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A CATEGORY OF WIDE SUBCATEGORIES
ASLAK BAKKE BUAN AND ROBERT J. MARSH

ABsTRACT. An algebra is said to be 7-filting finite provided it has only a finite number
of 7-rigid objects up to isomorphism. To each such algebra, we associate a category
whose objects are the wide subcategories of its category of finite dimensional modules,
and whose morphisms are indexed by support 7-tilting pairs.

INTRODUCTION AND MAIN RESULT

A full subcategory B of an abelian category A is called wide if it is an exact abelian
subcategory, or equivalently it is closed under kernels, cokernels and extensions.

Let A be a finite dimensional algebra over a field k, and mod A the category of finitely
generated left A-modules. Let 7 denote the Auslander-Reiten translate in mod A. Fol-
lowing [1]], we call a A-module M with Hom(M, tM) = 0 a 7-rigid module. The algebra
A is called t-tilting finite (3] if there are only a finite number of isomorphism classes of
indecomposable 7-rigid A-modules. By [1]] this is equivalent to A having finitely many
isomorphism classes of basic 7-tilting modules, where a basic 7-rigid module is called
7-tilting [[1]] if it the number of its indecomposable direct summands coincides with the
number of nonisomorphic simple A-modules. In particular, all algebras of finite repre-
sentation type, as well as all preprojective algebras of Dynkin type are 7-tilting finite [12];
see [3] for further examples.

For a module U, let U+ = {X € mod A | Hom(U, X) = 0}, and define U similarly.
Jasso [[L1] proved that, if U is 7-rigid, then the subcategory J(U) = U* N *(zU) is
equivalent to a module category, and by [6] we have that J(U) is a wide subcategory
of mod A. For a wide subcategory W which is equivalent to a module category, and a
module V which is 7-rigid in W, we let Jw(V) = V- N +(rwV) N W. Note that the AR-
translations 7 in mod A and 7y in W will usually be different. Note also that we use the
terminology 7-rigid in W, rather than 7y-rigid, to indicate that a module is 7-rigid with
respect to the subcategory W.

Let C(A) = C(modA) be the full subcategory of the bounded derived category
D’(mod A) with objects corresponding to add(mod A U (mod A)[1]), where add X de-
notes the additive closure of a subcategory X, and we consider the canonical embedding
of mod A into D?(mod A). For a full subcategory Y of mod A, we shall denote by C(Y)
the full subcategory add(Y UY[1]) of C(A). Asin [4], we say U = U@ P[1] is support T-
rigid in C(mod A) if U, P are modules, P is projective, U is 7-rigid and Hom(P, U) = 0,
and we let J(U) = J(U) N P+, as in [6]. Analogously, if W is a wide subcategory of
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2 BUAN AND MARSH

mod A equivalent to a module category, we will say that an object U = U @ P[1] in
C(W), where U, P € W, the object P is projective in W, the object U is 7-rigid in W and
Hom(P, U) = 0, is support 7-rigid in C(W), and we let Jw(U) = Jw(U) N P+. Note that
[1] always denotes the shift in D”(mod A) rather than the shift in D?(W) for some wide
subcategory W.

The support 7-rigid objects of C(A) are easily seen to correspond to the support 7-rigid
pairs considered in [1]].

We then have the following.

Theorem 0.1. Let A be a finite dimensional algebra, then the following hold.

(a) [6, Thm. 3.28], [11, Thm. 3.8] If U is support t-rigid in C(mod A), then the
subcategory J(U) is wide, and it is equivalent to a module category of a finite
dimensional algebra.

(b) [6, Thm. 3.34] If A is t-tilting finite, then any wide subcategory of mod A is of
the form J(U) for some support t-rigid object U in C(A).

In this paper we prove the following result.

Theorem 0.2. Assume A is t-tilting finite. Then there is a category W, whose objects
are all wide subcategories of mod A and such that the maps from W, to W, are indexed
by all basic t-rigid objects T in C(W,) such that W, = Jw,(T).

Our results are inspired by a recent paper of K. Igusa and G. Todorov [8], where
the authors defined a similar category (the cluster morphism category) in the setting of
hereditary finite dimensional algebras. They showed that, for a hereditary algebra of
finite representation type, the classifying space of the cluster morphism category is a
K(m, 1), where the group 7 coincides with the picture group introduced in [9]. After a
preprint version of this paper appeared on arxiv.org, K. Igusa and E. J. Hanson [7]]
used it to prove further results, including a generalisation of the classifying space result
to the case of an arbitrary 7-tilting finite algebra.

Furthermore, the results we need for the construction of the category 2, (see Sec-
tion[I]) have an interpretation in terms of the abstract simplicial complex of r-tilting pairs
introduced in [5]].

In Section [I] we state the main results of the paper and explain how they are used to
prove Theorem [0.2]

1. KEY STEPS FOR THE PROOF OF THE MAIN RESULT

For a (skeletally small) Krull-Schmidt category X, let ind X denote the set of isomor-
phism classes of indecomposable objects in X and for any basic object X in X let 6(X)
denote the number of indecomposable direct summands of X. We only work with objects
up to isomorphism, and we generally assume all objects are basic. We always assume
subcategories are full.

Firstly, we need the following, which is a generalization of [4, Propositions 5.6 and
5.10], and can be seen as a refinement of [11, Theorem 3.16]. In particular, the bijec-
tions appearing in Theorems [[.1]and [I.2] and in Corollary [I.3] are needed for defining
composition in Wy, and also for proving associativity.
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Theorem 1.1 (Theorem [3.6). Let U be a support T-rigid object in C(A). Then there are
bijections
{X €ind(C(A)) | X & U t-rigid} \ ind U

Sul TFu

{X € ind(C(J(U)) | X is support T-rigid in C(J(U))}.

The maps &4 and Fy; are defined explicitly in Section [3] (see Definition [3.5] and the
comment after Theorem [3.6), and can be extended additively, giving the following:

Theorem 1.2 (Theorem [3.7). Let U be a support t-rigid object in C(A) with §(U) =1'.
For any positive integer t < n —t', the map Eq; induces a bijection between:
(a) The set of support t-rigid objects X in C(A) such that 5(X) = t, the object X® U
is support t-rigid and add X N add U = 0, and
(b) The set of support t-rigid objects X in C(J(U)) such that 6(X) = t.

From now on we assume A is 7-tilting finite. Then, using Theorem @, we obtain the
following as a direct consequence of Theorems [[.T]and [I.2]

Corollary 1.3. Assume A is t-tilting finite, and let W be a wide subcategory of mod A.
Let U be a support t-rigid object in C(W). Then there is a bijection SYLV( from

{X € ind(C(W)) | X & U support T-rigid in C)(W)} \ ind U

to
{X € ind(C(Uw(U)) | X is support t-rigid in C(Jw(U))}.
Furthermore, the map SYIVJ can be extended additively to give a bijection between:
(a) The set of support t-rigid objects X in C(W) such that X ® U is support T-rigid,
with 6(X) =t and add X N add U = 0, and
(b) The set of support t-rigid objects X in C(Jw(U)) with 5(X) = t.

The map 8}2’, is explicitly defined in Definition Recall that [1] always denotes the
shift in D”(mod A) rather than the shift in D”(W) for some wide subcategory W.
To verify that composition is well-defined in 2, we will need Theorem|[I.4]and Corol-

lary [1.5]

Theorem 1.4 (Theorem {.3). Assume A is t-tilting finite. Let U and V be support 1-
rigid objects in C(A) with no common direct summands, and suppose that U & V is
support T-rigid. Then Eqy (V) is support t-rigid in C(J(U)) and the following equation
holds:

J1anEu(V) = U V),

This has the following direct consequence, using Theorem

Corollary 1.5. Assume A is t-tilting finite and let W be a wide subcategory of mod A.
Let U and V be support t-rigid objects in C(W) with no common direct summands. Then
SYlVJ((V) is support t-rigid in C(Jw(U)) and the following equation holds:

I EQ(V)) = Jw(U & V).
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We now define a category of wide subcategories.

Definition 1.6. Let A be a 7-tilting finite algebra. We define a category 2, as follows.
The objects are the wide subcategories of mod A. Suppose W, and W, are two such wide
subcategories. If W, € Wy, then we set Hom(W;, W,) = 0. If W, € W, then we set

T is a basic support 7-rigid object in C(Wy) }
and W2 = JWI(T) ’

T

Hom(W,, W,) = {gwl

where g\}vl is a formal symbol associated to W; and 7. Thus, in general gV is a morphism
in W, from W to Jw(T).

We define composition as follows. Suppose that W;, W, and W; are wide subcate-
gories of A and W3 € W, € W,. Let a € Hom(W,,W,) and » € Hom(W,, W;). Then

there are support 7-rigid objects U in W; and V in W, such that a = gg' and b = g%z,

so that W, = Jw,(U) and W5 = JW2($). By Theorem we can write V = 8\1/\/1‘ V)
for some support 7-rigid object V in C(W;) such that U & V is support 7-rigid and
addV N add U = 0. Thus, we have b = g2

&,
By Corollary “
Tw (U V) = T, an(En) (V) = Tw,(E (V) = Jw,(V) = W,

so we can define

4%

boa= gévé((v) o gYLV{‘ = gmw € Hom(W,, W;3).

Finally, the identity map associated to a wide subcategory W is the element ggv €
Hom(W, W), where 0 denotes the trivial support 7-rigid object in C(W).

For associativity of composition in 23, we need the following theorem.

Theorem 1.7 (Theorem [5.9). Assume A is 7-tilting finite, and let U and V be support
7-rigid objects in C(A) with no common direct summands. Then

EgnEu = Eusv
The following is then a direct consequence, using Theorem [0.1]

Corollary 1.8. Assume A is t-tilting finite, and let W be a wide subcategory of mod A.
Let U and V be support t-rigid objects in C(W) with no common direct summands, and
suppose that U & V is support t-rigid in C(W). Then

Jw(U) oW _ oW
885((1/)8’1/( - S’HGB(V

We are then in position to prove the following.
Corollary 1.9. The composition operation given in Definition|[1.0]is associative.

Proof. For a wide subcategory W of mod A and support 7-rigid object U in C(W), let
T(Z{V denote the inverse of the bijection SYLVI.

Consider now maps
W w3

1
Su 8y 8w
Wl — W2 — W3 — W4



A CATEGORY OF WIDE SUBCATEGORIES 5

where W, = Jw,(U), W3 = Jw,(V) and Wy = Jyw,(‘W). Thus U is a support 7-rigid
object in C(W)), the object V is support 7-rigid in C(W,) and W is a support 7-rigid
object in C(W3), and W, C W; C W, C W,.

We then have that g2 0 V1 = oW1 and gV o gW2 = oW> . Hence it follows
8V O8U T 8y gt ) TN Ew O 8y gﬂ/ea(ﬁ\(,vz(W)

that

W3 W, W, W,

(o) (o] =
S © (8’ © 8/) gmafZ,V {Ver (W)
'L{a;?',ul(’\/)

and that

Ws

(g9 0 gh) o gt = g™ i

wer™ Ver 2wy Suer (ver! £ w)
It follows from Theorem that

w Wy =W
jf: 1 — T 1 T 2
uery,' vy ~ UV

and the claim follows. O
We can now complete the proof of our main result.

Proof of Theorem[0.2] The composition operation in W,, as defined in Definition
is associative by Corollary It is easy to check that for a wide subcategory W, the
morphism g‘ON : W — W satisfies the axioms required for an identity map. This completes
the proof that W, is a well-defined category. |

In Section we indicate how the category 2, can be related to the poset of wide
subcategories of mod A, using results from [6} [11]].

The paper is organized as follows. First, in Section [2| we give some background and
notation. In Section [3| we prove Theorem [I.1] and Theorem while in Section 4] we
deal with Theorem [[.4] Sections [5 - [0] are devoted to the proof of Theorem In
Section[I0] we consider the morphisms in 2, from a wide subcategory to a subcategory
of corank 1, and in Section[IT| we show how to interpret signed T-exceptional sequences
in terms of factorizations of morphisms in 2,. In Section[I2] we give an example, and in
Section [13| we give some additional remarks describing the relationship with the poset of
wide subcategories and the the abstract simplicial complex of 7-tilting pairs introduced
in [5]].

2. BACKGROUND AND NOTATION

Let P(A) denote the full subcategory of projective objects in mod A and if X is a
subcategory of mod A, let £(X) denote the full subcategory of X consisting of the Ext-
projective objects in X, i.e. the objects P in X such that Ext'(P, X) = 0 for all X € X.

For an object U in an additive category C, let add U denote the additive subcategory
of C generated by U, i.e. the full subcategory of all direct summands in direct sums of
copies of U. If A is abelian, we denote by Gen U the full subcategory of A consisting of
all objects which are factor objects of objects in add U. We assume throughout that A is
basic and denote 6(A) by n. We now recall notation and definitions of from [1]].

We consider mod A as a full subcategory of D’(modA) by regarding a module
as a stalk complex concentrated in degree 0, and we consider the full subcategory
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C(A) = mod A @ mod A[1] of D’(mod A). For a module M, we denote by P, its mini-
mal projective presentation, considered as a two-term object in K?(P(A)) € D?(mod A).
Here, a two-term object in K is a complex of the form

0505 P' 5P 5050
The following summarizes some facts which we will use throughout the paper.

Lemma 2.1. Let U, X be in mod A.
(a) [1, Lemma 3.4] Hom(U, 7X) = 0 if and only if Homgp(Px, Py[1]) = 0. In partic-
ular, the module U is t-rigid if and only if Homg(Py, Py[1]) = 0.
(b) [3, Theorem 5.10] Hom(U, 7X) = 0 if and only ifExtl(X, GenU) =0
(c) Let X and Y be two-term objects in K. Then H° induces an epimorphism
Homy (X, Y) — Hom(H°(X), H'(Y)) with kernel consisting of the maps factoring
through add A[1].

We recall that if U is a 7-rigid module in mod A then, by [3, Theorem 5.8] there is
a torsion pair (Gen U, U*) in mod A. We denote the corresponding torsion functors by
ty : modA — GenU and fy : modA — U*. If U is 7-rigid in W, where W is a
wide subcategory equivalent to a module category, we denote the corresponding torsion
functors by 7)) and £} respectively.

3. BUECTION

Let U be a an arbitrary (not necessarily indecomposable) support 7-rigid object in
C(A). Then U = U P[1], where U is a t-rigid module, P is in P(A) and Hom(P, U) = 0.
In this section, we will show that there is a bijection E¢, from the set

{X € ind(C(A)) | X @ U support 7-rigid in C(A)} \ ind U
to
{X € ind(C(J(U)) | X support T-rigid in C(J(U))}.

Such a map has already been defined in [4] for the case U is either a 7-rigid module
or a shift of a projective module, so we first summarize the construction given there, and
refer to [4, Section 4-6] for the proofs of claims made in the following definition.

Definition 3.1. [4}, Section 4-6] Let U be a support 7-rigid object in C(A) which is either
a module or a shift of a projective module. Suppose X lies in the set

{X € ind(C(A)) | X @ U support 7-rigid in C(A)} \ ind U.

Define E¢/(X) in the following way.
Case I: U = U is a module.
Case I(a): If X is in ind(mod A), X & U is 7-rigid and X ¢ Gen U, then

Ev(X) = fu(X).

Case I(b): If X is in ind(mod A) with X @ U 7-rigid and X is in Gen U, then
Eu(X) = fu(H'Rx)[1]
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where the triangle
RX —d PUX g PX g
arises from the completion of the minimal right add Py -approximation Py, — Py to a

triangle. We have that Ry = Pp,, for an indecomposable direct summand By of the
Bongartz complement B of U. Then we have

(i) The triangle
(1) Pg, = Pyy = Px —

where the first map is a minimal left add Py -approximation and the second map
is a minimal right add Py -approximation;
(ii) The exact sequence obtained from taking the homology of (I):

By > Uy —> X —0,
where the first map is a minimal left add U-approximation and the second map is
a minimal right add U-approximation,
and we have
Eu(X) = fu(Bx)[1].

The object By lies in in P(*7U) and fy(Bx) is in PJ(U)), so Ey(X) is in
ind P(J(U))[1].

Case I(c): If X is in ind(P(A) N +U)[1], write X = Q[1], with Q in ind P(A) N +U. We
have the triangle

Ppy = Py, — Q1] —
as in case (b), where the first map is a minimal left add Py -approximation and the sec-
ond map is a minimal right add Py-approximation. Taking homology gives the exact
sequence

X

Q—>Bx—>Ux—0

where the first map is a minimal left P(+(rU))-approximation and the second map is a
minimal left add U-approximation.
We set

Su(X) = fu(By)[l].
Case II: U = P[1], where P is a projective module.

Case II(a): If X is 7-rigid in ind(mod A) and Hom(P, X) = 0, then set Spp(X) = X.
Case II(b): If X = Q[1] with Q in indP(A) \ ind P, then set Ep1)(X) = Eppy(O[1]) =
fe(OI[1].

For explicit examples of the map &, see [4, Section 6].

Theorem 3.2. [4, Proposition 5.6 and 5.10] Let U be a support t-rigid object in C(N\).
Then we have the following.

(a) If U = U is a module, then &y gives a bijection between
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)
{X €eindimod A) | X ® U t-rigid, X ¢ Gen U}

and
{X €ind(J(U)) | X T-rigid in J(U)}.

(i1)
{X €ind(mod A) | X ® U 7-rigid, X € Gen U} U {(ind P(A) N *U)[1]}
and
{ind P(J(U))[1]}.
(b) If U = P[1] is the shift of a projective module, then Eq; gives a bijection between
({X € ind(mod A) | X 7-rigid} N P*) U (ind P(A) \ ind P)[1]

and
{X € ind(J(N)) | X T-rigid} U ind(P(J(U))[1]
(noting that J(U) = P+ in this case).

We now consider the general case of an arbitrary support 7-rigid object in C(A), i.e.,
U = U & P[1] for modules P, U with P projective. Note first that

{X € ind(C(A)) | X @ U support 7-rigid in C(A)} \ ind U
is the union of the sets
({X € ind(mod A) | X ® U 7-rigid} N P*) \ ind U

and

((indP(A) N *U) \ ind P)[1].
Also, notice that

{X € ind(C(J(U)) | X support T-rigid in C(J(U))}

={X € ind(J(U)) | X t-rigid in J(U)} U ind(P(J(U))[1],

so we next analyse the behaviour of &, when applied to a module X € P*.

Lemma 3.3. Let U be a t-rigid module. Then:
(a) The map &y restricts to a bijection between
{X € indmod A) | X ® U 7-rigid, X ¢ Gen U} N P+
and
{X € ind(J(U)) | X t-rigid in J(U)} N P*
(b) The map Ey restricts to a bijection between
{X € indmod A) | X ® U 7-rigid, X € GenU} N P U ((ind P(A) \ ind P) N ~U)[1]

and

ind(P(J(U)))[1] \ ind Ey(add P[1]).
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(c) The map &y restricts to a bijection between
({X € ind(mod A) | X ® U 7-rigid } N P*) U ((ind P(A) \ ind P) N ~U))[1]
and
({X € ind(J(U)) | X 7-rigid in J(U)} N PH) U (ind P(J(U))[1] \ ind Ey(P[1])
Proof. (a) Let X be in ind(mod A) with X @ U a 7-rigid module, and such that X is not in
Gen U. Then Ey(X) = fy(X). Since Hom(P, U) = 0, we also have Hom(P,Gen U) = 0

and in particular Hom(P, #y(X)) = 0. Since P is projective, it then follows that
Hom(P, X) ~ Hom(P, fy(X)) = Hom(P, Ey(X)). Hence the claim follows, using The-

orem[3.2(a).

(b) Since Hom(P, U) = 0, we have Hom(P, Gen U) = 0, and the claim follows Theo-
rem [3.2(b).

(c) The claim follows directly from combining (a) and (b). O

If W is a wide subcategory of mod A which is equivalent to a module category, and U
is a support 7-rigid object in C(W) which is either a module or the shift of a projective ob-
jectin W, then we denote by SYLV, the map corresponding to that defined in Definition

For a 7-rigid module U, by Theorem there is a module Q in P(J(U)) such that

Sy(P[1]) = O[1].
Lemma 3.4. Let U be a t-rigid module. Then the set

(X € ind(J(U)) | X t-rigid in J(U)} N P*) U (ind P(J(U))[1] \ ind Ey(P[1])

J(U)
Sy (P[1])

Proof. Recall (see Definition[3.1] Case I(c)) that Q = f;(Yp), where P — Yp is a minimal
left +(rU)-approximation, and there is an exact sequence
(2) P—>Yr—>Up—>0

with Up in add U.
We claim that

is the domain of &

3) JWU)YNP-=JU)n Q.
Recall from Definition that the domain of 8({3(131[]1; = SJQ([IIJ]) is

({X € ind(J(U)) | X 7-rigid} N O*) U {ind(P(J(UU))[1] \ ind O[1]}

and therefore the claim of the Lemma follows from (3)).
In order to prove the claim, let M be in J(U) N P+ and apply the right exact functor
Hom( , M) to the sequence (2), to obtain the exact sequence

0 - Hom(Up, M) — Hom(Yp, M) — Hom(P, M).

We have by assumption that Hom(Up, M) = 0 = Hom(P, M), and hence also
Hom(Yp, M) = 0. It then follows that Hom(Q, M) = 0, since there is an epimorphism
Yr — fu(Yp) = Q. So we have J(U) N P+ C J(U)N Q*.

Conversely, suppose M is in J(U) N Q*+. Consider the canonical sequence

0—-ty(Yp) = Yp— fu(Yp)(=0Q)— 0
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for Yp, and apply Hom( , M) to obtain the exact sequence
0 - Hom(Q, M) - Hom(Yp, M) —» Hom(zty(Yp), M)

We have by assumption Hom(Q, M) = 0, and Hom(zy(Yp), M) = 0, since ty(Yp) is in
Gen U and M is in U*. Hence, also Hom(Yp, M) = 0. By Lemma we then have

4) Hom(Py,,Py)/(add A[1]) = 0.

We have the following triangle (from the computation of &y (P[1]) = Q[1]; see Defini-
tion 3.1} Case I(c)).
5 Py,[-1] - P — Py, = Py,

Now leta: P — Py, be arbitrary. Since M is in J(U), we have Hom(M, 7U)= 0 and so by
Lemma 2.1} we have Hom(Py,, Py[1]) = 0. Applying Hom( , Py) to the triangle (5)), we
obtain that Hom(Py,, P),) — Hom(P, Py) is surjective, and hence that « factors through
a map Py, — P, and hence through A[1] by (4). We have Hom(P, A[1]) = 0 and hence
we obtain Hom(P,Py,) = 0. So we have J(U) N O+ C J(U) N P+, and this finishes the
proof of the claim that J(U) N Q* = J(U) N P+, and hence the proof of the lemma. O

By'Lemmas c) and the composition 8({;%0[1 pEu 1s a well-defined map with
domain
{X € ind(C(A)) | X @ U support 7-rigid in C(A)} \ ind U.

We make the following definition:

Definition 3.5. (a) Let U and P be modules such that & = U @ P[1] is a support
7-rigid object in C(A). We set Eq¢;: = 8{3(;83[1])8,].
(b) Let W be a wide subcategory of mod A which is equivalent to a module category

mod A’, and let U = U @ P[1] be a support 7-rigid object in C(W), identified
with C(mod A’). Then we denote by &Y, the map defined in (a) with respect to
the algebra A’.

Recall from Section [I] that we need the bijections of the following two theorems for
defining composition in 2W,, and also for proving associativity.

Theorem 3.6. Let U = U @ P[1] be a support t-rigid object in C(A). Then the map Eq
is a bijection between the sets

{X € ind(C(A)) | X & U support T-rigid in C(A)} \ ind U
and
{X € ind(C(J(U))) | X support t-rigid in C(J(U))}.

Proof. First note that if P = 0 or U = 0, this is proved in [4, Proposition 5.6 and 5.10].
Using Lemma [3.3(c) and (3) and the fact that Sy(P[1]) = Q[1], we have that Sy
restricts to a bijection between

({X € ind(mod A) | X @ U 7-rigid} N P*) U ((ind P(A) \ ind P) N ~U)[1]

and
({X € ind(J(U)) | X 7-rigid} N Q") U (ind P(J(U)) \ ind Q)[1]}.
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: : : JU) _ oJU)
The target of this map isUthe domain of &) = & piy-
Definition , the map SQ([I]) gives a bijection between

{X € ind(J(U)) | X 7-rigid} N O} U (ind P(J(U))) \ ind Q[1]

Moreover (see Case II in

and
{X € ind(J(U)) | X 7-rigid} U ind(P(J(U))[1].
This finishes the proof of the claim. |

We define Fq, to be the inverse of ;. Note that we have so far only defined E¢,(X)
for an object X in the set

{X €ind(C(A)) | X ® U 7-rigid} \ ind U.

However, we will also need to consider &, as a map from the set of all basic objects
X (not necessarily indecomposable) in C(A) such that X & U is support 7-rigid and
add X Nnadd U = 0, to the set of all support 7-rigid objects in C(J(U)). So for such X =
X ®- - -®X, where the X; are indecomposable, we define E¢/(X) = E¢(X1)®- - - ®E(X)).

Theorem 3.7. Let U be a support t-rigid object in C(A) with 6(U) = t'. For any positive
integert < n—t', the map &q; induces a bijection between the set of basic support T-rigid
objects X in C(A\) such that 6(X) = t, with X®U support t-rigid and add XNadd U = 0,
and the set of basic support t-rigid objects M in C(J(U)) with 6(Y) = t.

Proof. Recall that by definition &4 = 8({;(583[1])8(;, so the result follows from [4, Prop.

6.7, Prop. 6.10]. O
We remark that we have now proved Theorems [I.1] and [I.2] (and hence also Corol-

lary [1.3).

Lemma 3.8. Let U be a t-rigid module, and P a projective module with Hom(P, U) = 0.
Then
rpU)yNn P =*+(zU) N P

Proof. We have

(6) LapU)N P ={Y e mod A | Ext' (U, Genp. Y) = 0} N P+
(7) ={Y e mod A | Ext'(U,GenY) = 0} n P*
= +(zU) n P+,

where (6)) holds by Lemma 2.1}, and (7)) holds since Genp. Y = GenY for Y in P*. O

4. COMPOSITION

In this section we prove Theorem which is used to establish that the composition
rule for 2, of Definition |1.6] is well-defined.

If A is (a category equivalent to) a module category, we let r(A) denote the rank of the
Grothendieck group of A, that is: the number of simple objects in A up to isomorphism.
Recall that 6(X) denotes the number of indecomposable summands in a basic object X.
We always write r(mod A) = n. Recall the following important facts.

Proposition 4.1. Let U be a t-rigid object in mod A. Then the following hold.
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(a) [6, Theorem 3.28] J(U) is a wide subcategory of mod A.
(b) [11, Theorem 3.8] J(U) is equivalent to a module category with rank r(J(U)) =
n—96(U).

The following results are crucial.

Proposition 4.2. Assume that A is t-tilting finite.

(a) For each wide subcategory W of mod A, there is a support t-rigid object U in
C(A) such that W = J(U).
(b) If A is T-tilting finite, then each wide subcategory W of mod A is t-tilting finite.

Proof. (a) This is contained in Theorem 3.34 in [6].
(b) This is a direct consequence of Theorem using (a). O

We will from now on assume A is a 7-tilting finite algebra.
In this section we prove the following (Theorem [I.4).

Theorem 4.3. Let U and V be objects in C(A) with no common direct summands, and
suppose that U & V is support t-rigid. Then Eq (V) is support t-rigid in C(J(U)) and
the following equation holds

iy Eu(V) = J(US V).

This theorem is the key for proving that the composition operation for the category
W,, as given in Definition [1.6]is well-defined.

Note first that by Theorem [3.7], we have that Eq;(V) is support 7-rigid in C(J(U)). The
remainder of this section is devoted to proving that J ;¢ (Eq/(V)) = J(U & V).

We first make the following observation.

Lemma 4.4. In the setting of Theorem[d.3|we have
r(Jyan(Eu(V)) = r(J(U & V).

Proof. Let r(mod A) = n. By [11] we have r(J(7)) = n — 6(7) for any support 7-
rigid object 7~ in C(A). So r(J(U) = n — 6(U) and r(J(U & V)) = n — 6(U) — 6(V).
Furthermore r(J ;) (Ex(V))) = (n — 6(U))) — (6(Ew(V))) = n — 6(U) — 6(V), and the
claim follows. O

Lemma 4.5. Let A be an abelian category and A" C A’ wide subcategories of A. Then
A" is a wide subcategory of A’.

Proof. This follows directly from the fact that a subcategory is wide if and only if it is
closed under kernels, cokernels and extensions. O

Proof of Theorem We first claim it is sufficient to prove
JUSV) C Jjan(Eu(V)).

If this holds then, by Lemma [4.5] we have that J(U & V) is a wide subcategory
of Jya(E¢(V)). Then, by Proposition there is a support 7-rigid object V’ in
C(JJ((L()(Sru((V))) such that

JUSYV) =& uovy(V)
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We have r(J;, ., &ucvpy(V")) = n = 8(U) — 6(V) — 6(V’) by Proposition @b) and Theo-
rem [3.7] Hence (V") = 0, so V’ = 0, and we have

JUSYV) = Jyu(Eu(V)).
In order to prove
®) JUSYV) C Jya(Eu(V))

we first discuss various special cases.

Case I: Let U be 7-rigid in mod A, and V ¢ Gen U, such that V = &y(V)is 7-rigid in
J(U). Then V = fu(V), and there is an epimorphism V — V.

Let M be in J(U @ V). Then we have M € J(V) € V+, and since 0 » Hom(V, M) —
Hom(V, M) is exact, we also have Hom(V, M) = 0.

We next need to show Hom(M, T J(U)\_/) = 0. By Lemma , this is equivalent to
showing Ext'(V, Gen suoyM) = 0. We have Gen;yy M = Gen M N J(U), and hence it
is sufficient to prove Ext!(V,Gen M N J(U)) = 0. Let M’ be in Gen M N J(U). Apply
Hom( , M’) to the canonical sequence 0 — (V) - V — fy(V) = V - 0forV, to
obtain the exact sequence

9) Hom(ty(V), M’) — Ext'(V, M’) — Ext'(V, M").

The first term in (9) vanishes, since #;(V) is in GenU and M’ is in U*-. We have
Hom(M, V) = 0, since M is in J(V), so Hom(M’,7V) = 0, since M’ is in Gen M.
Using the AR-formula, we obtain that the third term in (9] also vanishes, and hence
also the second term vanishes. Hence we have that Ext'(V,Gen M N J(U)) = 0 and so
Hom(M, t J(U)\_/) =0. SoMisin J j(U)(‘_/), and we have shown inclusion (§)), i.e. that
JUSV) C Jjan(Ey(V)), in this case.

Case II (a): Let U be 7-rigid in mod A, and V in Gen U such that Ey(V) = V is in
P(J(U))[1]. Recall that V is computed as follows. We have a triangle

b c

Pg, Py, Py Pg,[1]

where a is a minimal left add Py-approximation and » is a minimal right addPy-
approximation, and taking homology gives the exact sequence

a b

Uy Vv 0

By

where a’ is a minimal left add U-approximation and " is a minimal right add U-
approximation. Let @ = fu(By). Then V= @[1].

Now suppose that M lies in J(U & V). Note that J;,(Ey(V)) = J(U) N QL. Since M
is in J(U), it is sufficient to show that Hom(Q, M) = 0. Since Q is a quotient of By, itis

sufficient to show that Hom(By, M) = 0. For this let g : Pg, — P, be an arbitrary map.
By Lemma [2.1] we have that Hom(Py, Py[1]) = 0, since Hom(M, V) = 0. Hence, the
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composition g o ¢[—1] : Py[-1] — Py, vanishes, and there is a factorization g = ha for
some h : Py, — Py

C[—l] a c
Py[-1] Pp, Py, —— Py Py, [1]
| A
h
Py

Since Hom(U,M) = 0, we have Hom(Py,,Py)/A[l] = 0, and it follows that
Hom(P3,,Py)/A[1] = 0, and hence by Lemma 2.1| we have Hom(By, M) = 0. Hence
we have shown inclusion (§), i.e. that J(U & V) C J;qn(E(V)), in this case.

Case II (b): Let U be 7-rigid in mod A, and V € (P(A) N +U)[1]. Assume V = Q[1] for
QinP(A)N-+U. _
Recall that E(V) = V is computed as follows. There is an exact sequence
Q—->By—>Uy—0
where the first map is a minimal left (U )-approximation (or, equivalently, a minimal
left P(*+(rU))-approximation), and V = fy(By)[1]; we set Q = fy(By).
Now let M be in J(U @ V), thatis M is in J(U) and Hom(Q, M) = 0. We need to prove

that Hom(@, M) = 0. Since é = fu(By) is a quotient of By, it is sufficient to show that
Hom(By, M) = 0. Recall that there is a triangle

Q—)PBV—>PUV—)

and consider an arbitrary map P, — Pj. The composition Q — Pg, — P, vanishes,
since Hom(Q, M) = 0 and hence Hom(Q, P),) = 0, by Lemma Therefore, the map
Pp, — Py factors P, — Py, — Py. Since M is in J(U) € U+, we have Hom(Uy, M) =
0, so Hom(Py,,Py)/add A[1] = 0. Hence also Hom(Pg,,Py)/add A[1] = O and
Hom(By, M) = 0 as required. Hence we have shown that inclusion (§)), i.e. that
J(U V) C Jja(Ey(V)), holds also in this case.

Case III:_Let U = P[1] with P in P(A), and let V be 7-rigid. Then J(U) = P+ and
Ey(V) = V = Vis also 1 -rigid, by [1, Lemma 2.1]. Furthermore, by Lemmam we
have

Jpr(V) =P NV Ntap V) =P NV nt@V)=JUa V),
which finishes the proof of case III.

Case IV: Now let U = P[1] and V = Q[1], for P,Q € P(A). Then Ey(V) = V =
(fpQ)[1]. For an object M in P+, apply Hom( , M) to the exact sequence
0—=1(Q) = Q— fp(Q) =0
to obtain the exact sequence
0 — Hom(fp(Q), M) - Hom(Q, M) — Hom(tp(Q), M)

The last term vanishes, since 7p(Q) is in Gen P, so Hom(fp(Q), M) ~ Hom(Q, M).
Hence, we have J;(Ey(V)) = Jpe (V) = PN (fpQ)* = PN QO+ = J(U & V), which
finishes the proof of case IV.
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General case. Let U = U ® P[1] and V = V& Q[1], for U, V 7-rigid modules and P, Q
in P(A). We assume that U & V is support 7-rigid in C(A). We proceed by induction on
the rank n = r(mod A). We therefore first assume U # 0, so r(J(U)) < n.

Then

(10) JUdV)=JUsV)NP-NQ*
and
J1ay(Eu(V)) = Jywynp:(Ever(V @ O[1]))
(11) = Liwnr- EoppySu(V @ O[11))
(12) = Tiwnr- Eg piyEv (V) N Jiwyne(Eg by, Eu(QL11)

Where is by definition by of E¢; = Eyepy1)-
Note that we have

(13) J(WU) N P~ =J(U & P[1]) = Jyw)(Eu(P[1]))

by case II(b).
We next compute the terms of (I2) separately. For the first term, we obtain

(14) ]J(U)ﬁPl(Sé(Uli;)[l])gU(V)) = JJ,(U)(SU(P[I]))(a(lg(ulé;)[l])SU(V))
(15) = Jiw)(Eu(P[1]) ® Ey(V))

= Jyn(Eu(PI1D) N Ty (Eu(V))
(16) = J(U @ P[1]) N Jyu)(Eu(V))

= J(U) NP0 Ty (Eu(V))
(17) = P* 0 Jyw)(Eu(V))

where (14) follows from (13)), and (I5) is obtained by using the induction assump-
tion for the proper subcategory J(U), while (I6) holds by case II(b) and holds by
Jiwy(Eu(V)) € J(U).
Similarly, for the second term in (12)), we obtain
Tiwnr &4 pyEu(QUD) = Ty @iy Eappy Ev(QL1D)
= Jyuy(Eu(P[1]) & Ey(QO[1]))

= Jyw)(Eu(Pl1]1 @ QO[1]))
= J(U e P[1]® Q[1])
(18) =JWU)NP-NQO*
‘We then obtain
19 TiayEuV)) = Tinor- S my 0V N Tiwnap Etogpriy Ev(QI1D)
(20) = Lo Ev(V) NP NnJU)NP-NQO*
21) =JUasV)NnP-nQ*

(22) =JUSYV)
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where (19) is (I12)) and where (20) follows from combining and (I8). Furthermore
(21)) follows from Cases I and II(a) and (22)) follows from (I0) respectively.

So we have that the claim of the theorem holds in the general case, with the assumption
that U # 0.

Now, consider the case where U = 0.

We then have
JUdV)=JP[l]e Ve Q[l)])
(23) =JV)NnP-NnQ*
and

J1an(Eu(V)) = Jypup(Ep(V @ O[11))
= Jiun( Sy (V) 0 Iy (Ep1(QI11))

(24) =J(Ve P[1])nJ(P[1]® QO[1])

=JV)NnP-NnQ*

=JUDYV)
where for (24), we use cases III and IV. This finishes the proof for the case U = 0, and
hence the proof of the theorem. O

5. ASSOCIATIVITY

In this section we prove that the composition operation of 2, as defined in Definition
[1.6] is associative. For this we need to prove Theorem[I.7] We prepare for this, by giving
several useful lemmas.

Lemma 5.1. Let U, X, Y be in mod A where U is t-rigid and Hom(U, 7X) = 0. Then the
induced map «: Hom(X, Y) — Hom(fy(X), fu(Y)) is an epimorphism.

Proof. Consider the canonical sequences for X and Y,
0-tyX) > X - fuX)—» 0
and
0=t =Y = full) =0
Applying Hom(, fy(Y)) to the canonical sequence for X gives the exact sequence

0 — Hom(fy(X), fu(Y)) = Hom(X, fy(Y)) — Hom(ty(X), fu(Y))

Noting that the last term vanishes, this gives that a is an isomorphism.
Applying Hom(X, ) to the canonical sequence for Y gives the exact sequence

Hom(X, ¥) % Hom(X, fy(Y)) — Ext' (X, ty/(Y)).

Since Hom(U, 7X) = 0 we have by Lemma that Ext'(X, Gen U) = 0, so in particular
Ext'(X, 1y(Y)) = 0. Hence the map b is an epimorphism. The induced map a = a~' o b is
then also an epimorphism. O

We have the following similar lemma:
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Lemma 5.2. Let U, X, Y be in mod A where U is t-rigid and Hom(U, Y) = 0. Then the
induced map Hom(X, Y) — Hom(fy(X), fu(Y)) is an isomorphism.

Proof. Since Hom(U, Y) = 0, we have t,(Y) = 0, so fy(Y) = Y. We have the canonical
sequence for X:

0 ty(X) X JuX)—=0
Applying Hom(, Y) to this we obtain the exact sequence

0 — Hom(fy(X), Y) — Hom(X, Y) — Hom(ty(X), ¥).

The last term vanishes since Hom(U, Y) = 0 implies that Hom(Gen U, Y) = 0. So we
have Hom(fy(X), fu(Y)) ~ Hom(fy(X), Y) ~ Hom(X, Y). m

Lemma 5.1} has the following consequence in terms of approximations:

Lemma 5.3. Let 7 be a subcategory of modA. Let U be t-rigid and assume
Hom(U,7B) = 0. If a: B — A is a left T -approximation of B, then fy(a): fy(B) —
fu(A) is a left fu(T)-approximation of fy(B).

Proof. Let fy(T) be in fy(7), and consider a map b’: fy(B) — fy(T). By Lemmal[5.1]
there is b: B — T such that fy(b) = b’. Since a: B — A is a left 7 -approximation,
there is ¢: A — T such that b = ca. It follows that f,(b) = fy(c)fu(a), which proves the
claim. O

Lemma5.3]is used in the proof of part (b) of the following lemma.

Lemma 5.4. Let U,V be in mod A, where U @V is t-rigid. Assume no indecomposable
summand in V lies in GenU and let V = fu(V). Let T = *(tU®71V) and let T' =
Lty V) N J(U). Then the following hold.
(a) We have fy(T)=7".
(b) If B — A is a left T -approximation of B in mod A and Hom(U, tB) = 0, then
fu(B) = fuy(A) is a left T'-approximation of fy(B) (in mod A).

Proof. (a) We first show fy(7) € 7. Since U is in 7, we have Gen U C 7, and clearly

7 C (rU). By [11, Theorem 3.14], we have that f;;(7) = 7 N U* is a torsion class in

J(U). So

fuM =T NU="cUeTV)NU" =*xV)nJU),
and we want to show that f,(7) = *(zV) N J(U) C *(t;xn)V) N J(U) = T".
Now let Y be in f;;(7"), and consider the canonical sequence
0—-ty(V) =V - fu(V) -0
which, after applying Hom( ,Gen Y N J(U)) gives rise to an exact sequence
Hom(#y(V),Gen Y N J(U)) — Ext'(V,GenY N J(U)) — Ext'(V,Gen Y N J(U)).

Since Y is in *(rV), we have Ext'(V,GenY) = 0 by Lemma , so in particular

Ext!(V,GenY N J(U)) = 0. Since y(V) is in Gen U and JWU) < U+, we have that

Hom(ty(V),GenY N J(U)) = 0. Hence, we also have Ext'(V,Gen Y ﬂﬂU)) = 0, so
2.1

Ext'(V, Gen sy Y) = 0 which implies Hom(Y, t J(U)‘_/) = 0, by Lemma Hence we
have that Y is in 7’ = *(7;¢)V) N J(U), which gives fy(7) S T.
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For full subcategories X and Y of mod A, we let X = Y denote the full subcategory
{M € mod A | There is an exact sequence 0 - X - M — Y - O with X € X, Y € V}.

Since fy(7) € 7', we have Gen U * f;(7) € GenU = 7. Since fy(7T) =T N U+, it
follows from [[11, Theorem 3.12] that Gen U * fy,(7) = 7,sowe have 7 C Gen U =7,
and we aim to prove equality.

We first claim that U is Ext-projective in Gen U =7 . Since Hom(U, tU) = 0, we have
Ext!(U,Gen U) = 0. We have 77 C J(U), so Hom(7”,7U) = 0 and hence Ext' (U, 77) =
0. From this we obtain that also Ext (U,GenU = 7") =0, as required.

We next claim that V is Ext-projective in Gen U * 7. Note first that by [11, Theorem
3.12] we have (GenU = 7') N U* = 7. Since V is Tyuy-rigid in J(U) and 77 =
L(T](U)‘_/) N J(U), we have that V is in P(77) by [1, Theorem 2.10]. By [11, Theorem
3.15] we have P(7") = fyP(Gen U = T"), and hence there is V' in P(Gen U = 7") such
that V = fu(V"). We claim that V' @ U is t-rigid. Since V’ is in P(Gen U = 7 '), we have
Hom(V’, V") = 0 by [, Proposition 1.2(c)] (noting that 7 is functorially finite in J(U)
by [, Theorem 2.10] and therefore Gen U * 7 is functorially finite in mod A by [11}
Theorem 3.14]).

Since Ext!(V’/,GenU) = 0, we have that Hom(U,7V’) = 0. We also have that
Hom(Gen U, 7U) = 0, since U is 7-rigid and since 7" € J(U) we have Hom(7”,7U) = 0.
Since V’ is in Gen U * 7" we hence have Hom(V’, 7U) = 0, so we have proved the claim
that V' @ U is 7-rigid. Since fy(Gen U) = 0, we may assume that V' has no direct sum-
mands in Gen U. We have V = Ju(V) = fu(V"). It follows from [4, Lemmas 5.6, 5.7]
that V is basic, since V is basic by assumption. Similarly, also V" is basic and V =~ V.
So we have proved the claim that V is in P(Gen U * 7).

Now, using that U @ V is in P(Gen U * 7) in combination with [1, Proposition 2.9],
gives that Gen U « 7' C 7 = *(tU & V), and hence we obtain 7 = Gen U = 7, which
implies fy(7) = fu(GenU = 7") = 7, and this finishes the proof of (a).

Part (b) follows from part (a) and Lemma/[5.3] |

Lemma 5.5, Let UV be 1-rigid in mod A, let T = Gen(U®V) and let 7' = Gen fy (V)N
J(U) = GGH](U) fU(V) ThenfU(‘T) =97

Proof. Since Hom(U & V,tU) = 0, we have 7 C *(7U), so we have
GenU C T C *(zU).

By [[L1, Theorem 3.15], we have that f;(7) = 7 N U~ is a torsion class in J(U).

Let Y be in fy(7) and let T € 7 be such that Y = fy(T). There is an epimorphism
U@V S5 T with U’ € addU and V’ € add V. The canonical maps U’ @ V’ 5 Ju(V")
and T 5 Jfu(T) are also epimorphisms, and there is a commutative diagram

a

UV T
. |
fo(V") == fu(T)

where b = fy(a).
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Since bc = da is an epimorphism, also b must be an epimorphism, and hence ¥ =
fu(T) is in Gen fy(V). Since fy(7) € J(U), we have that Y is in J(U) and hence in
Gen fy(V)Nn J(U).

Conversely suppose Y is in Gen fy(V) N J(U). Since fy(V) is a factor module of V,
we have that Y isin Gen V, so Y isin 7. Since Y is in J(U) C U+, we hence have that Y
isin 7 N U* = fy(7). This finishes the proof of the lemma. O

We also need the following reformulation of Lemma 3.8]

Lemma 5.6. Let P,V be in mod A, with P ]ﬂfojective and Hom(P, V) = 0, and let V=
fpV=V.LetT =*(tV)andlet T’ = *(tp.V) N P*. Then we have fp(T) =T".

Proof. This follows directly from Lemma 3.8} using that f»(7") = P~ N (7 V). |

Finally, we need the following. Suppose that U and V are objects in C(A), with
add U NnaddV = 0 and such that U @ V is support 7-rigid. Note that the domain of
Suey 1

{XeindC(A) : XU & V support 7-rigid and add X N add(U & V) = 0}.
Then:

Lemma 5.7. Let U and V be objects in C(\) such that U & V is support t-rigid and
add U NnaddV = 0. Then Eq induces a bijection between the sets:

{XeindC(A) : Xo UV support t-rigid and add X N add(U & V) = 0}.

and

{X €indC(J(U)) : X Ey(V) support T-rigid and add X N add(E¢,(V)) = 0}.
Proof. This follows from Theorem O
Corollary 5.8. The composition 8{8;%({3‘,)811 is a well-defined map with domain coinciding
with the domain of Eqqey.
Proof. This follows from Lemma(5.7] and the fact that target set in Lemma(5.7]is exactly
the domain of Ség({,)v). O

Recall from Section [I] that the following theorem, which is stated as Theorem in
Section [0.2] is essential for proving associativity of the composition operation for W,,
as defined in Definition[I.6] The next sections will be devoted to proving this theorem.

Theorem 5.9. Let U and V be support t-rigid objects in C(A) with no common direct
summands, and suppose that U & YV is support t-rigid in C(A). Then

(25) EfivEu = Eusy

Overview of proof: We assume that ¢« = U @ P[1] and V = V & Q[1], with U, V, P, Q
modules and P, Q projective, add(U)Nadd(V) = 0 and UV support 7-rigid. In view of
Corollary we need to show that SQ;L({()V)SW(X) = Eyev(X) for each indecomposable
object X in the domain

{Xe€indC(A) : X®U @V support 7-rigid and add X N add(U & V) = 0}
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of each of the maps SQZ({,)V)SW and Eqg.

Our strategy is to employ a case analysis, based on the properties of U, V and X, since
the maps &Eq, 8({;(:{2,) and Eqey are defined via cases. We will consider the following
cases for U and V.

Casel | U=Uand V=V
Casell | U =U andV = Q[1]
Caselll | Y4 =P[l]andV =V
Case IV | U = P[1]and V = Q[1]

In case II, we assume that U = U lies in mod A and that V = Q[1], where Q lies in
P(A)N*U. In this case the claim that equation (23] holds follows directly, since we have

_ _ oJU) _ oJU) _ oJ)
Suzv = Everi) = 88U(P[11)8U - SSU(%SU - S&UMS‘“

where the second equality holds by definition of Eygpi7- So it remains to consider cases
I, IIT and IV.

For each of the cases I, III and IV we will also need to further subdivide according to
the properties of X in ind C(A). We consider Case I in Section[6] Case III in Section[7]and
Case IV in Section (8| Finally, we must consider the ‘mixed case’, where U and V have
both module and shifted projective direct summands; this is considered in Section [0}

6. PrOOF OF THEOREM Case 1

We assume that U = U and V = V for U,V in mod A where U @ V is 7-rigid. We
divide Case I into the following subcases.

e CaseI*: U = U and V = V where U and V lie in mod A and add VN Gen U = 0.
e CaseI**: Y4 = U and V = V where U and V lie in mod A and V € Gen U.

We firstly note that Case I will follow from these two cases:

Proposition 6.1. Assume that , i.e. 8‘18(;2/)81, = Eqyay, holds in both cases I* and
I, Then (25)) holds in Case I.

Proof. Write V.= V; & V,, where V| is in Gen U, and addV, N GenU = 0. Then
Svev = Swevpev,. If U = 0, then also V; = 0, and the result is trivial. We therefore
assume U # 0. We proceed by induction on n = r(mod A). Hence we can assume that it
holds for J(U), since r(J(U)) < n.

Note that we have Gen(U @ V;) = Gen U, so add V, N Gen(U & V;) = 0. Hence we
have:

SUeaV = 8(U®V1)®Vz
(26) = glvon) g

~ Py, (V2)FUSVI

_ oJUsVy) J(U)
(27) = g, (v vy EU

_ oJiwy@Eu(V) oJ(U)
(28) —88%‘/1(‘,2) Eg, vy SU
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(29) _ oJiwn@&u(V) J(U)

B S(Js(zi]()vl)(sU(VZ» Euv=Y

_ oJ)
(30) = S, (vweu(v)OU

(31) =&V &

Su(VieVa)

=& &
Ey(V)PU
where (26) holds by Case I*, the equations and (29) hold by Case I**, and (28)
holds by Theorem [4.3] Furthermore (30) holds (in J(U)) by the induction assumption,

while (31)) holds by definition. O

For each of the subcases I* and I**, we will need to consider the following cases for
X.
(a) XeindAand X ¢ Gen(U V)
(b) XeindA and X € Gen(U @ V) \ Gen U
(c) XeindA and X € Gen U
(d) X € indP(A)[1]

Case I'*: We assume that U = U and V = V where U and V lie in mod A and add V N
Gen U = 0, i.e. V has no direct summands in Gen U. We set V = f;(V).

Claim 6.2. We have that fy(X) is not in Gen V and that
L2 (X)) = fuev(X)

Vv
for any X not in Gen(U @ V).

Proof. Consider the composition

X5 05 £ fy0

We first claim that ba is a left (U@ V)*-approximation. Let c: X — Y be a map, with Y in
(U V)*. Since Yisin U*, and a is left U*-approximation, there isamap d: fy(X) —» Y
such that da = ¢. Applying Hom( , Y) to the canonical sequence

e b
0= £ fu() = fuX) = £27 fu(X) - 0
of fy(X) gives the exact sequence

(32) Hom(f fy(X), ¥) = Hom(fy(X), ¥) = Hom(z* fy(X), ¥).
We have that 7 f,(X) is in Geny, V = Gen V N J(U) € Gen V, since V = fy(V) is a
factor module of V. Since Y is in V*, we then have that de = 0. Hence, by the sequence
, there is a map g: fVJ(U) fu(X) — Y, such that gb = d. Hence ¢ = gba, which proves
that ba is a left (U & V)*-approximation as claimed. We have that ba is minimal, since
both a and b are epimorphisms.

The canonical map X — fygy(X) is a also a minimal left (U @ V)*-approximation. So
we have

(33) PO f(X) = fuav(X)

Vv
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In particular, since by assumption X is not in Gen(U & V), we have that fVJ(U) fo(X) =~

fuev(X) in non-zero, so fy(X) is not in Gen V. O

Case I* (a): We assume that X is indecomposable in mod A, that X & U & V is a 7-rigid
module, and that X does not lie in Gen(U & V).

We then have that Ey(X) = fy(X), since X dogs not lie in Gen U. Using the first claim
of Lemma we have that fi;(X) is not in Gen V. Hence,

EXEuX) = 1O (fu(X)).

Since X is not in Gen(U & V), we have Eygy(X) = frev(X), and equation (25) now
follows from the second claim of Lemma

Case I* (b): We assume that X is indecomposable in mod A, that X & U & V is a 7-rigid
module, that X is in Gen(U @ V), and that X does not lie in Gen(U).

We have Ey(X) = fy(X), since by assumption, X is not in Gen U. By Lemma [5.5] we
have that fy Gen(U @ V) = Gen fy(V) N J(U) = Genyy)(fu(V)). Hence we have that
Ju(X) is in Geny ) (fu(V)).

There is a right exact sequence
(34) Yy, = ‘_/}Um - fu(X) = 0,
where the first map is a minimal left add U-approximation, the second map is a mini-
mal right add U-approximation, and Yy, x, lies in P(*(t;1,V) N J(U)). We then have
Sé(U)SU(X) = fl(U)(YfU(X))-

v
To compute Eygy(X), consider the right exact sequence

(35) Y, > UV 5X—0

where the first map is a minimal left add(U @ V)-approximation, the second map is a
minimal right add(U & V)-approximation and Y} lies in P(*(tU @ tV)). We then have

Svev(X) = fuav(Yy).
We now aim to prove the following.

Claim 6.3. Applying fy to the right exact sequence gives the right exact sequence
(X
To prepare for the proof of Claim|[6.3] we consider first a more general set-up.

Lemma 6.4. Let (7,F) be an arbitrary torsion pair in mod A. Assume that there is
commutative diagram

A—“-B-t.¢C 0
a b
A’ B C’ 0

where the vertical maps are minimal left ¥ -approximations (and hence epimorphisms),
and the upper row is a right exact sequence. Then the map b’ is an epimorphism and for
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any Z in ¥, and any map t: B" — Z with ta’ = 0, there is a map u: C' — Z, such that
ub’ =1t.

Proof. For the first claim, note that zb = b’y is an epimorphism, hence also b’ is an
epimorphism. We have that zba = 0, and this implies b'a’x = 0 and hence b’a’ = 0,
since x is an epimorphism. Now ta’ = 0 implies fa’x = 0, and hence tya = 0. Since
b is the cokernel of a, there is a map u’: C — Z such that ty = u’b. Since z is an F -
approximation, and by assumption Z is in ¥, there is u: C’ — Z such that u’ = uz. It
then follows that ty = u’b = uzb = ub’y, and since y is an epimoprhism, we have t = ub’,
as claimed. O

Proof of Claim[6.3] Apply fy to the sequence (35]), and consider the commutative dia-
gram

0 0
to(U' & V') L— 1,(X)
c d
Y, — U eV X 0
lr » ’
, s B
Ju(Yy) —— fu(V") fu(X)—=0
0 0 0

where the second row is sequence , so 1s exact, and the second and third columns are
the canonical sequences for U’ @ V’ and X, respectively. Note that the map 7y exists since
qac = Bpc = 0, so ac factors through d.

We first claim that all objects in the third row are in J(U). This follows from the fact
that all objects in sequence (35)) are in *(7U), and hence the same hold for all objects in
the third row, since ~(7U) is closed under factor objects. All objects in the third row are
by definition in U+, and hence also in J(U) = U+ N *+(zU).

We next claim that S is the cokernel of s. We have B8s = fy(as’) = fy(0) = 0. It
now follows from applying Lemma 6.4} with the torsion pair (Gen U, U*), and using that
J(U) C U~ that B is the cokernel of s in J(U), that is the sequence

(36) VS foV S ) -0

is exact in J(U) (and hence also an exact sequence in mod A).

We now claim that the map s is a minimal left add V-approximation. For this let
b: fu(Yy) — V' be a map with V" in add V. Let V” in add V be such that fu(V") =
I_/”, and let g: V'’ — V" be the canonical epimorphism. Consider the canonical exact
sequence for V",

8

0—-ty(V")y > V'S V' >0
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and note that since GenU C *(tU & V), all terms in the sequence are in *(7U & V).
Applying Hom(Y%, ) gives the exact sequence

Hom(Y}, V') — Hom(Y}, V") — Ext' (Y}, ty (V).

Using that Y3, is in P(*(zU @ tV)) and that (V") € Gen U C *(tU & 7V, we have that
the last term vanishes, and hence the first map is surjective, and therefore there is a map
S Yy — V” such that gf” = br.

The map s’ is an add(U @ V))-approximation, therefore thereisamap f: U'@V’ — V",
such that f* = fs’. Then we have br = gf” = gfs’. Now consider the canonical sequence

(37) O-1rwUeV)->UeaV LN fulU V)= fu(V)—>0

Note that Hom(z,/ (U’ @ V'), V”) = 0'since V is in *(tU). Applying Hom( ,‘_/N) to (37),
we obtain
Hom(fy(V'), V") =~ Hom(U' & V', V").

Hence there is a map e: fy(V’) — V", such that ep = gf. We then have br = gfs’ =
eps’ = esr, thatis (b — es)r = 0. Since r is an epimorphism, this implies b = es, and we
have proved the claim that s is a left add V-approximation.

We next claim that s is a left minimal map. Let

s = (ij) L fu (Y = fuV')

where s; is left minimal. Then coker(s) ~ coker(s;) @ M for some module M. Note that
X indecomposable implies that coker(s) ~ f;;(X) is indecomposable by [4, Lemma 4.6],
hence we have coker(s;) = 0 or M = 0. If coker(s;) = 0, then fy(X) is in add fy(V’).
Then there is an indecomposable direct summand V, of V, such that f;(X) =~ fy(Vp).
But then, by [4, Lemma 5.7] we have X =~ V|, but this is a contradiction, since X is by
assumption not in add V. Hence M = 0, and therefore s = s; is left minimal.

We claim that fy;(Yy) is in P(7), where 7' = L(7'J(U)V) N J(U) is a torsion class in
J(U). For this consider the torsion class 7 = *(zU & 7V) in mod A. By Lemma we
have that f;(7") = 7. It then follows from [11, Theorem 3.15], that f,(P(7)) = P(T"),
and hence fy(Y}) isin P(7T), since Yy, € P(T).

We can now apply [4, Proposition 4.7] to obtain that the sequences and are
isomorphic, and this concludes the proof of the claim. O

Using Claim [6.3] we obtain

E176(X) = 17 fuX) = £V yy0) = £ fu V).

Moreover, we have that Y} is not in Gen(U & V), since Eygy(X) = fuev(Yy) # 0.
Therefore, using Lemma|[6.2] we obtain

Evev(X) = fuev(Yy) = [ fu(Yy).
This finishes the proof that equation holds in this case.

Case I* (¢): We assume that X is an indecomposable module in mod A, that X® U @ V
is a 7-rigid module and that X is in Gen(U).
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Let7 =*(tU®tV)and 7' = *(7,1,V) N J(U), and consider the exact sequence

(38) Yy > Ux - X —0,

where the first map is a minimal left add U-approximation, and the second map is a
minimal right add U-approximation. We then have that E¢(X) = Ey(X) = fu(YI1].
Note that by Theorem the object Sy(X @ V) = fu(Yll]l & Vis support 7-rigid in
C(J(U)), and hence we have that f;(Y}) is in Ly,

We have SQZ(I()V)SW(X) = SQW)SU(X) = fVJ(U) Yy, where fy(Yy) — Yy is a minimal left
7 -approximation.

To compute Eqe(X) we consider the right exact sequence

(39) Y s Uy@Vy, > X—0

where the first map is a minimal left add(U @ V)-approximation, and the second map is
a minimal right add(U & V)-approximation. Then Eqgy(X) = Eyev(X) = fuev(Yy).
Since Eyey(X) # 0, we have that Yy is not in Gen(U & V). By Lemma we hence

have that Eyev(X) = fuev(Y{)I11 = f77 fu(YyI1.

It is therefore sufficient to prove that

£ = 119 fury)

The main steps are as follows:

Claim 6.5. (@) Thereisamap Yy, — Ux @ Y{’, which is a left T -approximation.
(b) The induced map fy(Yy) — fu(YY') is a left T"'-approximation.
(¢) We have that Y is a direct summand in fy(Yy")
(d) We have £2(vy) = 2 fu (YY),

Proof. (a): Consider the diagram
Py

X

Py Py — Py [1]

L:

Py —> Pygay, —= Py — Pry[1]

X

where the rows are triangles giving rise (by taking homology) to the exact sequences
and (39), respectively (see Section [3). We have that U, Yy’ are in $(7"), so in particular
Hom(Yy’,7U) = 0. Hence by Lemma@we have that Hom(Py,, Py [1]) = 0. Therefore
(see [13l Section 1.4]) the above diagram can be completed to a commutative diagram in
such a way that there is an induced triangle

h
Puev, [-1] 5 Py, = Purevy = Purev;.

Now, let k: Py, = Pr be amap with T € 7 = ~(vU @ V). Then Hom(7,7U & tV) = 0,

and hence by Lemma@ we have Hom(Py; v, , Pr[1]) = 0. Hence we have kg = 0, so

by exactness of Hom( , P7) we have that there is map /: Pyg(@y;/ — Pr, such that [h = k.

It then follows that the map H(k): Yy — T factors through H°(l), and by Lemma

we have that any map Y;, — T factors through Y;, — U5 @ Yy’. This finishes the proof
of the claim.
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(b): This follows directly from Lemma [5.4} using that U, Yy" € P(7") and therefore
Hom(U,7tY{") = 0.

(c): This follows directly from (b), using that fy(Yy) — Y{ is a minimal left 7'-
approximation.

(d): This follows directly from (c), using that both fVJ(U) Yy and fVJ(U) Sfu(Yy’) are inde-
composable. O

So equation (25)) is proved for this case.

Case I'* (d): We assume that X is of the form R[1], where R is an indecomposable module
in(P(A)NHUaV)).

Let7 =*(rU@®tV)andlet 7' = (1,1, V) N J(U).

We first compute Eygy(X). For this, let R — Yk be a minimal left 7 -approximation.
Then Eyev(X) = fuev(YR)1] = fvf“’) fu(Yr)[1], where the last equation follows from
Lemmal6.2l

Similarly, we compute Ey(X) by letting R — Y}, be a minimal left 7 -approximation
and then Ey(X) = fy(Yp)[1].

To compute 8€U)8U(X), let fy(Yz) — Y{ be a minimal 7’-approximation. Then we

have 8§U)8U(X) = fVJ(U)(Y,'{)[l]-

Claim 6.6. We have that fy(Yg) ~ Y.

Proof. We first claim that the composition R LA Yr 5 fu(Yr) is a left P(T7)-
approximation. Consider a map f: R — N’ with N’ in P(7”). By Lemma [5.4b), we
have that fyP(7) = P(T), so there is a module N in P(7) satisfying fy,(N) = N’. Since
R is projective, there is amap u: R — N, such that gu = f. Since h: R — Yz is a P(7)-
approximation and N is in P(7), there is v: Yz — N such that u = vh. Note that N is in
P(T) € J(U) € U*. Since k is a left U+-approximation, there is w: fy(Yz) — N such
that v = wk. So, we have f = gu = gvh = gwhk. Note that N" is in P(7’) € J(U) € U*.
Since k is a left U*-approximation, there is w: f;(Yz) — N such that gv = wk. So, we
have f = gu = gvh = wkh, and hence kh is a left P(7")-approximation.
Next, we claim that the composition

RS Y,S (v S vy
is a left P(7")-approximation. Let N be in P(7), and let a: R — N be a map. Since
N isin *(rU) and b is a left *(7U)-approximation, there is a map a’: Y;, — N such that
a =a’'b. Since N is in U* and c is a left U*-approximation, there is amap a”: fy(Yz) —
N such that @’ = a”c. Since N is in 7" and d is a left 7'-approximation, there is a map
a”: Yy — N suchthata” = a”’d. So we have a”’dcb = a”cb = a'b = a, so dcb is a left
P(T")-approximation as claimed.

Note that both Yy and Y} are indecomposable by [4, Prop. 3.7], hence also fy(Yr) is
indecomposable, by [4, Lemma 4.6]. It then follows that both

h k
X— Yr— fu(Yr)
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and
X515 frn S vy
are minimal left 7”'-approximations. So we obtain fy(Yz) =~ Y. O
By Claim [6.6| we now have that
Evev(X) = £ Y] = (I = £ Eu(X)
and hence equation (25) holds also in this case.

Case I'**: We assume that & = U and V = V for U, V in mod A, that U & V is a 7-rigid
module, and that V lies in Gen U.

LetV = @[1], where @ is in P(J(U)). We first make the following observation.
Claim 6.7. We have that fyey = fu.

Proof. Since V € Gen U, we have that Gen(U & V) = Gen U. It follows that tygy = ty,
and then by uniqueness of canonical sequences, that also fygy = fu. O

Case I** (a): We assume that X is an indecomposable module in mod A, that X U & V
is a 7-rigid module, and that X does not lie in Gen(U @ V) = Gen U.

We have that Ey(X) = fy(X), and

EMVE(X) = 81V (fuX) = EL(fu(X)) = fuX).

Note that the last equation holds since Q is in P(J(U)) and we have Hom(Q, fy/(X)) = 0
since Ey(V & X) is support 7-rigid in C(J(U)) by Theorem
By Lemma[6.7] we have

Euov(X) = fuev(X) = fu(X) = & Eu(X)
and the claim that equation holds, is proved in this case.

Case I'** (b): Since Gen(U & V) = Gen U, this case (where X lies in ind A and X €
Gen(U @ V) \ Gen U) cannot occur.

Case I'** (¢): We assume that X is an indecomposable 7-rigid module, that X® U @ V is
a 7-rigid module, and that X lies in Gen U = Gen(U & V).

In order to compute Ey(X), we consider the exact sequence

where the first map is a minimal left add U-approximation, and the second map is a
minimal right add U-approximation. Then Ey(X) = fu(Yx)[1].
We have

EfyBuX) = 8L 8u(X) = 3 futol1L

Next, to compute Eygy(X), we consider the exact sequence

(41) Yy > Uy®dVy > X — 0,
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where the first map is a minimal left add(U & V)-approximation, and the second map is
a minimal right add(U & V)-approximation. Then Eyev(X) = fuev(Yy)[1].
By Lemma it now follows that

Evev(X) = fuev(YI1] = fu(Yyll].
By the above, it will be sufficient to prove that

(42) £37 fu¥x) = fu(YVy).

The main steps in the proof are as follows:

Claim 6.8. Let T =*(tU®tV)and let 7' = QL N J(U). Then the following hold.

(a) We have £ fu(T) = fu(T) = T".
(b) There is a map Yy RA Y5, ® Ux which is a left T -approximation.
(¢) The map fy(Yx) M fu(Yy) is a left T'-approximation.

)
(d) The map fgw Ju(Yx) %—U> fgw Su(Yy)isaleft fé(U)‘T' = T -approximation.
(e) The map fgw fu(y) is an isomorphism.
(F) We have £ fu(Yy) = fu(Yy).
(8) We have [ fu(Yx) = fu(Yy).
Proof. (a): Since V is in Gen U, we have by Lemma(6.7|that fiy = fyev, and we have
fo(T) = fuev(T) = fuav(C@U @ TV)) = (U V) N TU & TV)
=JU V)2 JjuEu(V) = Lip(@[1) = Q" nJWU) =T
where () holds by Theorem This proves the second equality. But fé(U) clearly acts
as the identity on objects in QL N J(U), and this proves the first equality.
(b): Consider the diagram
Py, Py, Py Py, 1]

L:

PY)/( - PU;(GBV)’( —Px— PY)’([l]

where the rows are triangles giving rise (by taking homology) to the exact sequences
and @), respectively (see Section 2 for details). Since Y} isin 7~ € *(rU), we have
Hom(Yy,7U) = 0, and hence Hom(Py,, Py)f([l]) = 0, by Lemma @ Hence there are
maps Py, — Py;ey, and Py, — Py, completing the above diagram 1n such a way that
there is a triangle (see [13} Section 1.4])

g h
PU;(@\/;([—I] — Py, — PUXEBY}/( - PU;(®V;(~

Now, let k: Py, — Py be amap with 7 in 7 = *(vU & tV). Then Hom(T,tU ®7V) = 0,
and hence by Lemma@ we have Hom(Py;ev; , Pr[1]) = 0. Hence we have kg = 0, so
by exactness of Hom( , P7) we have that there is map [: Pyyey;, — Pr such that lh = k.
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It then follows that the map H(k): Yy — T factors through H°(l), and by Lemma
it then follows that any map Yy — T factors through Yy — Uy @ Y. This finishes the
proof of the claim.

(c): We have U € P(+(rU)) by [lI}, Proposition 2.9], and Yx € P(+(rU)) by construction
(see Definition Case I(b)). Hence, in particular, Hom(U, tYx) = 0, since P(*7U) is
7-rigid by [I, Theorem 2.10]. Then the assertion follows from Lemma[5.3]

(d): We have that f;;(Yy) is in P(J(U)), and hence 7, fu(Yx) = 0. Hence, the assertion
follows from Lemmal[5.3

(e): We have that the image of the map fgw fy isin QL N J(U) = 77, so in particular

fé(U) fu(Yx) is in 7. By [4, Lemma 5.6]), fgm fu(Y%) is indecomposable, so the map

fgw fu(y) in (d) 1s left minimal. The assertion follows.

(f): This follows from fy(Yy) € fu(T)=7" = @L NJU).

(g): This now follows from (e) and (f). O
We have now proved that equation (#2) holds, that is:

157 oY) = fu(X).

and hence (25)) holds in this case.

Case I'** (d): We assume that X is of the form R[1], where R is an indecomposable
module in (P(A) N (U s V)).

Note first that we have V = @[1], where a = fy(Yy) and where there is an exact
sequence
Yy - Uy -V >0,
where the first map is a minimal left add U-approximation, and the second map is a
minimal right add U-approximation.

We have that Ey(X) = fy(Yr)[1], where R i Yz is a minimal left +(zU)-
approximation. Furthermore, we have

&x"8u(X) = £5080(X) = 1 fu(Yolll.

We have fy = fyev, by Lemma[6.7, We hence have that Eyeyv(X) = fuev(Yp)[1] =
fu(Y{)[1], where R = Y}, is a left minimal *(rU & 7V)-approximation.
Hence, it will be sufficient to prove that

(43) £20 fuYe) = fu(Yp).

The main steps in the proof are as follows.

Claim 6.9. Let T =*(tU®tV)and let 7' = @L N J(U). Then the following hold.
(@%Mm%@Mﬂ:ﬁWhTﬂ
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(b) There is a map Yy Sy » such that fy(a) is a left fy (T )-approximation.
(c) We have £ fu(Yp) = fu(Yp).
£ fta
(d) The map fé(U) fu(Yr) SCEREREN fgw Su(Yp) is aleft ng)‘T’ = 7" -approximation.
(e) The map fgw fu(a) is an isomorphism.
(f) We have [ fu(Yy) = fu(Yp).
(2) We have 37 fu(Yr) = fu(Yp).

Proof. (a): See Claim [6.8](a).
(b): Since 8: R — Yy is aleft *(rU)-approximation, and Y € 7 C *(7U), there is a map
a: Yg — Y, such that af = a.

We claim that fy(a) is a left fy(7)-approximation. Consider a map y: fy(Ygz) —
fu(T), where fy(T) is in fy (7). Since U, Y € P(+(rU)), we have in particular that
Hom(U, 7Y¢) = 0. It then follows from Lemma 5.1 that y = f;(x) for some x: Yz — T.
Consider the diagram

a

Ry,

T
where c: Y, — T such that x5 = caf exists since a = af is a left 7 -approximation. It

follows that (ca — x)B = 0. Applying Hom( , T') to the right exact sequence R LA Y 4
Ur — 0 gives the left exact sequence
0 - Hom(Ug, T) - Hom(Yz,T) —» Hom(R, T).

Now (ca — x)B = 0 implies that there is amap n: Uz — T, such that ca — x = nl, and so
x = ca + nl. Since fy(nl) = 0, this gives y = fy(x) = fy(c)fu(a). Hence we have that
Jfu(a) is a left fi;(7)-approximation as claimed.

(c): This follows directly from (a), since fgw acts as the identity on @L NJW).

(d,e.f,g): See Claim [6.8(d,e.f,g). O
We have now proved that holds, that is

£ oY) = fu(Yp),

and hence that equation (25)) holds in this case.

7. PrROOF OF THEOREM Casg IIT

We have already dealt with Case II (see the end of Section [5)), so we must next deal
with Case III, i.e. we assume that U/ = P[1], where P lies in P(A), that V = Vis a
7-rigid module satisfying Hom(P, V) = 0.

Then E4(V) =V =V = Vis -rigid in J(U) = P*.

We need in this case to consider three possible cases for X:
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(a) X lies in ind(A), X does not lie in Gen V, X @ V is 7-rigid and Hom(P, X) = 0.
(b) X lies in ind(A), X lies in Gen V, X @ V is 7-rigid and Hom(P, X) = 0.
(c) X is of the form R[1] where R lies in ind P(A) and Hom(R, V) = 0.

Case III (a): We assume that X is an indecomposable 7-rigid module in mod A, that
X @ V is 1-rigid, that Hom(P, X) = 0 and that X does not lie in Gen V.

Then E¢(X) = Ep(X) = X, and X is 7-rigid in J(U) = P+. We have

S(ZJS{Z{()V)SW(X) = 8%((”)8(11(}() — 8(/(U>(X) — f‘{(P[l])(X) _ f‘fl(X)

We next compute Eqey(X). We have E(U) = E4(P[1]) = fy(Yp)[1], where P — Yp
is a left *(rV)-approximation. We then obtain

Euuev(X) = Ever(X) = EgripyEvX) = L1 EVX) = EF 0 Fr(X) = fu(X),

where the second equality holds by definition. The last equation holds since Ey(X &
P[1]) = fu(X) @ fv(Yp)[1] is support T-rigid in C(J(U)) by Theorem 3.7} so f,(Yp) is in
P(J(U)) with Hom(fv(Yp), fv(X)) = 0.

We next claim that f‘fL (X) = fy(X). For this, consider the canonical sequence of X in
mod A with respect to the torsion pair (Gen V, V*):

0-ty(X) - X - fy(X) — 0.

Since Hom(P, X) = 0 by assumption, and P is projective, we also have Hom(P, fy (X)) =
0, and clearly also Hom(P, ty(X)) = 0. We have ty(X) € GenV N P+ = Genp. V and
fv(X) € P-NV*, so this sequence is also the canonical sequence of X in P+ with respect
to the torsion pair (Genp. V, P* N V*). Hence f;7 “(X) = fy(X) and it follows that

Euev(X) = fr(X) = fi (X) = EVEu(X),
and equation (25)) holds also in this case.

Case III (b): We assume that X @ V is a 7-rigid module in mod A such that X lies in
Gen V and Hom(P, X) = 0.

First note that E¢,(X) = Ep1)(X) = X. Consider the right exact sequence in J(U) = P+,
(44) Yr s vl s Xx -0,

where the first map is a minimal left add V-approximation in P+, Yx € P(+(rV)) and the
second map is a minimal right add V-approximation in P*.
We then have that

ENM Eu(X) = EL Eu(X) = E] (X) = £ (I

We next compute Eqqpy(X). First note that Ey(P[1]) = fy(Yp)[1], where P — Yp is a
minimal left +(7V)-approximation, and that Ey(X) = fy(Yx)[1], where there is an exact
sequence
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where the first map is a minimal left add V-approximation, and the second map is a
minimal right add V-approximation. Then

Euev(X) = Eppijov = Epy EVX) = [ fr(Y)l1]
Hence we need to prove that
(46) 7 ) = frn fr(Yx).
We first make the following observation.

Lemma 7.1. Let P be a projective module in mod A. Then fp is a right exact functor
from mod A to P+, and fp sends projective modules to projective modules in P*.

Proof. Let e be an idempotent such that P ~ Ae. We first note that tp(M) = AeM, so
Jp(M) =~ M/AeM ~ A/AeA ®, M. It follows that fp is right exact.

Moreover, since A/AeA &y A ~ A/AeA, and the tensor-functor is additive, we have
that the indecomposable projective A/AeA-modules are exactly fp(T) for T indecom-
posable projective in mod A with 7" not a summand in P. O

We proceed to prove (46), i.e. f& (Y2 ffjv((‘Q \fv(Yx). The main steps in the proof
are as follows.

Claim 7.2.  (a) We have fp(Yy) = Y2
(b) The composition Yy < fr(Yx) LA f P* fo(Yy) is a left J(V) N P--approximation.

(c) The composition Yx EA Sv(Yx) 4 ffjv((‘;))
(d) We have 2 fp(Yx) = f1)) fr(Yx).

(e) We have fI"(YE") ffjv((Vy)P)fV(YX).

Proof. (a): Let T = *(tV) and let 77 = “(1p.V) N P-. Then we have f,7 = 7" by
Lemma We have that Y2 is in P N 4(7V) = P N (zV).

Note that since Hom(P, X) = 0 = Hom(P, V), we have fp(X) = X and fp(Vy) = Vx
Hence, applying fp to the right exact sequence we obtain the right exact sequence

(47) () 2 vy 5 x S0,

fv(Yx) is a left J(V) N P*--approximation.

We claim that fp(a) is a minimal left V= V-approximation in P+. Let b": fp(Yy) —
fp(V") = V' be a map with V' € addV C P+. By Lemma thereisamap b: Yy —» V’
such that b* = fp(b). Since a is left add V-approximation, there is a map c¢: Vx — V’
such that b = ca. So fp(c)fp(a) = fp(b). We have that fp(a) is minimal, since otherwise
we would have X in add V.

Using now [4, Proposition 5.6], we have that fp(Yy) =~ Yf, and this concludes the
proof of (a).

(b): Let Zbe in J(V)NP* and let g: Yy — Z be a map. Since « is a left P*-approximation
and Z is in P+, there isamap [: fp(Yx) — Z, such that la = g. Since B is a left P- N V*-
approximation and Z is in P+ N V*, there is a map r: f;l fr(Yx) — Z, such that [ = rS.

Hence g = la = rBa. Since Yy is in +(7V), we have that also féﬂ fp(Yx) is in +(7V), and
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hence fé)lfp(YX) isin PNVt N+ (V) = J(V) N P-. This proves the claim that Ba is a
left J(V) N P+-approximation.

(c): LetZbein J(V)NP*+ andlet g: Yy — Z be amap. Since y is a left V*--approximation,
and Z is in V*, there is a map s: fy(Yy) — Z such that g = sy. Note that we have that
fv(Yp) is in P(J(V)), and so

(X)) NIV = Jon(fr (X)) = Ty (Ev(P[1]) = J(V & P[1]) = J(V) N P*.

The map ¢ is a left (fy(Yp))" N J(V) = J(V) N P+-approximation. Hence, there is a map

t: ffJV((VY)P) fv(Yx) — Z such that s = ¢, and therefore g = sy = t¢y. This proves the claim

that ¢y is a left J(V) N P+-approximation.

(d): Since both Ba and ¢y are epimorphisms, they are both minimal left J(V) N P*-
approximations, and the claim follows.

(e): This follows directly from combining (a) and (d). O
We have now proved (46)), that is
7 = frg, fr(Yx)
and equation follows also for this case.

Case III (c): We assume that X = R[1], where R is an indecomposable projective module
in mod A and Hom(R, V) = 0.

We then have E¢,(X) = fp(R)[1], which is in P(P+)[1] and we have that
ENPEY(X) = E (fr(R)[1]).

Note that V = V is 7-rigid in J(U) = P*. Therefore EL (fp(R)[1]) = £ (Yo)[1], where
fp(R) — Y, is a minimal left *(7p. V) N P+-approximation.

We have that Ey(P[1]) = fy(Yp)[1], where P — Yp is a minimal left +(7V)-
approximation and similarly Ey(X) = fy(Yg)[1], where R — Yy is a minimal left +(7V)-
approximation. It follows that

48)  Euev(X) = Epev(X) = Eg iy Ev(X) = ER 1 EVX) = fr (YR,

So it will be sufficient to prove that
(49) v Yo = [0 fu(Ye).
The main steps in the proof of this are as follows.

Claim 7.3. (a) We have that Y, is a direct summand of fp(Yg).
(b) We have that f\f “(Yy) is a direct summand of f\f 8 fp(Yg).
(c) The composition
a B L
Yr = fr(YR) = fy fr(YR)
is a minimal left J(V) N P*-approximation.
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(d) The composition

Y ¢
Ye = foYr) = [ fv(Ye)

is a minimal left J(V) N P*-approximation.
(e) We have f}" fo(Yr) = £\ fi(Ye).

() We have £ Yo = £} f(Yr).

Proof. (a): Let 7 = *(rV) and 7' = *(rp.V) N P-. Note that the map fp(R) — Y,
is a minimal left 7 '-approximation so, for the claim, it is sufficient to prove that
fr(R) — fp(Yg) is a left 77-approximation. By Lemma [5.6] we have that fp(7) = 77,
so by Lemma [5.3] we have that fp(R) — fp(Y) is a left 7’-approximation (noting that
Hom(P, 7R) = 0 as R is projective), giving the claim.

(b): This follows directly from (a).

(c): Note first that since Yy is in *(7V), also the factor module f{,oL fp(YR) is in +(7V).
This module also lies in P+ N V* by the definition of £, so it lies in J(V) N P*.

Let Z be in J(V) N P+, and consider a map g: Yz — Z. Since « is a left P*-
approximation, and Z is in P+, so there is a map /: fp(Yz) — Z, such that la = g. Since
Bis aleft P+ N V+-approximation, and Z is in P+ N V*, there is a map r: f{fL fr(Yr) = Z,
such that / = rB. Hence we have g = la = rBa, and this proves that Ba is left J(V) N P+
approximation. Since this composition is an epimorphism, it must also be left minimal,
giving the claim.

(d): First note that f,(Yp) is in P(J(V)), and hence (fy(Yp))" NJ(V) = J;on(fr(Yp)[1]) =
Jiov(Ev(P[1])) = J(Ve®P[1]) = J(V)NP*. Letg: Yg — Zbe amap, with Z in J(V)NP*.
Since vy is a V*-approximation, and Z is in V*, there is a map ¢: fy(Yz) — Z such that
g = ty. Since ¢ is a left (fy(Yp)): N J(V) = J(V) N P+-approximation, there is a map
u: lfv((‘?[)) fv(Yr) = Z, such that r = u¢. It follows that g = ty = u¢y. This proves that ¢y
is left J(V) N P+ approximation. Since this composition is an epimorphism, it must also
be left minimal, giving the claim.

(e): This follows directly from (c) and (d).

(f): Note that f‘fL(YO) is indecomposable by [4, Proposition 5.6] (see the definition of Y

above). It is a direct summand of f;v((VY)P) fv(Yr) which is indecomposable by (48)) and [4]
Proposition 5.6]. The claim follows. O

We have proved that (49) holds, that is
Yo = £ f(YR),

and (25) in this case now follows.
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8. Proor oF THEOREM[5.9] Case IV
We assume that U = P[1] and V = Q[1], where P, Q lie in P(A).

We set V = Q[1]. Then Q = f»Q lies in P(J(U)) = P(P).

We need in this case to consider two possible cases for X:
(a) X is t-rigid, X lies in ind(A), and Hom(P @ Q, X) = 0.
(b) X lies in ind P(A)[1].

Case IV (a): We assume that X is an indecomposable 7-rigid module with Hom(P &
0,X)=0.

L

We have E4(X) = Ep(X) = X, and then &YE4(X) = Sl

Hom(@, X) = 0 by Theorem
We also have Eqev(X) = Epnjeon(X) = X, so the claim that equation holds
follows also in this case.

X = X, since

Case IV (b): We assume that X is of the form R[1], where R is an indecomposable
module in P(A).

We then have that
&y 8u(X) = &5 Epn(X) = &L (fr®ILD) = fg foBI1].
On the other hand, we have Eqe/(X) = Eppeo1(X) = freo(R[1].
So, it is sufficient to prove that fé’l fP(R) = frep(R). The main steps in the proof are as
follows.
Claim8.1.  (a) We have PN Q = P+ N Q*.
(b) The composition R 5 fr(R) ﬁ) fgL fp(R) is a (P ® Q)*-approximation.
(c) We have fg" fp(R) = frao(R).
Proof. (a): Note first that, for any module M, Hom(P, M) = 0 implies Hom(Gen P, M) =
0. Suppose M lies in P+ N @l. We apply Hom( , M) to the canonical sequence
0—=1(Q) = Q0—-0—0
for Q. We have Hom(Q, M) = 0 and also Hom(7p(Q), M) = 0, since 7p(Q) is in Gen P.

Hence Hom(Q, M) = 0 and we have P* N @L C P+ N Q*. The reverse inclusion follows
immediately from the fact that Q is a factor of Q.

(b): By (a), we have that fg (fp(R))isin PN @L = P*NQ*. Consideramapg: R — Z
with Z in (P @ Q)*. Since « is a left P*-approximation and Z is in P, there is a map
t: fp(R) — Z such that g = ta. Since fp(R) — fg fo(R)isaleft PN O = (P® Q)-
approximation and Z is in P+ N Q*, there is a map u: fg fp(R) — Z such that t = up.
We then have g = t@ = ufa. This proves the claim.

(c): This follows directly from (b), noting that both fg fp(R) and fpgo(R) are indecom-
posable (since they are factors of the indecomposable projective module R). O
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This finishes the proof that (25)) holds in this case.

9. END OF THE PROOF OF THEOREM MIXED CASE

We are now ready to complete the proof of Theorem As outlined in Section
it will then follow that the composition operation of W, as defined in Definition is
associative.

We have already proved that the claim (stating that 8({;12,)811 = Eqyey) of Theo-
rem[5.9]holds for all of the cases I-IV. It remains to deal with the mixed cases, where we
have support 7-rigid objects U = U @ P[1] and V = V& Q[1] in C(A), with no common
direct summands, but where we allow indecomposable direct summands of U and V to
lie both in mod A and in P(A)[1].

Let us summarize the formulas we need to proceed. By Cases I-IV, we have that the
formulas

J(U) _ _ oJ(V)
(50) Sg,u(rv)g'u - Sﬂ@q/ - Sg,v(w)aq/

hold when we have both of the following:

e U=0o0orP=0,and
e V=0orQ=0.

Note that a particular case is when U = U and V = Q[1], where U lies in mod A and
0 lies in P(A). We therefore have

_ oJW)
(51 Svusol] = SSU(P[I])SU'
Iso from Section [l that we have
(52) J1ay(Eu(V) = J(U V),
for any pair of support 7-rigid objects U,V in C(A).

Case A: We first discuss the case with P = 0, thatis U = U # 0, while V = V& Q[1] is
arbitrary. We work by induction on n = r(mod A). We then have

Sﬂea(v = 8U€BV€BQ[1]

_ oJ(UsV)
(53) - SSU@V@[ID‘O’U@V

_ oJ(UaV) J(U)
(54) = 8ot e, S

_ oJinEu(V) oJ(U)
(55) - SSUGBV(Q[]]) 88u(V)8U

(56) _ oliw@uV)  oJU)

~ el et EvMTY

_ oJU)
(57) = 8, weuol)©U

_ oJ)
- 88u<vesQ[1]>8U

_ oJ(U)
- Ssﬂm&u
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where equation (53)) follows from (51, while (54) and (56) follows from (50) and (55)
from (52). Furthermore, equation follows from the induction assumption, since

r(J(U)) < n. This concludes the proof of the case with P = 0,i.e. U = U.

Case B: We next discuss the case with U = 0, thatis U = P[1] # 0, while V = V& Q[1]
is arbitrary. We also assume V' # 0, note that we have already dealt with the case V = 0
(this is Case IV). We then have:

J(U) _ oJ(PI1]
8&”(%874 - 88P111(VGBQ[1])8P“]

_ oJP1D s
Ep(V)&Spr(Q[1) P

(58) _ olien@pr(V) - oJ(PI1D)
Séf[[ll]]()V)aP[l](Q[l]) Epy(V) P[1]
_ olipin@Epi(V) oJ(PI1])
59) _88P[1]99V(Q[1]) 8c‘fuv[l](V) P[1]
_ oJ(P[1]eV) J(P[1])
(60) T Tépmev(QI1]) 8P[I](V)8P[]]
_ oJ(Pl1]eV)
(61) - SPm@v(Q[l])SP[U@V
_ oJ(P[1]eV) J(V)
(62) - 88P[1]®V(Q[1])88V(P[1])8V
63 = g/Pey) gV g
(©3) &g Ev(@D Ev(PIINTY
Jiv)Ev(PI1])  oJ(V)
64 — J(V)
(©%) 6§VV(>P“J)8V(Q[1]) &y(P[1)Y
_ oJ)
(63) - 86v<P[1 J@QUJ)SV
(66) = 8V®P[1]€BQ[1]
= Suav

where for (58), we use that holds in J(P[1]) by induction. For (65]), we use that the
holds in J(V) by induction. For (59) and (61) we apply (50), for (62), and (66)
we apply (51)), while for and we apply (52)).

The general case: We now discuss the general case with U = U & P[1] and V =

Ve Q[l].
We then have
819%)‘31‘ - é%iiilvjzeQ[u)aUW“]
(67) = Sg(vl;f[i[(lvlgg[ll)aé;‘f},[l])al,
(68) B Séz%ii[n]‘]s)u(VGBQ[I])S‘JS(UKQ)“DSU
(69) = aéﬁ%))(sugj(l\],ZQ[l])8;4([%[1])8U

Sy Pl
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_ oJU)
(70) = &g, prpesuveor U

_ oJU)

- 86u<P[11eaVean>8U

_ o)

- 86U<V®PL11®Q11J>8U
(71) = 8UGBP[I]GBVEBQ[I]

= 8“LIe¥V

where and (68) hold by (51)), while (69) holds by (52). For (70) we note that
Ey(P[1])isin P(J(U))[1], so that we are in the situation of Case B in J(U). For equation

(71)), we apply Case A.
This concludes the proof of Theorem|[5.910

10. IRREDUCIBLE MORPHISMS IN I3,

In this section we prove the following Theorem.

Theorem 10.1. Let A be a t-tilting finite algebra, and let W' C W be wide subcategories
of mod A, where r(W) — r(W") = 1 (i.e W’ is of corank 1 in W) . Then exactly one of the
following occurs:
(a) There is exactly one morphism in W, from W to W and W' = Jw(U), where U
is an indecomposable t-rigid module which is non-projective in W.
(b) There are exactly two morphisms in Wy from W to W and W = Jw(P) =
Jw(P[1]), where P is an indecomposable module which is projective in W.

The main step in the proof is to show that if U and V are indecomposable 7-rigid
A-modules satisfying J(U) = J(V),then U = V.

Definition 10.2. A morphism g in 28, is said to be irreducible if, whenever g is expressed
as a composition g; o g,, we have that either g, or g, is an identity map.

Lemma 10.3. Let W be a wide subcategory of mod A and let V be a support t-rigid
object in C(W). Then the following are equivalent.

(a) The morphism g = g(v‘\ﬁ: W — Jw (V) is irreducible.

(b) The object V is indecomposable.

(c) The subcategory Jw(V) is of corank I in W.

Proof. Suppose first that V is indecomposable, and that g = g; o g, for maps g; and g; in

W. Then we have g; = gzvl: and g, = gzvé where U, is a support 7-rigid object in C(W,),
U, is a support 7-rigid object in C(W;) and Jw,(U,) = W,. The composition is:

w_ W, ° W, _ W,
8v = 8u, © 8wy = By, ety

Hence W, = W and V = Fq,(U,) ® U,. Since YV is indecomposable, we have U, = 0
or For,(Uy) = 0. So U, =0or U, =0, and g, or g, is an identity map. It follows that g
is irreducible. This proves that (b) implies (a).

If V is decomposable, it can be written in the form V = V; & V, where V; and V,
are non-zero support 7-rigid objects in C(W). Then we have:

_ W _ W W,
8 = 8vievy = 8gy,v) © 8y
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where W, = W and W, = Jw,(V,). Since V; and E,(V)) are non-zero, ggvv’ Vo and
2 1

ng,j are not identity maps, so g is not irreducible. This proves that (a) implies (b).

We have that (b) and (c) are equivalent by Proposition 4.1] |

Recall that for any 7-rigid A-module U there is a unique basic module By, known as
the Bongartz complement of U, such that add(U & By) is a 7-tilting module and add(U &
By) = P(+7U). We also recall that a A module M is said to be Gen-minimal if, whenever
M =M &M"”,wehave M" ¢ Gen M’ (see e.g. [2, VI.6]). We recall the following:

Lemma 10.4. [10, Lemma 2.8] Let A be an algebra, and let T be a finitely generated
torsion class in mod A. Then T has a unique Gen-minimal generator, T ;,, consisting of
the direct sum of the indecomposable split projective objects in T .

If T is a support 7-tilting module, then we denote the unique Gen-minimal generator
of Gen T by T;. Note that T is an additive generator for £(7°) by [[I, Thm. 2.7], so T is a
direct summand of 7', and we write Ty for a complement, the direct sum of the non-split
projective objects in Gen T'.

If Z is a minimal direct summand of 7 such that GenZ = GenT then T, € Gen = Z,
so T is a direct summand of Z since it is split projective. Since GenT; = GenT, we
must have T = Z. In the light of this discussion, we also recall the following:

Theorem 10.5. [6, Thm. 3.34] Let A be a t-tilting finite algebra. Then there is a bijection
between the set of t-tilting pairs in mod A and the set of wide subcategories of mod A
given by mapping a t-tilting pair (T, P) to W(T, P) = J(T,s) N P+.

Lemma 10.6. Let A be a t-tilting finite algebra. Let U be a non-projective t-rigid
module in mod A. Let By be the Bongartz complement of U, and let Ty = U @ By. Then
(Ty)s = By and (Ty)us = U.

Proof. By the definition of Bongartz complement, we have that add(Ty) = P(-(rU)).
By [4, Lemma 4.12], the indecomposable direct summands of By are split projective in
L(tU). Suppose that U was also split projective in “7U. Then we would have (Ty),s = 0
and therefore W(T'y,0) = mod A in Theorem [10.5] But W(P,0) = mod A, where P is an
additive generator for P(A), so Ty = P by Theorem[10.5] and U is projective, giving a
contradiction. Hence U is not split projective in “7U and we are done. O

Proposition 10.7. Let A be a t-tilting finite algebra. Let U and V be indecomposable
7-rigid A-modules and suppose that J(U) = J(V). Then U = V.

Proof. Let By (respectively, By) be the Bongartz complement of U (respectively, V), and
set Ty = U® By and Ty = V @ By. Then, since Ty and Ty are 7-tilting modules, we
have that (T, 0) and (T, 0) are 7-tilting pairs. We have W(T'y,0) = J((Ty)ys) = J(U)
by Lemma(I0.6] and similarly W(T'y,0) = J(V). So, by Theorem[10.5 U = V. O

We now finish the proof of Theorem [[0.1]

Proof of Theorem[10.1} By Lemma [10.3] and Proposition we have W = Jw(U)
where U is either an indecomposable 7-rigid module or ¢ = P[1] for an indecomposable
module P which is projective in W. The result now follows from Proposition and
the fact that Jyw(P) = Jw(P[1]). O
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11. MorpHisMS IN 23, AND SIGNED T-EXCEPTIONAL SEQUENCES

The notion of signed 7-exceptional sequence was introduced in [4]. Such sequences
can be interpreted as factorizations of morphisms in the category W,. Our aim in this
section is to make a precise version of this statement.

Recall from [4] that an object M @ P[1] in C(A) is said to be support 7-rigid if M is a
7-rigid module in mod A, P lies in P(A) and Hom(P, M) = 0.

Recall also the following definition from [4].

Definition 11.1. [4] A sequence
(72) S=U, U, ..., U)
of indecomposable objects in C(A) is said to be a signed t-exceptional sequence if U,

is support 7-rigid in C(A) and (if # > 1) the subsequence (U, U>, ..., U,_;) is a signed
T-exceptional sequence in J(U,).

Examples of signed 7-exceptional sequences will be given in Section see also [4]
Section 6].

Theorem 11.2. [4, Thm. 5.4] For eacht € {1,...,n} there is a bijection ¢, from the set of

signed t-exceptional sequences of length t in C(A) to the set of ordered support t-rigid
objects of length t in C(\).

We have the following, noting that if A is 7-tilting finite then every wide subcategory
of mod A is equivalent to a module category, by Proposition {.2]

Corollary 11.3. Suppose that A is t-tilting finite, and let W be a wide subcategory of
mod A. Then for each t € {1,...,n} there is a bijection ¢"' between the set of signed
T-exceptional sequences of length t in W and the set of ordered support t-rigid objects
of length t in C(W).

Recall now the following fact from [4, Remark 5.12].

Proposition 11.4. [4] Assume that A is t-tilting finite. Let W be a wide subcategory of
mod A. Then the bijection ¢\ in Corollary is given by

(U, U)o (Fyy - Fp (U, Fy - F (W), .., U
where W, = W and W; = Jw., , (U1,) for all i.

To prepare for our main results in this section, we now state and prove the following
three lemmas.

Lemma 11.5. Let W be a wide subcategory of mod A, and let U, ..., U, be indecom-
posable objects in C(W). Then the following are equivalent.

(a) The sequence (U, ..., U,) is a signed T-exceptional sequence in W;

(b) There are wide subcategories Wy, ..., W, of mod A with W, = W, and maps g;\'(

fori=1,...,t such that the composition ngVJ; e g,\évli is well-defined in 2.

Proof. We prove that (a) implies (b) by induction on ¢. If + = 1 then U, is support
7-rigid in C(W), so there is a corresponding map gz: taking W; = W, and the result
holds for this case. Suppose the result holds for # — 1, and let (U, ..., U,) be a signed
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T-exceptional sequence in W of length ¢. Then (U, ..., U, ) is a signed T-exceptional
sequence of length  — 1 in J(U,). By the induction hypothesis, there are wide subcat-
egories Wy, ..., W,_; of mod A with W,_; = Jw(U,), and maps gg fori=1,...,t—1,

such that the composition ggi g%j is well-defined. Since U, is support 7-rigid in

C(W), there is a map g,VLV(t : W — Jw(U,) in W. The result follows, taking W, = W.
We prove that (b) implies (a) by induction on ¢. For ¢ = 1 the result is clear, so suppose
that the result holds for # — 1, and let W; and g,\z be as in (b). Since the composition

g,\z: g(\z:: is well-defined, (U, ..., U,-1) is a signed T-exceptional sequence in W,_,
by the induction hypothesis. Since gYLV(j = gYLV,’ is a map, U, is support 7-rigid in C(W),
and since the composition g\qui x g\rZ: is well-defined, we have Jy, (U,) = W,_;, giving
(a). O

Let W be a wide subcategory of mod A. For a signed 7-exceptional sequence
U,..., U, in W, we denote by E)N((Lll,...,ﬂt) the direct sum of the entries in
(pyv(q/{], ceey wt).

Lemma 11.6. Let W be a wide subcategory of mod A, and suppose that the sequence
(U, ..., U,) is a signed T-exceptional sequence in W. Set W, = W and W; = Jw,, (U;.1)
forall i. Then

Wl . o e Wt - Wf
Sy " 8, T Sgmiy,

Proof. We prove the result by induction on 7. The result is clear for t = 1, so suppose
that the result holds for r — 1. We have, using Proposition |1 1.4
W, W, _ W, Wi-1y Wi
gry] e g(u[ - (gru] e g%_])g%
Wi W,

g@,”ﬁ*‘(wl,...,w,q)gﬂf
_ W,
8 @ Wt )
— WI
= S,y
as required. O

Lemma 11.7. Let W be a wide subcategory of mod A, and let V be a support t-rigid
object in C(\W). If

=gl el
is a factorization of ng, as a composition of t irreducible maps, then t is the number of
indecomposable direct summands of V.

Proof. By Lemma|[10.3] the U; are indecomposable objects of C(W). By Lemma [I1.6]
we have

.....

SO
V=p"U,..., U),
and the result follows. O

We now prove our first main result of this section.
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Proposition 11.8. Let W be a wide subcategory of mod A, and let V be a support 1-
rigid object in C(W) with t indecomposable direct summands. Then there is a bijection
between:

(a) The set of T-exceptional sequences (U, ..., U,) in W such that o (U, ..., U, =

YV,
(b) The set of factorizations of gﬂ into compositions of irreducible maps in 2.

Proof. Given a sequence (U, ..., U,) asin (a), set W, = Wand W, = Jw,, ,(U;,) for all
i. Then the composition gzvl: e gzvl’ is well-defined by Lemma and equals gﬂ by the
assumption in (a) and Lemma By Lemma each map g{ is irreducible in 2.

Any factorization as in (b) must have ¢ factors by Lemma so must have form
gYLV,: X gYLVé = gﬂ. Given such a factorization, each U; is indecomposable by Lemma
and V = ¢(U,,...,U,) by Lemma[I1.6 Furthermore, (U,...,U,) is a T-exceptional
sequence by Lemmall 1.

It is clear that these two constructions are inverses of each other, and hence give bijec-
tions between the sets in (a) and (b) as required. O

Recall the following definition from [4].
Definition 11.9. [4] An ordered support T-tilting object in C(A) is a sequence
(1, Tw)

of indecomposable support 7-rigid objects in C(A) with the property that & ,7; is a
support tilting object.

Recall from Theorem [I1.2] that there is a bijection ¢, from the set of signed -
exceptional sequences of length 7 in C(A) to the set of ordered support 7-rigid objects
of length ¢ in C(A).

Theorem 11.10. Let W be a wide subcategory of mod A and V a support t-rigid object
in C(W) with t indecomposable direct summands. Then ¢, induces a bijection between
the following sets:

(a) Factorisations of g$ into compositions of irreducible maps in MWy ;
(b) Ordered decompositions of V into direct sums of indecomposable objects in
C(W).

Proof. By Proposition [I1.8] there is a bijection between the set in (a) and the set of 7-
exceptional sequences (U, ..., U;) in W such that EW((Lll, ..., U) = V. The result
now follows from Theorem [11.2] O

12. EXAMPLE

In this section we consider the following example. Let Q be the quiver

2
X
l—3
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and consider the algebra A = kQ/I where [ is the ideal generated by the path Sa. The
AR-quiver of mod A is

NN S
3/2 3\12/3\1
NSNS

where the notation indicates which simple modules occur in the radical layers of the mod-
ule, so N = , ! ;2 is a module of length 4, of radical length 2, and with top isomorphic
to the direct sum of the simple modules corresponding to vertices 1 and 2.

Figure (1| gives an illustration of the category 2,. The vertices are the sets of inde-
composable objects in each wide subcategory. A non-identity morphism gﬂ: W - W
(so that 7 is an indecomposable support 7-rigid object in C(W) and Jw(T) = W’) is
shown as an arrow between W and W’ labelled by 7. When P is projective in W we have
Jw(P) = Jw(P[1]), and there are two corresponding maps, g‘,’)’ and g;"[l] from W to Jw(P);
in this case we draw a doubled arrow labelled only by P. Wide subcategories of rank 1
have generally been shown more than once in the figure, and the corresponding vertices
should be identified.

One can read off signed r-exceptional sequences from this Figure [I] in the following
way. Choose a pathind A - W; — W,, where W, = {Z} is a wide subcategory with only
one object. Let X be the label of ind A — W, and let Y be the label of W; — W,. Then
(Z,Y,X) and (Z[1], Y, X) are signed t-exceptional sequences. Moreover, if there are two
arrows ind A — Wj, then a sign can be added to X, so e.g. (Z, Y, X[1]) is a T-exceptional
sequence. Similarly for Y, if there are two arrows W; — W,.

So (1,2, 3) is a T-exceptional sequence, and so are both (1[1], 2, 3[1]), (1,2[1], 3) and
(1,1,3), but (1, 1[1], 3) is not a T-exceptional sequence.

13. ADDITIONAL REMARKS

In [5) §5], the authors associate an abstract simplicial complex A(A) to A on the set
R of indecomposable support 7-rigid objects in C(A). We first give an interpretation of
some of our results in terms of this simplicial complex. A subset of R is a simplex in
A(A) if its direct sum is support 7-rigid. Thus the simplices correspond to the support 7-
rigid objects in C(A). By Theorem [0.1] such a simplicial complex can also be associated
to J(U) for any support 7-tilting object U in mod A; we denote it by J(U).

Recall that the link of a simplex U is given by:

linkay(U) ={V e AA): UNV =0and UU V € A(A)}.
The following is a consequence of Theorems|[I.1]and [I.2} ]

Theorem 13.1. Let U be a support t-tilting object in C(A). Then Eq; induces an iso-
morphism of simplicial complexes:

linkaca)(U) = AJ(U)).
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Thus links in A(2U/) can be interpreted as simplicial complexes associated to algebras
of smaller rank.
The following is a consequence of Corollary

Theorem 13.2. Assume A is t-tilting finite, and let W be a wide subcategory of mod A.
Let U be a support t-tilting object in C(A). Then 87% induces an isomorphism of simpli-
cial complexes:

linkaw)(U) = A(Jw ().

Theorems [I.4]and [I.5]state that these isomorphisms behave well with respect to taking
perpendicular subcategories in the sense of Jasso.

Secondly, we describe an interpretation using results of [6} [11]. Assume that A is 7-
tilting finite. Let W, W, be wide subcategories of mod A and suppose that W, C W,.
By [6, Thm. 4.12] and [11, Thm. 3.8], W, is a wide subcategory of mod A equivalent
to mod A’ for a finite dimensional algebra A’ (see Theorem [0.1). Since W, is a wide
subcategory of Wy, [6, Thm. 4.18] implies that there is a distinguished support 7-rigid
object wa in C(W;) such that Jy, (/\’wi) =W,.

We can then view the poset of wide subcategories of mod A as a category W, whose
objects are the wide subcategories of mod A and with

wa, if W, € Wy,

Homs+ (W{,W,) = )
mA( 1, W) 0, otherwise.

Composition of morphisms corresponds to transitivity of the partial order. The category
W, introduced here can be regarded as a refinement of the category W,. There is a
quotient functor from W, to W, which is the identity on objects and takes each gy‘ €
Hom(W,, W5) to X
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