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The universal enveloping algebra of the Schrodinger algebra
and its prime spectrum

V. V. Bavula and T. Lu

Abstract

The prime, completely prime, maximal and primitive spectra are classified for the universal
enveloping algebra of the Schrédinger algebra. For all of these ideals their explicit generators
are given. A counterexample is constructed to the conjecture of Cheng and Zhang about
non-existence of simple singular Whittaker modules for the Schrédinger algebra (and all such
modules are classified). It is proved that the conjecture holds ‘generically’.

Key Words: Prime ideal, primitive ideal, weight module, simple module, centralizer, Whit-
taker module.
Mathematics subject classification 2010: 17B10, 16D25, 16D60, 16D70, 16P50.
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1 Introduction
In this paper, module means a left module, K is a field of characteristic zero, K* := K\ {0},

N =1{0,1,2,...} is the set of natural numbers and N :={1,2,...}. The Schridinger algebra s is
6-dimensional Lie algebra that admits a K-basis {F, H, E,Y, X, Z} where the Lie bracket on s is
as follows:

[H,E] =2F, [H,F] = —2F, [E,F]=H, [H,X] =X,
[H,Y]=-Y, [E,Y] =X, [E, X] =0, [F,X]=Y,
[F.Y] =0, X, Y]=Z, [Z,s] = 0.

The Lie algebra s is a semidirect product s = sly X H of Lie algebras where sl, = KFF $ KH & KFE
and H = KX @ KY @& KZ is the three dimensional Heisenberg Lie algebra.

The Schrodinger algebra plays an important role in mathematical physics. A classification
of simple lowest weight modules of the Schrodinger algebra is given in [13]. The fact that all
the weight spaces of a simple weight module have the same dimension is proved in [16]. By
using Mathieu’s twisting functor, a classification of simple weight modules with finite dimensional
weight spaces over the Schrodinger algebra is given in [11]. In [17], the author studied the finite
dimensional indecomposable modules of the Schrodinger algebra. The BGG category O of the
Schrodinger algebra was considered in [12], the simple non-singular Whittaker modules and quasi-
Whittaker modules were classified in [18, 9]. In [7], a classification of simple weight U (s)-modules
is given.

The primitive spectrum of U(s). Let S := U(s) be the universal enveloping algebra of
the Schrodinger Lie algebra s. The primitive ideals of U(s) with non-zero central charge were



described in [12]: Each such primitive ideal is the annihilator of a simple highest weight U(s)-
module with nonzero central charge, [12, Corollary 30]. In [12], the author mentioned that “the
problem of classification of primitive ideals in U (s) for zero central charge might be very difficult”.
In [5], using the classification of prime ideals of the algebra A := U(s)/(Z) ([5, Theorem 2.8]), a
classification of primitive ideals of U(s) with zero central charge is given. In this paper, using a
different (ring theoretic) approach, all the primitive ideals (including with zero central charge) are
classified and their generators are given explicitly, see Theorem 4.4.

The prime, completely prime and maximal spectra of U(s). The prime, completely
prime and maximal spectra are classified for the universal enveloping algebra of the Schrodinger
algebra (Theorem 3.3 and Corollary 3.4). For all of these ideals explicit generators are given.

Existence of simple singular Whittaker A-modules. It is conjectured that there is no
simple singular Whittaker module for the algebra A [18, Conjecture 4.2]. We construct a family
of such A-modules (Proposition 4.6). Furthermore, we classify all such modules (Theorem 4.7 and
Theorem 4.8). We also proved that the conjecture holds ‘generically’, i.e., for any non-zero central
charge (Proposition 4.5).

2 The centre of S and some related algebras

In this section, we show that the localization Sz of the algebra & at the powers of the central
element Z is isomorphic to the tensor product of algebras K[Z*!] @ U(sly) ® Ay, see (11). Using
this fact, a short proof is given of the fact that the centre of the algebra & is a polynomial algebra
in two explicit generators (Proposition 2.5). The central element C' was found in [15], see also
[1, 12]. The fact that the centre Z(S) of S is a polynomial algebra was proved in [12] by using
the Harish-Chandra homomorphism. In the above papers, it was not clear how this element was
found. In this paper, we clarify the ‘origin’ of C' which is the Casimir element of the ‘hidden’
U (slz) which is a tensor component in the decomposition (11).

The n-th Weyl algebra A,, = A, (K) is an associative algebra which is generated by elements
T1,..-yTn,Y1,- .-, Yn Subject to the defining relations: [x;,z;] = 0, [y;,y;] = 0 and [y;, z;] = d;;
where [a, b] := ab — ba and J;; is the Kronecker delta function. The Weyl algebra A, is a simple
Noetherian domain of Gelfand-Kirillov dimension 2n. Let U := U(sly) be the enveloping algebra
of the Lie algebra sly. Then the centre of the algebra U is a polynomial algebra, Z(U) = K[A],
where A :=4FF + H? + 2H is called the Casimir element of U. For an algebra R, we denote by
Z(R) its centre. For an element r € R, we denote by (r) the ideal of R generated by the element
.

An automorphism 7 of S. The algebra S admits an automorphism - defined by

Y(F)=FE, y(H)=-H, ~E)=F ~Y)=-X, X)=-Y, and y(Z)=-2. (1)

Clearly, 2 = ids.
The subalgebra H of S. Let H be the subalgebra of S generated by the elements X, Y and
Z. Then the generators of the algebra H satisfy the defining relations

XY -YX =172, ZX =XZ and ZY =Y Z.

So, H = U(H) is the universal enveloping algebra of the three dimensional Heisenberg algebra
H. In particular, H is a Noetherian domain of Gelfand-Kirillov dimension 3. Let Hz be the
localization of H at the powers of the element Z and 2 := Z~'X € Hy. Then the algebra Hy is
a tensor product of algebras

Hz = K[ZT'] @ A, (2)
where A; :=K(Z,Y) is the (first) Weyl algebra since [2,Y] = 1.

Lemma 2.1. [1/, Lemma 14.6.5] Let B be a K-algebra, S = B® A, be the tensor product of the
algebra B and the Weyl algebra A,,, 6 be a K-derivation of S and T = S[t;8]. Then there exists



an element s € S such that the algebra T = BIt';0'] ® A, is a tensor product of algebras where
t'=t+s and & =0 + ad,.

The subalgebra E of S. Let E be the subalgebra of S generated by the elements X,Y, Z
and E. Then

E = H[E; 4] (3)

is an Ore extension where ¢ is the K-derivation of the algebra H defined by 6(Y) = X,§(X) =0
and 6(Z) = 0. Let Ez be the localization of E at the powers of the element Z. Then

Ez = Hz[E;d] = (K[Zil] ® A1> [E; 6] (4)

where § is defined as in (3), in particular, 6(2°) = 0. Now, the element s = —17.2°2 satisfies the
conditions of Lemma 2.1. In particular, the element E' := E+s=F — %Z’le commutes with
the elements of A;. Hence, Ez is a tensor product of algebras

Ez =K[E, Z* | © A, = K[E'] @ Hy. (5)

In particular, E and Ez are Noetherian domains of Gelfand-Kirillov dimension 4.

The subalgebra F of S. Let F := v(E). Then F is the subalgebra of S generated by the
elements X,Y, Z and F. Notice that the automorphism ~ (see (1)) can be naturally extended to
an automorphism of Sz by setting v(Z71) = —Z~! where Sy is the localization of the algebra
S at the powers of the element Z. Let F; be the localization of F at the powers of the central
element Z and F’ :=y(E') = F + £Z7'Y? € F;. Then F is a tensor product of algebras

Fy =K[F,Z*)® A, = K[F'] @ Hy (6)

where A; is as above, see (2).

The algebra A. Let A be the subalgebra of S generated by the elements H, F,Y, X and
Z. The algebra A is the enveloping algebra U(a) of the solvable Lie subalgebra a of s with basis
elements H, E|Y, X and Z. The algebra A is an Ore extension

A=E[H; 4] (7)

where § is a K-derivation of the algebra E defined by §(E) = 2E,6(Y) = -Y,§(X) = X and
§(Z) = 0. Let Az be the localization of the algebra A at the powers of the central element Z.
Then

Az =Ez[H;8] = (K[E’, Z* ® A1> [H ;0] (8)

where § is defined as in (7), in particular, §(%2") = 2. The element s = 2Y — 1 = Z71XY — 1

satisfies the conditions of Lemma 2.1. In particular, the element H' := H+s=H +Z ' XY — 5

commutes with the elements of A; and [H', E'] = 2E’. Hence, Ay is a tensor product of algebras
Az =K[ZF @ K[H'][E;0] ® A, (9)

where o is the automorphism of the algebra K[H’] such that o(H’) = H' — 2. In particular, Ay is
a Noetherian domain of Gelfand-Kirillov dimension 5.
Lemma 2.2. 1. Let B/ == E—$271X2 F = F+17°\Y? and H' := H + Z'XY - L.
Then the following commutation relations hold in the algebra Syz:
[H',E'|=2FE', [H F'|=-2F, [F F]=H,

i.e., the Lie algebra KF' & KH' @ KE' is isomorphic to sly. Moreover, the subalgebra U’ of
Sz generated by H', E' and F' is isomorphic to the enveloping algebra U (sly). Furthermore,
the elements E', F' and H' commute with X and Y.



2. The localization Sz of the algebra S at the powers of Z is Sz = K[ZF ]| @ U’ @ A;.

Proof. 1. It is straightforward to verify that the commutation relations in the lemma hold. The
fact that the elements E’, F' and H' commute with the elements X and Y follows from (5),
(6) and (9), respectively. Let U be the universal enveloping algebra of the Lie algebra sly =
(F',H', E"). The algebra U’ is an epimorphic image of the algebra U under a natural epimorphism
f U — U’'. The kernel of f, say p, is a (completely) prime ideal of U since U’ is a domain.
Suppose that p # 0, we seek a contradiction. Then p N K[A'] # 0 (it is known fact) where
A’ is the Casimir element of U, see (12). In particular, there is a non-scalar monic polynomial
P(t) =t"+ Ap_1t" 1+ + Xg € K[t] such that P(A’) =0 in Sz. Then necessarily Z"P(A’) =0
mod 87, ie., (EY? + HXY — FX?)" =0 mod SZ, a contradiction since S/SZ ~ Ul(sly x V3)
where sl X V5 is a semidirect product of the Lie algebras where Vo = KX @ KY is an abelian
2-dimensional Lie algebra.

2. Using the defining relations of the algebra S, we see that the algebra S is a skew polynomial
algebra

S = A[F;0,0] (10)

where o is the automorphism of the algebra A defined by o(H) = H + 2,0(E) = E,0(Y) =
Y,0(X) = X and 0(Z) = Z; and ¢ is the o-derivation of A given by the rule: 6(H) = §(Y) =
0(Z) =0, 6(E) =—H and §(X) =Y. Then, by (9) and statement 1,

Sy = Ay[F';0',8) = (K[Zil} ® K[H'|[E';0] @ A1> [F';0', 8] =K[ZH | o U' @ A1 (11)

is a tensor product of algebras where ¢’ is an automorphism of Ay such that ¢'(Z) = Z,0'(H') =

H +2,0'(E')=F,0'(X)=X and ¢/(Y) =Y; and ¢’ is a o’-derivation of the algebra Az such

that 6'(Z) = §'(H') = 6'(X) = ¢'(Y) = 0 and ¢'(F’) = —H'. In particular, Sz is a Noetherian

domain of Gelfand-Kirillov dimension 6. O
Definition. The algebra U’ is called the hidden U (slz).

Corollary 2.3. Fract (S) ~ Fract (A2(Q2)) where As(Q2) is the second Weyl algebra over the
field Q2 = K(x1,x2) of rational functions in two variables.

Proof. The statement follows from Lemma 2.2.(2). O

The centre of the algebra S;. Let A’ := 4F'E’ 4+ H'? + 2H' be the Casimir element of
U’, then the centre Z(U’) = K[A'] is a polynomial algebra. Using the explicit expressions of the
elements F', E' and H' (see Lemma 2.2.(1)), the element A’ can be written as

3

A = <4FE+H2+H> +2Z*1(EY2 +HXY7FX2> -2 (12)

Let
C:=ZA + %Z = Z(4FE+H2 +H) + 2<EY2 + HXY — FX2> and C':= ZA' = C — ZZ.
(13)

Lemma 2.4. Z(SZ) =K[Z*, 0.

Proof. By (11), z(sz) - Z(K[zﬂ]) ® Z(U') ® Z(Al) = K[Z*'] @ K[A]] = K[Z*!,A)] =
K[Z*!,C). O
Let U be the subalgebra of S generated by the elements Z, e := ZE', f := ZF' and h := ZH'.

Since e = ZE — $X?, f=ZF + 3Y? and h = Z(H — §) + XY, the elements Z,e, f, h belong to
the ideal (X) = (X,Y, Z) of S. By the very definition of U, Uy = K[Z*] @ U’, i.e., the algebra U



is a ‘Z-homogenized’ version of U’ ~ U(sly). Since the algebra U’ is the generalized Weyl algebra
(GWA) K[H', N][E",F';0',a’ = X(A" — H"> — 2H")] where o(H') = H' — 2 and o(A") = A/, see
[2], the algebras U = K[Z, h,C"][e, f;0,a = (ZC' — h? — 2Zh)] and Uy = K[ZE, b, C'][e, f;0,0]
are GWAs where 0(Z) = Z, 0(h) =h —2Z and o(C") = C".

Using the Z-grading of the GWA Uy = ®;czllz; (where Uz,; = K[Z*L, h,C'|v; and v; =€l
and v_; = f7 for j > 0) and the fact that modulo (Z) the elements e, f and h of U are equal to
—1X2, 1Y% and XY, respectively, we have Uy NS =U.

The factor algebra S/(Z). The set KZ is an ideal of the Lie algebra s and s /KZ ~ sly x V5 is
a semidirect product of Lie algebras where Vo, = KX @ KY is a 2-dimensional abelian Lie algebra.
So,

§/(Z2) = U(s/KZ) =~ U(sly x Va).
The element ¢ := FX2 — HXY — EY? belongs to the centre of the algebra A := U(sly x V3). In
fact, Z(A) = K|c], see [5].

The centre of the algebra S. The next proposition shows that the centre of S is a polynomial

algebra in two variables.

Proposition 2.5. Z(S) = K|[Z,C] = K[Z,"].

Proof. The second equality is obvious. By Lemma 2.4, Z(S) = SN Z(Sz) = SNK[Z*},C] D
K[Z,C]. Tt remains to show that Z(S) = K[Z,C]. Suppose that this is not the case, we seek
a contradiction. Then Z~!f(C) € Z(S) for some non-scalar polynomial f(C) € K[C] (since
Z=1¢ S). Hence, by (13),

0= f(C)= f(c) mod SZ,

i.e., the element c is algebraic in U(sly x V3), a contradiction. O

3 Prime, completely prime and maximal ideals of S

The aim of this section is to classify the prime, completely prime and maximal ideals of the algebra
S and to give their explicit generators (Theorem 3.3 and Corollary 3.4).

For an algebra R, let Spec (R) be the set of its prime ideals. The set (Spec (R), C) is a partially
ordered set (poset) with respect to inclusion of prime ideals. Each element r € R determines two
maps from R to R, r-: & — rz and -r : x — xr where z € R. An element a € R is called a normal
element if Ra = aR.

Proposition 3.1. (/6].) Let R be a Noetherian ring and s be an element of R such that Ss :=
{s'|i € N} is a left denominator set of the ring R and (s*) = (s)* for all i > 1 (e.g., s is a
normal element such that ker(-sg) C ker(sg-)). Then Spec (R) = Spec(R, s) U Spec,(R) where
Spec(R, s) := {p € Spec (R) | s € p}, Spec,(R) = {q € Spec (R) | s ¢ q} and

(a) the map Spec (R, s) — Spec (R/(s)), p = p/(s), is a bijection with the inverse q — 7 1(q)
where T : R — R/(s),r — 1+ (s),

(b) the map Spec,(R) — Spec (Rs), p — S;1p, is a bijection with the inverse q — o~ 1(q) where
0:R—Ry:=5'R, r—*.

(¢) For all p € Spec (R, s) and q € Spec,(R),p Z q.

The prime ideals (q,1)) of S where q € Q := Max(K[Z])\ {(Z)} and n e N,. If g € Q
then the element Z is a unit in the factor algebras K[Z]/q, and so Lq := K[Z]/q ~ K[Z*1]/qz.
Then, by (11), the algebra

S48 ~S82/q4Sz ~ Ly@ U’ @ Ay (14)

is a domain, i.e., the ideal qS is completely prime. For each natural number n > 1, there exists
a unique simple n-dimensional U’-module V,/. Its annihilator I}, := anny/ (V) is a prime ideal
of U’ such that U'/I, ~ M,(K), the ring of n x n matrices over K. The Casimir element
A =4F'E' + H? + 2H' acts on V,, as the scalar A, :=n? — 1, i.e, A’ =\, € I/,.



Lemma 3.2. Let q € Max(K[Z]) \ {(Z2)}, Ly =K[Z]/q and n € N,.. Then

1. The ideal (q,1)) of the algebra S (see, (14)) is a mazimal (hence, prime) ideal of S and
S/(q,1,) ~Ly@U' /I, ® Ay ~ Ly @ M,(K) ® A;.

2. The ideal (q,1)) is completely prime iff n = 1.

3. (0, 1)) NK[Z,C') = (q,C" — M\ 2), ISz NK[Z,C"] = (C" — M\ Z) where A\, = n? — 1 and
ISz =K[ZH | @ I, @ A;.

Proof. 1. The claim about the isomorphisms is obvious. Then statement 1 follows.
2. Statement 2 follows from statement 1.
3. By (11),

(0,1,) 2 NK[ZF,C' = (9, 1)z NK[ZF, Al = (0, A = A\p)z = (0, 28" = M\ Z)z = (9,C" — M\ Z) 7.

Hence, (q,1,) NK[Z,C'] = (4,C" — A, Z) since 251~ HZZCOL
Now, (C'"=A\,2) C I,52NK[Z, C"] = Ngeo(q, I;,)NK[Z, C'] = Ngeo(q,C' =M Z) = (C'= A, 2Z),

and so (C' — A\, Z) =1,Sz NK[Z,C’]. O

Theorem 3.3. The set of prime ideals of the algebra S and inclusions between primes are given
in the following diagram (where dotted line means all the inclusions between hight 1 and 2 primes):

(In, X)

(15)

wheren € Ny ; A\, =n? —1;, g€ Q := Max (K[Z]) \ {(2)}; t € R := Max (K[ \ {(¢)}); 0 € D :=
Max (K[A]) \ {(A = \,),n € N4 }; Hy := {p € Spec (K[C’, Z]) | ht(p) = 1} \ {E&1 U QU (Z)} where
&1 = {(C" = MZ)K[C", Z] |n € NL}; Ho = {m € Max (K[C", Z]) | Z ¢ m} \ {(C" — A\nZ,q) |n €
Ni,qe Q} and I, :=SNI Sz.

Remark. The inclusions represented by the dotted line are easy to describe as they are precisely
the inclusions between the primes of the polynomial algebra, e.g., (p)------ (m) iff (p) € (m) in S
iff p Cmin K[C’, Z].

Proof. Notice that A = S§/(Z). Then, by Proposition 3.1,
Spec (S) = Spec (A) U Spec (Sz) (16)

where the sets Spec (A) and Spec (Sz) are identified with subsets of Spec (S) via the following
injections

Spec (A) — Spec (S), p — 7 *(p) and Spec(Sz) — Spec(S), g qNS,



where 7: S — A, a+— a+ (Z). So, Spec(A) = {P € Spec(S)|Z € P} and Spec(Sz) = {Q €
Spec (S)|Z ¢ Q}. By (11), Sz = U® A; where U := K[Z*!] ® U’ and U’ = U(sly)". Since the
Weyl algebra A; is a central simple algebra, the map

Spec (U) — Spec(Sz), prp® Ay, (17)
is a bijection, and so we can write
Spec (Sz) = Spec (U). (18)

The prime spectrum of the algebra A was described in [5]. It comprises precisely the prime ideals
over (Z) in (15).

(i) For all m € Max (K[C", Z]) such that Z ¢ m, the ideals (m) of S are completely prime: By
the choice of the maximal ideal m of K[C”, Z], the element Z of the filed F, := K[C’, Z]/m is not
equal to zero. In particular, Z is a unit of Fy,. Then, by (11),

where U(m) := U/mU ~ F,[H'|[E', F';0’,a’ # 0] is a generalized Weyl algebra (GWA) which is
a domain, see [2]. Now, the statement (i) is obvious.

(ii) Every nonzero prime ideal of S intersects non-trivially the centre of S: Let P € Spec (S)\
{0}. We may assume that Z ¢ P. Then Py € Spec(Sz) \ {0}. By (18), we have to show that
every nonzero prime ideal of the algebra U intersects non-trivially the centre K[Z*!, C'] of U. Let
T =K[Z*',C']\ {0}. Then the GWA

T7'U =K(Z,CH'[E, F';0',d]

is simple, by [2], (since the group (o’) acts freely on the maximal spectrum of the Dedekind domain
K(Z,C")[H'] and the element o’ is irreducible in K(Z, C")[H']). Now, the statement (ii) is obvious.
Let V(Z) = {p € Spec (K[Z,C"]) | Z € p}. The map Spec (K[Z, C'))\V(Z) — Spec (K[Z*!,C")),
p — pz, is a bijection with the inverse q — K[Z,C'] N q. We identify the two sets above via the
bijection p — pz.
(iii) For every p € Spec (K[Z,C')) \ V(Z), the ideal (p) is a completely prime ideal of S: By
[12], the algebra S is a free module over its centre. Hence, (p) = SN (p)z, and so

s Sy
5/ =57 Wz = ()2

The GWA U/pU is a domain, hence so are the algebras U/pU® A; and S/(p). Now, the statement
(iii) follows.

Let P # 0 be a prime ideal of S such that Z ¢ P. The nonzero prime ideal Pz of Sz is equal
to P® A; where P is a nonzero prime ideal of U. Then P’ := K[Z, C'| N P is a nonzero prime ideal
of the polynomial algebra K[Z, C'] that does not contain the element Z.

(iv) If P’ is a mazimal ideal of K[Z,C"] such that P’ € Spec (K[Z,C']) \ V(Z), then either
P e {(C"=X,Z,q)|n € Ni,q € Q} and in this case either P = (C' — \,Z,q) or, otherwise,
P=(q,I}) = (C'"=\,Z,q,1I]) € Max(S), or, otherwise, P = (P') is a mazimal ideal of S: In the
first case, the ideal P contains the prime ideal (C’ — A\, Z,q) of the algebra S, by the statement
(). By (19).

~U/pU® A,. (20)

S/C = MZ,q) ~ Ly @ U' /(AL — \y) ® Ay. (21)

Hence, either P = (C' — \,,Z, q) or, otherwise, P = (q,I}) = (C' — \,Z,q, 1)) € Max(S).
In the second case, by (19), the factor algebra S/(P’) ~ U(P’') ® A; is simple since the GWA

U(P'") ~ Fp:/ [H'|[E', F';0',d]



is simple, by the description of ideals in [2]. (In more detail, since a’ = $(A' — H'(H' +2)) is a
polynomial of degree 2 in the variable H', the GWA U(P’) is not simple iff

H'(H' +2)— A= (H + p)(H + p— 2n) for some p € Fpr and n € N..

Hence, y = n+1and A’ = —u(pu — 2n) = n? —1 = \,. Since C' = ZA', we have C' — \,Z =
Z7Y A= N\,) € P',and so P’ = (C' — N\, Z,q) for some q € Q). Therefore, P = (P') is a maximal
ideal of S.

(v) For alln € Ny, I, € Spec(S): The statement follows from the fact that (I),)z = ISz is
a prime ideal of the algebra Sy.

Clearly, (C" =X\, Z) C I, C (q,1},) and (C' — A\, Z) C (C" = N\ Z,q) C (q,1)) for all n € N
and q € Q.

It remains to consider the case when P’ is not a maximal ideal of K[Z, C"], i.e., ht(P") =1 and
P’ # (Z). We assume that these two conditions hold till the end of the proof.

(vi) If g := K[Z] NP’ # 0 then q € Q and P = (q): Clearly, (q) C P and (q) € Spec (S), by the
statement (iii). Now, the statement (vi) follows from (14) and the fact that every nonzero ideal
of the algebra Ly ® U’ intersects its centre Lq[A’] = L4[C’] non-trivially.

(vil) If K[Z] NP = 0 then either P € {(C' — X\, Z),I/, |n € N} or, otherwise, P = (P') where
P’ € Hy: Let T be the field of fraction of the commutative domain A = K[Z,C’]/P’. Clearly,
I' = S !'A where S = K[Z] \ {0}. By (20),

S/P'S C Sy /P'Sy = A[H'|[E',F';0’ .d| @ Ay C T[H|[E', F';0',d'] @ Ay. (22)

Using a similar argument as in the proof of statement (iv), we see that the GWA T'[H'|[E’, F'; ¢/, a']
is not simple iff C" — A\, Z € P’ for some n € Ny, ie., P = (C' — N\, Z). If P' = (C' — \,,Z) then

i(“ CH(H +2)] ~ K(Z) @ U /(A — \).
So, either P = (C'—\,,Z) or, otherwise, P = I, since the ideal I, is the only proper ideal of U’ that
contains the element A’—\,,. If P’ # (C'"—\,Z) for alln € N then P’ € H; and S~ (P/(P")) =0,
by the simplicity of the GWA T'[H'][E’, F';0’,a’]. Hence, P = (P’) by the choice of S and P’. So,
we have proved that the picture (15) represents all the prime ideals of S. The inclusions in (15)
are obvious apart from I, C (X). The latter follows from the explicit description of generators of
the ideal I,, (see, Section 4 of [3]) and the facts that Sz = Uz ® A1 = ®; j>oUz X Y7, the elements
X,Y,Z, e, f and h belong to (X) and Uz NS =U.

Let .Z be the prime ideals over (Z) including (Z) and Z = Spec(S)\{-£U{0}}. By Proposition
3.1, none of the ideals of .Z contains an ideal of Z. The containments of prime ideals in Spec(A) =
& are described in [5]. Straightforward arguments show that there are no more new containments
from Z to Z. O

LH'|[E F';0',d'] = K(Z)[H'|[E", F'; 0" a0 =

The next corollary classifies all the maximal and completely prime ideals of the algebra S.
Corollary 3.4. 1. Max(S) = {(v,2), (0, X),(In,X), (q,1}), ((m)|n e Ny, vt e R,0€ D, q €
Q, m € Ha} where R, D, Q and Hz are defined in Theorem 3.35.
2. The set Spec,(S) of completely prime ideals of S is equal to Spec (S)\ {(I,, X), (q,1})|n >
2}.
Proof. 1. Statement 1 follows from (15).
2. Statement 2 follows from (14), Lemma 3.2, Theorem 3.3 and its proof. O

4 The primitive ideals and a classification of singular Whit-
taker modules over the Schrodinger algebra
In this section, K is an algebraically closed filed. The aim of this section is to give a classification

of primitive ideals of the algebra S (Theorem 4.4), to prove existence of simple singular Whittaker
S-modules (Proposition 4.6) and to classify all of them (Theorem 4.7).



For A € K, let S(\) :=S/S(Z — X). Then S(0) ~ A. If X # 0 then, by (11),
S\) =82/82(Z —\) =U5 @ Ay (23)

is a tensor product of algebras. The algebra U}, which is isomorphic to the enveloping algebra
U (sly), is generated by the elements

1

H,=H+\'XY — 5

E\=F - %/\_1X2, F{=F+ %A‘lYQ.

The elements H}, E{ and F} are the canonical generators for the Lie algebra sly ([H}, E}] = 2E},
[H,F{] = —2F} and [E),F{] = H}, see Lemma 2.2 for details). The algebra A; is the Weyl
algebra which is generated by the elements A™'X and Y. So, S(\) is a Noetherian domain
of Gelfand-Kirillov dimension 5, and the ideal of S generated by Z — A is completely prime.
Furthermore, Z(S()\)) = K[A)] where

\:=4B\F\ + HY —2H\, = (A4FE+ H*> + H) + 2\ " (EY? + HXY — FX?) —

=

is the Casimir element of the algebra UJ.
For any p € K, let S(A, 1) := S(A)/S(X) (A, — ). The following lemma is a simplicity criterion
for the algebra S(A, p).

Lemma 4.1. Let A € K* and p € K.
1. Z(S(\p) =K.

2. The algebra S(\, 1) is a simple algebra iff the algebra U /(A — p) is simple iff p # n® +2n
for all n € N.

3. If p = n?+2n for somen € N then S(\, 1) has a unique proper two-sided ideal which is the
tensor product of the annihilator of the unique simple (n + 1)-dimensional sly-module and
the Weyl algebra Ay. This ideal is an idempotent ideal.

Proof. Statement 1 follows from (23). By (23), the algebra S(A, u) is simple iff the algebra
U} /(A) — p) is so. Then statements 2 and 3 follows from [10, 4.9.22]. O

Primitive ideals of the algebra S. Proposition 4.2 gives classifications of prime, completely
prime, maximal and primitive ideals of the algebra S(\) where A\ # 0, it also gives explicit
generators for them.

Let J(S(A\)) and J(U}) be the sets of ideals of the algebras S(A) and Uj, respectively. The
sets J(S(N)) and J(UY) are partially ordered sets (posets) with respect to inclusion. Since the
algebra A; is a central simple algebra, the map

JUy) = T(EWN), T=1® Ay, (24)

is an isomorphism of posets. We identify the posets J(U}) and J(S(A)) via the map above. As
a result, the first two equalities of Proposition 4.2 are obvious. Notice that the set of completely
prime ideals of the algebra Uj is equal to Spec,(U}) = Spec (U}) \ {ann(V;,) |n = 2,...} where
V,, is a unique simple n-dimensional U-module. The set of primitive ideals of U} is Prim (U}) =
Spec (U3) \ {0} = {ann(Vy,) [n = 1,...} U {(A) —p) [ € K}.

Proposition 4.2. Let A € K*. Then Spec (S(X)) = Spec (Uy), Max (S(\)) = Max (U} ), Spec.(S(N)) =
Spec.(U}) and Prim (S(A\)) = Prim (U}).

Proof. Let B be an algebra. Then the tensor product of algebras B ® A; is a domain iff B
is so. Hence, Spec,.(S(A\)) = Spec.(Uj). Clearly, Prim (U}) C Prim (S(A)) and Prim (U}) =
Spec (U{) \ {0} = Spec (S(A)) \ {0}. Since Spec (S(A)) = Spec (U3) and 0 is not a primitive ideal
of S(A) (since Z(S(X)) = K[A]]), we must have Prim (U{) = Prim (S(X)). O



Primitive ideals of the algebra S and their explicit generators. The primitive ideals
of the algebra A = S§/(Z) was classified in [5, Theorem 2.10], see Theorem 4.3 below. For
each of the primitive ideals an explicit set of generators is given. The centre of the algebra A
is a polynomial algebra K|c] [5, Lemma 2.2.(1)] where ¢ = FX? — HXY — EY?2. The algebra
U := U(sly) is isomorphic to A/(X) ~ §/(Z,X), [5, Lemma 2.3.(2)]. Therefore, we can write
Spec (U) C Spec (A) C Spec (S).

Theorem 4.3. ([5, Theorem 2.10]) Prim (A) = Prim (U) U {Aq|q € Spec (K[c]) \ {0}}.

The primitive ideals of S(A) for A # 0 were described in [12, Corollary 30]: Each of them is
the annihilator of a simple highest weight modules.

The next theorem together with Theorem [5, Theorem 2.10], gives an explicit description of
the set of primitive ideals of & and their generators.

Theorem 4.4. Suppose that K is an algebraically closed filed. Then

Prim(S) = {(z “Ap) | A € K5, p € Spec (U) \ {0}} L {(z,q) Iq e Prim(A)}.

Proof. Since Z is a central element of S and K is algebraically closed, any primitive ideal of S
contains Z — A for some A € K. Hence, Prim(S) = Uyeg~Prim(S(A)) U Prim(A) = {(Z -

AP A e Ko p e Prim(U/’\)} L {(Z, q)|q € Prim(A)}, as required. Notice that Prim (U}) =
Spec (U{) \ {0}. O

Singular Whittaker S-modules. Simple, non-singular, Whittaker modules of the Schrédinger
algebra were classified in [18]. It was conjectured that there is no simple singular Whittaker module
for the Schrodinger algebra [18, Conjecture 4.2]. Proposition 4.6 shows that there exists simple
singular Whittaker A-modules (these are Whittaker Schrodinger modules of zero level), hence
the conjecture is not true, in general. But we prove that the conjecture is true for Whittaker
Schrédinger modules of non-zero level.

Let R =S or S(A) for some A € K and let V' be an R-module. A non-zero element w € V' is
called a Whittaker vector of type (p,0) if Fw = pw and Xw = dw where u,d € K. An R-module
V is called a Whittaker module of type (u,d) if V' is generated by a Whittaker vector of type (u, 9).
An R-module V is called a singular Whittaker module if V is generated by a Whittaker vector
w € V of type (0,0) and Hw ¢ Kw.

Using the decomposition (23), we can give easily a classification of simple Whittaker S-module
of non-zero level (i.e., the simple Whittaker S(A)-module where A # 0).

Whittaker S()\)-modules where X\ # 0. Let u,d € K. The universal Whittaker S()\)-

module of type (u,0) is W := W(u,d) = S(A)/S(N) (E -, X - 5). So, any Whittaker S(\)-
module of type (u,d) is a homomorphic image of W. By (23),

W= S(A) _ S(\)

S(\) (Eg F1/2271X2 —p, X — 5) S(\) (E; F1/207162 — p, X — 5)

— U, U, (E; F1/20 182 - u) ® Ay /A (X - 5). (25)

The module Wy, := Uy /U (Ef\ +1/20715% - /r) is a Whittaker U{-module of type (—1/2A71§% +
u). Note that A;/A1(X —6) is a simple Aj-module with End 4, (41/A1(X —9)) = K, we call this
module the Whittaker A;-module of type (0). For an algebra R, the set of isomorphism classes
of simple R-modules is denoted by R. If & is an isomorphism invariant property then R(Z?)

is the set of isomorphism classes of simple R-modules that satisfy the property &2. The simple
Whittaker Uj-modules are easily classified. Namely, by (25), for A # 0,

S(A) (Whittaker module of type (y, 5))

= [/]\;\ (Whittaker module of type (u — 1/2/\_162)> ® A; (Whittaker module of type (5)),
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i.e., when \ # 0, each simple Whittaker S(\)-module of type (u,d) is isomorphic to the tensor
product of a simple Whittaker U{-module of type (—1/2A7'62 + p) and the simple A;-module
A1/A1(X — §) and these two modules uniquely (up to isomorphism) determine the Whittaker
module.

The next proposition shows that there is no simple singular Whittaker S-module of nonzero
level, i.e., if A # 0 then all the simple Whittaker S(A)-modules of type (0,0) are weight modules.

Proposition 4.5. If A € K* then there is no simple singular Whittaker S(\)-module.

Proof. By (25), W = U}/USE, ® A1/A1X. Notice that A1/A1X is a simple A;-module and
Endy, (A1/A;1X) = K. Hence, each simple factor module L of W is equal to M ® A;/A; X where
M is a simple factor module of the Uj-module U} /U E. Then, by [18, Theorem 6.10.(i)], M is a
(highest) H}-weight Uj-module, i.e., M is a simple factor module of U} /US (H} — p, EY) for some
v € K. Then L is a simple factor module of U} /U (H} — p, E}) @ Ay /A1 X ~ S(A)/S(\)(H + 5 —
u, B, X). Hence, L is a weight module. This completes the proof. O

Recall that S(0) = A. Let W := A/A(X, E), a left A-module. Then any singular Whittaker
A-module is an epimorphic image of W. For any v € K*, we define the A-module

V(v):= AJAX,E)Y —v) = @D KH'F'T where 1=1+ A(X,E,Y —v).
i,jEN
Clearly, V(v) is a singular Whittaker A-module. Then next proposition shows that V(v) is a
simple A-module. Hence, the conjecture [18, Conjecture 4.2] does not hold in this case.

Proposition 4.6. For any v € K*, the module V(v) is a simple singular Whittaker A-module.

Proof. We have to show that for any 0 # v =3, a; ;H'FI1 € V(v) where a; ; € K, there exists
an element a € A such that av € K*1. If j > 0 then Xv =}, .y aij(—v)j(H — 1)iFj‘__1i # 0.
Therefore, 0 # X"v € K[H]|1 for some n € N. So, we may assume that v = Y .*  a;H'l where
a; € K,meNand o, #0. Then 0 # (Y —v)v =Y 1, aiy((H +1) - Hi)i. By induction on
m, we have (Y — v)™v € K*1, as required. O

Classification of simple singular Whittaker A-modules. Consider the following subal-
gebras of A: R = K[H|[Y ;0] where o(H) = H+1; T = K(F,H,Y) and A = K(H,E, X,Y).
Clearly, RC T, R C A and the left ideal A(E, X) := AF + AX of the algebra A is an ideal of A,

A(E,X) = (E,X) and R~ A/(E,X). (26)

Hence, every R-module is automatically an A-module. Moreover, R-modules are precisely 4-
modules that are annihilated by the ideal (E, X). In particular, every simple R-module is a
simple epimorphic image of the A-module A/A(E, X) = A/(F, X), and vice versa.

The next theorem together with Theorem 4.8 gives a classification of simple singular Whittaker
A-modules.

Theorem 4.7. The map R (K[H]-torsionfree) — A (singular Whittaker), [M] — [M = A4 M],
is a bijection with the inverse [M] — [ker(X ) Nker(Enm)], and M =P, F'® M.

Proof. (i) The map [M] — []\7] is well-defined: Since A = @, FiA, we must have M =
D> F' © M. Since M is a simple K[H]-torsionfree R-module (i.c., an A/(E, X)-module), the
A-module M belongs to A (singular Whittaker) provided it is simple. Since Y is a normal element
of the ring R and R/RY ~ K[H], the map Yy, : M — M, m — Ym, is an injection (since
[M] € R (K[H]-torsionfree)). Suppose that V is a nonzero submodule of M, we aim to show that
V = M. Fix a nonzero element v = S o Fim; of V (where m; € M such that m,, # 0 and n is
the least possible). We claim that n = 0, otherwise, the element of V, Xv = Y"" | iF""'Ym,, is
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nonzero. This contradicts to the choice of n since 0 # Y'm,, € M. So, VN M # 0, and so M CV
and V = M, i.e., M is a simple singular Whittaker A-module.

(ii) The map [M] — [M] is a surjection: Let [N] € A (singular Whittaker). Then N = AM
where M := ker(Ey)Nker(Xy) is a nonzero K[H]|-torsionfree R-module/A-module. In particular,
N=AN=3%:, FIAM = >0 F'M (since A = D=0 FiA).

Claim 1: The map Ypr : M — M, m — Ym, is an injection. The kernel My = ker(Y)) is
an R-submodule/A-submodule of M. If My # 0 then the A-module N = AMy = > F'Mj is
annihilated by the ideal (X,Y) of A (since XMy =Y My =0 and (X,Y) = AX + AY). So, N
is a simple, highest weight sly-module but each such sly-module is K[H]-torsion. This contradicts
to the fact that M is K[H]-torsionfree.

Claim 2: N = @i>0 FPM. Suppose this is not true, i.e., u = it Fiy; = 0 for some elements
u; € M such that u,, # 0. We may assume that m is the least possible. Then m > 1 and

0=Xu=Y iF " Yu=mF" Y, + -,

i=1

a contradiction (since Yu,, # 0, by Claim 1).

By Claim 2, N = M. Since N is a simple A-module, the R-module/.A-module M must be
simple (by Claim 2). The proof of the statement (ii) is complete.

(iii) For all M € R (K[H]-torsionfree), ker(Eg;) Nker(Xg;) = M: This is obvious.

(iv) The map [M] — [M] is an injection: This follows from statement (iii).

Now, the theorem follows from the statements (ii)—(iv). O

The set R (K[H]-torsionfree). The algebra R = K[H][Y;0] is a subalgebra of the algebra
B = K(H)[Y; o] which is a localization of R at K[H]\ {0}. The algebra B is a (left and right)
principle ideal domain. We denote by Irr (B) be the set of its irreducible elements.

In [4], a classification is given of simple modules over an arbitrary Ore extension D[X;a,d]
where D is a Dedekind ring, ¢ is an automorphism and § is a o-derivation of D. The ring R is a
very special case of such a ring.

Theorem 4.8. ([4], [5, Theorem 4.10].)
1. R(K[H]-torsion) = R (Y -torsion) = R/(Y) = {[R/R(H —uY)|ve K}.

2. E(K[H] -torsionfree) = ﬁ(Y—torSionfree) = {[Mp]|b € Irr(B), R = RY + RN Bb} where
My := R/RN Bb; My ~ My iff the elements b and b’ are similar (iff B/Bb ~ B/BV as
B-modules).

Another approach for classifying the simple R-modules was taken by Block [8].
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