) p» kp = ¢ n( ), being k, the wavenumber of the probe and ¢
the speed of light in vacuum. If we consider a non-monochromatic wave, e.g., a
pulse wavepacket, each Fourier component of the pulse will travel at a di erent

phase velocity. In this situation the group velocity at which the pulse envelope
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propagates is de ned as [61]

d , c
Cr_ 1.6
Yk, T n+ ,(dnd ) (16)

The term dn d , implies that a steep variation in the refractive index with the
frequency produces a signi cant variation in the group velocity. In a two-level
system, the region with a large slope in the real part of the susceptibility coin-
cides with the maximum of absorption of the medium, as is shown in Fig. [[.2[b).
However, when the control eld is present the steep dispersion region around 91
corresponds to a range of , with no absorption [62] [see Fig. [1.2(a)]. This allows
the propagation of light pulses with extremely small group velocities under EIT
conditions [63].

Light storage using this technique can be achieved by dynamical variation of
the group velocity [64], e.g., by changing in time the strength of the control eld.
The rst demonstrations of light storage were done by Liu et al. [65] and Phillips
et al. [66] in cold and hot atomic vapors, respectively (for a general review see
[61, 67]). The procedure to achieve stopped light consists in rst slowing down
a light pulse in such a way that it ts inside the storage medium. Note that the
reduction in the group velocity implies a spatial compression of the light pulse
by a factor v, ¢, because its front end entering the medium propagates much
slower than its back end. Therefore, once the pulse has completely entered in
the medium the control eld is adiabatically turned o . This decrease in the
control eld amplitude leads to a reduction of the group velocity, as well as to a
narrowing of the transparency window (see Fig.|1.2). This means that the medium
turns opaque for the probe pulse, which it is totally absorbed, and hence mapped
into the ground state coherence of the atomic ensemble. Assuming an atomic
medium fomed by -type atoms initially prepared in state 1 , if the probe eld
corresponds to a single photon wavepacket, the state describing the atoms of the

medium after the absorption has the form

N

L3 1y (1.7)

1

N
which is a collective superposition state, where all the N atoms of the medium
are in the ground state 1 except one being in state 3 . This coherent mapping
implies that the information carried by the light is stored in the atomic coherence,

preserving its quantum properties. The process can be reversed, after a time lim-
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ited by the decoherence between the ground states, by turning on again the control

eld. This leads to the reemission of a probe pulse with the same properties as the
original one, propagating transparently in the medium, provided the incoherent
processes are negligible and the variation of the control eld is adiabatic, thus

reducing the losses.

One interpretation of the slow light and the light storage phenomena based on
EIT can be obtained using the dark-state polaritons picture [64] [68], where dark
() and bright () quantum elds are de ned as linear combinations of atomic

and photonic excitations propagating inside the medium:

(z t) =cos (t)Ey(zt) sin (t) @piz(z t) (1.8a)
(z t) =sin (t)Ep(z t)+cos (t) wpiz(z t) (1.8b)

with F), the electric eld operator of the probe single photon, ¢i3 the atomic
coherence between the ground states 1 and 3 and ¢ the atomic density of the
medium. In this picture, the mixing angle is de ned in terms of cos (t) =

o(t) ) +gPpandsin () =g »  2(t)+gPpbeingg= o2 oV,

the dipole moment of the 1 -2 transition, the reduced Planck s constant, g
the electric permittivity in vacuum, and V' the quantization volume. Under EIT
conditions, i.e., in the absence of absorption, only the dark polariton plays a

role (= 0) and satis es the propagation equation:
—~ +ccos® (t)— (2t)=0 (1.9)
z

which describes a shape-preserving propagation with velocity vy(t) = ccos® (t).
Therefore, it is easy to see that by adiabatically turning o and on the control

eld [61], i.e., varying (¢) from O to v 2 and from v 2 to 0, respectively, the
polariton can be decelerated, stopped, and accelerated, which corresponds to the
mapping of light into the spin coherence [ = v 2 in Eq. (L.8a])], and back to the
photonic modes [ = 0 in Eq. (L.8a)]. The adiabaticity conditions for the turning
o and on of the control eld are rather weak [68, [69] in such a way that for an
already weak control eld, and thus a small group velocity, even an instantaneous

switch o of the control eld would lead to small losses [65] [69].

Since the rst demonstrations of light storage using the EIT technique [65, [66],
a lot of research has been done. In particular, the technique has been extended

to solid state media [34] [70], and coherence properties of the memory have been
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investigated both in classical [T1] and in quantum [72] regimes. Moreover, optimal
conditions for storage and retrieval have been analyzed [73],[74], leading to e cien-
cies of 41%. More recently, storage of entangled and superposition states of light
have been proposed [75], and experimentally reported [76] [7§]. In Ref. [76], stor-
age of a polarization superposition state in cold cesium atoms is demonstrated,
while in Ref. [77] two-frequency modes of a weak light pulse are stored in cold
rubidium vapor, paving the ground to two-color quantum memories. Moreover, in
Ref. [7§] a four-partite entangled state is stored and retrieved using four di erent
laser cooled atomic ensembles.

One of the main limitations to implement quantum memories using the EIT
approach is that the transparency window restricts the bandwidth of the pulses
to a few MHz. Nevertheless, EIT can be used in inhomogeneously broadened
systems, provided the two-photon resonance condition is satis ed, though in this
case the transparency window is signi cantly narrowed [79] due to the reduced
power broadening for the o -resonant atoms. In addition, storage and retrieval
of light pulses is possible with relatively high two photon detunings ¢, for
large enough optical depths [80].However, although a high optical depth is also
important for a high retrieval e ciency, it produces a growth of the amount of

uorescence noise, which has been shown that could severely limit the application
of EIT for truly quantum state storage in warm vapors [8I]. Moreover, four-wave
mixing e ects that degrade the delity of the light storage process can also appear
as a consequence of a strong coupling and high optical depths [82] [83]. Finally,
as previously mentioned, the storage time is limited by the spin decoherence and
atomic motion, i.e., collisions, in the case of atomic gases. This limitation is
overcome by using solid state systems, where the atoms are ‘frozen and the spin
decoherence times can be of the order of seconds. Indeed, in Ref. [34] a record

storage time of 2.3 s was achieved using the EIT approach in a Pr : Y5SiOj5 crystal.

1.3.4 Raman memory

Closely related to the EIT-based quantum memory is the Raman memory [47, [84
86). In this approach, o resonant Raman interaction of a weak and a strong
control pulse with a -type medium gives access to the long-lived ground state
coherence of the system. The coupling of the two ground states of the system is
made by means of a two-photon process through a virtual transition, thus avoiding
uorescence losses. This technique is similar to the EIT-based storage, except that,

usually, the optical elds are detuned far away from the optical transition, while
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keeping the two photon resonance. Whereas in EIT the dispersion associated with
the quantum interference of two absorption paths is used to slow down a signal
pulse inside an atomic ensemble, in the Raman memory the large detuning destroys
this interference. This means that the signal is mapped into the ground state
coherence without implying reduction in the signal group velocity, by a stimulated
Raman scattering process [87], i.e., absorption and subsequent stimulated emission

of photon via a non-resonant intermediate quantum state of the atoms.

Usually this approach requires that the condition Ap, > || is satisfied. Thus,
an adiabatic elimination of the excited state |2) can be performed.This approx-
imation allows to treat most of the cases [84] [88, [89] and clearly differentiates
the Raman from the EIT memories. However, in Ref. [90] a detailed comparison
between EIT and Raman process demonstrated that actually, both the EIT and
the stimulated Raman processes occur at the same time. The difference between
them is that, depending on the ratio between the probe pulse spectral width and
the transparency window, one of the processes predominates over the other, in-
dependently of the A, parameter. Thus, far from compete between them, they
complement each other: while EIT is more suitable to store pulses with time du-

rations larger than the lifetime of the excited state, the Raman memory is useful

to store short pulses.

Figure 1.3: Performance of the Raman memory. (a) The off-resonant strong write
field with Rabi frequency Qyy, drive the |2) — |3) transition of the three-level A
atoms of an ensemble with all the population in state [1). A weak signal field, with
Rabi frequency Qg and coupling the |1) — |2) transition, is sent together with the
write pulse and, for an optimal temporal overlap between them and a high enough
intensity of the write field, a stimulated Raman process occurs, which transfer the
atomic population from state |1) to |3). The transmitted parts of the signal and
write pulses are denoted by the Rabi frequencies Qg and Qpyy, respectively. (b)
After a temporal delay a strong read pulse is sent, with Rabi frequency g, and
the stored excitation is recovered and mapped into a read-out signal (2rg) which
is transmitted with the strong read pulse (2rg).
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The rst proposals of Raman memories focused in the mapping of light, either
squeezed states [84] or broadband signals [88], into the spin coherence, but several
di culties for the read-out of the memory were pointed out. In particular, intense
read control elds and a proper overlapping conditions between the control and the
stored signal were necessary. Although Raman storage has been studied during
last decade [84] [88], [90], it has been only experimentally realized recently, demon-
strating storage of broadband signals [47], implementation of the technique at
room temperature [85], and e cient retrieval of the stored light by using multiple
read pulses [86]. The underlying physical process of those experiments is depicted
in Fig. where an o -resonant strong control and a weak signal pulses, with
Rabi frequencies 1 and g, respectively, are sent into an ensemble of -type
atoms under the two photon resonance condition, coupling transitions 2 3
and 2 1, respectively [Fig. (a)]. By stimulated Raman scattering some
of the atoms can change its energy sate from 1 to 3. In the gure, we de-
note the transmitted write and signal pulses with Rabi frequencies 7y and g,
respectively. Note that the transmitted part of the signal is entangled with the
atomic ensemble. Next, a strong enough read pulse with Rabi frequency g (the
transmitted part is denoted by 7g), coupled to 2 3 transition, reverses the
mapping of the spin coherence into a read-out of the previously stored signal pho-
tons, with Rabi frequency gs [Fig. [L.3| (b)]. As mentioned, this scheme allows
for a broadband pulse storage, because the short control pulse creates a broad
virtual state to which the signal pulse is coupled under two-photon resonance.
In particular, an unprecedent storage bandwidth of 15 GHz was achieved in
Ref. [47], that was limited only by the detector response time. The main drawback
for this approach is the requirement of strong control elds needed for writing and
reading the signal, which are the limiting factors for a high e ciency. However,
it has been shown recently that the low e ciency can be signi cantly improved
by sending multiple pulse readings [86], which transforms the stored signal into a

multi time bin with a nearly perfect overall e ciency.

1.3.5 DLCZ protocol

A variation of the Raman memory technique uses spontaneous Raman scattering
instead of stimulated, so the atomic excitation is not produced by an external
photon entering the ensemble, but by the ensemble itself. This is the basis of the
Duan-Lukin-Cirac-Zoller (DLCZ) protocol [91], to create long-lived, long-distance
entanglement between atomic ensembles, which is sketched in Fig In the
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DLCZ protocol, a classical (write) optical field, coupled with one optical transi-
tion of the A-type atoms, creates a collective excitation which is heralded by the
emission of an idler photon [see Fig. (a)]. Next, after a desired storage time,
that can be larger than 5 ms [92], this excitation is recovered in the form of a
signal photon, which is correlated to the idler [93], by applying a control (read)
field to the other optical transition of the system [see Fig. [L.4b)]. Note that this
technique relies on spontaneous Raman scattering, so it is a probabilistic process,

and depends on the control field power.

Write Read

Figure 1.4: Steps of the DLCZ protocol. (a) Ensemble of A-type three-level atoms
interacting with a weak off-resonant write pulse, with Rabi frequency Qy and
coupled to the |1) — |2) transition. With a small probability, one of the atoms
of the ensemble converts, by means of a spontaneous Raman scattering process,
a single photon of the write pulse into an idler photon, of Rabi frequency Q,
corresponding to the |2) — |3) transition. The idler photon heralds the preparation
of the memory with one of the atoms of the ensemble in state |3). (b) For the
read-out a strong read pulse, of Rabi frequency Qg and coupled with the |3) —|2)
transition, is sent to the atomic ensemble. This may produce a Raman transition
of the excited atom to state |1), with the subsequent emission of a signal photon
Q, in the [2) — |1) transition.

To perform long-distance entanglement between two remote atomic ensembles
using this technique [94] 5], the two ensembles are simultaneously illuminated
with write pulses, and a beam splitter placed between the emission channels of
the idler photons mixes the two paths. Therefore, if a photon is detected at one
of the outputs of the beam splitter it is impossible to know which ensemble has
emitted the photon, and the two ensembles must be described by an entangled
superposition state. The DLCZ protocol has shown quantum state transfer be-
tween light and matter [96H99], thus it is suitable for applications in quantum

repeaters. However, it does not allow for a direct storage of qubits coming from
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outside the system. To deal with this limitation, teleportation of an arbitrary pho-
tonic state to an atomic ensemble, which also serves as a memory, has been shown
using the DLCZ protocol [I00]. Note that, since the generation of entanglement
is performed through spontaneous Raman scattering, the memory works only in a
post-selected way. To cope with this, one possibility is to boost the power of the
control beam, in order to increase the Raman transfer probability. Alternatively,
several proposals have addressed this problem by enhancing the coupling between
the ensemble and the light through optical resonators [30} [101]. Moreover, in Ref.
[30] an unprecedent combination of e ciency (73%) and storage time (3.2 ms) has

been achieved using cold 8’Rb atoms in a ring cavity as storage medium.

1.3.6 Photon echo

There are several schemes for quantum memories based on the photon echo e ect
[102]. All of them rely on transferring the quantum state of a light pulse to a
collective atomic excitation taking advantage of the inhomogeneous broadening of
the storage medium (for a review see Ref. [26]). The inhomogeneous broadening
allows for the absorption of the di erent frequencies of the incident pulse by di er-
ent groups of atoms, and just after the absorption, a dephasing appears between
them. The key point of the photon echo techniques is to force the rephasing of the
atoms in order to induce a collective reemission of the stored information. As an
example, consider an inhomogeneously broadened ensemble of N two-level atoms
interacting with a light pulse. After the absorption of the pulse, the state of the
atomic system can be described as a coherent superposition of one of the atoms

excited and the rest in the ground state:

N
= cje iteikzi 1, On (1.10)

J
where ¢; is the probability amplitude that the atom j absorbs the photon, z;
and ; are, respectively, the position of the atom j and its detuning with respect
to the carrier frequency of the pulse, k is the wavevector of the light eld, and
01 1; On denote the collective state of all the atoms being in the ground state
and j in the excited state. Initially ;t = 0, so all the atoms at position z; are in
phase, but immediately after the absorption the atoms start to dephase due to the
di erent detunings ;. Therefore, to achieve a collective rephasing one needs to

control or modify this detuning, for instance by means of external elds, in such

32



1. Overview of quantum memories

a way that at a later time the phases of all the atoms become equal again. Once
the atoms are in phase a collective atomic coherence is created and this triggers
the reemission of the absorbed pulse. Depending on the detuning distribution
of atoms considered, one can divide the photon echo techniques into two groups:
the controlled reversible inhomogeneous broadening (CRIB) and atomic frequency
comb (AFC) techniques.

Controlled reversible inhomogeneous broadening (CRIB)

One possibility to achieve the collective rephasing is to invert the sign of the
detuning once the incident photon has been absorbed, in such a way that the
temporal evolution of each atom is reversed . This idea of reversing the evolution
of the system was already present in the original spin [I03] and photon echo
[102] proposals. Although the original photon echo technique presents serious
drawbacks regarding the implementation of a quantum memory, such as poor

delity associated with an inevitable ampli cation process [104], it motivated the
work by Moiseev et al. [105] for storage of a single photon in an inhomogeneously
broadened two-level atomic vapor.

In this proposal, depicted in Fig. the authors considered a single photon
entering a Doppler broadened gas, composed by two level atoms, represented in
the gure by states 1 and 2 . Due to the inhomogeneous broadening (IB) each
frequency component of the single photon pulse is resonant with a di erent group
of atoms with a given velocity, so the photon is collectively absorbed by all the
atoms of the medium [Fig. [L.5[a)]. This implies that after the absorption, the
state of the atomic system can be described as a superposition of the form given in
Eq. , with all the atoms in the ground state except one in the excited. Before
the single photon enters the medium all the atoms are in phase, but just after the
absorption, because of the IB, each atom evolves di erently due to the di erent
detunings, and they start to dephase. This dephasing prevents a reemission of
the photon, and implies that, in the Bloch sphere, the Bloch vector of each atom
precesses with a di erent velocity depending on its detuning. The key idea of
the photon echo, is to restore the initial conditions, i.e., the phase, to trigger
the reemission of the absorbed pulse at will. With this purpose, a v-area pulse
[Fig. [1.5(b)] is used to transfer the population to a long lived auxiliary level,
e.g., an hyper ne metastable state, and after a desired time, another v pulse,
counterpropagating with respect to the rst one, transfers back the population
to the excited state [see Fig. [L.5[(c)]. Note that during the time in which the
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Figure 1.5: Scheme of Moiseev et al. [105] proposal. (a) Single photon entering
the Doppler broadened gas and interacting with the 1 2 transition of the
atoms with a detuning depending on the atomic velocity. The inhomogeneous
broadening produces a collective absorption and a dephasing between the atoms.
(b) A v pulse transfers the population to an auxiliary state aux which pauses the
inhomogeneous dephasing and, after a time, another v pulse (¢) transfers back the
population to the excited state 2 , with the opposite detuning. (d) The di erent
sign of the detunings implies that the atoms start to rephase and eventually a
collective reemission is produced.

population is in the auxiliary state, which can be many orders of magnitude longer
than the lifetime of the excited level, the inhomogeneous dephasing is stopped.
Due to the Doppler e ect, the pair of v pulses e ectively change the sign of
the detuning with which each atom is evolving, and additionally set the phase
matching condition necessary for the reemission of the single photon. The e ective
change in the sign of the detuning implies that the di erent phases of the atoms
start to evolve in the opposite way, i.e., the Bloch vectors rotate in the opposite
direction, and eventually they will be in phase again. When this rephasing is
achieved, the reemission of a time reversed copy of the initial single photon, which
propagates in the backward direction, is produced [Fig. (d)]

This process can be understood as a time reversal symmetry in the evolu-
tion equations of the system. Considering a single weak pulse interacting with a
Doppler broadened gas of two level atoms, the evolution equations that describe

the forward and backward propagating modes of the optical coherence qﬁt()j z of each
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atom j and the eld amplitude 1 ¢ read:

—ogr =i ot @b (1.11a)
LT

where the subindex b (f) and the sign  (4) in Egs. (L.11)), refer to the back-
ward (forward) mode, ; is the detuning, G( ;) is the detuning distribution of
the atoms, ¢ is the speed of light in the vacuum, = ¢?Nd with ¢> = o 2 ¢V
being the coupling constant, ( the atomic transition frequency, o the vacuum
permittivity, N the number of atoms in the quantization volume V', and d the
electric dipole moment. Moreover, we have used the weak eld approximation,
i.e., that the population, initially in level 1 , does not evolve in time. We note
from these equations that the backward propagating modes are identical to the
time reversed form of the forward propagating ones, provided a sign change in
the detuning and eld amplitudes is applied. This time reversal symmetry en-
sures that the backwards emerging photon is a perfect time reversed copy of the
incident one, provided the optical depth is large enough to completely absorb
the initial photon. This sign change in the eld amplitudes corresponds to per-
forming a phase matching operation, for instance via the two counterpropagating
v pulses, or more generally by applying a phase shift e 2%% to all the atoms.
Later on, the idea reported in Ref. [I05] was extended to solid state materials,
allowing for large storage times [106], [107] and for the arti cial creation of con-
trolled reversible inhomogeneous broadening (CRIB) [108], [109]. The creation of
this arti cial broadening is sketched in Fig. First, (a) consider a material with
an intrinsic inhomogeneously broadened spectrum. (b) Next, a single absorption
spectral line is isolated using optical pumping techniques, and then (c) it is arti -
cially broadened with external electric or magnetic eld gradients. (d) The change
of sign of the detuning can be performed by changing the polarity of the device
that generates the elds.

As pointed out in Egs. , the time reversal symmetry arising from the
phase matching and the sign change of the detuning provides, for large enough
optical depths, a reemission in the backward direction with a 100% e ciency. In
this context, several proposals have analyzed the performance of the memory for
situations in which the phase matching operation is not applied and for limited

optical depths [27, 110]. In this case, the absence of phase matching leads to the
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Figure 1.6: Protocol to artificially create a controlled reversible inhomogeneous
broadening (CRIB). (a) Take a material with a large natural inhomogeneous
linewidth. (b) Isolate a narrow absorption line with optical pumping techniques.
(c) Broaden the single line by using external field gradients. (d) Change the
polarity of the fields to reverse the detuning.

reemission in the forward direction, instead of in the backward. Moreover, if the
inhomogeneous broadening is created transversal to the light propagation direc-
tion, the reabsorption of the light limits the memory efficiency to a 54% [27, [110].
Alternatively, if the broadening is distributed in the same direction as the light
propagation, the reabsorption of the emmited light is avoided, and the efficiency
can be ideally 100%, for large optical depths. The later configuration is usually
refered as longitudinal CRIB or gradient echo memory (GEM) [39] and has been
experimentally demonstrated in solid state systems [I11} 112], allowing the possi-
bility to create highly efficient quantum memories [29] and to store single photons
in the telecommunications domain [48, 113]. In addition, the CRIB technique has
been considered recently for the storage of orthogonal polarization components of
weak light pulses [1T4HIT6].

The CRIB techniques have been combined with direct Raman transfer to an
extra metastable state of a A configuration [40, T17H120]. This approach is known
as Raman echo quantum memory (REQM) or A-GEM, for the longitudinal in-
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homogeneous broadening case. The first experiments of A-GEM were performed
using warm atomic vapors [117), [I18], and efficiencies up to 41% were demon-
strated. Also, the possibility to work as a sequencer of multiple stored pulses [40],
and the implementation of this technique in cold atomic ensembles [119] has been

proposed.

Atomic frequency combs (AFC)

Instead of inverting the sign of the detunings, the other possibility to induce the
atomic rephasing required in Eq. to reemit the light pulse, is to use a
detuning distribution with a comb profile, as the one shown in Fig. In this
approach, the atomic frequency distribution has absorption lines of width given
by the homogeneous decay rate -y, spaced by multiples of a fixed peak separation
A. This kind of distribution can be created for instance by frequency selective
optical pumping [121] 122] by modulating the amplitude or the frequency of the
pump field. With such a structure, the phase of all the atoms in the comb-like
distribution, €"i? in Eq. , will be equal at times multiples of T' = 27 /A
[123]. At those times, an automatic reemission of the stored light will occur in
the backward or forward direction, depending on whether the phase matching
condition is applied or not, respectively. As in the CRIB proposal, the forward

reemission efficiency will be limited by the reabsorption of the medium to 54%.

5[ 3000400010
=
0 5,

Figure 1.7: Profile of an atomic frequency comb with peak separation A and peak
width v created by optical pumping (represented with vertical orange arrows) at
certain frequencies.

This approach comes from the idea that a photon echo can be stimulated
from accumulated frequency gratings [121], 124], and compared to CRIB, it has
the advantage of making better use of the available optical depth because fewer
atoms are needed to be removed from the spectral absorption profile through
optical pumping (see differences between Fig. and Fig. . Moreover, while
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the CRIB multimode capacity increases linearly with the absorption depth, in the
AFC protocol it depends only on the number of peaks in the comb [36] [4T], 42]
leading to an almost unlimited number of possible modes to store [41], 42]. An
essential feature of the spectral pro le for the performance of the memory is the

nesse of the comb, de ned as F = . The higher the nesse, the narrower
the peaks of the comb compared to their separation. To avoid having atoms
with non-desired frequencies, and hence to have a perfect rephasing, one needs a
high nesse of the comb (the ideal case would be having Dirac delta-like peaks).
However, a high nesse implies that more atoms need to be removed from the
original spectrum pro le and therefore the optical depth is dramatically reduced,
limiting the absorption e ciency. Therefore, a compromise between the nesse of
the comb and the optical depth is needed [36]. One of the main disadvantages
of this scheme is that the emission time is xed by the peak separation, limiting
its on-demand possibilities. However, this drawback has been surpassed recently
using a pair of v pulses to transfer back and forth the excited optical coherence to
the long-lived ground-state coherence of a  system [125]. Later, an improvement
of the transfer technique, using chirped control elds, has been also proposed [126],
and optimal comb structures investigated [127, 128]. Recent advances in quantum
memories based on AFC include storage of photons at the telecommunication
wavelengths [IT3], the possibility to entangle a single photon with a collective
atomic excitation [49 129] at record bandwidths [46], to entangle two separate

crystals [I130], and to store polarization encoded qubits [131] [133].

1.3.7 Single atom in a cavity

Most of the previously discussed quantum memory proposals rely on information
storage in collective excitations. However, very recently, a novel approach con-
sisting in a quantum memory formed by a single atom in a cavity was proposed
[31]. This scheme is a rst step towards a light-matter interface at the truly
quantum level, i.e., mapping quantum information between ying and stationary
single qubits. This single particle approach allows to herald the successful storage
of a photon [I34], and the in situ manipulation of the stored qubit. However, the
interchange of quantum information between single photons and single atoms is a
task di cult to accomplish, due to the weak interaction strength. A possible ap-
proach to achieve strong enough couplings is to use an optical cavity with a single
atom trapped inside. In this context, the mapping of quantum information from

a single atom onto a photon has been achieved [135], whereas the inverse process
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has been addressed by controlling the pulse transmission through the cavity either

using EIT [136] [137] or storing part of the pulse in the atom and releasing it [138].

—|2")

—|[3")

Figure 1.8: Scheme of the single atom quantum memory [31] proposal. A single
atom in a cavity interacts with a strong control v-polarized eld and a weak coher-
ent pulse, in an arbitrary polarization state, entering the cavity. The polarization

components of the weak pulse ¢ and ¢ (in red) couple the transitions 1 2
and 1 2, respectively, while the control eld (in blue) couple simultaneously
the transitions 2 3 and 2 3 . When the weak pulse arrives the control

eld is turned o , producing a STIRAP transfer to levels 3 and 3 . After a
time, the turning on of the control eld transfers back the population to level 1
and a single photon with the same polarization as the input pulse is emitted.

One step further, the coherent mapping of polarization encoded quantum in-
formation from light into a single atom in a cavity and back to light has been
achieved by Specht et al. [31]. In this proposal, sketched in Fig. a single ' Rb
atom with ve relevant energy levels in a M-con guration is trapped into a high

nesse optical cavity. The atomic population is prepared initially in the ground
state 1 , and a control v polarized laser, perpendicular to the cavity, couples to
the outer transitions, 2 3 and 2 3 , of the M con guration. Then, a
weak coherent pulse in an arbitrary polarization state (de ned by a superposition
of 1 and ¢ ) is sent to the atom through one of the mirrors of the cavity, which
has high transmission. Each of the two circular polarizations of the probe pulse
is coupled with one of the inner transitions of the atom, 1 2 and 1 2,
thus forming a V-type scheme. Simultaneously with the arrival of the probe, the
control laser is turned o . This produces a cavity-mediated stimulated Raman
adiabatic passage (STIRAP) which transfers the population from the state 1 to
the next ground states 3 and 3 , and creates a spin coherence between them.

After a certain storage time, turning on the control eld converts the spin coher-
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ence into a single photon with ideally the same polarization state as the initial
weak pulse. This approach for polarization qubit quantum memory was tested
using quantum state tomography, which resulted in delities of 93%, e ciencies

around 10%, and storage times close to 200 s.

1.3.8 Summary

To conclude, we present here a summary of the main approaches to perform quan-
tum memories (Table [1.1)), enumerating both the technique (1st column) and the
physical system (2nd column), as well as the values for the gures of merit achieved
using the di erent methods (columns 3rd to 7th).

We observe that each quantum memory approach has its own advantages. For
instance, while the EIT technique o ers the record storage time (2.3 s [34]), the
group of photon echo techniques present in general larger storage bandwidths and
e ciencies, and have been demonstrated in the telecommunications range. Within
photon echo, the GEM approach presents acceptable e ciencies and bandwidths
(- 70% [29]), while the multimode capacity is the strong point of the AFC proposal
(up to 1060 modes in Ref. [42]). Moreover, a record bandwidth of 5 GHz has been
reported recently [46] using a rare-earth ion doped waveguide as a storage medium.
Concerning the Raman memory, the bandwidth available is only limited by the
spectral characteristics of the strong pump eld, thus considerably broadband
photons have been stored used this technique [47]. Also recently, the Raman
memory has been used to store a single photon in a cold atomic ensamble, placed
in a cavity, with high delity and e ciency, during a relatively long time [30].
Regarding the recent proposal based on a single atom in a cavity [31], acceptable
values for the main gures of merit have been obtained, which serves as a proof
of principle for this promising approach.

We conclude from this table that, although important benchmarks have been
achieved, each technique provides satisfactory values of only one or two gures of
merit. Note for instance that in most cases the memory e ciency is compromised
with short storage times. In this line, an important step towards a versatile
quantum memory is the experiment reported in Ref. [30], in which suitable values

for both the e ciency and the storage time have been achieved.
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2
Quantum memory for
polarization single photon

qubits in three-level atoms

In this Chapter, based on the works published in Refs. [115, [116], we propose two
di erent approaches to implement quantum memories for single photon polariza-
tion qubits, i.e., single photons in an arbitrary superposition of two orthogonal
polarizations, using both in V- and in -type three-level atoms. First, in Sec-
tion we review the state-of-the-art of polarization qubit quantum memories
and discuss their interest. Next, in Section we introduce the physical sys-
tem under investigation, consisting of an ensemble of inhomogeneously broadened
three-level atoms (either in a V or in a  con guration) interacting with two-
polarization components of a single weak pulse coupled to each of the optical
transitions, and we derive the evolution equations that govern its dynamics. Un-
der the weak- eld approximation, the equations for the forward and backward
propagating modes of the atomic polarization and the eld components are linear,
which means that they can be used to describe the single photon case. Moreover,
the time reversal symmetry of the evolution equations allow to use the controlled
reversible inhomogeneous broadening technique (CRIB) [108] 109} 111], discussed
in Subsection to implement a quantum memory.

On the one hand, in Section we focus into the V-type con guration for the
three-level atoms, and we theoretically show the possibility to store and retrieve
the weak light (or the single photon) pulse interacting with the two optical tran-
sitions of the system. In most approaches the storage of the polarization qubit is
achieved by using two spatially separated two-level media quantum memories. In

contrast, this scheme implements a quantum memory for polarization qubits with-
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out the need of spatially splitting the path for the light. For this reason our scheme
o ers the advantage of experimental compactness and allows to overcome the lim-
itations due to mismatching and unequal e ciencies that can arise in spatially
separated memories. We also analyze di erent phase noise mechanisms a ecting
the atomic transitions due to, for instance, the transfer of the stored excitation
back and forth from the excited state to a metastable one to enlarge and control
the storage time, or an imperfect isolation of the atomic ensemble from external
electric or magnetic elds.
On the other hand, in Section [2.4] we consider -type three-level atoms, pre-
pared in a coherent superposition of the two ground states, i.e., the so called
phaseonium preparation [140]. Then, we address the propagation of a single
photon pulse with two polarization components, i.e., a polarization qubit, in this
three-level medium, and combine some of the non-trivial propagation e ects char-
acteristic for this kind of coherently prepared systems with the controlled re-
versible inhomogeneous broadening technique. As a result of our investigation, we
propose di erent quantum information processing applications, such as a protocol
for polarization qubit ltering and sieving, as well as a tunable polarization beam
splitter. Moreover, we show that, by imposing a spatial variation of the atomic
coherence phase, an e cient quantum memory for the incident polarization qubit
can be also implemented in -type three-level systems.
Finally, in Section [2.5] we brie y discuss the feasibility of the two proposed
methods to implement polarization qubits in real systems, while in Section we

summarize the results and present the conclusions.

2.1 Introduction

The realization of high e cientand high delity quantum memories is an ambi-
tious goal that has motivated a considerable worldwide activity [30} B3] [44] 46,
47, 49, [85], 86, 92 [129], 131 133, 141 [143]. In particular, optical quantum memo-
ries are essential for quantum information processing: they play a central role in
quantum computation with linear optics [12), 13| and, more generally, in quantum
networks [144]. Speci cally, optical quantum communication su ers from degra-
dation of information along transmission at large distances. To cope with this,
advanced strategies have been proposed requiring the use of quantum repeaters of
which quantum memories are the core ingredient [4], [5 14 [33], [72}, 08]. In quan-

tum communication with photons, logical qubits can be encoded in several ways,
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for example via polarization, time-bin, path, phase, or photon-number encodings.
Concerning polarization, the logical 0 and 1 quantum states correspond to two
orthogonal polarization degrees of freedom, for example, left- and right- circular
polarizations. Many quantum information processes and sources of photon states
are based on the polarization degree of freedom, showing a high degree of inter-
ferometric stability and experimental compactness. Thus, it is on the storage and

retrieval of polarization qubits that we will focus on this chapter.

Up to now, polarization-qubit memories have been experimentally realized
mainly in cold atomic ensembles and atomic vapors [75], [76, [78, [96], 99, [100], though
storage of polarization states of light has also been reported recently in solid-state
crystals [I31] [133]. In these experiments, polarization encoding is rst transformed
into path encodingﬂ and then stored into two spatially distinguishable ensembles
(actually, two di erent memories). Retrieval is eventually performed by mixing
again the output pulses, thus transforming back to the original polarization en-
coding. Those realizations are attractive, however are susceptible from several
practical drawbacks due to the storing of each polarization component in a di er-
ent region. As a matter of fact, in order to preserve the original input quantum
state, the two retrieved beams must be indistinguishable when mixed back again,
apart from what concerns their polarization. In particular, they must occupy
the same spatial and temporal mode, implying perfect matching at the mixing
stage. In addition, the e ciency of the two memories and their environmental
conditions must be the same, otherwise the two polarization components of the
original beam would be retrieved in an unbalanced fashion. Such necessary con-
ditions require extra e orts from the experimental point of view [145]. Recently,
the storage of polarization qubits without spatially splitting the input photon has
been addressed [31, 114]. In Ref. [31] the qubit is stored in a single atom, with ve
relevant energy levels in an M-type con gurationEl, trapped in a high nesse cavity,
whereas in Ref. [114] a dense ensemble of four-level atoms in a tripod con guration

is investigated for storage and retrieval of polarization qubits.

We show here that a quantum memory for polarization qubits can be imple-
mented also in a three-level system without the extra step of splitting spatially
the input state and, therefore, storing both polarization components in the same

spatial region. In particular, we base our analysis in the controlled reversible inho-

1Strictly speaking, in Refs. [I3T) [133] there is no path separation, but the two memories are
placed one behind the other, thus each crystal absorbs a different polarization component.
*Note that the use of this scheme was previously pointed out in Ref. [146]
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mogeneous broadening (CRIB) technique [I08, 109], discussed in Subsection [L.3.6]
CRIB has been developed especially for the storage of time-bin qubits, being par-
ticularly suited for broad-band pulses. However, we will show in this Chapter that
photon echo quantum memories could also o er a compact resource to store and
retrieve polarization qubits. Speci cally, we will consider the transverse CRIB
technique (see Subsection , although most of the results shown here could
be easily extended to the longitudinal CRIB, or gradient echo memory, case [111].

2.2 Controlled reversible inhomogeneous broadening
(CRIB) in three-level systems

In most of the previous works concerning CRIB, two-level systems have been
considered, apart from the mentioned auxiliary third level used only to perform
the phase-matching operation and increase the storage time. Here we extend the
CRIB approach to media composed of three-level atoms interacting with a weak

pulse with two orthogonal polarization components.

(a) (b) ()

Figure 2.1: (a) Physical system under investigation: a single pulse with central
frequency ¢ and two circular polarization components enters a medium with
transverse inhomogeneous broadening. The three-level atoms of the medium are
in a (b) V-type or (c) -type con guration. The left- (right-) circularly polarized
component of the incident pulse couples to transition 3 2 (3 1) in the
V-scheme and to 3 1 (3 2 ) in the -scheme, 13 and 23 denote the
Rabi frequencies of the components coupled to the corresponding transitions and

is the one photon detuning. We assume degenerate 1 and 2 levels, so the
polarization components are in two-photon resonance.

The physical system under investigation is sketched in Fig. a), and con-
sists of a single pulse, with central frequency o and two orthogonal polarization
components (for de niteness we assume left and right circular polarizations) prop-
agating in the +z direction, and interacting with a medium in which an arti cial

transverse inhomogeneous broadening, much wider than the spectral width of the
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pulse, has been created. This arti cial broadening can be implemented, for in-
stance, via Stark shift of the atom levels by an externally applied electric eld.
For the atoms of the medium, we consider two possible energy level con gurations,
either V [Fig. 2.1(b)] or  [Fig. 2.1|c)] schemes. Since the evolution equations for
both con gurations are formally the same, we present in what follows a common
derivation for the two of them. In the two con gurations, the each polarization
component of the eld interacts with on of the optical allowed transitions, for
which we assume the same nominal frequencies, and that the two-photon reso-
nance condition is ful lled for all atoms within the inhomogeneously broadened
pro le. In this situation, the evolution of a single -type three level atom can be
described, in the rotating wave and electric dipole approximations, by the follow-

ing density matrix equations:

—tgbu(z t) =ig13(z t) 13(z t)+cc (2.1a)
7¢22(2 t) :i¢23(2’ t) 23(2 t) +cc (2.1b)
—12(z t) =id13(2 ¢ 31) 93(2 1) g2z t) 13(2 1) (2.1¢)

7¢13(z t) =Z¢12(2’ t) 23(2 t) { 31¢13(Z t)

i[pas(z t) (2 t)] 13(z t) (2.1d)
—¢2(2 t) =ign(z t) 13(2 1) @ s2023(2 1)
ilp33(z t) ooz t)] 23(2 t) (2.1e)

where ¢;; is the population of level 4 , ¢;; is the atomic coherence between levels
it and j, 4 = dij Ej is the Rabi frequency with Ej;; being the slowly
varying electric eld amplitude of the light component coupled with transition
i j,dj; is the dipole moment of the corresponding transition, is the reduced
Planck constant, and j; = ; i 18 the transition frequency between levels j

and ¢ . The evolution equations for the V-type con guration can be obtained from
Egs. by substituting the Rabi frequencies by their complex conjugates. Note
that we consider a closed atomic system satisfying ¢11 + ¢ + ¢33 = 1. Moreover,
for simplicity, we have not included any incoherent decay term into Egs. ,
since we assume that the lifetimes of the excited level and of the ground state

coherence are much larger than the whole duration of the interaction process [27].

In order to solve analytically the evolution equations of the system we gen-
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eralize the treatment done in Ref. [27], where the transition operators and the
eld amplitudes associated to each dipole transition are split into the forward and

backward modes, denoted by the superscripts f and b, respectively:

¢ (zt)=¢" (2 t)e W ot ko02) 4 4P (5 f)e W otthoz) (2.2a)
(zt)= T (zt)e ot Fozlp b (5 p)e P olthoz) (2.2b)
where, from now on, we set ¢ = 3, =12and = . The signs + and

in the exponents correspond to the case of V- and -schemes, respectively, g is
the central frequency of the pulse and kg the corresponding wavenumber. Since
the interaction involves weak pulses, one can neglect [108] 109, [I11] the temporal
variations in the level populations as well as in the coherence ¢15. The validity of
these approximations is checked and con rmed in Subsections and via
numerical analysis of the full set of Bloch Egs. . Using the forward /backward
mode decomposition [Egs. ] and the weak eld approximation, outlined just
above, Egs. (2.1) are simpli ed as follows:

=0t ) =i Mt ) ile 6 ) M +is e (23)

where we have made explicit the dependence of the optical coherence on the de-
tuning , de ned as = g for the -scheme and = o for the
V-scheme. Note that the evolution equations for each optical transition are in

general coupled through the two-photon coherence ¢

On the other hand, the propagation of the forward and backward modes of the
light, in a reference frame moving with the pulses (z = zandt ¢t 2z ¢), can

be described by the following equations:

- bf(z )= i / G ( )gbbf(zt )d (2.4)
where 4+ () refers to backward (forward) modes, G () is the inhomogeneous
frequency distribution of atoms of the corresponding transition; =¢’Nd®> ¢
with g2 = (¢ 2 oV being the coupling constant; g is the vacuum electric permit-
tivity, IV is the number of atoms in the quantization volume V', and c is the speed
of light in vacuum. It is worth noting that, although the treatment is performed
in the semiclassical formalism, the linearity of the equations ensure the validity

of this model also at the single photon level. Thus, in what follows, both the
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atomic coherences and the elds can be interpreted as classical amplitudes as well
as quantum operators.

From Egs. (2.3)-(2.4), we note that the time reversed (t t) equations
for the forward propagating modes are equal to the backward ones under a sign
change in the detunings and in the eld amplitudes. As we have discussed after
Egs. , this symmetry in the optical-Bloch equations is indeed the basis for
the CRIB technique. Therefore, as described in Subsection once the forward
propagating input light pulse has been completely absorbed, in order to retrieve
the pulse as a time reversed copy of itself, we need to reverse the detuning (

). This reversing operation can be achieved, for instance, by changing the
polarity of the device that creates the inhomogeneous broadening. At the same
time, one has to apply a position dependent phase matching operation to transform
the forward components of the atomic excitations into backward components, so
that the retrieved pulse propagates in the backward direction. This phase change
can be performed by transferring the atomic coherences back and forth to an
auxiliary metastable state [108] [ITT], [126] which also allows for longer storage times
[34, 106], 107]. If the phase matching is not performed, the atoms will reemit in
the forward direction, process that is described by the forward modes of Egs.

and .

2.3 Optical quantum memory for polarization qubits

with V-type three-level atoms

In this Section, we consider the case in which the atoms of the memory have a V-
type energy level con guration [see Fig. [2.1{(b)]. For this situation, we analytically
solve Egs. and , obtained under the weak input pulse approximation,
considering that the atomic population is initially in the ground state, 3 . More-
over, we will consider the e ect, in the e ciency and the delity of the memory, of
a phase change in the atomic coherence after the input pulse has been absorbed,
as well as the in uence of an inhomogeneous phase noise in the rephasing of the
atoms at the retrieval stage. For each of the two eld components involved in the

process, the e ciency is de ned as:
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where the superscripts f and b refer to the forward and backward protocols, and

n(© ) and bf(zout ) denote the temporal Fourier transforms of the input
and output eld components, respectively. For the backward and forward retrieval
schemes in a medium with length L, the output components are evaluated at the
medium surfaces zoyt = 0 and zout = L, respectively. Eq. addresses the
energetic balance of the storage and retrieval processes, that is to say, the storage
and retrieval of each component of the eld independently from the other one.
However, when considering the storage of quantum elds, it is of relevance to focus
on the phase between the two polarization components of the retrieved qubit by
comparing it with the phase of the input qubit. Since we are interested in the case
of initial pure states, the delity is de ned as the overlap between the initial state

in and the retrieved state, which in general, could be pure or mixed:

b f

be = in  out in (26)

where guft is the density matrix of the backward or forward retrieved qubits.
Note that for those cases in which the quantum memory is perfectly e cient the
retrieved state is pure. This is due to the unitarity of the dynamics and the fact
that the medium and the elds end up in a factorized state. On the contrary,
for a non-unit e ciency, for instance for nite optical depths, where part of the

incident light is lost, the output state will be mixed.

2.3.1 Polarization qubit storage

As said in the discussion before Egs. , for a weak input pulse the dynamical
evolution of the level populations can be neglected, and therefore, since the initial
population is assumed to be in the ground level 3 , ¢33 = 1, one can assume that
the population of the excited levels as well as the coherence between them remains
negligible during the whole storage and retrieval process, i.e., ¢11 = 22 = ¢12 0.
In such case the evolution of the two components of the pulse are uncoupled from
each other and Egs. can be solved for each eld component separately:

—tgbbf(zt Y=1i ¢"fzt ) i Pz ) (2.7)

In other words, the system turns out to be equivalent to two independent two-
level media. Thus, the standard treatment of CRIB in two-level media can be

applied: each pulse component is absorbed by the transition it is coupled with, and
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the information is stored in the respective optical atomic coherence. Afterwards,
each pulse can be retrieved as in standard CRIB, either in the backward or in
the forward direction. Thus, this protocol avoids the need of any active spatial
separation of the pulse components to store them. Therefore, the use of CRIB
in V-type three level atoms does not su er from detrimental e ects due to the
mismatch in spatially separated memories. For later purposes, let us now present
the analytical solution for the eld components in all the stages of the CRIB
protocol following the lines of Ref. [27].

2.3.2 Absorption of the field components

The solution for the propagation of the incident eld components can be ana-
lytically obtained by inserting the solutions of Eqgs. (2.7) (for the forward modes
*f ), with the initial conditions ¢' (z t = ) =0, into Egs. . Using the
notation introduced in Eq. and Fourier transforming the result, one obtains:

— "k )= H () ") (2.8)

where is the Fourier variable, and we have de ned
H():/ G ()/ el D dd (2.9)
0

To get analytical insight, we consider symmetric transitions, that is to say, equal
electric dipoles, di3 = dog = d, and inhomogeneous broadening distributions,
Gi3( ) =Ga3( )= G( ). Under these assumptions it follows that Hiz( ) =
Hy3( )=H( )and 13= 923 = . Therefore the solutions of Egs. read:

Bz )= "0 )exp (2)Z (2.10)
with (0 ) the Fourier transformed Rabi frequency of the incident polariza-
tion components at z = 0, and ( ) = H( ) the absorption coe cient, which
determines the optical depth of the atomic ensemble: ()L, with L the length of
the medium. This equation describes the absorption of each frequency component
of the incoming eld, and it shows that, for large enough optical depths, complete

absorption of the two eld components can be obtained.
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2.3.3 Backward and forward retrieval

We study now the propagation of the retrieved light pulse in backward and forward
directions caused by the sign change of the detunings, after the absorption stage,
at time ¢ = 0. Note that for the backward propagating case, a phase matching

operation is also needed for the retrieval, which corresponds to a sign change in
bf bf

the eld amplitudes. Therefore, by changing and in
Egs. (2.7)), for the backward case, and only for the forward retrieval,

Eqgs. and can be solved following the same method as in the absorption
stage. Here, we use the boundary conditions ! (0 )=0and P (L ) =0
for the forward and backward reemission processes, respectively, and the initial
condition qbbf(z t=0 )=¢"(2t=0 ). By de ning

F():/+ G )/0 el e A dd (2.11a)
J ( ):/+ G )/+ el e M dd (2.11b)

the equations for the eld components associated with each transition are:
Plz )= F () e )+J ()™= ) (2.12)

with + () for the backward (forward) con guration. The analytical solutions for

the output eld components read:
SCEPE N O R (2.13)

where we have assumed symmetric transitions and we have de ned the backward

and forward retrieval coe cients as

_JO) L+ ) .
FOTE ! (2.14a)

f()==2J( )GZF(H?H( ‘sinhe 2 ()2( )

") =

(2.14D)

with sinhc(z) = sinh(z) x denoting the hyperbolic sinus cardinal function. When
the spectral bandwidth of the pulse is smaller than the one of the inhomoge-
neously broadened transitions, the functions de ned in Egs. and can
be approximated as F'( ) H( ) J( )2 v 2. Therefore, the absorption
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coe cient becomes ( )= J( ) v and PI( ) simplify to:
baoe B (2.15a)
b Le L2 (2.15b)

with L being the optical depth. Egs. show that for the backward scheme
both eld components are recovered up to the factor P, which approaches unity
for a large enough medium optical length. This result con rms that ideally both
polarization components can be stored and recovered perfectly in the backward
direction, thus permitting to build up a quantum memory for a polarization qubit.
On the other hand, in the forward retrieval case the quantum memory yields a

forward retrieval with a maximum achievable e ciency around 54% as expected
from Ref. [27].

2.3.4 Effects of Phase noise

We consider now the e ects of a speci ¢ variation in the phase of the atomic
coherences, and its in uence in the e ciency and delity of the memory. This is
propaedeutic to the analysis of the role of the phase noise in the quantum memory,
which will be the main goal of this Subsection.

Let us consider that, after the complete absorption of the eld and before
the reversing of the detuning, the phase di erence between the atomic levels can
be arti cially engineered, for instance, by means of external electric or magnetic

elds. The phase variation of the atomic coherences can be written, in the most

general case, as:
gij el @i (2.16)

with ¢ 7 = 1 2 3. This phase variation a ects the quantum memory protocol
yielding an additional phase to the initial conditions used in the retrieval stage of
the protocol. As a consequence, Egs. (2.12) transform as follows:

Pz )= F () P )+d ()l @) e ) @)

with + () corresponding to the backward (forward) retrieval protocol. The
solutions of Egs. (2.17) read:

bf(z ): ei(wu wp) bf( ) in (0 ) (2.18)
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The above expression is identical to Eq. , apart from a phase factor. As a
consequence, the retrieval e ciency for each eld is the same as in the standard
CRIB protocol. However the additional phase change introduced here a ects the

delity, de ned in Eq. . Let us focus on the most interesting case corre-
sponding to the backward retrieval, for which each component of the pulse can
be recovered with unit e ciency for large optical depth media, i.c., P( ) 1.

Consider a generic polarization qubit at the input:
in =ar L +ar R (2.19)

where L and R denote a left- and right- circularly polarization states of a

single photon, respectively. In the case of unit e ciency, the output backward

eld, Egs. (2.18]), would be:

b =are™t L +are™t R (2.20)

being 7, =73 m and mg = w3 we. From Eq. (2.6), the corresponding input-
output delity reads

4 2

F= ap’+e% ap? (2.21)

with 7 = 71 m9. Clearly, even if each component of the initial qubit is completely

recovered, the additional phase accumulated in levels 1 and 2 degrades the

delity. The latter is instead una ected by a phase change in the lower level since,

in this case, no phase di erence is accumulated between the coherences ¢13 and

$23.

The analysis performed up to here has been referred to a system evolving in
the absence of any kind of decoherence. Let us consider now the presence of noise
in the phase of the atomic transitions. Two mechanisms can be foreseen that yield
random phase variations in the atomic transitions during the storage time. First,
consider that after the pulse is absorbed, each atom, apart from evolving according
to its free Hamiltonian, is a ected by spurious magnetic and electric elds. This
would lead to a non-ideal rephasing after the reversing of the detuning. Second, as
it has been discussed in Section|2.2and in Subsection|1.3.6], in order to increase the
storage time it is customary to temporally transfer the population from the excited
unstable level to an auxiliary level endowed with larger coherence time. This
procedure is performed via the coupling with light pulses of area v [105] 108, 109}
147]. Ideally, these pulses should couple to the system without introducing any
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uncontrolled phase shift to the original atomic transition. However, in any realistic
situation, the intensity and phase uctuations of the light pulses will result in a
phase shift, probably di erent for each atom, when the population is transferred
back to the original excited level. Both aforementioned noise mechanisms can
be modeled by adding a phase noise to each atomic transition. In practice each
atomic coherence of each atom is subjected to phase transformations as those
given by Eq. . Since the additional phase is random and centered in zero,
we consider the von Mises phase distribution (circular normal distribution) that

is to say, a continuous probability distribution on a circle, represented in Fig.

ekj COS W

Mj(mj) = o)

(2.22)

In the de nition above j refers to the level j a ected by the noise, 7; is the phase
acquired by this level, Io(k;) denotes the modi ed Bessel function of zero order,
and k; is the inverse width of the phase noise distribution, that is assumed to be
centered at zero phase value. For k; = 0, the distribution is uniform along the
interval [ v v], while the larger the k;, the narrower the noise distribution, and
vice versa [see Fig. [2.2]. Notice that the actual form of the chosen distribution is

however not relevant for our purposes.

M; (¢3)

Figure 2.2: von Mises distribution of the phase of the lower level 3 , for di erent
values of the inverse width distribution: k3 = 0 (solid line), k3 = 1 (dashed line),
ks =5 (dot-dashed line), k3 = 20 (dotted line).

In order to introduce the e ects of phase noise in Eqgs. (2.4]) and (2.7)), one can
proceed as in Eq. (2.16]), but now an additional averaging over all the possible
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phases must be performed in the equations for the eld components:

— bf(z ty= 1 / MTd7T1d7T2d7T3/ G ( )qbbf(z t  m me m3)d
z
(2.23)
where My My (m1) Ms (72) M3 (w3). For a generic noise acting upon all the
atomic levels, the expressions for the retrieved elds, both in the forward and

backward con gurations, read as in Eqgs. (2.18) except for a multiplying factor:
Pz )= KK °'() ™0 ) (2.24)

where K = [ e “rM (r )dr = Li(k ) Io(k ) that increases, monotonously
with & , from zero to one.

Consider, for instance, that the phase noise acts upon level 3 only (the case
of noise acting on the other levels being similar). From Egs. , the retrieval

e ciencies for the backward and forward modes can be obtained:

2
E Pf= K3 Pf (2.25)

where P and fare de ned in Eqgs. (2.15a]) and (2.15b)), respectively. Notice that

the e ciency does not depend on the amplitude components of the initial eld, so
it is independent of the particular superposition state we are considering. Focusing
in the backward scheme, we plot in Fig. (a) the retrieval e ciency as a function
of the optical depth for di erent values of the inverse width of the distribution
ks. We see that for large ks, i.e., narrow phase noise distribution, the e ciency is
una ected by the presence of noise, and a perfect recovery of the input light pulse
can be reached for a large enough optical depth. However, as k3 becomes smaller,
i.e., a wider noise distribution, the e ciency su ers from relevant detrimental
e ects. In this case, the input pulse cannot be recovered completely, even for a
large optical depth. For the forward retrieval scheme, similar results are obtained
[see Fig. [2.3|(b)] with the obvious di erence that in this case the recovery e ciency
is limited to  54%. These results do not contradict the above mentioned fact that
both the e ciency and delity are una ected by a single speci ¢ phase change 73
of the ground state [see Eqs. and ] In fact, when the inhomogeneous
phase noise is present, the situation is di erent: since each atom accumulates a
di erent phase during the storage time, the rephasing process, which is a collective
phenomenon, can not be achieved properly.

In order to have a compact assessment of the e ect of the phase noise, we plot
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Backward efficiency
Forward efficiency

Figure 2.3: Memory e ciency for the (a) backward and (b) forward retrieval
schemes as a function of the optical depth for di erent amounts of phase noise
a ecting the ground level after the absorption of the pulse. The di erent lines
correspond to k3 = 0 (solid line), k3 = 1 (dashed line), k3 = 5 (dot-dashed line),
ks = 20 (dotted line).

in Fig. the maximum value of the backward (solid line) and forward (dashed
line) e ciency as a function of the noise parameter ks, for the case where the
phase noise is only included in level 3 . We can see that the memory e ciency
in both backward and forward schemes degrades substantially as the phase noise
distribution becomes wider. Note that the actual values of the noise depend on

the chosen model, however the qualitative behavior is a general feature.

1.0

0.8

0.6

04 |

Maximum efficiency

0.2 F

0.0
0.01

Figure 2.4: Maximum memory e ciency for the backward (solid line) and the
forward (dashed line) retrieval schemes as a function of the inverse width of the
phase noise distribution k3.

In addition, to obtain a complete picture of the retrieval process in the presence
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of noise, the input-output delity has to be considered too. As indicated, whenever
noise is present the retrieval e ciency is reduced with respect to the ideal case,
being below the unity also in the backward scheme. This implies that the output
state Suft is not pure any more. The expression of };jt can be obtained, however,
simply by modeling the non-ideal memory with an ideal one preceded by a beam-
splitter with transmittivity equal to the e ciency of the memory. The re ected
beam is then traced out. In this way, one obtains that the delity is equal to the

retrieval e ciency.

2.3.5 Numerical Results

The analytical results reported in the previous Subsections are based
on the weak eld approximation in which the temporal dynamics of the atomic
populations and the two-photon coherence ¢12 was neglected. In this Section we
verify the validity of the analytical approach by performing numerical integration
of the full optical-Bloch equations, Egs. and , with a nite di erence
method beyond this approximation. Atoms with closely spaced frequencies are
grouped in equidistantly spaced frequency classes (labeled by an integer number
n) with central frequencies gg) = ég) At each spatial point z the inhomogeneous
spectral distribution, provided by the transverse broadening, of the frequency
classes is given by the function G (") which, for simplicity, is assumed to be a
rectangular distribution of width much larger than the spectral width of the input
pulse.

The calculation scheme is performed in the following steps: (i) From the tempo-
ral pro le of the incident eld pulse (z t), we calculate the temporal evolution
of the density matrix at each spatial point z and for each frequency class by in-
tegration of Egs. with time step ¢. (ii) This temporal evolution given by
¢ =zt ™ isusedin Egs. to propagate the components of the light pulse
between the spatial points z and z + 2. Further, steps (i) and (ii) are iterated.
Temporal ¢ and spatial 2z steps are chosen small enough and the number of
frequency classes large enough to assure the convergence of the calculations.

During the absorption stage, the pulse propagation is initiated at z = 0, where
the density matrices of all atom frequency classes are known. As in the analyt-
ical approach, we assume that initially all atoms are in their ground level, i.e.,
¢33(2 t= 15 s)=1. Theinput eld pulses at z = 0 are assumed to have Gaus-

sian temporal pro les and we de ne the normalized intensities of each component
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as (Z t) 9

1300 t) 2+ 93(0 t,) 2
where =1 2, o= 3 and . is the time corresponding to the peak of the pulse. The

I (zt)=

(2.26)

spatio-temporal dynamics of I13(z t) and I23(z t) during the absorption stage of
the protocol is shown in Figs. a) and (d), respectively. The initial intensities
of the components are taken as I13(0 t.) = 06 and I23(0 t.) = 04. Note that
the absence of eld at the output surface, corresponding to an optical depth 2z =

L = 4 5 with L being the length of the medium, evidences the e cient absorption

of both eld components.

Absorption Backward Forward

a b ¢
| I()I L I()I L I()I e 06
0.5
3+ 1 1 -K 0.4
S 9 L dL dL R 0.3
0.2
N BE 15
0 . ' ' 0.0

d f
G () ICEE
B 10 10 " 0.5
3+ 1 1 -K 0.4
S 2 | inE 1L ¥ 03
1 0.2
B 10 11 N 1
0 Il i— | ' ' 8.0

15 -10 -5 0 5 10 15 5 10 15
t (us) t (us) ¢ (us)

Figure 2.5: Contour plots of the spatio-temporal dynamics of the normalized
intensities of the two circular polarization components of the eld I13(z t) (a)-
(c) and Iz3(z t) (d)-(f) in an inhomogeneously broadened V-system with phase
noise distribution of width k3 = 5 in the lower level 3 . Figures (a),(d) show
the absorption stage, while (b),(e), and (c),(f) correspond to the backward and
forward retrieval schemes, respectively.

For the simulation of the forward and backward retrieval protocols we reverse
the sign of the detuning for each frequency class (™) (") For the backward

protocol, we additionally change the sign of the eld to implement the phase
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matching operation. After this step, the phase noise is introduced by imposing

at each spatial position a phase distribution in the atomic coherences of each
i (n)

frequency class, n, given by Eq. (2.22), i.e., gb(n) (zt=0)= qS(n) (2 t=0) e“wo,

being m o the phase of the class n. The ensemble average gb(n) = qﬁ(n) is used
as the initial density matrix element for each frequency class at the retrieval stage.
During the retrieval, the eld propagation is evaluated by means of Eqgs. and
from the surface 2z =0 ( z = L) to the surface z= L ( z = 0) for
the forward (backward) protocol. The spatio-temporal dynamics of the retrieved

eld intensities, I;3 and Io3, in the presence of a phase noise distribution in the
lower level 3 of inverse width k3 = 5 are shown in Figs. 2.5(b) and (e) for the
backward retrieval and in Figs. [2.5(c) and (f) for the forward retrieval protocols.

For the parameters used in our simulations we have numerically observed that
the two-photon coherence (¢12), the population of the excited levels (¢11, ¢22),
and the phase di erence between the eld components did not exceed 10 ¢ during
the whole dynamics, validating the weak eld approximation used to derive the
analytical solutions in Subsection By comparing the absorption of the eld
components of Figs. 2.5(a) and (d), with the corresponding retrieved elds of
Figs. 2.5(b).(c) and (e),(f), respectively, we note that, although the e ciency of
the reemission is lower than in the ideal case where no phase noise is present, the
decrease on the retrieval intensities is the same for both components.

We have checked that beyond this particular case, the propagation dynamics
and the maximal retrieval e ciencies acquired from the numerical simulations for
both forward and backward protocols are in good agreement with the analytical
results, con rming the validity of the approximations that we assumed in the ana-

lytical approach. In particular, for the parameter values of Fig. the maximum

backward and forward numerically evaluated e ciencies are E ](Dnum) =079 and
E gnum) = 043, respectively, that match the analytical results shown in Fig.

for k3 = 5 (dot-dashed line).

2.4 Quantum-state storage and processing for polar-
ization qubits in an inhomogeneously broadened
A-type three-level medium

In this Section we consider that the atoms of the storage medium are in a  -type

con guration [see Fig. [2.1[b)], with the population being in a coherent superpo-
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sition of the two-ground states 1 and 2 . This coherently prepared medium is
called a phaseonium [I40], and it leads to a situation dramatically di erent from
the case of atoms in a V-scheme, exposed in the previous Section[2.3] In particular,
we will show that the solutions of Egs. and , in contrast with the ones
obtained in the V con guration case, describe stationary propagation of the eld
polarization components, i.e., the polarization modes are not completely absorbed
in general and part of the eld propagates transparently. Although those prop-
agation e ects prevent a straightforward implementation of a quantum memory
in this kind of  systems, by combining them with the CRIB technique we pro-
pose di erent quantum information-processing applications, such as a polarization
qubit lter and sieve, as well as a tunable polarization beam splitter. Moreover,
we show that, by imposing a spatial variation of the atomic coherence phase,
the polarization components can be completely absorbed. Therefore, an e cient
quantum memory for the incident polarization qubit can be also implemented in
the -type three-level system.

As discussed above, the propagation of the two polarization components in
the coherently prepared system will be at the basis of the quantum information
applications that we propose in this Section. Therefore, in the following Subsec-
tion we give a a brief introduction about the research done in this area.

2.4.1 Propagation of pulses in a phaseoium medium

The propagation of electromagnetic pulses in multilevel media has been widely
investigated in the last decades. Three-level atomic media interacting with two
optical eldsin a -type con guration have been among the most considered sys-
tems, leading to the discovery of a large variety of phenomena, such as coherent
population trapping (CPT), electromagnetically induced transparency (EIT), and
slow light [148]. More recently, the development of quantum technologies for quan-
tum information applications has triggered a renewed attention on the subject. In
particular, the propagation of weak or quantum light pulses in a  medium in the
presence of strong classical driving elds has been considered in detail, giving rise
to proposals and implementations for quantum state storage and processing [141].

The non-absorbing propagation of a pair of pulses in coherently prepared -
type media has been deeply investigated in relation to pulse matching [149] 152],
the dark area theorem [I53], simultons [154] and adiabatons [I55] 156]. In all
these investigations, the initial quantum state of the atomic population plays an

essential role. The term phaseonium was introduced by Scully [140] to describe
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a coherent pure-state superposition between the ground levels of a -medium and
methods to prepare this macroscopic superposition state have been put forward for
ladder [I57] and  [158] type con gurations. An interesting e ect that takes place
in these systems is the loss-free propagation of light pulses in otherwise optically
thick media. In particular, it has been shown that matched pulses, i.e., pulse
pairs with identical envelopes, can propagate without distortion if the atoms are
prepared in a suitable phaseonium state [I50]. This phenomenon is closely related
with the EIT technique, discussed in Section

In three-level media it is common to de ne a new basis of the system in terms
of the bright B and dark D states [I59, 160] which, under the two-photon

resonance condition, are given by

1
B —( 131+ 252) (2.27a)
T
1
D (1l 12) (2.27D)
where 7 = 13 24 23 2 is the total Rabi frequency. For continuous wave

light elds, it has been shown that the dynamics is restricted to the transition
B 3 . In this case, once the system enters the dark state due to, for instance
spontaneous emission from the excited level, it becomes trapped. This represen-
tation forms the basis for the EIT and CPT techniques. However, for light pulses
the dynamics is di erent. Indeed, Kozlov and Eberly [152 [153] showed that the
dark state completely controls the system evolution at large propagation distances
when the medium is in a phaseonium preparation [140]. In this situation, the so
called dark eld [159],

p(t) = (2.28)

which results from the eld temporal evolution, couples the dark D and the
bright B states. This means that as the pulses propagate, the dark state is
inevitably populated, thus a ecting to the propagation dynamics itself. Clearly,
from Eq. (2.28), the dark state is decoupled from the laser elds if p(t) = 0,
which means that the amplitudes of the pulses can be arbitrary but they need to
have the same shape: 13(t) 13(t) = 23(t) 23(f), i.e., they have to be matched

amplitudes.

Particularly relevant for the purposes of the present study is the propagation
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of two weak optical pulses through an inhomogeneously broadened phaseonium
medium. For this system, it was shown in Ref. [I51] that, under the two-photon
resonance condition, a certain superposition of the elds, the antisymmetric nor-
mal mode [150}156], does not couple to the coherent atomic state. On the contrary,
the orthogonal superposition, the symmetric normal mode, does interact with the
atoms and is completely absorbed. Both the antisymmetric and symmetric modes
are determined by the phaseonium state, and can therefore be tuned according to

the phase and/or the population of the atomic ground states.

In this Section, we consider the combination of the above mentioned prop-
agation e ects occurring in a -type three level medium interacting with two
components of a single weak pulse together with the controlled reversible inho-
mogeneous broadening (CRIB) [108, 109, T11] technique. We will show that the
CRIB technique o ers also the possibility to store and retrieve polarization qubits
in a coherently prepared -type system with ideally perfect e ciency and delity.
We notice here that the application of the CRIB technique to this kind of systems
is not straightforward since, as already mentioned, part of both polarization com-
ponents of the single photon will propagate with matched envelopes and, therefore,
they will not be completely absorbed. Hence, the quantum state of the photon
can not be, in general, perfectly stored in a phaseonium -type medium. How-
ever, taking pro t of the coherent propagation e ects, we will show that tunable
polarization lIters and sieves can be devised, as well as costumizable polarization
splitters. Those are devices of clear interest in quantum information processing
and, in particular, it will be shown that the polarization basis that determines
the lter or the beam splitter action is de ned by the phaseonium state. More-
over, we will show that, by forcing the eld components to propagate without the
possibility of adjusting their amplitudes as matched solitons, an e cient quantum

memory can also be implemented in three-level media.

2.4.2 Tunable polarization qubit splitter

In what follows, we consider the atoms of the medium in the con guration,
initially prepared in a coherent superposition of the two ground levels 1 and 2 .

Under the weak eld approximation, the atomic population is barely excited to
level 3, and Egs. (2.3)) read

—tqﬁbf(zt =i ¢"fzt )Y4ip Plzt)+ip (r ) Plzt)  (2.29)
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where now = 31 = o 39. Notice that we have included an explicit
dependence on the phasem  =m 7 between the two ground levels through the
coherence ¢ . Moreover, note that for atoms prepared initially in an incoherent
mixture of the ground states, ¢ = 0, the equations for each transition of the
lambda system become decoupled, leading to the same situation as when using
V-type three level atoms, discussed in Section However, for the situation
described by Egs. , the equations for the two optical coherences are coupled,
thus the dynamics of the eld polarization components, given by Eqgs. , are
coupled.

A. Quantum filter

Let us rst consider the propagation of the incident pulse in the forward direction.
Egs. and can be analytically solved as in the previous Section
following the method of Ref. [27], by inserting the solution of Eq. into
Eq. , and Fourier transforming the result:

— e )= H ()¢ e )+e (@) ") (230)

where we have used the initial conditions ¢ (z t = ) = 0 and we have
de ned H ( ) as in Egs. , in the previous Section An analytical
compact solution of Egs. can be given assuming symmetric transitions,
ie., di3 = dog = d, G31( ) = Gs2( ) = G( ), 13 = 23 = , and
Hsy( )= Hszi( )= H( ), which reads:

G Y= O )e (g 44 4 MO )¢ e oo ()2
(2.31)
where ( ) = H( ) is the absorption coe cient. These equations describe, for
each frequency of the pulse, the propagation of the two polarization components
of the incoming eld along the medium. Each solution depends on both initial
polarization components of the weak pulse (2 =0 )and (2 =0 )), which
implies that, in general, the information carried by each component is mixed as
the pulse propagates through the -medium, due to the two-photon coherence
¢12. Moreover, it is easy to see from Egs. that, in general, the eld is
not completely absorbed, even for large optical depths ( )z. In particular, for

( )z , the two polarization components of the pulse can only be completely
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absorbed if the condition

BO ) _a (2.32)
230 ) @
with ¢ ¢ = ¢ , is ful lled. However, for an arbitrary superposition of the

input polarizations, both components will change their amplitudes and phases in
such a way that the dark state becomes populated as they propagate [152]. If
the optical depth of the medium is large enough, eventually the dark state will
be fully populated, so the eld components will propagate as matched solitons,
without any further absorption. Indeed, it can be seen from Egs. that the

eld amplitudes will evolve until the relation
= = (2.33)

is satis ed. Note that Eqs. and determine the symmetric and anti-
symmetric normal modes, respectively, introduced in Ref. [I5I]. In fact, the time
reversal symmetry of Egs. and is not su cient alone to guarantee the
full recovery of the original input state. Clearly, the unabsorbed component of
the input pulse exists the medium and cannot be recovered back. Speci cally,
Eq. shows that the eld which leaves the medium ends up in a well de nite
polarization state, which depends only on the phaseonium preparation. Assuming
a large optical depth L , the normalized intensity of each of the polarization
components at the output of the medium z = L, from Eqs., reads:

m™rL ) ———=¢ (2.34)

where ?(L ) is the total Rabi frequency of the output eld, as de ned in
Egs. (2.27). This result perfectly agrees with Ref. [I61], where it was shown
that, at the output of the phaseonium medium, the amplitude of the eld coupled
with an optical transition ( ¢ ) depends on the ground-state amplitude of
the opposite transition (). Moreover, one realizes that in this situation the
relative phase between the output eld components 7 (L) 7 (L), using the
de nition ™ = ™ ¢™ue ig simply the phase @  of the ¢i9 coherence. To

clarify this phenomenon, consider the input pulse to be a single photon in the
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generic polarization state
in =ar L +ar R (2.35)
entering a medium prepared in a coherent superposition
at =C1 1 +co 2 (2.36)

Therefore, at the output, the state obtained is

fi =(c2 ) (@L o R) (2.37)

with probability

£ R 2 9 2
Pout in  out - (¢11 ¢12) ar "+ (¢22 ¢21) ar, (238)

Note that since part of the incident light pulse has been absorbed by the medium,
the state in Eq. is not normalized. A convenient picture of the process is
that the preparation of the phaseonium medium xes the basis for which the inci-
dent eld is ltered: after the dark state is lled, only the so called antisymmetric
normal mode, Eq. , propagates without absorption. In turn the latter de-
pends only on the phaseonium state, which ideally can be tuned at will. In other

words, the medium acts as a tunable quantum lIter.

B. Quantum sieve

As the pulse components propagate through the phaseonium medium, they adjust
themselves to ful 1l the condition given in Eq. , which allows absorption-
free propagation. However, before the dark state is completely populated, part
of the eld, i.e., the symmetric normal mode [Eq. (2.32)], is absorbed by the
medium. This information stored in the optical coherences can be retrieved back
by using the CRIB technique. In the following we study the propagation of the
retrieved light pulse in the backward direction, which is caused by the sign change
of the detunings and the phase matching operation, performed at time ¢ = 0, once
the non-absorbed part of the eld has left the medium [27]. In this situation, the

equations for the optical coherences and the Rabi frequencies of the corresponding

66



2. Quantum memory for polarization single photon qubits in
three-level atoms

eld components are:

—tgﬁb (2 t Y= i ¢ (2t Y+ip P (zt)+ip (v ) P (zt)

(2.39a)
— o= / G ( )=t (2.39D)
again with ¢ = 3, =1 2and = . The initial and boundary conditions at

the time of the detuning change of sign (¢ = 0) read:

0
& (=0 ):z'/ e Wb (r ) M(zs) ds (2400)

@ oy=0 (2.40D)

The rst initial conditions, Eq. , are obtained from the solution of the
atomic coherence [Egs. ] at time ¢t = 0, whereas the boundary condition in
Eq. derives from the assumption that, at the time when the detuning is
reversed, the non-absorbed eld has left the medium. The above equations can
be solved, as for the absorption stage, inserting the solution of Eq. into
Eq. . By Fourier transforming the result, the equations for the backward

eld components associated with the two transitions are:

— Pk )= F()é (x)"E )+te ")
+ J ()¢ (@) "= )+ () (2.41)

where FF ( )and J () are given in Egs. (2.11]). As for the case of the absorption,
an analytic solution for the above equations can be found. In particular, a compact
expression can be derived assuming symmetric transitions and inhomogeneous
distributions, as done in the derivation of Eqgs. :

by )= J() o FOHC L 2)
G )= Tm Oy ) !
mo ) + MO )¢ e (2.42)

We note that, as for the forward incident propagating modes, Eqgs. (2.31]), the
backward reemited components of the eld are also a combination of the initial
amplitudes. From Egs. (2.42)), it is easy to obtain that for a large enough optical
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depth the normalized intensity at the output surface of the medium (z = 0) reads:

"0 ) BTN = ¢ (2.43)

where 2(0 ) is the total Rabi frequency for the backward components at the

)
~—
[}

output. In the last expression, we have considered that the spectral bandwidth
of the pulse is smaller than the inhomogeneous broadening, F( ) H( )

J( ) 2 v 2, and that the absorption coe cient reduces to v 2. In this
situation, the relative phase between the eld components corresponds to the phase
di erence between the ground levels, 7 (0) 7 (0) =7 . For the single-photon

case, the backward retrieved components exit the medium, with probability

f
Pc?ut =1 Pout (244)
where P!, is given in Eq. (2.38)), in a state of the form
ot = (ate)(e L +ey R) (2.45)

which is orthogonal to the state in Eq. and corresponds to the so called
symmetric normal mode. Therefore, the system acts as a tunable quantum sieve
that can reemit the sieved state on demand. Note that since part of the eld is
absorbed by the medium, the sum of the norms of states in Eqgs. and

must be one.

To summarize, by applying the CRIB technique the phaseonium medium can
act as a tunable polarization qubit splitter: part of the eld ends up in the anti-
symmetric (unabsorbed) mode, which exits in the forward direction, while the rest
is absorbed. Moreover, the stored symmetric mode can be recovered on-demand
in the backward direction with ideally arbitrary time delay. Moreover, this sys-
tem acts as a state lter, since one could properly adjust the phaseonium state
to lter out the non desired polarization components of a particular superposition
state. The same idea works for the implementation of a quantum sieve, since only
a particular desired superposition of the two eld components is stored and the
rest exits the medium. An example of the tunable polarization splitter perfor-
mance is shown in Fig. where the normalized intensity of each polarization
component 13 2 (black lines) and 93 % (gray lines) is plotted as a function of

the optical distance z. The solid lines correspond to the propagation of the po-
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Figure 2.6: Normalized intensities of the single pulse polarization components (see
text for de nition) coupled with the 1 3 (black lines) and 2 3 (gray lines)
optical transitions as a function of the optical distance z. The solid lines corre-
spond to the propagation of the incident eld [Egs. ] while the dashed lines
correspond to the backward retrieved components [Egs. ] The initial pre-
pared state of the phaseonium medium is ¢1; = 0 6, ¢a2 = 0 4, m12 = v 3, whereas
the eld components are initially weighed as I'3(0 t.) = 09 and I33(0 ¢.) = 01
with relative phase between them being m13(0) 723(0) = 0.

larization components of the incident eld, Egs. , whereas the dashed lines
represent the components of the backward retrieved single photon, Egs. .
In this particular case, a medium of optical depth L = 10 has been chosen
with the atomic population prepared initially in a coherent superposition ful lling
¢11 = 06, ¢9o = 04 and w2 = v 3. The two components of the input light
pulse have been assumed to have the relative phase of m13(0) 723(0) = 0 and
initial weights I13(0 ¢.) = 09 and I}3(0 t.) = 0 1, where t. denotes the time of
the pulse peak in the moving frame of the light. In Fig. we observe how the
incident components (solid lines) change their amplitudes along propagation and
that beyond a certain optical distance they propagate as matched solitons. The
total intensity at the output is given by Eq. , whereas Egs. determines
which fraction of the total transmitted intensity is in each mode. Since during the
transient regime part of the eld has been absorbed, the CRIB technique allows to
recover (dashed lines) this information stored in the optical coherences. Clearly,
since part of the eld has left the medium, the retrieved intensity is smaller than
the initial one. In this case, the total retrieved intensity is given by Eq.
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while the distribution of the atomic populations determine which is the fraction

of the output intensity associated to each polarization component, as given by

Eqgs. (2.43).

2.4.3 Quantum memory in a longitudinal phaseonium

The analysis performed up to here, is referred to a system with all the atoms pre-
pared in the same coherent superposition of the ground states. We have seen that
the propagation of a pair of pulses through this spatially homogeneous phaseo-
nium leads to an automatic adjusting of the pulse components to ful 1l condition
given by Eq. . This prevents complete absorption and, in turn, the straight-
forward implementation of a quantum memory. In what follows, we will see that
the latter can nevertheless be overcome by imposing that the preparation of the

-system depends on the position. In particular, we consider that the phase of
the two-photon coherence 715 varies with the position along the light propagation

direction:

z

m2(2) = I (2.46)

with  being the phase imposed in the medium at z = L. This preparation can be
implemented, for instance, by applying a linear magnetic eld gradient coupling
the two ground levels. The magnetic eld produces an opposite Zeeman shift of
ground energy levels which magnitude depends on the eld strength. After a cer-
tain time the magnetic eld is switched o , yielding a spatial linear phase between
the two ground levels. The equations describing the evolution of the system in this
situation, are the same as in Egs. and , but now with the correspond-
ing position dependence of the two-photon coherence phase. Following the same
procedure as in Subsection [2.4.2] an analytical solution for the eld components

propagating in a position dependent phaseonium medium can be obtained:

K ; K
Mz )= "(0 ) cosh 222 (1 ;{—Jr sinh 2—22
1 L K vifz a(w)z
"0 ) 2 sinh 222 el VVEE =5 (2.47)
where K ( ( )L)?> 2, and for simplicity we have taken the particular case

11 = P22 = 0 5. Analyzing this expression carefully, one realizes that, in general,

it decays to zero for large enough optical depths ( )L, and only for = 0the eld

70



2. Quantum memory for polarization single photon qubits in
three-level atoms

components will not be absorbed. The physical reason for this result is that, since
the phase of the coherence between the ground states is di erent at each position
of the medium, the eld components are not able to adjust their amplitudes and
phases to ful 1l the condition given by Eq. as they propagate. Therefore,
the dark state is not populated and consequently each component of the eld is
absorbed. In particular, if the variation of the phase along the medium is large
compared with the optical depth, i.e., — ()L, an exponential decay of each

component is observed:

Gz ) e 2 MmO ) (2.48)

As in the standard CRIB approach, the stored information can be retrieved
in the backward direction by reversing the sign of the detuning and applying a
phase matching operation. This leads to a backward propagating solution of the

eld components of the form:

Pz )=C ™@O )+C ™0 ) (2.49)
where
#F(w)  La[F(w)+H(=w)] . K
C e 2 e 2 K [(1)4 81nhW+QcoshW]cosh7+
2 2 2 . , . K
+L* “F( )H( ) sinhW ( 1) ¢ QcoshW sth
2nH(—w) K z K z ! 1)V’;%J( )
K h 1) i sinh
e 2 Q cosh —— (1) sin 3L OK F()+H(
(2.50a)
F(w)  LylF(w)+H(-w)] . K
C e 2 e 2 K F( )sthcosh7+
K
QH( )coshW+( 1)4 [F( )+ H( )]sinhW sinhT
znH (~w) K z el UV"ﬁ%J( ) L
e 2 QH sinh 2.50b
GOSN QK FO) i )] (2:500)
and K (H( ()L 2 W Q1 =z L)2withQ@ ( F()L)? =

These cumbersome expressions can be written in a much simpler form using the
assumption F( )  H( ) J( )2 v 2, which leads to K Ky Q.

Moreover, one can realize that for the case of optically thick medium ( L
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), i.e., when the incident eld is completely absorbed, Egs. (2.49)) simplify to
P(z )= ™(z ). Thus, each component of the eld is perfectly retrieved
with a global phase change of v.
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Figure 2.7: Normalized intensities of the single pulse polarization components
(see text for de nition) 132 (black line) and 93 % (gray line) as a func-
tion of the optical distance z. The solid lines correspond to the incident eld
[Eq. (2.47)] while the dashed lines correspond to the backward retrieved compo-
nents [Eq. ] Initially -type three-level atoms of phaseonium are prepared
in state ¢11 = oo = 0 5 with phase gradient of = 3v. The eld components have
initially relative intensities I13(0 ¢.) = 09 and I33(0 t.) = 01, and the relative
phase between them is m13(0) 723(0) = 0 both for the forward input and the
backward output.

Fig. 2.7 shows an example of the absorbed and retrieved normalized intensity
of each polarization component, 13 > (black line) and o3 2 (gray line), as a
function of the optical distance z, for the position dependent phaseonium. The
parameter values considered are ¢17 = ¢o2 = 05, = 3v, m3(0) m3(0) = 0,
I3(0 t.) = 09 and IB(0 t.) = 0 1. This plot clearly shows that the incident po-
larization components (solid lines), given by Eqgs. , are completely absorbed
for a nite optical distance z. The dashed lines correspond to the components of
the backward retrieved eld, Eqgs. , and we observe practically no di erence
with the incident components. At z = 0, the relative phase between the two po-
larization components, not shown in the gure, is the same for the stored (forward
input) and retrieved (backward output) photons. Thus, the system is able to store

and retrieve on-demand a single polarization qubit with unit delity.
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2.4.4 Numerical analysis

The results reported up to now in this Section are based on the assumption,
taken under the weak eld approximation, that the atomic populations and the
two-photon coherence ¢12 do not evolve in time. In order to check the validity
of the analytical approach, we have performed exact numerical simulations by
integrating the full optical Bloch equations, Eqgs. (2.1) and , with a nite
di erence method, similar to the one described in Subsection and assuming

Gaussian temporal pro les for the pulse components.
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Figure 2.8: Normalized intensities of the single pulse polarization components cou-
pled with the 1 3 (black symbols) and 2 3 (grey symbols) transitions as
a function of the optical distance z after numerical integration of the full optical
Bloch equations, Egs. and . The crosses correspond to the propaga-
tion of the incident eld while the circles correspond to the backward retrieved
components. The parameters are the same as in Fig.

An example of the numerical results corresponding to the longitudinal phaseo-
nium case is shown in Fig. 2.8 In this gure, the normalized peak intensity of
both eld components is shown as a function of the optical length with the same
parameter values as in Fig. Comparing these two gures we conclude that
the analytical results are in complete agreement with the numerical simulations.
Moreover, we have checked that, as expected, the relative phase between the inci-
dent eld and the backward reemitted eld is preserved, and the populations and
the two-photon coherence do not exhibit relevant dynamics. This con rms the
validity of the weak eld approximations performed in Subections and
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2.5 Practical considerations

Along this Chapter we have proposed the implementation of a quantum memory
for qubits in a superposition state of left and right circular polarizations in V-
and -type three-level atoms. In the original CRIB proposal [I09] rare-earth-
ion-doped (REID) crystals were suggested as possible candidates to implement
quantum memories due to its well-known energy level structure and long co-
herence times at low temperatures [34, 106l 107]. Later, this kind of systems
has been one of the best candidates for light storage using the CRIB technique
[29, B9, 48, 111l 112]. However, although three-level con gurations have been
implemented in REID crystals (see for instance [70] for a EIT experiment in
Pr3* : Y3SiOs), the optical transitions in this kind of systems are not polar-
ization selective, so the only way to address them separately is to use a source
whose bandwidth is smaller than the ground-state sublevel splitting. Moreover, in
general, REID crystals are birefringent, which means that the absorption depends
strongly on the polarization of the incident light. Those restrictions are important
drawbacks for the implementation of our proposal in REID crystals, since we need
a system with speci c selection rules to absorb the left and right circular polariza-
tion components of the photonic qubit. Nevertheless, atomic vapors do not su er
from these limitations and could be good candidates to implement a polarization
qubit three-level memory. In particular, regarding photon echo quantum mem-
ories, warm [40] and cold [IT9] atoms of 8"Rb have been shown to be useful for

-type GEM implementations, with reasonable high e ciencies and storage times.

2.6 Conclusions

In this Chapter, we have studied the implementation of a quantum memory for
polarization qubit storage in three-level atomic ensembles. Our main motivation
has been to propose a quantum memory capable of storing the polarization state
of light without using two separated storage media, that could lead to a reduction
of the e ciency and the delity of the memory, and would need extra experimen-
tal e orts for its reliable implementation. We have extended the CRIB technique
to three level systems, both in the V and in the con gurations. The equa-
tions to describe the dynamics of the atomic coherences and the eld polarization
components have been derived, following the procedure of Ref. [27]. Although

the derivation has been performed in the semiclassical formalism, the linearity
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of the equations, under the weak eld approximation, allow for a fully quantum

mechanical interpretation of the results.

In Section 2.3 we have shown that optical quantum memories based on V-type
three-level atoms can be used to store and retrieve polarization qubits by means
of the CRIB technique without the need of two separate quantum memories or
spatially splitting the input state, hence presenting experimental compactness.
In the weak eld regime, the optical-Bloch equations for the three-level atoms
decouple into two sets of equations describing the evolution of the two polarization
components of the eld resulting in two independent two-level quantum memories.
In this scenario, we have analytically studied the e ect of an extra phase in the
atomic coherences. We have shown that when the phase variations a ect equally
all the atoms of the sample, the delity is degraded whereas the e ciency for
each polarization component of the pulse is una ected. In contrast, when we
consider an inhomogeneously distributed phase noise for the di erent levels, the
rephasing process during the retrieval stage is not properly achieved and both the
e ciency and the delity are degraded. In addition, we have numerically checked
the assumptions performed in the analytical approach, by numerically integrating
the full optical-Bloch equations. The good agreement between the numerical and
analytical results demonstrates the validity of the analytical results obtained under

the weak eld approximation.

Next, in Section [2.4] we have studied the propagation of a weak pulse whose
two polarization components are coupled with the two transitions of a coherently
prepared -type three-level medium presenting arti cial inhomogeneous broaden-
ing. The propagation e ects that normally exhibit this kind of systems have been
used in combination with the CRIB technique to discuss potential quantum infor-
mation applications. On the one hand, we have proposed the use of the -type
system as a quantum lter. This proposal is based on the fact that part of the inci-
dent pulse, the antisymmetric normal mode, which is uniquely determined by the
preparation of the atoms in the phaseonium state, propagates without distortion.
On the other hand, we have shown that the orthogonal component, i.e., the sym-
metric normal mode, can be e ciently and completely absorbed and retrieved in
the backward direction using the CRIB technique. In this case, the system can be
used to implement a quantum sieve or, considering both the transmitted and the
retrieved orthogonal modes, a tunable polarization qubit splitter. Furthermore,
we have seen that, by adding a position-dependent phase coherence in the phaseo-

nium medium, the eld components can not populate the dark state allowing for
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a complete absorption of both eld components. Then, by applying the CRIB
technique, both components can be recovered on-demand, thus implementing a
quantum memory for polarization qubits. Finally the validity of the analytical
approach, which is based on the weak eld approximation, has been checked by
numerically integrating the full optical Bloch equations. The numerical results

obtained are in a very good agreement with the analytical solutions.
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Two-color quantum memory in
double A-media

In this Chapter, we propose a quantum memory for a single photon wave packet in
a superposition of two di erent colors, i.e., two di erent frequency components,
an idea that has been recently accepted for publication in Phys. Rev. A. Our
proposal is based on the electromagnetically induced transparency (EIT) technique
[61], using an ensemble of atoms in a double- con guration. Speci cally, we
examine a particular con guration in which the two frequency components are
able to exchange energy through a four-wave mixing process as they propagate
[162, [163], so the state of the incident photon is recovered periodically at certain
positions in the medium. We investigate the propagation dynamics as a function
of the relative phase between the coupling beams and the input single photon
frequency components. Moreover, by considering time dependent coupling beams,
we numerically simulate the storage and retrieval of a two frequency component
single photon qubit.

The Chapter is organized as follows. First, in Section [3.1 we review some of the
research done in the context of EIT in double- media, and the approaches towards
the storage of light with two frequency components using this atomic con guration.
In Section[3.2] we describe the physical system that we will consider and derive the
equations that govern its evolution. Next, in Section [3.3] we solve analytically the
propagation equations of the incident single photon frequency components and
study several cases using di erent input superposition states and control elds
parameters. In Section [3.4] numerical integration of the evolution equations of
the system is performed to check the validity of the analytical approach, and
the storage and retrieval of a particular input superposition state is presented.

Finally, we summarize the results of this work and present the main conclusions
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in Section

3.1 Introduction

Among the di erent methods to implement quantum memories, the approach
based on electromagnetically induced transparency (EIT) [34, 61, 64 [68], discussed
in Subsection [1.3.3] is one of the most used, allowing to store a single photon in
solid state systems for times > 1 s [34]. This technique consists in slowing down
a weak light pulse coupled to one transition of a -type three-level system in the
presence of a control eld coupled to the other optical allowed transition. By
adiabatically turning-o the control eld the light pulse is absorbed and mapped
into the coherence between the ground states. Next, after a desired time which
should be smaller than the decay time of the ground states coherence, the control
eld is turned on again and the initial light pulse is recovered.

For the storage of a general photonic qubit, i.e., a single photon in an arbi-
trary superposition of two di erent components, more sophisticated schemes are
needed [311, [75] [78), [83], 06, [99] [T00, 114! 116}, 131 133] 164 168]. For instance, in
Chapter [2] we have proposed di erent ways to store a qubit in a superposition
of two polarizations using the CRIB technique. Nonetheless, depending on the
physical system used for the storage, the transmission channel of the qubits or
the protocol to process the information, other kinds of encoding could be inter-
esting. In particular, several works have focused on the storage of photons with
two frequency components using the EIT technique in resonant double- media
[77, 83, [166] 172], i.e., two weak frequency components propagating under two-
photon resonance condition with two strong control beams. Those proposals have
been formulated mainly in the semiclassical regime. However, the storage of a
two-color quantum entangled state would be interesting because it would have
potential applications in quantum information networks, e.g., they could be used
to link systems of di erent nature [I73], I74]. One of the main issues regarding
two-color memories, both in quantum and classical approaches, is that the exis-
tence of a dark state in resonant double- systems [175, [176] together with the
presence of four-wave mixing processes lead to a pulse matching e ect of the fre-
quency components [I77]. This implies that the two input frequency modes can
not be independently stored [83]. In particular, only a speci ¢ combination of the
two modes can be perfectly absorbed and recovered [167, 177, [I78], whereas for an

arbitrary two frequency mode input, part of the light will propagate transparently
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and part will be absorbed [167].

It has been shown that the four-wave mixing processes arising in resonant
double- media, which make di cult the implementation of a suitable quantum
memory, have interesting applications in frequency conversion of classical probe
beams [162, [I77], single-photon frequency conversion preserving the quantum co-
herence [I76], and in the possibility to combine or redistribute one or two previ-
ously stored frequency modes [1606, 168, [178], even with di erent relative intensities
[167]. However, to the best of our knowledge, there are no proposals discussing the
storage and retrieval of a single photon in an arbitrary two-color state. Therefore,
in this Chapter we combine the usual EIT based storage technique with the four-
wave mixing properties of a double- system to implement a quantum memory

for single photons in an arbitrary superposition state of two frequencies.

The main di erence of our two-color quantum memory proposal with respect
other approaches using double- systems, is that we consider one of the two
systems of the con guration far detuned from the one photon resonance. This
scheme is interesting since it gives rise to signi cant changes in the propagation
behavior of the frequency components respect to the resonant case. In particular,
considering the continuous wave regime, it has been shown that, in this con gura-
tion, the total light intensity is weakly absorbed during the propagation [162, 179],
while the intensity of each mode oscillates sinusoidally with the optical length, be-
ing the energy transferred back and forth between the two probe beams. Later,
a similar result was obtained in the quantum regime [163], where a single photon
coupled initially to one of the transitions of the double- system oscillates during
propagation between the two frequency modes, thus creating, with high e ciency,

a superposition state at certain positions in the medium.

Here we show, by solving the evolution equations of the single photon frequency
components, that an arbitrary input superposition of two frequency modes can
be recovered at certain positions of the medium. Moreover, we nd that the
relative phase between the coupling elds and the particular form of the input
state play a crucial role in the propagation dynamics of the frequency components.
Finally, we demonstrate the feasibility of the storage and retrieval of the frequency
superposition state by the numerical integration of the evolution equations of the

system using realistic parameter values.
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3.2 Physical model

We consider the physical system sketched in Fig. where a single photon wave
packet in a superposition of two di erent frequency modes, of central frequencies

21 and corresponding amplitudes E;l and E;Z,
system formed by -type three-level atoms. Both frequency components interact

and propagates through a

R
with the left optical transition of the three-level atoms with a di erent detuning,
pl O pa, being ;o far from the one photon resonance while ,; is close to reso-
nance. We assume that the di erence between the detunings is much larger than
the spectral widths of the frequency components, such that there is no overlap be-
tween them. The other optical transition is driven by two strong coupling beams,
of frequencies 21 and 82, tuned in two photon resonance with the corresponding
single photon components, thus forming a double- system. We consider that
initially all the atoms are in the ground state 1 . The total decay rate by spon-
taneous emission from the excited to the ground states is 3, and the decoherence

rate of the ground states is denoted by 13.

3)
1)

Figure 3.1: (color online). Double- atomic scheme coupled with single photon
frequency components, E;rl and E;Q, and classical eld amplitudes, F. and E.o,
satisfying the two photon resonance condition. The elds are detuned from the
one photon resonance with corresponding detunings ;1 and p2, with ;1 p2-

All the atoms are initially in state 1 .

The total Hamiltonian of the system is given by three contributions, the atomic
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(Ha), the eld (Hp), and the interaction (H;) Hamiltonians

Hy= (1611 + 2022+ 3¢33) (3.1a)
Hp :/ pa a ,d p (3.1b)
Hy = 12¢$)Ep+1 + 12¢§21)E;2

oy W tol G+He (3.1c)

where the atomic population and coherence operators are of the form ¢ =

and d)(j ) = go(j), respectively, where == 123 and j= 12 refers

0.
pj

is given by , being  the Planck s constant, 1o is the electric dipole moment

to the coherence generated by the mode The energy of the atomic state

of the 1 2 transition, and a , and a , are the creation and annihilation eld

operators, respectively, for a frequency mode ,. The Rabi frequencies of the clas-

0 _ o Ot 2 o)tiw;
g = € 7

23 is the dipole moment of the 3 2 transition and E.; the corresponding

sical beams are denoted by , where . = 923 E;

electric eld amplitude. The amplitudes of the quantum eld operators read

E};;. :/ (Jga pe”przd P (3.2)

where c¢ is the speed of light in vacuum and (jp) = ( p 2j) pj » With
= 3 01‘2/, o the electric permittivity in vacuum, 12 = 1 o the transition
frequency between states 1 and 2, V the quantization volume, and ( ) a
boxcar function of width pj» centered at gj. We assume pj much larger

than the spectral width of the corresponding frequency component  ,;, but not
enough to overlap with the other one, i.e., 22 21 - i —  pj-

To nd the evolution equations of the single photon frequency components we
adopt the procedure and formalism from Ref. [105, [147]. The initial state of the

system has the form

i(t ):/dplf(?l( Ja 00,1 —l—/dmf(i)z( Ja ,00,1

(3.3)
where ,; [ gj pj 2 gj +  pj 2]. Here we have used the notation
n1 n2 p, , where n; and np are the number of photons in modes 21 and 22,
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respectively, and denotes the atomic state. Tracing out the atomic part, the

rst and second terms in the r.h.s of Eq. correspond to the initial state of
each frequency component of the single photon, and f(i)J( ) are the envelope
functions of the wave packet, which have a narrow peak at 2;‘- We assume that
they are spectrally separated enough such that their overlap is negligible, and
therefore satisfy [d ,1 f(?l( ) ’ + [d po f(?Q( ) g 1. So, the photon is
initially in an arbitrary superposition of the two frequency components, and the
atoms are all in the ground state 1 . Next, we assume that the general form of

the state of the system at any time is
() = 1) + 20) + s (3-4)

where the rst, the second and the third terms correspond to the excitation be-
ing either in one of the photonic modes, in the atomic state 2 , or in state 3 ,

respectively. Their explicit forms are
1(t) —/f(i)l(t)a L 00, 14d p1+/f<§)2(t)a 200, 1d, (35a)
N

o) = bl 00,1 +ha(0e? 00 1 (3.5b)
=1
N

3(t) = gt)ds1 00 1 (3.5¢)
=1

where the sums are over all the N atoms of the medium, b;(¢) and by(t) are

0
pl

respectively, and g¢(t) is the probability amplitude of transferring the

the probability amplitudes of exciting one atom to state 2 through modes
and 22,
population to state 3 via a two photon process. Those functions together with
f (1,)1 (t) and f (3)2 (t), give a complete description of the state of the system. In
order to nd their evolution, we insert the general form of the state of the system
Eq. 1) into the Schrodinger equation and apply 10,1, 01,1, 00, 2,

and 00 » 3 obtaining;:

i O = ufO) 2N bire T (3.68)
abi(t) = abi(t) g(t) & 2 [d i fOmeEE (3.6h)
gty = sg(t) G b+ % ba(t) (3.6c)
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Next, multiplying Egs. |i by e’ »i* ¢ and integrating over pj We obtain the

propagation equation for the quantum eld amplitudes

% t+ 2 Ei(zt)=1i 12 j(2 1) (3.7)

where we have de ned &;(z t)e pilt 20 = 12 [d pjf(i)j(t)ei pi? € (2 t) =
0

bi(t)e' »ill 9 and 5= N 1222 \With these de nitions, Egs. (3.6b) and (3.6¢

read )
t iz t) =i i (2 ) +i&(z t) +igz t) o (3.8a)
w9z t)=i 1z t)+ o o2(xt) 139z 1) (3.8b)

where we have added phenomenologically the ground states decoherence 13 in
Eq. (3.8b)) and the spontaneous emission from the excited level 5 in Egs. (3.8a))

through the complex detuning ,; = ,; ¢ 2 2, being ,; = gj 2. Moreover,
we have de ned ; = Cjei“’j, we have assumed degenerate ground states, i.e.,
1= 3and gj = gj, and we have chosen the energy origin at 1 =0.

3.3 Solutions of the evolution equations

The equations describing the propagation of the single photon frequency compo-
nents in the double- system can be solved by using the adiabatic approximation
for Egs. , i.e., ¢ j(z t) 0, and changing from temporal to frequency do-
main by applying the Fourier transform to our system equations. Next, inserting
Egs. (3.84) and (3.8D)) into the Fourier transformed Egs. (3.7)), a linear system of

partial di erential equations for the quantum eld amplitudes in the frequency

domain, £;(z ), is obtained. This can be solved, leading to

2 ' 2 .
gj(z ) :5](0 ) Cj2 ez Z Vg + Lzel z Ubez z
cj

+gl<0 ) cj 2cl ei Z Vg ei z ubei z (3_9)
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where j I = 12 and j =1, £(0 ) is the boundary condition for the spectral

2

envelope of the frequency component centered at 2]-, = 12% and
1 1
a
1 1 2 2 2
;b :E + 122 cl c2 ‘D(Q pl PQ) (310b)

with D = ;1 2y 2 el Zand %= cl 2y 2 2 In Eqgs. , we have
assumed that the decoherence time of the ground states is much larger than the
time needed to store and retrieve the single photon, thus 13 0. Moreover, we
have approximated the exponents as linear functions of by Taylor expansion up
to rst order, and we have considered the coe cients independent of , as done
in Ref. [I63]. With these approximations, and assuming a small decay rate from

the excited level
2 2
pl 2 T p2 cl

) ; (3.11)

the inverse Fourier transform of the eld can be performed analytically. Then, it
can be seen that in general each of the components of the frequency superposition
will split in two di erent parts, each one propagating with a di erent velocity
given by Egs. (3.10a)) and (3.10b).

However, by imposing that Eqgs. (3.10al) and (3.10b|) must be equal, and taking

into account Eq. (3.11)), the conditions for having equal propagation velocities for

the two components can be obtained:

_pl _ cl cl + c2 (3 12)
p2 c2 cl c2

Any combination of the parameters satisfying either the positive or the negative
case will lead to v, = v5  v. Choosing for the sake of de niteness the negative
case, and taking for simplicity o = 2, we must satisfy ,; = 0 and, from
Eq. , p2 — 2 to have equal propagation velocities. Therefore, the inverse
Fourier transforms of Egs. can be written as

1 A | |
Eizt)=5 & 0t g l4+e  +& 0t % et 1 i * (3.13)

where m;; m; m is the phase di erence between the coupling elds. Note that
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now reduces to 2% +1 19 272
p2
To obtain the intensity of each component of the single photon frequency
superposition we calculate £;(z t)é'j (z t) using Egs. (3.13):

1 2
Ei(z t)? =1 EJQ ¢ 1+e 2m0)7 L 9cos[Re( )z]e ™ )2
v
2
+ &t z 1+e 2m0)2 9cos[Re( )z]e ™0 )2
v
+2Re & t z 5]0 t 2 el aegin
v v
1 e 2™0)2 4 9isin[Re( )z]e ™( )2 (3.14)
where ;= ; ; is the phase di erence between the single photon frequency

components at the input z = 0. In Egs. the time evolution appears only
in the boundary conditions 5]0 t z £j(0 t Z). This means that the single
photon wave packet keeps its shape but it is drifted in time a quantity t. = z v,
which depends on the velocity v de ned in Eq. . Moreover, it can be seen
that, while the single photon propagates, the intensities of the two frequency com-
ponents exhibit complementary oscillations with a rate that depends on Re( ).
Note that the decaying terms Im( ) in Egs. are due to spontaneous emission

from the excited level. An interesting case is found when one considers a sym-

metric superposition state at the input, 7.e., SJQ (t) = &P (t) . In this situation,
Egs. (3.14) takes the form
) 0 2 2 1+4e 2Im( )z 1 e 2Im( )z
Ej(z t) = 5j t ; # -+ cos (7le + jl) f
sin (mj; + 1) sin [Re( )z]e ()= (3.15)

In this case, when 7;; + ;; = 0, there is no oscillation between the frequency com-
ponents during the propagation and the intensity of each single photon frequency
component is perfectly transmitted, i.e., &;(z t) - 5}3 t . This can be
interpreted by considering that, through a four-wave mixing process mediated by
the coupling beams, the energy going from the rst to the second component is
compensated by the energy transfer from the second component to the rst one.

Analogously, we nd the relative phase between the two frequency components

Tt is worth noting that within this approximation the pulse loosely couples to the atomic
transitions at variance with what occurs in a standard EIT configuration. The numerical analysis
in Sec. @ is carried out within this limit.
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using
0 5 0 p 14+e 2Im( )z
g ()= & t - gt - cos (i le)f
+isin( 5 mj)e m( )2 cos [Re( )z]
2
gt 2" gt 2’
+isin[Re( )z]e ()2 >
0 2 2 0 z 2

1 e 2Im( )z g] t by + 8[ t > )

+ et (3.16)

2 2

From this expression, we observe that in general the phase between the two compo-
nents, arg [£;(z t)& (= t)], will oscillate in a more involved way than the intensity,
Egs. . In particular, we observe that only when the imaginary part of the
outermost parenthesis in Eq. vanishes the phase will be independent of z.

T
(a) } ",".,-»‘1'--:4,;\'\

D12(z) (rad)

0.00 0.02 0.04 0.06 0.08 0.10
z/L

Figure 3.2: (a) Normalized intensities of the single photon frequency components

I, (black) and I» (gray), and (b) the relative phase between them for Re( ) =

2v L, with L =01 (a.u.) being the length of the medium, and Im( ) = 0. Solid

lines: I1(0) = 099, m2 = 0, 12 = v 4; Dashed lines: I;(0) = 085, m12 = 0,
12 = v 4; Dotted lines: I;(0) =070, m12 =0, 12=v 4.

In what follows, by evaluating the analytical expressions obtained in Eqgs. ([3.14])
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3. Two-color quantum memory in double -media

and , we discuss di erent propagation examples of the two frequency com-
ponents, see Figs. and We change to a reference frame xed at the peak
of the single photon pulse (t. = z v), so we need only to show the variation on the
spatial dimension z. In Figs. [3.2(a) and [3.3|(a) we plot the normalized intensity of

each of the two frequency components,

1(z) = ' p (3.17)

whereas in Figs. B.2b) and 3.3|(b), the relative phase between them,
i1(2) = arg [&;(2 )& (2 1c)] (3.18)

is shown. In all the gures the di erent line styles correspond to di erent sets of
parameters (see the caption), while the black and gray lines both in Figs. (a)
and (a) correspond to the intensity of the frequency components 21 22,
respectively. We have taken Im( ) = 0, fact that is well justi ed from the as-
sumption ,2 — 2 made in Egs. . These gures are useful to show that the

behavior of the two components during the propagation depends completely on

and

the speci ¢ state at the entrance of the medium and the phase di erence of the
coupling beams. For example, the di erent line styles in Fig. correspond to
di erent initial intensities of the frequency components, while the relative phases
between the frequency components and coupling beams are xed. We observe that
the di erent initial superposition states lead to intensity oscillations with di er-
ent amplitudes and shifted by di erent amounts. Further examples are shown in
Fig. where the input intensities are equal for the two frequency modes, and
the relative phases between them and between the coupling beams are changed.
We observe in Fig. w(a) that opposite behaviors for the intensity of a given mode
are obtained just by properly changing the relative phase of the coupling beams
(solid and dashed lines). Moreover, note that the case shown with dotted lines,
i.e., Ij1(0) = Ip(0) and 72 = 12 = 0, corresponds to the situation discussed
after Eqgs. , in which the photon state does not evolve during propagation.

As a general conclusion from Figs. and we observe that the more di er-
ent the intensities of the frequency components, the largest the variation in their
relative phase, and vice versa. We also observe that the relative phase oscillates
around the value 7;;. The coherent evolution of the two frequency components

allow for a certain degree of engineering of the single photon state. For instance,
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(2)

-~

Di2(2) (rad)

—T

0.00 0.02 0.04 0.06 0.08 0.10
z/L

Figure 3.3: (a) Normalized intensities of the single photon frequency components

I, (black) and I» (gray), and (b) the relative phase between them for Re( ) =

2v L, with L =01 (a.u.) being the length of the medium, and Im( ) = 0. Solid

lines: [;(0) = 05, m2 = 0, 12 = v 3; Dashed lines: I;(0) = 05, m2 = v 2,
12 =V 3; Dotted lines: 11(0) =0 5, T2 = 0, 12 = 0.

by choosing Re( )L being even multiples of v and w12 = 0, the frequency compo-
nents of the superposition state can be swapped, or by choosing a di erent 719, a
desired phase between them can be added. Moreover, the most remarkable fact is
that the frequency of the oscillation, both in the intensites, Egs. , and in the
phase, Egs. , is determined only by Re( ) 2 12 p2. This means that
by properly choosing the coupling parameter 12 and the detuning 2, one can
recover at the output of the medium, z = L, the initially injected state with an
ideally perfect delity, i.e., &(L t) = Ejo(t te) for Re( )L =2vn, withn Z.

3.4 Numerical analysis

In this Section, we demonstrate the validity of the approximations made in the an-
alytical approach by numerically integrating Eqs. —. Moreover, we show
the possibility of storing and retrieving a single photon in an arbitrary superposi-
tion state of two frequency components using time dependent coupling elds. To

simulate the pulse propagation in time and space, a bidimensional grid for each
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variable is created with a spacing in the z dimension small enough to ensure the
convergence of the results. The steps for the numerical protocol are the follow-
ing: First, the temporal evolution of the medium variables is obtained from the
incident (z = 0) eld components, which are assumed to have Gaussian pro les of
temporal width ~ = 25 ns and centered at t. = 3 57, using a Runge-Kutta inte-
grating method. Next, the eld at the adjacent spatial point is determined with a

nite di erence method, using the preceding obtained values. Finally the previous
steps are repeatedly performed until the whole grid is lled. For the medium we
takealengthof L=01m, 9 =016, 13°=16 10 °,and 12°L 500, while
the detunings are ,1 =0 and 2~ = 160.
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Figure 3.4: Normalized intensities of the single pulse frequency components, Iy
(a) and I (b), as a function of normalized position and time, and (c) the phase
between the frequency components at the pulse peak as a function of normalized
position. The parameters correspond to the case represented with dotted lines in

Fig.

On the one hand, an example of the propagation of the two single photon
frequency components is shown in Fig. [3.4] where the normalized intensity of
both components, I; (a) and Iz (b), is shown as a function of position and time

for constant coupling Rabi frequencies .; ~ = " o =18, and a phase between
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them of w19 = 0. The peak amplitudes of the frequency components for the
injected single photon are €9(t.) “=13 10 3and &9(t.) = 03 07 &(t.),
with a relative phase 15 = v 4 between them. Note that those parameters
correspond to the case represented in Fig. [3.2] with dotted lines. As we observe, the
intensities for the two frequency components exhibit complementary oscillations
with a spatial period of 0 125L. Moreover, the displacement of the peak allows
to estimate a propagation velocity of ~ 10% m/s. Using the model derived in the
previous Section [3.3] the values obtained for the oscillation period and the velocity
are 01Land 45 10°m/s, respectively. Thus, the numerical simulations are
in good agreement with the analytical results. The phase between the components
at the peak of the pulse, j(2), is plotted in Fig. (C) as a function of z. We
observe that the behavior of the phase is also in good agreement with the analytical
result [see dotted line in Fig. [3.2(b)].

1.0
0.8
0.6
0.4
0.2
0.0
1.0 | | |
0.8  (b)

0.6 -

04
0.2
0.0 ' '
1.0 T T T

0.8  (¢)
- 0.6

04 L
0.0 L L

t/T

Qej/Qe;

z/L

Figure 3.5: Temporal pro le of the coupling beams (a) and normalized intensities
of the single pulse frequency components, I; (b) and Iy (c), as a function of
normalized position and time. The parameters correspond to the case represented
with dotted lines in Fig. 3.3

On the other hand, Fig. shows a particular example of the storage and
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retrieval process, using temporal pro les of the coupling beams of the form

G == 2 tanh[p(t  0)]+tanh[p(t o)) (3.19)

with o "= o “=18,¢=05" 1 t; = 2t. and ty = 6t. [see Fig.(a)], and
a phase di erence between the coupling elds of 12 = 0. In Figs. [3.5(b) and (c)
the normalized intensity of frequency components I1 and I, respectively, is shown
as a function of position and time. In the example, we have taken equal amplitudes
for the two components of the input state, £9(t.) “= &9(t.) “=13 10 3 and
an initial phase di erence 12 = 0 between them, in such a way that the chosen
parameters correspond to the situation with constant coupling elds represented
with dotted lines in Fig. Fig. shows an example on how the superposition
state can be stored and recovered by appropriately varying in time the coupling

elds. Here, the storage time corresponds approximately to t3 ¢; =035 s, and
it could be extended in principle to times of the order of 1 13 ( 15 ms for
the parameters considered). The behavior of the intensities for each component
coincides with the predictions of the theoretical model. We have checked that the
total pulse area is almost conserved although the pulse spreads during propagation.
The phase between the frequency components (not shown in the gure) keeps an
approximately constant value of j;(2) = 0 during the whole storage and retrieval
process, as expected from the dotted line in Fig. [3.3[(b). To characterize the
memory performance, the e ciency of the storage and the retrieval processes, and
the delity of the recovered superposition state have been calculated. On the one
hand, we de ne the performance e ciency as = Aps Ret, With the absorption

Abs and retrieval get e ciencies being

2 gL )%+ &L t)? dt

to
Abs =1 (320&)
f? 8w+ &w? dt
fttfo E(L )2+ &L 1?2 at
e [Ir2 0%+ &9(t) ? at (3200
to 1 2

where the interval tg = 0, t; = 307 is the integration time. Computing these ex-
pressions with the data obtained in the simulation shown in Fig. the absorption
and retrieval e ciencies are aps = 99 78% and Rget = 91 21%, respectively. Thus,
the total e ciency is = 91 01%. On the other hand, the conditional delity is
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de nedas F.= i out 2, where we take as input and output states

i 2 edt) *dt

T 2 o 2 0/ 2 10,1
fto EN) T+ &) T dt
o 12 e9(t) % dt
te i 22() —— 01,1 (3.21a)
S T 8T+ &) 7 dt
7 &L )2 de o
out —
Ly 8@+ &L ? dt P
t 2
o [, E(L t)=dt
+el B by 2 : —— 01,1 (3.21b)
L], &L )7+ &L t)" dt
respectively, with
) ty
i / arg [£1(0 1)&, (0 t)]dt (3.22a)
t
°tf
ot /t &L DL )i (3.22D)
f

Therefore, the calculated conditional delity for the case shown in Fig. [3.5] is
F. =99 69%.

3.5 Conclusions

In this Chapter we have studied the propagation of a single photon, in an arbitrary
superposition of two di erent frequency components, through a double- medium.
We have considered a con guration in which the strong control elds do not couple
the populated ground state, and one of them is detuned far from the one photon
resonance. This con guration has the peculiarity that the intensities of the two
frequency components exhibit complementary periodic oscillations as they prop-
agate. These propagation e ects have been used in combination with the light
storage technique based on EIT to implement a quantum memory for frequency
encoded single photon qubits. We have derived the parameter conditions under
which the two components propagate with the same velocity, and we have analyti-
cally studied the dependence of the relative phase between the coupling elds and

the input qubit state in the propagation dynamics. Moreover, we have shown that
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the initial state of the single photon, which can be any desired frequency super-
position of the two frequency components, is recovered at certain positions in the
medium The results obtained by numerically integrating the evolution equations
of the system are in good agreement with the analytical solutions and thus the
validity of the analytical approach has been con rmed. Finally, the storage and
retrieval of a single photon state in an arbitrary superposition of two frequency
components has been shown numerically by turning o and on the coupling elds
during the propagation of the single photon. For the parameters used, the results
demonstrate an e cient quantum memory for arbitrary frequency encoded single
photon qubit with high delity.
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4

Single-site addressing of
ultracold atoms beyond the
diffraction limit via position

dependent adiabatic passage

The present Chapter is devoted to the study of a new proposal to perform single
atom/single site addressing of ultracold atoms in an optical lattice. The proposal
is based on the sub-wavelength localization via adiabatic passage (SLAP) tech-
nique [I80], and has been accepted for publication recently in Phys. Rev. A. This
subject o ers a complementary aspect to the previous Chapters, based on quan-
tum memories, within the context of quantum information with three-level atoms.
While the rst Chapters[2| and [3| are more focused in the transmission and storage
of quantum information encoded in the state of light, the present Chapter deals
with the manipulation of stationary qubits. In particular, we consider a sample
of ultracold neutral atoms loaded into a two-dimensional optical lattice with one
atom per site, each one modeled by a three-level system in interaction with a
pump and a Stokes laser pulse. Using a pump eld with a node in its spatial
pro le and a proper overlap between the pump and Stokes elds, we show that
the population of the atoms at all sites is transferred from one ground state of
the system to the other via stimulated Raman adiabatic passage (STIRAP) [181],
except the one at the position of the node, that remains in the initial ground state.
This technique allows for the preparation, manipulation, and detection of atoms
with a spatial resolution better than the di raction limit, which either relaxes the

requirements on the optical setup used or extends the achievable spatial resolution
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to lattice spacings smaller than accessible to date. In comparison to techniques
based on coherent population trapping [59, 160} 182 183], SLAP gives a higher
addressing resolution and has additional advantages such as robustness against
parameter variations, coherence of the transfer process, and the absence of pho-
ton induced recoil. Additionally, the advantages of our proposal with respect to
adiabatic spin- ip techniques [I84] [I85] are highlighted. Analytic expressions for
the achievable addressing resolution and e ciency are derived and compared to
numerical simulations for 8Rb atoms in state-of-the-art optical lattices.

In Section we provide a motivation for the development of novel single
site/single atom addressing techniques and review previous works. Next, in Sec-
tion we introduce the physical system under consideration and describe the
physical mechanism used to perform the addressing technique. In Section the
novel protocol to perform single site addressing is described, and analytical ex-
pressions for the spatial resolution and the addressing e ciency of our technique
are derived. In addition, a comparison with CP'T based techniques is provided.
Next, in Section [4.4] we perform a numerical investigation of the proposed tech-
nique for a single-occupancy optical lattice loaded with 3’Rb atoms by integrating
the corresponding atomic density-matrix equations. Finally, in Section [4.5] we

summarize the results and present the conclusions.

4.1 Introduction

Ultracold neutral atoms in an optical lattice with single-atom/single-site resolu-
tion constitute an ideal physical system to investigate strongly correlated quan-
tum phases [I86] which, in turn, has interesting applications in quantum optics
[187], quantum simulation [I88] and quantum information processing [189 [191],
among others. The rst approaches towards single-site addressing considered the
use of lattices with relatively large site separations [192] [197]. However, to have
access to the regime of strongly correlated systems, typical lattice spacings well
below 1 m are needed since the tunneling rate has to be comparable to the on
site interactions. In this case, the di raction limit imposes strong restrictions on
the addressability of individual lattice sites. To overcome this limitation di er-
ent techniques have been investigated. For instance, spatially dependent electric
and magnetic elds have been used to induce position dependent energy shifts on
the atom [198], allowing for site-selective addressability. Alternatively, a scanning

electron microscopy system to remove atoms from individual sites with a focused
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electron beam [199, 200] has been reported. However, in this case, atoms need
to be reloaded into the emptied sites after each detection event. More recently,
high resolution uorescence imaging techniques, that make use of an optical sys-
tem with high numerical aperture, have been implemented to perform in situ
single-atom /single-site imaging for strongly correlated systems [201] 205]. In this
context, a single-site addressing (SSA) scheme based on focused laser beams in-
ducing position-dependent energy shifts of hyper ne states has been theoretically
[184] and experimentally reported [I85]. In the experiment, an intense addressing
beam is tightly focused by means of a high resolution optical system. This beam
produces spatial dependent light shifts bringing the addressed atom into resonance
with a chirped microwave pulse and eventually inducing a spin- ip between two

di erent hyper ne levels of the atom.

On the other hand, during the last years, several proposals based on the inter-
action of spatially dependent elds, e.g., standing waves, with three-level atoms in
a -type con guration have been considered, not only for single-site addressing in
optical lattices but, more generally, for sub-wavelength resolution and localization
[180, 206! 213]. In the rst approaches [206] 213], a spatially modulated dark state
is created by means of either electromagnetically induced transparency (EIT) [61]
or coherent population trapping (CPT) [59, 160} 182, [183], which allows for a tight
localization of the atomic population in one of the ground states, around the posi-
tion of the nodes of the spatially dependent eld. More recently, it has been shown
that the resolution achieved with those CPT/EIT based techniques can be sur-
passed using stimulated Raman adiabatic passage (STIRAP) [I81] processes, by
means of the so-called Sub-wavelength Localization via Adiabatic Passage (SLAP)
technique [I80]. The SLAP technique relies on a position-dependent STIRAP of
atoms between the two ground states of a three-level atomic system, and has
additional advantages compared with CPT/EIT techniques such as (i) robustness
against parameter variations, (ii) coherence of the transfer process, that allows for
its implementation also in Bose-Einstein condensates [180], and (iii) the absence

of photon induced recoil.

In this Chapter, we apply the SLAP technique [I80] to ultracold atoms in
an optical lattice, where single-site addressing (SSA) requires to overcome the
di raction limit. In order to address only a single site, we use here Stokes and
pump pulses with Gaussian shaped spatial distributions, with the pump presenting
a node centered at the lattice site that we want to address. Assuming that all

the atoms in the optical lattice are initially in the same internal ground state
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and applying the standard STIRAP counterintuitive temporal sequence for the
light pulses [181], we will demonstrate that it is possible to adiabatically transfer
all the atoms, except the one at the node of the pump eld, to an auxiliary
ground state. We will show that this process is performed with higher e ciency
and yields better spatial resolution than the CPT based techniques [206/ 213].
Also, we will demonstrate that our addressing technique requires shorter times
than in the adiabatic spin- ip technique discussed in Ref. [I85], and that larger
addressing resolutions can be achieved using similar focusing of the addressing

elds. Moreover, our technique has the additional advantage that it can be applied

between two degenerated ground-state levels.

4.2 Physical model

The physical system under consideration, illustrated in Fig. (a), consists of
a sample of ultracold neutral atoms loaded into a two-dimensional (2D) square
optical lattice with spatial period 2, placed in the plane (z y), and illuminated
by a pump and a Stokes laser pulse with Rabi frequencies p and g, respectively,
propagating in the 2z direction with an adjustable time delay. The spatial pro le
of the pump pulse has a node coinciding with our target lattice site, at which
the Stokes pulse is also centered. Since we consider the spatial pro les of the
pulses having revolution symmetry around the propagation axis, represented by a
dashed line in Fig. [4.1a), in the following, and without loss of generality, we take
into account only the transverse spatial dimension x. In our model, we assume
the system to be in the Mott insulator regime with only one atom per lattice
site. Each atom is considered to have only three relevant energy levels in a -
type con guration, de ned by the interaction with the light pulses as shown in
Fig. [1.1(b). Here, 91 ( 23) is the spontaneous transition rate from the excited
state 2 to the ground state 1 (3 )and p ( g) is the detuning of the pump

(Stokes) eld. We assume that all atoms are initially in state 1 .

Our approach to achieve single site addressing is based on the SLAP technique
[180], where, depending on their position, the atoms are transferred between two
internal ground states by means of the STIRAP technique [I81]. STIRAP consists
in adiabatically following one of the energy eigenstates of the -system, the so-
called dark state, introduced in Eq. , which under the two-photon resonance
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(b)

Figure 4.1: (a) Physical system under investigation: The pump and Stokes light

pulses, with Rabi frequencies p and g, propagate in the 2z direction and

interact with the atoms of a single-occupancy optical lattice located in the (x y)

plane. (b) Scheme of the -type three-level atoms, initially in state 1, that

interact with pump and Stokes pulses. Excited level 2 has spontaneous transition

rate 91 ( 23) tolevel 1 (3 )and p ( g)is the detuning of the pump (Stokes)
eld.

condition, i.e., p = g, has the form
D(zxt) =cos (xt)1 sin (zt)3 (4.1)
where tan (z t) = p(zt) g(z t). Starting with all the population in 1,

it is possible to coherently transfer the atomic population to state 3 changing
adiabatically from 0 to 90 by means of a convenient time sequence of the

elds. This time sequence corresponds to apply rst the Stokes pulse and with a
certain temporal overlap, the pump pulse. Since the process involves one of the
eigenstates of the system, the population transfer is robust under uctuations of
the parameter values if these are adiabatically changed and the system does not
evolve near degenerate energy eigenvalues.

In the SLAP technique, the pump eld has a spatial structure with nodes
yielding state-selective localization at those positions where the adiabatic passage
process does not occur, i.e., those atoms placed at the nodes of the pump eld
remain in 1 while those interacting with both elds, pump and Stokes, are trans-
ferred to 3 . For our purposes, we use the SLAP technique with a pump eld
having a single node at the position of the target site. Therefore, at the end of

99



4. Single-site addressing of ultracold atoms beyond the diffraction
limit via position dependent adiabatic passage

the SLAP process the population of all atoms illuminated is transferred from 1
to 3 except for the one at the node of the pump eld. The spatial and temporal

pro les for pump and Stokes Rabi frequencies are given by

plzt)= po(l e & wb)e (¢t tp)? 27 (4.2a)

s@t)= goe @ Whe (1727 (4.2b)

where pg and g are the peak Rabi frequencies, tp and tg are the centers of
the temporal Gaussian pro les, wp and wg are the spatial widths of the node in

the pump and of the Stokes eld, respectively, and ¢ is the temporal width.

There exist several methods to create the required pump intensity pro le with
a central node: e.g. (i) re-imaging of a Gaussian beam with a dark central spot
created by a circular absorption mask, using (ii) a Laguerre-Gaussian laser beam
[214] or (iii) a ‘bottle beam’ created by the interferometric overlap of two Gaussian
beams with di ering waists [215], or (iv) a exible intensity patterns generated by

spatial light modulators and subsequent imaging [216), 217].

4.3 Single-site addressing protocol

In our model, we assume that the spatial wavefunctions of the individual atoms
placed at the di erent sites, centered at x,, (being n the site index), correspond
to the ground state of the trapping potential, which in rst approximation can
be considered harmonic. Therefore, the full atomic distribution in the lattice is

given, initially, by

1 r  xn)?
Plat(¢) = = exp % (4.3)
Wat V n Wi
where wy, = m is the width of the initial atomic distribution at an individual

site, m is the mass of the trapped atom and is the harmonic trapping frequency.
We assume that the addressed site is 9 = 0 and their nearest neighbors = ; are
at a distance 2 where is the wavelength of the elds that create the optical

lattice.

In order to characterize our single-site addressing technique we consider that,

once the SLAP technique has been applied, the nal atomic population distribu-
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SLAP (x)

tion in 1, , is given by

w A (2) = PP (2)prar () (4.4)

where PSUP (1) is the probability distribution that an atom remains in state 1
after the SLAP process. Using the SLAP technique, the addressing resolution that
one can obtain is related to the global adiabaticity condition [181] at each spatial
position x,

2
2 2 2 2
S0€ 7 wg 0 1 e T°Wp

(4.5)
where T =tp tg and A is a dimensionless constant that, for optimal Gaussian
temporal pro les and overlapping times, takes values around 10 [I81]. Although
usually the value A 10 is accepted, we have found that A = 20 gives a more
accurate description for the values of ¢ and R considered along this Chapter. In
Eq. , the equality gives a spatial threshold x4, above which the adiabaticity
condition is ful lled. Assuming that the full width at half maximum (FWHM) of
PSUMP (1) is ( x)spap @ and expanding Eq. up to rst order in x one

obtains

A 2
1+ (R+1) %= R

( Z)sLap = ws R+l (4.6)

where R Rw% wh and B ( po  s0)®. Eq. (4.6) gives the width of the
addressing region, and it tends to zero as R increases. Moreover, since ( )g; op

must be real valued, we nd that the inequality

1+R
R

sol' < A (4.7)

must be ful lled. Along this Chapter we will consider that ggis xed, so R can

be varied through py wp and wg.

Two conditions should be satis ed for our SSA technique to work. First,
the population of the atom in the addressed site must remain in state 1 after
the action of the elds, and second, the rest of the atoms of the lattice have to
be transferred to level 3 . Therefore, taking into account the overlap between
PSP (2) and ga4(2) in Eq. , it is clear that the FWHM of the probability
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distribution PSUPP (z) should satisfy

( @)at <( @)gpap <71 ( Tat (4.8)

where (), =2 mwat, and x1 = 2 1is the position of the nearest neighboring
site. Using Eq. (4.6, it is easy to see that these conditions x the range for go7T
to obtain SSA using the SLAP technique:

A < S()T < A + (49)
where
1+ R
= . 5 (4.10)
(I+R) w4 1 +R

with x4 = ( @)at and ¢ =z1 ( )at. Note that the upper limit for Eq. (4.9))
is more restrictive than Eq. (4.7)).

In order to have a quantitative description of the SSA performance, let us

introduce the SSA e ciency as
Py (1 Pgy) (4.11)

where P, corresponds to the probability of nding the atom at the addressed site
Zo in state 1 , while1l 7P, corresponds to the probability that the atom in the

neighbor site 21 has been transferred to a di erent internal state. We de ne

pSLAP J +ss @A (@) da
T4 fﬁ:: %at (.Z')dx

(4.12)

with s = a; 4 and i = 0 1, whereas AP (2) and @, () have been de ned

in Egs. (4.4) and (4.3)), respectively. Using Eqs. (4.3]) and (4.4]), the explicit forms
for Egs. (4.12)) are

PR = { )stap (4.13a)
( 2)Fpap +( 2)%
PglLAP :Ps(%APe 41n(2) 23 [(Az)3Ap+(AT)2 ] (4.13b)

From these expressions, it can be seen that, for z; > ( x)at, the limits given by
Eq. (4.8), i.e., ( z)gpap = ( @)ag and ( z)gpap = 21 ( T)at, correspond to
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SSA e ciencies of 070 and 094, respectively.

An alternative technique to perform atomic localization based on spatial de-
pendent dark states is the coherent population trapping (CPT) technique [206].
In the CPT [160] technique the dark state is populated after several cycles of co-
herent excitation followed by spontaneous emission from 2 to the ground states.
Note that, while CPT relies on spontaneous emission, the SLAP technique is fully
coherent. Moreover, the latter provides higher resolution, as shown in Ref. [I80],
and does not su er from recoil since the localized atoms have not interacted with
light. In what follows, we compare the range of parameters necessary to per-
form SSA considering both SLAP and CPT techniques. Note that we focus our
comparative analysis in the CPT technique, although similar results are obtained
considering the method proposed in Ref. [213], where the spatial dependent dark
state, D(z t) , is created via the STIRAP technique by switching o the elds

before completing the transfer process.

In order to compare both techniques, we de ne the nal population distribution
in 1 using CPT as ¢°FT(z) in an analogous way as it has been done for the
SLAP technique in Eq. . Then, the FWHM of the corresponding probability
function P, T(z) is obtained by imposing that 1 D(z ¢t) 2 =1 2 and tp = tg

in Egs. (4.2):

2wg
1+ R
Fixing the desired 2 and using Egs. (4.6) and (??) for SLAP and CPT, re-

spectively, the constrains for the relevant parameters for each technique can be

( @)cpr = (4.14)

obtained. For simplicity, we consider that the Stokes pulse parameters wg and
so are xed, and only the node width wp and pump peak Rabi frequency pg
can be varied. Note that, for the SLAP case, we have to x also A and T.

Taking x = 4, half of the site separation, the required values for R and

wp are plotted in Fig. [4.2(a). To simultaneously illuminate a large number of

sites, we use a large Stokes beam waist of wg =32 [ =24 , where | = % is

the wavelength of both pump and Stokes elds. We choose this ratio =

=~

in order to be consistent with the speci ¢ numerical values used in Section [4.4
The solid (dashed) line corresponds to the SLAP (CPT) case with the parameter
values o7 = 19 and A = 20. Although usually the value A 10 is accepted, we
have found that A = 20 gives a more accurate description for the values of ¢ and
R considered here. As wp decreases, in both SLAP and CPT cases, lower values of

R are needed to reach the =xed resolution x, since the narrower the node of the
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Figure 4.2: (a) Parameter values of R needed to perform SSA as a function of
wp, using SLAP (solid line) and CPT (dashed line) techniques. The addressing
probability distribution widths are taken as x = 4 in both cases. (b) ( z)spap
(solid line) and ( z)cpr (dashed line) as a function of R. The FWHM of the
atomic distribution, ( x)a = 10 corresponds to the horizontal dotted line and
we have taken wp = . The parameters used in both (a) and (b) are wg =
32 ;=24 , T =19 and A = 20.

pump eld, the narrower the probability distribution of atoms remaining in 1 .
In addition, for any given width of the node of the pump eld wp, the required
values of R are lower in the SLAP case than in the CPT case.

It is important to realize that Egs. and (?77?) show the possibility to obtain,
for certain parameter values, widths of the probability distribution, ( x)gpap or
( x)cpr, smaller than ( ). In particular, using the SLAP technique this
can be achieved with moderate R values. This is shown in Fig. |4.2(b), where
( z)sLap (solid line) and ( x)cpr (dashed line) are represented as a function of
R for wp = [ and the rest of parameters as in Fig. M(a). The FWHM of the
atomic distribution, ( z),, = 10, is depicted with a horizontal dotted line to
indicate the values where ( x)spap < ( )as. As we stated in the discussion of
Egs. , this limit corresponds to a SSA e ciency of 0 70. This regime of
parameters is interesting because it shows that the SLAP technique could be used
for applications in site-selective imaging with a resolution down to the width of

the atomic distribution at each site.

4.4 Numerical analysis

In this Section, by numerically integrating the corresponding density matrix equa-

tions, we study the implementation of the SLAP-based SSA technique for -type
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three-level 8"Rb atoms in a single-occupancy optical lattice. Numerical calcula-
tions using the CPT technique are also presented for comparison. The wavelength
of the lasers that create the optical lattice, red detuned with respect to the D1
line of 8"Rb, is = 1064 nm. The potential depth of the optical lattice is chosen
as Vp = 15E,, where FE, is the recoil energy. This corresponds to a harmonic
trapping frequency of = 2v 1592 kHz [I88]. Therefore, the FWHM of the
atom distribution at each site due to the con ning potential is ( z)a, = 142
nm. Pump and Stokes elds with p = 795 nm are coupled to 1 2 and
3 2 , respectively, where 1 F=2mp= 2, 2 F=2mp= 1
and 3 F =2 mp =0 are hyper ne energy levels of the D1 line of 87Rb.
The excited state 2 has a spontaneous transition rate o1 = 2v 096 MHz
(23 =2v 144 MHz) to state 1 (3 ), and we assume no spin decoherence dur-
ing the interaction time. We consider equal temporal pulse widths of ¢ =02 s
with a temporal delay T = 1 4¢, in such a way that the total SSA process time
is 4¢. The Stokes pulse has a maximum Rabi frequency ¢9=19 T =2r 108
MHz, while the maximum Rabi frequency of the pump is varied through the pa-
rameter R, since pg = g9 R. Concerning the spatial pro les of the elds,
we assume a wide Stokes pro le, wg = 32 r, and a narrow node for the pump,
wp = .

As it has been discussed in the previous Section to properly perform SSA,
the population of all the atoms in the lattice, except the one in the addressed site,
must be transfered from 1 to 3 with high probability. In what follows, those
requirements for the realization of the SSA are studied by numerically evaluating
the SSA e ciency.

The signatures of SSA are shown in Fig. [£.3] where the numerically evaluated
e ciency and probabilities de ned in Egs. and are plotted as a func-
tion of R for both the SLAP (circles) and CPT (crosses) techniques. Figs. [1.3(a)
and (b) show the probabilities P,, and 1 P, , respectively. For large values of
R the probability of nding the atom at the addressed site in 1 is higher with the
CPT than with the SLAP technique [see Fig. 4.3{(a)], while for small values of R
the probability of removing the atom from the neighboring site [see Fig. b)] is
higher in the SLAP case. This is explained by the fact that ( x)spap < ( z)cpr
for a given value of R, as it is shown in Fig. 4.2(b). The SSA e ciency re-

sults obtained by the numerical evaluation of Egs. (4.11]) and (4.12)) are shown in

Fig. [4.3|(c), together with the corresponding analytical curves (solid and dashed
lines) obtained using Eqs. (4.13]), added for comparison. A good agreement is
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Figure 4.3: Numerical results for the probability of nding the atom located at
xo in state 1 (a), the probability to transfer it from 1 to another state (b), and
the e ciency as a function of R (c), for the SSA with SLAP (circles) and CPT
(crosses) techniques. Analytical curves for SLAP (solid line) and CPT (dashed

lines), computed from Eqgs. (4.11]) and (4.12]), are added in (c) for comparison (see
text for the rest of parameters).

found between numerical and analytical results. From Fig. [4.3|c) it is clear that
the SLAP technique is more e cient for lower values of the intensity ratio of the
addressing elds (R < 50) than the CPT technique. Certainly, this is advanta-
geous for the experimental implementation with limited laser power available.
Furthermore, an example of the spatial performance of the SSA using the SLAP
and the CPT techniques is detailed in Figs. 4.4(a) and (b) for R = 10 and the rest
of parameters as in Fig. On the one hand, in Fig.[4.4(a) we plot the addressing
probability distributions for the SLAP, PPY4F (z), and CPT, PCFT (x), techniques
as a function of the position, with blue and red lines, respectively. Moreover,

the pump and Stokes eld pro les, p(x) and g(z), normalized to the pump
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Pii(x), Q(x)

pr(z) (x107%)
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Figure 4.4: (a) Addressing probability distributions PP (z) (blue line) and
PPPT(z) (red line), using the SLAP and CPT techniques, respectively. The spatial
pro les of the pump (black dashed line) and Stokes (gray dashed line) elds,
normalized to the pump maximum pg, are also shown for comparison. (b) Final
population distribution remaining in 1 using SLAP (circles) and CPT (crosses)
single-site addressing techniques for R = 10. The initial atomic distribution in
1, @at(x), is shown as solid line (see text for the parameters values).

maximum pg, are plotted with black and gray dashed lines, respectively. In this

gure we observe that, rst, the node of the pump pro le is much wider than the
two probability distributions, and second, the probability distribution using the
SLAP technique is signi cantly narrower than the one using CPT. On the other
hand, the nal population distributions after performing SSA with the SLAP,
G VAP (1) [given by Eq. (4.4)], and the CPT, TT(x), techniques is plotted in
Fig. [4.4((b) with blue circles and red crosses, respectively. The initial population
distribution in 1, @a(z) [Eq. (4.3)], at the addressed site (zg = 0), and at the
two next neighbors x 1 = 532 nm is shown as solid line. Note that, in the SLAP
case (circles), the population of state 1 around x( remains almost the same after
the addressing process, while in the rst neighbor sites it is practically zero. On
the other hand, for the CPT case (crosses), the population in the addressed site
remains also nearly unchanged, but it exhibits a signi cant amount of population

in the neighbor sites. This is in full agreement with the discussion following
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Figs. (a) and (b) For this example, the total e ciencies found are “FT =
056 and SFAP = 0 95 according to the corresponding values shown in Fig. [4.3)(c).
In addition, as it is shown in Fig. (a), the width of the pump node required to
perform the SSA method is much larger than the addressed region ( z)spap. In
particular, for the case shown in Fig. wp = 1 and ( Z)sLAp . 3, thus
obtaining addressing resolution beyond the di raction limit.

Finally, we carry out a comparison between our proposal and the experiment
reported in Ref. [I85], where a focused laser beam induces position dependent
light shifts, allowing to perform a spin- ip by means of a resonant microwave
pulse at the addressed site. Since the microwave eld involved in the experiment
has a Rabi frequency of kHz, the total spin- ip time is in the order of ms. In
contrast, as our proposal makes use of only optical elds, the addressing time is
three orders of magnitude below ( s). Speci cally, to achieve similar values of the
addressing resolution in both techniques, ( ) 300 nm, we have obtained an
addressing time of 40 s. This decrease of the total addressing time needed
implies a reduction of the e ects caused by spontaneous scattering of photons,
which are a limitation for the light shifts based proposals [184) [I85]. These e ects
could be strongly reduced in our case. Also, we have compared the resolution
obtained in both techniques. In Ref. [I85], they use an addressing beam with
an intensity FWHM of approximately 600 nm, and obtain a spin- ip probability
distribution with FWHM=330 nm. In our technique, using R = 1 and a width of
the pump node wp = 509 nm, which corresponds to the width of their addressing
beam, a very similar FWHM of the addressing probability distribution is obtained:
( x)spap = 330 66 nm. Note that this value can be reduced by increasing the ratio
between the pump and the Stokes intensities, e.g., R = 10 implies ( x)spap =
181 86 nm and for R = 100 we obtain ( x)gpap = 100 82 nm.

4.5 Conclusions

In this Chapter, we have discussed a proposal to perform single-site addressing
(SSA) in an optical lattice by using the SLAP technique. With respect to other
dark state based techniques such as CPT, this method is fully coherent, robust
against variations of the parameter values, and we have found that it yields higher
e ciencies for smaller values of the intensity ratio between the pump and the
Stokes elds. Moreover, the addressed atom does not interact with the elds,

minimizing all possible decoherent processes. On the other hand, with respect to
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the recent experiment on SSA using adiabatic spin- ips [I85], the present proposal
allows to use two degenerated ground levels, takes shorter times to perform the
addressing process, and provides similar or even larger addressing resolutions for
similar focusing of the addressing elds.

The proposed method provides an achievable addressing resolution that can
be pushed well below the di raction limit of the addressing light eld and of the
optical setup used for addressing or detection of atoms at closely spaced lattice
sites. This relaxes the requirements on the optical setup or extends the achievable
spatial resolution to lattice spacings smaller than accessible to date. Through
analytical considerations, we have derived the range of parameters for which SSA
is properly achieved. Moreover, we have obtained expressions to estimate the
resolution and the e ciency of the SLAP based addressing method, and we have
compared them with the analogous expressions obtained using the CPT technique.
Next, by integrating the density matrix equations with realistic parameter values
for state-of-the-art optical lattices loaded with 8’Rb atoms, we have checked the
validity of the analytical approach.
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5]
Purity and spectral bandwidth
of heralded single photons

The work presented in this chapter was done under the supervision of Dr. Alessan-
dro Zavatta, from the Quantum Optics group at the Istituto Nazionale di Ottica
(INO-CNR) in Florence (Italy), and in collaboration with Dr. Alejandra Valencia,
from the Institut de Ciencies Fotoniques (ICFO) in Barcelona (Spain). The goal of
the collaboration was the development of a model capable of describing and giving
reliable predictions about the experiment that the Quantum Optics group is carry-
ing out. The experiment deal with the preparation of heralded pure single photons,
created by means of spontaneous parametric down-conversion (SPDC), with the
required spectral and spatial properties for using them in a homodyne detection
setup, and eventually in photon addition and subtraction experiments [218].

In this Chapter, we present the procedure and calculations that we performed
and the subsequent obtained results. First, in Section a brief motivation
is given, where we remark the need of having pure and heralded controlled-
bandwidth single photons, and the di erent ways to produce them. Second, in
Section the theoretical model, consisting in a generalization of the spatial-
to-spectral mapping technique [2191 221], is exposed. After a general overview of
the SPDC process, we derive the wavefunction that describes the generated two-
photon state after SPDC, as well as explicit expressions for the joint spectrum
of the photons, the spectrum of the signal photon conditioned by idler detection,
and the purity of the signal photon. In Section we obtain theoretical estima-
tions using experimental parameter values for the quantities derived in Section [5.2
joint spectrum, signal spectrum, and signal photon purity. After comparing the
spectrum results with the purity, we conclude that although the technique used

to create controlled-bandwidth photon pairs without frequency correlations has a
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good performance, it is not useful to obtain pure single photons. Then, we ana-
lyze di erent possible con gurations in order to nd optimal conditions for a high
purity of the signal photons. Finally, in Section [5.4] we summarize the results and

present the conclusions.

5.1 Introduction

The generation of indistinguishable photons with high purity has a great relevance
in many quantum optics applications [222]. For instance, Hong-Ou-Mandel inter-
ference (HOMI) [223], or high delity quantum gates in linear optical quantum
computing, requires purity and indistinguishability of single photons [224 226].

There are many di erent methods to generate single photons, which can be
classi ed into two general categories. The rst one consists of a single emitter,
such as a single atom, ion, crystal vacancy or quantum dot, placed in a reso-
nant optical cavity. In the strong coupling regime, these kind of single photon
sources are almost deterministic. However, in many cases, the photon produc-
tion rate at the output of the source is very low. Furthermore, cavity quantum
electrodynamic systems are di cult to implement and require ultra-high vacuum
chambers, and cryogenic temperatures in some cases. The second category of sin-
gle photon sources consists of a large number of emitters, e.g., an atomic gas or
a bulk medium, pumped by a high repetition rate pulsed laser. These sources
are probabilistic, which means that each pulse of the pump train has a limited
probability to produce single photons. This drawback is partially overcome by the
fact that some multiple-emitter sources create pairs of photons instead of single
photons. Such feature gives the possibility to detect one of the photons, the trigger
photon, to announce a pair-creation event, thus revealing the availability of the
other photon of the pair.

One of the most widely used methods to obtain heralded single photons is the
one based on spontaneous parametric down-conversion (SPDC) with conditional
measurement of one photon of the generated pair. SPDC is a three-wave mixing
process in which a photon of the pump is converted into a pair of daughter pho-
tons, called signal and idler, ful lling energy and momentum conservation. Thus,
the detection of the trigger photon, e.g., the idler photon, heralds the presence
of the signal in the corresponding emission channel [227]. However, in general,
photon pairs are not created in a state with the desired properties for some of

the required applications. In particular, the existing correlation between them
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limits their applicability to many quantum information protocols. For this rea-
son, several proposals have investigated how to manipulate the properties of the
down-converted photons [2211, 228 232].

In order to obtain pure single photon pairs one needs to have no correlations
between any of the physical properties of the two photons, i.e., polarization, trans-
verse wavevector distribution, and spectrum. Polarization uncorrelated photons
can be obtained using type-I parametric down-conversion, where the created pho-
tons have the same polarization. Using this con guration, the correlations in
transverse momentum can be erased by detecting a single eld mode obtaining
by strong spatial ltering or using single-mode bers. Regarding the correlations
in frequency, a direct approach to obtain spectrally uncorrelated photons is to
implement strong ltering in the path of the trigger photon. However, this ap-
proach severely reduces the number of detected coincidences of signal and idler
photons. Di erent possibilities have been proposed to solve this problem. One of
them is to directly generate narrow-band photons by using cavity enhanced SPDC
[233] 234]. Another way to obtain pure single photons is to create them directly in
a frequency uncorrelated state. For instance, in collinear type-II SPDC, di erent
methods to obtain pure and heralded single photons have been reported, e.g., by
choosing appropriate pump spectral width and non-linear crystal length [228], or
by using a crystal with equal group velocities for pump and idler photons [235].
However, since those approaches use type-II phase-matching the indistinguishabil-
ity requirement in polarization is not satis ed. Approaches towards removing the
frequency correlations of SPDC photons as well as preserving indistinguishability
in polarization have been proposed by using the spatial-to-spectral mapping tech-
nique [219 221]. This technique allows to map the spatial features of the pump
to the spectrum of the down-converted photons, thus can be used to engineer
the frequency pro le of the photons emerging from the SPDC setup. Recently,
systematic analysis of the conditions to obtain heralded pure single photons have
been carried out [236] 237].

In this Chapter, we study the generation of controlled bandwidth and fre-
quency uncorrelated single photons to use them in a balanced homodyne detection
setup. In turn, the nal goal of this setup is to signi cantly increase the homodyne
detection rate in photon addition and subtraction experiments [218]. Homodyne
detection [238 240] is an interferometric technique that allows to measure the
amplitude and phase of a weak light mode. This is performed by overlapping

the signal in a 50% re ecting beam splitter with a strong coherent local oscilla-
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tor (LO) eld having the same frequency, and typically coming from the same
source. After detecting the interference of the elds at the beam splitter outputs
and substracting them, the quadratures of the signal can be obtained. To per-
form homodyne detection, a proper spatio-temporal overlap between the signal
photon and the LO must exist. This means that the bandwidth of the photon
entering the homodyne detection setup, e.g., the signal photon, has to match the
bandwidth of the LO. However, usually the photons emitted in a SPDC process
have large bandwidths that make impossible to overlap them with the LO, unless
spectral ltering is performed, thus reducing drastically the homodyne detection
rate. In order to achieve this overlapping, our goal is to use the spatial-to-spectral
mapping technique to engineer the spectrum pro le of the emitted photons into a
suitable desired bandwidth, hence avoiding the ltering process. It is important
to note that the spatial-to-spectral mapping technique [220], 221] uses a scheme in
which the signal and idler photons are equal spatially and spectrally Itered before
being projected into single-mode bers and analyze their joint spectrum. In what
follows we will call this setup the symmetric ltering con guration. However, in
homodyne detection the photon entering the setup shall not be spatially neither
spectrally ltered in order to have an e cient detection, thus the symmetric con-
guration used in Ref. [220, 221] does not apply to our case, i.e., we must consider
an asymmetric con guration.
In order to describe all the possible experimental setups, in the next Section[5.2]
we perform a generalization of the spatial-to-spectral mapping technique [220} 221]
to an arbitrary ltering con guration and use it to analyze the spectrum of the
down-converted photons in both the symmetric and asymmetric ltering situa-
tions. Moreover, to use the signal photon for quantum information and quantum
computing applications it should be in a pure state, i.e., uncorrelated from the
idler. Therefore, we also give an explicit expression for the purity following the
method in Ref. [230].

5.2 Spatial-to-spectral mapping generalization

5.2.1 Spontaneous parametric down-conversion (SPDC)

In general, the optical polarization, P, of a medium can be described as a power

series in the electric eld, E, of the incident wave:

P= g YWE+~@E2 4 O F3 4 (5.1)
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where g is the electric permittivity in vacuum, and ’y(l), 7(2), and 7(3) are the

rst, second and third order terms of the electric susceptibility, respectively. While
in linear optics, the rst order susceptibility, or linear susceptibility, is su cient
to describe the interaction of light and matter, for non-linear processes the high
order terms play an essential role. For instance, in SPDC process, the second

order non-linear term is the responsible for the production of photon pairs.

In SPDC [241], 242], the polarized medium is an anisotropic and non-cen-
trosymmetric non-linear crystal, characterized by its optical axis and frequency-
dependent ordinary and extraordinary refractive indices n,( ) and n.( ), respec-
tively. As already mentioned, during the interaction of the pump eld with the
crystal, a spontaneous process may occur, in which a photon of the pump is con-
verted into the so-called signal and idler photons. This process takes place with a
low probability, 10 ® to 10 '°, so one needs high power lasers to obtain a signif-
icant number of down-conversion events. In this three-wave mixing process, the
down-converted photons have the required frequencies and wavevectors to conserve

energy and momentum, also referred to as phase-matching conditions [242] 243):

p— s + 1 (52&)
ky =ks + ki (5.2b)

where the subscripts p, s, and i denote pump, signal and idler, respectively. Due to
the fact that the two photons are created at the same time, their spectral, spatial,
and polarization properties are correlated, ¢.e., they are entangled. Regarding the
properties of the created photons, di erent types of down-conversion processes
can be considered. First, depending on the relative directions of the signal and
idler wavevectors, one can have collinear SPDC, when signal and idler propagate
in the same direction, or non-collinear SPDC, if signal and idler propagate in
di erent directions. Second, when signal and idler frequencies are equal, i.e.,

s = = p 2, the process is degenerate. Third, considering the polarization,
one can have type-I or type-II SPDC. In type-I, the polarization of the down-
converted photons is equal, but di erent from the polarization of the pump. In
this case, the generated photons emerge from the crystal in directions lying in the
same polarization cone. In type-II SPDC, the polarizations of the signal and the
idler are orthogonal, and each photon emerges in a di erent polarization cone due

to the birefringence of the material.
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5.2.2 The biphoton function

We consider a SPDC process as the one sketched in Fig. [5.1 which consists of
a type-I non-linear (NL) crystal of length L, pumped by a strong pulsed laser

C
p?

respectively, propagating in the +z, direction. We consider a planar con guration,

of central frequency and longitudinal and transverse wave vectors k, and gp,
i.e., the signal and idler wavevectors lie in the same z y plane. In Fig. zs and
z; are determined by the angles w4 and 7;, where the subscripts s and ¢ correspond
to signal and idler photons, respectively, and can be expressed in terms of the pump

coordinates using the transformation

Z =zZp,CosST  ypsinm (5.3a)
y =zpsinm +ypcosm (5.3b)
r =xp (5.3c)
where = s i. Outside the crystal, the propagation angles for signal ( ) and

idler ( ;) photons are given by the Snell s law.

The two-photon state at the output of the NL crystal | after applying rst

order perturbation theory reads = 00 4+ ppc , where
PDC = - / dtH;(t) 0 0 (5.4)
0
is the state of the parametric down-converted photons, 0 0 0 0; is the

vacuum state, is the reduced Planck s constant, and ~ is the interaction time.
The e ective second-order Hamiltonian Hj(t) in the interaction picture has the
form [244]:

Hi(t) = odeg / AVEH(r B (r B (r 1)+ He (5.5)
v

where V' is the interaction volume and d.g is an e ective second-order nonlinear

coupling coe cient, which depends on 7(?), the propagation direction of the pump

beam and the crystal type, and determines the down-conversion e ciency [245].

The elds corresponding to the positive frequency component of the pump, and
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Type-I NL crystal

Y

<
«

L

Figure 5.1: Scheme of the SPDC process. A pump pulse with central frequency wy
and longitudinal and transverse wave vectors Ep and ¢), respectively, propagating
in the z, direction enters a type-I non-linear (NL) crystal of length L. A pair of
down-converted photons, signal and idler, identified by the subscript s and ¢, with
central frequencies w¢ and wf, and longitudinal (transverse) momenta ES and ]_ﬂ'z
(s and ¢;), respectively, are produced in directions zs and z;, determined by the
angles ¢ and ¢;, respectively. Outside the crystal the angles, ¢ and ¢;, of the
SPDC photons are given by the Snell’s law.

the negative frequency components of signal and idler photons read

—+o00
E(D (7,t) =4, dgpdwpEy(Gp)Eu(wp) expli (kpzp + Gy —wpt)],  (5.6a)
A~ JFOO
EC)(Ft) = —iA, dqsdws exp|—i (kszs + Gsis — wet)]a (ws, @), (5.6b)
A 7+Oo
ES) (7 ) = — A, dgidw; exp|—i (kiz; + @ — wit)]al (wi, @), (5.6¢)

respectively, where @, = (2, %), @ = (Quas Quy), ¥ = {p, 5,1}, Ap is the pump

amplitude, 4, = \/ hawt, [2eon(w§) Vg with n(w;;) being the index of refraction for

the frequency wy;, and Vg, the quantization volume. The functions

- -2 W%
Eq(@p) =exp | =G 57| - (5.7a)
Q2 (Q + Q)2
Eulwp) =exp |—=2 | =exp [—~— : (5.7b)
2B2 2B2
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are, respectively, the spatial, in transverse momentum space, and spectral en-
velopes of the pump pulse, where wq is the beam waist, B, the spectral width,
and = 9 is the detuning from the central frequency. Note that in
Eq. , while the pump eld is classical, the signal and idler elds are expressed
in the second quantization form, being a (¢ ) the creation operator for the

generated photons.

Inserting Eqgs. (5.6a)-(5.6c) in Eq. (5.5)), and using Eqs. (5.3al)-(5.3¢c), the in-

teraction Hamiltonian reads:

Hit) = K / av /// daydgsdy; /// d o od E(0)E ( pa( s g)

a (i qe Prve (B0 wy)pe Hasettio Ge)tpe il p (ot )Y (5.8)

where K = odegApAsA; and,

i =kizcosm; + kg, cosms  kp. 4+ qsy sinms + giy sin (5.9a)

0= kizsinm; kg, sinmg 4 ggy cOS T + @iy COS T (5.9b)

Expanding the wave vectors in Taylor series up to rst order, k K94n , where

n = % is the refractive index, and considering the particular case m; = 75 =,
we get

k (np mngcosm) 4+ (qsy Qiy)sinm (5.10a)

0 ns  sinm + (qsy + ¢iy) cOST (5.10b)

where we have used kgz = k% cosm + kY cosm, k) 4+ K0, sinm =0, ng = n;,

and = i- Therefore, the interaction Hamiltonian (5.8]) can be rewritten

as:

H) = K /// " dgpdasd /// T4 d s Ea)E ()

a( s qs)a( in‘)@ il p (st )t

L + , + .
/0 e ’LAkZdep/ e z(QSz+qiz qu)mpdl’p/ e Z(AO (Ipy)ypdyp (511)

Inserting the expression for the interaction Hamiltonian (5.11)) in (5.4, the state
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function of the SPDC photons can be written as

ppc =LK /// " dgydauda /// T ddd EwE (D) (p . )
L

Lsinc e ARl 2 (Gse + Gz @pz) (0 quy) 11 (5.12)
where we have used [ exp[ i( , ( s+ )t)]dt (p s i) The delta
functions ( o gpy) and  (gsz + Giz  Gpz) come from the fact that we have
considered the pump beam waist much smaller than the transverse dimensions of
the crystal. It is important to mention that we have validated this assumption
by numerically calculating the integrals in the last line of Eq. using the
parameter values given in Section [5.3} Finally, the wavefunction of the paired

photons just after the SPDC process can be expressed as

+ +
PDC = // dQSinﬂ d sd ; ( s i Qs Qi) 11 (5-13)

where = ¢{KL gives the down-conversion e ciency, and the mode function

( s 4 gs q;i) or biphoton is de ned as:

( s i s Qi) = gq(QS{L‘ + Qix 0)5 ( s+ i)e ( AL 2)26 iARL 2 (514)

where we have approximated the phase-matching function sinc ASL by an expo-

nential function with the same width at the 1 €2 of the intensity, i.e., sinc ( L 2)

exp 2( L 2)* with = 0455 [221]. This approximation has also been
validated through numerical integration. Note that in the biphoton function,
Eq. , the dependence on the frequency and momentum variables appears
through the phase-matching condition , but also through the pump envelopes
& and &;. The latter dependence is the basis of the spatial-to-spectral mapping
technique, since by controlling the pump parameters, for instance the pump waist

wo, we can modify the spatial and spectral properties of the SPDC photons.

A. Joint Spectrum

In order to perform homodyne detection e ciently, we need an input state with
the same bandwidth than the local oscillator (LO). Usually, the photons emerging
from a SPDC setup exhibit large bandwidths. Therefore, to avoid ltering it is

convenient to directly prepare the photons in a frequency state by shaping the
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distribution of their joint spectrum in such a way that it exhibits a desired band-
width. Moreover, for quantum information and quantum computing purposes,
photons with a high purity, ¢.e., with a low correlation degree with its partner,
are desirable. Regarding frequency correlations, this means that the joint spec-
trum of the SPDC photons should be a separable product of two functions, each
one depending either on 4 or ;. Both requirements, controlled bandwidth and
no frequency correlations, can be satis ed by using the spatial-to-spectral map-
ping technique [220), 221] described above, which allows to transfer the spatial
properties of the pump beam to the spectral features of the emitted photons [see
Eq. ] Here we consider this technique without restricting ourselves to the

symmetric ltering case.

Monochromator

: SPD
|E>
L3 I SPD

Figure 5.2: Setup of the detection process to analyze the joint spectrum of the
photons. The lens L1 focuses the pump beam into the BBO crystal, and the down-
converted photons are collected by lenses L2 and L3, which project them into
single-mode bers (SMF). After the bers, a couple of monochromators scan the
frequency of the collected photons, which are detected by proportional photodiodes
(PPD) connected to a coincidence detector device (C).

Type-I NL crystal
Idler

Pump

SMF

In the experiments to measure the joint spectrum of the signal and idler pairs,
the photons are collected by convergent lenses that focus them into single-mode
bers, as it is depicted in Figure 5.2 The detection is performed by means of
two proportional photodiodes, which are connected to a coincidence counter, and
a pair of monochromators are used to scan the frequencies of the idler and signal
photons. The spatial lters consist in the combination of a lens and a single-mode

berﬂ which are modeled in the calculations by Gaussian shaped lters of the

ndeed, the filtering can be performed only with a single-mode fiber, but then the number of
collected photons is very low.
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form

Uj(qj) = Ngjexp  q; = =2 (5.15)
where w,; is the width of the spatial ltering pro le, Ny; an attenuation factor
due to a possible light absorption by the optical elements, and j = s ¢ denotes

signal or idler channels. These lters act on the two-photon wavefunction as a

projector ppe =PF  PDC , being

sz//+ indQS//+ d id F;( )Ui(q)Fs( s)Us(gs) 11 11 (5.16)

and, in order to keep generality, we have included Gaussian functions to describe
a possible frequency lter of the form

2

F:( ;)= Ny J 5.17
i) fj €Xp ZB]%]. ( )

with By; the width of the frequency lIter pro le and Ny; an attenuation fac-
tor due to a possible non-desired absorption. Therefore, the joint spectrum, or
probability distribution to detect signal and idler photons at given frequencies,
e, Sy( s i) = la, lo, [[desdg 14 14  ppe 2, where we have used the

notation 1; = 1g, 14, , reads

I 2
SiCe 0= [ dada (o va @) U@ U@ B DR )

(5.18)
Carrying out the integrals of Eq. , the peak normalized spectrum Sy( s ;)
Sy( s i) Ss(0 0) of the down-converted photons takes the form:

2 2

+
202

S;j( s i)=exp —4 exp (5.19)

exp
207

+
2
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where
1 2 9 ) A 2 N 5 2
ali 1 L il
e} A vl + A +wE +( L)"(np, mngcosm)”+ B2 +
1 1
— + — (5.20a)
2312[5 2312%‘
2 2

—- = — 1 ———  +2nwisin®m+ —5 + —5-

P> AW Al + w2 570 2B%, ' 2B
(5.20b)

1 2 A LA L 1
(5.20¢)

and
)2
A =wicos’T ) sin? (5.21a)
=2wan, cos sin (5.21b)
=( L)*(n, mnscosm)sinm (5.21c)
Al + w2

- T Wi (5.21d)

2 (A +wd) Ay bwl o A2

In Eq. (5.19)), the variables and the respective widths ¢ determine the kind
of correlations between the emitted photons. In particular, when ¢4 — ¢ o,
there is contribution to the spectrum only from 4 = 4+ ;, so the photons

are correlated in frequency, i.e., the joint spectrum is distributed along the line

s = 4, while for ¢ — ¢4 ¢, the contribution of = ; dominates and
they are anticorrelated, i.e., the joint spectrum follows the line 4 = ;- For the
case when both widths are equal, ¢ = ¢ ¢, the spectrum function expressed

in terms of 4 and ; variables is separable, i.c., it can be written as a product

of two contributions:

2 2
S;( s ) =exp 253 exp 2¢:2 (5.22)

where ¢ = @292 2(¢2  ¢?) and ¢; = 202 2(p2 + ¢?), which means that
the photons are frequency uncorrelated. Note that by imposing equal spatial and

spectral lters, i.e., wgs = Wy and Bys = By, respectively, we obtain 1 ¢. =
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0, and therefore one recovers the results of Refs. [220, 221], in which the joint
spectrum is a symmetric Gaussian distribution. However, the situation with equal

Iters is not suitable for our case because, while the signal photon should enter
the homodyne detection setup without being spatial nor spectral ltered, the idler
photon is spatially Itered by the lens and the single-mode ber. From Eqgs.
and the optimal parameter values for the production of uncorrelated photon
pairs, i.e., those for which ¢, = ¢ , can be obtained. In particular the optimal

pump spatial width, wq, is given by

2
1 ( L) o W+ w2 Lsinm
wa = =T (np mscosm)” + 25— _
P Wsiwss 2Bp
2 2 2 2
watwss (L) 5 4 2 9 cos”m
nisin“m  (n, nscosmw) cos‘mw
w2 w2 2 s p B2
81" SS P
1
22
2 52 (L)"sin”(2m)
Nng S m W (523)
p Vst ss

In the case of not spatially projecting the signal photon, wss = 0, the optimal

parameter value has a simpler form:

( L)?sin?w
2 Bg

L)2 . in2(2 2
% N2sin*7 (N, N,cosm)?cos?m SEQ‘EV;’) Cog,%”
P st

(5.24)

Note that, in order to found real values for this expression, additional conditions
are needed for the angle 7 and the refractive indices n, and ns. These conditions
will be discussed in more detail in the next Section On the contrary, when
one considers equal spatial lters, real values of Eq. can be found in general

by tuning wss (which is equal to wg;) at will.

B. Spectrum of conditioned signal

After nding the optimal parameter conditions for the production of uncorrelated
photon pairs, the next step is to use the signal photon for homodyne detection.
In this scheme, the idler photon is used to herald the presence of the signal. This
allows to minimize the time for which the homodyne detection setup is coupled
with the vacuum state, by opening the detection setup only when the signal photon

is arriving. The di erence with respect to the previous setup (Fig. |5.2) is that
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the heralding is performed by removing the monochromator of the idler path (see
Fig. , so we do not perform frequency measurement in the idler channel. In
addition, the signal photon is directly sent to the homodyne detection setup, thus
it is not spatially nor spectrally ltered. However, for generality, we keep the
functions Uy (¢s) and Fs( ) in the calculations, whose width can be arbitrarily
enlarged in order to t our non- ltering requirements. Finally, for homodyne
detection we need a signal photon with a controlled bandwidth that matches as
much as possible the one of the LO. Therefore, our aim is to analyze the spectrum

of the signal photon detected in coincidence with the idler.

Monochromator
Type-I NL crystal L2, SMF SPD
Idler :
Pump .
| :
L1 I
MF
L3 5 SPD

Figure 5.3: Setup of the detection process to analyze the spectrum of the signal
photons conditioned to detection of an idler. The di erence with respect to the
setup shown in Fig.[5.2is that here there is no monochromator in the idler channel
to measure the idler frequency.

Mathematically, the di erence of this con guration with respect to Eq. (5.18))
is that, since we are not projecting the frequency state of the idler photon, we
must keep the integral over all the possible frequencies ;. Therefore, the signal

photon spectrum, in coincidence with the idler, is

+ + 2
s 9= [ ai [ dwds (oo @)U @T@R R
(5.25)

After carrying out the integrals and normalizing to the peak value, S¢(0), Eq.
reads

2 991 o 3
¢F O+ +20° 9192
Note that in the case where ¢4 = ¢ ¢, the width of the signal photon spectrum
coincides with the one of the joint spectrum, ¢, in Eq. , for ; = 0. This

result is the one that we expect since for ¢ = ¢ the frequency spectra of signal

Sc( s) =exp (5.26)
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and idler photons are independent. Eq. shows that we can use the spatial-
to-spectral technique to engineer the signal photon with a proper spectrum pro le
that matches the local oscillator (LO) of the homodyne detection. In addition, by
satisfying ¢+ = ¢ , we can achieve frequency uncorrelated photon pairs without
the need of strong spatial or spectral ltering, i.e., using Bys = By; and
wss = Wg; = 0. In order to quantify the degree of correlation between the two

photons, in what follows we introduce the purity of the signal photon.

C. Purity of the signal photon

The possibility to create signal photons with high purity is important because it
allows to implement quantum gates and operations with high delity, and also
increases the homodyne detection e ciency. In particular, the overall e ciency
that we have after the measurement is . = 4P, where 4 is the detection
e ciency and P; is the purity of the signal photon, which is de ned as

P, = Tr i (5.27)

[Tr (‘PS)F
where ¢y is the density matrix of the signal photon and Tr (¢) is the trace of ¢. In
the case of P; = 1 the signal photon is pure, i.e., the two photons of the pair are
uncorrelated, while if P; < 1 the two-photon state is a mixture state, with P; = 0
corresponding to a maximally entangled state. The state of the signal photon ¢
is given by
o = Tr; (@) (5.28)

where Tr ; is the partial trace over the idler variables and, ¢s; = ppc  ppce IS
the density matrix of the biphoton state after passing all the optical elements of
the experimental setup, just before the single-photon detection. Using Eqs. (5.13]),

(5.16[), and (5.28)), the density matrix of the signal photon reads

o= dwdade, [ @t m2COR@ECIE

Us (QS) Us qs ( S i gs Qi) s i s qi 15 13 (529)
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and therefore,

+ + + +
Tr 9‘% :// dQSin// dqsdqi // d sd z// d Sd i
F;

( i)Ui(Qi)FS( S)US(QS)Fi i Uiq Fs 5 Us g

(s i4s aq) s i s Qi s i4s s i Gs g
(5.30)

2

and

e = [ dada [ @ ARCOU@RC DU @)

(s i¢a)’ (5.31)

To perform those integrals we use the following mathematical equivalence [236]:

+ v Mwv . (2v)" 2 wtM tu
ex +iv'y dv = ———=ex _— 5.32
/ P Det(M) ¥ 2 (5.82)

where M is a symmetric and positive de nite n n matrix, and v and u are vectors
of order n. Since the product of the biphoton function, Eq. (5.14]), with the Iter

functions, Eqgs. (5.15) and ([5.17]), can be written as an exponential function with

the exponent being a second order polynomial of the variables gsz, sy, iz, Gy, s

and ; we can use Eq. (5.32) to carry out the integrals of Eqgs. (5.30)) and (5.31)).
For Eq. (5.30), v = (¢sz sy Gsz sy Gz Giy Gix Gy s i s ) w=0,and the
matrix M reads

as 0 0 O f O f O 0 0 0 0
0O b 0 0O O g 0O g h O l l
0 0 as O f O f O 0 O 0 0
0 0 0 b 0 g 0 g 0 h l l
f 0 f 0 a O 0 O 0 O 0 0
M= 0O g 0 g 0 b 0 0 l l h O (5.33)
f 0 f 0 0 0 a O 0 O 0 0
0O g 0 g 0 0 0 l [ 0 h
0 h O 0 O I 0 I ds 0 m m
0O 0 O A O [ 0 [ 0 ds m m
o ¢ 0 I o0 h 0 0 m m d; 0
o ¢ o0 I 0 0 0 h m m 0 d;
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where

a; =2 wp+ W (5.34a)

bj =2w2; + 2wg cos’ m+ L? Zsin’r (5.34b)

d; = 32?] + B21% +I2 2(n, ngcosm)? + 2win2sin® 7 (5.34c)

f=w (5.34d)
g=wicos’T %LQ Zsin? (5.34e)

= L? %(n, ngcosm)+2wingcosT sinm (5.34f)

l= % IL? %(n, ngcosm) 2wicosm sin (5.34g)

m= Blg + %LZ 2(n, mngcosm)® winlsin®m (5.34h)

being j = s i , while for Eq. (5.31), v = (¢sz sy Giz Gy s i)', u =0, and the

matrix M is

as 0 2f 0 0 O
0 b 0 29 h 2
2f 0 a O 0 0
0 2¢g 0 b 20 h
0 h 0 20 d, 2m
0 20 0 h 2m d

M= (5.35)

Therefore, by using the identity in Eq. (5.32) to calculate Eqgs. (5.30) and (5.31)),

one can estimate the purity of the photons that arrive at the homodyne detection
setup, Eq. (5.27). In the next Section we use experimental values for the pa-
rameters to give speci ¢ predictions about the spectrum and purity of the photons

produced in the SPDC process.

5.3 Experimental setup and theoretical predictions

A schematic description of the experimental setup implemented in the group of
Dr. Zavatta, in the Quantum Optics laboratory, is shown in Fig.[5.4l In the exper-
iment, the light used to produce photon pairs is generated from a Ti:Sapphire laser
which emits femtosecond light pulses with central wavelength of approximately 800

nm. Part of the light intensity is redirected with a beam splitter to the homodyne
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detection setup, to be used as the local oscillator (LO). The homodyne detection
setup consists in a 50% re ecting beam splitter, a couple of proportional photo-
diodes, and a device that performs substraction of the two beam splitter outputs.
The light that is not used as LO, after being frequency doubled in a second har-
monic generator, i.e., the outcoming light has central wavelength 7 = 400 nm,
is focused into a -barium-borate (BBO) crystal prepared for type-I parametric
down-conversion, of thickness L = 0 3 mm and transverse section 5 5 mm?. For
this kind of crystal the ordinary and extraordinary refractive indices, given by the

Sellmeier equations, are [246]

0 01878

— 27359+ —— 1 01354 2 5.36
no( ) T2 001822 (5.362)
001224
~ 9 _ouiest 1516 2 36b
ne( ) 3753+ 5 ez 001516 (5.36b)

which correspond to a ray propagating perpendicularly to the optical axis, and
determine the possible phase-matching angles and the refractive indices of the
pump (ny), signal (ns), and idler (n;) photons. Since we consider degenerated
non-collinear type-I SPDC the signal and idler photons are emitted in the same
polarization cone and propagate as ordinary rays, i.e., their refractive indices ng =
n; = dks d s, with ks = k; = 2uny( 5) s, do not depend on the propagation
angle with respect to the optical axis. On the other hand, the pump propagates

as an extraordinary ray, n,( ) = dky( ) d ,, where ky( ) =2vn.( , ) pand

cos? sin? 12
ne( )= + (5.37)
’ To ( )2 Ne ( )2
The phase-matching angle can be found by solving
ple  p = ino( j)cosmi+ {no( §)cosms (5.38)

which comes from the phase-matching condition [Eq. (5.2b))].

The bandwidth of the pump pulses is taken as B, = 21 26 THz [see Eq. ],
and the pump spatial width wo inside the crystal [Eq. ] can be varied between
wémin) 10 m (due to the di raction limit) and W(()max) 1800 m (due to the
transverse size of the crystal). One of the down-converted photons, the signal, is
sent to the homodyne detection setup, while the other, the idler, can be spatially

and/or spectrally ltered, and is used as a trigger to herald the presence of the
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Figure 5.4: Experimental setup used for homodyne detection of spectrum engi-
neered heralded single photons. The light source is a Ti:Sapphire laser, M1, M2,
M3 and M4 are perfectly re ecting mirrors, BS1 and BS2 are beam splitters (the
latter a 50% splitter), SHG is the second harmonic generator, L1 and L2 are con-
vergent lenses, SMF is a single-mode ber, and PPD are proportional photodiodes.

signal, in such a way that the time that the homodyne detection is coupled with

the vacuum state can be minimized.

At a preliminary stage of the experiment, in order to prepare the system for the
emission of frequency uncorrelated photon pairs, the joint spectrum is measured.
Therefore, the homodyne detection setup is not present, and a setup as the one
described in Fig. is used: both the signal and the idler photons generated
inside the crystal are projected into transverse Gaussian modes of width wgs =
wsi = 1480 m [see Eq. ] and sent, through single-mode bers, to a pair of
monochromators that independently scan the frequency of each photon. In order
to obtain an optimal detection e ciency no frequency ltering is implemented in
any of the channels, i.e., By, = By; , apart from the projection operation
done by the momochromators. Finally, proportional photodiodes are connected

to a coincidence detection device used to obtain the data. For this symmetric

con guration, the generated photons are collected at angles ;= ;=15 [see
Fig. , which imply refractive indices of n, =581 10 3, ns =561 10 3, and
an angle inside the crystal m; = 75 = 090 , which is obtained using the Snell s

law nyo( ¢)sinm; =sin ;.
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From Eq. , and using the above listed parameter values, the optimal
pump spatial width for the production of frequency uncorrelated photons is wy =
682 54 m. Using this value, Eq. allows to give a prediction of the joint
spectrum for frequency uncorrelated photon pairs, plotted in Fig. [5.5]as a function
of s and ;. We observe that the spectrum corresponds to a perfect circle with
a full width at half maximum (FWHM) ;=79 nm, which from Eq. is
related to ¢s by s =4( ¢)%psve Ind  (2vc)?  $2( ¢)%In4 . Note that, since
we have ¢4 = ¢ , the down-converted photons exhibit no frequency correlation.
The preliminary experimental results give geXp) 8 nm for this con guration,

thus the analytical model describes accurately the experiment.
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Figure 5.5: Analytically calculated joint spectrum of the signal and idler photons,
as a function of 4 and ; for the symmetric ltering con guration. The parameters
used are = 0455, L = 300 m, wog = 68254 m, wgg = wg = 1480 m,
n,=>581 10 3, ny,=561 10 3, 7=090 , B, =21 26, and By, = By;

The result shown in Fig. [5.5|is found for a con guration similar to the one in
Refs. [220], 221], where symmetric ltering is performed in both emission channels.
However, as discussed in the previous Section for the homodyne detection we
avoid any ltering process in the signal channel, i.e., in addition to By, we
must take wgs = 0. In this situation, the optimal value for the pump spatial width

is given by Eq. (5.24)), which has certain restrictions on the emission angle 7 in
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order to be real valued. In particular, using the need for a real value of wy, together
with the limitation of a maximum width attainable W(()max) due to the transverse
size of the crystal, we nd that # = 1711 . This new angle implies that the
refractive indices for the pump and signal (or idler) photons are n, =551 10 3
and ny =562 10 3, respectively, and the photons should be collected at angles
outside the crystal of ; = 5 =29 25 . For those parameter values, the optimal
pump spatial width [Eq. ] corresponds to wg = 953 54 m. The predicted
joint spectrum of the signal and idler photons for this asymmetric con guration
is plotted in Fig. [5.6]as a function of s and ;. In this case, the gure obtained is
not symmetric anymore since now 1 ¢, = 0 in Eq. . However, the condition
¢4+ = ¢ is still ful lled, i.e., the widths of the diagonals in the gure are equal,
which means that the paired photons present no frequency correlations between

them.
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Figure 5.6: Analytically calculated joint spectrum of the signal and idler pho-
tons, as a function of 4 and ; for the asymmetric ltering con guration. The
parameters used are = 0455, L = 300 m, wog = 95354 m, wgs = O,
we = 1480 m, n, =551 10 3, ng =562 10 3, 7 = 1711, B, = 21 26
THZ, and st = Bfi

Eq. (5.26)) evaluated with the parameters found for this con guration allows us

to obtain an estimation of the spectrum pro le of the signal photon entering the
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homodyne detection setup. The full width at half maximum of the signal photon
spectrum expressed as a function of the wavelength , for this con guration takes
the value s = 96 nm, which is similar to the one obtained in the symmetric

ltering case. As previously mentioned, this value is important since it should
match as much as possible with the spectral width of the LO. For this con gu-
ration, no experimental measurements of the signal photon bandwidth have been

performed, so we can not check the predicted value.

5.3.1 Purity of the signal photon

Though we have seen that the analytical model for the spectrum correctly de-
scribes the experimental results, the homodyne detection e ciency obtained in
the preliminary experiment (Fig. is very low. As stated in Subsection
the homodyne detection e ciency depends on the purity of the signal photon,
so a low e ciency indicates that the purity of the signal photon is much lower
than unity. This fact is apparently in contradiction with the separability of the
joint spectrum that we have observed (Figs. and . Calculating the purity
by means of Eq. , using Eqs. (5.30) and (5.31)), for the optimal parameter
values corresponding to the symmetric (Fig. and asymmetric (Fig. con-

gurations, we nd Ps = 0275 and P; = 0042, respectively, which are really

small values. This means that even preparing the setup to produce frequency
uncorrelated photon pairs, signal an idler photons are still correlated through the
transverse momentum variables. Actually, this result is consistent with the work
done by Osorio et al. [236], in which they found, using symmetric ltering in signal
and idler channels, that having uncorrelated photon pairs in frequency implies in
general a certain degree of correlation in the transverse momentum space, and vice
versa. Therefore in order to ensure a low degree of correlation in all the variables,
the spatial-to-spectral mapping technique is not useful, and one has to focus di-
rectly on the purity of the signal photon. As it was shown in Ref. [236], di erent
modi cations in the experimental setup could be done to rise the purity, such as
increase the down-conversion angle 7, or perform strong spatial /spectral ltering
in both signal and idler channels. Of course, in the non-symmetric con guration
this strong ltering should be performed only in the idler channel.

In order to study the behavior of the purity for di erent experimental setups,
we show in Fig. the purity of the signal photon as a function of wg, for the
con gurations with small (a) and large (b) output angles, 7 = 090 and © =

17 11 , with the corresponding refractive indices for the pump n, =581 10 3
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Figure 5.7: Purity of the signal photon detected in coincidence with the idler as a
function of the pump spatial width wq for the con gurations with (a) = = 0 90

andn, =581 10 3, and (b) =17 11 andn, =551 10 3. Thedi erent line-
styles correspond to a symmetric ltering con guration with wgs = wg; = 1480 m
(solid lines), and asymmetric con gurations (wss = 0) with (dashed lines) and
without (dotted lines) spectral Itering in the idler channel, using By; = B, 10
and By; , respectively. The rest of the parameters are the same as in Figs. @

and

and n, = 551 10 3 respectively. The solid lines correspond to a symmetric
ltering con guration with wss = wg = 1480 m, while dashed (dotted) lines
correspond to an asymmetric con guration, i.e., wgs = 0, with (without) spectral
ltering in the idler channel, using By, = B, 10 (By; = ). The rest of
parameter are xed at the same values that in Figs. and 5.6f = 0455,
L=300 m,wss=1480 m, ny=562 10 3, B, =21 26 THz, and By
We observe in the gures that in all the cases there is an optimal pump width
wg)pt) which gives a maximum value for the purity. However, we note that these
values of W(()Opt) do not coincide with the optimal widths for the generation of
frequency uncorrelated photon pairs wg, due to do not considering the correlations
coming from the transverse momentum variable. For instance, for the asymmetric
con guration represented with the dotted line in Fig. |5.7(b), we have obtained
that the width w(™" = 26 57 m maximizes the purity, while wo = 95354 m
is the ideal value to erase the spectrum correlations of the photons. Comparing
both gures, we also see that in the case with the smaller 7 angle (a), the purity
varies smoothly and its peak value is smaller than in the case with a larger output
angle (b), though in the latter, the range of wq in which the purity takes higher

values is smaller. Moreover, we observe that, for a xed wg, as the width of any
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of the Iters is reduced, in general the purity tends to increase. This behavior
is further analyzed in Fig. where the purity is plotted as a function of the
widths of the spatial, (a)-(b) and spectral (c)-(d) lters for both the signal and
the idler channels, and for two di erent values of the pump waist, wg = 750 m
in (a)-(c) and wo = w(()max) in (b)-(d). In cases (a)-(b) the spectral lters are
assumed to have an in nite width Bys = By, , while in (c)-(d) the spatial

Iter widths are wgs = wy; = 1480 m. The rest of the parameters are the same
as in Fig. [5.5] From these gures, we conclude that the narrower the lters, both
spatial or spectral, the more pure is the signal photon obtained. Moreover, we note
that comparing (a) with (b) and (c) with (d), the behavior of the purity is similar
when the pump waist is changed. However, the purity takes higher values in the
case where wy is smaller (note the di erence in the scale of the color bars). Finally,
we have observed (not shown in the gure) that when taking wss = wg; = 0, the
purity drops to zero for any values of the spectral lter widths. This behavior is
not observed when we take in nitely wide spectral lters (B, = By; ), so
it is clear that some degree of ltering is needed in the signal or idler (or both)
channel to have pure single photons.

As a conclusion, the purity of the emitted photons can not be directly manip-
ulated only through the parameter wg, and a more complex analysis is needed.
In this line, a model to describe the purity of the signal photon was presented
in Ref. [236], using a symmetric ltering con guration, and di erent setups were
considered to explore the variation of the signal photon purity under parameter
variations. In Ref. [237], a complete analysis of the correlation coe cients was
performed in order to nd the conditions for a full factorizability of the biphoton

function.
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Figure 5.8: Purity of the signal photon as a function of the widths of (a)-(b) the

spatial lters, wg; and wgg, and the (c)-(d) spectral lters, for two di erent values
(max)

of the pump waist: wo = 749 m (a)-(c) and wo = w (b)-(d). In (a)-(b) we
use spectral lters with By, = By; , while in (c)-(d) the spatial lter widths
are wgs = wg; = 1480 m. The rest of the parameters are the same as in Fig. [5.5
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5.4 Conclusions

In this Chapter, we have used the spatial-to-spectral mapping technique to de-
scribe the generation of frequency uncorrelated photon pairs in a SPDC setup and
use them as a source of heralded pure single photons. Since the aim of our work is
to use one of the two photons for homodyne detection, we have extended the results
of Refs. [220, 221] to a general case in which arbitrary spatial or frequency ltering
in any of the emission channels can be performed. We have derived explicit ex-
pressions for the signal and idler joint spectrum, as well as for the signal spectrum
conditioned to the idler detection, and we have obtained the optimal parameter
values for the production of frequency uncorrelated photon pairs. In addition,
an expression for the purity of the signal photon has been obtained. Next, the
analytical model has been compared with preliminary experimental results for the
spectrum of the SPDC photons in the symmetric ltering con guration, and a
good agreement between the theoretical predictions and the experiment has been
found. However, a poor purity for the frequency uncorrelated photon pairs has
been obtained. One possible explanation for this result is that, as discussed in
Ref. [230], the entanglement between the spatial and spectral degrees of freedom
of the biphoton degrades the purity of the signal photon despite having its spec-
trum uncorrelated from the idler. Therefore, several con gurations have been
studied in order to analyze the behavior of the signal photon purity under dif-
ferent parameter variations. We have observed that a strong spatial or spectral

ltering, either in the signal or in the idler channel, implies an increase of the
purity of the signal photon. This increment is even more important if the ltering
process is implemented in both channels at the same time, as well as when the
pump is tightly focused (small waist wo) or when the photons are collected at
large down-conversion angles (large ).

In conclusion, the spatial-to-spectral mapping technique is useful to control
the spectrum of SPDC photons, and allows to obtain frequency uncorrelated pho-
tons, but it does not ensure a high purity for heralded single photons, unless a
strong spectral ltering is performed. There are still some open questions, such
as whether it is possible to nd an optimal con guration for the generation of
pure single photons without the use of strong Itering, for instance, in the idler
channel, which severely limits the heralding e ciency. With this goal, a detailed
analysis of the conditions that maximize the purity, obtained in Ref. [237], should

be performed.
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(General conclusions

In this Thesis, we have discussed new approaches to implement quantum mem-
ories for polarization and frequency encoded single photon qubits, by means of
the controlled reversible inhomogeneous broadening (CRIB) [105], 109, 111] and
electromagnetically induced transparency (EIT) [61] techniques, respectively. In
addition, we have proposed a novel protocol for single-site addressing of neutral
atoms in optical lattices based on the subwavelength localization via adiabatic
passage (SLAP) technique [I80]. Finally, we have developed a theoretical model
capable of describing the generation of single photon pairs, through spontaneous
parametric down-conversion, with suitable properties to use them in homodyne
detection experiments. In this Chapter, we present the main conclusions of these
proposals.

In Chapter [2| we have presented two proposals to implement an optical quan-
tum memory for polarization qubits. We have developed an extension of the
controlled reversible inhomogeneous broadening (CRIB) technique [105, 109, 111]
with V- and -type three-level atoms. Worth to notice, the derivation of the evo-
lution equations has been done in the semiclassical formalism and, due to their
linearity, they can also be applied to the single-photon case.

For the V con guration, we have shown the possibility of polarization-encoded
single-photon qubit storage without the need of using two separated quantum
memories. Under the weak eld approximation, the equations describing the evo-
lution of the two optical coherences and the eld polarization components are
decoupled, thus the system is equivalent to two independent two-level quantum
memories. Therefore, this approach, compared with the up to now most proposed
polarization quantum memories, allows to avoid the detrimental e ects associated
with the spatial splitting and recombination of the single photon qubit, and mini-

mizes the e orts required to control the environmental conditions of two spatially
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separated quantum memories. Moreover, in both forward and backward retrieval
schemes, we have analyzed the e ect, in the e ciency and the delity of the quan-
tum memory, of homogeneous and inhomogeneous phase noise a ecting the atomic
coherences of the atoms. We have shown that the addition of a random phase 7
in the atomic coherences, equal for all the atoms of the medium, that could be
due to, for instance, a spatially homogeneous magnetic eld, does not a ect the
e ciency of the retrieval process. However, the delity is in general smaller than
one. In addition, we have shown that if this phase noise is inhomogeneous, i.e., it
a ects di erently the atoms of the medium, not only the delity is lowered, but
also the reemission e ciency. This is due to the fact that atoms having di erent
phases are not able to endow a collective rephasing to reemit the previously stored
light pulse. To provide quantitative results, we have characterized the in uence
of the width of the noise distribution, given by a von Mises distribution, on the
reemision e ciency as a function of the optical depth. As expected, we have found

that the narrower the noise distribution, the higher the reemission e ciency.

For the con guration, we have considered a preparation of the atoms in a co-
herent superposition of the ground states, i.e., a phaseonium medium [140]. This
kind of coherent preparation gives rise to the transparent propagation of a certain
combination of the two polarization components with matched envelopes. This
e ect is caused by the fact that the polarization components are time dependent
and, as a consequence, the so-called dark eld gradually populates the dark state.
Since the evolution of the eld components during the propagation, and thus the
state at the output of the medium, is determined by the speci ¢ preparation of
the phaseonium, we have proposed a possible use of this system as a qubit po-
larization lter. In particular, we have shown that for an input photonic state of
the form i, =ar L +ar R, being L and R, the left and right circular
polarization components, propagating in a phasonium medium prepared in a su-
perposition state of the two ground levels . =c¢1 1 + co 2, the state of the

polarization qubit at the output is [, c2 L ¢; R. In addition, we have

applied the CRIB technique to recover the part of the photon that is absorbed

by the medium, i.e., the superposition state orthogonal to the transmitted one,

b
out

polarization single photon qubits, or considering both the transmitted and recov-

¢, L +cy R . The latter implementation can be devised as a sieve for

ered components, a tunable polarization qubit splitter whose basis is determined
by the atomic amplitudes ¢; and cy3. Finally, we have also demonstrated the re-

alization of a polarization quantum memory in this coherently prepared medium,
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by adding a position dependent phase in the ground state coherence. In this sit-
uation, the polarization components can not evolve to populate the dark state,
since it is di erent at each position. Thus, we have demonstrated that the eld is
reversibly mapped into the atomic coherences, and it can be retrieved using the
CRIB technique with high e ciency and delity. It is important to note that,
for both V and con gurations, we have numerically integrated the full optical
Bloch equations, governing the evolution of the system, to validate the analyti-
cal approach, obtaining a good agreement between the analytic results and the

numerical simulations.

In Chapter 3] we have addressed the storage of frequency encoded single photon
qubits, 4.e., a two-color quantum memory, using the electromagnetically induced
transparency (EIT) technique [61] in a double- -type atomic ensemble. We have
considered an atomic con guration where (i) the population is excited only by the
single photon components, and (ii) one of the  schemes is detuned far from the
one photon resonance. This con guration allows to avoid envelope matching ef-
fects arising usually in the resonant case. We have derived and analytically solved
the evolution equations in a full quantum mechanical treatment, and we have
shown that, under certain conditions, the two frequency components propagate
with the same group velocity. In this situation, the eld components are able to
exchange energy, and undergo complementary sinusoidal oscillations as they prop-
agate. Speci cally, we have obtained that the input frequency superposition state
of the single photon is periodically recovered at those positions z of the medium
ful lling Re( )z = 2vn (n  7Z), being a parameter proportional to the ratio
between the density of the medium and the detuning of the far detuned control

eld. We have analyzed the dependence on the speci c initial superposition state
and the phase between the two strong control elds in this propagation dynamics,
and we have found that for appropriate parameter values the oscillations both in
the phase and in the intensity of the frequency components are suppressed, i.e.,
they propagate as matched amplitudes. Moreover, we have numerically demon-
strated, using realistic parameter values, the storage and subsequent retrieval of
a frequency superposition state by turning o and on the control elds. The cal-
culated total e ciency and conditional delity are = 91 01% and F. = 99 69%,

respectively, while the storage time has been xed at 035 s.

Next, in Chapter 4, we have proposed a new the single site addressing (SSA)
protocol of ultracold -type three-level atoms in an optical lattice by selectively

changing their internal state, depending on their position. This is achieved by
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means of the subwavelength localization via adiabatic passage (SLAP) technique
[180], a variation of stimulated Raman adiabatic passage (STIRAP) [I81], in which
the pump eld has a spatial pro le with a node at the position to address. We
have derived analytic expressions for the FWHM of the addressing probability dis-
tribution ( z)spap, and obtained the conditions for the parameter values in order
to optimally address the target site. In particular, we have obtained expressions
of the addressing e ciency, de ned as the probability of transferring all the atoms
of the lattice except the one at the addressed site, as a function of ( z)spap. In
order to have an assessment of the performance of our addressing protocol, we
have established both qualitative and quantitative comparisons with other SSA
proposals [184], [185] 206/ 213].

On the one hand, compared with the group of techniques reported in Refs. [206
213], which are based on coherent population trapping (CPT) [59, 160, 182, [183],
we have shown that the adiabatic following of the dark state allows for a higher
addressing resolution using the same intensity and focusing requirements of the
addressing elds. As a consequence, the addressing e ciency is higher in the
SLAP case, for smaller values of the intensity ratio R between the pump and the
Stokes elds (R < 50), than for the CPT technique. These results have been
veri ed by numerically integrating the density matrix equations using parameter
values corresponding to the D1 line of " Rb with state-of-the art optical lattices.
For instance, for R = 10 we have obtained addressing e ciencies of SMAP =095
and ©FPT =056, for the SLAP and CPT techniques, respectively. We have also
pointed out additional advantages of the SLAP based SSA technique in front of
the CPT based techniques, such as robustness of the addressing process against
parameter variations, coherence of the population transfer mechanism, and the

absence of photon induced recoil.

On the other hand, we have compared the SSA via SLAP technique with the
recent SSA proposal in which a strong o -resonant focused beam and a microwave
(MW) chirped pulse are used to produce an adiabatic spin- ip in the target atoms
[184, [I85]. First, since in the two proposals the elds that perform the inter-
nal state change belong to di erent domains, optical (MHz) in the SLAP and
MW (kHz) in spin- ip approach, the adiabaticity requirements impose di erent
timescales for the interaction times. In particular, we have shown that, by x-
ing similar widths of the addressing probability distribution for both techniques
( z) 300 nm, the SSA via SLAP technique works even with interaction times

almost three orders of magnitude shorter than in the spin- ip approach. In ad-
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dition, we have found that, for similar focusing requirements of the addressing
beams, and using R = 1, the SLAP technique provides a similar addressing reso-
lution than the adiabatic spin- ip technique, ( x)spap = 330 66 nm. Note that in
our proposal, by increasing the ratio R, the FWHM of the addressing probability
distribution can be further reduced: R = 10 implies ( z)spap = 181 86 nm and
for R =100 we obtain ( x)spap = 100 82 nm.

Finally, in Chapter |5, we have developed a theoretical model for the produc-
tion of pure and heralded single photons with controllable bandwidths, needed in
a wide variety of quantum information applications, using a spontaneous para-
metric down-conversion (SPDC) setup. We have extended the spatial-to-spectral
mapping technique [219] 221]to cases in which homodyne detection of one of the
photons of the pair, the signal, is performed, i.e., using neither spatial nor spectral

ltering in the signal channel. First, we have considered the joint spectrum of the
signal and idler photons, and we have obtained an expression for the optimal pump
waist wg that allows for the production of heralded and spectrally uncorrelated
photon pairs. This means that, for this optimal parameter, the joint spectrum
is a separable function of the signal and idler frequencies. In addition, we have
derived analytical expressions for the spectrum and the purity of the signal pho-
ton conditioned to the idler detection. Next, we have used these expressions and
experimental parameter values to predict the width of the signal photon spectrum
distribution and the purity for two spatial ltering widths and emission angles:
(i) wes = 1480 m and 7 =090 , and (ii) wgs = 0 and 7 = 17 11 . Those cases
correspond to optimal pump waists of wg = 682 54 m and wo = 953 54 m, re-
spectively, and give similar full widths at half maximum (FWHM) for the signal
photon spectrum distribution, s =79 nm and s = 9 6 nm, respectively. In
the former case (i), for which we have experimental data available corresponding
to g‘”‘p) 8 nm, we conclude that the analytical value gives a reliable prediction
of the signal photon spectrum distribution. Interestingly, the obtained values for
the purity of the signal photons Py taking into account the optimal parameters
are much smaller than expected. In particular, we have found P; = 0 275 and
P, = 0042 for the the situations (i) and (ii), respectively. Thus, di erent sets of
parameters have been used to explore the behavior of the purity under di erent
experimental situations. First, we have obtained that, representing the purity as a
function of the pump waist, the maximum does not occur at wg, corresponding to
the production of spectrally uncorrelated photons. Moreover, the purity increases

for the case of using a larger angle (ii), as well as when strong ltering is per-
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6. General conclusions

formed. Second, we have studied the purity as a function of spectral and spatial

Iter widths, for two di erent values of the pump waist, and we have observed that
the smaller the pump waist the higher the purity. From all these results we have
concluded that, in agreement with previous related works [236], 237], the photons
of each pair, although being spectrally pure, are correlated through the spatial
degrees of freedom. Moreover, we have also concluded that in order to obtain
truly pure single photons, the usual approach of performing strong ltering in the
emission channels, specially in frequency, is apparently the best option, although

this dramatically reduces the count rate.
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