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Non-commutative manifolds, the free square root and symmetric
functions in two non-commuting variables

Jim Agler, John E. McCarthy and N. J. Young

ABSTRACT

The richly developed theory of complex manifolds plays important roles in our understanding of
holomorphic functions in several complex variables. It is natural to consider manifolds that will
play similar roles in the theory of holomorphic functions in several non-commuting variables.
In this paper we introduce the class of nc-manifolds, the mathematical objects that at each
point possess a neighborhood that has the structure of an nc-domain in the d-dimensional nc-
universe M. We illustrate the use of such manifolds in free analysis through the construction
of the non-commutative Riemann surface for the matricial square root function. A second
illustration is the construction of a non-commutative analog of the elementary symmetric
functions in two variables. For any symmetric domain in M? we construct a two-dimensional
non-commutative manifold such that the symmetric holomorphic functions on the domain are
in bijective correspondence with the holomorphic functions on the manifold. We also derive a
version of the classical Newton—Girard formulae for power sums of two non-commuting variables.
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1. Introduction

Free analysis, the study of holomorphic functions in several non-commuting variables, dates
back to 1973 and the seminal paper [22] by J. L. Taylor. The theory has picked up ever greater
momentum in the past decade. The monograph [17], by Kaliuzhnyi-Verbovetskyi and Vinnikov
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contains a panoramic survey of the field up to the time of its writing. Since then, there have
been further breakthroughs in both geometry (see for example, [9, 12-15] and function theory
(see for example, [7, 8, 16]).

Taylor’s founding idea for non-commutative analysis was that analytic functions in several
non-commuting variables should have the same basic algebraic properties as free polynomials
have when viewed as functions on tuples of matrices (of indeterminate size). Here a free
polynomial means a polynomial in non-commuting variables over the field C of complex
numbers.

Traditionally, free analysis has dealt with functions defined on subsets of the d-dimensional
non-commutative universe M%, which comprises the space of d-tuples of square matrices, for
d > 1. Thus,

M = | My, (1.1)
n=1

where M,, denotes the algebra of n x n matrices over C and
M = {(zt, 22, ... 2% | 2" €M, for r=1,2,...,d}.

In this paper we introduce the notion of an nc- or non-commutative manifold, which bears
the same relation to M? as complex manifolds bear to C?. This natural extension is needed
even for such a basic notion as the ‘free Riemann surface’ of the matricial square root function,
an object that we construct in Section 6.

We were led to introduce topological nc-manifolds while seeking a non-commutative version
of the anciently known' fact that any symmetric holomorphic function of d variables can be
expressed as a holomorphic function of the elementary symmetric functions in d variables on
a suitable domain. In particular, if f(z,w) is a holomorphic function on C? that is symmetric,
in the sense that f(z,w) = f(w, z) for all z,w € C, then there exists a holomorphic function
g on C? such that f(z,w) = g(z + w, zw) for all z,w € C. We asked whether there is a non-
commutative version of this result.

Any non-commutative analog must be consistent with results of Wolf [25], who studied
an algebraic version of this question in 1936. She proved that the algebra of symmetric free
polynomials in d non-commuting variables is not finitely generated when d > 1, and is in fact
isomorphic to the algebra of free polynomials in countably many variables. It follows that
there is no polynomial map 7 : M? — M, for any d € N, with the property that, for every
symmetric free polynomial ¢ in 2 variables, there exists a free polynomial ¢ such that ¢ = ® o ;
otherwise, the components of m would constitute a finite basis for the algebra of symmetric
free polynomials. Nevertheless, we show that there is a close parallel to the classical result in
the context of free analysis on nc-manifolds. The main results of the paper are Theorem 10.1
and its unbounded analogue, Theorem 10.11.

Before stating a somewhat special case of the theorem, let us informally describe some key
notions (precise definitions are in Sections 2 and 4). A subset of M? is called an nc set if it is
closed with respect to direct sums. A function f defined on some subset of M is called graded
if f(x) € M, whenever x € MZ. A graded function on an nc set is called an nc function if it
preserves direct sums and joint similarities. A graded function f on an arbitrary set D C M¢?
is called conditionally nc if it preserves joint similarities, and, in addition, there is a graded
function f such that whenever z and z & y are in D, then flzay) = f(z)® f(y)

THEOREM 1.2. Let S be a symmetric nc set in M? that is open in the free topology. There is
subset S,, of S and a polynomial map 7 : M? — M? such that &,, = 7(S,,) is a topological nc-
manifold in the Zariski-free topology, and such that there is a canonical isomorphism between

TSee Section 11.
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bounded symmetric nc functions defined on § and bounded holomorphic functions on the
manifold &, that are conditionally nc.

Foo

Soo — GI% > M!
foo lg
M!S (1.3)
The map 7 is given by
m(z' 2?) = ($(z' +27), 1 (a! — 2°)%, i (a! — 2%) (2" + 2%)(a" — 2?)). (1.4)

It is generically 2-to-1 on M?, but there is a singular set on which it is many to one. This set is
excluded in S,,, and both S,, and &,, can be given the structure of topological nc-manifolds
with respect to a topology called the Zariski-free topology, defined in Section 7. There is also an
isomorphism between Zariski-freely holomorphic symmetric functions f,, on S,, and Zariski-
freely holomorphic functions on &,, (with no assumption of boundedness needed) — this is
Theorem 9.15.

The bulk of the paper comprises the establishment of a suitable notion of topological
nc-manifold and construction of the manifolds &,,. Topological nc-manifolds are defined in
Section 4. The nc-universe M? defined by equation (1.1) is unlike R? and C¢ in that it admits
numerous natural topologies — a fact which adds an extra richness to the theory of topological
nc-manifolds.

Section 5 describes the basic theory of free holomorphic functions of a single variable. In
one variable such functions are determined by their action on scalars, and are given by the
holomorphic functional calculus for matrices (Proposition 5.13).

In Section 6 we present a simple example of a one-dimensional free manifold — a non-
commutative version of the Riemann surface of the square root function. This theory is an
essential component of the construction of the manifold &,,.

In Section 7 we define the Zariski-free topology, which is rather subtle, but seems necessary
in order to avoid certain singularities in the map m. In Section 8 we construct a Zariski-free
manifold G, which is the manifold which would be &,, in Theorem 1.2 if S were all of M2. Of
course bounded symmetric functions are not of interest when S = M2, but there is a version
of the theorem that does not require boundedness. This is Theorem 8.35.

THEOREM 1.5. There is a canonical bijection between

(i) symmetric nc functions f that are freely holomorphic on M?, and

(ii) holomorphic functions F,, defined on the Zariski-free manifold G that are conditionally
nc and have the property that for every w € M2, there is a free neighborhood U of w
such that F,, is bounded on m(U)NG.

In Sections 9 and 10 we prove the main results of the paper, Theorems 10.1, 10.11 and 9.15.
Finally, in Section 11, we give a non-commutative version of the classical Newton—Girard
formulae for power sums in terms of elementary symmetric functions. There is a significant
difference in the non-commutative context, since there is no longer a finite algebraic basis for
the algebra of symmetric polynomials. We can, however, derive explicit iterative formulae for
writing the symmetric sums

Pn = $n+yn,

where n € Z, as rational functions composed with the map 7 of equation (1.4).



NON-COMMUTATIVE MANIFOLDS 135

2. Mappings and topologies on M¢

2.1. Nc-functions

In this section we describe the basic objects of free analysis. First, the nc-sets in the nc-
universe M of equation (1.1) are the sets that are closed under direct sums. They are the
natural domains of definition of nc-functions, which are the M!-valued functions that are
graded, preserve direct sums and respect similarity transformations. We now explain the precise
meaning of these terms.

Let N denote the set of positive integers and, for n € N, let

I, ={M € M,, | M is invertible}.

For z1 = (z},...,2¢) e M¢ and x5 = (23,...,29) € M¢ | we define 21 @ x5 € M? by

n1 u> ny+ns
identifying C™* @ C"2 with C™*7"2 and direct summing x; and xo componentwise, that is,

r1 D xo = (J;%@x%,...,x‘f@xg).
Likewise, if = (2!,...,2%) € M?¢ and S € M, is invertible, we define S~'z.9 € M? by
S~lxS = (S xS, ..., S 1xls).

DEFINITION 2.1. If D C M? we say that D is an nc-set if D is closed with respect to the
formation of direct sums, that is:
For all n1,ne € Nand all z; € DNM? | 29 € DN M¢

R ng?

l‘l@IQEDﬂMd

nit+naz*

DEFINITION 2.2. An nc-function in d variables is a function f whose domain is an nc-set
D C M¢, whose codomain is M', and which satisfies

(1) for all n € N and all z € DN M¢
f(x) € M,
(2) for all ny,ny € Nand all z; € DﬂMﬁlL1 and zo € D N M4

no

f(z1 @ x2) = f21) @ f(2), and
(3) foralln € N, all z € DNM? and all s € Z,,, if s~'as € D, then
f(s7tas) = s f(x)s.
A function f that has property (1) is said to be graded.

DEFINITION 2.3. Let D; C M% and Dy C M? be nc-sets and let F : D; — Dy. We say
that F' is an nc-mapping if there exist nc-functions fi, fa, ..., fa, on Dy such that

F(IZ?) = (fl(x),fQ(m)7~-~,fd2(I))

for all = € D;. If, in addition, F is a bijection and both F and F~! are nc-mappings then we
say that F' is an nc-isomorphism.

Taylor proved [21] that properties (2) and (3) of Definition 2.2 are equivalent to the single
property that f respects intertwinings, in the following sense:

(4) for all ny,n2 €N, for 21 € D ﬂMfil, for zo € DﬁMfiz and all no-by-n; matrices L
satisfying Lx] = a3 L for j =1,...,d,

Lf(x1) = f(2)L. (2.4)
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2.2. Topologies on the nc-universe

For each n, M, carries the natural topology induced by the n x n matrix norm. This topology
gives rise to the product topology on M¢. Using equation (1.1), we can endow M? with a
topology whereby a set D C M is open if D N M is open in M¢ for each n € N. This topology
has been called the finitely open topology, the disjoint union topology and the coproduct
topology. We shall call it the finitely open topology, abbreviated to f.o.

DEFINITION 2.5. Let 7 be a topology on M?. We say that 7 is an nc topology or equivalently
an admissible topology if T has a basis consisting of finitely open nc-sets.

As we have mentioned, the nc-universe M? admits several natural topologies [2]. In this
paper we shall consider nc-manifolds based on M? endowed with three different topologies, the
fine, free and Zariski-free topologies. The fine topology is the topology generated by all finitely
open nc-sets.

DEFINITION 2.6. A domain in M? is a finely open set.

Domains do not need to be nc-sets. For example the set
Q={zrecM :o(x)nNo(—2)=0} (2.7)

is a domain (see Proposition 6.5 below), indeed a free domain (see Definition 2.8), but is not
an nc-set.

We now describe the free topology. It was introduced in [1] in the context of a non-
commutative Oka—Weil approximation theorem.

For § = [6;;] an I x J matrix of free polynomials, let Bs C M¢ be defined by

Bs = {z € M| ||[8;;(2)]|| < 1}.
Observe that if §; and do are matrices of free polynomials, then
B§1 N Bgz = B51€952'

As a consequence of this fact, the collection of sets of the form Bs is closed with respect to
finite intersections and thus forms a basis for a topology.

DEFINITION 2.8. The free topology on M? is the topology for which a basis is the collection
of sets of the form Bs where § is a matrix of free polynomials in d variables. A set that is open
in the free topology is a free domain.

Since By is an nc-set and is open in the f.o. topology, the free topology is admissible.

The free topology is much coarser than the f.o. topology, so much so that while the f.o.
topology is Hausdorff, the topology induced on M¢ by the free topology is not even T} for
any n > 2 and d > 1. One way to see this is to observe that free open sets are invariant under
unitary conjugation.

PROPOSITION 2.9. Any freely open nc-set is freely path-connected.

Proof. Let U be a freely open nc-set in M?. Consider x, y € U; then x @y € U. Define
h:[0,1] = U by

T 1f0<t<%
h(t)=Rzay ift=1
y if $ <t<1
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h is constant on the intervals [0, 1) and (3, 1], and so freely continuous on those intervals. h is

also freely continuous at the point % For consider any basic free neighborhood B,, of the point
h(3) =z @y in U. Then we have ||y(z ® y)| < 1, and so ||y(z)|| <1 and [|v(y)|| < 1, which is
to say that h(t) € B, for all t in the neighborhood [0,1] of 5. Thus, & is continuous at 3, and

so h is a continuous path in U such that h(0) = z and h(1) = y. O
COROLLARY 2.10. M is connected and locally connected in the free topology.

Proof. Path-connectedness implies connectedness. To say that M¢ is locally connected
means that every point in M? has a neighborhood base of connected sets. The sets Bs comprise
such a base. 0

REMARK 2.11. The proof of Proposition 2.9 shows slightly more. For any freely open set U
and any points x,y € U such that x @y € U, there is a freely continuous path in U from x to

Y.

There is another nc-topology that we shall need, the Zariski-free topology. It is obtained
by adjoining to the free topology sets that are locally complements of free varieties. Detailed
definitions will be given in Section 7.

3. Holomorphy with respect to admissible topologies
The notion of holomorphy for a function on M? depends on the chosen topology of M¢.

DEFINITION 3.1. Let 7 be an admissible topology on M?. We say that a graded function f
defined on a set D C M4 is a T-holomorphic function if

(1) D is open in the topology 7;

(2) fisT-locally nc, that is, for each x € D there exists an nc set U € 7 such that x € U C D
and f|U is an nc-function;

(3) f is m-locally bounded, that is, for each x € D, there exists a 7-neighborhood U of x
such that f|U is bounded.

At first sight this is a surprising definition. It is at least partially justified by its relation to
the following notion of analyticity.

DEFINITION 3.2. A graded function f : D — M, where D C M, is analytic if D is finitely
open and, for every positive integer n, the restriction of f to D NM¢ is analytic in the usual
sense of several complex variables.

PROPOSITION 3.3. For any admissible topology T on M, every 7-holomorphic function f
on a domain D in M? is analytic.

Proof. Consider a point z € DNMZ. Since ¢ is 7-holomorphic we may choose a
T-neighborhood U of x in D on which ¢ is an nc-function and another 7-neighborhood V
on which ¢ is bounded. Since the topology 7 is admissible, it is an nc-topology and so we may
assume that V' is an nc-set. Then U NV is an nc-set and is a 7-neighborhood of = in D on
which ¢ is a bounded nc-function. [1, Theorem 4.6] asserts that under these hypotheses ¢ is
analytic on U NV NM¢<. Thus, ¢ is analytic on some neighborhood of an arbitrary point of
D NMZ, and therefore ¢ is analytic on D NM¢. O

n?
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PROPOSITION 3.4. Let 7 be an admissible topology on M, let D be a T-open set and let f
be a T-holomorphic function on D. If D is an nc set, then f is an nc function.

Proof. Consider z,w € D. Since z ® w € D, f(z ® w) is defined. By Definition 3.1(2) there is
annc set U € 7 such that z@ w € U C D and f|U is an nc function. It follows that f(z ® w) =

f(z2) ® f(w). O
The following statement is routine to check.

PROPOSITION 3.5. Let 7 be an admissible topology on M? and let D be a T-open set. The
set of T-holomorphic functions on D is an algebra with respect to pointwise operations. The
set H2°(D) of bounded T-holomorphic functions on D is a Banach algebra with respect to
pointwise operations and the supremum norm

[[flloc = sup [[f ()]
rzeD

The case where 7 is the free topology will be of special interest here, and in this case we
refer to 7-holomorphic functions as free (or freely) holomorphic functions. Such functions are
particularly well behaved on account of the following theorem [1] (it is also proved in [3, 6]).

THEOREM 3.6. Let D C M? be a free domain. A function f:DC M? — M! is a free
holomorphic function if and only if f can be locally uniformly approximated by free
polynomials. That is, f is freely holomorphic if and only if for each x € D there exists a
free domain U satisfying x € U C D with the property that for each € > 0 there exists a free
polynomial p such that

sup [|f(y) —p(y)] <e.
yeU
To prove that freely holomorphic functions are freely continuous we need the following simple
observation. In the Lemma and elsewhere the norm || - || on M¢ is given by
d
]l = max{fla*], ..., l=¢]}
where ||27]| is the standard C* norm on M,.
LEMMA 3.7. A free polynomial is freely locally Lipschitz. That is, if p is a free polynomial

in d variables and z € MY, then there exist a free neighborhood G of z and a positive constant
K such that

Ip(x) = p(y)l| < Kz -yl
for all x,y € G.

Proof. Tt is enough to prove the statement in the case that p is the monomial
p(x) =z .. "™
for some k € Nand rq,...,7, € {1,...,d}. Let
§(z) = (1 +||2])) " diag{z?, ..., 2%}

Then, x € B; if and only if ||z7]| < 1+ 2| for j =1,...,d. Thus, z € Bs. We have, for any
z,y € M%,

p(x) —ply) = (™ —y™)z™ .. .a"™ +y" (2™ —y™)z™ . 2"

Jr...erTl ”'ka—l(ka 7y’l”k).
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Hence, for every =,y € Bs,

Ip(z) = pW)| < k(L + |21z -yl
Thus, p is freely locally Lipschitz. O

PROPOSITION 3.8. Let U be a free domain in M?. A function f:U — M' is freely
holomorphic if and only if f is a freely locally nc-function (as in Definition 3.1 (2)) and f
is continuous when U and M' are equipped with the free topologies.

Proof. First assume that U is an nc-set, f is an nc-function and f is continuous when D
and M! are equipped with the free topologies. In the light of Definition 2.1 it suffices to show
that f is locally bounded. Fix z € U. As f is assumed continuous and U is open in the free
topology, there exists a free matricial polynomial ¢ such that z € Bs; C U and such that

f(Bs) € {w e M [||z]| < I f(2)ll +1}.

This proves that f is locally bounded.

Now assume that U is a free domain in M¢ and f is a free holomorphic function on U. The
continuity of f will follow if we can show that f~!(B,) is freely open in M¢ whenever ¢ is a
square matrix of polynomials in one variable.

Fix z € f~1(B,). By Theorem 3.6 there exists a square matrix ¢ of free polynomials such
that f is bounded on Bjs and a sequence of free polynomials pi,po, ... such that z € Bs C U
and

Jim sup [|f(z) = py(@)[| = 0. (3.9)

"OOLEBO

It follows that the polynomials p; are uniformly bounded on Bs. By Lemma 3.7 g is locally
Lipschitz on U, and hence,

lim sup [lq(f(x)) — q(px(2))[| = 0. (3.10)

k—00 xc By

Fix a strictly decreasing sequence t1,to, ... with ¢, > 1 for all k¥ and ¢, — 1 as k — oo. Use the
property (3.10) to construct inductively a sequence kq, ko, ... of positive integers such that

By, (qor) N Bs < Btz(qoml) N Bs
C Biy(qor) N Bs

gBtél( )ﬂB(s

qOPko

C Biy(qop) N Bs

The construction ensures that

(oo} (oo}
BgoyNB;s = U(Bt2i—1(q0f)mB‘s U Btz/(qome ﬂB(;)
i=1 =1
The last union in this formula is a union of basic freely open sets and so is a freely open set in
M. Hence, Byos N Bs is freely open. Since Byoy = f~1(B,) we have z € Byoy N Bs C f~1(B,)
and therefore f~1(B,) is open in M. O

Similar results on analyticity of nc functions are known in several contexts, for example
[17, Chapter 7).
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DEFINITION 3.11. Let 7 be an admissible topology on M% and let D C M% be a T-open set.
We say that F : D — M% is a 7-holomorphic mapping if there exist 7-holomorphic functions
fi, f2,. .., fa, on D such that

F(z) = (fi(2), fa(), . ., fa, (2))

for all x € D.
Let Dy, Dy be T-open sets in M?. We say that F : D; — D, is a 7-biholomorphic mapping
if F is a bijection and both F and F~! are 7-holomorphic mappings.

PROPOSITION 3.12. Let F' = (f1,..., fa) be a freely locally nc mapping defined on a free
open set D C M?. The following statements are equivalent.

(1) F is a freely holomorphic map.
(2) F is freely locally bounded.
(3) F is freely continuous.

In particular, F is a freely biholomorphic map if and only if F' is a homeomorphism in the
free topology.

This result is proved in much the same way as Proposition 3.8.

4. Nc-manifolds and topological nc-manifolds

4.1. Nc-manifolds

In this section we define nc-manifolds, topological nc-manifolds and free manifolds. The concept
of an nc-manifold is the generalization of the concept of an nc-set as defined in Definition 2.1
and as such is purely algebraic in nature. The notions of charts, atlases and transition functions
transfer directly from the classical theory, only in the new context a chart is a bijective map
from a subset of an nc-manifold to a subset of M?; in the case of a topological nc-manifold the
image of a chart is an open set in M? with respect to some specified topology.

DEFINITION 4.1. If X is a set, then we say that « is a d-dimensional co-ordinate patch or
chart on X if « is a bijection from a set U, C X to a set D, C M¢. If o and S are a pair of
d-dimensional co-ordinate patches on X with U, N Ug # 0, then we define the transition map
Taﬂ by

Tag : Oé(Ua N Uﬂ) — ﬁ(Ua n Ug), (4.2)

Top(w) = Boa (), x € a(Uy NUg). (4.3)

If X is a set, then we say that A is a d-dimensional nc-atlas for X if A is a collection of
d-dimensional co-ordinate patches on X,

U U, =X (4.4)
acA
and, for all o, B € A,

(1) a(U, NUg) is a union of nc-sets, and
2) for every nc-subset W of a(U, N Up), the restriction of T, 5 to W is an nc-mapping.
B B

A d-dimensional nc-manifold is an ordered pair (X,.A) where X is a set and A is a d-
dimensional nc-atlas for X.
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If (X1,A;) and (X2, As) are nc-manifolds of dimensions dy, da respectively, then a map
f: X1 — Xois an nc-map (or nc-mapping) if, for every a € A; (with domain U, and codomain
D,) and 8 € Ay (with domain Vs and codomain Ejg)

(1) the set
def _
Was = a(Ua N f7(Vs))
is a union of nc-sets, and
(2") for every nc-subset W of W,

Bofo(a '|W):W — Ez Cc M
is an nc-map.

If (X1,A;1) and (X3, .A3) are nc-manifolds, then an nc-isomorphism from X; to X5 is a
bijective map f : X; — X, such that both f and f~' are nc-maps.

REMARK 4.5. (1) If (X,.A) is an nc-manifold, then for every o € A, D,, is a union of nc-sets.
This is a consequence of condition (1) in the definition of an nc-atlas above and the identity

Do = J a(UaNUp).
BeA

(2) If (X,.A) is an nc-manifold, then there is an nc-atlas A* on X such that the identity
map idx is an nc-isomorphism from (X, A) to (X, A*) and, for every a € A*, the range of « is
an nc-set (not merely a union of nc-sets). Indeed, we may define A* to be the set of all maps
a|V for some a € A and V' C U, such that «(V') is an nc-set. It would be possible to develop
the theory of nc-manifolds with the assumption that the ranges of charts are always nc-sets,
but in the topological context it is convenient to allow them to be merely unions of nc-sets.

To prove that idx : (X, A) = (X,.A*) is an nc-isomorphism, consider any o € A and v €
A*, say v = |V where V C Uz and (V) is an nc-subset of Dg. Then, W, = (U, NV) C
a(Uy NUg) = T3a(B(V)). Since (V) is an nc-set and T, is an nc-map, it follows that W,
is an nc-set. Moreover, for every nc-subset W of W, = a(U, NV),

Boidx o (a W) = Tus
is an nc-map. Similarly, reversing the roles of A and A*, we obtain, for any nc-subset W of
Woya =BUsNV)
aoidy o (fy_l\W) =T |W

is also an nc-map. Thus, idx is an nc-isomorphism with respect to A and A*.

4.2. Topological nc-manifolds

We now consider the case where X, in addition to carrying the structure of an nc-manifold,
is a topological space. X will be a topological nc-manifold if it is locally homeomorphic to an
open set in some M?. Since there is no one ‘correct’ topology to place on M?, we first fix a
topology 7 on M?. We assume that 7 is an admissible topology in the sense of Definition 2.5.

If X is a set and T is a topology on X, then we say that a is a topological d-dimensional
ne-co-ordinate patch on (X, 7T) with respect to T if « is a d-dimensional nc-co-ordinate patch
on X and, in addition,

«a: U, — D, is a homeomorphism. (4.6)
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Here U, C X is a T-open set equipped with the relative topology induced by 7 and D, C M?
is a 7-open nc-set equipped with the relative topology induced by 7. Since 7 is locally nc, D,,
is a union of open nc-sets.

If (X,7T) is a topological space, then we say that A is a d-dimensional topological nc-atlas
for (X,T) with respect to 7 if A is a collection of topological d-dimensional nc-co-ordinate
patches on (X,7) and A is an nc-atlas for X with respect to 7 in the sense of Definition 4.1.

DEFINITION 4.7. Let 7 be an admissible topology on M. A topological d-dimensional nc-
manifold with respect to 7 is an ordered triple (X, 7,.A) where X is a set, 7 is a topology on
X and A is a d-dimensional topological nc-atlas for (X, T) with respect to 7.

In the special case where 7 is the free topology we say that X is a free manifold.

The manifolds studied in analysis usually have some smoothness property, such as C*° or
analyticity, whereas the topological nc-manifolds introduced in Definition 4.7 are not assumed
smooth. It is simple to extend the notion of topological nc-manifold further to bring in
appropriate notions of smoothness.

DEFINITION 4.8. Let 7 be an admissible topology on M?. A d-dimensional holomorphic nc-
manifold with respect to T is a topological d-dimensional nc-manifold (X, 7,.A) with respect
to 7 such that, for all o, 3 € A, the transition map T,z is a 7-holomorphic mapping in the
sense of Definitions 3.11 and 3.1.

If (X,7T,A) is a d-dimensional holomorphic nc-manifold with respect to 7, then a function
F: X — M! is said to be holomorphic on X if, for every a € A, the map

Foa':a(U,) - M

is a 7-holomorphic function on the 7-open set a(Uy).

More generally, we can define the notion of a holomorphic map between two topological
nc-manifolds.

DEFINITION 4.9. Let 7,7 be admissible topologies on M% M? respectively, and let
(X,;,T;,A;) be a topological d;-dimensional fmanifold with respect to 7; for j = 1,2. A map
f: X1 — X is said to be holomorphic at a point x € X; if there exist o € A; (with domain
U, and domain D, ) and 5 € A, (with domain V3 and range Eg) such that x € U,, f(z) € V3
and the map

Bofoa l: a(Uy N f_l(VB)) — Eg

is 7-holomorphic. We say that f is holomorphic on Xj if f is holomorphic at every point of
Xi.

Note that the definition is independent of 75, save for the requirement that 7 be admissible.

In the case that 7 is the free topology, Proposition 3.12 tells us that continuity implies
holomorphy. Accordingly, free manifolds are a precise non-commutative analog of complex
manifolds. Indeed, they are the topological manifolds that are equipped with an atlas of
homeomorphisms onto free domains in M? with the property that the transition functions
are freely biholomorphic maps. To see this fact, assume that (X,7T,.A) is a free manifold,
a,p €A, and U,,Ug € T with U, NUg # 0. As U, NUs € T, the hypothesis (4.6) implies
that a(Uy NUg) and B(U, NUp) are open in the free topology. The hypothesis (4.6) also
implies that

Boat:a(U,NUs) — B(U, NUs)
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is a homeomorphism. Hence, by Proposition 3.12, Boa~! is a free biholomorphic mapping.

Conversely, if the transition functions are assumed to be free biholomorphic mappings, then
Proposition 3.12 implies that the transition functions are free holomorphic mappings.

If (X, T,.A) is a topological d-dimensional nc-manifold with respect to 7, then the transition
function T, is a composition of two homeomorphisms and hence is a homeomorphism between
a(Uy, NUg) and B(U, N Up) in their respective 7 topologies, as well as being an nc-isomorphism
between nc-sets when restricted to any nc-subset of a(U, NUpg).

If (X,T,A) is a topological d-dimensional nc-manifold with respect to 7 and 7’ is a finer
admissible topology on M, then we define the topology 7’ on X to be the one for which a
base is

{a*(V):a€ AV CD,and V e7'}.

Then, (X, 7’,.A) is a d-dimensional topological nc-manifold with respect to 7/. The topology T’
is finer than 7 and the map idx : (X,7’,4) — (X, T,.A) is a holomorphic map of topological
nc-manifolds.

In particular we may take 7’ to be the fine topology on M?. Then, the topology T~ is the
finest topology for which X is a topological nc-manifold.

5. Free holomorphic functions in one variable

In this section we show that a free holomorphic function in one variable is determined (via the
functional calculus) by its restriction to M.

Let RT denote the set of positive real numbers. If ¢ € C* and r € R“'k, we define A(e,r) CC
by

k
Acr:U {z€C: |z—¢j| <rj}
k
U (¢j +r;D)
J=1

and define D(c,r) C M! by
D(e,r) ={x e M": o(z) C A(c,7)}

where o(x) denotes the spectrum of the matrix z. In the sequel we make the standing
assumption that the radii r1,...,r, are so small that the disks ¢y +7mD,...,c, + 7D are
pairwise disjoint.

PROPOSITION 5.1. D(c,r) is a free domain.

Proof. Assume M € D(c,r). We construct a polynomial ¢ satisfying
M € Bs C D(c,r).
Choose a polynomial ¢ satisfying
o(M) C{zllq(2)] <1} € A(c, 7).

As o(g(m)) = q(o(m)) C D, there exists an integer N such that ||[g(M)V| < 1. If we set § = ¢'¥
it follows that M € Bs.
It remains to show that B; C D(c,r). Fix z € Bs such that |q(z)" || < 1. It follows that

q(o(2))" = o(q(z)™) S D.
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This implies g(o(z)) € D. But then,
o(x) C{zllg(2)| <1} € Ale, 1),

which implies that x € D(c,r). O
If c € CF and r € RT" we let [e,r] = {[e,7]1, -, [c, 7]k} denote the system of paths where,
forj=1,...,k,
[e,7];(t) = ¢j +rje™, 0<t< 2.

If f is holomorphic on a neighborhood of A(c,r) and x € D(c,r), then we may employ the
Riesz Functional Calculus to define f(x) by the formula

Pay=[ 1@eE-a"d (5.2)

[e:s]

where s € R*" is chosen so that o(z) € Ale, s) and A(e,s)” C A(e,r).
PROPOSITION 5.3. If f is holomorphic on A(c, ), then f” is freely holomorphic on D(c,T).

Proof. 1t is straightforward to verify that f" is an nc-function. The proposition will follow
if we can show that f” is locally bounded. To that end, fix M € D(c,r). Chose s € R+" so
that o(M) C A(e, s) and A(e,s)” C A(e,r). Choose C € R such that

c > m[ax] [(z— M)~ (5.4)
z€|e,s

Choose a finite set S C [c, s] such that, for all z € [, 5], there exists w € S such that
o= ul < 55 (55)
z-wl < o5 .
Finally, define G C M! by
G= ﬂ{x€M1|w€a(m‘) and |(w—2)" ! < C}. (5.6)
weS

As M € GN D(c,s) C D(c,r), the proof of Proposition 5.3 will be complete if we can prove
the following two claims.

CLAIM 1. G N D(e,s) is a free domain.
CrAamM 2. f is bounded on G N D(c, s).

To prove Claim 1, first notice that by Proposition 5.1, it suffices to show that G is a free
domain. In the light of equation (5.6) and the fact that S is finite it will follow that G is a free
domain if we can show that for each w € C and each C > 0,

{r eM'|w ¢ o(x) and |(w—2)" || < C} is a free domain.

But by [1, Theorem 10.1] for each fixed w € C, g,(z) = (w— )~ ! is a free holomorphic
function on the free domain {z € M! |w & o(x)}. As Proposition 3.8 guarantees that g, is
freely continuous, it follows that

{zeM |w¢o(r) and [(w—2)"'|| < C} =g, ({y e M| [lyll < C})

is a free domain.
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To prove Claim 2, let z € [¢, s] and let € G. As z € [¢, 8], inequality (5.5) guarantees that
we may choose w € S such that

1

|lw—z| < o (5.7)
As z € G, equation (5.6) guarantees that w & o(z) and
(w—2)"t < C. (5.8)

Now,

cwen (1222

But as inequalities (5.7) and (5.8) imply that

we can use the inequality ||(1 —y) 7| < (1 — [Jy||)~! (valid for |jy|| < 1) to prove that
w—2z\""

(=)
w—z

I(z = 2)7H < (w —2)7"

1 1
<593

w—z

w—a

1

N w—z”
L=5=

w—z\""
(-5=)
w—
To summarize, we have shown that if z € [¢, s] and z € G, then ||(z — z) 71| < 2C. Use the

definition (5.2) to estimate f”(z) to deduce that, if z € G N D(c, s), then,
@) < 20 max 1) length(c. ).

< 2.

Hence,

< 2C.

This completes the proof of both Claim 2 and the theorem. O

DEFINITION 5.9. For any free domain in U in M! we define U; to be U NMj. If f is a free
holomorphic function on U we define a function f; on U; by

f1(z) = f([2]), zeU.

In the sequel we make no distinction between z € C and [z] € M], and in particular, view
U, both as a subset of C and as a subset of M".

PROPOSITION 5.10. If U C M! is a free domain and M € U, then o(M) C U;.

Proof. Suppose M € U and z € o(M). We wish to show that z € U; or equivalently, that
zeU.

Choose an I x J matrix of polynomials d such that M € Bs C U and choose a unit vector
v € C" such that Mv = zv. We view §(M) as a linear transformation from C’ @ C" to C! @ C".
As M € By, there exists r < 1 such that ||[§(M)|| < r.

With the setup of the previous paragraph, if ¢ € C”7,

16(z)ell = [16(z)ell [l
= [1(6(z)e) @ |
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16(M)(c®@ )]l
rle®w]

N

rleflflo]]
= 7llell.
This proves that ||6(2)|] < r < 1. Hence, z € Bs C U, as was to be proved. O

COROLLARY 5.11. A non-empty freely open set in M' meets M.

PROPOSITION 5.12. IfU C M! is a free domain and f is a free holomorphic function on U,
then f7 is holomorphic on U;.

Proof. Fix zg € Uy. As f is free holomorphic, by Theorem 3.6 f can be locally uniformly
approximated by polynomials. Choose d such that zyp € Bs C U, and f can be uniformly
approximated by polynomials on Bs. By continuity, there exists € > 0 such that {z € C||z —
20| < e} C By. Tt follows that f; can be uniformly approximated on a neighborhood in C
by polynomials. Hence, f; is holomorphic on a neighborhood of zy. As zy € U; was chosen
arbitrarily, it follows that f; is holomorphic on Uj. t

PROPOSITION 5.13. IfU C M! is a free domain and f is a free holomorphic function defined
on U, then,

f@) = fi(x)

for all x € U. Moreover f(z) belongs to the algebra generated by x and the identity matrix of
appropriate size.

Proof. First observe that the assertion of the proposition makes sense. If = € U, then
Proposition 5.10 implies o(x) C U;. Also, if f is freely holomorphic on U, then Proposition 5.12
implies that f; is holomorphic on U;. Thus, f{*(x) is well defined by equation (5.2) for allz € U.

If p is a polynomial, then p} = p; and p; = p. Hence, the result holds in the special case
where f = p. The general case then follows by approximation. (I

6. The Riemann surface for \/x

In this section we shall define v/ as a holomorphic function on a one-dimensional free nc-
manifold. By gluing together locally defined branches of the inverse of the free holomorphic
function f(r) = 2% we construct a free nc-manifold in much the same way that elementary
textbooks construct the Riemann surface for v/z by piecing together locally defined function
elements. We obtain a locally finitely sheeted one-dimensional free nc-manifold which has
properties analogous to the Riemann surface for /z.

The zero matrix in My has infinitely many square roots, but only one of them lies in
the algebra generated by the zero and identity matrices. By Proposition 5.13, for any free
holomorphic function f and any x for which f(z) is defined, f(x) lies in the algebra alg(x)
generated by z and the identity. We shall therefore use the symbol /x in the following way.

DEFINITION 6.1. The free square root /x is the multivalued function on M* given by

Vi = {y € alg(z)|y* =z} c M.
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Thus, if z =0, the n X n zero matrix, then \/x = {0,,} and if z = I,,, the n x n identity
matrix, then \/z = {I,,, —I,}, whereas if 2 = [ |], then \/z = (). We leave the proof of the
following proposition to the reader.

PROPOSITION 6.2. The free square root of a matrix x € M' is empty if and only if the
Jordan canonical form of x contains a nilpotent Jordan cell of type k x k for some k > 2.

The set
=Y zeM VT £0}

is not a freely open set: it contains 022, but any basic free neighborhood of = contains a
matrix [ o] for some ¢ # 0. For the purpose of constructing a Riemann surface we consider
the restriction of the square root function to =°, the interior of = in the free topology. We shall
show (Proposition 6.6) that Z° is the set of non-singular matrices, and that the union of the
sets {x} X 1/, as x ranges over all non-singular matrices, can be given the structure of a free
nc-manifold.

Let

T = {x € M' | x is non-singular} (6.3)
and

Q={recM|o(x)no(—z) =0} (6.4)

PROPOSITION 6.5. The sets Z and Q are open and connected in the free topology.

Proof. Fix M € Z. If ¢ is the characteristic polynomial of M, then ¢(M) = 0 and ¢(0) # 0.
If we set § = q(0)!q, then clearly, as ||[6(M)||=0<1, M € Bs. Also, if x € Bs, then as
[6(z)I <1,

d(o(z)) = o(d(z)) € D.

Since 6(0) = 1 € 6(o(x)), it follows that 0 € o(z), that is € Z. Summarizing, given M € T,
we have constructed a free polynomial § such that M € Bs C Z. Hence, Z is open in the free
topology.

7 is clearly closed under direct sums, and so it is freely connected, by Proposition 2.9.

Now fix M € Q. Let (M) = {c1,...,c;} and choose 71,...,7, € RT such that A(c,7) N
A(—=c,r) = 0. Let g be the characteristic polynomial of M and define § = pg where p € R is
chosen so large that

{2 € Cl13(2)| < 1} € Ale,r).

With these choices, M € Bs and if x € By, then o(x) C A(c,r). Hence, as then o(—z) C
A(—c,r) as well, o(x)No(—z) =0, that is, z € Q. Summarizing, given M € Q, we have
constructed a free polynomial d such that M € Bs C Q. Hence, Q is open in the free topology.

Consider any points z,y € Q. Although Q is not closed under @, since o(z) can meet o(—y),
it is nearly so. Choose t € (0,1] such that o(tx) is disjoint from o(—y); then tz ®y € Q.
Remark 2.11 shows that there is a freely continuous path in Q from tx to y, while there
is an obvious freely continuous path in Q from x to tx. d

PROPOSITION 6.6. The interior =° of the set = in the free topology is T.

Proof. By Proposition 6.5, 7 is freely open, and it is clearly contained in =. Suppose that Z
is a proper subset of Z°; then there is a singular matrix M € = and a basic free neighborhood
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Bjs of M contained in =. Since By is invariant under unitary conjugations, we may assume that
M is upper triangular, and since M is singular, we may take M to have zero as its (1,1) entry.
Let N = M @& M; then N € By, and for a suitable permutation matrix P, the matrix P* NP in
By is upper triangular and has 0242 as a block in the (1,1) position. For some complex ¢ # 0,
Bjs contains the upper triangular matrix T differing from P* NP only in that its (1,2) entry is
C. If eq,e9,... denotes the standard basis of C", for the appropriate n, then a Jordan chain
for T' corresponding to the eigenvalue 0 is es, (e;. Hence, the Jordan form of 7" has a nilpotent
Jordan cell of type at least 2 x 2, and therefore, by Proposition 6.2, v/T is empty, contradicting
the fact that Bs C =. Hence, 2° = 7. O

We shall construct the Riemann surface for \/x by piecing together function elements over
7.

DEFINITION 6.7. By a free function element over Z is meant a pair (f, U) where U is a free

domain in Z, and f is a free holomorphic function on U. We say a function element (f,U) is a
branch of \/x if f(x)? = x for all z € U.

LEMMA 6.8. Let (f,U) and (g,V) be free function elements over Z, both assumed to be
branches of \/x. If M € UNV and f(M) = g(M), then there exists a free domain W such that
MeW CUNV and fIW = g|W.

Proof. Let (f,U) and (g, V') be branches of \/r and assume M € U NV and f(M) = g(M).
By Proposition 5.13 there exist holomorphic functions f; on U; and g1 on V; such that f = f{°
on U and g = g7 on V.

Now, since M € U NV, by Proposition 5.10

O'(M) Q U1 N Vl.
Furthermore, since f and g are branches of /z on U and V, respectively,
f1, g1 are branches of v/z on U; N V7. (6.9)

Let (M) = {c1,...,cx} and choose r € R*+* so that A(e,r) C Uy N Vy. It follows from equation
(6.9) that

f1, g1 are branches of /z on A(c, 7). (6.10)

But since f(M) = g(M), fi = g1 on o(M). Since each component of A(c,r) meets o(M), it
follows from equation (6.10) that f; = g; on A(c,r). Therefore, by Proposition 5.13,

f@) = fi'(z) = g1 (2) = g()

for all x € D(c,r). Since Proposition 5.1 guarantees that D(c,r) is a free domain, the lemma
follows by the choice of W =U NV N D(e,r). O

The following definition expresses the Riemann surface for v/« as a union of graphs of function
elements. This approach follows [5, Chapter 8] quite closely. An alternative approach, based
on cross-sections of a sheaf of germs of free holomorphic functions over Z, is also possible.
However, in the simple special case we are considering, this latter approach would amount to
little more than a change in notation.

DEFINITION 6.11. If (f,U) is a free function element, let

graph(f,U) = {(z, f(2)) |z € U}.
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Let S denote the collection of all branches (f,U) of \/z where U is a basic free open set Bs
in Z for some matricial free polynomial §. Define R by

R= |J graph(f,0)
(f,U)eS

and define B by
B = {graph(f,U)|(f,U) € S}.

LEMMA 6.12. There exists a unique topology T on R such that B is a basis for T .

Proof. The statement is that, if (f,U),(g,V) € S and
(M, N) € graph(f,U) N graph(g, V),
then there exists (h, W) € S such that
(M, N) € graph(h, W) C graph(f,U) N graph(g, V).

This assertion follows immediately from Lemma 6.8. d

DEFINITION 6.13. Let R be equipped with the topology T of Lemma 6.12. For (f,U) € S,
define

acsuy : graph(f,U) — U
by the formula
aigo(z, f(r)) =z, xz e U

Let

A={ayu|(f,U) € S}.

THEOREM 6.14. (R, T,.A) is a free manifold.

Proof. The theorem follows from the following four facts each of which is a simple
consequence of the previous constructions.

(1) For each (f,U) € S, graph(f,U) € T.

(2) For each (f,U) € S, U is a free domain.

(3) For each (f,U) €S, a(su) : graph(f,U) — U is a homeomorphism from graph(f,U)
equipped with the T topology to U equipped with the free topology.

(4) If (f,U),(9,V) €S and graph(f,U) Ngraph(g,V) # 0, then a4 y)o a(lU) is a free
holomorphic function.

(1) holds as graph(f,U) € Bif (f,U) € S.
According to Definition 6.11, if (f,U) € S, then U is a free domain. So (2) holds.
To see (3), assume that V' is a free domain in U. Then,
a(}%U)(V) = graph(f|V,V)e BC T.
Conversely, if graph(V, g) is a basic T-open set in graph(f,U), then, as V C U and g = f|V,
a(suy(graph(g,V)) = V is a free domain.

(4) follows from the fact that if = € a(graph(f,U) Ngraph(g,V)), then a(, vy o O‘(_f%U) (x) E
x.
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As in the classical case, the point of the Riemann surface for a multivalued function f
on a domain D is that f can be regarded as a single-valued holomorphic function on the
Riemann surface, which is a holomorphic manifold lying over D. The following statement
makes this notion precise in the context of the matricial square root. Consider a point w € R:
then w € graph(f,U) for some function element (f,U), which is to say that w = (z, f(x)) for
some z € U. We shall say that w lies over x.

THEOREM 6.15. There is a holomorphic function F on the free holomorphic manifold
(R,T,A) such that, if w € R lies over x € Z, then F(w) is a square root of x.

Proof. Define F' to be the restriction to R of the co-ordinate projection (M*, M?) — M?2.
It is easy to check that F' is holomorphic on R. If w lies over x € Z, then w = (=, f(z)) for
some branch f of the square root on a neighborhood of z; then F'(w) = f(x), which is a square
root of x. O

It is interesting to observe that, in contrast to the commutative case, where the Riemann
surface for /2 lies over C\ {0} as a 2-sheeted surface, in the non-commutative case there is
no bound on the number of sheets in R that lie over a given point M € 7.

PROPOSITION 6.16. Let M € T and let o(M) have k elements. There exist exactly 2* points
N € M! such that (M,N) € R.

Proof. The proof uses the simple observation from linear algebra that a matrix M has
exactly 2¥ square roots that lie in alg(M), the algebra generated by M. Fix M € T and assume
lo(M)[ = k.

If (M,N) € R, then there exists (f,U) € S such that (M, N) € graph(f,U). Then,

N = f(M) = f{*(M) € alg(M).

Hence, there exist at most 2¥ matrices N such that (M, N) € R.
To see that there exist at least 2% matrices N such that (M, N) € R, let 0 = {c1,..., ¢} and

choose r € R*" so that A(e,r) has k components and 0 € A(c, 7). Each of the 2¥ distinct choices
of square roots by, . .., by for the points c1, ..., ¢ gives rise to a distinct holomorphic branch h;,
of \/z on A(c,r) satisfying hy(c;) = b;, i = 1,..., k. In turn each of these distinct holomorphic
branches of h, gives rise to a distinct function element (h),A(c,r)) € S. As o(h)(M)) =
{b1,...,by}, this proves that there are at least 2* matrices N such that (M, N) € R. O

Equally interesting is to observe that despite the phenomenon described in the preceding
proposition, R is isomorphic to a free domain in M!.

PROPOSITION 6.17. The map o : Q@ — R defined by the formula
oly) =Wy  foryeQ
is a free biholomorphism from Q onto R.
Proof. Clearly, o is injective and onto. If (f,U) € S, then

(agpy00) () = o)W y) =y°

is a free holomorphic function defined on {y | (y?,y) € graph(f,U)} and
(07 oaily,) (@) = o~ (@, f(@)) = f(z)
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is a free holomorphic function defined on {z|z € U}. Therefore o is a free biholomorphic
mapping. O

7. The Zariski-free topology

We come now to a modification of the free topology on M¢ that will be needed for the
construction of the topological nc-manifold G with properties described in Theorems 8.33
and 8.35.

7.1. Thin sets

Recall that a set T in a domain U C C% is said to be thin if at each point z € U there exists
an open neighborhood V of z in U and a non-constant holomorphic function f on V such that
f=0o0on VNT. Simple facts are that thin sets are nowhere dense, closures of thin sets are
thin sets and finite unions of thin sets are thin sets.

A more subtle property of thin sets will be fundamental in later sections: if T" is a thin set
in U, then every holomorphic function f on U \ T that is locally bounded on U has a unique
holomorphic extension to all of U [20, Theorem 1.3.4]. Here the boundedness hypothesis is
defined as follows.

DEFINITION 7.1. Let U be a domain in C? and let 7' C C?. A function f on U \ T is said
to be locally bounded on U if, for every point z € U there is a neighborhood V of z in U such
that f is bounded on V' \ T

It is false that every holomorphic locally bounded function on U \ T, where T is thin and
U is a domain in C%, has a holomorphic extension to U. An easy counterexample is U = C,
T = {0}, f(2) = 2~ L. It is essential that f be locally bounded on U for a holomorphic extension
to exist.

7.2. The Zariski-free topology

Let D be a free domain. By a free variety in D we mean a set V' C D that has the form
V={xeD|f(x)=0forall feS} (7.2)

for some set S of freely holomorphic functions on D. Note that the zero symbol in equation
(7.2) stands simultaneously for square zero matrices of all orders. To make matters precise we
define

Odéf {017027037"'a}7

where 0,, denotes the zero matrix in M,,. Thus, the definition (7.2) can equally be written
V={xeD|f(x)€0forall feS}

We shall be loose about distinguishing 0 and 0.

The following statement illustrates just one of the many surprises that result from the free
topology not being Hausdorff. Free varieties in a free domain D are not necessarily relatively
closed in D in the free topology.

PROPOSITION 7.3. For any freely holomorphic function p on a free domain D C M!, the
free closure of the free variety

T ={zeD:px)=0}
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in D is the set

{z € D|p(x) is singular}.

Proof. Let x € D NM,, be such that p(z) is singular. We claim that x is in the closure T~
of T.

Since p(z) is singular, there is an eigenvalue A of x such that p(A) =0. Let uw € C" be a
corresponding eigenvector. Consider any basic free neighborhood By of x in D, where ¢ is an
m x m matrix of polynomials in one variable; then §(x) € M,,,, and [|6(x)||m,,, < 1. For any
choice of ¢ = (¢1,.-.,Gmn) € C™,

517($)<7u = 5U()\)(Ju for i,j = 1, cee, M.

Let ( ®u denote the nm x 1 matrix [¢iu”...(,u”]?, where the superscript T denotes
transposition. The last equation shows that

[611(z) ... Oim() ] Gu
d(x)((®@u) = : . :
i) 2 @] [ o
[611(N) oot S (V) ] _C1.u'
CAICV R eV Do
= (06(AN)¢) ® u.

Take norms of both sides in C™":
16(2)(C @ w)llcmn = [[(6(A)C) @ ufjcmn
= [16(A)Cllem [lullen. (7.4)
Choose ¢ to be a unit maximizing vector for d(\), so that

[Cllem =1 and  {|§(A)C]lcm = 16(A) [[na,, - (7.5)

Combining equations (7.4) and (7.5), we find that
16(z)(¢ @ u)llcmn = 16(N)llna,, [Iul

Cn.
Since ||0(z)| < 1,
16N

ullen < (|0 ()]

M., My 1€ ® ullcmn

<I¢llem [Jullen
= ||u||C”7
and hence,
16(M) |, < 1.

That is, A € Bs. Since p(A\) = 0, A € T. We have shown that every basic free neighborhood of
x in D meets T, and so z is in the free closure of T'.

Conversely, suppose z € DNM,, and p(x) is non-singular. Then, there is a basic free
neighborhood Bs of x in M!' that is disjoint from 7. Indeed, we may choose § to be the
1 x 1 polynomial ¢(g o p) where g is the characteristic polynomial of p(z) and ¢ > 1/|det p(z)|.
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By the Cayley—Hamilton theorem, §(z) = cg(p(z)) = 0, so that x € Bs. For any m € N and
MeTn an

§(M) = cg(p(M)) = cg(0,,) = cg(01)1,,, = e(det p(x)) 1,
and therefore
[6(M)]| = |lc(det p(x)) L || = c|det p(z)| > 1,
that is, M ¢ Gs. Thus, D N Bs is a free neighborhood of = in D disjoint from 7. Thus, z ¢
T. O

COROLLARY 7.6. Ifp is a non-constant free polynomial in one variable, then the free variety
p~1(0) is not freely closed in M.

For we can easily write down a 2 x 2 diagonal matrix M such that p(M) is singular but not
02.

COROLLARY 7.7. For any free polynomial p in d variables, the free closure of the free variety
T ={zxecM":p(x)=0}
in M? is contained in the set

{x € M| p(z) is singular}.

Proof. Let Sing denote the set of singular matrices in M'. By Proposition 7.3 and the free
continuity of p, p~!(Sing) is a freely closed set in M. It clearly contains the set T'= p~'(0).
Hence, it contains the free closure of T'. O

Many of the important results about varieties in commutative analysis depend critically on
the fact that varieties are relatively closed. Accordingly the following modification of the free

topology is natural and fruitful in the nc context, as we shall see in Subsection 8.5.

DEFINITION 7.8. A basic Zariski-free set in M? is a set B that has the form

B=D\T
where D is a free domain in M¢ and
k
T=JV
i=1

is a finite union of free varieties in D.

In the definition, the set T is taken to be a finite union of free varieties. This is because, in
contrast to the commutative case, a finite union of free varieties is not in general a free variety.

PROPOSITION 7.9. The collection of basic Zariski-free sets in M? constitutes a base for a
topology on M.

Proof. Clearly the collection covers M. Consider any pair D;\ T}, j = 1,2, of basic Zariski-
free sets in M?. Observe that, for any freely open subset D of D;, the intersection D N7} is a
finite union of free varieties in D, since the restriction to D of a freely holomorphic function
on D is freely holomorphic on D.

The set-theoretic identity

(D \T1) N (D2 \To) = (D1 N D)\ (T UT:) N Dy N Dy), (7.10)
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thus implies that the collection of basic Zariski-free sets in M? is closed with respect to finite
intersections and hence forms a base for a topology. O

DEFINITION 7.11. The Zariski-free topology on M® is the topology that has as a base
the collection of basic Zariski-free sets. A set that is open in the Zariski-free topology is a
Zariski-free domain.

Note that there is also a smaller base for the Zariski-free topology, consisting of the sets
Bs \ T where § ranges over all matricial free polynomials and T ranges over all finite unions of
free varieties in Bg. This base has the additional feature that it consists of nc-sets. Consequently
the topology is an nc topology. It is clearly coarser than the finitely open topology. We deduce,
in the terminology of Definition 2.5:

PROPOSITION 7.12. The Zariski-free topology is an admissible topology on M.

An empty union is conventionally taken to be the empty set. Thus, every freely open set in
M is also Zariski-freely open.

PROPOSITION 7.13. The Zariski-free topology is finer than the free topology on M<.

Any free variety, like a free open set, is preserved by unitary conjugations. It follows that
Zariski-free open sets are also preserved by unitary conjugations.

We now explore some important relationships between free and Zariski-free domains and
holomorphic functions.

PROPOSITION 7.14. If Dy and D, are free domains and f : D1 — D5 is a free holomorphic
mapping, then f is continuous in the Zariski-free topology.

Proof. Let D; ¢ M%, D, Cc M?. Fix a basic Zariski-free set B = D\TC M9, where
D C Dy is a free domain and T is a finite union of free varieties in D. Suppose that, as in
Definition 7.8, T =V, U--- UV, where V; = {x € D|g(z) =0 for all g € S;} and S; is a set of
free holomorphic functions on D. Then,

FHVi) ={z € f7H(D) |g(f(x)) = 0 for all g € S;}.
Therefore, if we let S = {go f|g € S;}, then,
YV ={x e fYD)|h(x) =0 for all h € S}

is a free variety in f~!(D). Consequently
k
FUT) = Jfz € £ 1(D) | h(x) =0 for all h € S;}
i=1

is a finite union of free varieties in f~!(D). The set
F7HB) = fTHD)NFHD)
is therefore Zariski-freely open. O
LEMMA 7.15. Let ¢ be a Zariski-freely holomorphic function on D\ T, where D is a freely

open nc set, T is a finite union of free varieties in D and D \ T is non-empty. Then, ¢ extends
to a unique freely holomorphic nc function ¢ on D.
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Proof. Let z€ DNT. Choose w € D\ T. Then, z® w € D\ T, and so ¢(z ® w) is defined.
For each component of the d-tuple z & w

[1 O]Zj ® w’ :zj[l 0].
Hence, by the intertwining property (2.4) of nc functions,

[1 0]p(zdw)=¢(z)[1 0]

soull]- [

ecaw)|f] = |7 o

Similarly, for each 7,

and therefore

Hence,

plz0w) = [3 Mow)] (7.16)

for some matrix a of the same type as the z7. Likewise, if w; and ws are distinct elements of

D\ T, then since
1 0]z 0] [z 0][1 0
0 0|0 w | |0 wel |0 O

the intertwining property (2.4) tells us that the value of a in equation (7.16) does not depend
on the choice of w in D \ T. Hence, we may define a graded function ¢ on D NT by the relation

oz ®w) = Mf) (p(ow)] (7.17)

forallze DNT and w € D\ T.

Extend ¢ to D by defining ¢ to agree with ¢ on D \ T. We claim that ¢ is a freely holomorphic
extension of ¢ from D\ T to D. That ¢(z1 @ z2) = ¢(21) @ $(22) is immediate if both z; and
zo are in D\ T, since ¢ is an nc function by Proposition 3.4. It is also immediate if just one

of 21,29 is in D\ T, by choice of the other as w. Assume therefore that both z; and 25 are in
DNT, and choose any w € D \ T. The relation

w<[216§22 SJD B V(Zloeazz) (p(ow)}v (7.18)

is true by the definition of ¢ if 21 @ 2o € T, and by the fact that ¢ extends ¢ together with
the nc property of @ if 21 ® 29 ¢ T.
Since zo w € D\ T,

A5l =e ([ 28

@(220@9 w)}
0
0

(7.19)
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Comparison of equations (7.18) and (7.19) reveals that

P(21 @ 22) = P(21) © P(22).

To see that ¢ preserves similarity, consider 2 € D and s € T such that s 'xs € D. If v ¢ T,
then also s 'xs € D\ T, and so

o5 zs) = (s zs) = s p(2)s = 571 p(2)s.

Now suppose # € D NT; then s *xs € DNT. Choose any w € D\ T. We have

1

o(s1as) @ p(w) = p(s 'as ® w) by definition ofgp
=p(se) @ow)(sal))
=) lozow)(sdl) since ¢ is nc

=(s01) (g(z) ®p(w)(s®1)

=5"'¢(2)s & p(w).

Hence, p(s~txs) = s~ 1p(x)s.
It remains to show that ¢ is freely locally bounded, hence freely holomorphic. Let z be any
point in D, and choose w € D \ T. There is a Zariski-free basic neighborhood Bs \ S containing

z @ w on which ¢ is bounded, by M say. For every z € By,
plr@z@w) = ¢(x) ®@(2) ® p(w)

is bounded by M, so ¢ is bounded on the free neighborhood B; of z.

To see that the extension is unique, it is sufficient to prove that if ¢ is a free nc holomorphic
function on D that vanishes on D \ T, then it is identically zero. Suppose not. Then, there is
some point z € T'N D such that 1(z) # 0. There is some point w € D\ T. Then, z @ w is in
D\ T, but ¥(z ®w) = (z) ®(w) # 0, a contradiction. O

LEMMA 7.20. Let ¢ : Bs\T — B, \ S be a Zariski-freely holomorphic nc map. Then, ¢
extends to a unique freely holomorphic map ¢ : Bs — B,. Moreover, if ¢ is a Zariski-free
homeomorphism, then ¢ is a free homeomorphism.

Proof. Since B, is an nc set, we may apply Lemma 7.15 to each component of ¢ in turn to
obtain a freely holomorphic nc map ¢ on B,. We must show that the range of ¢ is contained in
B,. This is automatic for points in B; \ T, so consider a point € T' N B;. Suppose ||v(¢(z))|| >
1. Then, there are unit vectors u, v such that

[(v(@(x))u,v)| > 1. (7.21)
Let w € Bs \ T. Then,
[(v(@(x)u,v)| = [(v(p(xSw))ud 0,0 0)| < 1,

a contradiction.
The uniqueness of ¢ follows by Lemma 7.15.
Suppose ¢ : B, \ S — Bs \ T is the inverse of ¢. Let w € B; \ T. Then, for all z € Bs, we

have z @ w € Bs \ T, and
z 0 z 0
5 u] = vee([s )

(1 olal)
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Thus, @[AJ is the inverse of ¢. O

LEMMA 7.22. Let ¢ be a Zariski-freely holomorphic function on a Zariski-free open set
U C M. Suppose that U can be written as

v = B \T),
acA
where T, is a finite union of free varieties in Bj, such that

(i) whenever Bs, N Bs, is non-empty, so is (Bs, \ Ta) N (Bs, \ Tp);
(ii) the function ¢ is bounded and nc on each set Bs, \ T, for a € A.

Then, ¢ extends to a unique freely holomorphic function ¢ on

U = U Bga.

acA

Proof. By Lemma 7.15, ¢ can be extended to a unique free function on each B;, . To see
that these extensions coincide on each Bs, N Bs,, we observe that, by condition (i), if this
intersection is non-empty, then there is a point w in (Bs, \ T) N (Bs, \ 7). We can use this
point w in equation (7.17) to construct the extension of ¢ to both Bs, and Bs,, and so the
extension will agree on the intersection. O

The next result shows how close Zariski-free holomorphy is to free holomorphy.

PROPOSITION 7.23. A graded function on a free domain in M is freely holomorphic if and
only if it is Zariski-freely holomorphic.

Proof. Let U be a free domain in M? and let ¢ : U — M be a graded function. Suppose that
 is freely holomorphic — that is, it is freely locally nc and freely locally bounded on U. Since
the Zariski-free topology is finer than the free topology, it is immediate that ¢ is Zariski-freely
locally nc and Zariski-freely locally bounded. Thus, ¢ is Zariski-freely holomorphic.

Conversely, suppose that ¢ is Zariski-freely holomorphic on U. Let € U. There is a Zariski-
free open set D \ T containing = on which ¢ is nc and bounded. Therefore there exists Bs such
that Bs \ T contains x and ¢ is nc and bounded on B;s \ T. By Lemma 7.15, there is a bounded
nc extension ¢ of |, \r to Bs. If y € Bs NT, then,

plrdy) = plzay)
ox) @ p(y) = »(x) ® p(y).

So ¢ agrees with ¢ on all of Bs, including T'. Therefore ¢ is freely locally bounded. g

8. An nc-manifold for symmetrization

In this section we construct a two-dimensional topological nc-manifold G such that the algebra
of holomorphic functions on G is canonically isomorphic (in a sense to be made precise in
Theorem 8.35 below) to the algebra of symmetric free holomorphic functions in M?2.
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In the commutative case, if Q C C? is a symmetric domain (that is, if (z,w) € Q implies
that (w,z) € Q), then the domain of {(z +w, zw) : (z,w) € Q} has the property that the
symmetric holomorphic functions f on €2 are in bijective correspondence with the holomorphic
functions F on Q via the relation

f(z,w) = F(z +w,zw) for all (z,w) € Q.

We shall construct a topological nc-manifold G with properties analogous to those of Q for the
symmetric free domain = M2,

In [4] the algebra of symmetric free holomorphic functions on the biball B2, the non-
commutative analog of the bidisk, is analyzed by means of operator-theoretic methods. The
authors constructed a set @ C M and a map 7 : B? — Q such that every symmetric free
holomorphic function ¢ on B? can be expressed as ® o 7 for some holomorphic nc-function ®
on 2. Here €2 is an infinite-dimensional set, but it can nevertheless be described in terms of
only three non-commuting variables, provided that inverses and square roots are allowed. In
this paper we adopt a more topological approach and obtain a two-dimensional topological nc-
manifold with properties analogous to 2, but for symmetric functions on an arbitrary symmetric
free domain. The theme that three variables suffice is reflected in the fact that the manifold
we obtain in this section is presented as a subset of M. However the topology of the manifold
structure of G is not that induced by any natural topology of M?.

8.1. A geometric lemma

In this and the next two subsections we describe some simple combinatorial geometry and
properties of free square roots, which play an essential part in the construction of G.
Throughout Section 8 the symbol A will be reserved for sets in the plane that have the form

k
A= U(Cl + D).

i=1
Alternatively, if v denotes the finite set {c1, ¢, ...},
A =~+rD.

We refer to such sets as simple sets with radius r. We define the separation of a simple set
A = v+ rD, denoted by sep A, by

sep A =min{|c —d|: ¢,d € v,c # d}.

DEFINITION 8.1. A simple set A with radius r is t-isolated if r < tsep A. If A and A, are
simple sets, then As is subordinate to A; if each disk in As meets at most one disk in Aj.

LEMMA 8.2. Let Ay and Ay be simple sets with radii vy and rs, respectively. If A1 and As
are i—iso]ated, then either /A is subordinate to A or As is subordinate to A;.

Proof. Suppose not, so that neither A; is subordinate to the other. Since A; is not
subordinate to Ay there is a disk ¢+ D in A; that meets two disks dj + 2D, j =1,2 in
As, with d; # dy. Pick points (1, (o such that

ng(C+T1D)m(dj+T'2]D)), j:1,2
Then,

|Cj—C| <ry and ‘Cj —dj‘ < Tro.
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1

Since Ay, Ay are 3

isolated,
r < isepAl and 7o < %sep As,
and so
I¢; —c| < $sepA; and [¢; — d;| < §sepAo.
Therefore,
lc —d;| < §sep Ay + +sep Ay, ji=1,2.
In consequence,
sep Ag < |dy — da
< |le—=di| + e — da]
< % sep A1 + %sep As.
Hence,
sep Ag < sep Aj. (8.3)
Since also As is not subordinate to Ay, by repeating the above argument with A; and A,
swapped, we deduce that sep A; < sep A,, contradicting inequality (8.3). O
8.2. Holomorphic square roots on the sets A,

Let T denote the set of finite subsets of C \ {0}. For each v € T we fix throughout the remainder
of the section a simple set

Ay = U(C+ D)

cey

where 7, is chosen so that

T, < min r611€1£1|c|7 1 Cr’lclligr; lc —d|

c#d
This choice of r, guarantees that, for all v € T,
0¢ A, (8.4)
and
A, is t-isolated. (8.5)

Note that the statement (8.5) implies that A, is a finite union of open disks whose closures
are pairwise disjoint.

For v € T let |y| denote the cardinality of 4. Define 217! functions on A, in the following
way. For each 7 € {—1,1}7, define ¢, : A, — {—1,1} by the formula

tyr(2) = 7(c) if z € ¢+ 1yD.

The functions ¢, are holomorphic on A, indeed, they precisely consist of the 271 holomorphic
square roots of the constant function 1 on A,.

For each v € T', property (8.4) and the remark following statement (8.5) imply that there
exists a branch of /= defined on A,.
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CONVENTION 8.6. For every v € I, fix a holomorphic branch s, of the square root function
on A,.

Once this s, is chosen, the other branches of \/z on A, can be described in terms of s, with
the aid of the functions ¢,,; we define s, to be the holomorphic square root function s, on

A

-
LEMMA 8.7. Assumey € I'. A function f on A, is a holomorphic function satisfying f(z)? =
z for all z € A, if and only if there exists T € {—1,1}" such that f = s,,.

8.3. Free square roots on the sets D,

For each vy € I define D, C M' by

D, ={reM|o(z) CA,}.

LEMMA 8.8.

Upb, =1

yel’

Proof. If M € D., then by definition, o(M) C A,. Hence, property (8.4) implies 0 ¢ o (M),
that is, M € Z. Conversely, if M € Z, then 0 ¢ o(M). This implies that o(M) € I'. Hence,
M e DU(JV[) - U"/EFD’Y' O

With the help of the functions s, and ¢y, we may define free holomorphic functions on D,
by means of the Riesz functional calculus. Since z € D, implies o(z) C A, we may use the
formula (5.2) to define, for every v € T', every 7 € {—1,1}" and every x € D,,

8, (@) = (2), 59)
L () = ), (2), (8.10)
Syr(z) = Sy (x) - (). (8.11)

Since s,(2)? = z and t,,(2)* =1 for z € A,

S, (x)*>=2 and I,(z)?=1 forallyel andx € D,.
Note that, by Proposition 5.3, S, and I, are free holomorphic functions on the free domain
D.,,. Moreover, every square root of z € D, in the algebra generated by x has the form S, (z)
for some 7 € {—1,1}".

8.4. The Zariski-free domain U,

For each v € T we shall define a Zariski-free open set in M? having a certain genericity property.
Let

W, = {(u,r) € M* |z € D, }. (8.12)

As D, is a free domain, so is W,. Furthermore, for fixed v € I" and 7 € {—1,1}7, as I,; is a
free holomorphic function,

fyr(u, ) =u I (x) — Iy, (2) u, (u, ) € Wy,
defines a free holomorphic function on W,. It follows that
Vir ={(u,z) e W, |u L7 () = I+ () u}

is a free variety in W,.
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In the constant cases, where either 7 = 1 (that is, 7(c) = 1 for all ¢ € ) or 7 = —1 (that is,
7(c) = —1 for all ¢ € ), we have either I, =1 or I,; = —1. Thus, in these two cases where 7
is constant, V., is all of W,,. In the sequel, we express the condition that 7 is not constant by
writing 7 # +1.

Since, for each 7 € {—1,1}7, V,; is a free variety in W,,

U=w,\ | V. (8.13)
Te{-1,1}"
T#+1
defines a set that is open in the Zariski-free topology of M2, though not, generally, in the free
topology, since the varieties V. are typically not freely closed. We shall construct the Zariski-
free manifold G by gluing together sheets in M? that lie over the domains U, C M?2. We can
express the definition of U, as follows:

U, = {(u,x) € M*: x € D, and u does not commute with I, (z)
for any non-constant 7 € {—1,1}7}. (8.14)

The following statement is easy to see.

PROPOSITION 8.15. For any vy €T, if (u1,z1) €U, and (us,x2) € W,, then (ui,z1) ®
(UQ, J)g) S Z/{,y.

8.5. The definition of G

To motivate the ensuing definition of the set G we recount some ideas from [4]. It has long
been known [25] that the algebra A of symmetric complex polynomials in two non-commuting
variables w' and w? is not finitely generated. However, it was found in [4] that there is a close
substitute for a finite basis. If we define

u= 3w+ w?), v=1(w'—w?
then an algebraic basis of A is

u, v2, vuv, vulv, ... vl . .. (8.16)
Although this is an infinite basis of A, the relation

vl = (vuw) (v?) " Hvu)(v?) 7L () T (vuw)

shows that every symmetric free polynomial in w', w? can be written as a rational expression

in terms of the first three terms of the basis (8.16). Accordingly, it appeared that these three
basic polynomials might have the potential to play the role that the elementary symmetric
functions w' + w? and w'w? play in the scalar theory, though some extra complications result
from the fact that rational expressions are required to represent polynomials.

Thus, the underlying idea is to study the image of M? under the map (u,v?,vuv). Here,
we realize this approach. We write  for the variable v? (so that v is a square root of x), and
then invoke the structure theory for free holomorphic square roots developed in Section 6.
Our strategy for the construction of a topological nc-manifold with the desired ‘universal
symmetrization’ property will be to apply the maps (u,x,/zu\/z) to M2. The expectation
is that the many branches of the square root lead to co-ordinate patches on the image set
that can be pieced together to yield the required topological nc-manifold. Implementing this
strategy runs into difficulties caused by singular behavior on certain subvarieties. The notion of
the Zariski-free topology enables us to circumvent these difficulties — see Remark 8.28 below.

Let us first establish that the polynomials (8.16) do indeed constitute an algebraic basis for
the algebra of free polynomials. We do not know whether this is a new observation. A closely
related result of an analytic flavor is [4, Theorem 5.1].
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THEOREM 8.17. Let x,y be non-commuting indeterminates and let

u=l(@ty), v=1i-y)

For any positive intger d, every free polynomial of total degree d in x,y can be written as a

polynomial in the d elements u,v?, vuv, . .., vut2v.

Proof. 1t suffices to prove the result for homogeneous free polynomials. For d > 1 let P; be
the complex vector space of homogeneous polynomials of total degree d in z,y and let Sym,
be its subspace of symmetric polynomials. Clearly P; has dimension 2¢, and therefore Sym,
has dimension 29!,

Let Q4 be the space of polynomials in u, v, vuwv, . .., vu®?v that are homogeneous of degree
d in w,v, and hence also in z,y. Then, @); = Cu and Q4 C Sym,. We claim that dim @, =
29=1 = dim Sym,, from which it will follow that Q4 = Sym,, as required.

The claim is true when d = 1 since dim J; = 1. Let d > 1 and suppose that the claim holds
for d — 1. We have

Qi=uQq_1® ’UZQd_Q B vuvQq_3 DD vudingl @ vut20C.
By the inductive hypothesis,
dimQy=dimQy_1 +dimQy_o+---+dim@; + 1
—9d=2 L 9d=3 4 1141
2471,

Hence, Q¢ = Sym, and the theorem follows. g

For each v € I" and each 7 € {—1,1}” we define a mapping ®., : U, — M3 by the formula

(I)’YT(uax) - (U,ZI:,S»YT(IE) u SVT(z))v (uax) € u’Y? (818)

where S, is the free holomorphic square root on D., defined in equation (8.11).
Let

Gyr =ran ... (8.19)
Trivially, ®.,, is a bijection from U, to G,.. Define G C M? by

i=J U 6~ (8.20)

yel' re{-1,1}"

8.6. A Zariski-free atlas for G
The set G defined in the previous subsection is just that, a set. It carries neither a topology
nor an atlas of charts that would endow it with a manifold structure. In this section we shall
topologize G and equip it with a Zariski-free atlas.
DEFINITION 8.21. Let
B={®,,(U)|yel,r€{-1,1}",U is Zariski-freely open in U, }.

Proposition 8.29 will imply that B is a base for a topology on G. The proof hinges on the
following technical statement.
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LEMMA 8.22. Let (u,z) € Uy, NU,, for some v1,v2 € I'. If, for some 7 € {—1,1}"" and
7€ {—1,1},

S’YlTl (‘r)U’S’YlTl (JJ) = S’Y27'2 (x)us"/zﬁ (J?) (823)
then,
either S’YlTl (:K) = S’YQ7'2 (LC) or S%ﬁ ({E) = _S"/z‘l'2 (SL’) (824)

Proof. Since (u,z) € U, NU,, we have
reD, ND,,,
or equivalently,
o(x) CA,, NA,,. (8.25)
In the light of property (8.5) and Lemma 8.2 we may assume that A., is subordinate to
A, , that is, that each component of A,, meets at most one component of A, . This implies
that each component of A,, contains at most one component of A, NA,,. As both of the

functions s.,,, and s,,,, are branches of \/z on A, NA,,, they agree up to a factor +1 on
each component of A, NA.,. Hence, there exists 7 € {—1,1}7 such that

Syiri (2) = tyar(2)S90m, (2), z€Ay NA,,. (8.26)
Equations (8.25) and (8.23) imply that
Sums (2) = Lyyr (2) S5 (). (8.27)

Substitution of this formula for S, -, (z) into equation (8.23) yields
u= I’YQT(:U)UI’WT("E)'
But I,,,(z) is an involution. Therefore
f'YzT(u7$) = UI’YzT('I) - 1727-(1')’& =0,

that is, (u,z) € V,,-. As (u,z) € U,,, this implies that 7 is constant on v, and either 7 =1
or 7 = —1. We deduce that either ¢+, =1 or ¢, = -1 on A, NA,,. In conjunction with
equation (8.27), this implies that equation (8.24) holds. O

REMARK 8.28. The foregoing technical lemma explains the introduction of the Zariski-
free topology. It is only because of the exclusion of the varieties V,,, where a non-generic
commutation relation holds, in the definition of the sets i{, that the collection B of
Definition 8.21 constitutes a base for a topology on G.

PROPOSITION 8.29. If Q1,905 € B and w € Q1 Ny, then there exists {23 € B such that
w € Q3 CQNQs.
Proof. Fix Qy = &, (U1), Qo = &,.,(Uz) and assume (u,z,y) € Q1 N Q. As
(u,x) ceUinNU, gu’yl ﬁuyz,
and
S’Ylﬁ (z)us"‘/l"'l (l‘) =Yy= 5'727'2 (x)US’Ysz (I‘) (830)
we may apply Lemma 8.22 to deduce that
either S%Tl (.’1?) = SVsz (LE) or S’YlTl (.’L’) = _S’Yz‘rz ($> (831)



164 JIM AGLER, JOHN E. McCARTHY AND N. J. YOUNG

Let
O3 = &, (U1 N Ua).
As (u,z) € Uy NUs, equation (8.30) implies
(u,z,y) € Qs.
Clearly
Q3 =0.,,,(U1NU) C Dy, (Uz) = Qo
To see that Q3 C Qy, fix (u,x) € Uy NUs. Then, as o(z) C Ay N As, equation (8.31) implies
that
Dpry (1, 7) = (U, @, 557, (2) U Sy, (7))
= (U, 2, Sy, 7, () u Sy, 7, (1)
=&y, (u,2)

€ Q. d

Lemma 8.29 implies that B is a base for a unique topology 7 on G. The topology 7T is defined
so that the maps

@;Tl 2 Gy = Uy

are homeomorphisms when G, carries the 7 topology and U/, carries the Zariski-free topology.
As U, is a Zariski-free domain, it follows that

A={o |veTl,re{-1,1}"} (8.32)

is a collection of topological nc-co-ordinate patches on G (see condition (4.6)).

In fact A is a Zariski-free atlas for (G, 7). Since Definition (8.20) implies that the sets
Gr cover G, equation (4.4) holds. To see that the transition functions are Zariski-freely
holomorphic, observe that

((I)_l ° q)“/lﬁ)(u’m) = (u,x)

V272
for all (u,z) € ®' (Gyir, NGrory), and @1 (Gy 7, NGy,r,) is Zariski-freely open by
Lemma 8.29.
We summarize the above observations.

THEOREM 8.33. If G is the set defined by equation (8.20), T is the topology on G generated
by the set B in Definition 8.21 and A is given by equation (8.32), then (G, T, A) is a Zariski-free
manifold.

Our original hope when we began this project was to construct a free nc-manifold G and
a surjective free holomorphic map 7 : M? — G with the property that, for every symmetric
free holomorphic function ¢ on M2, there exists a free holomorphic function ® on G such that
@ = ® om. Our construction above falls short of this goal on at least two counts. First, G is
not a free manifold, but a Zariski-free manifold. Second, if we make the intended definition

m(w) = (u, v, vuv)

= (3(w" +w?), 3 (w' —w?)? g(w' —w?) (W' +0?)(w' —w?)) (8.34)
then a necessary condition that m(w) € G is that v? € Z, since we require (u,v?) to belong to
some U, ; thus m does not map M? to G. Nonetheless, there is a correspondence between ¢ and
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a suitable holomorphic function ® on G, but the correspondence is more subtle, as the next
statement shows.

THEOREM 8.35. There is a canonical bijection between the classes of

(i) symmetric nc functions f that are freely holomorphic on M?, and

(ii) holomorphic functions Fy,, defined on the Zariski-free manifold G that are conditionally
nc and have the property that, for every w € M?, there is a free neighborhood U of w
such that F,, is bounded on m#(U)NG.

Theorem 8.35 will be proved in the next section, in greater generality — see Theorem 10.11.
We define conditionally nc in Definition 9.25.

9. Symmetric free holomorphic functions

In Section 8 we constructed an nc-manifold G for the representation of freely entire symmetric
functions on M?. In this section we shall do likewise for symmetric free holomorphic functions
on an arbitrary symmetric free domain.

Recall that a set S C M? is symmetric if

w=(w'w?) eS8 = (w w)eS.

In the sequel S is a fixed symmetric free domain in M?. We shall construct a Zariski-free
manifold &,,(S) which is, roughly speaking, the restriction of G to S.

All the notations and constructions in Section 8 are in effect in this section as well. For
w € M? we shall frequently employ the change of variables

u=1(w"+w?), v=1(w'—w?), (9.1)
or, equivalently,
w1:u+v, w? =u—wv.

The operation of transposition of components will be denoted by (w', w?)¥ = (w?,w?!).
To construct G(S) we need to define several sets and mappings, as indicated schematically
in the following figure.

Scheme for the construction of G(S)
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9.1. Local inverses of (u,v?)

The purpose of this and the next two subsections is to define a submanifold of the Zariski-free
manifold G corresponding to a symmetric free domain S in M?. First we introduce maps w.,
which are local inverses of the map w — (u,v?), in the notation of equations (9.1).

Recall that, for each v € T', the set W, defined in equation (8.12) is freely open in M?. For
each v € I" and each 7 € {—1,1}" we define a mapping w-, : W, — M? by the formula

wyr(u, @) = (u+ Sy (2) , u— Sy (x)), (u,z) € W,y (9.2)
where S, is the free holomorphic function on D, defined by equation (8.11).
Let w = wy,(u, x), so that

1

u+ Sy (z) =w and u— Sy (z) =w".

Solution of these equations for u and z gives

u:%(lerwz) and I:S’W(I)zzi(w -w

Thus, wy is injective and

for all w € ranwy.

PROPOSITION 9.4. For each vy € I" and 7 € {—1,1}", wy, is a free biholomorphic mapping
from W, onto its range.

Proof. We first show that ranw,, is open in the free topology. Equation (9.3) defines a
free polynomial map F on all of M?. Hence, as this map is continuous in the free topology,
ranw., = F~'(W,) is open in the free topology.

Once it is known that both the domain and range of w,, are freely open sets, that w,, is a
free biholomorphic mapping follows immediately from the formulae (9.2) and (9.3). O

9.2. The sets S, and U, (S)

Recall that, for each v € T', the set U, defined in equation (8.13) is a Zariski-free open subset
of W,. For each 7 € {—1,1}7, we define S,, C S by

Sy =wy U,)NS (9.5)
and define U, (S) C U, by
Uy (S) ={(u,z) e Uy |wyr(u,z) € S}

= w’;Tl (Syr)- (9.6)

PROPOSITION 9.7. U, (S) and S, are Zariski-free open sets and w,, is a Zariski-free
biholomorphic mapping from U.,.(S) onto S, .

Proof. By Proposition 9.4, w,, : W, — ranw,, is a free biholomorphic mapping. It follows
by Proposition 7.14 that w,, is a homeomorphism when W, and ran w., are equipped with the
Zariski-free topology. Hence, equation (9.5) implies that Sy, is Zariski-freely open and equation
(9.6) implies that U, (S) is Zariski-freely open.
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That w,, acting on U,,(S) and w;Tl acting on S, are Zariski-free holomorphic mappings

(that is, are Zariski-freely locally bounded) follow from the facts that w,, acting on W, and wV_Tl
acting on ranw.,, are free holomorphic mappings (and hence are freely locally bounded). [

9.3. The sets G,-(S) and G(S)

Recall that for each v € I and each 7 € {—1,1}", ®.,; and G, are defined by equations (8.18)
and (8.19). For each v and 7, we define
QW(S) =&, (U (S5)),
and then, following the definition (8.20), we set
Goo(S) = U U Gy (S). (9.8)
vel' re{-1,1}~

Recall that the topology 7 on G was chosen so that the maps ®.. : i, — G, are homeomor-
phisms when U, carries the Zariski-free topology. Therefore &,,(S) is an open subset of G
and as such carries the structure of a Zariski-free manifold. A Zariski-free atlas for &,,(S),
A(S), can be obtained from the Zariski-free atlas A for G defined in equation (8.32) by simple
restriction of the charts in A to the sets G,,(S), that is, by the definition

AS) = {@321G,-(S) 17 € Tyr € {~1,1}7}. (9.9)

We summarize these observations in the following theorem.

THEOREM 9.3. Let S be a symmetric free domain in M2. If &,,(S) is defined by equation
(9.8), then &,,(S) is an open subset of G. Furthermore, if T(S) is the relativization of T
to B,,(S) and A(S) is defined by equation (9.9), then (&,,(S),T(S), A(S)) is a Zariski-free
manifold.

9.4. A holomorphic cover of &,,(S)

In this subsection we shall construct a 2-to-1 holomorphic covering map from a Zariski-free
subdomain of S onto &,,(S). For each v € I and each 7 € {—1,1}7, define 7, : S, = G- (S)
by

—1

Tyr = Pyrow .

Thus, for w € &, -,

Tyr () = (1, 0%, S (v (02)).
LEMMA 9.11. Ifw € S,,-, NS,,r,, then 7wy, - (W) = Ty, -, ().

Proof. As w € S, ., there exists (u1,21) € Uy,-, such that w = w,, , (u1,21). Likewise,
there exists (u2,x2) € Usy,7, such that w = w,, -, (u2,x2). But
Wyimy (w1, 1) = WryaTy (u2,22)
implies via equation (9.2) that
up + S’YlTl (xl) =uz + S’YZTQ (l‘g)
and
u — Sy, (1) = Uz — Sq,ry (22).

These equations imply that u; = up and S, -, (z1) = S,,,(x2). Noting that both S, - and
S.,7, are branches of v/z, we also have

T1 = S’Yl‘rl (1’1)2 = S"/QTz(xQ)2 = Z2.
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Hence,
Ty (W) = Ty 7y (W 7y (U1, 21))
=@ (ur,21)
= (u1, 21, 85,1, (21)u1 Sy, 1, (21))
= (u2, T2, Syyry (2)U2S,7, (22))
=, ., (u2, x2)
= My (Wyars (U2, T2))

= 7(-'727'2(,1'0)' ]

Armed with Lemma 9.11 we may define S,, C S by

So=J) U S~ (9.12)

yel re{—-1,1}~

It is immediate that there is a globally well-defined mapping 7 : Syo — &,,(S), locally defined
by the formula,

m(w) = 1y (w) if w € Sy;.

THEOREM 9.13. 7 is a holomorphic covering map from the Zariski-free domain S,, onto the

Zariski-free manifold &,,(S). Furthermore, 7 is given by the formula
rw) = (Jw! +u?), Hw —w?)? Hw! — )il +ud)il —w?).  (0.14)

Finally, 7 is 2-to-1 and 7 (7(w)) = {w,w’}

Proof. By Proposition 9.7, U,-(S) and S, are Zariski-free domains and

Wyr U (S) = Syr
is a Zariski-free homeomorphism. Also, by the comments following equation (9.8),
Do Uyr(S) = G4 (S)

is a Zariski-free homeomorphism. Therefore,

-1

T|Syr = @yr ow s

is a Zariski-free homeomorphism. This proves that 7 is a local homeomorphism.
Ifa=a!:G,.(S) = U, (S) is a co-ordinate patch in A(S) (cf. equation (9.9)), then

ao (nlS,.) = wy)
and

(7T|‘SVT)71 oa ! = Wy

are both holomorphic. Therefore, 7 is biholomorphic on every &, ..
As

G- (S) =ranm,, Cranm,

for all v € ' and 7 € {—1,1}7, it follows from equation (9.8) that 7 is surjective.
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If (u,z) €U, and w =w, (u,z), then u=1(w'+w?), S, (z) = 3(w' —w?), and 2=

1(w' — w?)?. Hence,

Toyr (W) = Ty (W (u, 7))
=07 (u, )
— (1, S (2)uSy (2)

= (30 +w?), ' — w?)?, 3w~ w?) !+ wt) i — )
This proves equation (9.14).
Assume that m(wi) = m(wy) for some wi,ws € Soo. If w1 =wy, - (ur1,z1) and wo =
Wy, (U2, T2), then the computation of the previous paragraph gives u; = us, 1 = 2 and

S’Yl‘ﬁ (331)11,157] T1 (.731) = S’YzTQ (xQ)UQS’YQTz (332)

If we set xgp = x1 = x2 and up = u; = ug, then this equation becomes equation (8.30) in the
proof of Proposition 8.29. The argument in that proof shows that equation (8.31) holds with
T = x0, that is, either

S'YlTl (.’to) = S"/QT2 (xo) or S"/l‘rl (xo) - 7‘5"‘/27'2 (xo)

In the former case wy; = w; and in the latter case wy = w{

Finally, to show that 7 is 2-to-1, observe that w # w’ for w € S, . Otherwise, suppose w =
w7 (u, z) for some (u,z) € Uy,. Since w = w' we have u + S, (z) = u — S,,(z), and therefore
S, (x) = 0. Hence, x = S,,(x)* = 0, contrary to the fact that (u,z) € U,. O

We shall use formula (9.14) to extend 7 to a polynomial map M? — M?.

9.5. The representation of symmetric functions on S,,

THEOREM 9.15. Let S be a free symmetric domain in M?, &,,(S) the Zariski-free manifold
described in Theorem 9.3 and 7 : Spo — &,,(S) the covering map described in Theorem 9.13.
If F,, is a holomorphic function on &,,(S), then f,, = F,, om is a symmetric Zariski-free
holomorphic function on S,,. Conversely, if f,, is a symmetric Zariski-free holomorphic function
on S,,, then there exists a unique holomorphic function F,, on &,,(S) such that fo,, = F,, o 7.

Proof. First assume that F,, is Zariski-freely holomorphic on &,,(S) and let f,, = F,, o .
As F,, and 7 are Zariski-freely holomorphic, so is f,, = Fpo o m. As w(wf) = m(w) for all
W € Spoy 50 AlSO foo (W) = foo(w) for all w € S,,. Thus, f,, is a symmetric Zariski-freely
holomorphic function.

Now assume that f,, is a symmetric Zariski-freely holomorphic function on S,,. Attempt to
define a function F,, on &,,(S) by the formula

Foo(m(w)) = foo(w), w e S,,.

If 7(w')=n(w?) and w'#w?, then as w? = (w/)! and f,, is assumed symmetric,
Foo(m(w')) = F,o(m(w?)). This proves that F,, is well defined, and clearly f,, = F,, o .
Also, as 7 is surjective, F,, is defined on all of &,,(S). Since locally on the sets G, (S),
F,, = f,o o', a composition of Zariski-freely holomorphic functions, F,, is Zariski-freely
holomorphic. O

We shall extend Theorem 9.15 in Theorems 10.1 and 10.11.
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9.6. The representation of symmetric functions on S

For any symmetric free domain S in M? we define S, C S by

S=J U w-W)ns (9.16)

yel re{-1,1}~

Proposition 9.4 implies that S, is a free domain and equations (9.5) and (9.12) imply that
Soo € S,. An alternative, intrinsic characterization of S, in terms of the set Q defined by
equation (6.4) is given in the following proposition.

PROPOSITION 9.17. S, = {w € S|w! —w? € Q}

Proof. First assume that w = w.,(u,z) € S,, so that +(w' —w?) = S,,(z) and z € D, is
non-singular. The spectrum of S, (x) is obtained by the application of s, to o(x), which
process does not produce two eigenvalues A and —\. Hence, S, (z) € Q, and therefore w € Q.
Conversely, suppose that w € S and %(w1 —w?) € Q. If weset x = i(w1 —w?)? and v = o(z),
then there exists 7 € {—1,1} such that S,,(z) = 1(w' — w?). If u = §(w' + w?), then w =
Syr(u,x) € S,. O

Let S be a symmetric free domain in M?, and define S, by equation (9.16) and S,, by
equation (9.12), where 7 is the polynomial map (9.14). Write &,, for &,,(S), and define
6, =7(S,) and & = w(S). Consider the following diagram:

’Soo L) ®oo

ol N
M! s, @, —° s M
XF le A"

S—" &

(9.18)

In Theorem 9.15 we showed that f,, : Sp, — M! is a Zariski-free holomorphic map if and only
if there exists a Zariski-free holomorphic map F,, : &,, — M! such that F,, o7 = f...
Suppose F : & — M! is a free holomorphic map, by which we mean that at every point \ of
® there is a free neighborhood Bj of A in M? and a bounded free holomorphic function g on
Bs such that g agrees with F' on Bs N &. Then, F o 7 is a symmetric free holomorphic function

on S.
QUESTION 9.19. Is the converse true?

In this generality, the answer to Question 9.19 is no, as the following example, suggested to
us by James Pascoe, shows.

EXAMPLE 9.20. Let S be the nc-bidisc, that is, the set of pairs of strict contractions in M?2:
S = {weM: |w,w?| < 1}.
Let

(wl _ w2)(,w1 4 w2)2(w1 _ U}2)

=
£
I

= 16vu’v.
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The natural choice for an F such that f = F o is F(z) = 1623(2%)7123, but this function is
not freely holomorphic on a neighborhood of 0.

Indeed, there is no free holomorphic function F defined on a neighborhood Bj of 0 in M?
such that F om = f. For suppose that F' is such a function. Replacing d(z) by t(6(z) — 6(0)),
where t > 1/(1 — ||6(0)]]), we can assume that §(0) = 0. By [1], F'(z) can be represented by a
convergent series on Bs whose terms are non-commutative polynomials in the entries d;;(z). If
Form=f, then

F(u,v* uvu) = 160u?v. (9.21)
Expand F in a power series in D, and group terms by homogeneity. Then, the left-hand side

of equation (9.21) is a linear combination of

u?v?, uv?u, v:u’.

No linear combination of these three elements is equal to vu?wv.

One can show more: there is no function F' at all satisfying o7 = f on S. We shall show
this by giving two points w and W in S N M7 that are identified by  but not by f. Let

2u=w'+w? 20=W'+W? 2w=w'—w? 2V=w'-Ww2i

Let r be a small positive number. Let

0 r 0 —r
o) o ool
v = , Vo=
0 0 r 0 0 r
0 0 0 0
Let w = U have the (2,3) and (4,1) entries equal to 0, but the (2,3) element of their square not
equal to 0. Then, 7(w) = (u,v?,vuv) = (W), but

f(w) = 16vu’v # 16VU?V = f(W),

since the (1,4) entry in vu?v is r? times the (2,3) entry of u2, and in VU2V it is the negative
of this quantity.

The fact that v is not invertible is crucial in the example.

LEMMA 9.22. Let S be a symmetric freely open set in M? and f a symmetric free
holomorphic function on S.

(1) f can be approximated locally uniformly on S in the free topology by a sequence of
symmetric free polynomials.

(2) Suppose that (i) wi,ws € S (ii) m(wy) = s tm(wg)s for some s € T (iii) w} —w} is
invertible and (iv) wy @ ws ® wl G wl € S; then f(wy) = s~ f(ws)s.

Proof. (i) Consider any point wg € S. Since f is freely holomorphic on S, by Theorem 3.6
there is a basic free neighborhood Bj of wy in § and a sequence of free polynomials p,, that
approximates f uniformly on Bs. Replacing 6(w) by 6(w) @ d(w/) if necessary, we can assume
that Bs is symmetric, and on replacing p,(w) by % (pn(w) + p,(w’)), we can assume that p,
is symmetric on Bs.

(ii) Let

ur = 5(wi +wi), vi=g(w —wi), u=g(wy+wl), v2=g(wy—w3)
Every p,, being symmetric, can be written as a finite linear combination of terms 1,w, and
vw/v for 5 =0,1,2,....
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1

By hypothesis, 7(w;) = s~ 'm(wy)s, which means that u; = s 'uss and viulv; = s~ vgudvss

for j = 0,1. But for j > 2, we have
j i1 —2
viwjvr = vl vy (v1) v,

and so by induction we deduce that p,(w1) = s~ 'p,(w2)s. Since p,(w;) converges to f(w1)
and p,, (wy) converges to f(wy), it follows that f(w;) = s~ f(w2)s. O

LEMMA 9.23. The set of points w € M? such that 7! (m(w)) has cardinality 2 is dense in
the finitely open topology.

Proof. Let 2u = w' + w? and 2v = w' — w?. The set of w € M2 for which v has n distinct
non-zero eigenvalues is dense, and the subset where furthermore u has no non-zero entries when
expressed with respect to the basis of eigenvectors of v is still dense.

For such a w, if 7w(w;) = 7w(w), then u =y, (v)? = (v1)? and vuv = viuv;. The second
equation says v; has the same eigenvectors as v, with each eigenvalue 4+ the corresponding
eigenvalue for v. If the ith is positive and the jth is negative, then the (7, 7) entry of vuv is
minus the (¢,7) entry of vjuvy, and is non-zero since U;; 1S non-zero.

Thus, v; = v, and hence, w; is either w or w/. O

9.7. Conditionally nc functions

We shall call a set D C M? reductive if, whenever 2 @y € D, then z and y are in D.
PROPOSITION 9.24. Freely open sets are reductive.

Proof. Let D be a freely open set. Consider z, w such that z & w € D. Then, there is a matrix
0 of free polynomials such that z @ w € Bs C D. Since §(z @ w) = §(z) @ d(w), it follows that
z,w € Bs, and hence, z,w € D. O

Zariski-freely open sets, however, need not be reductive.

DEFINITION 9.25. Let D be a subset of M? and f be a mapping from D to M. We say that
f is conditionally nc if f is a graded function and

(i) if x,s7tes € D, then f(s~'zs) = s Lf(x)s;
(ii) there exists a graded function f defined on the set
DY {y € M?: there exists z € D such that z ®y € D} (9.26)
such that, for all x € D such that z &y € D,

f({g 2]) - {fi)x) f?y)]- (9.27)

EXAMPLE 9.28. (1) If D = {3®2® 1}, then D is empty and the conditionally nc functions
on D are the functions f on D given by

fBe2e1) =4

for some diagonal matrix A € M}. The fact that A is diagonal ensures that condition (i) of
Definition 9.25 is satisfied, while condition (ii) is vacuous.

(2) f D={3®2&®1,3}, then D = {2& 1} and the conditionally nc functions on D are the
functions f on D given by

fB@201l)=adbPec, f3)=a
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for some a,b,c € C. The unique graded function f on D such that condition (ii) holds is
flel)=baec

The following properties of conditionally nc functions are straightforward to verify.
PROPOSITION 9.29. Let f be a conditionally nc function on D C M¢ and let D; C D.

1
2

There is a unique graded function f on D such that equamon (9.27) holds.
|f(x)|| < M for all z € D, then ||f(y)|| < M for all y € D.
grees with f on DN D.

)
)
)
)
5) I

(
(2) If
(3 Jf
(4) D,
(5) If f f|D1, then f; is conditionally nc and f1 f|ﬁ1

REMARK 9.30. A bounded conditionally nc function f on a free domain U is freely
holomorphic. For any x € U we may choose a basic neighborhood Bj of = contained in U;
then f is conditionally nc on Bg, hence is nc on Bs. Thus, f is freely locally nc.

On the other hand, we do not know if a freely holomorphic function on a free domain U
must be conditionally nc, since being conditionally nc is not a local property. Such a function
does preserve direct sums and similarities on basic free neighborhoods, but we do not assert
that it preserves similarities on all of U.

On a reductive set D, a function f is conditionally nc if and only if it preserves similarities
and satisfies f(z @ y) = f(z) ® f(y) whenever x @y € D. If D is both nc and reductive, then
a conditionally nc function on D is the same as an nc function.

10. Nc Waring-Lagrange theorems

Any polynomial in d commuting variables can be expressed as a polynomial in the d elementary
symmetric functions in the variables. In an interesting historical survey [10, pp. 364-365],
Funkhauser attributes this fundamental fact about symmetric functions to Edward Waring,
Lucasian Professor at Cambridge [24] in 1770 and independently to Joseph Lagrange [18]
in 1798. Lagrange’s account is later, but is somewhat more explicit, so we shall call the
statement the Waring—Lagrange theorem. It is likely that Euler had the result around the same
time.

We now come to our nc version of the theorem, which asserts (to oversimplify somewhat)
that symmetric nc functions in two variables can be factored through the map 7 given by the
definition (8.34). The precise statement is as follows.

In the theorem we do not assume that S is an nc set.

THEOREM 10.1. Let S be a symmetric free domain in M?. Assume that, for all wy,ws € S,
if w(wy) is similar to w(wz), then w; & we € S. (10.2)

Define S, by equation (9.16) and S,, by equation (9.12), and let &,,, be the Zariski-free manifold
&,,(S) defined in equation (9.8). Let &, = w(S,).
There are canonical bijections between the following five sets of graded functions.

(i) Bounded symmetric conditionally nc functions f defined on S.
(ii) Bounded symmetric conditionally nc functions f, defined on S,,.
(iii) Bounded symmetric Zariski-freely holomorphic functions f,, defined on S,, that are
conditionally nc.
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(iv) Bounded holomorphic functions F,, defined on the Zariski-free manifold &,, that are
conditionally nc (when &,,, is viewed as a subset of M?).
(v) Bounded functions F, defined on &, that are conditionally nc.

Moreover, if functions f, f,, foo, Fo and F,, correspond under these canonical bijections, then
the following diagram commutes when the two copies of M! are identified.

Soo L) (Boo

ol N
M s, @, —os M
\F
S

Proof. Starting with f, one can define f, and f,, by restriction. By Proposition 9.29, f, and
foo are conditionally nc. By Remark 9.30, f is freely holomorphic, and so f,, is Zariski-freely
holomorphic, being the restriction of the freely holomorphic function f to a Zariski-freely open
set.

(fo — f) First note that at each level n, the set S\ S, is thin, in the sense of Subsection 7.1.
Indeed, to be in S\ S,, by Proposition 9.17, we must have w! — w? ¢ Q. A matrix M is not
in Q if and only if p;(A) = det(A — M) and p2(A) = det(A + M) have a common zero. This
happens if and only if their resultant, which is a polynomial in the entries of M, vanishes. So
S\ S, is the intersection of S with the zero set of a non-constant polynomial, hence is thin.

Since f, is bounded and S\ S, is thin, the function f, has an extension by continuity at
each level n to a bounded function f on S. By continuity, the function f is symmetric and
preserves direct sums, in the sense that if w @y € S, then w,y € S (since S is a free domain)
and f(w ®y) = f(w) ® f(y).

Suppose w = s 'ys for some w,y €S and s € Z. Let w, €S, converge to w, and let
Yn = swys!. For n large enough, y,, € S, and since w,, is in S,, so is y,, by Proposition 9.17.
Then, f,(w,) = s~ fo(yn)s, and so in the limit we obtain f(w) = s~ f(y)s.

(foo = fo) Starting with f,,, construct f, as follows.

First show that S, C 3; Consider w € S, and let

(10.3)

u= 3w +w?), v=3iw —w?),

so that v is nonsingular, by Proposition 9.17. Let v be the spectrum of v?; then 0 ¢ v and
(u,v*) € W, by equation (8.12). Since v is a square root of v?, by Subsection 8.3 there exists
T € {—1,1}7 such that v = S, (v?). By the definition (9.2) of w.,,

Wor (u,0%) = (u+ Sy (v?),u — Syr (v2) = (u+v,u —v) = (W, w?) = w.

Thus, w € wyr(W,).
Choose A € wy,(Uy). Then, by Proposition 8.15, A G w € wy(Uy) C Spo. Thus, A, AP w €
Sy, which is to say that w € S,,. Thus,
So0 € So C Soo.
We claim that

S, =S (10.4)

The inclusion 3; ) §(; is immediate. Consider any y € 3’: Then there exists w € S, such
that w @y € S,. By the above construction there exists v € I' and 7 € {—1,1}” such that
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whY € wyr(Wy). Let A € wyr(Uy); then, again by Proposition 8.15, A@w and A@Qw Py
belong to S,,. Hence, y € g(;
Define f, to be the restriction of fo\(, to S,. By Proposition 9.29(3), f, is an extension of f,.
Since f,, is conditionally nc, there is a function fo\o on 3;,: such that

MR

As fo,, is bounded, so is f,, by Proposition 9.29(2) and, since f,, is symmetrlc S0 is fo.

To show that f, is conditionally nc we must exhibit a function fo on S such that, for all
yES and all w € S, such that w® y € S,,

w 0 _ fo(w> AO ]
L[5 -1 a) 100
In view of equation (10.4), we may define ]?O to be fo\o Then, we must show that
=~ ([w O]\ _|folw) 0 07
fo‘)({O yD l 0 fm)(y)] 1o

whenever w,w ®y € S,. As above there exists A € S, such that A ® w & y € S,,, which means
that A ® w is also in S,,. Thus,

Joo(N) 0 A0 O
e w 0 = foo 0 w O
’ f‘”({O yD 0 0 y
(o w])
i 0 Fooly)
[ foo(A) 0 0
= | 0 fow 0
L 0 0 foo(y)

It follows that equation (10.7) holds, as required.

To see that f, preserves similarities, we argue as follows. Let w,s 'ws =y € S,. By
assumption (10.2) we have w @ y € S. As w and y have the same spectrum, by Proposition 9.17,
wdy € S,. Hence there exists A € S,, such that A ® w @ y is in S,,, as are A w and A @ y.
Since f,, preserves similarities and

LS| e b e o

we find that f,(s 'ws) = s~ f,(w)s. Thus, f, is conditionally nc.

(fo — F,) Consider any bounded symmetric conditionally nc function f, on S,. By the
previous construction, f, has a bounded symmetric conditionally nc extension f to S. By
Remark 9.30, f is freely holomorphic.

We claim that if m(wq) = w(wsy) for some pair wy,ws in S,, then f(w;) = f(ws). Indeed,
by assumption (10.2), w; @ ws € S. By the symmetry of S, (w; @ wy)/ € S, which is to say
that w{ &) wg € S. By the symmetry of 7, m(w; @ ws) = 7((w; © wz)f). Again by assumption
(10.2), w1 ® we B w{ &) wg € S. Furthermore, since wy € S,, it follows from Proposition 9.17

that wi —w? is invertible. We may therefore apply Lemma 9.22 to conclude that f(w;) =

J(wz). Hence, f,(w1) = fo(wsz).
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Thus, at the level of set theory, we can define F, by f, = F, o m. To see that F,, is conditionally
nc, suppose first that 7(w) and 7(w) ® 7(y) are in &,, for some w,w dy € S,. Then, y € S,
also, by Proposition 9.17. Thus,

(I w]) =+ (53]

I
N
| — |

~
Q
o/—\

S
o
~ o
<
SN—
—_
~_

Il
N
| — |

S
o3
g

S—

S~—
3
—~

3 o
—
=
=
"

To show that F, preserves similarities, consider similar triples z; and 2z, = sz;s~ ! in &,.
Then, there exist wy,wy € S, such that z; = w(w1), 22 = w(wy). We have

20 = 5218 (10.8)

1

= sm(wy)s ! = w(swys™t).

1

If it happens that swis™" is in S,, then,

Fy(2) = F,om(swis™ ')
= fo(swis™ )

= sf,(w1)s™! since f, is conditionally nc

= sF,om(w)s "

= sF,(z1)s L. (10.9)

Not knowing that sw;s~! € S,, we use Lemma 9.22. By Assumption (10.2), w; & wy @ w{ ®
wg € S, and since w; € S,, the lemma tells us that f(w2) =s"1f(w;)s, and so F,(z2) =
s71F,(2)s, as required.

(F, — fo,) Define f, to be F, ox. Then, f, is bounded, symmetric, and conditionally nc.

(F, — F,,) By restriction.

(Foo = foo) Define f,, to be F,, o .

(Foo — F,) By the composition F,, = foo = fo — F,. O

The set S, is not closed with respect to direct sums, that is, it is not an nc set. If S
in Theorem 10.1 is assumed to be a symmetric freely open nc set, then assumption (10.2)
is automatically satisfied, and the conditionally nc functions on S are the same as the nc
functions. This yields the following corollary.

COROLLARY 10.10. Let S be a symmetric freely open nc set in M?. Define S, by
equation (9.16), and let &, = w(S,). Then there is a canonical bijection between the bounded
symmetric nc functions f on & and the bounded conditionally nc functions F, defined on &,
such that F, = (f|S,) om.

If we drop the assumption that f be bounded, and require only that f be freely locally
bounded, then there are corresponding changes made to the requirements of the other functions.
Recall that in Definition 7.1 we defined a function ¢ defined on U \ T to be locally bounded on
U if, for every point z in U, there is a neighborhood V of z such that ¢ is bounded on V' \ T.
The theorem becomes:
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THEOREM 10.11. Let S be a symmetric free domain in M?. Assume condition (10.2).
There are canonical bijections between the following five sets of graded functions.

(i) Symmetric conditionally nc functions f that are freely holomorphic on S.

(ii) Symmetric conditionally nc functions f, defined on S, that are freely locally bounded
onS.

(iii) Symmetric Zariski-freely holomorphic functions f,, defined on S,, that are conditionally
nc and freely locally bounded on S.

(iv) Holomorphic functions F,, defined on the Zariski-free manifold &,, that are condition-
ally nc and have the property that for all w in S, there is a free neighborhood U of w such
that F,, is bounded on w(U) N G,,.

(v) Bounded graded functions F, defined on &, that are conditionally nc and have the
property that for all w in S, there is a free neighborhood U of w such that F, is bounded on
m(U)N&,.

Moreover, if functions f, f,, foo, Fo and F,, correspond under these canonical bijections, then
the diagram (10.3) commutes when the two copies of M' are identified.

11. Nc¢ Newton-Girard formulae

Instances of the Waring-Lagrange theorem are furnished by a series of formulae for power
sums in terms of elementary symmetric functions. Classically such formulae were first given
in 1629 by Albert Girard [11], though they were subsequently often attributed to Newton
[19]. We are only concerned with polynomials in two variables z and y. When these variables

commute, the Newton—-Girard formulae express the power sums p, (z,y) et + ¢™ in terms
of the elementary symmetric functions
el(xuy):x—’_y? ez(amy):xy.

The first four formulae are
P1=¢€1
po = ef — 2eo
p3 = e‘r{’ — 3eqes

4 2 2
py = €] — 4dejea + 2e;5.

Further formulae are obtained from the recursion p, 412 = e1pp+1 — €2pn.

In the case of non-commuting indeterminates x, y we retain the notation p,, for the nth power
sum, but now there is no finite set of ‘elementary symmetric functions’ in terms of which all
pn can be written as polynomials. However, the foregoing nc Waring—Lagrange theorems tell
us that it is possible to express p,, as a rational expression in the variables

a=u, B=v) v=vw (11.1)
where

u=g@+y), v=g(r—y)
In this section we shall show how to construct such expressions explicitly, in the spirit of Girard
and Newton. Since we are obliged to work with rational expressions, it is natural to allow the
n in p, to be an arbitrary integer, positive, negative or zero. We first express p, and the
antisymmetric rational function

def
qn = " — yn
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in terms of u and v. We have py = 2, qo = 0. For any integer n,
po =" yy" Tt = (wt0)2" T 4 (u— o)y
=u(z" 7y ) ol -y
=Upp_1+Vq,_1. (11.2)
Similarly,

Qn = UPp—1 + UQn—1. (113)

We may write equations (11.2) and (11.3) in the matrix form

(pn> :T(p"_1> foralln € Z (11.4)
dn dn—1

T= [“ ”} (11.5)

where

vou

Define the free polynomial s, in u,v for n > 0 to be the sum of all monomials in u, v of total
degree n and of even degree in v. When regarded as a polynomial in z,y, sZ ., is symmetric.
Likewise, s, is defined to be the sum of all monomials in u, v of total degree n and odd degree
in v. Thus, s7,4 is antisymmetric as a polynomial in z,y.

By induction, for n > 1,

T" = (11.6)

n n
Sodd Seven

n n
Seven  Sodd ]

By iteration of equation (11.4),

(5) B T(’éﬁ) - T((Q)) (11.7)

From equation (11.6) we obtain, for n > 0,

even

qn = 28’(’)de‘ (11.9)

Thus,

p1:251 =2u =2«

even

P2 = 25000, = 2(u” + %) =2(a” + B)

p3 =283 = 2(u® + uw? + vuv 4+ v*u) = 2(a® + af + v + pa)

py =252 = 2(ut + u*v? + wvuv + vu*v + wou + vuvu 4+ v2u’ 4 v?)

=2(a* + B+ ay + 87y + afa + ya + Ba’ + 5?).

In general, any monomial in 4 and v in which v occurs with even degree can be written as
a monomial in o, B,y and B~'. Indeed, starting at one end of the monomial, replace every
occurrence of u by a. The first v must be followed by another (since the degree of v is even).
If it is immediately following, replace v? by 3. If the power of u between the first and second v
is u*, replace vu*v by (y8~1)*~!5. Continue in this way until all occurrences of u and v have
been replaced.
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We have shown the following.

THEOREM 11.10 (An nc Newton—Girard theorem). For every positive integer n there exists
a rational function P, in three nc variables such that p, = P, ow. Moreover P,(«, 3,7) can
be expressed as a free polynomial in «, 3, and B~'. The functions P, can be calculated from
equation (11.7) or recursively from the relations

P()(Olaﬁa’)’)zl Q()(%ﬁ»’?)zo

and, for n > 0,
Pn+1(a757’\/) :ﬂPn"_Qn
Qn—l—l(a,ﬂ,’}/) :Bpn+’7671Qn

The first four P, are given by
P =2«
Py =2(a” + )
Py =2(a’ + af + v+ fa)

Py =2(a* +a®B+ay +v87 'y + aBa + ya + Ba’ + 5. (11.11)

Now consider sums of negative powers. By equation (11.8),

(Z‘i) :T‘1<§2>. (11.12)

Take inverses of both sides of the identity

1 O |u 0 1 v o
vu~l 1 0 w—vutwl|]0 1 ’

-1 _ 1 —u ol |uw?t 0 1 0
1o 1 0 (u—vu o) t||—vut 1

o to(u —vu o) ot —uTlo(u — vu_lv)_1]

—(u —vu~t) "oyt (u—vutv)~!

T =

to get

This expression can be simplified, using the identities
uto(u —vu" )T = (u—vu ) T How
w !t u T o(u —vu )T
—uo(u —vu )T

to obtain the formula

(11.13)
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From this formula and equation (11.12) we deduce that

D_1 (2 (u—vu~to)t
() () =(em)

Hence,
po1=2u—vu )t =2(a—- By 1B (11.14)
Although ¢_1 is not expressible as a rational function of «, 3,~y, the product vq_; is.
vg_1 = =By 'Bla—py ') (11.15)

This suggests the following statement.

LEMMA 11.16. For every positive integer n
SN PACRORPACRY
gn(u,v)  fn(u,v)
where f,, g, are rational functions such that f,(u,v) and vg,(u,v) are expressible as rational

functions of a, 3, .

Proof. The statement is true when n =1, as is easily seen from equations (11.14) and
(11.15).

Suppose that it true for some n > 1. From the relation T~ ("*Y) = 717" we have the
equations

frr1(u,v) = (u—vu=to) "L (u,v) + (v — wo=tu) g, (u,v),

Gnr1(u,v) = (v —wv ™ u) " Lg, (u,v) + (u —vu"tv) "L f, (u,v). (11.17)
The assertion follows by induction and the relations
fos1 = (w—vu" )" f + (v —uwvtu) o g,
=(a—By'B) i+ (B =78 ta) ugn,
Vg1 = v(u —vu ) g, +v(v —uwwtu) LS,
= (vuv™ ' —v*u ) g, + (1 —uv tuwH T,
= (87" = Ba") ugy + (1 —aB 87 O

THEOREM 11.18 (A Newton—Girard theorem for negative powers). For every non-negative
integer n there exists a rational function P_, in three non-commuting variables such that
p_n = P_, om. The functions P_,, are given recursively by the formulae

PO(%BKY):Q, Qo(a,ﬁ,’y)zo

and
P,(nle)(Oé,,B,’}/) = (O( - /nyilﬁ)ilp—n =+ (B - 76710‘)71@—”
Qi@ B,7) =B(B—aB ™ y) P+ By = Ba”'B) Q- (11.19)

for n > 0.
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Proof. Replace n by —n in equation (11.7) to obtain
P-n nfl
=2T .
(52) =)

Pn = 2fn(u,v)

in the notation of Lemma 11.16. By that lemma, p_,, is expressible as a rational function of
the variables «, 3, 7. O

Thus,

One can readily calculate the first two P_,, from these formulae; we expect that P_s can be
further simplified.

Poi(e,8,7) =2(a =y 'p) ! (11.20)

P—Q(a,ﬁa’)/) =2 (a2 + ﬂ - O‘B(B717+’77152)71
— (Y By + B2y — aB(yBT Iy + B Ba

~(B7 B 4+ By ) ) (11.21)

There are some minor subtleties concerning the interpretation of the foregoing Newton—
Girard formulae for p,,. When n > 0, since P, is a free polynomial in a, 3,7, 7', the statement

xn+yn = PR(OZ,B,’)/)

is meaningful and valid whenever = and y are matrices of the same order such that x — y is
non-singular. It can also be interpreted as an identity in the free field, which is the smallest
universal division ring containing the ring of free polynomials in z, y. When n < 0 the issue
is less immediate, since then the structure of P, is more complicated. In this paper we are
concerned with functions of tuples of matrices. In this context, a non-commutative rational
expression is called non-degenerate if its domain in M? is non-empty. The domain will always
be Zariski open at every level n (restrictions on the domain come about when there is an
inverse in the expression, as whatever needs to be inverted must be non-singular), but this
does not imply Zariski-freely open in our sense. Different non-degenerate non-commutative
rational expressions may have different domains where they can be evaluated, but agree on the
intersection of these domains. Such expressions are called equivalent, and a non-commutative
rational function is formally an equivalence class of non-degenerate non-commutative rational
expressions. See for example [23] for a discussion. For the expressions P_,, it is easy to see that
they are non-degenerate; from equation (11.19) we see that the functions can be evaluated as
long as all four of the expressions

a—By '8, B—vB'a, B—aBly, y—pBa B

are invertible. In particular, choosing x,y to be the scalar matrices 4 and 2 respectively gives
the values a =3, f =1, v =3, and one finds that the above four expressions do evaluate to
invertible matrices.

It is interesting to compare the identities in Theorems 11.10 and 11.18, thought of as
equations in the algebra of rational functions in z and y, with the statements about nc
functions contained in our main theorems in Sections 8 and 9. When n > 0 the symmetric
free polynomial p,, is freely holomorphic on M?. Theorem 8.35 applies to yield a holomorphic
function P, on the Zariski-free manifold G, having a certain local boundedness property and
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satisfying p, = P, o on a suitable subset of M?. When n < 0 we must take the domain S
of p,, to be the set {(z,y) € M? : x € Z,y € T}. Theorem 8.35 no longer applies, so we appeal
to Theorem 10.1. Note that here S is an nc set, so that Assumption (10.2) is automatically
satisfied. We again deduce that there is a holomorphic function P, , this time on the Zariski-free

manifold &,,(S), satisfying a version of the relation p,, = P, o .

Bs, 136
D(c,r), 143
D, 160
I, 160
S~r, 160
Ve, 160
A, 158
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A, 159
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f.o., 136
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@0 (S), 167
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freely holomorphic, 138
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map
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atlas, 140
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free, 142
topological, 141
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topology, 136
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set
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