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ABSTRACT 

Mixed convection flows of nanofluid past an inclined stretching sheet with g-jitter effect is studied in this paper. Water based nanofluid containing 
copper, copper oxide, aluminium oxide and silver nanoparticles are concerned. Coupled nonlinear partial differential equations are solved using Keller-
box method. The effect of solid nanoparticles volume fraction parameter, frequency of oscillation and inclination angle parameter is observed to reduce 
the skin friction and heat transfer coefficients whereas mixed convection parameter increases both skin friction and heat transfer coefficients. Present 
study also shows that, the heat transfer coefficient is highest for silver nanofluid.  
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1. INTRODUCTION 

The boundary layer flow and heat transfer over a stretching sheet are 
encountered in a numerous industrial engineering applications such as 
fiber technology, production of sheeting materials, polymer extrusion 
and emergency shutdown conditions. In the past few years, convective 
heat transfer in nanofluid has become a major contemporary interest in 
fluid flow studies. Nanofluid can be described as a fluid containing 
nanometer sized particles, whereas these fluids are engineered colloidal 
suspensions of nanoparticles in a base fluid. Basically, the idea of 
nanofluid demonstrated by the suspension of nanometer sized particles 
in the convectional heat transfer fluids including oil, water and ethylene 
glycol mixture which have a low thermal conductivity. The concept of 
nanofluid has been introduced to develop an advanced heat transfer fluids 
with substantially higher conductivities to enhance the thermal 
characteristics. The pioneering study was carried out by Choi (1995) and 
Choi et al. (2001) successfully showed that the addition of a small 
amount of nanoparticles to convectional heat transfer liquids increased 
the thermal conductivity of the fluid up to approximately two times. 
Then, Khanafer et al. (2003) investigated the heat transfer performance 
of nanofluid inside an enclosure taking into account the solid particle 
dispersion. 

Since the discovering of the importance of nanofluid throughout 
these pioneering experimental studies, many researchers had involved in 
the study of this field particularly in the study of boundary layer flow 
problem in nanofluid. Numerous models have been proposed to study the 
convective flows of nanofluid, including the most popular models 
suggested by Buongiorno (2006) and Tiwari and Das (2007). Buongiorno 
(2006) suggested the effect of Brownian motion and thermophoresis 
while the nanofluid model proposed by Tiwari and Das (2007) analyzed 
the behaviour of nanofluid by taking the solid nanoparticles volume 
fraction as a parameter. It is worth mentioning that both of proposed 
nanofluid models were recently used by Kuznetsov and Nield (2010); 
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Khan and Pop (2010); Vajravelu et al. (2011); Chamkha and Rashad 
(2012); Qasim et al. (2013); Anwar et al. (2014) in their papers. For 
example, Yirga and Shankar (2015) carried out an analysis of the effects 
of viscous dissipation and chemical reactions on the 
magnetohydrodynamics flow and heat transfer of nanofluid through a 
porous media using Tiwari and Das model. They showed that, the 
increasing of nanoparticles volume fraction leads to increase the thermal 
boundary layer thickness and decrease the velocity boundary layer 
thickness for both considered water based nanofluid, copper and silver. 
However, all the above studies were restricted in the steady state 
conditions. In reality, unsteady boundary layer plays important roles in 
many engineering problems like start-up process and periodic fluid 
motion. Unsteady boundary layer has different behaviour due to the extra 
time-dependent terms, which will influence the fluid motion pattern and 
the boundary layer separation (Tamim et al. (2013)). Recently, Uddin et 
al. (2014) investigated the effects of g-jitter on the unsteady mixed 
convective boundary layer flow of nanofluid past a permeable stretching 
sheet associated with the effects of linear hydrodynamic slip, thermal slip 
and temperature dependent viscosity. 

The presence of a gravitational field and a temperature gradient 
usually can generate buoyancy convective flows in many situations, most 
probably in the low gravity or microgravity environment. In this 
environment, it has been found that, buoyancy-driven fluid flows and 
sedimentations are greatly reduced, allowing systems to work under 
purely diffusive conditions. For example, low gravity situation can 
provided an environment conductive to growing crystals with more 
uniform solute distribution and/or in a diffusion controlled regime. 
However, aboard orbiting spacecraft, all objects experience low-
amplitude perturbed accelerations, or g-jitter, caused by crew activities, 
orbiter maneuvers, equipment vibrations, solar drag and other sources 
(Antar and Nuotio-Antar (1993); Hirata et al. (2001)) which make it 
difficult to achieve diffusion controlled single crystal growth in space. 
G-Jitter or also known as periodical gravity modulation can be defined 
as the inertia effects due to quasi-steady, oscillatory or transient 
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accelerations arising from crew motions and machinery vibrations in 
parabolic aircrafts, space shuttles or other microgravity environments. 
Recently, this adverse effect of g-jitter has received attention of many 
researchers focusing on the convective flow in various conditions and 
geometries. There have been a number of studies which investigate the 
behavior of g-jitter with different effects and fluids focusing on boundary 
layer flow were conducted by Rees and Pop (2000; 2001) and Sharidan 
et al. (2005; 2006; 2007). Very recently, Uddin et al. (2015) investigated 
the boundary layer flow of g-jitter induced mixed convection of 
nanofluid past a vertical surface and taking into account the effect of 
constant convective thermal and mass boundary conditions using 
Buongiorno-Darcy porous medium model. Motivated from the cited 
literature, it seems that no research has been reported on the boundary 
layer flow on nanofluid past an inclined stretching sheet. Following 
Sharidan et al. (2006), the gravity acceleration is takes the form, 
 

   *
0 1 cosg t g t     k  

 
where 0g  is the time-averaged value of the gravitational acceleration, 

 *g t  acting along the direction on the unit vector k which is oriented in 

the upward direction,   is a scaling parameter, which gives the 
magnitude of the gravity modulation relative to 0g , t is the time and   

is the frequency of oscillation of the g-jitter driven flow.  
The main contribution of this paper is to investigate the effect of g-

jitter associated with the presence of chosen solid nanoparticles on the 
mixed convection flow in viscous and incompressible fluid past an 
inclined stretching sheet. The basic governing equations are closely 
followed the previous studies done by Mahdy (2012) using Tiwari and 
Das model which is highlighted the effects of solid nanoparticles volume 
fraction with the additional effects of g-jitter. Water-based nanofluid 
containing copper (Cu), copper oxide (CuO), aluminium oxide (Al2O3) 
and silver (Ag) are taken into consideration. The governing nonlinear 
partial differential equations are first transformed into non-dimensional 
forms and then solved numerically using the Keller-box method which 
are practically used by many researchers (Kasim et al. (2012); 
Aurangzaib et al. (2013); Rawi et al. (2014)). The effects of frequency 
of oscillation, amplitude of modulation, inclination angle, solid 
nanoparticles volume fraction and mixed convection parameters have 
been discussed and the results are graphically displayed. 

2. MATHEMATICAL FORMULATION 

 

 
Fig. 1 Physical model and coordinate system 

Consider the mixed convection flow of a viscous and incompressible 
nanofluid containing Cu, CuO, Al2O3 and Ag nanoparticles along an 
inclined stretching sheet with the presence of g-jitter. Figure 1 depicts the 
physical model and coordinate system of the problem, where the x-axis 
is taken along the surface with the inclination angle,    to the vertical 
and y-axis is taken normal to the surface.  Following Buongiorno (2006), 
nanofluid is considered as two component mixtures with the following 
assumptions: 

i. no chemical reaction; 
ii. negligible viscous dissipation; 

iii. nano-solid-particles and base fluid are in thermal 
equilibrium. 

In this problem, it is assumed that, the plate is moving in the x-
direction of the flow with a linear velocity,  wu x  and the temperature 

of the plate,  wT x   varies linearly with the distance x along the surface, 

where   wT x T  with  T  being the uniform temperature of the 

ambient nanofluid. 
Under the Boussinesq and boundary layer approximations, the 

governing equations of unsteady mixed convection flow of nanofluid 
model past an inclined stretching sheet including the conservation of 
mass, momentum and thermal energy equation can be written as (Tiwari 
and Das (2007)), 

 0,
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x y

 
 

 
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  (3) 

where u and v are the velocity components along x and y axes, t is the 
time, and T is the nanofluid temperature. Further, nf  is the density of 

nanofluid,  nf  is the dynamic viscosity of nanofluid, nf  is the thermal 

expansion of nanofluid,  p nf
C  is the heat capacitance of nanofluid, 

where pC  is the specific heat at constant pressure, and  nfk  is the 

effective thermal conductivity of the nanofluid, respectively. Here, the 
nanofluid constants are defined as, 

 
        

      
1 , 1 ,

1 ,
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    

     

  
  (4) 

and the effective thermal conductivity of nanofluid approximated by the 
Maxwell-Garnetts model is given as 

 
   
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2 2

2
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nf f
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
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  (5) 

while the viscosity of nanofluid has been approximated by Brinkman 
(1952) is given as 

 
 2.5
1

f
nf








  (6) 

where    is the solid nanoparticles volume fraction of the nanofluid. As 
mentioned by Wang et al. (1999), the expression (5) is restricted only to 
the spherical nanoparticles, where it does not account for the other shapes 
of nanoparticles. The subscripts f and s refer to base fluid and 
nanoparticles properties, respectively.  

The appropriate initial and boundary conditions are, 

  
0 : 0,  for any , ,

0 : , 0 ,  at 0,

0 ,  as .
w w
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t u u x v T T y

u T T y
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  (7) 
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In this problem, the continuous stretching sheet is assumed to have 
the velocity and temperature in the form of  wu x cx  and wT T ax   

where a and c are constants with 0c  .  
The complexity of the problem is reduced by introducing the 

following similarity transformations (Sharidan et al. (2006)), 

        
 

1
2

1
2 , , , , , ,f

w f

T T c
ψ cυ xf τ η  θ τ η τ ωt  η= y

T T υ




 
       

  (8) 

where  f  is the effective kinematic viscosity of base fluid and  ,x y    

is the stream function defined as  u
y





  and  v
x


 


 which is 

identically satisfies Eq. (1). By employing the similarity transformations 
(8) into Eqs. (1) to (3), the following transformed governing equations 
are obtained, 
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where the constants C1, C2 and C3 are defined as, 
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and the boundary conditions (4) become 

 

0,  1,  1 at 0,

0,  0 as .

f
f

f

 


 



   




  


  (11) 

Here,  
c


   is the non-dimensional frequency, Pr p

f

C

k

 
  
 

  is 

the Prandtl number, and  
2Re
x

x

Gr   is the mixed convection parameter 

with 3 2
0 ( )x f w fGr g T x T x      and Re ( )x w fu x x   as the local 

Grashof and Reynolds numbers, respectively. It is worth mentioning that,  
0   corresponds to assisting flow and  0   for opposing flow.  
The physical quantities of principal interest are the skin friction 

coefficient, Cf, and the local Nusselt number, Nux are defined 
respectively as 
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f x
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
 

 


  (12) 

where  w x  is the wall shear stress and  wq x  is the wall heat flux are 

given by, 

  
0 0
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  (13) 

Here, knf  and nf   being the thermal conductivity and dynamic 

viscosity of nanofluid. Using (8), the following skin friction coefficient 
and local Nusselt number are obtained as follows, 
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3. METHODS 

The system of the partial differential equations, (9) and (10) together with 
the boundary conditions (11) are solved numerically using an implicit 
finite scheme known as Keller-box method which is described in details 
by Cebeci and Bradshaw (1984). Basically, the idea of Keller-box 
method is to reduce the governing system of equations to the form of a 
first order system. At first, the differential equation are reduced to a first 
order system and discretize into finite difference form by using central 
differences. Then, Newton’s method is used to linearize the resulting 
equations and employed on the coefficient of matrix of the finite 
difference equations. Finally, the linear system is solved using block-
triadiagonal elimination method. 

In this problem, all the results were obtained using uniform grids in 
both   and   directions where the grid size of  is taken as 0.02 and  
 is taken as 0.01 so that, the numerical values obtained are 

independent of  and   (see Table 1). The satisfaction of the outer 
boundary condition is achieved by considering the boundary layer 
thickness, 6  . Convergence criterion is set to 10-5 which gives 
accuracy to four decimal places. 

Table 1 Values of  0f   for 1, 0.1,
6

        and Pr = 6.2 at different 

grid size 

     0f   

0.02 0.01 1.085973 

0.03 0.02 1.085973 

0.04 0.03 1.085973 

0.05 0.04 1.085973 

 
Following Sharidan et al. (2006), the values of   considered in the 

range of 0 1   due to the reason that, the values of 1   is 
equivalent to have the perceived gravity reverse its direction over part of 
the g-jitter cycle. The computation for the appropriate steady solutions is 
always started with 0  (constant gravity) and convergence to a steady 
periodic state was demanded to have taken place when max

    5,0 2,0 10         over the whole period. 

4. RESULTS AND DISCUSSIONS 

The transformed differential equations (9) and (10) subjected to the 
boundary conditions (11) have been solved numerically using Keller-box 
method. In this problem, four different types of nanofluid containing of 
Cu, CuO, Al2O3 and Ag-water nanoparticles are chosen to analyze the 
effects of solid nanoparticles volume fraction,  , amplitude of 

modulation,  , frequency of oscillation,  , inclination angle,  , and 

mixed convection parameter,  . Thermophysical properties of base fluid 
and nanoparticles is presented in Table 2 (Turkyilmazoglu and Pop 
(2013)). 
 

Table 2 Thermophysical properties of base fluid and nanoparticles. 

Physical 
properties 

Base 
fluid 

Nanoparticles 

Water Cu  Al2O3 CuO  Ag 

 J kg KpC  4179 385 765 531.8 235 

 3kg m  997.1 8933 3970 6320 10500 

 W mKk  0.613 401 40 76.5 429 

 5 110 K  21 1.67 0.85 1.80 1.89 

 
Referring to the previous study done by Uddin et al. (2014), the 

values of    considered in the range of 0 0.2  .  The validation of 
the present results has been verified with the case of viscous fluid, 
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 0   at the steady state flow,  0       presented by Sharidan et 

al. (2006), Mahdy (2012) and Freidoonimehr (2015). The comparison 
results are exhibited in Table 3. It can be seen from this table that, a good 
agreement between the results exist which gives confidence in the 
numerical method employed. From the table, it is clearly showed, that, 
the heat transfer rate increases with Prandtl number. For the present 
results, the values of Prandtl number and frequency of oscillation have 
been fixed as Pr 6.2  and 0.2  . It is noted that, Cu nanoparticles is 
used in all figures which focus on the influence of controlling parameters 
on the reduced skin friction,  ,0f    and heat transfer coefficient, 

 ,0  .  

 
Table 3 Comparison results of the heat transfer rate,  0  for various values of 

Pr at 0         . 

Pr 
Sharidan et al. 

(2006) 
Mahdy 
(2012) 

Freidoonimehr 
(2015) 

Present 

0.01 0.0197 0.01999 - 0.01999 
0.72 0.8086 0.80868 0.8086 0.8086 

1.0 1.0000 - 1.0000 1.0000 

3.0 1.9237 - 1.9237 1.9238 

 
 

 
                  (a)                                                         (b)     

Fig. 2 Variation of  ,0f   and  ,0   for different values of   at 

, 1
6

    and 0.1  . 

 
                 (a)                                                           (b)     

Fig. 3 Variation of  ,0f   and  ,0   for different values of   at 

, 1
6

    and 0.2  . 

 
Figures 2 and 3 show the effect of    on the variation of reduced 

skin friction,  ,0f   and heat transfer coefficient,   ,0   with 

different values of  . It is observed that, an increase in   decreases the 

values of  ,0f   and  ,0  . Physically, an increase in the value 

of    raises the effective viscosity as well as the thermal conductivity of 

nanofluid. As a result, the thermal boundary layer thickness and the 
temperature gradient at the wall decrease. 

Figures 4 to 7 depict the influence of   on the variation of  ,0f   

and  ,0    for different values of ,    and  . All figures show 

that, the effect of increasing in   is giving an almost proportional 

increase and decrease in  ,0f    and  ,0  , respectively. It can 

also be observe that, the effect of  on the change in  for  ,0    is 

seen to be more substantial compared to  ,0f  . Figures 4a and 4b 

indicate that the values of   ,0f   and  ,0   decrease with the 

increasing of  . Meanwhile, the corresponding curves of variation of 

 ,0f   and  ,0   in Figures 2a to 6b show an identical trend 

where the upper peak occur near 0.5   and lower peak at 1.5   

except for Figure 4b. The corresponding curves for   ,0   in Figure 

4b change as the values of   increases where the upper peak occur near 
0.5 1    and lower peak at  1.5 2  . As reported by Rees and Pop 
(2001), at low values of  , the response on the time periodic flow is 
quasi static and the whole flow and temperature field is determined by 
the size of the perceived gravitational acceleration at any point in time. 
However, when the values of   increases, the peak response is delayed 
progressively and the amplitude of the variation of the response over a 
period also decreases as depicted in Figure 4. 

 
                  (a)                                                            (b)     

Fig. 4 Variation of  ,0f   and  ,0   for different values of   and   at 

6

   and 1  . 

 
               (a)                                                             (b)     

Fig. 5 Variation of  ,0f   and  ,0   for different values of   and   at 

0.2   and 1  . 

 
Further, the effect of    on the variation of   ,0f   and  ,0   are 

shown in Figure 5. Both Figures 5a and 5b exhibit that the increasing of 
  lead to reduce the values of  ,0f   and  ,0  . This behaviour 

happens due to the fact that as the plate is inclined from the vertical cause 
the reduction on the buoyancy force. Meanwhile, Figures 6 and 7 show 
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the influence of    with the different values of    on the time-periodic 

flow. These figures show that the variation of  ,0f   and  ,0    

increase with the increasing of   for both assisting, 0   and opposing 
flows, 0  . Moreover, it can be observed from Figure 7 that, the 

corresponding curve of variation of  ,0f   and  ,0   change 

where the upper peak occur near 1.5   and lower peak at 0.5  . 
 

 
               (a)                                                            (b)     

Fig. 6 Variation of  ,0f   and  ,0   for different values of   and  0   

at 
6

   and 0.2  . 

 
               (a)                                                             (b)     

Fig. 7 Variation of  ,0f   and  ,0   for different values of   and  0   

at 
6

   and 0.2  . 

Table 3 Values of  ,0f   and  ,0   for different values of   and types 

of nanoparticles at 0  . 

Nanoparticles    ,0f    ,0   

 
Cu 

0.0 -0.764940 -2.907997 
0.1 -0.980502 -2.417247 
0.2 -1.061210 -2.039437 

 
CuO 

0.0 -0.764940 -2.907997 
0.1 -0.892462     -2.444296 
0.2 -0.933854     -2.079679 

 
Al2O3 

0.0 -0.764940 -2.907997 
0.1 -0.810659     -2.462303 
0.2 -0.811367     -2.106043 

 
Ag 

0.0 -0.764940 -2.907997 
0.1 -1.025739     -2.372838 
0.2 -1.123934     -1.964957 

 
Figure 8 presents the variation of  ,0f   and  ,0   with respect 

to   for different types of nanoparticles. Different water-based nanofluid 
containing Cu, CuO, Al2O3 and Ag are taken specifically for this result, 
respectively. It is observed that,  ,0f   and  ,0   decrease with 

the increasing of  . Based on Table 1, it can be clearly seen that, Ag and 
Al2O3 have the maximum and minimum densities between the different 
considered types of nanoparticles. Therefore, this values lead to the 

minimum and maximum amount of  ,0f τ  for Al2O3 and Ag which 

depicted in Figure 8a. In addition, it can be noticed from the Figure 8b 
that, Ag has the highest rate of   ,0   due to the largest thermal 

conductivity value compared to the others nanoparticles considered. 
(Also see Table 3) 

 
(a) 

 
(b) 

Fig. 8 Variation of  ,0f   and  ,0   with respect to   at 0.2, 1    

and 
6

   for different types of nanoparticles.  

5. CONCLUSIONS 

The problem of mixed convection flow of nanofluid past an inclined 
stretching sheet with the presence of g-jitter has been presented in this 
paper. The governing partial differential equations were transformed 
using suitable similarity transformation and solved numerically using 
Keller-box method. Four different types of nanoparticles including 
copper, copper oxide, aluminum oxide, and silver have been chosen in 
this study. Comparison of the results with the previously reported work 
shows a very good agreement for the case of viscous fluid. It was found 
that, the increasing of frequency of oscillation, solid nanoparticles 
volume fraction and inclination angle parameters lead to decrease the 
values of the reduced skin friction and heat transfer coefficient. 
Meanwhile, the opposite behaviour is obtained when the mixed 
convection parameter is considered for both cases, assisting and 
opposing flows. In addition, it can also be concluded that, a silver-water 
nanofluid has a higher heat transfer coefficient compared to other types 
of nanofluid; copper, alumina and copper oxide-water nanofluid. 
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NOMENCLATURE 

Cf  skin friction coefficient 
Cp specific heat at constant pressure (J/kg·K) 
g0  time-averaged value of gravitational acceleration 
g*(t)  gravity acceleration  
Grx  local Grashof number 
k  thermal conductivity (W/m·K)  
t  time (s)  
T  temperature (K)  
u,v  velocity components along x and y axes (m/s)  
x,y  cartesian coordinates (m)  
 
Greek Symbols  
  thermal diffusivity 
  thermal expansion 
  inclination angle 
  amplitude of modulation 
  dimensionless similarity variable 

  dimensionless temperature 
  mixed convection parameter 
  dynamic viscosity 

  density (kg/m3) 
  dimensionless time 
  kinematic viscosity 
  solid nanoparticles volume fraction 

  stream function 

  non dimensional of frequency of oscillation 
  dimensionless frequency of g-jitter oscillation 
 
Subscripts  
f base fluid 
s nanoparticles 
nf nanofluid 
∞ ambient environment 
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