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Extremes of Locally Stationary Chi-square Processes

with Trend

Peng Liu*' and Lanpeng Ji*#

June 5, 2017

Abstract: Chi-square processes with trend appear naturally as limiting processes in various statistical
models. In this paper we are concerned with the exact tail asymptotics of the supremum taken over (0, 1)
of a class of locally stationary chi-square processes with particular admissible trends. An important tool for
establishing our results is a weak version of Slepian’s lemma for chi-square processes. Some special cases
including squared Brownian bridge and Bessel process are discussed.
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1 Introduction

Let Gy (t),t € (0,1) be the empirical distribution of n independent random variables with uniform distribu-
tion on (0,1) and define the following test statistic

Li.g = sup (nK(@n(t),t) - g,,<t)) , E=(0,1),

where K(s,t) =sln® + (1 —s)In1=%, and g, (t),t > 0,v > 0 is a trend function defined by

g,(t) =c(t) +vIn(l+ A1), c(t) =In(l—In(4¢(1—1))), teE.

Referring to Theorem 3.2 in [13] we have for any v > 3/4

2% 4 Ly = Sup(XQ(t) - Qg,,(t)), n — 0o (1)
teE

holds, where x(t) = B(t)/+/t(1 —t) is the normalized standard Brownian bridge. Furthermore, as shown
in Theorem 3.4 in [13], the convergence to L% also holds for another important test statistic. Note that as

discussed therein L%, < oo almost surely (a.s.) for any v > 3/4.

*Department of Actuarial Science, University of Lausanne, UNIL-Dorigny 1015 Lausanne, Switzerland
TMathematical Institute, University of Wroctaw, pl. Grunwaldzki 2/4, 50-384 Wroctaw, Poland
tInstitute for Information and Communication Technologies, School of Business and Engineering Vaud (HEIG-VD), Univer-

sity of Applied Sciences of Western Switzerland, Switzerland



The supremum type test statistics appear naturally in different contexts in statistical problems; see also the
recent contributions [2, 5, 18, 19]. In statistical applications, of interest is to determine the critical values
of the test statistics, which is usually difficult since the distribution of the statistics is unknown. It is thus
important to obtain approximation of them based on the tail asymptotic behavior of the limit of the statistic.
For example, in our context it is of interest to know the asymptotic behavior of P (L%, > u) as u — oo for
any v > 3/4.

Note that L% is the supremum of a simple chi-square process (with 1-degree of freedom) with trend. Numer-
ous contributions have been devoted to the study of the tail asymptotics of the supremum of chi or chi-square
processes; see e.g., [14, 21, 23, 24, 27, 34] and the references therein. So far in the literature there are no
results available which can be used for the derivation of the tail behavior of L%, since it is a supremum taken
over an open interval of a (non-Gaussian) chi-square process with trend. Given this significant gap and the
fact that chi-square process with trend appears naturally in numerous statistical problems and applications,
in this paper we shall focus on the tail asymptotics of the supremum (taken over an open interval) of a large

class of chi-square processes with trend. More precisely, define
n
Xa(t) =Y BEXE(1), e (0,00), (2)
i=1

where

l=by=--=by>bgy1>>b,>0
and X;’s are independent copies of a centered Gaussian process X with a.s. continuous sample paths. We
are interested in the asymptotics of

P (sup (x(0) - 9(0)) > ) Q

telE

as u — 00, for certain Gaussian processes X and nonnegative continuous trend functions g(-). Restrictions
on X and ¢(-) will be specified to first ensure that

sup (X3 (1) — 9()) < o0, as. (4)
holds.
In the special case that n = 1 and X is the normalized standard Brownian bridge, then y; = X, the same

as x appearing in (1), is a locally stationary Gaussian process in the notion of [3, 15]. Precisely,

. 1=EX@®x(t+h)
f ] =0

holds uniformly in ¢ € I, any compact interval in (0, 1), where C(t) = y satisfying C(0) =C(1) = o0.

wi=n
Motivated by this fact in this paper we shall consider a large class of centered locally stationary Gaussian
processes {X (t),t € (0,1)} with a.s. continuous sample paths, unit variance and correlation function r(-,-)
such that

1—r(t,t+h
limir(7 +h)

h—0  K?2(|h]) =C(t) (5)



uniformly in ¢ € I, any compact interval in (0, 1), where K (-) is a positive regularly varying function at 0
with index «/2 € (0,1], and C(+) is a positive continuous function satisfying C'(0) = oo or C(1) = oo.

It is noted that condition (5) for the correlation function of X seems natural and is satisfied by many other
interesting Gaussian processes. For instance, let {Bg(t),t > 0} be the standard fractional Brownian motion

(fBm) with Hurst index H € (0,1) and covariance function given by
Loom | om 2H
Cov(Bp(s), Bu(t)) = §(t +s5 —t—s7"), s,t>0.

We can show that the normalized fBm {Bp (t)/t",t € (0,00)} is a locally stationary Gaussian process. In

fact, the correlation of the normalized fBm satisfies

; 1 — Corr (szft), Ezf_&ﬂ})) 1
im

h—0 |h|2H ~ oA

(6)

uniformly in ¢, for any compact interval in (0, 00).

In order to derive the asymptotics of (3) for E = (0,1), we need to impose several other conditions on g(+)
and on the locally stationary Gaussian process X; see Section 2. One natural restriction on g(-) is to ensure
that it satisfies (4); functions g(-) satisfying (4) are thus called admissible functions. Theorem 2.3 below
shows that the admissibility of functions g(-) is related to a generalized Kolmogorov-Dvoretsky-Erdds integral
test (or the law of iterated logarithm) of the corresponding processes; see also Appendix. For instance, as
discussed in Corollary 2.6 below 2g,(-) in (1) is admissible if and only if v > 3/4; see also [13]. In addition, as
an application of our main result given in Theorem 2.4, we obtain the asymptotics of P (LY, > u) as u — oo
for any v > 3/4. Other examples related to the fBm and the Bessel process are also discussed.
Organization of the rest of the paper: In Section 2 we present our main results which are illustrated by
several examples. Further results are discussed in Section 3 for the case where the Gaussian processes X;’s
are not identically distributed. All the proofs are relegated to Section 4, whereas some technical results are

postponed to Appendix.

2 Main Results

We begin with some preliminary notation. We shall use the standard notation for asymptotic equivalence of
two functions f(-) and h(-). That is, for any zo € RU{oo}, write f(x) = h(z)(14+0(1)) or simply f(x) ~ h(z),
if limy e, f(2)/h(z) = 1, and write f(x) = o(h(z)), if limy_,, f(x)/h(z) = 0. Denote by I'(:) the Euler
Gamma function. Further, denote by [?() the generalized inverse function of K(-), and set g(u) = ?(uil/ 2)
for any w > 0. Additionally, write H,,a € (0, 2] for the Pickands constant; see [6, 7, 8, 9, 10, 11, 12, 25, 27]
for its definition and generalizations.

Our first result is concerned with the asymptotics of (3) for the case that F is any compact sub-interval in

(0,1). The trend function appears in the asymptotics indirectly through the following constant

_9@®

Jg = / cYe(tye™ 5 dt < oo, (7)
teE



Theorem 2.1. Let {X(t),t € E}, with E a compact interval in (0,1), be a centered locally stationary
Gaussian process with a.s. continuous sample paths, unit variance and correlation function r(-,-) that satisfies
(5) and r(s,t) < 1, s #t € E. Then, for any nonnegative continuous trend function g(-) we have

wk/2—1e—u/2

wree e 7
q(w)

as u — oo, where Gp = 21,;;;‘ [Ty (1— b%)_l/2 and q(u) = %(u_l/z) (with the convention [[i~, =1 if

m<l).

P (sup(xi(t) - g(t)) > u) ~ HoGpJ3

tek

(8)

Remark 2.2. a) We see from Theorem 2.1 that if X is stationary and g(t) = 0 the above result coincides
with that derived in [26]. In [29] the authors obtained the tail asymptotics of the supremum of a class of
Gaussian random fields with trend indezed on smooth manifolds. It is worth noting that in Theorem 2.1
above the trend function g(-) contributes to the asymptotics through Jg, which is quite different from that in
the aforementioned paper.

b) Clearly, if X is well-defined on (0,1] (e.g., the normalized fBm, see (6)), then under the assumptions of
Theorem 2.1 we have (8) holds for any E = [a,1] with a € (0,1). In fact, the set E in the above theorem

can be any compact interval in R provided that everything is well-defined on it.

Our main targets below are to find out under which conditions (4) holds and in such a case to establish (8)
by passing from the compact interval E to (0,1). Of course, conditions should be imposed on the local
structures of the process X and g(-) at 0 and 1, separately. According to the proof of Theorem 5.1 in the
Appendix (see (35) and (40)), we believe that, under some mild conditions, the sufficient and necessary

condition for (4) to hold is given as

S -1

e (g(1))
A O)

vl

e dt| < 00, S e€{0,1). 9)

Furthermore, under these conditions we show that (8) holds with E = (0,1). Moreover, note that if
‘f1/2 1/O‘dt’ < 00, then (9) holds for all g(-) satisfying lim;, g g(t) = oo. It turns out that in this
simpler case the conditions imposed on the correlation function of X and the proof of main results can be
significantly simplified. Thus, to simplify argumentation, different scenarios will be discussed according to
whether fol/z(C’(s))l/ads < oo and whether f11/2 (C(s))"/*ds = 0o, and different additional assumptions are

needed accordingly. For this purpose of crucial importance is the following function

£(t) = / (G s, e 0.

We denote by <?(t) t € (f(0), f(1)) the inverse function of f(¢),t € (0,1). Further, for any d > 0, let
% = f(jd) j € NU{0} if f(1) = oo, and let 5(0) = f(—jd), j € NU {0} if f(0) = —oo. Denote
ASBI = [351)1 & 5131] j € Nand Ag?c)l = s ;03,85»07)1’(1],] € N, which give a partition of [1/2,1) in the case
f(1) = oo and a partition of (0,1/2] in the case f(0) = —oo, respectively.

In addition to the local stationarity of X in (5), we need to impose the following (scenario-dependent)

restrictions on the trend ¢(-) and the correlation function r(-,-). Let therefore S € {0,1}.



Condition A(S): The trend function g(-) is monotone in a neighborhood of S and lim;_,g g(t) = oco.

Condition B(S): Suppose that there exists some constant dy > 0 such that

limsup sup L—r(t,s) < 00
P e, B0 - 1) T
and when a = 2 and k = 1, assume further
K2(|t]) = O(t*), t— 0. (10)
Condition C(S): With I;(S) defined in (9) it holds that
14(S) < o0. (11)

Condition D(S): The following is satisfied

limsup sup L—r(S 4,15 — s)
550 t£se(0,8) K2 F(S —t]) = f(IS = s]))

Condition E(S): Suppose that there exists some constant dy > 0 such that

L . 1—r(t,s)
liminf  inf
=00 yzsenls) KE(|f(8) = f(s)])

Moreover, there exist jo,lg € N, My, 8 > 0, such that for j > jo, [ > lo,

< 00.

> 0.

sup r(s,t)| < Mol ". (12)
s€AlT) 4 teal

Let
£(0)=1(0,1/2] and £(1) =[1/2,1).

The following result is concerned about the almost surely finiteness of the random variable sup,c¢(sy (X3(t) — 9(t)).

Theorem 2.3. Let {X(t),t € E} be given as in Theorem 2.1 with E = (0,1). If | f(S)| < oo and conditions
A(S), D(S) are satisfied, then

P ( sup (xa(t) —g(t)) < oo) =1

tee(S)
If |£(S)| = oo and conditions A(S), B(S) and E(S) are satisfied, then
IF’( sup (xg(t) —g(t)) < oo) =1 or 0
)

as the integral I5(S) < oo or = oo.

The technical proof of Theorem 2.3 is presented in the Appendix.

Next, we present our principle result.

Theorem 2.4. Let {X(t),t € E} be given as in Theorem 2.1 with E = (0,1). Then for each of the following
scenarios we have that (8) holds for E = (0,1).

(i). f(0) = —o0, f(1) = oo, and conditions A(0), B(0), C(0), A(1), B(1), C(1) are satisfied;

(ii). f(0) = —o0, f(1) < oo, and conditions A(0), B(0), C(0), D(1) are satisfied;

(i3). f(0) > —o0, f(1) = o0, and conditions D(0), A(1), B(1), C(1) are satisfied;

(). f(0) > —o0, f(1) < 00, and conditions D(0), D(1) are satisfied.



Remark 2.5. Note that Theorem 2.4 can be easily extended to the case where E := (0,T), with T € (0, o0], by
using a time-scaling. More precisely, suppose that the process X and the trend function g(-) are well-defined
on E. If T is finite, we consider Y (t) = X(Tt),t € (0,1); if T = oo, we consider Z(t) = X (h(t)),t € (0,1),

where h(t),t € (0,1) is a monotone function with limy_o h(t) = 0o and lim;_,1 h(t) = 0. For example,
1/t, 0<t<1/2,
h(t) = / <1/
A(1—1), 1/2<t<]1.

Under analogue conditions as in Theorem 2.4 on the processes Y or Z, we can obtain a similar result as in

(8) for these two cases.

As an application of Theorem 2.3 and Theorem 2.4, we obtain the following result concerning the supremum

of the squared chi-square normalized standard Brownian bridge with trend, L%, defined in (1).

Corollary 2.6. Let LY, be defined in (1) with E = (0,1). We have:
If v > 3/4, then, as u — o

—u/2
P (LY > u) ~ Ve Loy,
Vor  Jo t(1—1) :

If v < 3/4, then

Given wide applications of fBm in various fields, we give below a result concerning the tail asymptotics of

the squared normalized fBm with trend.

Corollary 2.7. Let {X;(t),t > 0},i < n in (2) be independent copies of { By (t)/t!,t > 0}, with H € (0,1),

and let g() be a nonnegative continuous function on (0,1] such that g(t) 1 oo ast — 0. We have:

Iff (g(p)k/art/ G =1, —5dt < 00, then, as u — oo
9 Aty —1,-u/2 1
X3(1) Sip uETE e Lot ar,
P( sup (t2H —9(t) ~ Mo H pymm eyl MU
t€(0,1] ikt 1 22 (k/2) Jo
If [ L(g(t))k/2 1/ CI=1e= 22 4t — oo then

AU NN
(s, (B2 -o0) =) =1

Let W, (¢ ) = (Wyi(t), Wa(t), - ,Wy(t)),t > 0,n > 1 be the standard n-dimensional Brownian motion, and
let |[W,(t)|| := /D1y WZ(t),t > 0 be the Bessel process of order n. As a special case of Corollary 2.7, we

have the follovvlng result.

Corollary 2.8. Let g(-) be a nonnegative continuous function on (0,1] such that g(t) T oo ast — 0. We
have:

Iff 1(g(t))™/? _L)dt<oo then, as u — oo

W, ()]? ) 27/ 2yn/2emu/2 /11 o)
P sup ( —gt) ) >u]| ~ ———+— —e 2 dt; 13
<te<o,u b 2 o @ 13)



If [ L(g(t)"/2e= "5 dt = oo, then

W)
P <t:}g)l] ( ; g(t)) ) 1. (14)

Remark 2.9. It can be shown that the classical law of iterated logarithm for Bessel process follows from

Corollary 2.8 or Theorem 5.1. In fact, define
9,(t) =2Inln(e?/t) + 2plninln(e/t), t € (0, 1].

It follows that

1

Sgp(0) /25"

c
" tIn(1/t)(Inln(1/t))r— /2

n/ p(1)
as t — 0, with C some positive constant. Elementary calculations show that fol MG_QTCH, < 00 holds
if and only if p > 14+ n/2. Then, by Corollary 2.8 one can show that, for any p > 1+ n/2

W, (02
i sup 2 (01

<1,
t—0 tgp(t) h

and for any 0 < p<1+mn/2
W, ()2
lim sup M >1
t—0 tgp(t)
Consequently, we arrive at the classical law of iterated logarithm as follows:

lim sup 7||W"(t)”2 =
t—0  2tInln(1/t)

3 Further Results and Discussions

In this section, we discuss an extension of (8) to the case where X;’s are not identically distributed. Namely,
we assume that X;,1 < ¢ < n are independent locally stationary Gaussian processes on (0,1) with a.s.

continuous sample paths, unit variance and correlation functions r;(-, ) satisfying for any 1 <1 < k(< n),

1—ri(t,t+ h)

. _ 1
Jim ) Ci(t), (15)
and, for any k+1 <i <n,
. 1 77”i(t,t+h) o
i gy - G0 (16)

hold uniformly in ¢ € I, any compact interval in (0, 1), where K(-) and K;(-),k 4+ 1 < i < n are regularly
varying functions at 0 with index 0 < /2 < agy1/2 < -+ < a,/2 < 1 respectively, and C;(+),1 < i < n are

positive continuous functions over (0, 1) satisfying C;(0) = oo or C;(1) = oo.

For simplicity we shall assume b=1=(1,1,---,1) € R", and consider the asymptotics of
P (sup(xi) - ) > u)
teE

as u — 00, for certain admissible functions g(-) and E either (0,1) or a compact interval in (0, 1).

First, we present the result with E being a compact interval in (0,1). Recall that g(u) = ?(u*1/2).



Theorem 3.1. Let X;,1 < i < n be defined as above with correlation functions satisfying (15) and (16).
If further max{r;(s,t),1 < i < n} < 1 holds for all s # t € E, a compact interval of (0,1), then for any

nonnegative continuous trend function g(-) we have, as u — oo

P (sup (10 - 9(0) > )

un/27167u/2

~ (27 7’”’/27-[0( 17
(2n) — (")
A 1/«
X / Ci(t) H cos?(0;) + Z C;(t) sin®(6;) H cos®(6;) H(cos(@i))ifze*%dtd&
(t,8)eDp j=2 i=2 j=it+1 i=3

where @ = (02,--- ,0,) and Dg = E X [~7, 7] x [-7/2,7/2]" 2.

Next, we consider the case E = (0,1). Similarly as in Section 2, we introduce a crucial function

t
[r@)y= [ C*s)ds, te(0,1),
1/2

with C*(t) = max{CY%(t),1 < i < k,CY/“ @),k +1 < i < n},t € (0,1). We denote by f*(t),t €
(f*(0), £*(1)) the inverse function of f*(¢),t € (0,1). Further, for any d > 0, let s§2 = F(jd), j e NuU{0}
if f*(1) = oo, and let sg?; = F(—jd), j € NU{0} if f*(0) = —oo. Denote Aﬁ% = [s§-1_)17d,s§-2],j € N and
Ag-?g = [s§037 sg(i)l’d],j € N, which give a partition of [1/2,1) in the case f*(1) = co and a partition of (0,1/2]
in the case f*(0) = —oo, respectively.

Let S € {0,1}. Additionally to condition A(S) and analogously to conditions B(S), C(S), D(S) we
impose the following (scenario-dependent) restrictions on the trend function g(-) and the correlation functions
ri(s,)’s.

Condition B’(S): Suppose that there exists some constant dy > 0 such that

1—r;(t
limsup sup rilt, 5)

<oo, Vl1<i<n.
%0 1pseals) K2([f*(t) — f*(s)])

Condition C’(S): It holds that

o (1)L o= gt < oo
YA o)
Condition D’(S): The following is satisfied

limsup sup L= ri(|S —],|S — s)
550 t2se(0,0) K2(f*(IS =) = f*(IS = s)))

We present below the main result of this section.

<oo, VlI<i<n.

Theorem 3.2. Let X;,1 <1i <n be given as in Theorem 3.1. Then, for each of the following scenarios we
have that (17) holds for E = (0,1).

(i). f*(0) = —o0, f*(1) = 0o, and conditions A(0), B’(0), C’(0), A(1), B’(1), C’(1) are satisfied;

(i). f*(0) = —o0, f*(1) < o0, and conditions A(0), B’(0), C’(0), D’(1) are satisfied;

(i3). f*(0) > —oo, f*(1) = oo, and conditions D’(0), A(1), B’(1), C’(1) are satisfied;

(). f*(0) > —o0, f*(1) < 00, and conditions D’(0), D’(1) are satisfied.



Remark 3.3. The problem becomes more difficult when b # 1; the difficulty comes from the fact that the

expansion of the correlation function of Yy(t,0) as in (19) is too complicated.

As a direct application of Theorem 3.2, we obtain the following result concerning the tail asymptotics of the

supremum of a chi-square process with trend.

Corollary 3.4. Let {B(t),t € [0,1]} be the standard Brownian bridge, {W(t),t € [0,1]} be the standard
Brownian motion, and {Bg(t),t € [0,1]} be the standard fBm with Hurst index H € (1/2,1). Fur-
ther, let g(-) be a nonnegative continuous function on (0,1). If g(-) satisfies A(S) with S € {0,1} and

fol ﬁ(g(t))gﬂe*%dt < 00, then, as u — oo

B2(t)  W?3(t)  By(t) ) w2 (12—t
P su + + gty ) >u | ~ e 2 dt.
<te<o¥’1)(t<1t> e Tem 90 NG T

4 Proofs

For notational simplicity we denote ¢(u) = [Ti, ., (1 — bf)fl/2 (q(u))~uk/2=Te=u/2 (recall q(u) = ?(u*l/Z)).
In what follows, we use C,C1,Cs,--- to denote unspecified positive and finite constants which may not be
the same from line to line.

Proof of Theorem 2.1: Using the classical approach when dealing with extremes of chi-square processes
we reduce the problem to the study of extremes of Gaussian random fields; see e.g., [19, 27]. To this end, we

introduce two particular Gaussian random fields, namely (denote D = Dy = E x [, 7] X [—-7/2,7/2]"~?)

Yo(t,0) = ZbiXi(t)'Ui(g)v (18)
v\ (t,0) = ibiXi(“)(t)vi(H), (t,0) = (t,02, - ,0,) € D,

where Xi(u)(t) = \/%, t € E,and v,(0) = sin(6,,), vp—1(0) = sin(6,_1) cos(0y,),- - - ,v1(0) = cos(6y,) - - - cos(bz)

are spherical coordinates. In view of [27], for any u > 0
P (sup(x%(t) —g(t)) > u) =P ( sup Yb(u)(t,H) > ﬁ) )
teE (t,0)eD
Let A= E x [-7m,7] x [-7/2,7/2)¥=% and B, = [-m(u), m(u)]"~* with m(u) = In(u)/+/u. For any u > 0
m(u) <P < sup Yb(u)(tﬁ) > \/ﬁ> <7(u)+P ( sup Yb(")(tﬁ) > \/ﬂ> ,
(t,0)eD (t,0)eD\(AXBy)

where

m(u) ;=P ( sup Yb(u)(t,e) > \/TL) .

(t,0)eAX B,
Since the variance function of Yb(u) satisfies for u > 0

n—1
U

E((Y,)(“)(t,e))2> = 1— (1= b2)sin®(0,) — Y (1-b3) ﬁ cos?(6;) | sin®8;) |,

u+g(t) iRt =it




10

for all u large we have

1/2 1/2

sup (B ((Ya(t, 0))2)) <1-—Cm?(u).

<(1-(01-0p) sin®(m(u)))
(t,0)eD\(AXBy)

Further, it can be shown from (5) that

E ((Yb(t,a) - Yb(s,a’))2> <Ci|(t,0) — (5,62, (t,0),(s,0) €D

Consequently, the Piterbarg inequality (see e.g., Theorem 8.1 in [28] or [27]) implies

P ( sup Yb(u)(t,B) > \/ﬂ> < P ( sup Y (t,0) > ﬁ)
(t,0) (t,0)

€D\(AxB,,) €D\(AxB.,)

IN

Cou™s W (v/u/(1 — Csm?(u)))

= o(m(u)), u— oo,
where the last equality is based on the following lower bound

m(u) > P (Y;“>(5,o, e, 0) > \/a) = U(Vu+ g0 (L +0(1)), u— oo

Consequently,
P ( sup Yb(u)(t, 0) > ﬁ) =m(u)(1+o0(1)), u— oo.
(t,0)eD

To complete the proof, it is thus sufficient to focus on the asymptotics of 7(u) as u — oo. Next, we split
the rectangles A and A = E X [—7 + 81,7 — 8] x [-7/2 4 01, 7/2 — 6,]*72 with &, € (0,7/2), into several
subrectangles denoted by {4;};ey, and {gj }jer, respectively. Further, let L and L represent their maximum

length of edges of these subrectangles, respectively. It follows from Bonferroni’s inequality that

o sup Y (0) > v | —A(u) <m(u) < P sup Y (t,0) > Va |,
JjET, \(t0)€A (t,8)

EAJ'XBU jEYT, EA]'XBu

where

Alu) = Z P ( sup Yb(u)(t,e) >+/u,  sup Yb(u) (t,0) > ﬁ) .
j<i€rs  \(t,0)

GA‘]‘ X B, (t,o)egleBu

For any fixed j, we have

P ( sup Yb(u) (t,0) > \/ﬁ> <P ( sup Yu(t,0) > Ju+ gj> ,
(t,0)

(t,Q)GAJ‘XBu GA]‘XBu

where g; := minsepoa; g(t) and h is a projection function defined by
h(xy,-- ) = 21.

Further,

(E((Yb(t,a)))) - _1;1 1921+0()) 0, >0, k+1<i<n
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and

N —

k—1 k
Corr (Yb(t,0)7Yb(s,0l)) 1—C(to)K2(|t — s|)(1 + o(1 Z ( H cos? 9;) (6; — 6,)*(1 + o(1))

=2 l=i+1

_Zb2 2(1 + o(1)) (19)

as t,s — to,|0; — 9;| —0,2<i<k0; —0,k+1<1i<n.Next we introduce some useful notation. Let
0, =0, ,0,),2<i<k,and h;,2 <i <k denote projection functions defined by

hi(mla"'axk):(xi7"'7mk)7 2§Z§]€

For any 0 < € < 1, there exist ug > 0 and Ly > 0 such that for all u > ug and 0 < L < Lg (recall that L is

the maximum length of the edges of subrectangles {4;} ecr,)

GA]‘ X By, (t,G)GAj X B,

P( sup  Yp(¢,0) > \/u—i—gj) g]P( sup  Z(t,0) > \/U;‘ng)
(t,0)

holds for all j € Ty, where Ze(t,B) 2. (t.6) —>— and Z(t,0) is a stationary Gaussian process

1+(1—€) 327 pia —5L0?
with unit variance and correlation function rz_(t,0) satisfying

k n

r7.(t,0)=1— (1+¢)C;K?(t|)(1 + o(1)) — Z e“ﬂ + S T 021 4 o(1)) — (1 +€) Z %93(1 +0(1))
=2 i=k+1

as (t,0) — 0, with C; = maxyecpoa, C(t), ex,; = 1 and €;; = maxg,, ch,y 04, Hf:i-i—l cos?(6,),2 <i<k-—1.
The existence of such correlation function rz, can be confirmed by the Assertion on page 265 in [16], see
also the reference mentioned therein. Therefore, by using similar arguments as in Theorem 3.2 in [14] (see
also Theorem 8.2 in [27]) we can show that

P (sup; ¢ A, BuZ(t70)>‘/u+g' L
( (t,0)€A; x 3) :a(e)(2ﬂ_)—k/27_[ac;/ae—%n 1/2mes j) (20)

=2

lim

where a(e) — 1 as € — 0. Consequently

k
m(u) —k/2 1/a —28 i—2
lim lim limsup —= < (27) 129, (C(t)>e 2 (cos 6;)"2dtdby - - - dby,
e=0L—0 y—oo QO(U) (t,02)€A z:HS 2
21—k/2
= ———H,JL. 21

Similarly, with L the maximum length of the edges of the subrectangles {;4\; }jer, we have

ZjeTz P (SUP(t,a)efoBu Yb(u)(t, 0) > \/ﬂ) ol—k/2
lim lim lim lim inf :

add. 22
51—0e—=0F _,5 u—oo o(u) B F(k’/?)H Tk (22)

We consider next the asymptotic of A(u) := A (u) + Aa(u) (to be specified later). For u > 0 we have

A (u) := Z P < sup Yb(u)(t, 0) > Vu, sup Y,f“)(t,e) > ﬁ)
0 (

t,0)€A; X B, (t,0)€A;, X B,
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IN

Z P ( sup (Yb(t,a) + Ya (s, 0/))> 2\/ﬂ> .
0

A;NAy, = (t,5,0,0')€A; x Aj; x By x By
Further, there exists some &g € (0,4) such that, for all Ej N Ajl =0
’ 2 7 ~ ~
E ((Yb(t,e) +Ys(s,0 )) ) <4—-20p, (t,0,50)€cA;x B, xAj xB, (23)

holds for all large u. Consequently, in the light of Borell-TIS inequality (see e.g., [1])

—2vu-a)?
Ai(u) < Ce =30 = o(p(u)), u— o0, (24)
where a = E (sup(tﬂ)eD Y (t, 0)) < 00.
Further, we have
Ao(u) = Z P ( sup Yb(u) (t,0) > Vu, sup Yb(u) (t,0) > ﬁ)
iNA (t,0)€A; X B, (t,0)€A;, X B,

IN

t,0)EA; X B, (t,8)€A;, X By,

Z lIP’ <( sup Yb(u)(t, 0) > \/ﬂ> +P ( sup Yb(")(t, 0) > \/ﬂ)
NA4;,

( sup Yb(u) (t,0) > ﬁ)] .

(t,0)€(A;UA; )X B,
Along the same lines of the proof above

u _ . 1-k/2
Az( ) S 3”(@(6,[/) - b(E,L))%HaJ%a

where a(e, L), b(e, L) — 1 as L — 0 and € — 0, which implies that

A2 (u)

lim lim lim sup =0. 25
=050 u—oco  P(u) (25)

lim sup
u—00 @(u)

Consequently, we see from (22), (24) and (25) that

(’LL) 21 k/2
I(k/2)
which together with (21) establishes the proof. O

lim lim lim lim inf —%
61%06—)01/*}0 U—r00 @(u

Ho T2,

v

We present next two results which are crucial to the proof of Theorem 2.4.

Lemma 4.1. Suppose that VZ(t) = Y0 b7V2(t),t € R, with 1 =by = -+ = b, > b1 > -+ > by, > 0,

i=1"1

is a stationary chi-square process, where V;,1 < ¢ < n, are independent copies of a stationary Gaussian
process {V(t),t € R} with unit variance, and correlation function r(-) satisfying r(t) < 1 for allt # 0 and
1—r(t) ~ K2(|t]) ast — 0, where K(-) is given as in Introduction. Then for any positive constants a,b € R

satisfying a < b we have

21—k/2

o RODME

P ( sup Vi2(t) > u) ~ Hu(b—a)

as u — 00.
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Proof. As in the proof of Theorem 2.1 we can choose to work with the supremum of a Gaussian random

fields. The proof follows by similar arguments as those in [26], and thus we omit the details here. (]

Lemma 4.2. (weak Slepian’s inequality) Let V;(t), W;(t),t € A = [e,d] C R,1 < i < n be independent

centered Gaussian processes with a.s. continuous sample paths. If for all 1 <i <n,
E(V2(t) =E(W2(1),t€ A and E(Vi(s)Vi(t)) > E(Wi(s)W;(t)),s,t € A

are satisfied, then, we have, for all u > 0,

<sup PAAGE u> < 2"P (Supz W2(t) ) .

teA teA i—1

Proof. If n =1, then a direct application of Slepian’s inequality yields

P (Sup VE(t) > u> < 2P <Sup Vi(t) > \/a) < 2P <sup Wi (t) > \/ﬂ> < 2P (Sup WE(t) > u> .

teA teA teA teA

Below we shall show the claim for n > 2. Let therefore X (t,v) = S Vi), (t,v) € A x S,_1 and
Y(t,v) = Yo Wi(t)vs, (t,v) € A x S,_1 be the associated Gaussian random fields. Let K;,1 < j < 2"
denote all the quadrants of R™ and define A; = S,,_1 N K;,1 <5 < 2", It follows that for any 1 < j < 2"

E ((}?(t,v))2> —E <()~/(t,v))2> . (tv) € Ax A,

and
E (X(t,v))?(s,v’)) >E (?(t,v)?(s,v’)) (t,v), (s,0) € A x A,

which is due to the fact that the sign of v is the same as that of v in this case. Thus, by applying Slepian’s

inequality we obtain, for all u > 0,

P sup  X(t,v)>u| <P sup  Y(t,v)>ul,
(t,w)EAXA; (t,v)EAXA;

hence the proof follows easily. O

Proof of Theorem 2.4: We present only the proof for the case (i7); the same arguments apply to other

cases. First note that for any small § > 0

Isy(u) = P( sup (X%(t)—g(t))>u)

te(d,1-6]
<P ( sup (xa(t) - g(t)) > u) (26)
te(0,1)
< 1571(u) + Igﬁz(u) + 15,3(u),

where
Iso(u) =P ( sup (Xg(t) — g(t)) > u) , Iss(u) =P ( sup (X%(t) — g(t)) > u) .
t€(0,0] te[1-4,1)
Since from Theorem 2.1

I 21 k/2 ot
lim lim 221 _ g / (C(t) Ve dt
§—0 u—00 (p(u) k;/2
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it is sufficient to show that

. . Iso(u) . . Isz(u)
lim sup lim sup = lim sup lim sup =
5§50  u—oo SD(U §—0  u—oo (p(u)

(27)

We first consider Is 2 (u). Without loss of generality, we choose d as a parameter taking values in {27"dy, m €

NT}. It is straightforward that

Ia(w) < > P sup (xg(t)—g(t) >u

J=Na,s tea?)
0
< 3P| sw g0 > utgs?ia) ) (28)
j=Na,s teaf)
where Ny 5 = [—%6)] with [-] the ceiling function. Further, it follows from condition B(0) that there exist

some My > 1,81 > 0 and d; > 0 such that for all § € (0,61), d € (0,d1), j > Na,s,
L—r(t,s) < MU (|f(8) = £(s)]) < §K2<(4M1>1/a|f<t> — f($)), tseAl)

hold. Next let 7(-) be as in Lemma 4.1. Then for some constant d; > 0

1—7r(t) > %K2(|t|), t € (0,8). (29)
Therefore, for any d € (0, min(d;, (4M;)~/*5;) and § € (0,6;)

E(X()X()) > E (V((4M)"/* S0V (411) V£ (5)))

holds for all t,s € A;fz and j > Ngs, where V is the stationary Gaussian process given in Lemma 4.1.
Consequently, in the light of Lemma 4.2 we have for 6 € (0,6,), d € (0, min(dy, (4M;)~/*8;) and j > Ny

P( sup x3(t) > u+g(s”, ) 2"P  sup VR((AM)YF(t) > u+g(s'”) )

(0) ’ (0)
teA”) teAL”)

IN

< 2"P (sup Vf(t) >u+ 9(5;[)—)1 d))
teEA, 7

holds, where Ay = [0, (4M;)/*d] and Vi is the chi-square process given in Lemma 4.1. Next, by Lemma
4.1 we derive for any d € (0, min(dy, (4M;)~/*8,) and & € (0,0;)

P <sup VE2(t) > u+ g(sgo_)1 d))
teAy '

(0) k/2—1
~H, 91—k/2 (M) H )2 (u+9(s;”1 4)) o (o (s, /2

(k/2) i=k+1 q(u+ (E) d)

(30)

as u — oo. Next, for any a € (0,2) or a = 2,k > 1, since tk:t;l is a regularly varying function at infinity

with index k/2 — 1+ 1/a > 0, by Karamata’s theorem (see, e.g., [33]) we have

_ 0 _
(w g(s2) DF2L (g(s\D) )RRt k2

o =¢ OJ—

q(u+g(s;2 4 a(g(s;-

1,4)
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holds for all u > wup and all j > Ny, with some constant uy > 1. Moreover, we can write tk/(zt;l =

th/2=141/a (1) with £(t) a normalized slowly varying function (see e.g., [4]). One can check that t*/2=1+1/¢(t)e=3 ¢ >

to is decreasing for some large ty. Therefore, we conclude that for § and d small enough

0 Ne/2-1 @
lim 62() < C Z %6_%61
oo p(u) s ale(si )
- k/2—1
o (-2 (g(f (t))) _o(Fw)
joNgs?—G-Dd  q(g(f (1))

F(£(8)+3d) k/2—1
170 (9(1)) att)
<cf N ) I

Consequently, letting § — 0, we derive by C(0) that (27) holds for Iso(uw) when a € (0,2) or oo = 2,k > 1.

For ao =2,k = 1, we have from (10) that
(ut 9(55%, )7 uh/2

S Cla
glu+g(s$, ) q(u)

Then, similar arguments as above show that (27) still holds for Iss(u) when v = 2,k = 1.

Below we consider I53(u). Let Y (t) = X(?(t)), te[f(1—=19),f(1)). Then correlation function of it is given
by ry (t,s) = r(?(t), <?(5)) It follows from D(1) that for any ¢ small enough there exists some M3 > 1
such that

1—r(t
sup r(t;s) < Ms,

tse(i-s,1) K2(F () = f(s)])

which means that
1—ry(t,s) < MzK*(|t —s|) < %K2((8M3)1/O‘|t —s]), s#tel[f(1-9),f(1)).
Furthermore, with the aid of (29) we have for ¢ small enough
L= ry(ts) < 1—r((8Ma) /ol —sf), st € [f(1—0), f(1).

Thus, similarly as the above case for I52(u), it follows that

Iia(u) < 2°P sup V5 ((8M3)'/t) > u
te[f(1-9),f(1))

< 2"P ( sup V2(t) > u> (32)
[0,(f(1)—f(1-6))(8M3)1/]
WHH(1) — (1 - 8))(BMa) Y Ha o )
=2 e ) ¥

holds for § small enough and u large enough. Consequently, in light of f(1) < oo we derive that (27) holds
for Iss(u). The proof is complete. O

Proof of Corollary 2.6: By direct calculation, we have

1-E((Ox() = ﬁij(\/(ut;sxui‘_j)—l)
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|t — 5|
1+0(1)), s<t—tye(0,1),
s (Lol s <t ot e (0.1
which, in the notation of (5), means that C(t) = 7215(114)’ K?2(t) =t and a = 1. Further

0= sty f0= 10 =

Thus, we have

5O = F(jd) = ———. s = F(ja)

11 ezd %5d = jeNuU{0},d>0.

T 14 e2d
Next we verify conditions of Theorem 2.4 and Theorem 2.3. Let therefore in the following S € {0,1}.
Elementary calculations yield that

1+ () 4 2vel(t) 2t — 1

g, (t) 1+c2(t) tH1—t)(1—In(t1—1))

Since 1—-1n(4¢(1—¢)) > 1 and ¢(t) > 0 for ¢t € (0,1), we have ¢,,(t) < 0,¢ € (0,1/2) and g,,(t) > 0,¢ € (1/2,1),

implying that A(S) is satisfied since ¢, (t) T oo ast — 0 and ¢t — 1. Now, for any s < t and s,t € A;‘E =
[t5ema, Treat—mal We have
ey Lo lTtoy ITS ey 178 oy
t 27 1-s s 1-t¢
Thus, there exists dg > 0 such that for s <t € Agfgo = [Heg,.do, 1+62<§71>do]
51—t —s t—s
1—r(st) 2\/?1—s( (1+T)(1+1—f)71)
f) = )l In(1+52) +In(1+ %)
ey 1o
< A7 =8
%(tT + i—t)

and

1—r(s,t) oo fos s e~ do
lf)—fo) = 2052+~ 2

Moreover, for all t € Agfgo, s € A?i)l’ do» With [ € N large enough,

sd—1) < 2\/§ < 2¢=(=Ddo < 72,
st(l —t)(1 —s)

. . 1
Similarly, we can also derive that for s <t € A;glo = [He,fjj,l)do, 1+ei2ﬂdo]

(s, )] =

e~do 1—r(s,t)

< <8,
2 T f@) = f(s)l
and for all t € A;}d)o, s € Aﬁ)l,do’ with [ € N large enough,
Ir(s,t)] < CI™2.

Therefore, conditions B(S), E(S) are satisfied. Direct calculations show that

1

Inln £)2vIn i
(Inln 7

1 1
c(t)~Inln=, g, (t) ~Inln—, e 9" ~
t ¢ 1
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as t — 0. Consequently,

(g0 (1))"/? oot 1
t(1—1t) tln4(Inln §)2/~1/2

as t — 0. This implies that f11/2 %e‘g“(t)dt = f01/2 %e‘g”mdt < oo if and only if v > 3/4.
Consequently, the claim follows by an application of Theorem 2.4 and Theorem 2.3. This completes the
proof. O

Proof of Corollary 2.7: As discussed in Introduction, the correlation of the fBm satisfies

B ‘t _ 8|2H

1 —Corr(Bg(t), Bu(s)) = 572H (140(1)), s,t—toe€(0,1],
0

which means that

B 1
T 9f2H?

C(t) K2(t)=t*", o =2H.

We only need to verify the conditions B(0) and E(0). It follows that

3 1 oy
ft) = 92w In(2t), 5;2 = f(—jd) = 56—22113(1,
1 a1 1
A;?; — [56722H]d’ 76722H (jil)d]y ] cN.

1
Without loss of generality, hereafter we assume that s < ¢t. For any s,t € A§037j € N we have t;s <e2?Md_q,

which implies that there exists dy > 0 such that

t— t— 2(t —
S < (14 =8 < A=)

2s S S

holds for all s,t € A ,j € N. Moreover, for s,t € Agfgo,j € N with dy small enough,

J,do
SyHN2 2-2H
(st (=) (t=s
T 3|2H = |t—st|2H <2H ; <1/2.

Thus, we have, for all s,t € Afgto, j € N with dy small enough

_ _ 2H H
1 T(S,t) < |t $| — S ZQHL S 22H’
|f(&) = f()PF — tHsH|In(1 + 52)2H th
and
1—r(s,t) |t — s[* > o158 S 9—2H-1,-2%0 doH S 0.
[f(t) = f(s)PH = 2tHsH|In(1 4 52)[2H = th =

In addition,

|25 4+ 52 — e sPH] [T 1= (=M (9 +4H

|T($,t)‘ = tHgH (g)H —= (%)H

IN

c (6—221HdHl n e—zz%du—H)l) <a2,

s € Ag?:l, do»J € N, with [ sufficiently large and with dy small enough. Consequently, both

conditions B(0) and E(0) are satisfied, and thus the claim follows by applying Theorem 2.4 and Theorem

holds for t € A)

J»do?

2.3. This completes the proof. O
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Proof of Theorem 3.1: The proof is similar to that of Theorem 2.1. The main difference is the expansion

of the correlation function of Yj(¢,6) defined in (18). Here it is given by (compare with (19))

n k n
Corr (yl(t,a),yl(s,e’)) = 1- [ Ci(t) H cos?0; + Y Cylto)sin®0; [ cos®6; | K>(t — s|)(L + (1))
j=2 i=2 j=i+1

n—1
_ Z % < H cos? 9[) (0; — 9;)2<1 + 0(1)) — %(Qn _ 9;)2(1 + 0<1))
=2 l=i+1

as t,s — to, |0; — 9;\ — 0,2 < i < n. The rest of the proof is the same as that in the proof of Theorem 2.1.
This completes the proof. O
Proof of Theorem 3.2: The proof follows with the same arguments as those in the proof of Theorem 2.4,
and thus being omitted here. O
Proof of Corollary 3.4: Denote for any s,t € (0,1)

r1(s,t) = Corr(B(t), B(s)), ra2(s,t) = Corr(W (t), W(s)),rs(s,t) = Corr(B(t), Bu(s)).

In view of the proof of Corollary 2.6 and Corollary 2.7, we have (in the notation of Section 3)

1 1 1
Ci(t) = ————, Co(t) = —, Os(t) = ===, K2(t)=t, K2(t)=22"1120 L =2<3=n.
1() 2t(1*t)7 2() 2’ 3() 92H$2H° () ) 3() ) < n
Then, we have for H € (1/2,1)
1 11 1 1 t
*(t) = _ ) = B ) = = 1ln ——
¢'® nmx(%u—w’%’%) -y T W=
KON L O _ S 1 ,
J,d - f (7‘7d) - 1 +€2jd’ S_j,d - f (]d) - 1 +€_2jd J € NuU {O}ad > 0.

Without loss of generality, we assume that s < t. Since t_T“’ <e? —1and % < e?? —1 hold for s,t € A;OQ
or s,t € A;li, 7 € N, we have there exists some dy > 0 such that

t—s t—s t—s t—
> In(1 >
)25 W+ )2 55— )

w

In(1+

1/2<-<1
/t

holdforsteA(d orsteAJd, jeN. Thisimplies7foranys<t€A§.0 oranys<t€A§20

1 —1ra(s,t) _ 2(t — s) - 4s(1 —t) <y
Lfx() = [*()] VEWVE+Vs)In(1+=2) + In(1+ =8)] — ViI(WVE+Vs) (1 —t+s) —

and
Lorglst) __ JtosPPo@fosf)? £ — 5[
PO =Gl T I+ £2) +In(l+ 55~ 771+ 52) + (1 + )]

9t — g[2H-1g4(1 _ ¢ 9lf _ g[2H-141—H
| - i s( ) < | | — s < sup 2|1_x|2H71xH71 < 0.
tHsH (1 —t+ s) t 2€(1/2,1]

Thus, condition B(S) with S = 0,1 holds for r3(-,-),73(+,-). Additionally, it has been shown in proof of
Corollary 2.6 that condition B(S) with .S = 0,1 holds for (-, ). Consequently, in the light of Theorem 3.2

we derive that, as u — oo

B2(t)  W?2(t) B%4(t)
P(é%‘?l)(tu—t)* R ‘g“)>>“>
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1 ™
~ (27r)_3/2u3/26_"/2/ dt dbs
0

—1T

/2 1 . |
g /ﬂ/2 <2t(1_t) cos"(62) cos”(Ba) + o sin® (62) 0082(93)> cos(f3)e” - >d93
wdl2e—u/2 1 9 o
- e "2 dt.
3v2r  Jo t(1—1)
This completes the proof. )

5 Appendix

This section is concerned with the proof of Theorem 2.3. We first present, in the following theorem, an
asymptotic 0-1 behavior of the chi-square process Xz2,7 which is complementary to the results for Gaussian
processes discussed in [30, 31, 35]. Moreover, it can also be viewed as a generalization of the Kolmogorov-
Dvoretsky-Erdés integral test theorem; see, e.g., page 163 in [17] or Theorem A in [20]. Recall that, for the
Bessel process ||[W (¢ W t > 0 defined in Corollary 2.8, the Kolmogorov-Dvoretsky-Erdés

integral test theorem tells that for any positive continuous ultimately increasing g(-) when ¢ — 0,
IP’(HWn(t)H < /tg(t), ultimately as t — 0) =1 or 0

holds according as

1 g(t)

1
/ E(g(t))"/2 e~ dt <o or = oo
0

Theorem 5.1. Let {X(¢),t € E} be given as in Theorem 2.1 with E = (0,1), and S € {0,1}. Then, for

any nonnegative continuous function g(t) satisfying A (S),
P (X%(t) < g(t) wultimately as t — S) -1 (33)

holds provided that I,(S) < oo, |f(S)] = oo and condition B(S) is satisfied, or |f(S)| < oo and condition
D(S) is satisfied, and

P (X%(t) < g(t) ultimately as t — S) -0 (34)
holds provided that I4(S) = oo and condition E(S) is satisfied.

Proof. The idea of the proof comes from [30, 31, 35]. Without loss of generality, we present only the proof
for the case S = 0. We prove first that (33) holds if I,(0) < oo, f(0) = —oco and condition B(0) is satisfied.
Let
Ejq= < sup Xi(t) > g(sgo_)Ld) , jEN;d>0.
teal?)
Similarly to the derivation of (31), we have, for ¢, d small,

- n 21 k [
S BBl < Y Hl D M) (gl )

J=DNa,s J=Nad,s

(0) ))g—l o(s ; >1 D

< C E, #e— 3
— 0
s algs ) ))
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(1)1 g(‘f;(t)) dt

AN
(@)
=[]
—
%&

holds when « € (0,2) or a =2,k > 1, and

Z P (E;.q) <(11/1 2(C(t))1/a — 4t < oo

j=Nua,s

holds when a = 2,k = 1. Thus, by Borel-Cantelli lemma

P | djg: sup Xl%(t) g( © ) forallj>j,] =1
teal?)

which implies (33) since g(t) 1 as ¢ | 0. Next we prove (33) under the conditions that f(0) > —oo and D(0)
is satisfied. Let for any fixed small § > 0, ¢, = §/n,n € N. Denote

t€[tn+1,:ts]

H,s= { sup  xa(t) > g(tn)} :

Similar arguments as in (32) yield that, for Ny sufficiently large

i P(Hys) = i IE”( sup (T (1) > g(tn)>

n=No n=No te[f(tn+1),f(tn)]
< C Y (fta) = ftar1))elg(tn))
n=No

< Ci(f(tn,) — f(0)) < o0

holds. Thus, the proof of (33) is again completed by Borel-Cantelli lemma. Finally, we show (34) when

I,(0) = oo and condition E(0) is satisfied. Note that

X (t) < g(t) ultimately as ¢t — 0)

P

IN

sup Yi(t,v) g(t) ultimately as ¢ — 0 (36)
VESK_1

veESL_1

=P ( sup Yk —t),v) < g(?(—t)) ultimately as ¢ — oo) ,

where Yy (¢, v) = Zle Xi(t)vi, (t,v) € (0,1/2] x Sk—1, with Sk_; the (k — 1)-dimensional unit sphere. By
similar arguments as in Lemma 1.4 in [30] or Lemma 3.1 in [31], one can for free assume that
%
2Int < g(f(-t)) <3Int, te(1,00). (37)

Denote

G
S
Il
—_—
e
<.
\
—_
—
S
+
[}
i~
A
e
=
~—
=
—
—

Gja = Lhja,lohjds . l—1hja, £
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with h; g =1/ g(sg?;). Further, define
%

Wia= { sup  sup  Yi(F (1)) < g<s§f’3>}.

teEF; 4 vEG; aNSk_1

), to prove (34) it is sufficient that
P (W’iclo,d i.O. ) == ].

In view of (36

holds, with [y as in condition E. It is noted that
1-P (W5, 4 io. )= EIEOHIP itg.a) + lim ( (ﬂW,lo ) HIP ilo.d ) (38)

It remains to show that both limits above are equal to 0. For the first limit to be zero it is sufficient to show

that >°.°, ( o d) oo. For any small > 0 denote S}, = Sp—1 N ([-n, 7]k~ x [0,1]). Clearly,

<—
P flo,d)”"(wp sup - Yi(f (=),v) > y/g(s “’)).
teF) a veG;anS)_,

We have from condition E(0) that there exist some My > 0,03 > 0 and dz > 0 such that for any ¢ € (0, d3)

t,s € [(j—1)d,jd

de (07d2),
— —
L=r(f (=t), f(=5)) = My (|t — s]) > 2K>((47 M)/t = s),
holds for all j > Ny 5. Let ry, (-, -, -, -) be the covariance function of Y ( f (—t),v). By using similar arguments
as in the proof of Lemma 3.3 in [14] we have, for sufficiently small 7
g k=1
1—ry, (s,0,t,0") > 2K2((47 M)Vt — s]) + 3 Z(Ui —v}))?, ts€[(j—1)d,jd,v,v €8],
i=1
holds for all j > Ng s, and in the light of Slepain’s inequality
o (0) g l/ay = ©)
P( sup sup  Yi(f(=t),v) >1/g(s;q) | =P sup Z((47 M)t 0) >\ g(s; ) |
teFj aveG; aNS) teFy,q v€Gy aN[—n,m]*
where ¥ = (vy,...,vp_1) € RF 7L,
~ d
Fj,d = {lq(((O)))7 lO,lv""{OJ}a
alg(s5))
lk’—l S Z} }

éj,d = {(ihja,lohja, . lg=1hja), L, -,

and Z is a centered homogeneous Gaussian random field with a.s. continuous sample paths, variance 1 and

correlation function such that
k—1
~ ~/ 1 N2
1—Corr(Z(s,v),Z(t,v)) ~ K*(|t — s|]) + 1 Z(Ui — ;) (39)
i=1

as [t —s| = 0,v; —vj] 50,1 <i<k—1. Let ap = (4= *M)V* and ay = ay = --- = ap_1 = 1/2. Then,
using the same arguments as in Lemma 2.1 in [31] and in Lemma 2.2 in [32], we conclude that

Z((47 M)V, 5) > /g §°;>>

P | sup sup
teF;,q VEG, aN[—n,m)k—1
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2) k—ld 1 9(8,(-?))
> ((0)7]) e aoalf_l 1—2F Z 1—-® (nlao)a/2/2 + (11/227%
~ Q(Q(Sj,d))@hj,d)k_l V2 g(sg.og) 0<n;<00,1<i<k
’ n#0
(g(s\ )21 ol
= CJ’WG 2 d
a(9(s; )

as j — oo, where ®(-) is the standard normal distribution function. Therefore, for any 4, d small enough,

k
51 46 )

> PWia) > ¢ %e el
e i=Na,s ( Zlo d))

(7.+2)d

(g( 75)))’“/2_1 _o(Fn
Cor .,Z / WD —acn

Y%

wa a(g(F (1)
L e g@)E T e
> O [ (O e = oo (40)

Next, we prove

Jim (P (ﬂ Wilo7d> - HP(WuO,d)> =0. (41)
i=l il

In view of Normal Comparison Lemma (see e.g., [22]), we have for any m > [
() a2l

P <ﬂ Wilg,d) 1_[IED ilo,d)
i=l
jlg,d)

QL Z Z [Ty, (t, v, t1,v1)] o TFry, o) = Apm.

2
1<i<j<m (t,'U)E(FilU,dX(Gilo,dmsk—l)) \/1 _TYk (t7v7t1’vl)
(t1,01)€(Fj19,a x(Gj1g,dNSk—1))

IN

Note that (12) implies that for any 0 < € < (2 ) with 61 = min(8, 1), there exist jo € N such that for any

Jj > 1> jo and large enough [
sup |ry, (t,v,t1,v1))| < sup [r(t,t1)| < Mo|(5 —i)lo| ™" <.

(t,v)€(Fig,a %X (Girg,aNSk—1)) teA(?) theal®
? 0
(t1,91)€(Fj14,a X (Gj1y,aNSk—1))

With aid of (37), fundamental calculation yields that for I > jg,
9(57(1) d)+g(é§l[)) a)

M d2 ) 2k
A < =)ol ——r—— o 2 MG Do~ P)
1,00 2%\/@ Z (J 0‘ ©) )))2 < g(s zlo,d)>

1<i<j<oo (q(g( Zlo
c- ko oGl 2 ktaja oGO
< e (o) e X il (o) e
=l j=itlo ‘
o oo
2 1
< Cz(lni)k+4/afm Z l7 — 1|~ B(lnj)kH/a i~ Tre
i=l j=i+lo
< CZZ ik Z l7—1|” ’8 o
j=i+1
<

0 21 ©
S IDDNTER TR SRR
i=l

j=i+1 j=2i

k

=2

)
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Since
2i 2%
S iR < Y iy <cith
j=it1 j=it1
and
o0 o0
doli—il P EE < Y Pl < it
Jj=2i j=2i
then
> 2
Moo SCY i3 < o0, 121y,
i=l
which implies that (41) holds. This completes the proof. O

Proof of Theorem 2.3: An immediate application of Theorem 5.1 yields that

P ( sup_ (x3(t) — (1) < oo> 1

te&(S)

provided that |f(S)| < oo or I4(S) < oco. For the case I4(S) = oo, without loss of generality, we focus on
S = 0. For any such function g(-) satisfying I,(0) = oo, we can find a nonnegative continuous function g (-)
(to be determined later) such that g;(t) T oo as t — 0 and I,44, (0) = oo hold. Then, by Theorem 5.1 we

have
P (xz(t) < g(t) + g1(t) ultimately as t — 0) =0,

which implies that

P < sup  (x(t) — g(t)) = OO) =1, (42)

t€(0,1/2]

and the proof will be complete.

Now we give one choice of the function g;(-). Define F(s) = f1/2(C( t))t/e (gq((t;):))

inf{s € (0,1/2] : F(s) = n},n € N. Further, we construct a nondecreasing function w(-) such that w(t ) =

tf?(n) ? (n—1) o _ =
Ry n(%%n) rem U (Fn), F(n—1),n > 2 and w(t) = 1,¢ € [F(1),1/2]. Let

g1(t) = min(—2Inw(t),g(t)),t € (0,1/2]. If a € (0,2) or @ = 2,k > 1, then by the fact that s s a

1

e " dt, and let F (n)

regularly varying function at oo with index k/2 — 14 1/a > 0, we have

(g(t) + g1 (t))2 " S C(g(t))g*1
q(g@t) +a1(t) — alg®))

for any ¢ € (0, ?(NO)] when Ny is large enough. In light of B(0), one can easily check that (43) also holds

(43)

~—

for « + 2 and k = 1. Consequently,

1/2 kE_q ?(No) £y
Ua( ( )"‘91( ))2 67M l/aMefﬁw
, v q(g(t) + g1 (t)) d ZC/ (CON = i (t)dt
> F(n-1) E
- valg®))2t
Cn;wl/?(n) (©) q(g(t)) t)dt = Cn ;OH

which completes the proof. O
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