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ABSTRACT

Indirect noise generated by the acceleration of combustion inhomogeneities is an important aspect in the design of aero-
engines because of its impact on the overall noise emitted by an aircraft and the possible contribution to combustion instabilities.
In this study, a realistic rich-quench-lean combustor is numerically investigated, with the objective of quantitatively analyzing
the formation and evolution of flow inhomogeneities and determine the level of indirect combustion noise in the nozzle guide
vane (NGV). Both entropy and compositional noise are calculated in this work. A high-fidelity numerical simulation of the
combustion chamber, based on the Large-Eddy Simulation (LES) approach with the Conditional Moment Closure (CMC) com-
bustion model, is performed. The contributions of the different air streams to the formation of flow inhomogeneities are pinned
down and separated with seven dedicated passive scalars. LES-CMC results are then used to determine the acoustic sources
to feed an NGV aeroacoustic model, which outputs the noise generated by entropy and compositional inhomogeneities. Results
show that non-negligible fluctuations of temperature and composition reach the combustor’s exit. Combustion inhomogeneities
originate both from finite-rate chemistry effects and incomplete mixing. In particular, the role of mixing with dilution and liner
air flows on the level of combustion inhomogeneities at the combustor’s exit is highlighted. The species that most contribute to
indirect noise are identified and the transfer functions of a realistic NGV are computed. The noise level indicates that indirect
noise generated by temperature fluctuations is larger that the indirect noise generated by compositional inhomogeneities, al-
though the latter is not negligible and is expected to become louder in supersonic nozzles. It is also shown that relatively small
fluctuations of the local flame structure can lead to significant variations of the nozzle transfer function, whose gain increases
with the Mach number. This highlights the necessity of an on-line solution of the local flame structure, which is performed in
this paper by CMC, for an accurate prediction of the level of compositional noise.

This study opens new possibilities for the identification, separation and calculation of the sources of indirect combustion
noise in realistic aeronautical gas turbines.
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NOMENCLATURE

Abbreviations:
CFL Courant-Friedrichs-Lewy
CMC Conditional Moment Closure
FDF Filtered (probability) Density Function
LES Large-Eddy Simulation
LIBSC SpeedChem Library
NGV Nozzle Guide Vane
RIDN Rear Inner Discharge Nozzle
RODN Rear Outer Discharge Nozzle
RTDF Radial Temperature Distribution Factor
SMD Sauter Mean Diameter
URANS Unsteady Reynolds-Averaged Navier-Stokes
Greek:
ℵ Heat-capacity factor
∆h0

f Formation enthalpy
η Mixture-fraction sample space for CMC
γ Heat-capacity ratio
µi Chemical potential of i-th species
ωα Reaction rate of the α-th species
Π Evaporation rate source
π± Forward/backward acoustic waves
Ψ Chemical potential function
ρ Density
σ Entropy advected perturbation
ξ Mixture fraction advected perturbation, ξ = Z′

Other:
∠(•) Phase of transfer function
¯(•) Mean-flow quantity
ˆ(•) Fourier transform

(̃•) Filtered quantity
Roman:
D̄/Dt∗ Linearized non-dimensional material derivative
I Vector of nozzle invariants
EEE A matrix in the aeroacoustic model
rrr Vector of nozzle Riemann invariants
c Speed of sound
cp/cv Heat capacity at constant pressure/volume
f Frequency of the perturbation entering the nozzle
gi Specific Gibbs’ energy of i-th species
h Enthalpy
He NGV Helmholtz number
L NGV chord
M Mach number
N Scalar dissipation rate
Ns Number of species
p Pressure
Qα Conditionally filtered mass fraction of the α-th species
R Specific gas constant
Ru Universal gas constant
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s Entropy
t Time
t∗ Non-dimensional aeroacoustic time
T30 Temperature of the flow at the combustor’s inlet
u Axial velocity
Wi Molar mass of i-th species
x Axial coordinate
x∗ Non-dimensional nozzle axial coordinate
Yi Mass fraction of i-th species
Z Mixture fraction
Z(a)

i Passive scalar of the i-th air stream
Subscripts:
b NGV outlet
rms Root Mean Square
st Stoichiometric
Superscripts:
′ Linear perturbation/Fluctuation over the mean value
◦ Thermochemistry reference condition

INTRODUCTION
Combustion technologies used in aeronautical gas turbine combustors, based either on rich burn or lean burn concepts, usually

rely on the fine control of liquid fuel preparation and mixing to achieve the targets in terms of emissions and temperature profile at the
combustor’s exit. The flow in a gas-turbine combustor is usually characterized by a high level of unsteadiness to ensure rapid mixing in a
limited space. Although rapid mixing and formation of a homogeneous mixture allows for a better control of the temperature and emis-
sions, the highly unsteady nature of the reacting flow, the cooling flows and the requirement of compactness could generate combustion
inhomogeneities that reach the combustor’s exit [1,2]. Typical examples of flow inhomogeneities are temperature inhomogeneities (also
known as entropy spots) [3] and fluctuations of the mixture composition [4, 5] (also known as compositional blobs). The acceleration
of such inhomogeneities in the nozzle at the combustor’s exit leads to the generation of pressure waves [3, 5], which give a significant
contribution to combustion noise. The generation of pressure waves is caused by the different acceleration that the inhomogeneity expe-
riences with respect to the surrounding mean flow. Furthermore, the pressure waves that are reflected off the nozzle and propagate back
to the flame can cause combustion instabilities (also known as thermoacoustic instabilities) [6]. Loud combustion noise and instabilities
are unwanted in aero-engines. Hence, it is paramount for industrial combustors’ design to investigate how combustion inhomogeneities
form/evolve and quantify their acoustic contribution.

Flow inhomogeneities are generated by the unsteady nature of the combustion process and turbulent mixing and then convected
towards the combustor’s exit. In realistic combustors, fuel atomization, mixing and stabilization of the flame are typically achieved by
means of a number of swirling flows, which interact with each other leading to the formation of recirculation regions with high turbulent
fluctuations. In addition, dilution and cooling flows may locally increase the level of turbulence as well as generate inhomogeneities
due to incomplete mixing. The location where such inhomogeneities are formed depends on the configuration. In some cases, the
interaction with dilution and cooling flows is a key factor [1]. Non-uniform velocity profiles and turbulent mixing may decrease the
strength of flow inhomogeneities as they are transported towards the combustor’s exit. The dispersion and diffusion of entropy spots
have been analyzed in simple geometries [7, 8] and configurations close to realistic combustors [2, 9] using both experiments and
numerical simulations. As discussed in [9, 10], the role of turbulent mixing on the attenuation of entropy spots is expected to be
significant in real geometries and strongly dependent on the configuration. Therefore, in order to mitigate the phenomena related to the
acceleration of inhomogeneities in realistic geometries, it is important to identify the contribution of each air stream to the formation and
evolution of inhomogeneities. Furthermore, to the best of the authors’ knowledge, studies in indirect combustion noise on the transport
of compositional inhomogeneities have not been carried out yet.

The noise originated from the acceleration of flow inhomogeneities through the nozzle guide vane, or turbine blades, downstream
of the combustion chamber, is usually referred to as ‘indirect noise’. This is to distinguish it from the direct component generated
by the unsteady heat released by the flame. The three known sources of indirect noise are (i) temperature perturbations (also called
‘entropy spots’) [11–14]; (ii) vorticity perturbations [15]; and (iii) perturbations in the composition of the mixture [4, 5, 16]. Studies on
indirect noise [3] generally agree that indirect mechanisms, in particular temperature perturbations, need to be taken into account for

Giusti, GTP-18-1140 Page 3



the prediction of indirect combustion noise and thermoacoustic instability. By evaluating the nozzle-transfer functions with algebraic
expressions [5] and numerically integrate the differential equations (as a Boundary Value Problem) [17] of a kerosene mixture, it was
shown that compositional noise can be an important contributor to indirect noise in lean mixtures and supersonic regimes. Fuel effects
were studied by [18]. The general theory, which considers fluctuations in the heat capacities as well, is presented in [16], where a mathe-
matical solution of the multicomponent aeroacoustic problem was proposed. In order to characterize the compositional inhomogeneities
for the aeroacoustic calculations, [5, 17, 18] modeled the complex combustion dynamics and mixing with simple flamelet calculations.

Compositional noise was experimentally shown by [19], where air-helium compositional blobs accelerated through choked orifices
were studied. Time resolved pressure measurements were compared with the pressure predicted by a 1D acoustic model. It was found
that a good agreement between measurements and numerical predictions was possible only by including compositional noise in the
acoustic model through the transfer functions of [5], thereby showing the importance of compositional noise and, at the same time,
providing a validation to the models developed in [5]. Although all these studies indicated the relevance of compositional noise as an
indirect combustion noise mechanism, there is still a need to evaluate its effects in realistic combustor geometries and at engine relevant
conditions. Furthermore, the relative importance compared to indirect entropy noise has to be accurately assessed.

The objectives of this work are to quantitatively and accurately: (i) analyze the formation of flow inhomogeneities in a realistic aero-
engine configuration with high-fidelity simulations (Large-Eddy Simulation with Conditional Moment Closure combustion model);
(ii) calculate the evolution of such inhomogeneities and the contribution of the different air streams to the level of fluctuations at
the combustor’s exit; and (iii) estimate and identify the inhomogeneities and species that contribute the most to the level of indirect
combustion noise in a turbine nozzle. Since combustion inhomogeneities, such as entropy spots, may also determine low frequency
thermoacoustic instabilities (rumble) [1], the analysis performed here may also give useful indications and suggestions to mitigate
the occurrence of such instability phenomena. Indirect noise generated by vorticity perturbations is not studied because it is usually
negligible in these configurations [3].

The paper is organized as follows. First, the realistic combustor is presented. Second, the numerical methods used for the analysis
of flow inhomogeneities inside the combustor and the computation of the noise level at the exit of the turbine nozzle are introduced.
Third, a discussion on the results is proposed. Conclusions and recommendations for future work close the paper.

COMBUSTOR CONFIGURATION
In order to provide a reliable estimation of the level of inhomogeneities that can be found in practical applications, a realistic Rolls-

Royce aero-engine combustor is investigated in this work. This configuration is based on the Rich-Quench-Lean (RQL) concept. The
low level of emissions is achieved through a rich flame in the primary region of the combustor followed by an intense mixing with the
air coming from the dilution ports, which leads to a lean mixture in the downstream part of the combustor. Figure 1 shows a schematic
of the geometry, where the relevant air streams entering the combustion chamber are highlighted. The injector, based on an airblast
configuration, is characterized by three swirling streams. The atomizing edge is located in between the innermost (1) and middle (2)
streams. Such flows are designed to ensure an efficient atomization of the liquid fuel and provide flame stabilization in the primary
region through the formation of a recirculation zone. Dilution ports (streams (4) and (5)) are located in the so-called ‘quenching region’,
immediately downstream of the primary reacting zone. Further air streams enter the combustion chamber through the cooling systems
for the dome (6) and the outer and inner annuli (7), as well as the rear inner and outer discharge nozzles (7), immediately upstream of
the nozzle guide vane (NGV). Fuel preparation/location, combustion and mixing with all the air streams and reacting mixture are crucial
aspects for the design and operability of the combustor. Their contribution to the development of combustion inhomogeneities will be
investigated in this work. A high-power operating condition is considered in this investigation.

METHODS
The computational approach used in this work is schematically shown in Fig. 2. First, the formation and evolution of combustion

inhomogeneities inside the combustion chamber is studied by Large-Eddy Simulation (LES) with the Conditional Moment Closure
(CMC) combustion model [20]. Second, inhomogeneities and mean quantities at the combustor’s exit become the inputs of a quasi-1D
model of the NGV for noise prediction. This model, based on a multicomponent solver (invariant formulation), enables the assessment of
the effect and level of combustion inhomogeneities on the indirect combustion noise at the exit of the NGV [16,17]. In detail, the solver
takes as inputs the mean-flow Mach number, the flow parameters and the Helmholtz number, which is the non-dimensional frequency of
the incoming perturbation. The outputs are the Riemann-decomposed pressure waves, entropy and compositional inhomogeneities. The
ratio between an output and a non-trivial input is the nozzle transfer function. The noise level predicted by this aeroacoustic model, in the
limit of compact nozzle [5], compared favorably with the indirect noise experimentally measured by [19] with air-helium compositional
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blobs accelerated through choked orifices. In the following sections, the LES-CMC approach and the aeroacoustic model for the nozzle
are introduced.

LES-CMC modeling of the combustor
Turbulent mixing and its interaction with the flame and evaporation processes are crucial aspects for the prediction of fuel distri-

bution and the formation and evolution of inhomogeneities inside the combustion chamber. The local composition and temperature is
affected by turbulent fluctuations of the flow field leading to time variations of the local air-to-fuel ratio. Furthermore, turbulent transport
as well as micro-mixing and evaporation process also affect the local flame structure [21, 22], through the interaction with the chemical
reactions at the flame-scale level. These effects are generally important in regions characterized by high scalar dissipation rate (e.g., near
the fuel injection location) and close to the ports for cooling flows and injection of fresh air, where inert mixture is mixed with the react-
ing flow [23]. In order to properly predict all these interactions, the LES-CMC approach is used in this work. A reliable solution of the
mixing field is achieved by LES, while the CMC model [20, 24] allows for the solution of the time evolution of the local flame structure
with all the relevant physical phenomena affecting the local turbulent combustion included in the formulation. The current formulation
of the LES-CMC approach was assessed and validated through simulations of lab-scale flames (e.g. [21, 25]) and gas-turbine model
combustor at engine-relevant conditions [23]. These studies showed good accuracy in capturing the mean flame shape and finite-rate
chemistry effects leading to local extinction and blow-off in both gaseous and spray flames [26, 27].

CMC model. The CMC model is based on the solution of reacting scalars conditioned on the mixture fraction. The CMC
equation for the conditionally filtered mass fraction of a generic species Qα = Ỹα|η can be written as [28]

∂Qα

∂t
+ ũi|η

∂Qα

∂xi︸    ︷︷    ︸
T1

= eα︸︷︷︸
T2

+ Ñ|η
∂2Qα

∂η2︸     ︷︷     ︸
T3

+ ω̃α|η︸︷︷︸
T4

+δα, f Π̃|η−
(
Qα + (1−η)

∂Qα

∂η

)
Π̃|η︸                                    ︷︷                                    ︸

T5

(1)

where η is the mixture fraction sample space variable, and ũi|η, Ñ |η, ω̃α|η and Π̃|η are the conditionally filtered velocity, scalar dissipation
rate, reaction rate and evaporation source, respectively. δα, f is equal to 1 for the fuel and 0 for all the other species, t represents the time
and xi is the i-th space coordinate.

The terms T1 and T2 in Eqn. (1) represent the transport in the physical space. The sub-grid scale contribution, eα, is closed
by a gradient assumption [25], neglecting the sub-grid joint fluctuation of species mass fraction and droplet evaporation rate [28, 29],
whereas the conditionally filtered velocity is modeled as ũi|η = ũi. The term T3 represents the micro-mixing with Ñ |η modeled using
the Amplitude Mapping Closure model [30] considering contributions from both the resolved and sub-grid scales [21]. ω̃α|η (term T4 in
Eqn. (1)) is closed by a first order approximation. In order to properly capture turbulence-chemistry interactions and their effect on the
flame structure, a detailed chemical mechanism for kerosene (modeled as dodecane) with 38 species is employed [23,31]. Furthermore,
the use of a detailed chemical mechanism also improves the accuracy of the prediction on indirect noise transfer functions, which, as
explained later, depend on the composition and thermo-chemical properties of the reacting mixture. The effect of evaporation on the local
flame structure is included in the formulation through the terms T5, closed with the models discussed in [21, 28]. An equation similar
to Eqn. (1), without chemical source term, is solved for the conditionally filtered enthalpy. Unconditional values of temperature, density
and species mass fractions are computed from the respective conditional values through integration over the mixture fraction Filtered
probability Density Function (FDF). The FDF is modeled by a presumed β-function, which is computed from the resolved mixture
fraction and its sub-grid scale variance, which, in turn, are computed by transport equations with spray source terms included [21]. More
details regarding the formulation that is adopted in this work can be found in [23] and references therein.

Computational setup. The LES solution of the mixing field (filtered velocity, filtered mixture fraction and sub-grid scale
mixture fraction variance) is computed with the Rolls-Royce code PRECISE-UNS [32], which exploits a low-Mach Eulerian-Lagrangian
formulation for dilute sprays. The CMC equations are solved with an in-house unstructured code [25]. The coupling between the LES
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and CMC solvers is achieved through density and temperature, with the CMC solver that receives the flow quantities from the LES
(including spray source terms) and returns the unconditional temperature and density to the LES solver.

The computational domain consists of one sector of the annular combustor and includes both the inner and outer annuli, as schemat-
ically shown in Fig. 1. The injector is only partially included in the domain, with the inlet boundary of the various swirling flows placed
at the exit of the corresponding swirling vanes. This choice was made to enable the injection of different passive scalars for each of the
injector air streams, thereby pinning down their contribution to the mixing field and formation of inhomogeneities. The LES equations
are solved in a hexa-dominant mesh of about 26 million cells with a minimum grid size of about 0.3 mm in the flame region. Pope
criterion [33] was used as an indicator of grid quality for LES, and the resolution was found to be sufficient to resolve at least 85% of
the turbulence kinetic energy in the entire combustion chamber. Following common practice [30], the CMC equations are solved in a
coarser mesh of about 42,000 cells. Transfer of quantities from the LES to the CMC resolution is based on a FDF-weighted average [30].
A velocity profile, which was obtained from a URANS computation of the full system, is imposed at the inlet of each air stream. In
order to investigate the contribution of each air flow to the formation and transport of inhomogeneities, different passive scalars (value
equal to 1 at the corresponding inlet and 0 at all the other inlets) are injected at the inlets of the various flows. Seven passive scalars are
transported in the LES simulation. The various air inlets are grouped as schematically shown in Fig. 1. This choice is made to distinguish
the contribution of the three injector flows (streams 1 to 3), the dilution air through the outer and inner and inner annuli (streams 4 and
5, respectively), dome cooling (6) and air streams through the outer and inner liners (7), including flows from the liner cooling slots and
rear inner and outer discharge nozzles (RIDN and RODN). The local value of each passive scalar corresponds to the local mass fraction
of the flow coming from the corresponding stream. No-slip adiabatic condition is used for all the other solid boundaries whereas an
outlet condition is imposed at the outlet boundary, which is located downstream of the actual combustor’s exit. 51 nodes are used to
discretize the mixture fraction space. The nodes are clustered around the stoichiometric mixture fraction (ηst ≈ 0.063). Pure air at T30
is imposed at η = 0, whereas pure vaporised fuel at saturation conditions is imposed at η = 1. A zero-gradient condition is used at the
outlet and solid walls for the CMC equations. The inert mixing solution is imposed at every air inlet. Second-order accurate numerical
schemes, both in space and time, are utilized in the LES. An operator splitting technique [25, 28] is used for the solution of the CMC
equations, as detailed in Ref. [23]. Integration of the chemistry is performed using LIBSC [34] with analytical Jacobian. A time step of
2 µs is set for both the CMC and LES solvers. This makes the CFL number lower than unity in the whole flame region.

Droplet diameters are sampled from a Rosin-Rammler distribution with SMD and dispersion parameter based on previous studies
(Rolls-Royce confidential). Droplet evaporation is modeled with the Abramzon and Sirignano model [35] with an infinite conductivity
assumption for the liquid. Typical drag relations for spherical particles are adopted. No secondary breakup is included in the simulation
due to the low value of the Weber number. The simulation is initialized from a preliminary URANS computation. Statistics are collected
for 2 flow-through times, after 2.5 flow through times from the initialization of the LES. The simulation was performed on 128 2.6 GHz
processors with 4GB of RAM per processor. The computation of 1 ms of physical time requires almost 18 h.

Aeroacoustic model of the nozzle guide vane (NGV)

With the modeling strategy shown in Fig. 2, the flow mixture exiting the combustion chamber becomes the input of the aeroacoustic
model of the nozzle guide vane (NGV). The multicomponent compressible flow inside the nozzle is governed by the conservation of
mass, momentum, energy and species, respectively [16, 36]

Dρ
Dt

+ρ
∂u
∂x

= 0, (2)

ρ
Du
Dt

+
∂p
∂x

= 0, (3)

T
Ds
Dt

= −

Ns∑
i=1

µi

Wi

DYi

Dt
, (4)

DYi

Dt
= 0, (5)
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equipped with Gibbs’ equation for multicomponent gases

Tds = dh−
dp
ρ
−

Ns∑
i=1

µi

Wi
dYi, (6)

where ρ is the density; u is the axial velocity; p is the pressure; s =
∑Ns

i=1 siYi is the specific entropy; T is the temperature; Yi is the mass
fraction of the i-th species, where Ns is the number of species; h =

∑Ns
i=1 hiYi is the specific enthalpy; and Wi is the molar mass. µi = Wigi

is the chemical potential, and gi is the specific Gibbs’ energy. First, this quasi-one-dimensional model assumes that, inside the nozzle,
viscosity and diffusivity are negligible and the mixture is not chemically reacting. Second, the gas is assumed ideal such that p = ρRT ,
where R = Ru

∑Ns
i=1 Yi/Wi is the mixture specific gas constant and Ru is the universal gas constant.

Third, the gas is assumed calorically perfect such that h = cp(T −T ◦), where cp =
∑Ns

i=1 cp,iYi is the mixture specific heat capacity
at constant pressure. cp,i is constant. The gas composition is parameterized in the mixture fraction space, Yi = Yi(Z) [37]. On the
aforementioned assumptions, Gibbs’ equation becomes

ds
cp

=
dp
γp
−

dρ
ρ
− (ℵ+Ψ)dZ, (7)

where γ = cp/cv is the heat-capacity ratio, and cv is the mixture specific heat capacity at constant volume. The non-dimensional terms

Ψ = 1
cpT

∑Ns
i=1

(
µi
Wi
−∆h◦f ,i

)
dYi
dZ ,

ℵ =
∑Ns

i=1

(
1

(γ−1)
d log(γ)

dYi
+ T◦

T
d log(cp)

dYi

)
dYi
dZ , (8)

are named chemical potential function and heat-capacity factor, respectively [5,16]. If the sensible quantities were used in (6), the term
∆h◦f ,i in (8) would not appear.

The equations are linearized on top of a mean flow, which is denoted by an overbar (•). By gathering the mean-flow terms, it is
found that the mean-flow has constant and uniform entropy and mixture fraction [16].

The variables are non-dimensionalized as x∗ = x/L, where L is the nozzle chord; t∗ = t f where f is the frequency of the inhomo-
geneities; M̄ = ū/c̄ is the mean-flow Mach number; and ũ = ū/c̄re f , where c̄re f is a reference speed of sound.

The linearized multicomponent gas equations read [16]

D̄
Dt∗

(
p′

γ̄ p̄

)
+ ũ

∂

∂x∗

(
u′

ū

)
−

D̄Φ̄

Dt∗
Z′ = 0, (9)

D̄
Dt∗

(
u′

ū

)
+

ũ
M̄2

∂

∂x∗

(
p′

γ̄ p̄

)
+

[
2

u′

ū
+ (1− γ̄)

p′

γ̄ p̄

−
s′

c̄p
−

(
Ψ̄+ ℵ̄+Φ̄

)
Z′

]
dũ
dx∗

= 0, (10)

D̄
Dt∗

(
s′

c̄p

)
= 0, (11)

D̄Z′

Dt∗
= 0, (12)

where ′ denotes a small fluctuation, and Φ̄ =
d log(γ̄)

dZ log( p̄
1
γ̄ ) is the γ-source of noise [38], which is negligible here because of the

logarithmic dependence [16]. The linearized material derivative is defined as D̄(·)/Dt∗ = He∂(·)/∂t∗ + ũ∂(·)/∂x∗, where He = f L/c̄re f
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is the Helmholtz number, which is the ratio between the inhomogeneity and acoustic wavelengths. Equation (10) shows the sources
of indirect noise. The unsteady interaction between the specific entropy perturbation, s′, the compositional perturbation Z′ and the
mean-flow gradient, dũ/dx∗, is the source of indirect noise.

The Riemann invariants of the aeroacoustic system are

π± =
1
2

(
p′

γ̄ p̄
±

u′

c̄

)
σ =

s′

c̄p
ξ = Z′. (13)

The superscripts +/− denote waves that travel in the same/opposite direction of the mean flow. The variables are expressed as functions
of the invariants of the compact-nozzle solution (He = 0). When He = 0, the normalized mass flow rate, Iṁ, total specific enthalpy,
IhT , specific entropy, Is, and mixture fraction, IZ , are conserved. (The total specific enthalpy is hT = h + 1/2u2.) The flow invariants
I =

[
Iṁ, IhT , Is, Iz

]T are provided by a linear transformation of the Riemann invariants, rrr = (π+,π−,σ,ξ) as I = DDDrrr, where the matrix DDD
is provided by Eqn. (3.1) in [16]. When Fourier-transformed, the equations are cast in a compact matrix form

2πiHeÎ = EEE(x∗)
dÎ
dx∗

+FFF(x∗)ÎZ , (14)

where

EEE(x∗) = −ũ


1 β

(γ̄−1)M̄2
−1

(γ̄−1)M̄2
−Ψ̄

(γ̄−1)M̄2
γ̄−1
β 1 γ̄−1

β
γ̄−1
β

(
Ψ̄+ ℵ̄

)
0 0 1 0
0 0 0 1

 , (15)

where β = 1 + 0.5(γ̄− 1)M̄2 for brevity. The 4× 4 system in Eqn. (14) represents the quasi-1D multicomponent aeroacoustic model.
The term FFF(x∗)ÎZ is neglected because its integral effect averages to a small number [16]. The boundary conditions are prescribed
using the method of [14], which was extended to include the additional invariant, ÎZ , in [5]. Physically, the perturbations prescribed at
the nozzle’s inlet are generated in the combustion chamber due to the unsteady and inhomogeneous combustion process. Note that in
previous studies in compositional noise [5, 16–18] these inhomogeneities were estimated with simple 1D flamelet calculations. In this
paper, the inhomogeneities are characterized with LES-CMC high-fidelity simulation of the realistic gas-turbine combustion chamber.
The system (14) can be solved as a boundary value problem. However, the method proposed by [16] is deployed here. In this method
the acoustic propagator is directly obtained by a Dyson expansion used in Quantum-Mechanics problems. The solution is given by

Î(x∗) = UUU(x∗a, x
∗)Îa. (16)

With the explicit calculation of the acoustic propagator, UUU [16], the solution is known at any location by a simple matrix-vector multi-
plication.

RESULTS
The ultimate objective of this work is to assess the impact of inhomogeneities generated by the unsteady mixing and combustion

on the indirect noise emitted by the nozzle. Thus, the following discussions focus on temperature inhomogeneities and compositional
inhomogeneities. The analysis of formation and evolution of inhomogeneities is performed by investigating (i) the LES-CMC solution
in stream-wise and axial cross sections of the combustor and (ii) the time history of relevant quantities at selected locations (probes,
Fig. 4(a)) inside the combustion chamber. Finally, the quantities sampled at the combustor’s exit in the LES-CMC simulation are used
to feed the aeroacoustic model of the NGV to evaluate the impact of the inhomogeneities on the noise level.

Before discussing the phenomena related to the transport of inhomogeneities, the accuracy of the LES-CMC simulation is assessed
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by comparing the radial profile of the mean temperature (expressed in non-dimensional form as Radial Temperature Distribution Factor
(RTDF)) with experimental measurements. Figure 3 shows the good agreement between measurements and numerical simulations.

Formation and Evolution of Inhomogeneities
Two different contributions to the formation of temperature and compositional inhomogeneities can be distinguished: (i) local

fluctuation of the mixture fraction, which is affected by fuel evaporation and mixing with the turbulent air streams, and (ii) local
fluctuation of the flame structure due to the effect of the spatial gradients of mixture fraction, turbulent transport and evaporation itself
(see Eqn. (1)). The mean mixture fraction field and the rms of the mixture fraction and temperature fluctuations are shown in Fig. 4 (the
sub-grid scale fluctuations, which are not shown here, give a negligible contribution to the rms field). In the limit of low-Mach number
flows, as those inside the combustion chamber, the effect of pressure fluctuations on entropy is negligible. Therefore the remarks on the
temperature fluctuations also apply to the entropy field at a constant composition. Consistently with the RQL design, the primary region
of the combustor is generally characterized by rich mixture with a lean region downstream of the dilution ports. The primary combustion
region is also characterized by high fluctuations of mixture fraction, as highlighted by the rms value. These strong fluctuations are mainly
due to the evaporation and the intense mixing with the air flows, as also shown in Fig. 5 where the rms of the fluctuations of the various
passive scalars is reported. Downstream of the dilution ports, the level of fluctuations becomes less intense. However, some residual
fluctuations persist at the combustor’s exit, which are the causes of indirect combustion noise. As far as the fluctuations of temperature
are concerned (Fig. 4(c)), strong levels of fluctuations exist in the primary and quenching regions of the combustor, as well as along the
shear layer of the different air flows. The level of fluctuation decreases moving towards the exit of the combustor even if, close to the
liner walls, mixing with the cooling flows leads to a local increase of the fluctuations. Note that the local fluctuations of temperature (and
species mass fractions) are the results of the local variation of both mixture fraction (and its sub-grid scale variance) and flame structure.

Figure 6 shows the flame structure in mixture fraction space computed by CMC at two selected locations. Although phenomena
of local extinction are generally not observed at this condition, fluctuations of the scalar dissipation rate, which are relatively small as
compared to the extinction value, and turbulent transport (including mixing with inert flow coming from the cooling and inlet ports)
cause fluctuations of the flame structure. Temperature fluctuations at the stoichiometric mixture fraction can reach 5-10% of the peak
value. Fluctuations of species mass fraction (e.g. CO in Fig. 6) are observed as well. Their relative intensity depends on the specific
species and it is related to the strong coupling between turbulent mixing and chemistry. This is a further contribution to the formation
of temperature and species inhomogeneities. As highlighted in Fig. 6, fluctuations of the flame structure characterize the solution both
in the primary region and at the combustor’s exit, with higher levels of fluctuations close to the cooling ports and lower values along
the centerline. The flame structure computed by the CMC is directly used for the computation of the NGV transfer functions thereby
enabling the estimation of the mean strengths of the acoustic sources Ψ̄ and ℵ̄. The effect of time variation of these quantities on the
modulation of indirect combustion noise is beyond the scope of this paper and is left for future work.

Inhomogeneities generated by incomplete mixing and local fluctuations of the flame structure are advected downstream towards
the combustor’s exit. As discussed in previous work [8, 9], the action of turbulent mixing decreases the intensity of the fluctuations as
highlighted by the decrease of the rms of the mixture fraction and temperature fluctuations along the combustor centerline (see Fig. 4).
However, close to the combustor liners, the mixing with fresh air coming from the cooling flows, as well as air inlet ports (such as
RIDN and RODN), causes a local increase of the fluctuations. Shear dispersion [39], due to a non-uniform mean velocity profile, is
another important phenomenon to be considered when values of inhomogeneities averaged over the cross section are considered (e.g.
for low-order network modeling). The differential time delay due to a non-uniform mean velocity profile reduces the cumulative effect of
the fluctuations. However, differently from studies in simplified geometries [7,8], the presence of strong levels of turbulent fluctuations,
recirculation regions and interaction with cooling flows enhances the effect of turbulent mixing when realistic combustor configurations
are considered.

The mean and rms fields of the temperature and mixture fraction at the combustor’s exit are shown in Fig. 7. A non-negligible level
of fluctuations is present in the entire section with peaks that are close to the combustor liners owing to the injection of fresh air from
the cooling systems, RIDN and RODN. Although the mean mixture fraction shows a lean region downstream of the dilution ports, the
instantaneous mixture fraction field generally shows pockets of rich mixture that persist downstream of the quenching region (Fig. 8).
Small spots of rich mixture sometimes reach the combustor’s exit, which further contribute to the level of fluctuations at the exit plane.
Furthermore, some heat-release rate (HRR) is also present at the combustor’s exit. The aeroacoustic model should be extended to include
the presence of heat-release in RQL combustors, which is left for future work.

A question to address is: Which are the air flows that most contribute to the level of combustion inhomogeneities at the combustor’s
exit? Figure 9 shows the correlation of the time evolution of the mixture fraction at Probe 18 (combustor’s exit) with the time evolution
of mixture fraction at all the other probes (see Fig. 4(a) for the probe locations). The same quantity is also shown for the temperature. A
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strong positive correlation exists with all the probes downstream of the dilution ports for both the mixture fraction and the temperature.
This indicates that the inhomogeneities at the exit of the combustor are mainly affected by the mixing with the dilution ports. This is
consistent with the numerical study performed by Motheau et al. [1] where the transport of entropy spots in a RQL configuration was
investigated. They found that most of the entropy fluctuations are due to incomplete mixing caused by the dilution ports. The influence of
the various air streams to the mixture fraction fluctuations at the combustor’s exit is further investigated in Fig. 10, where the correlation
between mixture fraction and the passive scalars associated with the different air streams is shown at different locations along the radius
(probes at the exit plane are considered). By definition, Z +

∑
i Z(a)

i = 1, where Z is the usual mixture fraction associated with the fuel,
and Z(a)

i is the passive scalar related to each of the air streams. Since the addition of an air flow generally causes a decrease of the mass
fraction associated with all the other flows, a direct effect on the mixing is denoted by a negative correlation, whereas a high positive
correlation indicates that the mixing between the two streams is almost complete. At locations close to the liners, the mixture fraction
fluctuations are mainly influenced by the air flows at the walls (stream 7). Moving towards an intermediate radius the influence of the
dilution ports (streams 4 and 5) increases. The relative importance of cooling flows and air through the RIDN and RODN (both included
in stream 7) strongly depends on the respective mass flow rate and geometry configuration. This study highlights the overall importance
of these flows on the generation of inhomogeneities at the combustor’s exit, thereby suggesting that a proper design of such systems can
help reduce the level of mixture fraction fluctuations.

On the contrary, the correlation with the other air streams is always positive, which shows that the inhomogeneities at the combustor’s
exit are mainly caused by the flows through the dilution ports and the liner air flows downstream of the quenching region. The same
analysis is also performed for probes located inside the primary region and immediately downstream of the dilution streams. Results are
shown in Fig. 11 for two selected points. Although in the primary region all the streams contribute to the mixing, the level of fluctuations
downstream of the quenching region is chiefly affected by the dilution streams. The presence of a recirculation region in the primary
region of the combustor certainly help the mixing between fuel and air. Furthermore, although some residual level of unmixedness may
still be present in the flow that leaves the primary region (e.g., Fig. 5), the high mass flow rate of the air introduced by the quenching
ports makes such streams dominate the downstream behavior.

Indirect noise emitted by the nozzle guide vane
From Eqn. (10), it is noted that compositional indirect noise is generated by acoustic sources whose strength is proportional to the

chemical potential function, Ψ̄, and the heat-capacity factor, ℵ̄, which are defined in Eqn. (8). Φ̄ is neglected following the analysis
of [16]. The compositional-source strengths are depicted in Fig. 12 at the combustor’s exit.

The heat-capacity factor, ℵ̄, may be of the same order as the chemical potential function, Ψ̄. Physically, this means that variations
in γ and cp may produce as much indirect noise as variations in the Gibbs’ energy. The fluctuations of the mixture fraction are depicted
in Fig. 13(a).

Fluctuations in the temperature, which are sometimes called entropy spots, are shown in Fig. 13(b). The local fluctuations can
become significant. In particular, close to the bottom wall (probe 22), large fluctuations of the temperature are observed. These are
caused by incomplete mixing and the intrinsic fluctuations of the RIDN flows, based on a jet in cross flow configuration, located along
the inner liner in the vicinity of the exit. Some residual oxidation may be further contributing to the level of temperature fluctuations.
Although the local fluctuations are appreciable, the cross-sectional average is small because the fluctuations at high frequency in the entire
section are weakly correlated with each other. Furthermore, Figs. 4 and 7 show that mean and rms values of temperature and mixture
fraction are generally characterized by variations in space. This suggests that two- or three-dimensional effects may be important to
accurately predict the nozzle aeroacoustics.

In order of importance, the species that contribute the most to the compositional acoustic strengths are O2, CO2, H2O and N2
(Fig. 14). Interestingly, the product H2O influence the acoustic strength through variations in the Gibbs’ energy (panel (a)) but not
through variations in γ (panel (b)). Physically, all these species are the largest contributors because of the combined effect of their (i)
large Gibbs’ energy (minus the contribution from the formation enthalpy), and (ii) large gradients with respect to the mixture fraction.

Finally, the inhomogeneities are plugged into the aeroacoustic solver for the calculation of the transfer functions. The Mach-number
profile of the Nozzle Guide Vane is provided by Rolls Royce (not shown). The Mach number at the outlet is studied in the range 0.7−1.
The NGV transfer functions of compositional and entropy inhomogeneities are shown in Fig. 15(a,b) and (c,d), respectively. As noticed
in previous studies [14,16,17], as the Helmholtz number increases, the gain decreases, i.e. the nozzle filters out higher frequencies. The
phase has a linear behavior, i.e., it is proportional to the NGV spatial extent/perturbation frequency. Although the variations of Ψ̄+ ℵ̄ are
relatively small, the quasi-steady response of the nozzle is markedly affected, in particular, in the limit of compact nozzles (small He).
The NGV Mach number at the outlet, Mb, has a marked effect on the level of indirect noise. Small changes to the Mach number bring
about relative large changes in the level of indirect noise. Indeed, compositional noise becomes even higher in supersonic nozzles [5,16].
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Vertical bars in Fig. 15(a) indicate the dispersion of the magnitude of the compositional noise transfer function due to fluctuations of
the local flame structure (e.g. Fig. 6). Although such fluctuations are relatively small, a non-negligible effect on the transfer function is
observed, which calls for methods that are able to properly predict the time evolution of the local flame structure (as the CMC) for an
accurate evaluation of the indirect noise.

At the NGV inlet (i.e., combustor’s exit), the power density spectrum of the inhomogeneities, computed from the time history of the
mixture fraction/temperature predicted by LES, has the dominant peak at f ≈ 120 Hz and the second peak at f2 ≈ 1470 Hz (result not
shown). In the configuration under investigation, these frequencies correspond to He∼ 0.001 and He∼ 0.01, respectively. The amplitude
of the second peak is about 25% smaller that the amplitude of the dominant peak, whereas higher-frequency peaks are at least one order
of magnitude smaller. The relevant NGV Helmholtz numbers are typically small. At low-frequency perturbation, the acoustics are not
affected by the spatial extent of the nozzle, i.e., the nozzle is almost compact.

For the calculation of the level of indirect noise emitted by the NGV, the time-averaged value of the acoustic sources at the com-
bustor’s exit is considered, Ψ̄ + ℵ̄ = −4.56. The Fourier transforms, Ẑ′ = FFT(Z − Z̄), (from Fig. 4(a)) and T̂ ′ = FFT((T − T̄ )/T̄ ), which
generates the (historically-named) entropy noise (from Fig. 4(b)) are multiplied by the corresponding NGV transfer functions and inte-

grated over the spectrum, as
∣∣∣∣∣∫ 0.2

0

(
π+

b
ξa

)
Ẑ′ dHe

∣∣∣∣∣ = 0.033 and
∣∣∣∣∣∫ 0.2

0

(
π+

b
σa

)
T̂ ′ dHe

∣∣∣∣∣ = 0.32 to give an estimate of the indirect noise level due to

compositional and temperature inhomogeneities, respectively. The ratio between compositional and entropy noise is in this case ≈ 10%.
This result is consistent with the results obtained from flamelet calculations in subsonic/sonic nozzles [5]. When the flow becomes su-
personic, compositional noise has the same order of magnitude [5,17], and may even exceed the level of indirect noise from temperature
fluctuations if a shock is present in the divergent. Therefore, it is emphasized that the ratio between compositional and entropy noise can
significantly change in other configurations, in particular in higher-Mach number nozzles and leaner mixtures.

CONCLUSIONS
A realistic Rolls-Royce combustor based on Rich-Quench-Lean (RQL) technology is investigated to characterize the formation/evolution

of combustion inhomogeneities and their contribution to indirect noise. First, Large-Eddy simulation with Conditional Moment Closure
combustion model (LES-CMC) is used to calculate the reacting flow dynamics, mixing and transport of inhomogeneities. Second, the
LES-CMC results at the combustor’s exit become the inputs for a quasi-one-dimensional multicomponent aeroacoustic solver for the
calculation of the indirect noise emitted by the Nozzle Guide Vane (NGV). The key findings of this study are:

1. At the combustor’s exit there are non-negligible fluctuations of composition and temperature (Figs. 4, 7 and 13);
2. Compositional inhomogeneities originate both from incomplete mixing between fuel and air streams (which is mostly a non-reacting

phenomenon, Figs. 5, 8), and fluctuations of the local flame structure (Fig. 6);
3. The level of inhomogeneity at the combustor’s exit is most affected by the mixing with dilution holes and liner air flows. The latter

are particularly responsible for generating fluctuations close to the liners (Figs. 7-11);
4. The species that most contribute to indirect noise are identified, i.e., in order of importance O2, CO2, H2O and N2 (Fig. 14);
5. The transfer functions of a realistic subsonic/sonic Nozzle Guide Vane (NGV) multiplied by the realistic fluctuations indicate

that the level of indirect noise generated by temperature fluctuations is larger that the indirect noise generated by compositional
inhomogeneities, although the latter is not negligible (Fig. 15). Compositional noise is expected to become louder in supersonic
nozzles;

6. Relatively small fluctuations of the local flame structure can lead to significant variations of the nozzle transfer function, which
increases with the Mach number (Fig. 15). Therefore, for an accurate prediction of the level of compositional noise, a time resolved
solution of the flame structure (as in the CMC approach used here) has to be preferred.

In the combustor investigated in this work, temperature and composition fluctuations are correlated through the mixture fraction. There-
fore, typical strategies that are used to mitigate entropy noise might also reduce compositional noise. However, this requires further
investigation. The results and methods proposed in this study open up new possibilities for the design of quieter aero-engines.
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FIGURE 1: Schematic of the combustor. The arrows represent the different streams entering the combustion chamber.

FIGURE 2: Schematic of the computational approach used in this work.
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FIGURE 3: Non-dimensional radial temperature profile at the combustor’s exit from experiments (EXP) and LES-CMC computation.
The experimental data is provided by Rolls-Royce plc.
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FIGURE 4: LES-CMC solution in a stream-wise cross section: (a) mean mixture fraction; (b) rms of the mixture fraction fluctuations; (c)
rms of the temperature fluctuations. The white iso-line indicates the stoichiometric mixture fraction. The locations of the probes used
for the analysis of local quantities is shown in (a).
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FIGURE 5: rms fields of the fluctuations of the passive scalars Z(a)
i associated with the air flows (see Fig. 1).

FIGURE 6: Conditionally filtered temperature (black line, left axis) and conditionally filtered CO mass fraction (blue line, right axis) in
the mixture fraction space computed by LES-CMC at probe (a) 2 (primary region) and (b) 21 (combustor’s exit). Each line corresponds
to a different time, which is uniformly sampled over a period of 4 ms.

FIGURE 7: Mean and rms of the fluctuations of temperature and mixture fraction at the combustor’s exit (TM is the mean temperature
averaged over the cross-section and T30 is the temperature at the inlet of the combustor).
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FIGURE 8: Instantaneous LES-CMC solution in a stream-wise cross section: (a) mixture fraction, and (b) heat release rate in MW/m3.
(c) Time history of the heat release rate integrated over the combustor’s exit plane. In (a), the white line is the stoichiometric mixture
fraction. In (b), the red line is the iso-line of HRR=100 MW/m3.

FIGURE 9: Correlation between the mixture fraction, Z, of probe 18 at the combustor’s exit and the mixture fraction of the other probes
(see Fig. 4(a) for the numbering). In red, the same quantity is shown for the temperature.
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FIGURE 10: Correlation between the mixture fraction, Z (denoted by 0 in the axes), and the passive scalars, Z(a)
i , of the dilution air

streams (see Fig. 4(a) for the numbering) for selected locations at the combustor’s exit.
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FIGURE 11: Correlation between the mixture fraction, Z (denoted by 0 in the axes), and the passive scalars, Z(a)
i , of the dilution air

streams (see Fig. 4(a) for the numbering) at selected locations in the primary combustion region and downstream of the dilution ports.

FIGURE 12: Strengths of the acoustic sources due to a compositional inhomogeneity at Z̄ = 0.02 at the combustor’s exit, which corre-
sponds to the nozzle inlet. Quantities are cross-sectional averaged.
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FIGURE 13: Mixture fraction (a) and temperature (b) fluctuations at the combustor’s exit. The temperature fluctuation is normalized by
the mean temperature, T̄ . (Fig. 4(a) shows where the probes are placed in the schematic.)
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FIGURE 14: Species that most contribute to the strengths of the acoustic sources due to a compositional inhomogeneity.
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FIGURE 15: Nozzle transfer functions to (a,b) compositional inhomogeneity and (c,d) entropy inhomogeneity coming from the com-
bustor and entering the nozzle. π+

b is the forward-propagating pressure wave at the nozzle’s outlet. In (a), the lines correspond to
Ψ̄+ ℵ̄ = −4.24, where the min/max values of the bars correspond to Ψ̄+ ℵ̄ = −3.92 / Ψ̄+ ℵ̄ = −4.56.
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