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ABSTRACT

The degradation of the extracellular matrix (ECM) is driven by actin-rich

membrane protrusions called invadopodia, which leading to the cancer cell invasion

across the surrounding tissue barriers. Signaling pathways through ligand and

membrane associated receptor bindation are vital point in order to enhance the actin

polymerization activities that push the membrane of migrating cells. The results

presented by Saitou et. al, [36] are contradict to this fact since actins are not only

pushed, but also diffused beyond the cell membrane into the ECM region. Hence, in

this study, we considered mathematical modeling for an individual cancer cell. We

investigated one-dimensional Stefan-like problem of the signal process, (CM-I-B) and

treated the cell membrane as a free boundary surface to separate any activity happen

in intra- and extracellular regions. An approximation problem, (CM-I-C) is introduced

by transforming the Stefan-like problem into an initial-boundary value problem for

the signal equation with penalty term. The velocity concerning the movement of the

free boundary is then calculated by the integration of the penalty term. The auxiliary

problem is solved numerically using finite-difference scheme, (CM-I-C′) for the above

integrated penalty method, [21]. Two convergences of CM-I-C and CM-I-C′ into CM-

I-B are investigated by taking ε and δx goes to 0, respectively. Our results showed

a good agreement with the other known fixed domain method for the free boundary

positions and the signal distributions.
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CHAPTER 1

INTRODUCTION

1.1 Cancer Cells

Figure 1.1: Key stages of the cancer cell invasion including two key hallmarks of

angiogenic and metastasic cascades in order to develop the secondary tumor, [12].

Formation of a tumor cell begins by an individual normal cell in a tissue or

an organ in the human body. After some mutations in their key genes, this cell is

transformed into a cancer cell. The dissimilarity between a normal and a cancer cell

is the potential of a cancer cell to escape from its body hemeostatic mechanisms that

leads to proliferation. Furthermore, a cluster of cancer cells formed by some divisions

in a cancer cell. Further growth and proliferation will enhance the cluster into avascular

state of cancer cells where the size is contains approximately 106 cells. At this stage,

avascular cancer cell cannot grow further and they merely able to receive nutrients and

remove waste products. They also do not harm; in other words, make a tiny or no

damage to the host tissue because the avascular cancer cell is relatively small, remain

localized at one spot and do not spread, [3].
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Avascular cancer cell experiences closed and recurrent activities, and they

need to grow further in order to enlarge and establish their colony. For that reason,

they will go through two crucial processes, famously known as angiogenesis and

metastasis. Through the angiogenesis process, cancer cells secrete angiogenic factors

such as vascular endothelial growth factor (VEGF) to instigate proteins located in

the neighboring blood vessel to break down the basement membrane. Consequently,

endothelial cells are allow to migrate and invade to the extracellular matrix (ECM)

region. In the beginning, VEGF activates the endothelial cells to express the proteins,

necessary to allow the development of new blood vessels that leading to the formation

of loops and branches into the tumor. From these branches, more sprouts are formed

and the whole process repeated until capillary network that connected the blood vessel

and avascular cancer cell is produced. Eventually, avascular cancer cell have the

opportunity to receive extra nutrients from blood circulation system that required for

further growth, [4].

There is a possibility for each cancer cell to find their way to enter the blood

circulation system and transported to the other tissues through the blood and lymph.

Here, another key hallmark which is metastasis process started. In the early process,

cancer cells try to escape from the avascular state where here and henceforth we named

it as a primary cancer. Local degradation of surrounding tissue or ECM by potential

cancer cells inspire a pathway to enter the blood circulation system. Invasion of

cancer cells into a blood or lymphatic vessel through the basal membrane is known as

intravasation. Cancerous cells need to survive in the journey throughout the circulation

system until they reach at some places or distant sites in the body. In the period of

time, they need to escape from the blood circulation system (extravasation) and must

establish a new colony (secondary tumor) in the new organ. Hence, this completes the

full blown of metastasis for a tumor cell, [8].

Here, we summarize several key stages for a cancer cell invasion including

angiogenesis and metastasis cascades in order to develop secondary tumor, which are;

(i) growth of a primary tumor,
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(ii) recruitment of new blood vessels by angiogenic growth factors,

(iii) formation of capillary network that connects the primary tumor and blood vessel,

(iv) cancer cells ready to escape from the primary tumor,

(v) local degradation of ECM by invasive cancer cells,

(vi) cancer cells enter the blood circulation system (intravasation),

(vii) survival of cancer cells along the journey in the blood circulation system,

(viii) cancer cell escape from the blood circulation system (extravasation),

(ix) establish a new colony in other sites of new organs,

(x) formation of a secondary tumor.

1.2 Research Background

Cell movement is important for its own reason. On a good side, white blood

cells swim to heal cuts. On the other side, tumor cells travel and invade the surrounding

tissue or extracellular matrix (ECM) to form the secondary tumor known as metastasis,

which is the main cause of mortality among cancer patients, [39]. Tumorigenesis is

a complex multi-step process that results from genetic changes and cause malignant

transformation of normal cells, [8]. A summary of the characteristics common to many

cancers is

(i) abnormal signal transduction resulting in uncontrolled cell proliferation,

(ii) loss of apoptosis or programmed cell death,

(iii) angiogenesis leading to the enhanced blood supply of tumors, and

(iv) tissue invasion and metastasis permitting spread of the cancer.
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Figure 1.2: Movement of a cancer cell is driven by invadopodia, which engenders

migratory pathways through the ECM.

Concentrating on the fourth feature, proteolytic deterioration of the ECM is a

vital phenomenon in tumor invasion and metastasis, [1], [2]. This issue is driven by

actin-rich protrusions of the plasma membrane or known as invadopodia. Over the

pass decade, many works had been carried out in order to understand how invadopodia

contributes in degrading the surrounding tissue barriers that lead to the cancer cell

migration, [26], [34].

Mathematical approaches using continuous and discrete models, particularly

by considering partial and ordinary differential equations in tumor growth take the role

in the relationship between mathematics and oncology which is a branch of medicine,

[3], [4], [8], [9], [23], [31], [41]. Furthermore, investigation on the cancer cell invasion

through invadopodia formation have been considered by [36] in the mathematical point

of view.

1.3 Invadopodia Formation

Invadopodia are subcellular structure found in invasive cancer cells uniquely

formed by metastatic carcinoma cells. Formation of invadopodia and ECM degradation

activity involves the coordination of many cell biological processes including

ligand and epidermal growth factor receptor (EGFR) signaling, actin cytoskeletal
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Figure 1.3: Feedback loop of invadopodia formation is driven by key-signal

transduction.

polymerization and reorganization. These lead to physical force towards membrane

surface and MMP localization, activation and secretion, [7], [16], [45].

Basically, binding of EGFR and ligand such as transforming growth factor

alpha (TGF-α) plays an important role in the formation of the invadopodia, which

activates a signaling pathway for actin branching and matrix metalloproteinases

(MMPs) regulation, [36]. Branched actin activators are crucial for invadopodia

formation which, for instance the activation of neuronal WiskottAldrich Syndrome

protein (N-WASP) is essential for invadopodium maturation, [42].

During precursor formation, cortactin, Tks5, N-WASp, cofilin, and actin

related protein 2/actin related protein 3 (Arp2/3) form a domain involving cortactin-

Arp2/3-N-WASp binding complex. Tks5 is thought to promote the formation of

invadopodium precursors when binding to phosphatidylinositol (3,4)-bisphosphate or

PI(3,4)P2 on the ventral cell surface plasma membrane, [7].

Actin polymerization involves several stages including activation, nucleation,

elongation and annealing. In the early step, a guanine-nucleotide exchange factor

(GEF) such as Fgd1 activates the Rho GTPase cell division cycle 42 (Cdc42)
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to regulate various factors of intra-cellular actin dynamics such as controlling

rearrangements of membrane cytoskeleton, replication activation, secretion of

membrane trafficking, cell cycle progression and tumorigenic transition, [14].

Then nucleation is a process of accumulating actin monomers (G-actin) to

form a comparatively substantial core or nucleus which can hold the addition of

other G-actin at both ends leading to the development of double helix filamentous

polymer or F-actin. Nucleation is magnified by the complex interaction of adenosine

triphosphate (ATP)-actin with adenosine diphosphate (ADP)-actin, [29]. Besides,

elongation denotes association and dissociation of G-actin at both ends of F-actin.

These capping proteins are attached into their positions by conformational changes or

annealing. Polymerization predominantly takes place at the barbed end of the filament,

otherwise depolymerization at the other side of pointed end, [33], [7].

The structural polarity of F-actin during actin assembly has implications on

the rate and direction of filament growth at opposite ends of the actin filament.

The critical concentration (CC) for the pointed end is larger than for the barbed

end, [43]. Polymerization only happens if the density of G-actin exceeds CC,

which concentration of monomers coexisting with polymer at the steady state of

polymerization. In other words, if the concentration of G-actin is below CC, G-

actin fail to polymerize and remain as a monomer. This process of association and

dissociation is called treadmilling of actin, [32].

One of the previous studies showed that actin polymerization is regulated

by cortactin, and therefore regulate the secretion of MMPs during the formation of

invadopodia, [11]. One of the MMPs called membrane type-1 matrix metalloproteinase

(MT1-MMP) is a protease involves in an invasion maneuver of tumor cells. It is

normally found near to the membrane surface of invadopodia. During the ECM

degradation, MT1-MMP activates secretive basal membrane enzyme called matrix

metalloproteinase-2 (MMP2) to degrade the basal membrane made by collagen IV,

[37], [38].

The process of shedding is a big picture for the basement degradation

by MMP2. Binding of the MT1-MMP to the other molecule called TIMP



7

metallopeptidase inhibitor 2 (TIMP2) is important for the later formation of complex

(MT1-MMP)-TIMP2-(pro-MMP2)-(MT1-MMP). Once this complex is achieved,

other MT1-MMP which is free from TIMP2 cleaves the binding between TIMP2 and

pro-MMP2 and activates the pro-MMP2 to degrade the mesh of fibrous proteins of the

ECM, [15], [40].

1.4 Objectives and Scope

The objective of the study is to investigate the behavior of an individual cancer

cell which invades to the surrounding tissue theoretically by solving the following

problems:

(i) Application of integrated penalty method in one-dimensional signal transduction

during the formation of invadopodia.

(ii) Convergences of an approximation model for one-dimensional signal

transduction with integrated penalty to the original model.

(iii) Validation of the results obtained in (i) by using fixed domain method.

1.5 Thesis Organization

This thesis consists of four chapters. In Chapter 1, we have reviewed the

mechanisms in the formation of invadopodia, and the objectives and scope of this

research. In Chapter 2, there are two sections presented specifically for research

gap opportunity and new-enhanced modeling including the cancer cell model for one-

dimensional problem.

In Chapter 3 and Chapter 4, we have discussed two types of numerical method

to solve our cell model which are integrated penalty (IPM) and fixed domain methods

(FDM), respectively. In Chapter 3, we presented a mathematical modeling for one-

dimensional Stefan and cancer cell models. Convergence analyses for cell model are

proved to support the reliability of IPM.
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On the other hand, Chapter 4 focused on providing good data for the validation

purposes. For most cases, results from IPM are compared to the results obtained from

FDM by considering similar conditions.



91

REFERENCES

1. Andasari, V. and Chaplain, M. A. J. Intracellular modeling of cell-matrix adhesion

during cancer cell invasion. Mathematical Modeling of Natural Phenomena. 2012.

7(1): 29-48.

2. Andasari, V., Roper, R. T., Swat, M. H. and Chaplain, M. A. J. Integrating

intracellular dynamics using CompuCell3D and bionetsolver: Applications to

multiscale modeling of cancer cell growth and invasion. PloS one. 2012. 7(3):

e33726.

3. Anderson, A. R. A. and Chaplain, M. A. J. Continuous and dicrete mathematical

models of tumor-induced angiogenesis. Bulletin of Mathematical Biology. 1998.

60: 857-900.

4. Anderson, A. R. A., Chaplain, M. A. J., Newman, E. L., Steele, R. J. C. and

Thompson, A. M. Mathematical modelling of tumour invasion and metastasis.

Journal of Theoretical Medicine. 2000. 2: 129-154.

5. Caldwell, J. and Kwan, Y. Y. Numerical methods for one-dimensional Stefan

problems. Communications in Numerical Methods in Engineering. 2004. 20: 535-

545.

6. Cannon, J. R. and Hill, C. D. Existence, uniqueness, stability and monotone

dependence in a Stefan problem for the heat equation. Journal of Mathematics

and Mechanics. 1967. 17: 1-20.

7. Carlier, M. F. Actin-Based Motility. Cellular, Molecular and Physical Aspects.

2010. London, UK: Springer.

8. Chaplain, M. A. J. and Anderson, A. R. A. Mathematical modeling of tissue

invasion. Cancer Modeling and Simulation. 2003. 269-297.



92

9. Chaplain, M. A. J., Lachowicz, M., Szymanska, Z. and Wrzosek, D. Mathematical

modeling of cancer invasion: The importance of cell-cell adhesion and cell-marix

adhesion. Mathematical Models and Methods in Applied Sciences. 2011. 719-743.

10. Chen, S., Merriman, B., Osher, S. and Smereka, P. A simple level set method for

solving Stefan problem. Journal of Computational Physics. 1997. 135: 8-29.

11. Clark, E. S. and Weaver, A. M. A new role for cortactin in invadopodia: Regulation

of protease secretion. European Journal of Cell Biology. 2008. 87(8), 581-590.

12. Cooper, G. M. and Hausman, R. E. The Cell: A Molecular Approach (4th Edition).

2007. Washington: ASM Press.

13. Crank, J. Two methods for the numerical solution of moving boundary problems

in diffusion and heat flow. Quarterly Journal of Mechanics and Applied

Mathematics. 1957. 10(2): 220-231.

14. Ho, H. H., Rohatgi, R., Lebensohn, A. M., Ma, L., Li, J., Gygi, S. P. and Kirschner,

M. W. Toca-1 mediates Cdc42-dependent actin nucleation by activating the N-

WASP-WIP complex. Cell. 2004. 118: 203-216.

15. Hoshino, D., Koshikawa, N., Suzuki, T., Quaranta, V., Weaver, A. M., Seiki, M.

and Ichikawa, K. Establishment and validation of computational model for MT1-

MMP dependent ECM degradation and intervention strategies. Computational

Biology. 2012. 8(4): 1-10.

16. Ichikawa, K., Suzuki, T. and Murata, N. Stochastic simulation of biological

reactions and its applications for studying actin polymerization. Physical Biology.

2010. 7(4): 1-13.

17. Kawarada, H. Numerical Methods for Free Surface Problems by Means of Penalty.

1979:704. Lecture Notes in Math. Berlin-Heiderberg-New York: Springer.

18. Kawarada, H. Free Boundary Problems - Theory and Numerical Methods (in

Japanese). 1989. University Tokyo Press.

19. Kawarada, H. and Natori, M. On numerical solutions of Stefan problem I. Memoir

of Numerical Mathematics. 1974. 1: 43-54.



93

20. Kawarada, H. and Natori, M. On numerical solutions of Stefan problem II.

Memoir of Numerical Mathematics. 1975. 2: 1-20.

21. Kawarada, H. and Natori, M. On numerical methods for the Stefan problem by

means of the finite difference and penalty. Functional Analysis and Numerical

Analysis, Fujita, H.(Ed.), Tokyo and Kyoto. 1976. 183-201.

22. Kawarada, H. and Saguez, C. Numerical analysis of a Stefan problem (No. MRC-

TSR-2543). Wisconsin University-Madison Mathematics Research Center. 1983.

1-44.

23. Kubo, A. and Suzuki, T. Mathematical models of tumour angiogenesis. Journal

of Computational and Applied Mathematics. 2007. 204: 48-55.

24. Kutluay, B., Bahadir, A. R. and Ozdes, A. The numerical solution of one-phase

classical Stefan problem. Journal of Computational and Applied Mathematics.

1997. 81: 135-144.

25. Mitchell, S. L. and Vynnycky, M. Finite-difference methods with increased

accuracy and correct initialization for one-dimensional Stefan problems. Applied

Mathematics and Computation. 2009. 215: 1609-1621.

26. Monteiro, P., Rosse, C., Castro-Castro, A., Irondelle, M., Lagoutte, E., Paul-

Gilloteaux, P., Desnos, C., Formstecher, E., Darchen, F., Perrais, D., Gautreau,

A., Hertzog, M. and Chavrier, P. Endosomal WASH and exocyst complexes

control exocytosis of MT1-MMP at invadopodia. The Journal of Cell Biology.

2013. 203(6): 1063-1079.

27. Natori, M. and Kawarada, H. An application of the integrated penalty method to

free boundary problems of laplace equation. Numerical Functional Analysis and

Optimization 1981. 3(1): 1-17.

28. Natori, M. and Kawarada, H. Numerical solution of free boundary problem for

unsteady slag flow in the hearth. Japan Journal of Applied Mathematics 1985. 2:

187-196.

29. Oosawa, F. Macromolecular Assembly of Actin. In Muscle and Nonmuscle

Motility. 1983. New York: Academic Press.



94

30. Osher, S. and Fedkiw, R. Level Set Methods and Dynamic Implicit Surfaces. 2003.

New York: Springer.

31. Othmer, H. G. and Stevens, A. Aggregation, blowup, and collapse: The ABCs of

taxis in reinforced random walks. SIAM Journal of Applied Mathematics. 1997.

57(4): 1044-1081.

32. dos Remedios, C. G., Chhabra, D., Kekic, M., Dedova, I., Tsubakihara, M.,

Berry, D. and Nosworthy, N. J. Actin binding proteins: Regulation of cytoskeletal

microfilaments. Physiological Reviews. 2003. 83: 433473.

33. dos Remedios, C. G. and Chhabra, D. Actin-Binding Proteins and Disease. 2008.

New York, USA: Springer.

34. Revach, O., Weiner, A., Rechav, K., Sabanay, I., Livne, A. and Geiger, B.

Mechanical interplay between invadopodia and the nucleus in cultured cancer

cells. Scientific Reports. 2015. 5.

35. Roh, W. and Kikuchi, N. Analysis of Stefan problem with level set method. 8th

AIAA/ASME Joint Thermophysics and Heat Transfer Conference. 2002. 1-8.

36. Saitou, T., Rouzimaimaiti, M., Koshikawa, N., Seiki, M., Ichikawa, K. and Suzuki,

T. Mathematical modeling of invadopodia formation. Journal of Theoretical

Biology. 2012. 298: 138-146.

37. Saitou, T., Itano, K., Hoshino, D., Koshikawa, N., Seiki, M., Ichikawa, K.

and Suzuki, T Control and inhibition analysis of complex formation processes.

Theoretical Biology and Medical Modelling. 2012. 9: 33.

38. Sato, H., Takino, T., Okada, Y., Cao, J., Shinagawa, A., Yamamoto, E. and Seiki,

M. A matrix metalloproteinase expressed on the surface of invasive tumor cells.

Nature. 1994. 61-65.

39. Sporn, M. B. The war on cancer. The Lancet. 1996. 347: 1377-1381.

40. Suzuki, T. Methods of Mathematical Cell Biology. (Submitted). Springer.

41. Suzuki, T. Mathematical models of tumor growth systems. Mathematica

Bohemica. 2012. 137(2): 201-216.



95

42. Weaver, A. M. Invadopodia. Current Biology. 2008. 18(9): R362-R364.

43. Wegner, A. and Isenberg, G. 12Fold difference between the critical monomer

concentrations of the two ends of actin filaments in physiological salt conditions.

Proceedings of the National Academy of Sciences USA. 1983. 80: 49224925.

44. Yamaguchi, H. and Condeelis, J. Regulation of the actin cytoskeleton in cancer

cell migration and invasion. Biochimica et Biophysica Acta. 2007. 1773: 642-652.

45. Yamaguchi, H., Lorenz, M., Kempiak, S., Sarmiento, C., Coniglio, S., Symons,

M., Segall, J., Eddy, R., Miki, H., Takenawa, T. and Condeelis, J. Molecular

mechanisms of invadopodium formation: the role of the N-WASP-Arp2/3

complex pathway and cofilin. The Journal of Cell Biology. 2005. 168(3): 441-

452.




