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THE MODULI SPACES OF EQUIVARIANT MINIMAL SURFACES IN
RH® AND RH* VIA HIGGS BUNDLES

JOHN LOFTIN AND IAN MCINTOSH

ABSTRACT. In this article we introduce a definition for the moduli space of equivariant
minimal immersions of the Poincaré disc into a non-compact symmetric space, where the
equivariance is with respect to representations of the fundamental group of a compact Rie-
mann surface of genus at least two. We then study this moduli space for the non-compact
symmetric space RH" and show how SOg(n, 1)-Higgs bundles can be used to parametrise
this space, making clear how the classical invariants (induced metric and second fundamental
form) figure in this picture. We use this parametrisation to provide details of the moduli
spaces for RH® and RH*, and relate their structure to the structure of the corresponding
Higgs bundle moduli spaces.

1. INTRODUCTION

In this article we study equivariant minimal immersions f : D — N of the Poincaré
disc D into a non-compact symmetric space N. By “equivariant” we mean each immersion
intertwines two representations, into the isometry groups of D and N respectively, of the
fundamental group of a closed oriented surface ¥ of genus at least two. Since there can be
no compact minimal surfaces in a non-compact (globally) symmetric space the equivariant
minimal discs are the closest analogy to compact minimal surfaces in N.

Our aim here is to introduce a definition for the moduli space of equivariant minimal discs
and then show how the non-abelian Hodge correspondence can be used to parametrise this
moduli space when N = RH". If one takes the classical point of view it is very hard to describe
the moduli space of such minimal immersions: the classical data is the induced metric, a
metric connexion in the normal bundle, and the second fundamental form, all three linked by
the Gauss-Codazzi-Ricci equations, which are a system of non-linear p.d.e. Even for minimal
surfaces in RH? the description using this approach is challenging (cf. [30]). By contrast, we
will show that by exploiting the non-abelian Hodge correspondence we can use Higgs bundles
to provide a parametrisation of these minimal surfaces using purely holomorphic data. The
most difficult part of the parametrisation is to understand the conditions on the parameters
which make the Higgs bundles (poly)stable: we give the details of this for n = 3,4. The ideas
here put into broader context, and are the natural extension of, our study of minimal surfaces
in CH? [28].

To explain our approach, first recall that the non-abelian Hodge correspondence provides
a homeomorphism between two different moduli spaces. On one side is the character variety
R(m1%, G) of a non-compact semi-simple Lie group G, where ¥ is a smooth closed oriented
surface of genus g > 2. The character variety is the moduli space of G-conjugacy classes of
reductive representations of 71X in G. On the other side is the moduli space H(X., G) of
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2 JOHN LOFTIN AND IAN MCINTOSH

polystable G-Higgs bundles over a compact Riemann surface ¥.. Here we use Y. to denote
Y equipped with a complex structure. The space H(X.,G) parametrises solutions of an
appropriate version of the self-dual Yang-Mills equations over .. These moduli spaces are
homeomorphic (and diffeomorphic away from singularities), but H(X., G) also has a complex
structure which depends upon .. This correspondence developed from the seminal work of
Hitchin [21], Donaldson [15], Corlette [13] and Simpson [29] (with the case of stable Higgs
bundles for arbitrary real reductive groups proven in [10]). The half of the non-abelian
Hodge correspondence due to Hitchin and Simpson, in which the polystable Higgs bundle is
shown to produce an equivariant harmonic map, is the Higgs bundle case of the Donaldson-
Uhlenbeck-Yau correspondence, and could be referred to as the Hitchin-Donaldson-Uhlenbeck-
Yau correspondence. There are now many good surveys available of the principal results of
non-abelian Hodge theory (see, for example, [17, 18, 31]).

The link to minimal surfaces is that the non-abelian Hodge correspondence already tells us
about all equivariant (or “twisted”) harmonic maps: fix a Fuchsian representation ¢ of 7%
into the group Isom™ (D) of oriented isometries of the Poincaré disc D, so that ¥, ~ D/c(mX).
For every irreducible representation p : w13 — G, there is a unique equivariant harmonic map
f : D — N into the non-compact symmetric space N associated to G [15, 13] (equivariance
means that f o c(0) = p(d) o f for all § € mX). A map from a surface is minimal when it
is both conformal and harmonic, and it is easy to show that f is conformal when the Higgs
field ® of the corresponding Higgs bundle satisfies tr(ad ®?) = 0 and ® does not vanish (more
generally, f will have branch points at zeroes of ®). Note that when p is discrete we obtain
an incompressible minimal immersion of ¥ into the locally symmetric space N/p(mX).

To obtain all equivariant minimal immersions one must allow ¢ to range over all Fuchsian
representations. The natural equivalence for equivariant immersions means we only care
about the conjugacy class of ¢, and these are parametrised by the Teichmiiller space 7, of
3. We will also insist that the representation p is irreducible, for otherwise the same map
f can be equivariant with respect to more than one representation p. For the case where
N = RH" (or CH") this is equivalent to the condition that f is linearly full, i.e., does not
take values in a lower dimensional totally geodesic subspace. With this assumption we can
embed the moduli space M(X, N) of such equivariant minimal immersions into the product
space Ty x R(mX,G): the details of this are explained in §2.1 below.

From §2.2 onwards we focus on the case where N = RH", G = SOy (n, 1) is the group of ori-
entation preserving isometries, and f is oriented (i.e., we fix an isomorphism A" 72T%L ~ 1).
We begin by showing how the induced metric and second fundamental form of an equivariant
minimal surface in RH" determines the Higgs bundle for p. From the work of Aparacio &
Garcia-Prada [5], we know that each SOg(n, 1)-Higgs bundle (£, ®) has E =V & 1 where V
is an SO(n,C)-bundle (i.e., rank n with trivial determinant line bundle and an orthogonal
structure Qv ) and 1 denotes the trivial bundle. We show in Theorem 2.4 that this is the Higgs
bundle for an equivariant minimal immersion if and only if it is polystable and V" is constructed
from an SO(n —2,C) bundle (W, Qw) and a cohomology class £ € H'(Hom(W, K~1)), where
K is the canonical bundle of 3., as follows. As a smooth bundle V is just K~'@®W @ K. This
has a natural orthogonal structure Qv given by Qw on W together with the canonical pairing
Kx K™ = 1on K '@ K. The class ¢ is the extension class of a rank n — 1 holomorphic
bundle V,,_1

05K '3V, L 5 W o
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We show there is a unique holomorphic structure V on K~! @ W @ K for which: (a) the
projection V' — K is holomorphic and has kernel isomorphic to V,,_1, (b) the orthogonal
structure @)y is holomorphic. The Higgs field ® is then determined by ¢ and its dual with
respect to Qy. However, the group SO(Qw) of isomorphisms of (W, Q) leaves invariant
the isomorphism class of the Higgs bundle, so that two extension classes £ and & determine
the same equivariant minimal immersion when ¢ = g - ¢ for g € SO(Qw) (the action is by
pre-composition on sections of Hom(W, K ~!)). We will denote the corresponding equivalence
class by

€] € H' (Hom(W, K1) /SO(Qw).

We show that, in terms of the geometry of the minimal surface, W is just the complexified
normal bundle of the immersion, and £ comes from the (0, 2) part of the second fundamental
form.

To use (W, Qw, [£]) to parametrise M (X, RH") we must know when the Higgs bundle it
produces is polystable (and indecomposable, to ensure that the representation is irreducible).
At present we can only do this in detail when n = 3,4. Indeed, the case n = 3 is very
casy since W is trivial. As a consequence we quickly recover a description of M (X, RH?)
which was originally due to Alessandrini & Li [3]: we include it here since this moduli space
plays a role in the boundary of M(X, RH*). The parametrisation shows that M (X, RH?)
it is diffeomorphic to the punctured tangent bundle of Teichmiiller space, i.e, TT, with its
zero section removed. Moreover, the zero section corresponds to the totally geodesic minimal
immersions, which necessarily lie in a copy of RH? and are not linearly full. The moduli space
of minimal surfaces in 3-dimensional hyperbolic space forms was also studied by Taubes [30],
using the more traditional approach of classifying these surfaces by their metric and Hopf
differential via the Gauss-Codazzi equations. We explain, in Remark 3.3, how our results fit
in with Taubes’ space of “minimal hyperbolic germs”.

The structure of M(X, RH?*) is more interesting. In this case the normal bundle TS+ has
an Euler number x(T24) and we show that this integer invariant is bounded and indexes the
connected components of the moduli space. To be precise, we prove:

Theorem 1.1. The moduli space M(E,RH4) can be given the structure of a non-singular
complex manifold of dimension 10(g — 1). It has 4g — 5 connected components M;(X, RH?),
with integer index satisfying |l| < 2(g—1). The component M (S, RH*) consists of all linearly
full minimal immersions whose normal bundle has x(TX) = L.

It is worth remarking that the character variety R(m1%, SOp(4,1)) has the same real di-
mension as M(E,RH4). This begs a general question, which cannot be addressed here, as
to the properties of the projection from M(X, N) to R(m1 X, G) and particularly whether the
image is open.

Our understanding of the structure goes beyond counting connected components. First, we
show that each component is an open subvariety of a complex analytic family over Teichmiiller
space. We denote the fibre of M (X, RH?*) over ¢ € Ty by M(Z,,RHY). Tt is isomorphic to
an open subvariety of the nilpotent cone in H (3., G), namely, those indecomposable Higgs
bundles with tr(ad ®?) = 0. By Hausel’s Theorem [20] the nilpotent cone is a union of the
unstable manifolds of the downward gradient flow for the Higgs field energy %||®||2, (which
is usually called the Hitchin function) and the critical manifolds of this flow consist of Hodge
bundles (in the sense of Higgs bundle theory). We show that the Hodge bundles with non-
trivial Higgs field correspond to a special class of minimal surfaces known as superminimal
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surfaces, and we describe the conditions on the parameters (W, Qw,[¢]) which determine
these.

The main structure of each component of the moduli space is carried by its fibre M; (3., RH4)
over ¢ € T5. We show that for [ # 0 this fibre is a complex vector bundle whose zero sec-
tion is the submanifold S.; of all superminimal immersions with y(7%+) = [ and conformal
structure c. Further, we show that this bundle is the downward gradient flow from S, ;.

The component Mg (X, RH*) is slightly different because the corresponding manifold S,
parametrising superminimal immersions with flat normal bundle consists entirely of decom-
posable Hodge bundles, so this must be excluded from Mg (X, RH*) but instead appears on
its boundary. In fact, we show that a superminimal immersion with flat normal bundle must
be totally geodesic into a copy of RH?. Tt follows that Sc0 consists of a family of copies of
M(Z, RH?) ~ Ty, parametrised by choice of how the corresponding reducible representation
p acts in the normal bundle. Nevertheless, this component Mg (3, RH4) does correspond to
the downward gradient flow from S, . In addition to S, g, the boundary of M(%, RH*) also
contains one copy of M(X, RH?)/Zs, the moduli space of linearly full but unoriented minimal
immersions into RH?.

Finally, we observe that all these components M; (X, RH*) have a common “boundary at
infinity” corresponding to the Higgs bundles with zero Higgs fields: the absolute minima
of the Hitchin function. Since the Hitchin function is essentially the area of the minimal
immersion (on a fundamental domain) this limit corresponds to collapsing the immersion to
a constant map.

By combining the results here with those of our earlier paper [28] we can make a reasonable
conjecture for the structure of M(X, N) for a general rank one non-compact symmetric space.
Namely, we expect it admits the complex structure of an open subvariety of a complex analytic
family over Teichmiiller space. We expect the fibre over [c] € T, is a disjoint union of vector
bundles, each over a base which consists of the Hodge bundles in one critical manifold of
the Hitchin function. It is not hard to show that for N = CH" the Hodge bundles always
correspond to superminimal immersions and we expect the same to hold for the other rank
one symmetric spaces. Given this, we conjecture that the connected components of M(%, N)
are indexed by the topological invariants of linearly full superminimal immersions. It is
reasonable to expect to classify these for rank one symmetric spaces.

Outside the case of rank one symmetric spaces there is a great deal yet to be done. Labourie
conjectured in [25] that every Hitchin representation into a split real form should admit a
unique minimal surface, which would imply that the moduli space of Hitchin representations
(whose parametrisation is due to Hitchin [22]) provides components of M(X, N) when the
isometry group G of N is a split real form. Labourie recently proved his conjecture for split
real forms of rank-two complex simple Lie groups [26]. Rank-two phenomena also appear a
bit indirectly below as in harmonic sequence theory in Subsection 4.1 and the geometry of
rank-two holomorphic vector bundles in Appendix B. It should be quite interesting to develop
the theory further in higher rank.

When G = Sp(4,R) the Hitchin representations are all mazimal (i.e., have maximal Toledo
invariant) and Collier [11] extended Labourie’s result to cover all maximal representations in
Sp(4,R). Very recently Collier and collaborators have further extended this uniqueness result
to maximal representations in PSp(4,R) [1] and SO(2,n) [12]. Since PSp(4,R) ~ S0y(2,3)
an adaptation of the techniques of this current paper may shed some light on the minimal
surfaces for non-maximal representations. Finally, let us mention that Higgs bundles have
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also been used to study minimal surfaces by Baraglia [6, 7] (his concept of cyclic surfaces
is central to Labourie’s proof), while Alessandrini & Li characterised AdS 3-manifolds using
minimal surfaces into the Klein quadric and Higgs bundles for G = SL(2,R) x SL(2,R) [2].
We also draw the reader’s attention to the recent work of Baraglia & Schaposnik [8], which
provides an interesting perspective on the structure of the regular fibres of the Hitchin map
for orthogonal Higgs bundles. Although we deal here exclusively with the non-regular fibre
tr ®2 = 0, it would be interesting to know how their extension bundle data behaves as one
approaches this fibre.
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2. EQUIVARIANT MINIMAL SURFACES IN RH"™ AND HIGGS BUNDLES.

2.1. Equivariant minimal surfaces. Let ¥ be a compact oriented surface of genus g > 2
and let ¢ : MY — Isom™ (D) be a Fuchsian representation into the group of orientation
preserving isometries of the Poincaré disc D. Let ¥, = D/c(mX) be the corresponding
compact Riemann surface. For any non-compact (and for simplicity, irreducible) globally
symmetric space N, with isometry group G, we say a minimal immersion f : D — N is
equivariant with respect to a representation p : m% — G when f o ¢(d) = p(d) o f for all
6 € 2. In general one wants to allow branched minimal immersions, which for this part of
the discussion we will do. Naturally, we want to consider such triples (f, ¢, p) to be equivalent
when they are related by isometries of the domain or codomain. Accordingly, we will write

(f7 ) ,0) ~ (flv Cla ,0/)7
whenever there is v € Isom™ (D) and g € G for which

d=qevt, p=gpg7t [ =9k

where f,(z) = f(y'2z). The equivalence class will be written [f,c,p]. The set of these
equivalence classes for which p is irreducible and f is oriented will be our moduli space of
equivariant minimal surfaces in N, which we will denote by M(3, N). We choose p to be
irreducible to avoid having a multiplicity of maps which only differ by changing a reductive
factor in the decomposition of p. For example, for every totally geodesic embedding of RH? ~
D in RH" one can take p to be ¢ post-composed with an embedding of Isom™ (D) ~ SOy(2,1)
into SOp(n, 1), but one can also alter this by any reductive representation of 1% into SO(n—
2) and acting in the normal bundle of the immersion. Such behaviour turns up at the boundary
of the moduli space and creates singularities and lower dimensional strata there.

The moduli space of Fuchsian representations up to conjugacy is Teichmiiller space 7Tg,
while the moduli space of reductive representations p up to conjugacy is the character variety
R(mX,G). The subset of irreducible representations is an open submanifold. For a fixed
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conformal structure, standard uniqueness theorems for the harmonic metric (e.g. [13, 15])
apply. It follows that we have an injective map

F:M(E,N) =Ty x R(mE,G),  [f,¢,pl = ([, [p]), (2.1)

where the square brackets denote conjugacy classes. The topology we will use for M (3, N) is
the one induced by this injection. Indeed, we can use this to put a real analytic structure on
M(3, N). A conjugacy class [c] € T, is sometimes called a marked conformal structure: we
will denote the subset of equivariant minimal surfaces with fixed marked conformal structure
[c] by M(Z., N).

Now recall the central result of non-abelian Hodge theory, which describes the relationship
with Higgs bundles (see, for example, [18]). This says that for each Fuchsian representation ¢
there is a bijective correspondence between polystable G-Higgs bundles over Y. and reductive
representations p : m12 — G, up to their respective equivalence classes. This correspondence
gives a homeomorphism from the Higgs bundle moduli space H(Z., G) to R(m X, G) which
is real analytic away from singularities.

This central result works by assigning to each polystable Higgs bundle an equivariant
harmonic map (to be precise, a triple [f, ¢, p| where f is harmonic). It identifies the Higgs
field ® with the restriction of df to 75D, which we will denote by df. It is a well-known
fact that, using ¢© to denote the complex bilinear extension of the metric g of N, f is weakly
conformal precisely when g®(09f,df) = 0. Since the metric on N comes from the Killing form
on G, it follows that this harmonic map f is weakly conformal, and therefore a branched
minimal immersion, precisely when the Higgs field ® satisfies tr(ad ®2) = 0. Therefore the
map from M(X., N) to the moduli space H(X.,G) of polystable G-Higgs bundles, which
assigns to each equivariant minimal surface its Higgs bundle data, is injective and its image
lies in the complex analytic subvariety given by the equation tr(ad ®?) = 0. When G is
has real rank one (i.e., N is a rank one symmetric space) this level set tr(ad ®?) = 0 is the
nilpotent cone.

Now it is reasonable to expect that as [¢] varies over Teichmiiller space the Higgs bundle
moduli spaces form a complex analytic family in the sense of Kodaira & Spencer [24], and
moreover that the function tr(ad ®2) is holomorphic on this family. Given this, M(%, N)
would acquire the structure of a complex analytic family with fibres M(X., N). This has
been shown for the case N = CH? in [28] by focussing more directly on the properties which
characterise a PU (2, 1)-Higgs bundle for which tr(ad ®2) = 0.

Remark 2.1. Tt is very interesting to note that the mapping class group of 3 acts naturally on
M(X, N). Recall that, by the Dehn-Nielsen theorem, the mapping class group is isomorphic to
the group Out(m X) = Aut(mX)/ Inn(m;3) of outer automorphisms of 713, where Inn(71X) is
the subgroup of automorphisms given by conjugation. For any 7 € Aut(mX) and equivariant
minimal surface (f, ¢, p) it is easy to check that (f,7*¢c,7"p) is again an equivariant minimal
surface and that the equivalence class [f, ¢, p] is unchanged when 7 is an inner automorphism.
Note that Out(mX) acts similarly on 7; x R(m1X, G) and that the embedding F in (2.1) is
equivariant with respect to this action.

2.2. Equivariant minimal surfaces in RH". We will now restrict our attention to the case
where N = RH" and G = SOy(n, 1), the connected component of the identity in SO(n, 1),
for n > 3. Our aim here is to characterise the Higgs bundles which correspond to linearly full
minimal immersions and show how the Higgs bundle data relates to the metric and second
fundamental form of the immersion. Recall (from e.g., [5]) that an SOg(n,1)-Higgs bundle
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over Y. is uniquely determined by an equivalence class of data (V,Qv,¢) where V is a rank
n holomorphic vector bundle with a fixed isomorphism det(V) ~ 1, Qv is an orthogonal
structure on V and ¢ € H°(K ® Hom(1,V)). The Higgs bundle itself is the rank n+ 1 bundle
E =V &1 with orthogonal structure

Qp = (QOV _01> : (2.2)

(0 ¢
‘I"<¢>'f 0>

where ¢! € H(K ® Hom(V, 1)) is the dual of ¢ with respect to Qg. Notice that we use a
different convention from [5] for the sign of the orthogonal structure on the trivial summand.
This fits better with the the interpretation of Qg as the complex bilinear extension of a
Lorentz metric on R™! given below. From now on we will simply refer to (V, Qy, ¢) as the
SOp(n,1)-Higgs bundle.

Now let us recall how the equivariant harmonic map (f,c,p) is related to such a Higgs
bundle. Let C™! denote C"*! as a pseudo-Hermitian vector space with inner product

and Higgs field

(v, W) = VW] + . .. Vp Wy, — V1 W41 -

A pair (¢, p) € T;xR(mE, G) provides an action of 71 % on the trivial bundle D x C™! and the
quotient is a flat SOg(n,1)-bundle E = D x5 C*! over ¥, with pseudo-Hermitian metric
(, ), areal involution ~: E — E and a flat pseudo-Hermitian connexion V¥. The first two
equip E with an orthogonal structure Qg (given by Qg(o,0) = (0,)). The connexion equips
E with a holomorphic structure 9z = (V¥)%! with respect to which Qg is holomorphic.

From this the SOy(n,1)-Higgs bundle (V,Qv, ¢) is obtained as follows. We first identify
RH" with the pseudo-sphere

Sl = {y e R™ : (v,v) = =1, vpy1 > 0},

in Minkowski space R™! so that we can consider TRH" C RH" x R™!, with metric g obtained
by restriction of {, ). We can consider the quotient V' = (f~!TCRH")/m¥ as a subbundle
of E. A choice of orientation of S™! fixes a trivial line subbundle 1 such that £ = V @ 1
and the decomposition is orthogonal. It follows that the orthogonal projection of V¥ onto V/,
which we will denote simply by V, coincides with the pullback of the Levi-Civita connexion
on RH". Therefore the holomorphic structure 0y of V agrees with that induced by V%!,

The Higgs field carries the information of the differential of f. To be precise, the differential
of f extends complex linearly to df : T¢D — TCRH" and thus has a type decomposition

df =90f +0f, Of:T"9D - T°RH", of:T"'D — T°RH".
By equivariance we can think of df as a section of £19(V). The harmonicity of f ensures
that ¢ = df is a holomorphic section of K ® Hom(1,V)~ K ® V.
In the reverse direction, when (V, Qv ¢) is polystable and tr(®2) = 0 we obtain a weakly
conformal equivariant map. This map will be an immersion if and only if ¢ has no zeroes. To

understand more precisely the structure of (V, Qy, ¢) for a minimal immersion, we begin by
characterising those which have tr(®2) = 0 and ¢ nowhere vanishing.

Lemma 2.1. An SOg(n,1)-Higgs bundle (V,Qv,®) satisfies tr(®?) = 0 precisely when
®' o = 0. In that case, when ¢ has no zeroes (V,Qv,¢) uniquely determines, and is de-
termined by, a triple (W, Qw,[&]) where (W,Qw) is a holomorphic SO(n — 2,C)-bundle,
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¢ € HY(Hom(W, K1) and [€] is its equivalence class under the action of the group SO(Qw)
of isomorphisms of (W, Qw ).

Proof. Tt is a simple exercise to show that tr(®?) = 0 if and only if ¢’ 0 ¢ = 0. Now let
V-1 = ker(¢!) and define W = V,,_;/im(¢). Since ¢ has no zeroes this describes V,,_1 as an
extension bundle
05K 14V, > W o (2.3)

This determines W and an extension class ¢ € H!(Hom(W, K~!)). Further, ¢'o¢ = 0 implies
that im(¢) is Qy-isotropic since Qv (¢(Z), #(Z)) = Qv (Z, ¢'op(Z)) = 0. Hence Qy descends
to an orthogonal structure Qw on W. Isomorphisms of (V,Qy, ) act non-trivially on the
extension class through isomorphisms of (W, Qw ), and therefore £ is only determined up to
this action of SO(Qw).

Conversely, given (W, Qw,[£]) we model V smoothly on K~! @& W @ K and give it the
orthogonal structure

0 0 1
Qv=10 Qw 0], (2.4)
1 0 0

i.e., using Qw and the canonical pairing K~! x K — 1. Then (V,Qy) has an SO(n,C)-
structure since there is a fixed isomorphism det(V) ~ det(W) ~ 1. The Higgs field is
determined by the inclusion ¢ : K~! — V. We claim V has a unique holomorphic structure
for which: (i) V,,—1 is given up to isomorphism by [¢] as in (2.3), (ii) Qv is holomorphic. To
see this, we observe that any holomorphic structure for which the flag K=' C V,,_; C V is
holomorphic must correspond to a d-operator of the form

(0 e
Ooy=10 ow a3
0 0 0

where the matrix indicates how the operator acts on V as the direct sum K1 @ W @ K. Here
Ow induces the holomorphic structure on W, 9 induces the holomorphic structure on both
K and K—!, and a; are (0, 1)-forms taking values in the appropriate bundle homomorphisms
(so aj € EXY(Hom(W, K~ 1)) and so forth). A straightforward calculation shows that for Qy
to be holomorphic we must have a; = —a} and ag = 0. Clearly «; is a representative of
[€] in the sense that the cohomology class class of a; in H%!(Hom(W, K~')) determines the
extension (2.3) via the Dolbeault isomorphism H%!(Hom(W, K~!)) ~ H'(Hom(W, K~1)).
Now suppose o is any other representative of [£], i.e, there exist g € SO(Qw) such that o
and a1 o g are cohomologous. Then there is ¢ € £°(Hom(W, K—1)) such that

ay = ayog+ 0P —Paw,
A direct calculation shows that the operator 5{/70btained from dy by using o} in place of oy
is given by the gauge transformation 9y, =T ~10yT where
1 00 1 ¥ 6
T=(0 g 0 0 1 —gt
0 01 0 0 1
and 0 € E9(Hom(K, K1) is given by § = —i1 o 9p!. Further, this gauge transformation

preserves Qv and the Higgs field. Hence (V, Qv ¢) is well-defined by the data (W, Qw, [¢]).
]
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We will also need to understand when (V,Qy,¢) is polystable. Fortunately there is a
simple characterisation due to Aparicio & Garcia-Prada.

Theorem 2.2 ([5], Prop 2.3 & Thm 3.1). When n > 2 an SOy(n,1) Higgs bundle is stable
if for any isotropic subbundle W C V with ¢*(W) = 0 we have deg(W) < 0. It is polystable
if it is a direct sum of stable G-Higgs bundles where G is either SOq(k,1), SO(k) or U(k) C
SO(2k).

Remark 2.2. We will say that the Higgs bundle is decomposable when it is a direct sum of
more than one G-Higgs bundle. Unlike the case of G = GL(n,C), stability does not imply
indecomposability. For example, it is shown in [5, Prop. 3.2] that if the decomposition above
involves only Higgs subbundles for SOy(k,1) or SO(l) with | # 2, then (V,Qv, ¢) is stable.
Clearly irreducible representations correspond precisely to indecomposable Higgs bundles.
These also provide smooth points in the moduli space of SOg(n,1)-Higgs bundles (and hence
in the character variety) by Thm 5.5 and Cor 4.4 of [5].

The geometric meaning for f of irreducibility of p is the following. We say f is linearly full
if its image does not lie in a totally geodesic copy of RH* in RH" for some k < n.

Lemma 2.3. An equivariant minimal immersion f : D — RH" is linearly full if and only if
the representation p is irreducible.

Proof. Clearly if f is not linearly full its image lies in some copy of S¥1 ¢ R*! ¢ R™! and
this must be preserved by p, hence p is reducible. Conversely, suppose p is reducible, then
its Higgs bundle is decomposable. Since the Higgs field is non-trivial there must be at least
one (and therefore precisely one) indecomposable subbundle with group SOq(k, 1) for some
k < n. The other Higgs bundle summands have compact group structures, and therefore
their Higgs fields are trivial. Since the Higgs field represents df, the map f takes values in
the totally geodesic copy of RH* which corresponds to the SOg(k, 1)-Higgs summand. O

We can now describe more explicitly how the Higgs bundle data is related to the classical
minimal surface data, namely its induced metric v = f*¢ and its second fundamental form Il
(recall that I(X,Y) = (VxY)* for X,Y € I'(T'Y)). Given an immersion f we have a smooth
orthogonal decomposition

V=T%.eW (2.5)

where W = (T+%)C. We will treat I as a W-valued complex bilinear form on TCX. Then f
is minimal precisely when I''' = 0 in which case I is completely determined by I?°. By the
Codazzi equations this is a holomorphic W-valued quadratic form on ¥, (see the appendix
A). In the case n = 3 it is essentially the Hopf differential (see §3 below).

Now we write TCY, = TH0E,. & T2, and let 7€ denote the complex bilinear extension of
the metric. This gives the orthogonal structure on TCEC, for which both T19%, and 7913,
are isotropic. Let 4 : T®%'X. — K denote the isomorphism Z — ~C(-, Z). It has inverse

YK TS dze Z/|Z)3, (2.6)

whenever dz(Z) = 1. In particular, we obtain an isomorphism T¢% ~ K~! @ K for which
the orthogonal structure 7 makes both K1, K isotropic and pairs them canonically. Thus
we have a smooth isomorphism

V=_("TREC~K'eWaK. (2.7)
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The complex bilinear extension of the metric on TRH" provides the orthogonal structure Qw
on W. Let 0 denote the holomorphic structure on both K~! and K, and let dy denote the
holomorphic structure on W coming from the connexion in the normal bundle. Using the
isomorphism 4 above we associate II to a Hom (K, W)-valued (0, 1) form 3, defined locally by

B(2) :dz»—>]I(Z,Z)/HZH%, (2.8)
for Z =0/0z.

Theorem 2.4. Let [f,c,p] be an equivariant minimal surface in RH", n > 3, with Higgs
bundle (V,Qvy,¢). Then (V,Qv,®) is given by the data (W,Qw,[—0B']) as in Lemma 2.1,
where W is the complexified normal bundle, Qw s the complex bilinear extension of the
normal bundle metric, 8 is the adjoint of B € Eg’cl(Hom(K, W) with respect to Qvy, and
[—B1 € HY(Hom(W, K—1))/SO(Qw) is obtained via the Dolbeault isomorphism.

Conversely, if the Higgs bundle determined by (W, Qw,[£]) is stable and indecomposable
then it determines a unique linearly full equivariant minimal immersion [f,c, p).

Proof. Recall that with respect to the orthogonal decomposition (2.5) the Levi-Civita con-
nexion can be block-decomposed as
v: —Bt
(% )

where V¥, V+ denote respectively the induced connexions on the tangent bundle and the
normal bundle, and B € £L(Hom(TCY, W)) represents the second fundamental form, i.e.,
B(X):Y = I(X,Y). Its adjoint B! is with respect to the metric on f~'TRH".

It follows that with respect to the decomposition (2.7) we can write

) o —=p' o 0 0 1
a\/: (07 8W @ s QV: 0 QW 0 s
0 —a' 0 10 0

where «a € Eg’cl (Hom(K—1,W)) and 8 € Eg’cl (Hom(K,W)) are given locally by
a(Z):Z—-W2Z,Z), B(Z):dz— II(Z,Z)/HZH%.

However, (Z, Z) = 0 since f is minimal, hence dy is given by

_ 9 —6 0
=10 ow 8]. (2.9)
0 0 o

From the proof of Lemma 2.1 it follows that & = [—/].
The converse is just non-abelian Hodge theory together with Lemmas 2.1 and 2.3. ]

Note that the isomorphism W ~ W* induced by Qw allows us to identify Hom(W, K1)
with Hom (K, W), and this identifies 3! with 3. From now one we will make this identification.

Regarding the case where [5] = 0 we make the following observation (cf. Theorem 3.1 of
[28]).

Proposition 2.5. The class [] above is trivial if and only if I is identically zero, i.e., if and
only if the map f is a totally geodesic embedding.
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In particular, the case where [3] = 0 corresponds precisely to those triples [f, ¢, p] for which
the representation p factors through an embedding of SOy(2,1) into SOp(n,1). In this case
p is reducible: it is just the Fuchsian representation ¢ post-composed with this embedding.

Proof. Tt suffices to show that there is a Hermitian metric h on Hom (K, W) with respect to
which § is harmonic. This metric is none other than the metric induced by the immersion,
for with respect to that metric the Hodge star

EONKToW) S W ® K)
maps (3(Z)dz to —ih(-, 3(Z))dz. Now using (2.8) and the definition of Qy we see that
But I[(Z, Z) is holomorphic, and therefore 9x3 = 0. Hence 3 is harmonic. O

Lemma 2.1 and Theorem 2.4 show we should be able to parametrise equivariant minimal
immersions by their data ([c], W, Qw, [8]). The major difficulty in general is to identify in a
satisfying way the conditions which ensure stability of the Higgs bundle. In the cases where
n = 3 or n = 4 the bundle (W, Qw) is simple enough that we can do this, and this is the
purpose of the remainder of the article.

3. EQUIVARIANT MINIMAL SURFACES IN RH3.

Theorem 2.4 leads very quickly to a description of the moduli space M(Z,RH?). For in
this case fITRH?/m; ¥ is SO(3)-bundle with decomposition into 7% @ T+, Since f is an
oriented immersion TS is trivial. Therefore, as a smooth bundle,

VoK l'oleK,

with orthogonal structure
0 01

Qv=1|(0 1 0
1 00
It is well-known that p has associated with it a Zo invariant, which we will denote by
wa(p), equal to the second Steifel-Whitney class of the SO(3)-bundle associated to (V, Qv )
(see, for example, [5]). In our case this SO(3)-bundle is the bundle of oriented frames of
fTITRH? /7%, and the question is whether or not this lifts to a Spin(3)-bundle. The decom-
position T @ T gives a reduction of structure group to SO(2), and therefore it does lift
because the first Chern class of 7Y is even. Hence wa(p) = 0.

Remark 3.1. If we had allowed the possibility that f has branch points then these would
occur on a divisor D C X, and the splitting of V would replace K~! by K~'(D). In that
case wa(p) = deg(K (D)) mod 2 = deg(D) mod 2.

Let v be the unit normal field compatible with the orientation of f and recall that the
Hopf differential of a minimal surface in a 3-manifold is the quadratic holomorphic differental
q = (I?Y, ). In that case the quantity 8 in Theorem 2.4 can be written as ¢ ® 4~!. Here we
interpret 4 € T'(X., KK) (cf. (2.6)). Thus we can write the holomorphic structure for V in
the form

_ (9 -aeyTt 0
oy=10 0 qoy . (3.1)
0 0 0
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and the holomorphic structure depends only upon
q®47" € H* (S, K1) =~ HY (S, K1),
In particular, SO(Qw) ~ 1. By Proposition 2.5 this cohomology class is trivial if and only if
q=0.
With respect to the smooth isomorphism
E~(K'e9leK) ol

the Higgs field ® and orthogonal structure Qg have the form

000 1 001 0
000 0 010 0
=10 00 0| “2=[1 00 o0
00 1 0 000 —1

It is not hard to check that this Higgs bundle (V @ 1, ®) is stable if and only if ¢ # 0, and
that when ¢ = 0 it is polystable with decomposition

(Va®1,2") @ (1,0),

where Vo = K~! @ K and @’ is obtained from ® by striking out the second row and second
column.

Now non-abelian Hodge theory provides the converse: to every equivalence class of data
(¢, &), where ¢ is a marked conformal structure and ¢ € H'(2., K1), we obtain an equivariant
minimal surface [f, ¢, p] in RH3. This is determined only up to the equivalence of such triples
above. As a consequence we can equip the moduli space M(3, RH3) with the structure of a
complex manifold. Since H'(X., K1) is the tangent space to Teichmiiller space Ty at ¢, we
deduce the following.

Theorem 3.1. The moduli space of equivariant linearly full minimal immersions into RH?
can be identified with the bundle of punctured tangent spaces over Teichmiiller space,

M(Z,REP?) ~ {X € TT, : X #0}.

In particular, this gives it the structure of a mon-singular connected complex manifold of
complex dimension 6(g — 1).

Note that when M (X, RH?) is completed by totally geodesic immersions (¢ = 0), which
comprise all the non-full minimal immersions in this case, we obtain the full tangent space to
Teichmiiller space. We will denote this completed space by M(Z, RH?).

Remark 3.2. A generalization of Theorem 3.1 in which branch points are allowed was already
known to Alessandrini & Li [3] using a slightly different approach. With that generality the
problem is equivalent to finding a parametrisation of the components of the nilpotent cone.
This was essentially done many years earlier by Donagi, Ein & Lazarsfeld in [14], albeit with
some translation required to adapt their results for GL(2,C)-Higgs bundles to PSL(2,C)-
Higgs bundles. Recall that the non-abelian Hodge theory for this case is due entirely to
Hitchin [21] and Donaldson [15].

Remark 3.3. Taubes studied a similar moduli space to M (X, RH?) in [30], which he called
the moduli space H of minimal hyperbolic germs. Each of these is a pair (v, 1) consisting of
a metric on Y and a trace-free symmetric bilinear form II which together satisfy the Gauss-
Codazzi equations for a minimal immersion into a 3-space of constant negative curvature
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—1 (it is easy to show that these are the only two pieces of information needed for these
equations). He showed that his moduli space is smooth and has real dimension 12(g — 1),
the same as the real dimension of 7'7,. Now, the pair (v, 1) is all that is needed to construct
the Higgs bundles above, and the Gauss-Codazzi equations are exactly the zero curvature
equations for the related connexion V¥ (see appendix A below). It follows that there is a
bijection between M (X, RH?) and H which assigns to each equivariant minimal immersion
its metric and second fundamental form. Indeed, Taubes shows that there is a smooth map
H — R(m%,SO(3,C)), given by mapping (v, II) to the (conjugacy class of the) holonomy of a
flat connexion which essentially plays the role of V¥ after the isomorphism between SOq(3, 1)
and SO(3,C). Hence there is a smooth map

H — T, x R(m%, SO(3,C)),

by taking the conformal class of ~y for the first factor. It should be possible to use Taubes’
calculations to show that the image can be smoothly identified with M (X, RH?).

4. EQUIVARIANT MINIMAL SURFACES IN RH?*.

For n = 4 the normal bundle T is an SO(2)-bundle, and therefore comes with a canonical
complex structure J compatible with the orientation. Locally this is given by
Jvy =, Jurg = —u,

with respect to an oriented orthonormal local frame v1, v for the normal bundle. It follows
that the complexified normal bundle W splits into a direct sum of line subbundles given by
the eigenspaces of J. Let L C W be the line subbundle for eigenvalue i, then the eigenbundle
for —i is L which is smoothly isomorphic to the dual L=! of L. Therefore W ~ L & L~!, and
this is an orthogonal decomposition since J is an isometry on the normal bundle. In fact this
isomorphism is holomorphic, since J is parallel for the normal bundle connexion V=, from
which W gets its holomorphic structure, and these line subbundles are V-+-invariant.
Since (TX4,J) ~ L as a complex line bundle, the Euler number of TS satisfies

X(TE1) = deg(L). (4.1)

Note also that Qyy is just the canonical pairing L x L™! — 1. The projections of W onto L
and L~! given, respectively, by

o 3(c—iJo), o 3(oc+iJo),
are consequently holomorphic. In particular, define
0y = L(I*° —iJI*°), 6y = $(I*° +4J0*7). (4.2)

These are holomorphic sections of K2L and K?L™! respectively.

From Theorem 2.4 the holomorphic structure on V is determined by the cohomology class
of B € £%(Hom (K, W)) given by (2.8). Since W ~ L& L~! holomorphically, we can represent
the holomorphic structure 0y with respect to the smooth isomorphism

VoK leLe L 'K, (4.3)
by

K , (4.4)
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where 0;,0; are the holomorphic structures on L, L~ and f31, 32 are the components of
with respect to the splitting W ~ L @ L~!. In particular,

Bi(Z)  dz = 0;(Z, 2) /I 213,

with 81(Z) taking values in K 'L and 3(Z) taking values in K ~'L~!. The forms —f1, —f
determine extension bundles

0K '!'=Vi—=L1'=0 0-K'!'=V—=L-0,

respectively, which are holomorphic sububundles of V. It is easy to see that the only Qy-
isotropic subbundles of V' are Vi, V5 or subbundles of these. Now we note that since (W, Qw)

are represented by
~ (O 0 {01
8VV_<O 52>) QW_<1 0>7

the group SO(Qw) ~ C* acts on (51, 32) by
a-(B1,B2) = (aBi,a ' Ba), a€C*. (4.5)
We will use [;] to denote the extension class of 3;, but [3] to denote the element of
(H'(Se, KT'L) @ H' (S, K~'L71))/C*,

which represents this C*-orbit of the pair ([51], [B2])-

Let us now consider the conditions under which a minimal immersion can be constructed
from an SOq(4,1)-Higgs bundle of the type just described. That is, we fix L and [§] and
construct (V,dyv,Qv,¢) as above to obtain an SOg(4,1)-Higgs bundle (E,®). We need to
ascertain when this bundle is stable and indecomposable. For the remainder of this section
we assume that deg(L) > 0.

Lemma 4.1. Suppose that deg(L) > 1. Then (V,0v,Qv,¢) gives a stable SOg(4,1)-Higgs
bundle if and only if deg(L) < 2(g — 1) and every line subbundle of Vo has negative degree.
All such Higgs bundles are indecomposable. In particular, Vo is a non-trivial extension, i.e.,

[Ba2] # 0.

Proof. According to the stability condition in Theorem 2.2, we must ensure that every
isotropic subbundle of ker(¢!) has negative degree. As a smooth bundle ker(¢!) = K~ @ L ®
L1 and the isotropic subbundles of this are therefore Vi, Va and their subbundles. By the sta-
bility criteria of Theorem 2.2 we require these to all have negative degree. Since deg(L) > 1,
Vi, V2 both have negative degree if and only if deg(L) < deg(K). Now for any extension
bundle of line bundles

0—-Fr—=F—=F—=0

if deg(F2) > deg(Fi) then every holomorphic line subbundle has degree no greater than
deg(F2). Moreover there is a line subbundle of degree equal to deg(F2) if and only if the
extension is trivial. Hence line subbundles of Vi necessarily have negative degree when
deg(L) > 0. O

Lemma 4.2. Suppose that deg(L) = 0. Then (V,0v,Qv,¢) gives a stable SOg(4,1)-Higgs
bundle if and only if both [1], [B2] are non-zero. It is also indecomposable except when L ~ 1
and [$1] = a[B2] for some a € C*.
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Proof. That [B1], [52] are both non-zero follows from similar reasoning to the proof of the
previous lemma. Now suppose (F, ®) is decomposable. From Lemma 2.3 f maps into either
a copy of RH? or RH?. Since the extensions V;, Va are non-trivial it must be the latter. Thus

(E,®)=V'@&1,®")a (V"0),

where the first summand is a stable SOy(3, 1)-Higgs bundle and V" ~ 1. Hence W is trivial
and therefore so is L. In particular, the normal bundle TS+ has a global orthonormal frame
v1, v for which v is a unit normal to f inside the tangent space to this RH?, and 15 is a unit
normal to the RH?, so that v is parallel. It follows that

(I(X,Y),12) = (VxY,1n) = —(Y,Vxue) =0.
From (4.2) we have in general, locally,
0(Z,7) = %(Al —iAg) (1 + il/g)d22, 0:(Z,7) = %(Al +iAs) (v — iVQ)dZ2, (4.6)
where A; = (I(Z, Z),v;). So when Ay = 0 we have
0.(Z,7) = %Al(ul + iyg)dz2, 0:(Z,7) = %Al(ul - iyg)dz2.

Now L ~ 1 ~ L~! and the isomorphism identifies 1| +ivs with 1 —ivs up to an automorphism
of 1, i.e., up to a non-zero scaling. Therefore a fixed isomorphism identifies 7 with afy for
some a € C*, hence 51 = afs. O

To parametrise the space of pairs ([51],[f2]) which correspond to these stability condi-
tions we need to introduce some new spaces. For a fixed complex structure 3. and integer
[ satisfying 2(1 — g) < | < 2(g9 — 1), let V,; denote the holomorphic vector bundle over
Pic;(X.) (the moduli space of degree [ line bundles over X.) whose fibre over L € Pic;(%,)
is H'(X., K~'L™1). It is easy to check that, since deg(K ~'L~!) < 0, each fibre has positive
dimension

M (2o, K'L™Y) =3(g—1) +1. (4.7)
This dimension is independent of the choice of L and therefore a theorem of Grauert (see e.g.
[19, section 10.5]) ensures that we do obtain a holomorphic vector bundle. To each § € V,; we
assign the extension bundle 0 — K~! — ¢ — L — 0 characterised by it. Every line subbundle
of £ has degree bounded above by deg(L), so there is a well-defined integer function

i Ver = Z, p(€) =max{deg(A): A C £ a holomorphic line subbundle}.

Lemma 4.3. For 1 <1<2(g—1) the set V°, = {£ € V.; : u(€) < 0} is a non-empty Zariski
open subvariety.

The proof of this lemma follows from Prop. 1.1 in [27], but we defer this to an appendix
to avoid digression. Note that Vgl is preserved by the scaling action £ — a&, a € C*, since
(&) depends only on the isomorphism class of the bundle &.

Now for 1 <1 < 2(g—1) let M(2., RH?); denote the moduli space of equivariant minimal
immersions for fixed Fuchsian representation ¢ and whose normal bundle has Euler number
[. By Lemma 4.1 this set is parametrised by the variety

Wer = {(L,61,6) € Ve @ Vey : &2 € V0 }/C,
where ¢ : Picj(X.) — Pic_;(X.) maps L to L~! and the action of C* is
a- (La§17€2) = (L7a£1>a_1£2)' (48)
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This action is free since & # 0, hence the quotient is non-singular. For 2(1—g) < < 0 define
Wey ={(L,&1,&) € Ve ® Vey : & € V) }/C*.

This variety parametrises M(EC,RH4)1 for [ < 0. Finally, let V:O denote the bundle V.
without its zero section. By Lemma 4.2 the variety

Weo ={(L,&1,&) € L*V;ro &) V;ro, C.& # C.& when L ~1}/C*,

parametrises M (2., RH?)o.
Now consider the variation of ¢ over Teichmiiller space 7,. By the same reasoning as in
[28, §6], each family

Vi= UcETg Vc,l )

is a complex analytic family over 7,. Each V) is clearly a connected complex manifold, and
by (4.7) each has dimension 10g — 9. Let W, denote the corresponding family over 7, with
fibres W, ;. Then W, must also be connected, since each fibre is the quotient of a Zariski open
subvariety in a vector space, and of dimension 10g — 10.

In summary, for N = RH* we have a bijective map

ll<2(g9—1)

which assigns to each point (¢, L, [£]) an indecomposable SO(4, 1)-Higgs bundle, and therefore
a point [f, ¢, p] in M(X, N). We claim that F is a diffecomorphism, and therefore the connected
components of M(X, N) are given by F(W,). To prove this, let F; denote the restriction of
F to W;.

Theorem 4.4. Set N = RH*. For each2(1—g) <1< 2(g—1) the map F; : W) — M(Z, N) is
an injective local diffeomorphism. Hence we can smoothly identify M(3, N') with the disjoint
union UW,. Consequently, M(3,N) can be given the structure of a non-singular complex
manifold of dimension 10(g — 1) with 4g — 5 connected components, indexed by the Euler
number of the normal bundle x(TLL) with |x(TE)] < 2(g — 1).

We can relate this structure to the Morse theoretic study of the moduli space of SOy(n, 1)-
Higgs bundles in [5]. This is done in §4.2 below, after we have identified which equivariant
minimal immersions correspond to Hodge bundles.

Proof. By construction we have taken the smooth structure of M(X, N) from its inclusion in
Ty x R(m%E,G). We know each Fj is injective, so it suffices to show that dF; is injective at
each point. By post-composing F; with the inclusion we can write F; = (m, ;) where

m W — Ty,
is simply the fibration of W, over 7,, and
wl : Wl — R(’]le, G) = H(ZC7 G)v

assigns the Higgs bundle for fixed choice of c. It follows that dF; is injective precisely when
dip; is injective on the tangent spaces to the fibres W, ; of m;. Therefore it suffices to show
that for fixed ¢, the map

Y We = H(Ee, G), (4.10)
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is an immersion at each point. So fix a point (L, [8]) € W, and a d-operator dr, on L which
induces its holomorphic structure. Let

Wey = E91(C) x E9MLE") x XYL KT,

and define o
'QD : Wc,l - H(Ecv G), (a, m, 772) = ¢(Lav [77]04)?
where L, is L with the holomorphic structure 9y, + v and

e = {(alm],a™ fe]) : @ € T3,
where [n;] denotes the Dolbeault cohomology class of 7; with respect to L,. Now fix a
representative (0, 81, B2) € W, for (L, [8]). Clearly ¢ will be an immersion at (L, [3]) if

d
g3 Pt Br+ t, B2 + ti) = 0 (4.11)

implies (a, 71, 72) is tangent to the fibre of the projection Wc’l — W, at the point (0, 51, B2).
Now let Jy denote the operator in (4.4), then &(ta,ﬁl + tny, B2 + tne) is the Higgs bundle
determined by Oy + tA where

0 -2 —m O

0 « 0 m

0 0 —a m]|’

0 O 0 0

and neither the Higgs field nor the orthogonal structure @y depend upon ¢ (the inclusion
K~' — V is holomorphic for every t). Therefore the left hand side of (4.11) is represented
by the equivalence class of the End(V)-valued (0,1)-form A with respect to infinitesimal
gauge transformations. This class is trivial if there is a curve of gauge transformations g(t) €
I'(End(V')) which is Qy-orthogonal, transforms operators of the shape (4.4) into operators of
the same shape, and satisfies

A=

A=—g"g9 Ovg+ g vy, (4.12)
where ¢ = (dg/dt)(0). We may represent all objects in matrix form with respect to the
smooth decomposition (4.3), and then the first two conditions are that g'Qy g = Qv and that
g "0y ¢ is again an operator of the same type as dy. By a straightforward calculation these
two conditions imply that

1 —av —a'u 0

10 a 0 U
9= 1o o at v’
0 0 0 1

where a is a smooth C*-valued function on X, and v € T'(K~'L), v € T(K~'L™!) satisfy
O(uv) = 0. Since K2 has no globally holomorphic non-zero sections, either u = 0 or v = 0.
We will treat the case u = 0: the other case follows mutatis mutandis. In this case g has a
2 x 2 block decomposition and we deduce that (4.12) holds if and only if 7 = 0 and

0 - 1. 14 15
(0 ;72) = 91 9197 'Ovag1 + g1 O,

= (0 =B (1 —av
8V2_(0 5L> 91_(0 a)'

where
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However, this is precisely the condition that the deformation of the holomorphic structure of
Vo on K~ @ L along the curve [0, + ta, —fB2 — tnp] is constant. Hence (a,0,172) is tangent
to the fibre of W, ; — W, at the point (0, 51, f2). We conclude that di has trivial kernel at
(L, [8])- O

4.1. Superminimal maps and Hodge bundles. An important geometric invariant of any
equivariant minimal immersion f is the holomorphic quartic differential

Uy = (I%9,1%2) = Qu (>0, T2Y). (4.13)
This vanishes at points where either T*? is zero or it is Qyy-isotropic.

Remark 4.1. Tt is easy to check that points where I?Y is isotropic are points where f has
circular ellipse of curvature (i.e., the image of the unit circle in each 7,D under the map
T.D — T.D*; X — I(X, X) is a circle).

By a simple adaptation of the harmonic sequence arguments used in [9] for minimal im-
mersions into S”, it can be shown that an equivariant minimal immersion f : D — RH? is
determined up to congruence by the induced metric v and the holomorphic quartic differential
Uy. The following definition comes from the harmonic sequence theory.

Definition 4.5. We will say f is superminimal when Uy vanishes identically.

Let v, denote the area form for the induced metric v = f*g. This is mX-invariant and
therefore lives on . We will call its integral over X the area of the equivariant minimal
immersion. From the Gauss equation (A.11) we deduce that it satisfies

[o=amta=1 = [ 1202w, (4.14)

For superminimal immersions we can relate the last term to the Euler number of the normal
bundle x(T%1). In the following theorem we denote the curvature of the induced metric y
by k., and the scalar curvature of the normal bundle by kT (see the appendix (A.12) for the
definition).

Theorem 4.6. Suppose f : D — RH* is equivariant superminimal. Then one of the following
holds: (i) x(TY+) > 0 and

Lo O = —(1 4 ), (4.15)
or, (i) x(TX+) < 0 and
1 2,012 _
ko= —[[I27]5 = 14 Ky, (4.16)
or, (iii) X(TX+) =0 and f is totally geodesic. In all cases the area of f is
/EU’Y =2r(2(g—1) — \X(TZJ‘)D. (4.17)

In particular, there are superminimal immersions for every value of x(TS1) with |x(TE4)| <
2(g — 1), but these are only linearly full when x(TLY) # 0.

Proof. Since T?° = 6, 4+ 6 and L, L~! are isotropic and paired by Qy, we have Uy = 26,65.
So Uy = 0 if and only if either ¢; = 0 or 6 = 0. Now 0; = 0 if and only if 3; = 0. By
the stability conditions in Lemma 4.2, if x(T%1) = deg(L) > 0 then [32] # 0 and therefore
it must be #; = 0. From Lemma A.3 in appendix A this implies that the normal curvature
satisfies (4.15). Similarly, for deg(L) < 0 we have 65 = 0, which yields (4.16). From Theorem
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4.4 we know that when | = x(TS1) # 0 we have families of linearly full immersions with
either [51] = 0 (provided [ > 0) or [f#2] = 0 (provided [ < 0).

Now if deg(L) = 0 then one of (4.15) or (4.16) must still hold, but [ x*v, = 0, hence
k= 0 and therefore I>° = 0, i.e., f is totally geodesic. O

By combining (4.14) with Lemma A.2 we obtain an area bound for every equivariant
minimal immersion, based on the connected component of the moduli space in which it lies.

Corollary 4.7. The area of an equivariant minimal immersion f : D — RH* is bounded
above by the area of any superminimal tmmersion whose normal bundle has the same Fuler
number:

[ v < 2el200 - 1) = (T (4.18)

The next result allows us to relate the structure of M(X, RH*) to the topology of the
moduli spaces of Higgs bundles H (3., SOy(4,1)). Recall that by definition a Higgs bundle
(£, ®) is a Hodge bundle when there is a vector bundle decomposition £ = @72, E;j for which
(I)(EJ) C Ej+1 ® K (Wlth Engil = 0)

Proposition 4.8. An equivariant minimal immersion f : D — RH* is superminimal if and
only if its Higgs bundle is a Hodge bundle with non-trivial Higgs field.

Proof. We observed above that Uy = 0 if and only if at least one of 1,59 is identically
zero. According to Proposition 7.5 in [5] (see also [4, §6.3]) the Higgs bundle (V,Qv, ¢) is
a Hodge bundle when V' decomposes into a direct sum V = @, (W, & W_,.) of holomorphic
subbundles for which W, is the eigenbundle (with eigenvalue ir, r € R) of an infinitesimal
gauge transformation ¢ € I'(End(V)) satisfying ¢! = —, V4 = 0 and

G o) 8=+ 0)

This last condition is equivalent to )¢ = i¢. In particular: (i) im¢ C Wr, (ii) Qy (W,, Wp) =0
unless b = —a, in which case @y pairs them dually. When V' has rank 4 there are only two
possibilities: W has rank either one or two. In the former case Wi = im¢ = K~! and V
must be decomposable, with Higgs bundle decomposition

V'el1,®)e((LeL'0),

where V! = K~! @ K and @' is just ® restricted to V'. In this case polystability requires
deg(L) = 0 and the corresponding minimal immersion is totally geodesic into a copy of RH?.
When W7 has rank two it is either V; or Vs, since it is Qy-isotropic and contains im ¢. The
holomorphic splitting V' = Wy & W_; then implies that either 51 = 0 or 82 = 0.

Conversely, suppose 81 = 0, then we have a holomorphic splitting V = Vo @& V_o where V_o
is the subbundle L~! @ K with the holomorphic structure induced from dy-. Define 9 to have
i-eigenspace Vo and —i-eigenspace V_o. This ensures that ¢ is skew-symmetric for @y and
that ¢¢ = i¢. It is also V-parallel since it acts as the complex structure on K ! (which is
Kaéhler) and as J on L (which is parallel). Hence (V,Qy, ¢) is a Hodge bundle. The case of
B2 = 0 is argued similarly. O
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4.2. Some remarks on the structure of M (X, RH?*). Now that we have identified the
Hodge bundles we can gain more insight into the structure of M(3, ]RH4) and, in particular,
how its topology is related to that of each Higgs bundle moduli space H (X, SO¢(4,1)). This
is very similar to the structure observed for N = CH? in [28, §6.3]. First let us note that
for G = SOp(4,1) the topology of H(X., G) itself is nowhere near as well understood as the
case G = PU(2,1). It is not even clear how many connected components it has (see [5]),
although one does know that it is disconnected by the invariant we(p) € Zsy, which for us
equals x(T'2+) mod 2.
Consider M (X, RH?) as a family over T, with fibres M (., RH*). By Theorem 4.4

M(Z., RHY) ~ U Wel.
lll<2(g—1)
Let Sc; be the locus of superminimal immersions for conformal class [c] and whose normal
bundle has Euler number . Let (L,[{1,&2]) denote the C*-orbit of (L,&1,&2) described in
(4.8)). From the proof of Theorem 4.6 we see that

{(L, [O,fg]) S WCJ} for [ > 0,
Sel = {(L, [51,0]) S Wc,l} for I <0,
{(L,[0,0])} for I = 0.
When [ # 0 we have S.; C W,;, but S, lies on the boundary of W, . Notice that when [ > 0
S, is isomorphic to }P’Vgl, when [ < 0 it is isomorphic to PL*V&_Z, and S0 ~ Pico(X.). For
[ # 0 we can view W, as a vector bundle over S.;. When [ > 0 there is a natural projection

qu — Sc,l; (L7 [517 52]) = (La [07 52])

whose fibre at L is identifiable with H'(X., K~'L), and a similar observation holds for I < 0.
We will now show how this structure is related to the Hitchin function €(E,®) = 1||®||3, on
H(X., G). Note that with this normalisation & gives the harmonic map energy of the harmonic
map corresponding to (E, ®), and therefore it is the area, in the sense defined earlier, when
this harmonic map is a minimal immersion.

By Lemma 2.1 the image of ¢ : W.; — H(E., G) in (4.10) lies in the nilpotent cone, the
locus where tr ®2 = 0. Now we recall Hausel’s theorem [20, Thm 5.2], which asserts that the
nilpotent cone agrees with the downwards gradient flow of €. Recall that € is viewed as the
moment map for the Hamiltonian action of S* on H(%,.,G) given by (E,®) s (E,e - ®).
The fixed points of this action (and hence the critical points of &) are precisely the Hodge
bundles. Moreover, by a theorem of Kirwan [23, Thm 6.16] the unstable manifold of the
downward gradient flow from a critical manifold C of &€ agrees with
{(E,®): lim (E,\®) € C}.

A—00
Given these facts, we can prove the following.
Proposition 4.9. Forl # 0, v (W,,) lies in the unstable manifold of 1(S.,;) for the downward
gradient flow of €.

Note that this result is reflected in the bound on area in Corollary 4.7.

Proof. By the remarks above it suffices to show that if (E,®) is the image under ¢ of
(W, Qw, [€]) € W, then limy_,o0(E, A®) lies in ¥(S,;). In fact we will show that

(W, Qw,[A71€) = (B, 0). (4.19)
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To see this, write the holomorphic structure g on E and the Higgs field ®, with respect to
the smooth isomorphism E~ K~'@ W @ K @& 1, as

o —pt 0 0 0001
5 [0 ow B 0 ~looo0o0
aE_OOéQ’(I)_OOOO’

0 0 09 0010

where 3 € £%1(Hom(K, W)) is such that — /! represents [¢]. Now a simple calculation shows
that for any A € C* the constant gauge transformation

A0 0 0
o m o o
IPN=1o 0o ' o
0 0 0 1

has the property that g>\<I>g;1 = AP, while g;léEg)\ is obtained by replacing # with A\~
above. In other words the Higgs bundle ¢(W, Qw, [A\71€]) is gauge equivalent to (E, \®).
Since 1 is continuous,

lim (B, A®) = ¢(W, Qu, lim [A~"¢]).

A—00
Since
AT AT ] = VL &) = (6,072,
we deduce that, for { # 0, ¥y (W,;) lies in the unstable manifold of the downward gradient
flow of ¥(S.;). O

The identity (4.19) also helps us understand the boundary of each component M; (%, RH*)
for I # 0. Aparicio & Garcia-Prada have shown in [5, Thm 8.4] that the smooth minima
of the Hitchin functional are absolute minima, i.e., their Higgs fields are zero. Polystability
obliges the corresponding representations take values in a maximal compact subgroup of G.
These do not correspond to minimal immersions, but rather to constant (harmonic) maps of
D into RH*. By (4.19) these lie on the “boundary at infinity” of W, (i.e., as A — 0), as the
limit of downward gradient flow. In particular, each component M; (X, R]HI4) has this common
boundary, but to pass through this boundary requires collapsing the immersion down to a
constant map.

The structure of W, is a little different. By (4.19) this is the unstable manifold of the
downward gradient flow from S, which lies on the boundary of M (%, RH?*). By Theorem
4.6 U:Scp contains all the totally geodesic immersions into a copy of RH2. For each of these
the representation p is reducible: one factor provides a representation into SOg(2,1) in the
conjugacy class [c|, and the other factor is a representation into SO(2) acting on the flat
normal bundle of the copy of RH? (this is the data carried by L € Picy(2.), since Picg(X,) is
isomorphic to the moduli space of flat S'-bundles over ). But by Lemma 4.2 W, also has
on its boundary the set

{(1,6.6) : C& = Cly, & # 0}/CF = (H(Se, K1)\ {0})/Z2.
This part of the boundary adjoins S at one point, the limit as £;,& — 0. The isomorphism
arises from the fact that in each orbit there is, up to sign, a unique a € C* such that
aé1 = a~'&: the orbit is mapped to +a&;. From the proof of Lemma 4.2 this part of the
boundary corresponds to a single copy of M(Z., RH?)/Z,. In terms of the minimal surface
geometry, the quotient by Zsy appears because if f : D — RH? ¢ RH* then its orientation
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in RH? can be reversed by an orientation preserving isometry of RH* (rotation through =
in the normal bundle of f in RH4). In summary, the boundary of the connected component
Mo(Z, RH*) of minimal immersions with flat normal bundle in M(%, RH*) (i.e., the space of
all minimal immersions) contains a family of copies of the moduli space M (X, RH?), one for
each pair (¢, L) of marked conformal structure ¢ and degree zero holomorphic line bundle L
over Y., and one copy of M(3, RH3) /Zs, representing minimal immersions which are linearly
full in a totally geodesic RH?.

Remark 4.2. This common “boundary at infinity” of Higgs bundles with zero Higgs field is,
of course, identifiable with the moduli space of flat SO(4)-bundles over ¥. As Aparicio and
Garcia-Prada note, it is this subspace which carries all the information about the connected
components of H(3., G). However, when it comes to understanding M (X, RH*) the topology
of the space of absolute minima plays no role, since as a limit of minimal immersions all
limit points are the same, viz, constant maps. In particular, one cannot deform minimal
immersions with distinct values of x(7T£1) into each other through minimal immersions.

APPENDIX A. THE GAUSS-CODAZZI-RICCI EQUATIONS.

The zero curvature equations for the connexion V¥ on E yield the Gauss-Codazzi-Ricci
equations for the minimal immersion f : D — RH". It is convenient to calculate these in
a local orthonormal frame, adapted to the splitting (2.7). In a conformal coordinate chart
(U,z) on (,7), let Z = 9/9z and for any smooth section o of E write Zo to mean VEo and
so forth. Let fy denote the length —1 section of E which corresponds to the map f, so that
fo generates the trivial line bundle in the summand £ =V @ 1. Let v denote the induced
metric and set s = || Z||, (hence s = ||Z|), so that locally v = 2s%|dz|. Since (fo, fo) = —1
and z is a conformal coordinate have

(Z fo, fo) = 0= (Zfo, fo), (Zfo,Zfo) =0. (A.1)
Lemma A.1. The map f is minimal if and only if ZZ fo = s* fo.

Proof. Recall that V ~ (f"'TCRH")/m % and V" corresponds to the Levi-Civita connexion
on RA". In the decomposition V = T®Y @ (T+%)¢ we have

VYY = VXY +1(X,Y),

and V> is the Levi-Civita connexion on ¥ for the induced metric. The latter is Kahler, so
V%Z = 0 since Z is a holomorphic local section of K 1. Moreover [[(Z, Z) is a scalar multiple
of tr, II, hence it vanishes precisely when f is minimal. Hence

ZZfy=V5Zfo—(ZZfo, fo)fo = (Zfo, Z fo) fo = s> fo.
]

Further, the harmonic sequence theory for surfaces in S™ [9] applies equally well for maps
into RH"™ through its identification with the pseudo-sphere S™! c R™!. In particular, since
f is minimal Thm 2.8 of [9] implies that

(ZZ fo, Z fo) = 0. (A.2)

Now set
f123_1Zf07 f_1:$_1Zf0,
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to obtain a locally smoothly unitary frame for 7CY, and choose an oriented orthonormal

frame v1, ..., vn_o for TS and hence a real frame for W. Finally, let n;k be the connexion
1-forms for the connexion in the normal bundle W, i.e.,
nix(Z) = (Zvj,v) (A.3)

Altogether fi,v1,...,Vn—2, f—1, fo provides a U(n, 1)-frame for £ = V @& 1. Straightforward
computations using the identities above show that in this local frame the holomorphic struc-
ture on F is determined by the equations

Zfl = —(Zlog S)fl + s fo, (A4)
Zvi = Y nip(Zwe — s~ N W(Z, 2),v) fr (A.5)

k
Zf1 = (Zlogs)f-1+s'I(Z,2) (A.6)
Zf() = Sffl. (A7)

In this local frame the zero curvature equations [Vz, V ;] = 0 are equivalent to
—s2Z7Zlogs* +s Y (Z,Z)|P+1 = 0, (A.8)
Z((Z,Z),vi) + > _nw(Z2)(W(Z, Z),vj) = 0, (A.9)
J

RYZ,2)+ s Y2, 2) 9 WZ,2)" —(Z,2)®U(Z,Z)*] = 0, (A.10)

which are, respectively, the Gauss, Codazzi and Ricci equations for the minimal immersion f
using the following notation: R*+(Z,2) = [V, V%] is the curvature in the normal bundle, 7
is the End (W) valued connexion 1-form for the normal bundle connexion,

n:vj — (dvj, vg)vg,
and
I(Z,Z2)ye(Z,2) W = W; ow—W(Z, 2){c,1(Z,2)).
Note that R+ = dn +n A n. The local expression for the Gaussian curvature for the induced
metric v = 252|dz|? is
Ky = —s2Z7log s?,
so that the Gauss equation in global form is
Ky = —1— |[T*0)2. (A.11)

The Codazzi equation simply says V%I[(Z, Z) = 0, ie., I*?Y is a holomorphic quadratic
differential with values in the complexified normal bundle W. It follows that k., = —1 either
everywhere (for totally geodesic embeddings) or only at isolated points.

In general the Ricci equation does not simplify further. But for maps into RH* the normal
bundle curvature can be represented by a scalar k. This is defined by

(R*vy, 1) = Ko, (A.12)

where v, is the area form with respect to the induced metric 7. The left hand side is well-
defined globally because the normal bundle connexion is SO(2)-invariant. This definition
ensures that the normal bundle curvature is related to the Euler number of the normal bundle
by

1
x(TEh) = 27r/E/il%. (A.13)
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Lemma A.2. For a minimal immersion f into RH*
()2 = 20015 = 1U4]l3 = (1 + 55) = | Uall3, (A.14)
where Uy = (%0, 1%2).
Proof. Set A; = (I(Z, Z),v;), and write Uy = usdz*, so that
IL(Z, 2)* = | A1) + |A2]?,  wa = AT + 43,

In local coordinates v, = is?dz A dz. Therefore the local form of the Ricci equation is

ikt 4 572 (Ag Ay — AyAy) = 0. (A.15)
Define sy = /| A1|2 + |A2[? so that s~2s5 is the local expression for |[I??]|.,. Then

s = A"+ 2141 | As|? + | Ag|*,

us® = AT+ ATAG + ATAS + | Ao|".
Therefore, by (A.15),
(k1) = 575(s3 — |ual?). (A.16)

This gives the global equation (A.14). O
Lemma A.3. Suppose f is superminimal, i.e., Uy = 0. Then either k't = ||T?° \% or k't =

— {13

Proof. Since uq = A3+ A% = (A; +iA2)(A; —iAs) this vanishes if and only if either A7 = iAs
or A; = —iAy. Now recall from (4.2) that I?Y = 6, + 6y so that Uy = 20,65. By (4.6), if
01 = 0 then A; = iAy and therefore (A.15) becomes

it = is(|A? + [ A2]?),
and therefore k- = H]I2’0H3. Similarly, when #y = 0 the opposite equality is obtained. O

APPENDIX B. PROOF OoF LEMMA 4.3.

We follow the terminology of [27]. For any holomorphic vector bundle ¢ of rank two over
Y. define

s(§) = c1(€) —2max{deg(N) : A C £ a holomorphic line subbundle}
= al(§) —2u(8).

It is known that s is lower semi-continuous on algebraic families of vector bundles. We are
interested in non-trivial extension bundles of the form 0 — K~!' — ¢ — L — 0 where
1<1<2(g—1) for I = deg(L). We want to show that the set V of all such extensions with
w(€) < 0, equally s(§) > 1 —2(g — 1), is non-empty and open. By lower semi-continuity, it
suffices to show that this is non-empty.
Since s(K ® &) = s(§) it is equivalent to consider extension bundles of the form
0—>1—=&—X—0,

for which d = deg(\) =1 +2(g — 1) and s(¢) > [ —2(g — 1). By Serre duality H'(A\™!) ~
HY(K\)* and by Riemann-Roch this space has dimension
RO(KA) =1+ 3(g—1).

Consider the embedding
ox: e — PHY(K M),
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which assigns to each p € ¥, the hyperplane H°(K\(—p)) of sections of K\ which vanish
at p (this is well-defined since the degree of K\ is sufficiently high for it to be very ample).
Relative to this the I-th secant variety Sec;(X.) is the subvariety of PH?(K \)* whose elements
correspond to linear forms which vanish on H°(K A(— D)) for some effective divisor D of degree
l. The following result is Prop. 1.1 of [27] for the case where d = [+ 2(g — 1) and using the
value s = [ 4+ 2 — 2(g — 1). In particular, the conditions s = dmod 2 and 4 —d < s < d of
that proposition hold when [ > 1.

Lemma B.1. The bundle £ has s(§) > 1+2—2(g — 1) if and only if £ & Sec;(X.).

Now
dim(Sec;(X.)) =20 — 1 < 1+ 3g — 4 = dim(PH®(K\)*),

and therefore Sec;(2.) is a proper subvariety. It follows that there exist non-zero & € HY(A™1)
with s(€) > 1+2—2(g—1) > 1—2(g — 1). We deduce that V # 0.
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