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ABSTRACT

We consider a heat conductivity equation with boundary control. The
problems of strong and weak invariance of constant multi-valued map-
ping are analyzed for this equation. The control function is given on
the boundary and the problem is studied under various constraints on
control. We obtain sufficient conditions of strong and weak invariance
for the given multi-valued mapping.
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1. Introduction

In many problems, to keep the controlled objects in desired states is very
important. One of such desired states is a multi-valued mapping (MVM) which
can be strong or weak invariant depending on the realization of admissible con-
trols. Concerning the systems with distributed parameters, important results
were obtained by [Feuer and Heymann| (1976), Guseinov and Ushakov] (1998),
[Rettiev| (1979)), Fazylov| (1997), and other researchers for the problem of invari-
ance of given sets.

In the works of [Feuer and Heymann| (1976)), (Guseinov and Ushakov| (1998)),
[Kurzhanskii and Filippova, (1987), [Rettiev| (1979), problems in systems with
concentrated parameters were studied, whereas the works of ,
[Tukhtasinov et al.| (2013)), Tukhtasinov and Ibragimov| (2011)) analysis the sys-
tems with distributed parameters. In particular, the work of |[Kurzhanskii and|
is devoted to the problem of keeping the set of trajectories
of a differential inclusion till a specified time in a given MVM. To do this, the
set of attainability of the given system at each time and their dependence on
the survival interval are analytically described. The paper of
studies a conflicted situation where control functions are on the right hand
side of the equation. Some partial regularity results for the entropy solution of
the so-called relativistic heat equation are proved in the work of
(2008). The work of [Petter et al| (2017) is devoted to investigation of a synthe-
sis problem for differential and difference equations. In the paper of
, a problem on the existence of the kernel of survivability is considered.

A control process described by parabolic equation is investigated by Tukhtasi-
nov and Ibragimov]| (2011), where the control parameter is on the right hand
side of equation in additive form and subjected to integral constraint. Some
conditions for constant parameters were obtained in that paper to guarantee
strong or weak invariance of the set of interval type.

In the work of Tukhtasinov et al| (2013), similar results were obtained for
the problems formulated in the work of Tukhtasinov and Ibragimov]| (2011) but
in contrast to the work of Tukhtasinov and Ibragimov]| (2011) right hand side
of the equation is delaying state of the system.

Interesting applied control problems on heat distribution in a volume by
boundary convector radiator are studied by . It should be noted
that the Green function was used in that paper to solve the problem and the
result differs from the real solution to within any € > 0 by increasing the
number of Fourier coefficients.

62 Malaysian Journal of Mathematical Sciences



Invariant Constant Multi-Valued Mapping for the Heat Conductivity Problem

In the present paper, the problems of strong and weak invariance of an
MVM, which is a fixed interval of the real line, are studied with respect to
systems in distributed parameters. It is important to note that the control
parameter is given on the boundary, that is, a boundary control problem is
considered. It is crucial that the set of eigenfunctions of corresponding elliptic
operator is complete in the space L2(€2), but is not so in the space Lo(0€2).
This considerably complicates the application of the method of separation of
variables, which is the main method of study of present work. To overcome
this situation, we propose to consider a "truncated control", namely, to con-
sider the problem in subspaces of arbitrary dimension of space L3(2). In the
work of |Alimov| (2011)), the problem was considered under geometric constraint
on control. However, in the present work, the problem is studied under vari-
ous constraints on the control. We obtain sufficient conditions of strong and
weak invariance of a given multi-valued mapping on a given fixed interval. We
consider various norms on control as well as on the state of the system.

2. Statement of problem

Let "
Az = ”zzjl ;%(Gij(x);:j), z € Q,
and 55
Pz = Em + h(z)z, x € 09,

with a;;(z) = aji(z) € CY(Q), i,j =1,..,n, Qis a bounded set in R” with
piecewise smooth boundary, A is elliptic differential operator, that is, for some

positive number 7,
n

aij (2)GG =7 Y ¢
>

ij=1 i=1
for all z € Q and real numbers (i, ...,(,, >, ¢Z # 0, h(z) is a given positive
i=1

0z
continuous function, — is derivative along the outer normal v to the boundary
v
of the set Q at the point x € 0f).

Consider the following heat exchange control problem (Alimov](2011)), Egorov
(1978))
0z(t, x)

5 =Az(t,z), 0<t<T, z€Q, (1)
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with boundary condition
Pz(t,z) =u(t,x), 0<t<T, x€df, (2)

and initial condition
2(0,2) = 2%(z), = €Q, (3)

where z(t, z) is an unknown function, T is an arbitrary positive number, 2°(-) €
L5(9) is initial function. Controls are assumed to be measurable functions
u(+,+) € La(St), where St = {(t,z) | t €[0,T], x € 9Q}.

It was proved (Ladyzhenskajal (1973, Ch. III, § 4, Sec. 2, Theorem 4.1)
that for any u(-,-) € Lo(St) and 2°(-) € L2(9), problem (1)—(3) has a unique
solution z(t, x) in the Hilbert space W, (@) which consisted of elements of the
space Lo(QT) having square summable generalized derivatives z,,, i = 1,...,n,
over Qr, where Qr = {(t,z) | t € (0,T), = € Q}.

Since the elliptic operator A with boundary condition Pz(t,z) = 0, 0 <
t < T, x € 09, has a discrete specter, that is, it has eigenvalues A that
satisfy the conditions 0 < A7 < Ay < ..., and A\, — 400 as k — oo, and

eigenfunctions (), x € Q, that forms a complete orthonormal system in
Ly (Q) (Ladyzhenskaja et all 1967, Ch. III, § 6).

We find the solution of problem (I))-(3) by the Fourier method. If z/(-)
denote the coefficients of Fourier of the function z(:,-) with respect to the
system {¢; }, then the solution of problem f can be represented as follows:

z(t,x) = Zzl(t)gol(x), 0<t<T, z€Q,
=1

where .
a(t) = z0e ™M + //U(T7S)<,Ol(8) e~ M ds dr, (4)
0 a0

and z{ are the Fourier coefficients of the initial function 2°(-), that is,

2z = /zo(s)gol(s)ds.

Q

Next, let U be the set of control functions which will be specified later by a
number p > 0. Set (Alimov] (2011)

H,, = {z € Ly(N) | z= Zalgol(x), o € R}.
=1

64 Malaysian Journal of Mathematical Sciences



Invariant Constant Multi-Valued Mapping for the Heat Conductivity Problem

Let Sy, : La(Q) — L2(2) be an orthogonal project mapping on H,, defined by

Smz(t,x) = Z 2 (t)pi(x)
=1

Definition 2.1. A MVM F : [0, 7] — 2R, where R = (—o00,0), is called
strong invariant with respect to problem (IWRP) 7(@, if for any u(-,-) € U
and 2°(-) € La(Q) with (S2°(+)) 1) € F(0), the inclusion (Spz(t,-)) € F(t)
holds for all t, 0 < t < T, where (-) denotes the norm, and z(-,-) is corre-
sponding solution of problem f(@) (Tukhtasinov et al| (2013), | Tukhtasinov
and Ibragimoy (2011])).

Definition 2.2. A MVM F : [0, T| — 2R is called weak IWRP 7(@, if for
any 2°(-) € La(Q) with (S,,2°(+)) € F(0) there exists a control u(-,-) € U for
which (S z(t,-)) € F(t) for allt, 0 <t < T, where (-) denotes the norm, and
z(+,-) 1s corresponding solution of problem 7(@.

In the present paper, we study weak and strong invariance of constant
MVMs of the form F(¢) = [0,b], 0 < ¢ < T, for a positive number b.

3. Sufficient conditions of strong and weak
invariance

In this section we obtain some relations between the parameters T, b, p,
and A; under which MVM  F(t), t € [0,T], is strong or weak IWRP ((1)—(3]).
Let

1/2

m 1/2
1Smz(t, )l = /|S 2(t,5)|2ds (Zzlz ) 0<t<T,
Q =1
T m T
ISnzColl = | [USnete ol = |- [ =)
0 =17
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2

/’U’tsgpl ds Sp2at6[07T] )
Q

T
/ /u73<pl dr < p?
0

Q

U, = )|

Ms

N
Il
-

S
I
Ms

=1

We consider four cases and for each case give sufficient conditions of strong
and weak invariance.

3.1 The case of norm ||S,,z(t,-)|| and the set of controls U,

Let the norm is defined by (S,,2(t,)) = ||Smz(t, )|, 0 <t < T, and control
set be U = U;. We prove the following statement.

Theorem 3.1. If
P < )\lbv (5)

then MVM F(t), t € [0, T}, is strong IWRP (1)-(3).

Proof. Let p < \1b. Show strong invariance of MVM  F(t), 0 <t < T, with
respect to problem (I)—(3). Indeed, for any S,,z(0,-) and u(t,-) with

m 1/2
15m=(0, )] = (ZIZ? 2) < b, lult, )l < p,
I=1

we obtain from that

m

1Szt )2 = /|st (t.a)de = > 22(1)

=1

m 2
= E e Mt 4 / —At=7) u(T, 8)pi(s)dsdr

=1 0 o0

. t
Z(l 2>\lt+220 —Azt/e Ai(t— T)/ (1,8)pi(s)dsdr
0

=1

t

+(/e*>\l(t*7) /u(T,s)gyl(s)dsdT)2>. (6)

0 o0
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Since A\; > A1, the right hand side of @ can be estimated from above as

follows

m t

Z|Zl0|2672>\1t + 267)\175/@7)\ <Z|zl| / u(T, s (pl( )d )dT
=1 0 99
t

+ i ( / e M) / (T>8)<Pl(8)d8dT>2~ (7)

=1 a0

Estimate the third term of . Since A; > A1, then using the Cauchy-
Schwartz inequality we obtain for any function u(-,-) € U; that

i( / / eAl(tT)u(TaS)sﬁl(s)deT>2

= 0 909
t 2
=Z< / ~H 0 / —4<t—f>u<ns>¢l<s>dsdf>
<§m:</ “N(=T) g / N(t-7) (/U(T,s)w(s)ds)sz>
=1 %o 99

2

1—eMt\?
—/\1(t—7')d 2 _ 2. 8
/e | p (/\1 ) P (8)
0

Applying the Cauchy inequality to the second term of ([7]) and using @ and
(8), we get

IN

t
1— -t
||SmZ( )||2 < b2 —2)\1t +2bpe—klf/e—xl(t_7—)d7_+ (;) pQ.
0

Therefore,

_)\lt 1 _ e—/\lt
15z (2, )l < be™ ™"+ p—r (9)
Inequalities and @D imply that
[Smz(t, )|l < b.
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This means that MVM  F(t), 0 < ¢t < T, is strong IWRP (I)-(3). Proof of
Theorem [3.1]is complete. O
Remark 3.1. It can be shown that MVM F(t), 0 <t < T, is weak IWRP

(N ER

To verify this we have to show that, for any 2°(-) € La(Q) with [|S,,2°(-)|| <
b, one can choose a control u(-,-) € U so that MVM F(t), 0 <t < T, is weak

IWRP (1) (3).

Indeed, let u(t,z) =0, t > 0, x € 9Q. Then for any 2°(-) € Ly(Q) with
1Sm2°(+)|| < b, we have

m t 2
|Smz(t, I = Z(Z?e_)‘lt—l—/e_)\l(t_T)/u(T,S)(pl(S)deT>
0

which is the desired conclusion.

3.2 The case of norm ||S,,z(-,-)|| and the set of controls U,

Let (Spmz(,+)) = [|Smz(, )|, and U = Us. Prove the following statement
of strong invariance.

Theorem 3.2. If p < b\/2\ (1 —T)/T, then MVM F(t), 0 <t < T, is
strong IWRP 7(@.

Proof. Let p < by/2A1(1 — T)/T. Assume that 2°(-) is an element of the space
Lo(Q) which satisfies the condition [|S,,2z°(-)|| € F(0), that is, ||S,z°(-)|| < b.
Let u(-,-) be any admissible control, that is, u(-,-) € Us. Derive an estimate

for || S22, ).

Using the inequalities \; > A1 and the Cauchy-Schwartz inequality, we can
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estimate the right hand side of the inequality @ from above as follows

t t
m 2
Z (|z 2 72)\1t+2€7/\1t|20| /672)\1(t7T)dT /(/U(T,s)gol(s) ds) dr
=1 0 0 99
t t ,
_’_/672)\1(t77)d7/(/u(7', s)gol(s) dS) dT)
0 0 90
t t
< hRe2Mt +2bpe_/\1t /e*2>\1(t*T)d7+p2/e_2’\1(t_7)d7'
0 0
2
= | be” /6*2)‘1“ T dr
Therefore,
1Smz(t, )| < be~ 1t + L \/1T— e=2nut, (10)

V2\
To estimate the right hand side of , denote
F) =be ™t L\ /T 20t >0,

V2\

Show that for any positive parameters b and p,

2 P P’
I?ﬁéif() flto) = b+2T1 to= 2)\11( 2)\1b2>'

Indeed, we have

’ _ /\1€7>\1t —Alt —9);
f(t)—mm( bYA= ).

We can see that

flt) > flto) =0, 0<t<to,
fl(t) < flto) =0, to<t.
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Hence,

2 P
I?fgif(t):f(to): b+ﬂ.

ISm(t, )1 < 82+ 2 1)

It follows from and that

Thus,

T T
ISmet )P = [ I1Swate NPt < [ If(0)Pas
0 0

2

T
/|f(t0)\2dt - (b2 + K)T <2
0

IN

Therefore, ||Spz(-,-)|| € F(¢) for all 0 <t < T, that is, F(¢) is strong IWRP
7, which proves the theorem. O

Theorem 3.3. If 2\; > 1, then MVM F(t), 0 < t < T, is weak IWRP

EINER

Proof. Let 2A\; > 1. Show that MVM F(t) 0 <t < T, is weak invariant.
Indeed, for any 2°(-) € La(Q2) with [|S,,2°(-)|| € F(0), we choose the control
u(t,z) =0, t €[0,T], z € 9Q, and so [ u(t,s)pi(s)ds =0, I =1,2,.... Then,

o0
m T
ISnet- I = / Iste Pae =3 [ (o)
=17
_ o—2MT
<ol Y
2)1 2\
This implies that ||Sp,z(:, )| € F(¢) for all 0 < ¢ < T, and hence F(t),0 <t <
T, is weak IWRP 7. This is our assertion. L]

3.3 The case of norm ||S,,z(-,-)|| and the set of controls U,

Let (Simz(+,-)) = [|Smz(-, )|, and U = U;. Prove theorems on strong and
weak invariance.
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Theorem 3.4. If either p < \b, T<1, or
1< p/(Mb) < (1= VTe M)/ (VT(1 - e 7)), (12)
then MVM F(t), 0 <t < T, is strong IWRP 7(@.

Proof. Establish that, for any 2°(+) € L2(Q) with ||S,,2°(")|| < band [Ju(-, )| <
p, the inclusion ||Spz(-, )| € F(t), 0 <t < T holds. Consider the function
1—e Mt

gt) =be Nty p 120 (13)

It is not difficult to verify that

g(0) =, p < Aib,
orélt%XTg(t) ) 9(T) = £+ (b - A%)e*’\lT, p > A\1b. (14)
Observe that @7 , and imply the following relations
T T ,
2 = 2dt < [ o2 < ( ) .
ISmate )P = [ USmatt )Pt < [ g0yt < (guax g(0)) T
0 0
Let p < A\1b, T < 1. Then using we obtain
[Smz (- )l < O%zszg(t)\/T = g(0)VT = bVT <.
Let now be satisfied. Then
. < =
[Smz( )l < max g(OVT = g(T)VT
= [bef)‘lT + )\ﬁ (1- ef)‘lT)} VT <b.
1
Thus, F(¢), t € [0,T], is strong invariant and the theorem follows.
O

Theorem 3.5. If 2\ > 1, then MVM F(t), 0 < t < T, is weak IWRP

(HRER
The theorem can be proved similar to Theorem [3.3}
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3.4 The case of norm ||S,,z(t,-)|| and the set of controls U

¢
Let (Simz(t,)) = ||Sm=z(t, )|, and U = Us. Denote & (¢ [ e2MTdr.
\/ 0

Prove the following statement.

Theorem 3.6. Let for a number t* € (0, T) that satisfies the inequality

P> A (0 (%) + pE5, (%)) (15)
there exist a control u(-,-) € U such that [ u(r,s)pi(s)ds =0, 0<7 < T, i #
o0
L,
/u(T,s)gpl(s)ds = 7 g*)e’\”, 0<r<th, /u(T,s)gol(s)ds =0, t"<7<T,
!
o0 o0

at some l € {1,....,m}. Then MVM F(t), t € [0,T], is not strong IWRP

(@-(3) on [0, 71

Proof. The fact that values of the control on some small time interval can be
made as big as we wish plays key role in the proof of the theorem. To construct
such a control, take zlo =b, z) =0, i #[. Then, using we obtain

t
)\
Spmz(t) = [ et °+/ et T>§( )pdT o, 0<t<t*

Hence,

2
sl = (04 D) (16)

Letting x(t) = ||Smz(t)|| we can see from that x(0) = b and

At
V) = e (—Alb— NP ey 1 )

&(t*) Pe(t)
> Mt (—)\b—)\ () + eW)
2 l 1PS1 pfl(t*) .

Since A\; < Ay, then in view of we get x'(t) > 0 for all ¢t € [0,t*] and hence
x(t) > b, t € [0,t*]. Therefore we can conclude that ||S,,z(t|| € F(t) not for all
t > 0. The proof of the theorem is complete. O

Remark 3.2. It can be shown that MVM F(t), 0 <t < T, is weak IWRP

@-&-
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4. Conclusion

We have studied the problems of strong and weak invariance of an MVM
that is a fixed interval of the real line. The boundary control problems have
been studied with respect to systems in distributed parameters under integral
and geometric constraints on control function. The circumstance that the set
of eigenfunctions of elliptic operator in the equation is complete in the space
Ly (), but is not so in the space L2(0€2), considerably complicates the appli-
cation of the method of separation of variables. To overcome this situation,
we have proposed to consider a "truncated control". Sufficient conditions of
strong and weak invariance of a given fixed interval have been obtained.

To maintain the amount of heat in a volume within a certain range is of
great practical importance. To solve such problems by means of control of
boundary ingress of air heat, the method proposed in the present paper can be
used.
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