The

University
o Of
+  Sheffield.

This is a repository copy of Performance study of the multiwavelet discontinuous Galerkin
approach for solving the Green-Naghdi equations.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/144977/

Version: Accepted Version

Article:

Sharifian, M.K., Hassanzadeh, Y., Kesserwani, G. et al. (1 more author) (2019)
Performance study of the multiwavelet discontinuous Galerkin approach for solving the
Green-Naghdi equations. International Journal for Numerical Methods in Fluids. ISSN
0271-2091

https://doi.org/10.1002/fld.4732

This is the peer reviewed version of the following article: Sharifian, MK, Hassanzadeh, Y,
Kesserwani, G, Shaw, J. Performance study of the multiwavelet discontinuous Galerkin
approach for solving the Green-Naghdi equations. Int J Numer Meth Fluids. 2019, which
has been published in final form at https://doi.org/10.1002/fld.4732. This article may be
used for non-commercial purposes in accordance with Wiley Terms and Conditions for Use
of Self-Archived Versions.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose o
university consortium eprints@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

Performance study of the multiwavelet discontinuous Galerkin
approach for solving the Green-Naghdi equations

Mohammad Kazem Sharifi&i, Yousef Hassanzad®lGeorges Kesserwa&nilames Shafiwv

a Department of Civil Engineering, University of Tabriz, Tabriz, Iran

b Department of Civil and Structural Engineering, University of Sheffield,fisteS1 3JD, UK

Abstract

This paper presents a multiresolution discontinuous Galerkin schembef@daptive solution of
Boussinesqg-type equations. The model combines multiwavelet-based grid adaptatiom with
discontinuous Galerkin (DG) solver based on the system of fully nanlarel weakly dispersive
Green-Naghdi (GN) equations. The key feature of the adaptation procedurecondaoct a
multiresolution analysis using multiwavelets on a hierarchy of nestésltgrimprove the efficiency of
the reference DG scheme on a uniform grid by computing on a locally refined agagidchis way

the local resolution level will be determined by manipulating multiwavelet coefficientottedtby a
single user-defined threshold value. The proposed adaptive multiwavelet disoastialerkin solver

for GN equations (MWDGSN) is assessed using several benchmark problems related to wave
propagation and transformation in nearshore areas. The numerical results demonstnatpribad$ed
scheme retains the accuracy of the reference scheme, while significantly getthecoomputational

cost.

Keywords: Multiwavelets; Discontinuous Galerkin; Boussinesg-type equationsen®laghdi

equations; Multiresolution analysis; Nearshore wave processes

1- Introduction

The Boussinesg-type (BT) equations have been used as an alternative to the fred=aleface

equations for modelling of propagation and transformations of waves in nearshord besastypes
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of applicationsusually correspond to the shallow water regime, where the horizontal lengtii ssal
large compared to the water depth sdaje so that the shallowness parametep is h3/1? < 1.
Neglecting all the terms of ordé(u) from the Euler equations leads to the so-called Nonlinear Shallow
Water (NSW) equations, whereas keeping them results in the simplest formegfuBfions While

this simple BT model is, in essence, weakly dispersive and only valid for long wavekhyith 0.75

(k being the wavenumber), better dispersive behaviour and more accurate BT models cavéd achi
by incorporation of more terms and related manipulatiofibe nonlinearity parameter is another
related identifier, which is defined as the ratio of the wave amplittale ®© the water depth scades

a/hy. Most of the BT equations impose a smallness amplitude assumptica @¢u?), which is too
restrictive for many applications in nearshore areas. Removing this assutnptilete = 0(1)) while
keeping all theD (1) terms, gives the so-called Green-Naghdi (GN) equdtforEhe GN equations
share the same characteristics of other BT models. However, they allow relative ease in computational

implementation, which makes them very favourable in coastal engineering applftations

To numerically solve various BT wave models, different approaches have been usedrbased
Finite Difference (FD), Finite Volume (FV), Finite Element (FE) and spectral exléfh The
Discontinuous Galerkin (DG) method is a more modern alternative for fhessahes, which exploits
the properties of the FV and FE methods. The DG method thereby provides fasterarme/eates
and better quality predictions on coarse meshes as compared to an equally accappieo&df!L,

DG methods are becoming increasingly popular in solving BT equétiofisHowever, the runtime
cost of DG methods is high, given their demands for storage and evolution of local degreedoon fr
within each computational cell and their restrictive CFL condition whenempypiith explicit Runge-
Kutta (RK) time stepping. These costs would even be higher when modelling vegagation and
transformation in coastal areas, where the multitude of spatial and tesgaieas further increase the

wave feature and complexity.

Classical Adaptive Mesh Refinement (AMR) techniques were initially usaal &tempt to reduce
fine resolution costs by adapting the mesh resoltftfdnHowever, it tured out that classical AMR

approaches bring about new issues owing to the inherently decoupled nature between the tmesh and
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numerical solutionin order to control grid refinement/coarsening, AMR methods usually eiiger u
Richardson extrapolatidhor heuristic criteri®, which gives no information about the errors related to
the adaptation process, making the effectiveness of an AMR approach subjguistersori error
estimate®¥. Moreover, most of the available AMR developments lack a general adaptivity, ssmsor
that they either need separate criteria for refinement/coargefiing problem specific critert&?°® or

are reported to be highly dependent on the type of refinement éfitétiso, deploying a classical
AMR method dictates extra corrections in the numerical scheme to address the losH- of

balancedness property for the case of the NSW equ#tfois

Multiscale methods based on the Multiresolution Analysis (MRA) of wavelets provide a
alternative that can preserve the quality of numerical methods on adapsiiedh®. Theoretical
analyses show that only an error threshold value is needed with this category veastapéers in
order to bound the accumulated errors and preserve the accuracy of the reference uniform solver at the
finest resolution grit?+*. Initially, this concept has been particularly verified with FV solvers, which
later appeared to give marginal computational savings and introduce unacceptalggréasger low-
order schemes. Therefore, the combination of DG methods with Multiwd¢éMi&/’s) has emerged
recently. MWs preserve locality in line with the local and accuratetstie of the DG method, which
enables greater compression rates alongside small computational stencil compared tts. wavele
Compared to the classic AMR methods, multiscale-based methods have been shown tagdribit

compression rates and more gains in CPU“ftte

The MW-based DG solvers have been successfully used for adaptive modelling 8f*Ettiend
NSW equation§°, suggesting that just by the use of a single threshold value, the adap\ié&M
solver keeps the accuracy of the adaptive solution in the same order as the aufctiraayniform

solution, while reducing the computational cost.

Among the few existing works on wavelet-based grid adaptation for solvingd8li€lsy Smith et
al®® extended the Haar Wavelet-Finite Volume (HWFV) model of M#iles the case of weakly

nonlinear, weakly dispersive model of Madsen and Sgréhs&heir analysis reported good
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performance of the wavelet adaptation process, but also reported on instabitieasrwith fine

resolutions, linking them to the treatment of the third spatial derivative in the BT crguati

This work, therefore, presents a first exploration of MW-based grid adaptatid@ineshwith DG
discretization for modelling the GN equations (denoted hereafter by MWDG-GN). Aimgxiniform
mesh DG solver for the GN equations ([BBH!! is extended to adaptive form, following the MWDG
method introduced in Kesserwani et ahpplied to the NSW equations (MWDG-NSW). The behaviour
of the adaptive MWDG:5N solver in modelling different levels of nonlinearity and dispersion related
to wave propagation is studied from both accuracy and efficiency point of view. The suitable range fo
the threshold parameter to reach the same quality of the solutions as the i@ solveris also
identified. The rest of the paper is organized as follows: In Sectionl&iefty recall the governing
GN equations and in Section 3 the main ingredients of the uniform DG-GN sodvertraduced.
Section 4 describes the main ideas behind the MRA, and Section 5 explains the details of the MWDG-
GN solver. Section 6 presents a series of numerical experiments that detmaadhstedficiency of the

MWDG-GN solver. A summary of conclusions is presented in Section 7.
2- The Green-Naghdi (GN) equations

The one-dimensional (1D) GN system can be cast as the conventional NSW equationsd¢ombi

with source terms accounting for the dispersive effects, in the following conservativé form

8,U + 3, F(U,2) = $y,(U,z) — D(U,2) )
h , 1 0 0
U= [q] F(U,z) = [% +%gh2], 50D =|_gppr] PUD=|p| @

whereU is the vector of flow variables i.e. water depthnd discharge = hu, F represents the fluxes,
z is the topographyg refers to the gravitational constant &dis the topography source term. In this

formulation,D denotes the dispersive source term, @ifhdefined as
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Dc - _Eg x( +
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-1r1 -
[+ aTlhy]] " | 970S +R(2100 + 92:() + 925 ([1 + @Tlhy 1] ™ (9h2:0) )|

whereu(x, t) is the horizontal velocityy, corresponds to the undisturbed state, t) = {(x,t) + h,,
is the water height{(x, t) stands for the free-surface elevation a() is the variation of the bottom
with respect to the rest state (Fig. 1), arislan optimization parametérThe differential operato,

andQ, are expressed as follows:

4
Q,(u) = 2hd,h(9,u)? + §h26xu(6,§u) + hd,z(0,u)? + uho,u(92z) + u?0,{(92z)

4)
h
+-u?(032)
2
h 2
0,(9) = — (0G0z +5022) 08 ©)
For a given scalar functiom, the second-order differential operdibrs defined as:
Ry o (W 5 w
Tlhylw) = — =20 (E> — h20,hy0, (h_b) (6)
and@; admits the simplified notation:
1 h? — h 1
ng=g@whm@@w+ 3b%W—g%@LW@W 7

3- Theuniform DG-GN mode

The 1D computational domai@ = [xin, Xmax] 1S divided into N uniform and non-overlapping
cells {I;}i=1,y With cell I; = [x;_1 5, Xi141/2] having sizeAx = x;41/, — x;_1/, and centreAx =
(xi+1/2 + Xi—1/2)/2. Eq. () is approximated with a modal DG discretization with polynomials of

degreep. LetV}, be

V, = {v e L2(Q):v|;, € I,(I),i = 1,...,N} (8)
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wherell,(1;) is the space of polynomials of degree at nmosh /;. Here, Legendre polynomials will

be used, define as (e.g. o | < 3):

1 1
Po($) =1, Pi(§) =8, P(E)= 5(352 -1, P = 5(553 —-38) (¢el-11D )

which are compactlyupported on [-1,1], inherently discontinuous, and orthogonal for tR@drm

based on the following inner product:

(f, 9o = fﬂ F(©)g()de (10)

The L[2-orthonormal basisp;(¢) can be defined by normalizing,(¢) for the [>-norm such that
(91, 01)12(q) = 6yy7, Whered is the Kronecker delta. Since the reference domain gpdnd], the

orthonormal basis®*

2l+1

S—P) ¢ el-11D (11)

() =
Accordingly, two sets of basis functions will be defined over the primal basis®; =
{QDI',O, @iy (pi,p}! and the dual baS@i = {(pi,O' @i,l' ey @i,p} 41,

<Pi,l(x) (12)

@i (x) =V2¢,(§) and @;(x) = Ax

The primal and dual basis are chosen so that they are biorthogonal
(@1 @i 1 )iz) = 6116y 1 (13)

To get arFE local weak formulation, Eqg. (1) is multiplied by a test function $etkas the dual basis

@1, then integrated by parts over the control volupte give:
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f 0,Un(x, )@, (x)dx — f F(Un (x, 6))0, 3, ()dx

I; I

+ [F (Uh(xi+1/2: t)) Piy(xXi41/2) — F (Uh(xi—l/ZI t)) @i,z(xi—uz)] (14)

- f Sy (Un (%, £), 20) @1 (x)dx — f D (Un(x, £), 21) Giu(X)dx

I; I

in which, U, D, andz, are local approximations df, D and z, which are also spanned by FE
expansion coefficients, arfflis a nonlinear numerical flux function based on an HLL approximate

Riemann solvéf. OnI; the local solution can be expanded using the primal bagias

Un(Cx, O, = X Uiy (D@ (x) x €l (15)
Dy (x, )}, = ?:0 D; ()i, (x) (x €1l (16)
zn(x, )y, = o Zi ()@ (x) (x €1;) (17)

whereU; ;, D;; andz;, are time-dependent expansion coefficients. These initial states are obtained by
projecting a given initial condition onto the dual basis. The local-d&uniete DG formulation for each

I-th coefficient of polynomial accuracy over a celteads:

+1
0 (U, (0) = - Y2+ [FH_—(—l)lFi_%]— f F(Uh(xi+§%,t)> (6[1;1?)]) "
-1

1
Ax 5

(18)

+1

— [ 5o (un (r+ £56).m) PO)E |~ DO

-1

Here, piecewise linear polynomial basis (i.e. | = 0, 1) are chosen, resulting imd seder DG scheme,
hereafter called DG2. The local integral terms are computed by the twioGaniss-Legendre rule and
time integration is achieved by locally applying a 2-stage explicit Ri¢ stepping scheme to solve
the ODEs in Eqg. (18) with a CFL number less than 1/3 for stability. In ordmmistently discretize

the higher order derivatives in dispersive terms, the so-called Local DisaugiG&alerkin (LDG)



135  approacPf is used. The complete explanations regarding the DG solving procedure e.g. slope limiting,

136  wetting/drying and solving the dispersive source terms can be found in Sharifiah et al.

137 4- Multi-resolution analysis

138 Considering the reference interval [-1,1], a hierarchy of nested g{mﬂ)szom...,znq with

139  increasing resolution = 0, 1,2, ... is defined by midpoint sub-division of the reference interval, i.e.
140 I =[-1+27"*1,—1+27"*1(j + 1)]. On each sub-intervdl® at resolutionn, any continuous
141 function is approximated as a vector spgfedenoting the space of piecewise polynomial functions of
142 degree at most p. The spadgs have degrees of freedo2?t(p + 1) and form a nested structure of

143  closed subspaces (Fig. 2)

VWecvVlc...cyrc-. (19)

144  For the Legendre polynomials used in the DG method (Eqs. 1&-£7{¢,, ¢4, ..., ¢, } consisting of
145 p+1 functions spanning the spadg0 on [-1,1], it is possible to obtain the basiy' =
146 {go}-fo,go}-fl, ...,go}-fp} containing2™(p + 1) functions, spanned over a sub-spgfesupported o, by

147  translation and dilation @b *%

— 2 ; — P
Pfi(x) =229 2"x+1)—-2j—-1), 1=0,..,p, j=0,..,2" =1, x €I (20)

148 in which j denotes the translation or shifting factor over sub—intel{vf’ﬂ%_o L L and2" is the

2" -
149  dilatation factor. Functiong; are called scaling functions. By considering the nested property (Eq. 19),

150 the multiwavelet sub-spadt,;* can be defined as the orthogonal complemeﬁfdhsidelé,”“, i.e.

Vpn@]/l/pn — Vpn+1 (21)
151  such that/* L W,* and W, c V;**1. The orthonormal basi#}, comprisesp + 1 polynomials¥ =
152 {ll)o,llll, ---Jl’p} defined on [-1,1] also known as multiwavelet Legendre polynomials (Fi¢'°3}’

153  Similarly, spacell;* is spanned by function;* = {zp}fo,zp}fl, ...,w}fp}, obtainedby translation and

154 dilationas
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Pi(x) = 2" 2p,2Mx+1)—2j—1), 1=0,..,p, j=0,..,2"—1, x€ I (22)

Using functionSpj"l, any arbitrary functiorf € L2(—1,+1) can be reconstructed or decomposed across
multiple scales of resolution. This is because by recursively applying Bgl§2tan be decomposed

into a singlel/;}’ space along with a sequence/df.

V=1 oW, ew, ® - oWt (23)
The orthogonal projection ¢f(x) ontol}* takes the following form:

2"-1 p

B'fx) = Z Z Sjn @i (x) (24)

j=0 1=0
where P} is the projection operator. Eq. (24) gives the so-called single-deatamposition of the

approximate solution on level n. The single-scale coefficisfitscan be derived from &lprojection

onto an orthonormal basis:

—1+27"1(j+1)
S = (f, @Ty) = j F) @l dx (25)

_1+2—Tl+1(]')

Note that, for any’ € 1%, the following relation hold$:

P =f (26)
It is also possible to exparfidy deploying multiwavelets as

2h-1 D

Q) =P =B = ) ) dfiyo) (27)

j=0 1=0

where the detail coefficients are obtained from

—14271(j+1)

n =< = | FOOUfdx (29)

_1+2—n+1(j)

Recursive use of Eq. (27), leads to multi-scale decomposition of f on level n



Bf) =B )+ Q07 () =R )+ Q) + Q7 f(x) =

n-12m-1 p (29)
= RGO + z Opf () = zsom(x) £ Z P
m=0 j=0 [=0

166  The single scale coeﬁicienﬁs&l}io represent the information on the coarsest level mwhie detail
167  coefficients{d]";} carry multi-scale information, or fluctuations of the solution whicladied to the
168  lowest-resolution information, enrich it up to level n of resoluion

169 4-1- Two-scaletransformation for down- and up-scaling local infor mation

170 In order to reconstruct or decompose the local solution expansion between cvessste
171 resolution levels, a two-scale transformatgambe derived. Without loss of generality, the two-scale
172  transformation is considered between levels man@® m = 1 The so-called Quadrature Mirror Filter

173 (QMF) coefficients will be used in decomposition and reconstruction steps, aneicf two type¥:

174  low-pass filter coefficients (derived from scaling functions), and high-pass ditefficients (derived
175  from multiwavelet functions). The low-pass filter coefficients are definéd;,as (¢1,¢}r) (=01,

176  r =0, ...,p). Considering1y, we will have:

+1
R, = {0y 9hy) = f 91000k, (X)dx =2 f 0109, (2% + 1dx (30)

177  in whichx € [—1,0] comes from the fact that,(2x + 1) is nonzero only if(2x + 1) € [—1, +1].

178  Accordingly, by changing the variables the following holds:

0
hi, = (§01,<P(1),r) = \/Ef @ () ,2x + 1)dx
-1

\/—jﬂ‘pl = )(pr(y)dy ~ EWG(pl (x _ 1) or(Xg)

179  where the Gauss-Legendre quadrature rules are deployed to compute the integral. Simhé,;ly, for

(31)

1
B = (ou o) = V2 f P19, (2x — Ddx (32)
0



\/_f+1 <pl y+1 )(pr(y)dy ~ _Z Weo, (xc + 1) 0.(20)

180 Based on multiwavelet functiong, € Wy, | = 0,...,p, the relationW, c W} leads tog; € W}

181  Therefore, following the same procedure, the high-pass filter coefficients will vedas:

14
Z T e PRES (33)
Xc+1 (34)
z ( )‘Pr(xa)
182  Now, in order to define the multiwavelet decomposition, Eqs. (20{25)dwill result in
4
S = @p) = ) kst + hystia) (35)
r=0
183  and in the same manner,
P
d},ll_l = Z(gl?rsgj,r + gll,rsgj+1,r) (36)
r=0
184 inwhichl =0,..,p,j =0,...,2" 1 — 1. By forming matrices
H,={n}} G,={g}, b=01 iil=0..,p (37)
185  and introducing the following vectors (fpe= 0, ..., 2" — 1)
T
= (S}:lo S]?:lp)
(38)
T
dr = (dfo - diyp)
186  the decomposition relations in Egs. (35-36) can be reformulattd as
S}l_l = Hos;lj + Hls;lj+1 (39)
d}l_l = Gos;lj + Gls;lj_l_l (40)

187  Now, left-multiplying Eq. (39) b} and Eqg. (40py G¢, then summing them would result in
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Hys/ ' + Ggd!' ™" = sJ; (41)

and in the same way, multiplication Hif andG] leads to

His'™ '+ Gid]™" = s}, (42)

In summary, Egs. (39-40) and (41-42) define decomposition (also called multi-scalerinatisin)

and reconstruction (also called inverse multi-scale transformation) formulas, respectively

5- The Adaptive MWDG-GN model

In order to combine th®G-GN solver with the MW-based grid adaptation, the multi-resolution
analysis introduced in Section 4 is applied to eachicell the baseline gridThe DG formulation of
multi-resolution scheme follows the same procedure as the non-adaptive case g3ekhtimmever, in

the adaptive framework the computational domain would be a heterogeneous grid comprised of
selectively chosen resolution levels of the grid hierarchy (see Sectigmb&hich the time evolution

is actually performed.
5-1- Local multi-scale DG formulation

Therefore, each ceIIIi=[xi_1/2,xi+1/2] is recursively subdivided int®"™ sub-intervals

{I{Lf}j=o,1,...,zn-1 in a way that each calf; = [x;_1/, + Ax™j, x;_y /, + Ax™(j + 1)] would have the

local resolution-dependent size/f™ = 27"Ax, centred byt = x;_1,, + Ax(™(j + 1/2). In this

notation, the sub-indek is introduced for referring to the respective baseline cell. Also, si&ke D
approximations and scaling function expansions are composed of the same basis funeteoisath

direct relation between them. By considering the baselind;cel[a, b] and denoting\x™ = (b —
a)/2™ as the mesh size on levelandx = a + (j + %)Ax(n) as the centre of cell', using Eq. (2

the global DG approximation éfie solution on the domain can be expanded as:



2"-1 P 2"-1 P

Up(x,t) = Z Zu(n)(t)%(f) = Z ZU(n)(t)€0l <A ) (x - )>
7=0 1=0 =

21 p n+i
Z Z U (), ( (- -2 - 1) (43)
21 p nZn—l p
=Y DU Oa@ e+ D=2 -1 =272 Y Y UPOR)
j=0 1=0 j=0 1=0

207 inwhichy = -1+ 2(x — a)/(b — a). On the other hand, over the reference domain [-bdded on

208  properties of Egs. (24) and (26), it holds that

2"-1 p

Up(x,t) = PMUL(x,t) = Z Z st () (44)
j=0 1=0

209  Therefore, Egs. (43) and4) will lead to

2720% = g, (45)
210  which gives the relation between DG and single-scale coefficients.
211 5-2- Resolution adaptivity
212 In order to select the appropriate resolution levels to form the adaytd, a selection process is

213  applied on the multiwavelet coefficients resulting in a set of the significaaitddenoted bysD €
214 {(i,s,m),0 <i < N,0 <s < 2™ — 1}, which will be used to determine those sub-cells across the
215  different resolution levels that need to be active within the adaptive gathdnwords, the set of active

216 cells{I]% will merge as i s myesp{li} = [*min, Xmax]- TO clarify this concept, if we express

(i,s,m)eSD
217  the local polynomial approximation of the flow vectly, over a cell; ; in the form of the multi-scale
218 decomposition up to a highest resolutio(En. 29) with coefficients?, , andd}:, (index i refers to

219  the baseline cell), respective detail coefficients at a resoluticin, i.e. d/;;, would become

220 increasingly smaller with increasing level of spatial resolutiovisen the underlying function is

221  smooth. In the opposite way, if discontinuities are present, the details usuallgigsidicant for
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increasing refinement levét€ This property enables us to select the active cells by comparing the

magnitudes of these details with a user-specified threshold value.
5-2-1- Thresholding and prediction

To apply the thresholding, a prescribed vatusill be defined by the user, based on which the
level-dependent threshold valgg = 2™ "¢ is introduced. The detail coefficient; ; whose absolute

values, scaled with the maximum value of the solution, fall bejowvill be discarded from selection,

|(disl r
m £ S,
m o _ Jdie; i max > &m
m S, 1205 { m } (46)
i,s,l m m r
i,5,meSD ax i,s,mae)gD (Ul,s,O)r 1
0 else

in which (U}_’;,O . is the average coefficient of the respective conserved quantitycell I7. This

procedure is called hard thresholding. Also, since the flow field evolw@sén after each evolution
step, adaptivitys performed to update the grid at the new time level. To guarantee that riizasigni
future of the solution is lost at the new time level, a predictiem will be further applied on a selected

set of significant details, in which the following constraints are consitféfed

1- On account of the finite speed of propagation, the details in a local neighbourhtagame
level) of a cell with significant detail may also become significant witiie time step, and
will be refined subsequently.

2- Formation of shocks may steepen the gradients, resulting in significant dethigher levels.
Therefore, another constraint with the criteri?f{*'e,, (M = p denotes the number of
vanishing moments of the multiwavelets) is introduced, according to whialeths at the
higher level m + 1 will be set as significant.

3- The set of cells characterized with significant details possess akeestrlicture; i.e. if a cell
in level mis detected significant, all its substructure cells on loggaiution levels are set as

significant, regardless of the thresholding based on their respective details.

5-2-2- Adaptive MWDG-GN algorithm
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In order to apply the adaptivity procedure, first the initialization is performed in ltbeifog steps:

1-

2-

3-

The initial gridis formed by projection of the initial data on a fully refined gridheg finest
level n (Fig. 4(a).

The multi-scale transformations (Egs. (39)4re applied to determine the detail coefficients
on levelsm =0, ...,n — 1 (Fig. 4(b).

Initial hard thresholdings applied to obtain the initial set of significant details (Fig. ¥(c)

After the initial significant details are determined, the main steps of the computatqrerfarmed in

the following steps:

4-

5-

8-

The prediction step is performed based on the available set of significant details.

The inverse multi-scale transformations (Egs. (41-42)), will be recursiveledpptoceeding
level-wise from coarse to fine, in order to refine those cells flagged asicghifrom the
previous steps, and also determines the respective DG coefficients (FigAd(thy end of

this step, the active cells which form the appropriate multi-scale adaptivargriletected. The
RKDG calculations will be performed over this grid.

The RKDG evolution is performed, following the same procedure as the non-adaptive RKDG.
The only difference is the slope limiting. As previously stated, by choosinigedle threshold
value the grid is refined up to the finest level near discontinuities and if tteoadk locally
smooth, we expect the grid not to be refined up to the finest level in this region. Thigyproper
has been used as an additional indicator for the limiting process such tlaitthg process

is only applied in cells on the finest level n.

The multi-scale transformations (Eqgs. (39-40)) will be applied agaidefoomposition of the
RK-updated solutions.

The new set of significant details is computed by hard thresholding.

Steps 4 to 8 will be performed in the main time loop of the computations.

5-2-3- Considerationsregarding well-balancing
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To justify the well-balancing property, some considerations are applied in theivéagapt
proces®4% Since the topography, as opposed to the flow variables, does not evolve in tirtie, a sta
(but not necessarily uniform) grid is considered for it. The correspondiraj significant details of
the topography is then added in each time step to significant details of thaflables as an additional
constraint to the coarsening and the refinement procedure. Moreover, since depth is a poorafdicator
regularity/complexity of the solution, in all the steps involved in the adgpprocess (except for
RKDG evolution) the conserved variables vector must be rearrandke-da + z, q]7, so that water

surface elevation is analyzed by the multiresolution transformations, instead of flow depth.

6- Numerical results

The main idea behind the adaptive MWDG2 approach is to increase the computatioiealcgffic
of the reference DG2 scheme without losing accuracy. To daatbiimice of the threshold valueis
needed: a too large threshold would spoil the accuracy of the solution astaofedwininating
additional error, while a too small threshold leads to over-refinement and eedffti With NSW
equations, a threshold value ranging between10~2 ande = 1073 is found to be enough for the
adaptive MWDG2 solver to yield an appropriate balance between accuracy and effi¢fefroyr a
wave with dispersive behaviour, the use of BT equations generally didteteseolutions to resolve
more complex physical features of interest, and also higher computational costs comp&®&aul t
equations. To find out the effects of these characteristics, the choice fiatdestzinge for the threshold
value is here re-investigated for the GN solver for tests consideripgapagation and transformation
of solitary waves. The solitary waves can be considered as a balance betweentkarnitgrdind the
frequency dispersion that maintains the permanent waveform. These waves have bedy geeeral
to model certain behaviours of nonlinear long waves, such as the leading vwsweaohis and storm
surges. Moreover, due to their locality, they are more likely to benefit frahadédptation, compared
to periodic waves. The first test provides an analytical investigatioregbrttpagation of a solitary
wave over a flat bottom, where convergence and thresholding criteria are anBhesether test cases
show the capability of the proposed MWDG-GN model compared to experimental data wi&h wav

transformation. The second test depicts the interaction of a solitagywitiva mild-slope beach and



297 the third tesdeals with the interaction of two solitary waves. In all the testsholundary conditions
298 are imposed based on solid wall, inflow and outflow boundary and the optimipatiameter of the
299  GN equations is set @ = 1. Regarding computational efficiency measurements, it should be noted

300 that all the simulations are performed on a 3.6 GHz Intel i7 quad-core processor.
301 6-1- Propagation of a solitary wave

302 To identify and analyse the properties of the MWDG-GN solver, the propagat@olitary wave
303 over a flat bed is considered. The wave has a finite amplitude and pern@anen¢sulting from the

304 balance between nonlinear and dispersive effects, and has an exact solutiongiven by

V3a
2hgJho + a

h(x,t) = hy + asech? (x — ct)

(47)

utot) =c (1 B h(Z?t))

305 wherehy is the initial local water deptla, the wave amplitude and= ./ g(h, + a) the wave speed.
306  The solitary wave propagates in a 200 m long domain over a constant water dgpth bin, and its
307 wave crestisinitially centred 8§ = 50 m. This wave is moderately nonlinear with a relative amplitude

308 ofa/hy=0.2.

309 The adaptive MWDG-GN simulations are performed ug to30 s for a range of resolution
310  settings, where each setting is defined by the pairl{fNwith N, and L indicating the number of cells
311  of the baseline grid and the maximum refinement level, respectively. Timgseite taken by fixing L
312 =7 and considering different size for the baseline gedN, 2, 3, 4 and 5, yielding grids with a
313  maximum of 128, 256, 384, 512 and 640 cells, respectively. On these fine unifornsignidations
314  using the DG-GN solver are also carried out to enable a relative comparisonm@icy and efficiency

315 for adaptive MWDG-GN solver over a range of threshold values betsveeh0~> ande = 1072,
316 6.1.1Choice of the threshold value with the adaptive MWDG-GN solver

317 The accuracy of the adaptive MWDG-GN scheme is measured using the normakzentd of

318  water height h and discharge hu based on the following formula
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(U-UT)2Ax
Lzerror = ‘W (48)

whereU; is the analytical solution based on Eq. (di§iAx; denotes the grid size on the finest level
of resolution. Fig. 5 shows the water depth (Fig. 5(a)) and flow discharge (Fige(&iy computed
att = 5s with both MWDG-GN and DG-GN solvers for all the settings except the chanse with
{1,7}, which was not included to save space. With increasingly finer resolutibe aniform DG-GN
solver, the adaptive MWDG-GN solver requires increasingly smaller threghloles to keep the same
error magnitudes. As compared to a NSW solver for numerical modelling of nonstispigows, a
GN solver necessitates finer grid resolution to ensure capturinglispgrsive and nonlinear featutes
This implies that the adaptive MWDG-GN solver would require smaller thidshbles compared to
an adaptive MWDG-NSW solvEr*®to accommodate finer resolution needs. For this test wheres
near10~1!, settings {3,7}-{5,7} are identified as appropriate for the adaptive MWDG-GN saiver
combination with threshold values in the neighbourhoad=ef10~*. This seems to suggest a threshold
value ¢ that is at least 2 to 3 orders of magnitude smaller thanto meet the uniform resolution
accuracy required for an equivalent DG-GN solver, in line with an increase in relative waitadanpl

a/hg.

To evaluate efficiency of the adaptive MWDG-GN solver with referencbedsame range of
threshold values, its compression rate (decrease in the number of cells skieftavavelet adaptivity,
in percent) and speed up ratio (CPU time ratio of uniform to adaptive gorersneasured after
completing the full 30 s simulation. Fig. 6a and Fig. 6b show speedup and compression ratthagainst
threshold values for settings {3,7}-{5,7}, both showing an increase in speediapmdtcompression
rate with decreasing threshold values. In the neighbourhoed-af0~*, the observed speedup ratio
with setting {5,7} shows maximum efficiency (around 30 times) while setting {3,7} smowsnum
efficiency (around 18 times). Nonetheless, compression rates are noted to be consistently ttleser,
range of 75-80%. These suggest that more costs are entailed due to wavelatyadepthead with
decreasing size of the baseline mesh. Overall, a threshold value areub@* is an appropriate

choice in this test for the adaptive MWDG-GN solver to preserve the accuracyegfuivalent DG-



344  GN solver on the finest uniform resolution accessible ¢gaitiaptive MWDG-GN solver, while being

345  up to 30 times more efficient to run.
346 6.1.2Mesh convergence analysis of accuracy and efficiency

347 To quantify the extent to which the adaptive MWDG-GN solver convergés tiform DG-GN
348  solver, an error convergence analysis is performed considering both accuracy &rcgffleccuracy
349  convergence is evaluated by plotting tieetrors of water height (Fig. 7(a)) and discharge (Fig. 7(b))
350 against the finest grid sizes corresponding to settingd§Nrom {1,7} to {5,7} and computed at time
351 t=5s. The uniform DG-GN solver delivers optimal convergence rates in the orgéy, @ind the
352  adaptive MWDG-GN solver is observed to converge to the same asymptotic behatimuumform

353  solver showing slightly larger errors with coarsening in grid resolutioierms of efficiency, the same
354 L2 errors are re-examined but with respect to the maximum number of cellsceiniahe adaptive
355 MWDG-GN and the uniform DG-GN solvers at the same output time t = 5 s (Figs 8ambe seen
356  from Fig. 8, the rate of efficiency convergence of the adaptive MWDG-GN model isfasiehthan

357 the uniform DG-GN solver in terms of yielding errors of the same dndiewith considerably fewer

358 cells.
359 6.1.3Qualitative comparisons and analysis of refinement levels
360 The predicted numerical profile of the solitary wave at different instantgy ubie adaptive

361 MWDG-GN model with the two settings {3,7} and {5,7} are compared with the exactaolatid the

362  predictions associated with their equivalent uniform DG-GN solvers (see Hig.odjler to distinguish

363  possible difference among the adaptive and uniform solver predictions, only zoom-in portions near the
364 wave crest are plotted in the sub-figures forming Fig. 9. For setting {5,7}, whHimlvsaup to a

365 maximum of 640 cells, the adaptive MWDG-GN and uniform DG-GN solver gifeds are seen to

366  provide the best agreement with the exact solution throughout the 30 s simfaticgetting {3,7},

367 the maximum number of cells within the adaptive and uniform solvers is roughlgdhalhich is

368  probably the main reason why these solvers consistently provided slightly poosmeagtrevith the

369  exact solution. In particular, by t = 20 s (Fig. 9c), discrepancies become #isdly and eventually
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intensify, byt = 30 s (Fig. 9d), to form small amplitude (unphysical) tails. This deficiencytddtac
setting {3,7} could be indicating that the finest grid resolution allowedhiyy setting, i.eAx;, =
0.52 m, may not be enough for the unifo-GN to fully capture the wave nonlinearities at a relative

wave amplitude close w/h, = 0.2 11, hence for the adaptive MWDG-GN solvers too.

To analyse resolution prediction ability of adaptive MWDG-GN solver, Fig. L6tidtes the
associated spatial refinement levels in line with the free-surface elevatienghe full domain,
considered at the same output times as in Fig. 9. For both {5,7} and {3,7} settings, tieddapD G-
GN solver is found to favourably select the finest resolution (i.e. at axémam level L = 7) around
the crest of the solitary wave. Therein, a wider extent of fineugsolprediction (i.e. so-called over-
refinement) is observed with setting {3,7} than with setting {5,7}, and this cantbibustd to the
aforementioned discrepancies in terms of small amplitude tails at t = 20 s &ddstthat could have
exaggerated wavelet coefficients, thereby causing spurious over-refinement. In theakegidescent
flow, the adaptive MWDG-GN solver selects the coarsest resolutiongligsIL = 1 to 2) in both

settings

To further analyse the efficiency of the MWDG-GN solver over the full 30 slatmn, its
instantaneous number of cells have been recorded. Fig. 11 shows the time variation of the number of
cells used by the adaptive solver for both settings {5,7} and {3,7}, as well as thentaedtaumbers
entailed in their associated DG-GN solvers. As previously shown in Fig. 6, timg §8t#} is found
less efficient than the finer setting {5,7} despite havdrgpmpression rate of the same order. Fig. 11
further shows that these similar compression rates hold during the ful keithe simulation, with the
number of cells in the adaptive grid being about 15-18% of the number of rcele iuniform
counterparts, for both settings {3,7} and {5,7}. The relative decrease in efficietitgetting {3,7} is
likely to have been caused by deficiencies observed previously in Fig. 10diteailing unphysical
fluctuations), which lead to over-refinements therein, in turn causing extra sestsaded with wavelet
adaptivity overhead. In can be therefore concluded from this test, that choogihgsatting, even if
based on finer resolution, is central to meet both accuracy and efficiency nésdstiveé adaptive

MWDG-GN solver.
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6-2- Run-up and run-down of a solitary wave over a sloped beach

To examine the performance of the adaptive MWDG-GN model in dealing wittirw&onts and
topography, it is also tested for solitary wave run up on a sloping beach supported by rinecekge
work of Synolaki&. The computational domain consists of a channel with the initial free-surfac
elevation ofl m approaching a sloped beach (1:19.85). In order for the solitary wave toidiyinit
located in the channel, the computational domain is extended to 77 m, which is lamgeretictual
experiments (Fig. 12). Here, a solitary wave with a non-breaking wave with nggdinearity is
selected, which has a lower relative amplitude than in testphl, (= 0.019). Based on the domain
size, the adaptive MWDG-GN model is run foe= 25 s using a setting {4,7}, which allows up to 512
cells @x; = 0.15 m). The uniform DG-GN simulation is also run on the finest resolutiorntg@tiow
for a relative comparison. Following the observations in test 6.1, the followieg thireshold values
are selected and tested with the adaptive MWDG-DG salver:1073,¢ = 5x 10~*ande = 10~*

(i.e. being 2-3 orders of magnitude smaller thap and in the neighbourhood ©0~%).

The numerical free-surface elevation profiles produced by both MWDG-GN and D&3l@éts
at different (normalized) output times = t(g/h,)'/? are compared in Fig. 13 with reference to the
experimental profiles of Synolakfs The wave profiles computed by the adaptive MWDG-GN solver
closely match the profiles computed by the uniform DG-GN on the fine grid, kehilaining in a good
agreement with the experimental data during the run-up and run-down phases. Usinglmesitieid
values ¢ = 5x 10~*ands = 10™*) only makes improvements in certain areas of the flow, e.g. the
wet/dry front at run-up phase &t = 45. In other areas, the adaptive ND@-GN solver predictions
based on the largest threshold vakues( 10~3) found similar to those relative to the smallest threshold
(¢ = 107%). With e = 1073, the MWDG-GN solver used lower resolution levels while preserving
close predictive accuracy even with sma#ieand hence is here the most efficient option. Outside the
vicinity of the wet/dry fronts, during the run-up and run-down phases, the adaptive MW DsBHzEN
predicted relatively coarde-moderate resolution levels, varying between L = 2 to 4. For this test, all

adaptive MWDG-GN solvers did not excessively use the finest resolutioralexeid the wave crest



423  Dbarely. This can be attributed to the relatively weak nonlinearity of tiiargolave in contrary to the

424  moderately nonlinear wave explored in test 6.1.

425 To analyse the efficiency of the adaptive MWDG-GN solver in relatiorh@ochoice of the
426  threshold value, the time evolution of their mesh &zsotted in Fig 14, which also contains the size
427  of the uniform grid relative to the DG-GN. This figure reinforces that 103 provides the most
428 efficient option with the adaptive MWDG-GN solver: it consistently activatednd 8% (i.e. 45 cells)
429  of the cells accessible to it, while delivering predictions as close astitbe adaptive MWDG-GN
430  solvers and the DG-GN simulation using 512 cells. Witk 5 x 10™* ande = 107%, the adaptive
431 MWDG-GN is seen to activate higher cell percentage. However, the percentagesofelts required
432  did not exceed 18% in this test, everm at 10~*. In terms of speedup, it is found between 30 to 55 in
433  this test, which is expected given the weak magnitude of wave nonlinearitysardidpersive effects

434  as compared to test 6.1.
435 6-3- Head-On Collision of Two Solitary Waves

436 A final test is introduced to study the behaviour of the adaptive MWDG-GNrseWen there are

437  more than one solitary wave propagating, each featured by a higher relativaidenlit, > 0.2).

438  Therefore, the experimental test of Craig €f &.selected as it involves theddon collision of two

439  solitary waves propagating in opposite directions. This problem is chasadtéxy the change of the
440  shape as well as a small phase-shift of the waves as a consequence of ikanitgrdind dispersion.

441  The setup consists of a 3.6 m long flume with still water depty, ef 5 cm. The left wave with an

442  amplitude ofa; = 1.063 cm is initially located atx = 0.5 m while the right one is initially located at

443  x = 3.1 m with an amplitude ofi, = 1.217 cm. These values result in relative amplitud¢a, equal

444  to 0.212 and 0.243, for the left and right waves respectively. Each of these solitey caavbe

445  considered to have moderdtehigh nonlinearity and are expected to cause an even higher nonlinearity

446  at the instant when they merge into a bigger solitary wave.

447 Adaptive MWDG-GN simulations are performed uptte 2.5 s and based on setting {3,7} that

448  permits a maximum of 384 cells. As the flume experiment is 3.6 m long, adopting tinig setans



449  the adaptive MWDGGN solver can access a resolution as findxgs= 0.0093 m. As before, the

450 uniform DG-GN model is also run on the grid using the finest levedsidlution. For the threshold

451  value parameter, = 107° is selected for this test informed by the analysis of test 6.1 (see Sec.6.1.1).
452  The spatial evolution of the solitary waves simulated by the adaptive GN8N solver and the

453  uniform DG-GN counterpart at different output times are shown in Fig. 15, assvekperimental

454  profiles®. At the instant of head-on collision (aroune: 1.693 s), the wave amplitude reaches around
455  to alevel larger than the sum of the amplitudes of the two incident seligags (equivalent of a ratio

456  a/hy = 0.5). After the collision (around = 1.865 s), two waves come out with reduced amplitudes,
457  returning to their initial form. As an outcome of this collision (durirg 1.693 to 1.824 s), the two

458  waves lose momentum, which results in lower amplitudes (compared to the alitieé)vand a phase

459 lag.

460 In terms of free-surface elevation predictions, it can be seen from Fig. 15 thaedisiqms

461  produced by the adaptive and uniform solvers are almost identical, both providowg aagteement

462  with experimental profiles at all output times. Due to the high nonlityeairithe two waves and the

463  strong interactions between them, the adaptive MWDG-GN solver needed resolwisrthat are

464  higher compared to the previous test cases (Sec. 6.1 and 6.2). Fine resolutiondealsts @rserved

465  in areas away from the wave crests, with at least L = 4. This is also ewidegt 16, which shows the

466  time evolution of the number of cells in adaptive and uniform schemes. Initfaladaptive MWDG-

467  GN solver activated 57% of cells with an increasing trend with the propagdtibie two solitary

468  waves, reaching a final percentage of 85%. As a consequence of these low compression rates, the final
469  speedup is here only equal to 1.6, suggesting that the adaptive MWDG-GN solver may not be ideal for

470 the problems with poor locality such as involving multiple waveforms or periodic waves.

471 7- Conclusions

472 In this work,we applied a multiwavelet-based grid adaptation technique to Green-N&gkgi (
473  equations. This is achieved by extending a previously developed uniform mesh Discontinedkia Gal

474  (DG) solver to the GN equations (DGN)from anadaptive Multiwavelet-based DG (MWDG) method
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for the NSW equations (MWDG-NSWTJhe performance of the MWDGN solver is demonstrated
by several benchmark tests. The adaptive solver is shown to provide a rolhst foedriving grid
adaptation, with the adaptivity being controlled only by a single threshold asadLieith inherent error
control. For the threshold parameter, it has been verified that choosing a valeerb2tto 3 orders of
magnitude smaller than the size of the grid cells on the finest level dfitrespwould result in an
optimal combination of efficiency and accuracy to resolve small scale featurespefsilie wave
propagations. Therefore, the same accuracy as the und@@N solver can be achieved by the
adaptive MWDG-GN solver, but with significantly fewer cells. For the casengle solitary waves,
compression rates of at least 80% and speedups around 30 are achieved. It isndlgbafothe
efficiency gain of using grid adaptation depends on the amount of nonlinedispedsive effects.
Accordingly, the best performance of the proposed solver MWDG-GN solver is $ouoghin case of
moderate nonlinearity and dispersion. The 2D extension of the present MWDG schesnsuigjeit

of future work.

Acknowledgements

G. Kesserwani and J. Shaw acknowledge the support of the UK Engineering and PhysitadsSci

Research Council (via grant EP/R007349/1).

References
1. Peregrine DH. Long waves on a beach. J Fluid Mech. 1967;27(5823.
2. Kirby JT. Boussinesq Models and Their Application to Coastal Procesess adide Range of Scales.

J Waterw Port, Coastal, Ocean Eng. 2016;142(6):03116005. dQ6IGASCE)WW.1943-

5460.0000350

3. Serre F. Contribution 1’ tude des coulements permanents et variables dans les canaux. La Houille

Blanche. 1953;(6):830-872.

4. Su CH, Gardner CS. Korteweg-de Vries Equation and Generalizations. III. Derivation of the Korteweg-

de Vries Equation and Burgers Equation. J Math Phys. 1969;10(338B&10i:10.1063/1.1664873



501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

10.

11.

12.

13.

14.

15.

16.

Green AE, Naghdi PM. A derivation of equations for wave propagatioatierwf variable depth. J Fluid

Mech 1976;78(02):237246.

Lannes D. The Water Waves Problem: Mathematical AnalysisAayrdptotics. Vol 188. American

Mathematical Soc.; 2013.

Samii A, Dawson C. An explicit hybridized discontinuous Galerkin ntetbo SerreGreen-Naghdi

wave model. Comput Methods Appl Mech Eng. 2018;330:447-470.0db016/j.cma.2017.11.001

Brocchini M. A reasoned overview on Boussinesg-type elsodThe interplay between physics,

mathematics and numerics. Proc R Soc A Math Phys Eng Sci. @91i1830.1098/rspa.2013496

Zhou T, Li Y, Shu CW. Numerical comparison of WENO finite vaduamd Runge-Kutta discontinuous

Galerkin methods. J Sci Comput. 2001. doi:10.1023/A:10122885)

Kesserwani G. Topography discretization techniques for Godypeshallow water numerical models:

a comparative study. J Hydraul Res. 2013;51(4) 351.-

Sharifian MK, Kesserwani G, Hassanzadeh Y. A discontinuous Gelapkiroach for conservative
modeling of fully nonlinear and weakly dispersive wave transéions. Ocean Model. 2018;125:61-79.

doi:10.1016/j.ocemod.2018.03.006

Eskilsson C, Sherwin SJ. An hp /Spectral Element Model facidtft Long-Time Integration of

Boussinesq-Type Equations. Coast Eng J. 2003;45(2):295-8200.d 142/S0578563403000762

Engsigkarup AP, Hesthaven JS, Bingham HB, Warburton T. DG-FEM solution dalimear wave-
structure interaction using Boussinesqg-type equations. Coast Eff8;53(3):197-208.

doi:10.1016/j.coastaleng.2007.09.005

Steinmoeller DT, Stastna M, Lamb KG. Fourier pseudospectral method@DfdBoussinesq-type

equations. Ocean Model. 2012;52-53:76-89. doi:10.1016/j.ocemicd(@)003

Panda N, Dawson C, Zhang Y, Kennedy AB, Westerink JJ, DorgBud®iscontinuous Galerkin
methods for solving BoussinesGreen-Naghdi equations in resolving non-linear and dispersive surface

water waves. J Comput Phys. 2014;273:538-

Dumbser M, Facchini M. A space-time discontinuous Galerkin métihdgloussinesq-type equations.

Appl Math Comput. 2016;272:336-346. doi:10.1016/j.amc.2@LB32



528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

Duran A, Marche F. Discontinuous-Galerkin discretization of a new classeeh@taghdi equations.

Commun Comput Phys. 2015;17(03):7240.

Duran A, Marche F. A discontinuous Galerkin method for aclass of GreerNaghdi equations on

simplicial unstructured meshes. Appl Math Model. 2017;45:840-@&410.1016/j.apm.2017.01.030

Di Pietro DA, Marche F. Weighted interior penalty discretization of fullyimear and weakly dispersive

free surface shallow water flows. J Comput Phys. 2018;355:28548020.1016/j.jcp.2017.11.009

Berger MJ, Oliger J. Adaptive mesh refinement for hyperipalitial differential equations. J Comput

Phys. 1984;53(3):484-512. doi:10.1016/0021-9991(84)3a07

Berger MJ, Colella P. Local adaptive mesh refinement for shpdkodynamics. J Comput Phys

1989;82(1):64-84. doi:10.1016/0021-9991(89)90035-1

LeVeque RJ, George DL, Berger MJ. Tsunami modelling with adaptiveigddinite volume methods.

Acta Numer. 2011;20:211-289. doi:10.1017/S0962492911000043

Berger MJ, George DL, LeVeque RJ, Mandli KT. The GeoClaw sdaftfgadepth-averaged flows with

adaptive refinement. Adv Water Resour. 2011;34(9):1195-1206. dd1®)jladvwatres.2011.02.016

Kesserwani G, Liang Q. Dynamically adaptive grid based discontikedaskin shallow water model.

Adv Water Resour. 2012;37:23-39. doi:10.1016/j.advwatres.200D4 1.

Fernandes P, Girdinio P, Molfino P, Molinari G, Repetto M. A compadbadaptive strategies for mesh
refinement based on “a posteriori local error estimation procedures. IEEE Trans Magn. 1990;26(2):795-

798. doi:10.1109/20.106437

Liang Q, Borthwick AGL, Stelling G. Simulation of dam- aytte-break hydrodynamics on dynamically

adaptive quadtree grids. Int J Numer Methods Fluids. 2004;46(2)82.7d0i:10.1002/fld.748

Liang Q, Borthwick AGL. Adaptive quadtree simulation of shalfws with wet-dry fronts over

complex topography. Comput Fluids. 2009. doi:10.1016/j.cantpf008.02.008

Popinet S. Quadtree-adaptive tsunami modelling. Ocean Dyn. 2011,86{9)285.

d0i:10.1007/s1023611-0438z

Popinet S. A quadtree-adaptive multigrid solver for the S@&meen-Naghdi equations. J Comput Phys



554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

2015;302:336358.

Mandli KT, Dawson CN. Adaptive mesh refinement for storm su@gean Model. 2014;75:36-50.

doi:10.1016/j.ocemod.2014.01.002

Donat R, Marti MC, Martinez-Gavara A, Mulet P. Well-Balanced Adaptive MdateRent for shallow

water flows. J Comput Phys. 2014;257:937-953. doi:10.10164(d;3.09.032

Liang Q, Hou J, Xia X. Contradiction between the C-propertynaask conservation in adaptive grid

based shallow flow models: cause and solution. Int J Numer Methods R0ids78(1):1736.

Zhou F, Chen G, Huang Y, Yang JZ, Feng H. An adaptive moviitg fiolume scheme for modeling

flood inundation over dry and complex topography. Water Resesir 13. doi:10.1002/wrcr.20179

Harten A. Discrete multi-resolution analysis and generalized wavelgitsNAmer Math. 1993;12(1-

3):153-192.

Harten A. Adaptive Multiresolution Schemes for Shock Computatio@smput Phys. 1994;115(2):319-

338. doi:https://doi.org/10.1006/jcph.1994.1199

Harten A. Multiresolution algorithms for the numerical solution gbehbolic conservation laws.

Commun Pure Appl Math. 1995;48(12):1305-1342. doi:10.106234160481201

Harten A. Multiresolution representation of data: A general frameworM SI Numer Anal

1996;33(3):1205-1256.

Dahmen W. Wavelet methods for PDEsome recent developments. J Comput Appl Math. 2001;128(1-

2):133-185. d0i:10.1016/S0377-0427(00)00511-2

Cohen A, Kaber SM, Miller S, Postel M. Fully adaptive multiresolution firitenve schemes for

conservation laws. Math Comput. 2001;72(241):183-226. doD90/50025-57181-013916

Schafer R. Adaptive multiresolution discontinuous Galerkin schamesriservation laws. 2011.

Hovhannisyan N, Miller S, Schafer R. Adaptive multiresolution disugnis galerkin schemes for

conservation laws. Math Comput. 2014;83(285):153-

Keinert F. Wavelets and Multiwavelets. CRC Press; 2003.



579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

43.

44,

45,

46.

47.

48.

49.

50.

51.

52.

53.

Deiterding R, Domingues MO, Gomes SM, Roussel O, Schneider K. Adaptiveesallition or adaptive
mesh refinement? A case study for 2D Euler equations. Coquel FyMadalller S, Postel M, Tran

QH, eds. ESAIM Proc. 2009;29:28-42. doi:10.1051/proc/2009053

Deiterding R, Domingues MO, Gomes SM, Schneider K. Comparfsaddaptive Multiresolution and
Adaptive Mesh Refinement Applied to Simulations of the Compressible Egleations. SIAM J Sci

Comput. 2016;38(5):S173-S193. doi:10.1137/15M1026043

Gerhard N, lacono F, May G, Miller S, Schéafer R. A High-Order DiscantnGalerkin Discretization
with Multiwavelet-Based Grid Adaptation for Compressible Flows. J Sci Cor@fdis;62(1):25-52.

doi:10.1007/s1091814-98469

Gerhard N, Muller S. Adaptive multiresolution discontinuous Galerkin sshéon conservation laws:

multi-dimensional case. Comput Appl Math. 2016;35(2):321-349. @di0D7/s40314140134y

Kesserwani G, Caviedes-Voullieme D, Gerhard N, Miiller S. Multiwavelet disconsmBalerkin h-

adaptive shallow water model. Comput Methods Appl Mech Eng. 20156294:5

Gerhard N, Caviedes-Voullieme D, Miiller S, Kesserwani G. Multiwavelet-baiskddaptation with
discontinuous Galerkin schemes for shallow water equations. J Cdpipyst 2015;301:265-288.

doi:10.1016/j.jcp.2015.08.030

Caviedes-Voulliéeme D, Kesserwani G. Benchmarking a multiresolusoandinuous Galerkin shallow
water model: Implications for computational hydraulics. Adv Water Resoud5;26:14-31.

doi:10.1016/j.advwatres.2015.09.016

Smith CW, Zang J, Eatock Taylor R. Wavelet-based adaptiveagridpplied to hydrodynamics. Int J

Numer Methods Fluids. 2008;57(7):877-903. doi:10.1002/fld/165

Muller S. Adaptive Multiscale Schemes for Conservation Laws. YoB2rlin, Heidelberg: Springer

Berlin Heidelberg; 2003. doi:10.1007/9786382-181641

Madsen PA, Sgrensen OR. A new form of the Boussiegsations with improved linear dispersion
characteristics. Part 2. A slowly-varying bathymetry. Coast Eng. 2;188-4):183-204.

doi:10.1016/0378-3839(92)90019-Q

Lannes D, Marche F. A new class of fully nonlinear and wedikpersive GreeANaghdi models for



606

607

608

609

610

611

612

613

614

615

616

617

618

54.

55.

56.

57.

58.

59.

efficient 2D simulations] Comput Phys. 2015;282:238-268.

Alpert B, Beylkin G, Gines D, Vozovoi L. Adaptive Solution Rértial Differential Equations in

Multiwavelet Bases. J Comput Phys. 2002;182(1):149-190. doiQ&/jtph.2002.7160

Toro EF. Shock-Capturing Methods for Free-Surface Sh&llows. Wiley; 2001.

Cockburn B, Shu C-W. The Local Discontinuous Galerkin MEfloo Time-Dependent Convection-

Diffusion Systems. SIAM J Numer Anal. 1998;35(6):2440-24k8:10.1137/S0036142997316712

Alpert BK. A Class of Bases in $L"2$ for the Sparse Representéfiotegral Operators. SIAM J Math

Anal. 1993;24(1):246-262. doi:10.1137/0524016

Synolakis CE. The runup of solitary waves. J Fluid Mech.87185(1):523.

doi:10.1017/S002211208700329X

Craig W, Guyenne P, Hammack J, Henderson D, Sulem C. Sueldteywave interactions. Phys Fluids

2006;18(5):057106. doi:10.1063/1.2205916



