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Unique solvability of coupling equations
in holomorphic functions

By

Yasunori OKADA? Reinhard SCHAFKE!* and Hidetoshi TAHARA™**

Abstract

The theory of coupling equations was introduced by the third author [4], as a theory of
a class of transformations between some nonlinear partial differential equations in complex
domains. There, he constructed, to the initial value problem of a coupling equation, a formal
power series solution of a special form in infinitely many variables, satisfying suitable estimates.
It would be desirable, from several aspects, to study the coupling equations and their solvability
as functional equations for “holomorphic functions”.

In this report, we consider coupling equations for partial differential equations of normal
form in the ¢ variable. After preparing and recalling some notions of holomorphy on infinite
dimensional spaces, we announce our recent result on the unique solvability of the initial value
problem of a coupling equation, using the contraction mapping principle.

§1. Introduction

The coupling theory is a theory of a class of transformations between some nonlinear
partial differential equations in complex domains, due to the third author [4]. In this
paper, he introduced the notion of coupling equations for partial differential equations
of normal form in the t variable

ou ou
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4
(tvau(]:ul) ’

subsequent papers [5] and [6], he introduced the notion of coupling equations for partial

with holomorphic functions F' in a neighborhood of 0 € C Moreover, in his

differential equations of Briot-Bouquet type

ou ou
ta = F(t,x,u, 8_33)’
where F'(t,2,ug,u;1) is a holomorphic function in a neighborhood of 0 € C* satisfying
F(0,2,0,0) =0 and (0F/0u;1)(0,2,0,0) = 0.
Let us recall the notion of coupling equations for partial differential equations of
normal form. Consider two equations

ou ou ow ow
(11) —F(t,x,u,%), E :G(tax,waa_x),

5 =
with F(t,z,u0,u1), G(t,z,wo,w1) € Ocag, and correspondences between unknown
functions u(t, z) and w(t, x):

ou 0%u
O:u—w, wt,z)=o zutx), 8_x(t’x)’ w(t,x), c ),
ow 0%w
U:we—u, u(tx) :w(t,x,w(t,x),%(t,x),F(t,x), )
given in terms of ¢(t, z, ug, uq,...) and ¥ (t, z, we, ws,...). For such ® and ¥ to become

transformations between solution spaces of two equations in (1.1), ¢ and @ should
formally satisfy

o 0

(@) a_f + m§>:0Dm[F](t,a:, do, - . ,umH)% = G(t.z,¢,D[¢)),
o 0

(\IJ) 8_1f + mg>0 Dm[G](t,IIJ,’wO, 7wm+l)awwm = F(t :I’.aw’D[w])

The equations (®) and (V) are called the coupling equations, which we want to solve
under the additional initial value conditions: ¢|;—o = ug and ¥|—o = wo.
In [4], (¢, z,up,uy,...) was treated as a formal power series of form

d=uo+ > or(zuo,...,ux)t" €Y Oc({lz| < RY)|[uo, .. . up]Jt",

k>1 k>0

and the author discussed in the case G = 0 (i.e., coupling du/0t = F < 0w/t = 0)
about
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e the unique existence of a formal power series solution ¢ to (®).

e the estimate of ¢ so that w = ¢(t, x,u, du/0x,...) makes sense as a transformation
between some classes of solutions.

e similar statements for the solution % to (V).
e ‘“reversibility” of ¢ and v, (i.e., ® and ¥ are inverses each other).

For the purpose of further applicability, it seems better to consider coupling equa-
tions as functional equations using a functional analytic method. For example, we want
their “holomorphic solutions” rather than their power series solutions.

In this report, we announce our recent result on the unique solvability of the initial
value problem of a coupling equation (®). We prepare notions of holomorphy and
chain rules on infinite dimensional spaces in the section 2, and give our main result
Theorem 3.3 in the section 3.

In what follows, we use z = (z;)ien = (20, 21, - . - ) as independent variables instead
of (ug,u1,...) and (wp,ws,...), and use 0y, O, 0,,, instead of 9/0t, 3/0x, 0/0z;, and
so on. Therefore, F' and G in (1.1) shall be considered as holomorphic functions in a
neighborhood of 0 € C* with variables (¢, x, 29, 21), and similarly, ¢, 1 and D shall be
written as ¢(t,, 2), ¥(t,x,2) and D = 0p + Y, oy Zit10-, -

§2. Holomorphy, admissibility, and chain rules in C"

We regard ¢(t,x,z) = ¢(t,z, 29, 21, ... ) as a function defined on a subset on C; x
C, x CI. For the study of such functions, we recall some locally convex spaces X
continuously embedded as eV X CY. Here, CN and C™ denote

CN = {Z = (Zi)iEN = (ZOazla . ) | z; € (C}’

c .= {z = (2i)ien | zi = 0, for all but finitely many i},

endowed with the product topology and the inductive limit topology, respectively. (Both
are locally convex.)

Definition 2.1. A subspace X of CV including C™) endowed with a locally
convex topology is called a locally convez space between CNV and CV, if both inclusions
C™ < X and X < CN are continuous.

Note that for any subspace X of CN including C™V) endowed with a locally convex
topology, CIV) < X is always continuous, while X < CV is not necessarily continuous.

As examples, we introduce ¢! and ¢>° spaces with weights. A sequence ¢ = (¢;)ien
of positive numbers is called a weight sequence.
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Example 2.2 (weighted ¢! and £*° spaces).  The ¢! space and the /> space with
weight c is defined by

() :=={z = (2i)ien € CV | 2]le1(e) == Zci|zi| < 400},
€N

02(c) = {z = (2i)ien € CV | |12[lgoo(c) := Sup ¢;2| < +00}.
i€

They are Banach spaces, and locally convex spaces between C™) and CV,

We consider ¢! (o (r)) with the weight sequences o (r) := (r"/i!);en for r > 0, and
take inductive limits with respect to r.

Example 2.3.  We define the spaces X|[n] for 0 < n < 400 by

X[n] :=lim (o (r)), (0 <n < +o0),
r>n
which are also locally convex spaces between C™) and CN. Under the correspondence
(2i)ieN 7 D en z;z' /i!, they are isomorphic to the spaces of convergent power series as
follows.

X[ = Oc({lz] < n}).

We may replace ¢! (o (r)) in the definition by £°°(o(r)), and we can also take a countable
inductive system consisting of Banach spaces and compact maps, which is cofinal to the
one given above. (Consider, for example, lim M (o(n+1/k)).) Therefore, X|[n] are DFS
spaces. Refer to Komatsu [2] for DF'S spaces and their properties.

Definition 2.4 (locally admissible functions).  Let X be a locally convex space
between CV) and CN, W an open subset of X, and f a C-valued function on W.

(1) f is said to be admissible on W, if f is a uniform limit on W of some sequence
of holomorphic functions of finitely many variables, i.e., there exist holomorphic
functions fx(20,21,...,2n,—1) o0 a suitable domains in C™* with some n; € N for
k=0,1,2,..., such that

f(z) = kli)ngo fe(20,21,- -3 2n,—1), uniformly on W.

(2) f is said to be locally admissible on W, if for any point Z € W, there exists a
neighborhood U C W of Z such that f is admissible on U.

Note that a locally admissible function f(z) is separately holomorphic, that is, for
any ¢ € N, the univariate function z; — f(...,z;,...) is holomorphic when the other
variables (z;);x; are fixed.
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The notion of (local) admissibility is very close to the usual holomorphy in finitely
many variables, and we can expect that many formulas in calculus and in complex
analysis will be extended. For example, a composition of an admissible function and
holomorphic functions is holomorphic provided the substitution is well-defined.

Lemma 2.5 (compositions).  Let X and W be as above. Consider an admissible
function f: W — C, and holomorphic functions u;(t) (i € N) on an open set Q C C
such that u(t) := (u;(t)); € W for any t € Q. Then,

g9(t) = f(u(?)) = fluo(t), ui(t), u2(t),...)
is holomorphic on Q.

On the other hand, admissibility is not stable under partial differentiations, and
it seems not straightforward to define the notion of (local) admissibility for CN-valued
maps so that it is stable under compositions.

We recall the notion of holomorphy on locally convex spaces. See, for example,
Dineen [1].

Definition 2.6 (Gateaux holomorphy and holomorphy). Let X and Y be lo-
cally convex spaces, and W C X an open set.

(1) Amap f: W — Y issaid to be Gateaux holomorphic, or G-holomorphic for short, if
for any xg € W, z; € X, g € Y’, a function t — g(f(zo + x1t)) € C is holomorphic
in a neighborhood of t = 0.

(2) Amap f: W — Y issaid to be holomorphic, if it is G-holomorphic and continuous.
We denote by Ox (W) the space of C-valued holomorphic functions on W.

Holomorphy is stable under compositions, while Gateaux holomorphy is not.

In general, local admissibility implies holomorphy. On the other hand, holomorphy
does not always imply local admissibility. In fact, there exist holomorphic functions on
¢1(c) and on £°°(c), which are not locally admissible.

In X[n], however, both notions are equivalent.

Theorem 2.7.  For a function defined on an open subset of X|[n|, holomorphy
implies local admissibility.

By virtue of this theorem, when we work on X|[n], we can enjoy the merits of local
admissibility and those of holomorphy simultaneously.

Definition 2.8. We define a formal vector field D of infinitely many variables
(.CIZ',Z) = (517,20,21,. . ) by

(21) D .= 8$ + Z Zi_;_lazi.

€N
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For a holomorphic function f(z,z) on U C C, x X with ch c x c CY we
consider a formal sum

D[f](l" Z) = a:vf(xv Z) + ZieN Zi+laz¢f($’ Z)'

If it converges, we regard D[f] as a function on U.
Consider a holomorphic function f(x, z) of finitely many variables, i.e., a holomor-
phic function f(z, zg,...,2;) defined on an open set U C C, X Chktl

(Zo,...,zk)
Then, D[f] = (0, + Zf:o 2i4+10,,)f defines a holomorphic function of (x, zg, . .., 2x+1)
onUxC,_ , CC,x (C’(“;SQM wnyy)- Consider also a holomorphic function u(x) on an

open set () C C,, satisfying

for some k.

(z,u(z),0pu(x),...,0%(x)) e U for z € Q.

Then, the composition g(z) := f(z,u(x), dpu(z),...,0%u(x)) is holomorphic on €, and
satisfies

0,9(x) = DIf)(z, u(x), dyu(a), ..., 05 u(x)), for z € ©,
and moreover,

oM g(z) = D™ [f](z, u(x), dpu(x), ..., 08 ™u(x)), form €N, z € Q.

On C, x X|n], the well-definedness of D[f] and the chain rule for the composition
also hold.

Theorem 2.9 (chain rule on C, x X|[n], I).  Let f(x,z) be a holomorphic func-
tion on an open set U C C, x X|[n].

(1) D[f](z,z) converges absolutely and defines a holomorphic function on U.
(2) Let u(x) be a holomorphic function on an open set Q C C,. Assume that
(z,u(x), Opu(x),0%u(x),...) €U, forx e .
Then, the composition
g(x) = f(z,u(z), dpu(z), u(z),...)
is holomorphic on ) and satisfies

omg(x) = D™ [f)(z, u(x), Opu(x), 0%u(x),...), formeN, z Q.

Theorem 2.10 (chain rule on C, x X|[n|, II).  Let f(x, z) be a holomorphic func-
tion on an open set U C C, x X|n|, and ¢(x,z) a holomorphic function on V C
C, x X[n']. Assume that

q;(a:,z) = (x,¢(x,2), D[p)(x, 2), D*[¢](x, 2),...) €U, for any (x,2) €V,
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and that q; is locally bounded as a map from V to C, x X[n]. Then, the composition
g(z,2) = f o d(z, 2) = f(z,¢(x,2), DI¢](x,2), D*[¢] (. 2),...)

is holomorphic on V, and satisfies

—

D™[g](x,z) = D™[f] o p(x,2), forméeN, (x,z) € V.

§ 3. Unique solvability of coupling equation

In this section, we study the unique solvability of the initial value problem of the
coupling equation

(3 1) {at¢ + ZmZO Dm[F](taw,zm Zlyene ,Zm+1)8zm¢ = G(t,$,¢,D[¢]),
‘ ¢(0,$,Z) = 20,

where D = Oy + ), o %410z, as in (2.1). This initial value problem is often written as
6t¢+ ZmZODm[F] 'azmgb = Gogg,
¢|t:0 = 20,

for short, under the notation

b(t. @, z) = (t,z,(D'[¢](t, 7, 2))ien)
= (t,x,¢(t,z, 2), D[§|(t, x, 2), D*[¢](t, x, 2),...).
Consider holomorphic functions F' and G in a neighborhood of
K§ = {(t, 7,20, 21) € C* | |t| < 7o, |z| < Ro, |20| < po. |21] < po}-

We fix positive constants r and p, and a 1-Lipschitz continuous function d(z) on C,,

satisfying
(3.2) 0<r<ry, 0<p<p/2,
(3.3) 0 < dpax :=supd(xz) <1, d(x)>0= |z| < Rp.

zeC

These requirements assert
@ 7é {(t,.’L‘,Zo,Zl) | |t| <T, d(x) > Oa |ZO| < 2pa |zl| < 2/)} - IA((()C

We also define functions £;(z,y) (7 € N) and u(z,n) by

(34) §i(z,y) = szﬂg—:,
€N ’
(3.5) w(z,n) == p~ H&(zl,n) + & (|2, ) + &2, n)},

for n >0,y € C, z € CN. We regard u(z,1) = +oo when &(|z|,n) is divergent.
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Definition 3.1 (weight functions and domains). ~ We define the weight function
Waee(t,z,2) fore>1,6>0,t>0,2€C, z€CY, and the domain QS,M_O by

Waeel(t,z,2) :=d(x) — (ct/r +¢€) — p(z,ct/r +¢),
07 10=J{t,2,2) € Cy x Co x CY | wacc(t], 2, 2) > 0}.

e>0

The set QSC 4o can be covered as

Qo= Us Us=05.,0n{t] <s}xCyx Xles/r]
>0
and each Uy is an open subset in C; x C, x X [cs/r]. Using this covering, we can introduce

a notion of holomorphy for a function f on ,,@”d(?c, as the holomorphy of f|y, for any s.

Definition 3.2 (space de(fc). We introduce the space ffd(fc of all holomorphic
functions ¢(t,x, z) on QS’C’ o satisfying the following inequalities with a suitable con-
stant C:

(3.62) 6(t,2,2)| < Cp.
(3.6b) DI](t, 2, 2)] < Cp.
Cp

. D? <

(3.6¢) ID7lelt, @, 2)l < Wa,e,0([t], 2, 2)1/2
C (ct/r)™

. z t,x, < ) ’ ’
(3 6d) |8 'm¢( X Z)' wd’c’0(|t|’aj’ Z)1/2 m! m E N
(3.6e) 10z, D[](t, 2, 2)| < < m““{z’:”’l} et/ m &N

. Zm y = wd,c’o(|t|,$,z)l/2 (m . i)! ’ )

1=0

for any (t,x,z2) € QS’CVJFO.

For a holomorphic function ¢ on QS’ c.r0» We denote by [|¢][a,c,1 the minimum con-
stant C' > 0 such that the inequality (3.6a) holds. Similarly, we also denote by ||¢||4,c.2,
|l d.c.ss |@lld.ca, and |[@]ld.c.5, the minimum constants C' > 0 corresponding to (3.6b),
(3.6¢), (3.6d) and (3.6e), respectively.

Note that we use Nagumo type estimates of derivatives for functions in foc, which
involve the factor wg . o(|t],z,2) /2 in (3.6¢), (3.6d) and (3.6e). Refer for such estimates
to Nagumo [3] and Walter [7].

The space %(fc becomes a Banach space with the norm

||¢| d,c,A ‘= max{HdJ |d,c,1a ”¢ |d,c,2a ”¢| d,c,3; ||¢| d,c,4, ||¢| d,c,S}-
We also define the semi-norms
lolld.c1-3 = max{||}|ld.c1, |@]ldc2: |Qlldcs}s
[9lld,c,a5 := max{|||ld,c.a | Plld.e.5}-
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and a complete metric space

Ziola,0) :={p € Zi | ¢

for positive constants o and f3.

ld,e1-3 < o, ||@]|d,ca5 < B},

We shall show that the initial value problem (3.1) has a unique solution in fé’;(fc (a, )
for a suitable choice of o and (. In fact, for ¢ € %(fc(a, () with suitable o and 3, (3.1)
is equivalent to the integral equation

¢ = T[] := 20 — Rp[p] + Scld].

where

m>0

t
Relo)i= [ 30 D"IF)-0.,0|_ i
t

t=1

Solél = | Git.v.6.Dl0))|_
0
and we have the following result.

Theorem 3.3. Letr, p, K'g, d(x), dmax, F, G be as above. Then there exists a
constant A depending on F, G, K’g, and p, satisfying the following property: We fix «
and B arbitrarily as

Anax < <2, (3>2,

and take ¢ > 1 sufficiently large depending also on o« and (3. Then, T becomes a
contraction map from fqufc(a, B) to itself, with respect to the distance function (¢, ¢’) —
|l — @' |la.ca- As a conclusion, the initial value problem (3.1) has a unique solution in

Zio(a, B).

Let us give a sketch of the proof. We can show the estimates

||ZO| d,c,1-3 S dmaxa HZO||d,c,45 S 17

with arbitrary ¢ > 1, which in particular imply 2o € .,@”d(?c(a, () with o and (8 as in the
theorem. Then, we use the three propositions below for Rr and S¢g, and by choosing ¢
large enough, we can show that T" maps in(?c (a, B) into itself and that 7' is a contraction.
Note that the constants L;, M;, N; below are independent of c.

Proposition 3.4. Rp is well-defined as a linear operator on .,@’;fc, and there
exist constants Lo and L1 such that

I1Rr¢]
I1Rp¢]

- Lo max{||¢

- L1||@]| e a5,

ld,c,1-3 < ld,c,1-3, | @] d,c,a5

QAI3IOI=

|d,c,45 S

for ¢ € .,%";i(?c.
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Proposition 3.5. Let us fir @ as 0 < a < 2 and take an arbitrary 3. Then, Sg

is well-defined as a map from ,ffdc’c(a, B) to ff(?c, and there exists constants My and M,
such that

A

Ol

1Sc[9)|lde1-3 < — - My

15c[9]lld.c.a5

VAN

- M| ¢l d,c,45

for ¢ € .,@";i(?c(a,ﬁ).

Proposition 3.6.  Let us fir @ as 0 < a < 2 and take an arbitrary 3. Then,

there exist No, N1 and Ny such that

1561é] = SaléMlaca-s < = - Nollé = @'llaca-.
15618] = Sal¢lacas < = - (N1Bllé = &' la.ca-3 + Nallé = ¢'llacas),
for 6, &' € Zf (a,5).
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