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Abstract. Our concern is the completeness problem for spi-logics, that is, sets of im-
plications between strictly positive formulas built from propositional variables, conjunc-
tion and modal diamond operators. Originated in logic, algebra and computer science,
spi-logics have two natural semantics: meet-semilattices with monotone operators provid-
ing Birkhoff-style calculi, and first-order relational structures (aka Kripke frames) often
used as the intended structures in applications. Here we lay foundations for a complete-
ness theory that aims to answer the question whether the two semantics define the same

consequence relations for a given spi-logic.

In this paper, we investigate connections between various consequence rela-
tions for the fragment of propositional multi-modal logic that comprises implica-
tions o — 7, where o and 7 are strictly positive modal formulas [8] constructed
from propositional variables using conjunction A, unary diamond operators <;,
and the constant ‘truth’ T. We call such formulas ¢ and 7 sp-formulas and
implications between them sp-implications.

81. Background. Consequence relations for sp-implications have been stud-
ied in knowledge representation, universal algebra, and modal provability logic.

1.1. Description logic ££. In knowledge representation, ontologies are used
to define vocabularies for domains of interest together with logical relationships
between the vocabulary terms [4, 56, 5|. The description logic ££ [6, 3] is a
widely used ontology language, in which such relationships are given by means
of (notational variants of) sp-implications. A typical example of an ££ ontology
is SNOMED CT [67] that provides a standardised medical vocabulary for the
healthcare systems of more than twenty countries. SNOMED CT consists of
about 300,000 sp-implications covering most aspects of medicine and healthcare.
For example, the sp-implication

Viral_pneumonia — < cqusative-agent Virus A < finding_site Lung

says that viral pneumonia is caused by a virus and found in lungs. £L is the
logical underpinning of the profile OWL 2 EL of the Web Ontology Language
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OWL 2 [60] designed by W3C for writing up ontologies. Under the ££ seman-
tics, sp-implications are interpreted in relational structures known as Kripke
frames in modal logic. Important reasoning problems are whether an sp-impli-
cation is valid under this semantics and, more generally, whether it follows from
a finite set of sp-implications. The former is called the subsumption problem, its
generalisation is the subsumption problem relative to a TBox. In modal logic,
they correspond to the local and, respectively, global consequence relation (re-
stricted to sp-implications). The computational complexity of these problems
has been extensively studied. Both were shown to be PTIME-complete in gen-
eral [6, 3] as well as under additional relational constraints and extensions to the
language [3, 71], for example, over transitive Kripke frames and, more generally,
frames satisfying implications of the form R; o---0o R, C R, for binary relations
Ry,...,R,, R. PTIME/CONP dichotomy results for the subsumption problem
under some universally first-order definable relational constraints were obtained
in [54], while [2] gave an example of a constraint under which subsumption be-
comes undecidable.

1.2. Semilattices with monotone operators. Following the algebraic ap-
proach to giving semantics to propositional logics [62], we can regard strictly
positive modal formulas as terms of the algebraic language with a binary func-
tion A, unary functions <; and constant T. If A is a semilattice operation, then
an sp-implication ¢ — 7 becomes an ‘inequality’ of the form ¢ < 7, which is
equationally expressible as o A 7 &~ ¢. Conversely, any algebraic equation o ~ 7
between strictly positive ‘terms’ is equivalent to the pair ¢ — 7 and 7 — o of
sp-implications. Thus, semilattices with additional operators provide another
natural semantics for sp-implications.

Semilattices with operators have been studied in universal algebra. An impor-
tant example is their use in McKenzie’s undecidability proof for Tarski’s finite
basis problem [57]. There has been extensive research on generalising natural
dualities for algebras with various kinds of (semi)lattice reducts to algebras with
operators [61, 76, 40, 1, 34, 43, 38, 35, 68, 33, 36, 26].

The relational semantics for the description logic ££ mentioned above has
been connected to the uniform word problem (aka quasiequational theory) of
varieties of semilattices with monotone' unary operators (SLOs, for short) in
[70, 71]. Varieties of closure semilattices, that is, SLOs with a single operator <&
validating p < Op and OOp < Op, have been investigated in [46]. They are also
connected to the closure algebras of McKinsey and Tarski [58].

1.3. Sub-propositional modal logics and Reflection Calculus RC. Sp-
implications have also been investigated in the context of provability logic [7, 25,
8, 11, 10]. The main motivation for considering them was the observation that,
while syntactical modal reasoning in Japaridze’s multi-modal provability logic
GLP [48, 16] cannot be characterised by any class of Kripke frames, its restric-
tion RC to sp-implications does have such a characterisation [25]. In particular,
sp-implications are regarded in RC as sequents connecting two strictly positive
formulas, and the developed syntactic calculus mimics the algebraic SLO-axioms

LA unary operator ©; in an algebra 2 is called monotone if 2 validates <;(p A q) < Oiq.
This is the same as to say that a < b implies ¢;a < O;b, for any a,b in 2.
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and the axioms and rules of Birkhoff’s equational calculus [12] (see §3.3 below).
Note also that RC allows more general arithmetic interpretations than GLP [8]
and, similarly to the subsumption problem in £L£, reasoning in RC is PTIME-
complete [25] (whereas GLP is PSPACE-complete [65]).

Other sub-propositional fragments of full modal logic that contain sp-formulas
have also been considered in the literature, both in the modal and description
logic setting and under various relational constraints. For example, results on the
computational complexity of the fragment with formulas built from literals using
A and both diamond and box modalities can be found in [64, 28, 44]. The above
mentioned dualities have also been investigated from the modal logic perspective
in order to find extensions of Kripke semantics that match the corresponding
algebraic semantics; see [29, 17, 18, 69] for the negation-free fragment and [37]
for its extension with A/V-swapping operators.

In this paper, our concern is somewhat ‘orthogonal’ to duality theory: instead
of modifying/extending the relational semantics to ‘match’ it with the algebraic
one, we aim to understand the relationship between the (often intended) rela-
tional and (syntactic) algebraic consequence relations for sp-implications.

§2. Research problems and results. Following the modal logic tradition,
we define the spi-logic axiomatised by a set X of spi-implications as the closure
of X under the axioms and rules of a syntactic calculus capturing the algebraic
semantics of sp-implications. We denote this logic by L = SPi 4+ Y| indicating
that SPi comprises the sp-implications that are valid in all SLOs.

Our primary concern is the (Kripke) completeness problem for spi-logics. More
precisely, we would like to

(completeness): identify spi-logics SPi + X' that are complete in the sense
that the two consequence relations X' =k, and X' g0 coincide, where for
any sp-implication ¢,

Y Exket iff ¢ is valid in every Kripke frame validating X;
Y sio ¢ iff ¢ is valid in every SLO validating X.

Sp-implications are modal Sahlqvist formulas [63]. So, by the completeness part
of Sahlqvist’s theorem, the full Boolean normal modal logic K & Y axiomatised
(using the standard calculus of normal modal logic?) by the sp-implications in
X is Kripke complete, that is, for every modal formula ¢,

(1) YEke it peKaX iff o~ T is valid in every BAO validating X,

where BAO stands for Boolean algebra with normal and V-additive unary oper-
ators® [49]. Note that, by (1), the completeness problem is equivalent to

(spi-axiomatisability): the problem whether X spi-aziomatises the spi-
fragment of the modal logic K @ X, that is, ¢ € SPi4+ XY iff « € K@ X,
for any sp-implication ¢ (in other words, the problem whether the spi-logic
SPi + X has a modal companion [11]); and also to

2Tt has the modal axioms O;(p — %) — (0;¢ — O;9) and the rules of substitution, modus
ponens and necessitation ¢/0;¢p, for each modal operator O;.

3A BAO is an algebra of the form 2% = (A, A,V, —, L, T, 0;)ser, where (A, A, Vv, —, L, T) is
a Boolean algebra, ¢; 1L = 1 and ¢i(aVb) = CiaV O, for all a,be Aand i€ 1.
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(conservativity): the purely algebraic problem of whether the consequence
relation X Egao is conservative over X g o with respect to algebraic
equations between sp-formulas, that is, X' =gi0 0 = 7 iff X' Fgao 0 =~ 7,
for any sp-formulas o and 7.

In Boolean modal logic, the completeness problem has been actively and thor-
oughly investigated since the invention of the Kripke semantics in the 1950-60s.
Nearly all standard modal logics were proved to be Kripke complete by showing
that they either are canonical or have the finite model property, and it took a
while to construct first examples of incomplete logics [32, 73]. In contrast, in-
complete spi-logics are easy to find, with two simplest ones being SPi+{<Cp — p}
and SPi + {Op — g} (Examples 1 and 2). It is readily seen that both of them
have the finite model (but not finite frame) property. By Sahlqvist’s theorem,
all Boolean modal logics with sp-implicational axioms are canonical. Thus, the
classical completeness theory appears to be of little help in understanding com-
pleteness of spi-logics. New tools and techniques are required to investigate this
phenomenon.

In this paper, we develop and apply two general methods for establishing
completeness of spi-logics.

The first one is based on the fact that an spi-logic L is complete whenever
every SLO validating L can be embedded into the (SLO-reduct of the) full com-
plex algebra of some Kripke frame for L. Following the terminology of Gold-
blatt [40], we call such spi-logics L complez. Proving that L is complex can
be regarded as a generalisation of the canonical model technique from modal
logic: for every BAO 2 validating an spi-logic L, its ultrafilter-frame 2[; vali-
dates L as well. Unfortunately, no such ‘canonical’ Kripke frame construction is
available for SLOs. Instead, we suggest two ‘templates’ that provide a range
of embeddings of SLOs into the SLO-reducts of complex algebras of appro-
priate frames, one generalising the embedding of [46], and another one using
filters in SLOs (see §4.1). We employ these templates to obtain two general
sufficient conditions for complexity (and so completeness) of spi-logics (The-
orems 19 and 36), and also show complexity of numerous concrete spi-logics
defining familiar classes of Kripke frames. Our conditions cover earlier results
of Sofronie-Stokkermans [70, 71] who proved that sp-implications of the form
O1...Opp = Ogp axiomatise complex spi-logics, and those of Jackson [46] who
showed that the spi-logic SPig,, = SPi+ {p — Op, OOp — Op} (whose axioms
Yw = {p = Op,OOp — Op} define the class of all quasiorders—frames of
the modal logic S4) is complex. We delimit the scope of the method by pro-
viding many examples of incomplete spi-logics, in particular, pairs of complete
and incomplete spi-logics sharing the same Kripke frames, and develop a general
technique for constructing incomplete spi-logics (Theorem 28).

As mentioned above, Boolean modal logics with sp-implicational axioms are
always complex. In contrast, we show a few natural and simple sp-implications
that axiomatise complete but not complex spi-logics, for example, those express-
ing n-functionality, for n > 2, and linearity (Theorems 40 and 48). For such
spi-logics, we develop another general technique, called the method of syntac-
tic prozies, that mimics Kripke frame reasoning with the help of the syntactic
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Birkhoff-type calculus for SLOs (see §4.2). We use this method to prove one more
general sufficient condition for completeness (Theorem 20) and apply it to a num-
ber of concrete spi-logics that are not complex (Theorems 41, 42, 49). Syntactic
proxies can also be used to establish completeness of all but two proper exten-
sions of the spi-logic SPicguiv = SPi+{p = Op, OOp — Op, g AOp — C(pAOq)}
(whose axioms define the class of all equivalence relations—frames of the modal
logic S5), the two exceptions being in fact incomplete. Jackson [46] fully de-
scribed the lattice of extensions of SPiggyy; it follows from his proofs that most
of them are F=gap—to—|=sLo conservative.

One feature that spi-logics do share with Boolean modal logics is that—apart
from a few simple cases (such as extensions of SPiegy:, and S5)—complete and ef-
fective classifications of logics according to their non-trivial properties are hardly
possible. In §8, we prove by reduction of the halting problem for Turing ma-
chines that, given a finite set X of sp-implications, no algorithm can recognise
completeness or complexity of the spi-logic SPi 4+ 3. The proof is more direct
compared to the known constructions from modal logic [74, 21, 19] because very
simple incomplete spi-logics are available.

Having laid foundations for a completeness theory in the strictly positive con-
text, we are naturally interested in the byproducts it may have for two related
problems, viz., the computational complexity (in particular, decidability) of spi-
logics and the definability problem. Recall that tractability of reasoning was one
of the main motivations for considering spi-logics.

As far as computational complexity is concerned, we observe that spi-logics
with universally definable classes of Kripke frames have the polynomial finite
frame property* and are decidable in CONP if finitely axiomatisable and com-
plete (Theorem 11); moreover, those complete ones whose frames are definable
by equality-free universal Horn sentences are actually tractable (Theorem 13).
The latter applies to the spi-logics in the scope of completeness Theorems 19,
20 and 24. (Note that Boolean modal logics axiomatised by the same sp-impli-
cations can be computationally very complex, even undecidable [52]). We also
show tractability of several finitely axiomatisable complete spi-logics defining
universal non-Horn frame conditions such as the spi-logic SPiy,,;, whose frames
are equivalence relations with classes of size < n, for n > 2 (Theorem 43), and
the spi-fragment SPij;, of the modal logic S4.3 (Theorem 50). On the other hand,
we observe that the completeness criterion of Theorem 36 has the spi-fragments
of all modal grammar logics [30] in its scope, and so there exist finitely axioma-
tisable and undecidable complete spi-logics [75, 66, 20, 2, 11].

A class C of Kripke frames is called spi-definable if C = {§F | § E X'} for some
set X of sp-implications. The correspondence part of Sahlqvist’s theorem [63]
says that spi-definability (unlike modal definability) always implies definability
by first-order V3-sentences. Many standard properties of frames turn out to
be spi-definable (see Table 1). On the other hand, such well-known logics as
K4.1, K4.2 and K4.3 are typical examples of Kripke complete modal logics whose
frames are not spi-definable (see Table 2). To obtain such non-spi-definability

4An spi-logic L has the polynomial finite frame property if every sp-implication ¢ that fails
in some frame for L also fails in a frame for L of polynomial size in ¢.
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results, we give a general necessary condition for spi-definability (in §9.1), and
also show that spi-definable properties of quasiorders must be universal.

The remainder of the article is organised as follows. Having defined in §3 the
required basic notions, in §4 we introduce the two general methods for estab-
lishing completeness, which are applied in §§5-7 and complemented by multiple
examples of incomplete spi-logics. We systematise our completeness results for
spi-logics according to the form of the first-order correspondents of their axioms:
sp-implications with universal Horn, existential and disjunctive correspondents
are discussed in §5, §6 and §7, respectively. In §8 we prove that it is undecidable
whether a given finite set of sp-implications axiomatises a complete or complex
spi-logic. A few related problems are briefly discussed in §9: in §9.1 we deal with
non-spi-definability; in §9.2 we consider sp*-implications that may also contain
the constant | standing for ‘falsehood’ in Kripke frames and for the <-smallest
element in SLOs; in §9.3 we have a brief look at spi-rule logics (quasiequational
theories in the algebraic setting). In particular, we characterise complex spi-rule
logics L as those for which rL =k, p coincides with 7L s 0 p, for all spi-rules
p. Finally, in §10 we suggest further research directions; a few open questions
are also scattered throughout the paper.

TABLE 1. Spi-definable first-order properties.

’ first-order property \ sp-implication(s) \ notation
reflexivity p— Op Lrefl
transitivity OOp = Op Lirans
symmetry qNOp = O(p A <g) Lsym
Va,y,z (R(z,y) A R(z,z) — R(y, 2)) Op AOg = O(p A Oq) Leuel
Euclideanness
quasiorder {Lreﬁa Lirans} Yo
equivalence {trefis tirans, Lsym } equiv

{Lreﬁa Lirans, Leucl} Eéquw
Vl‘,y, [R( ) R x, <>(p/\q)/\<>(p/\7“) — Lwcon

(R(y y)/\Ry7 ) ( 2,z /\Rzy))] Op A Og A Or)

linear quaSlordel"5 {Lreﬁv Lirans, Lwcon} Elin
Va,y [R(z,y) — 3z (R(z,2) A R(z,y))] Op = OOp Ldense
density
Va,y,z (R(z,y) A R(z,2) — (y = 2)) OpAOqg— O(pAq) Lfun
functionality

83. Preliminaries. We begin by giving definitions of the basic notions and
discussing the problems we deal with in this paper.

3.1. Sp-formulas and sp-implications. Let R be a non-empty set called a
signature. An sp-formula (of signature R) is a multi-modal formula constructed

5A reflexive and transitive relation R is called a linear quasiorder if R is weakly connected:
Vz,y, z (R(x,y) A R(z,z) = R(y,z) V R(z,y) V (y = z)) Linear quasiorders are the frames of
the modal logic S4.3.
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TABLE 2. Non-spi-definable but modally definable first-order properties.

’ first-order property \ modal formula(s) \ notation
Va,y,z (R(z,y) A R(y, z) —
R(z,z) V (z = z)) OOp = pVOP Optrans
pseudo-transitivity
pseudo-equivalence Lsym> Pptrans Diff
weak connectedness® OpACGg— CpAgq)V Puwecon
OpACq) vV O(g A Op)

transitivity and weak connectedness Liranss Pweon K4.3
YV, y, 2z (R(:z:7 y)AR(z,2) —

Fu (R(y,u) A R(z,u))) SOp — OCp Peonf
confluence
transitivity and confluence Lirans, Pconf K4.2
transitivity and Lirans, OOp — <OOp K4.1
Va Jy(R(x,y) AVz (R(y, 2) = (y = 2)))

from propositional variables p from some countably infinite set var and constant
T using conjunction A and unary diamond operators g, for R € R. We omit
the subscript R in the unimodal case R = {R}.

An sp-implication ¢ (of signature R) is an expression of the form ¢ — 7, where
o and 7 are sp-formulas of signature R.

As argued in §§1-2, we aim to connect two types of semantics for sp-impli-
cations: one based on first-order relational structures, known as Kripke frames
in modal logic, and an algebraic one, based on meet-semilattices with monotone
operators. We begin with the latter.

3.2. Algebraic semantics. A structure A = (A, A, T, Or )rer is an sp-type
algebra (of signature R) if A # 0, T € A, A is a binary and each Or a unary
function (operator) on A. This way sp-formulas can be regarded as algebraic sp-
type terms. (The overloading of A, T and g should not confuse the reader as
it will always be clear from context whether we deal with algebraic operations or
logic connectives.) An sp-type equation is of the form o &~ 7, where o and 7 are
sp-type terms (that is, sp-formulas). A wvaluation in 2 is a function a mapping
the variables p € var to elements in A. The value T[a] € A of an sp-type term
7 under a is defined inductively as usual. If the variables occurring in 7 are
among p1, ..., p, and a(p;) = a;, then we also write 7[aq, ..., a,] in place of 7[a].
Given an sp-type equation o =~ 7, we set A = (¢ ~ 7)[a] if o[a] = 7[a], and
AE (oc=7)ifAE (0~ 7)[a] for every valuation a in 2, in which case we say
that A validates o ~ 7.
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A meet-semilattice with monotone operators (SLO, for short) is an sp-type
algebra validating the following sp-type equations:

(2) pApP =P,

(3) PAG=qADp,

(4) pA(gAT) = (PAG) AT,

(5) pAT =p,

(6) OrR(PAQANCRq= O (pAgq), for RER.

In a SLO %A, the partial order < is defined as usual by taking a < b iff a Ab = a,
for all a,b in A. It is readily seen that A and Or are monotone with respect to
<:ifa<bthenaAc<bAcand Cpa < Opb, for all a,b,cin A and R € R.

By regarding any sp-implication ¢ = (¢ — 7) as an sp-type ‘inequality’ o < 7
(which is a shorthand for the sp-type equation o A 7 = o), we set A |= ¢[a] if
ola] < 7[a], and A = ¢ if A | ¢[a] for every valuation a in 2, in which case we
say that 2 validates ¢. The set of sp-implications that are validated by all SLOs
is denoted by SPi.

We say that a SLO 2 validates a set X of sp-implications and write 2 = X' if
2A = ¢ for all ¢ in X. We denote by SLO 5 the class—in fact, variety—of all SLOs
validating Y. In particular, SLO denotes the variety of all SLOs. We define a
consequence relation X' =g o by taking, for any sp-implication ¢,

YEsior iff Al for every A€ SLOy.

We write g0 ¢ for () s o t. As a SLO clearly validates o ~ 7 iff it validates
both 0 — 7 and 7 — o, we write X =50 0 &~ 7 whenever both ¥ g0 0 = 7
and ¥ Esio 7 — o hold.

3.3. Spi-logics. As sp-implications are special cases of algebraic sp-type equa-
tions, the consequence relation X' |=s o can be characterised syntactically by
Birkhoff’s equational calculus [12, 42]. Using a Lindenbaum—Tarski-algebra type
argument, it is readily seen that X' =g o can also be captured by a calculus using
only sp-implications in its derivations. Namely, it is not hard to show that

(7) X ):SLO L iff X l_SLO L,
where X Fs) 0 ¢ means that there is a finite sequence ¢, ..., t, of sp-implications

such that ¢,, = ¢ and each ¢;, for i < n, is either a substitution instance of some
sp-implication in X' or a substitution instance of one of the axioms

(8) p—=p.  p—=>T, pAg—=qAp,  pAg—p,

or obtained from earlier members of the sequence using one of the rules
O—=T T—0 O—=T 09 o—T

9 ReR

) c—o o—TANo ’ Oro — OpT ( )

(see also the Reflection Calculus RC of [7, 25]). In fact, throughout we shall
only use the < (soundness) direction of (7). We write s o ¢ for § Fg o t. We
write X Fs o 0 &= 7 whenever both X kg 0 0 — 7 and X Fs 0 7 — ¢ hold.

For any set X of sp-implications, we define the spi-logic SPi + X' axiomatised
by X as

SPi+ X = {¢]¢is an sp-implication and X Fg o ¢}.
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If L = SPi+ X, for some set X of sp-implications, then we call L an spi-logic.

3.4. Kripke semantics. A Kripke model (of signature R) is a pair of the
form 9 = (F,v), where § = (W, RS)ger is a frame (of signature R) with
domain W # () and binary (accessibility) relations RS, for R € R, and v is a
valuation associating a subset v(p) C W with any variable p. The truth relation
M, w = 7 for w € W and an sp-formula 7 is defined by induction: M, w = T,
Mw =piff we o), MwET ATl M w7 and M, w | 7”7, and for
each R € R,

M w, = Ot iff Mw' =7 for some w' with (w,w’) € RS.

For an sp-implication ¢ = (0 — 7) and w € W, we write M, w E ¢ if M w E o
implies M, w = 7. We say that ¢ holds in D (or M is a model of ¢) and write
M = ¢, if M, w = ¢ holds for every w € W. We also write §,w E ¢ if M w =1
holds for every Kripke model 9 based on §, and § | ¢ if §,w | ¢ for every
w € W (equivalently, if 9 = ¢ for every model 9t based on §); in this case, we
say that § validates ¢. Finally, we say that § validates (or is a frame for) a set X
of sp-implications and write § = X, if § |= ¢ for every ¢ in X. The class of frames
for X' is denoted by Kryx. By the correspondence part of Sahlqvist’s theorem,
Kry is first-order definable in the language with binary predicate symbols R,
for R € R, and equality. Any such first-order theory defining Kry is called a
correspondent of X; see, e.g., [13, 22]. (All correspondents of X are equivalent.)
If {¥} is a correspondent of {¢}, we say that U is a correspondent of .

Given a set X of sp-implications, we define a consequence relation X' =g, by
taking, for any sp-implication ¢,

Y ket iff FEfor every frame § € Kry.

We write =k, ¢ for 0 |k, ¢
3.5. Completeness. Every frame § = (W, RS)ger gives rise to a SLO

‘3’* = (2W7 m’ W OE)RER?
where, for all R€ R and X C W,
OEX ={weW | (w,v) € R for some v € X}

(that is, §* is the sp-type reduct of the full complex algebra of § [40]). As Kripke
models over § and valuations in §* are the same thing, for every sp-implication
t, we have § |= ¢ iff §* = ¢. Therefore, for every spi-logic SPi + X,

(10) YEsiot = XY xket, foranye,
and so, by (7),
(11) KI’E = KrSPi+E~

An spi-logic L = SPi+ X is called complete if, for every sp-implication ¢,

X ’:Kr v iff X ):SLO L.

Note that completeness of L does not depend on its axioms: if L = SPi+ X =
SPi+ X’ then SLO;, = SLOyx = SLOyx/, and so Kry, = Kry = Krxs by (11).
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As discussed in §2, SPi+-0) and SPi,, are simple examples of complete spi-logics
[70, 46] (see also Theorem 4 and its proofs in §4.1 and §4.2, and Corollary 16).
The following two examples show incomplete ones.

ExXAMPLE 1. Consider the sp-implication Op — p. On the one hand, a frame
F = (W, R%) validates Op — p iff § &= Va,y (R(z,y) — (z = y)). Thus, it
is easy to see that {Op — p} Exkr ¢, where ¢ = (p A OT — Op). On the
other hand, {Op — p} Frsio ¢ as the SLO A with 3 elements b < a < T
such that Ga = Ob = b and T = qa validates Op — p and refutes ¢, since
aANOT =a # b= <a (see Fig. 1 (a)). So, the spi-logic SPi + {Op — p} is
incomplete.

ExXAMPLE 2. Consider the sp-implication Op — <¢q. On the one hand, a frame
T = (W, R¥) validates Op — <Oq iff RS = (), and so {Op — O¢} Ex OT — p.
On the other hand, {Op — Cq} Fesio OT — p as the SLO A with two elements
a < T such that Ga = T = T validates Op — <q and refutes OT — p, since
OT =T £ a. Therefore, the spi-logic SPi+ {Op — <q¢} is incomplete.

3.6. Drawing SLOs. In our examples, depending on the context, we depict
SLOs in two different ways. One way is to represent the semilattice structure by
its Hasse diagram and use arrows labelled by R to indicate the Og functions. In
the unimodal case, we represent the elements x with Gx = z by hollow circles,
and indicate & by unlabelled arrows otherwise; see Fig. 1 (a).

Another way is to draw a SLO as a subalgebra 2 of some suitable §* (which
always exists by Theorem 3). We represent the underlying § = (W, RS)per as
a labelled directed multigraph (omitting the edge labels in the unimodal case)
and indicate the non-empty subsets of W that belong to 2. This representation
makes it easier for the ‘modal logic minded’ reader to check whether the given
SLO validates an sp-implication ¢: it suffices to verify that 9t = ¢ for every 2A-
admissible Kripke model 91 based on §, in which all 9t(p) belong to the indicated
subsets of § (cf. general frames in modal logic [39, 22]). In Fig. 1 (b), showing
such a drawing of the SLO 2 from Example 1, 9 = <Op — p for all A-admissible
Kripke models over the depicted § (the model (§,0) with v(p) = {2} is not
2-admissible), while M, 1 £ p A OT — Op for M = (F,v’) with v’(p) = {1}.

FIGURE 1. Two ways of depicting the SLO 2 of Example 1.
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84. Tools and techniques for proving completeness. In this section,
we introduce two general methods for proving completeness of spi-logics. Both
methods will be illustrated by many examples throughout the paper.

4.1. Embedding SLOs into complex algebras of frames. Adopting the
terminology of Goldblatt [40], we call an spi-logic L complex if every 2 in SLOy,
is embeddable® into F*, for some frame § for L. As sp-implications are preserved
under taking subalgebras, we always have that

L is complex = L is complete.

Theorems 40 and 48 give examples where the converse implication does not hold.
It is well-known that every BAO is embeddable into the full complex algebra
of its ultrafilter frame [49]. As shown in [70], a similar result also holds for SLOs:

THEOREM 3. FEwvery SLO is embeddable into §*, for some frame §.
As an immediate consequence, we obtain:
THEOREM 4. The spi-logic SPi+ () is complez, and so complete.

The simple proposition below provides us with infinitely many complex spi-
logics. Call an sp-implication ¢ — 7 wvariable-free if both o and 7 are built up
from T using A and the Og.

PROPOSITION 5. IfSPi+ X is a complex spi-logic and Xy a set of variable-free
sp-implications, then SPi+ (X U Xy) is complex.

PRrROOF. By possibly adding ‘dummy’ sp-implications to X', we may assume
that every Or occurring in Xy also occurs in Y. Suppose A € SLOxyy5,. As
SPi + X is complex, 2 is (isomorphic to) a subalgebra of F*, for some frame
FE X As A X, there is an 2-admissible Kripke model 9 = X based on
§. Since X is variable-free, we also have § | Xy. =

QUESTION 1. Does Proposition 5 hold with ‘complete’ in place of ‘complex’?

In the remainder of §4.1, we show two different ways of proving Theorem 3
and discuss connections between them.

4.1.1. Embeddings via elements of SLOs. These are variants of the embedding
used by Jackson [46] for closure algebras. We embed a SLO A = (A, A, T, Cr )rer
into the SLO §*, for some frame § = (A, R¥)per, using the map

n:a—{beAlb<a}.
Clearly, n(T) = A and n(a Ab) = n(a) Nn(b). We show now that to preserve the
Or , it is enough if RY satisfies the following two conditions, for all R € R:
(12) Va,b [(a,b) € RS = a<<p b,
(13) Va,b [a < Opb = Jc(c<b and (a,C)ERS)].

6Given sp-type algebras 2 and B of the same signature, a function n: 2 — 9B is an sp-
homomorphism if it preserves all the sp-operations. A one-to-one sp-homomorphism is an
sp-embedding. 2 is embeddable into B if there exists an sp-embedding n: 2 — B (that is, if A
is isomorphic to a subalgebra of ®B). For universal algebra basics, we refer the reader to [42].
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First we establish n(Oga) C Ofn(a). Let b < Ogpa. By (13), there is c € A
with ¢ < a and (b,c) € RS. It follows that ¢ € 5(a), and so b € Ofn(a). To
show Ofn(a) C (g a), take any b € A such that (b, ) € RS for some z € 7(a).
Then z < a and, by (12), b < Ogz. By the monotonicity of Cr, Opz < Opa,
and so b < Ora, that is, b € n(Ora). (In fact, it is easy to see that (12) and
(13) are actually equivalent to Van(Ora) = Ofn(a).) Finally, we check that
is injective. If a,b € A and a # b then we may assume that a £ b, in which case
a € n(a) but a ¢ n(b).
For example, an RS satisfying (12) and (13) can be defined by taking

(14) (a,b) € RS <= a < Opb.
We use this definition in the proofs of Theorems 19 and 36. However, the proofs
of Theorems 15, 24, 29 and 30 require different RS satisfying (12) and (13).

4.1.2. Embeddings via filters. Let A = (A, A\, T,Or )rer be a SLO. For any
UCAand ReR, we set

OR[U] :{ORG‘CLGU}.

We remind the reader that a nonempty subset U C A is a filter (of ) if it is

up-closed (in the sense that @ € U and a < b imply b € U) and A-closed (that

is, a Ab e U for any a,b € U). We denote by F(2() the set of all filters of .
We embed 2l into &*, for some frame & = (F(21), R®)rer, using the map

fram{UeF®R) |aecU}.

Clearly, f(T) = F() and f(a Ab) = f(a) N f(b) for all a,b € A. Also, it is
readily seen that to ensure f(Ora) = Of f(a) for all a, we can equivalently
require that the following two conditions hold for all U € F(2l) and R € R:

(15) YW (U, V)€ R® = Op[V]CU),
(16) Va [Ora€U = 3V(aeV and (UV)e R®)].
To check that f is injective, let a # b. We may assume that a € b and take the
filter {a}t = {b | a < b} (the principal filter generated by a). Then {a}1 € f(a)
but {a} ¢ f(0).

For example, one can define R® by taking
(17) (U, V)€ R® = <Op[V]CU.
Again, in general, there can be different R® satisfying (15) and (16); see, e.g.,
the proofs of Theorems 21 and 30 ().

4.1.3. Connection between the two embeddings. For an arbitrary SLO 2, with

the ‘classical” definitions of RS and R® via (14) and (17), respectively, we have
the following:

PROPOSITION 6. The frame (A, RS)ger is isomorphic to a (not necessarily
generated) subframe of (F(A), R®)rer. For finite A, these frames are isomor-
phic.

PROOF. For all a,b € A, we have (a,b) € RS iff a < Orb iff a < Ogc for all
c>biff ({a}T, {b}T) € R®. If U is finite, then all filters of A are principal.
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4.2. Completeness by syntactic proxies. To introduce our second method
for proving completeness, we establish some connections between sp-formulas and
Kripke models.

Given Kripke models 9; = (F;, ;) based on frames §; = (W;, R;)rer, for
i=1,2, amap h: W; — Wy is called an §1 — §2 homomorphism if (z,y) € Ry
implies (h(z),h(y)) € Ry, for any 2,y € Wy and R € R. If in addition = € vy (p)
implies h(x) € v2(p), for any x € W, and variable p, then h is called an M, — Ny
homomorphism. Clearly, sp-formulas are preserved under homomorphisms in the
sense that My, z |= o implies Mo, h(x) = o, for any x € Wy and sp-formula .

4.2.1. Kripke models from sp-formulas. We say that a frame § = (W, R®) ger
is tree-shaped (or simply a tree) with root r if (W,|Jger RY) is a finite directed
tree with root r such that RS N RS = @ for all Ry # Ry. (In particular,
(W, RS) ger is irreflexive and intransitive.)

We use the following notions and notation throughout the paper. Given an
sp-formula g, we define by induction a Kripke model

M, = (Tp,0,) based on a finite tree T, = (W,, R,) ger With root r,.

For p = T, ¥, consists of a single irreflexive point r, with v,(p) = 0 for all
variables p. For ¢ = p, ¥, consists of a single irreflexive point r,, v,(p) = {75},
and v,(q) = 0 for ¢ # p. For ¢ = o1 A 02, we first construct disjoint 9,, and
M,,, and then merge their roots r,, and r,, into r, such that r, € v,(q) iff
To: € 0,,(q), for some ¢ = 1,2. Finally, for p = Cg ¢/, we add a fresh point r, to
Wy, and set R, = Ry U {(rp,7y)} and v,(p) = vy (p) for all variables p. We
refer to 9, as the p-tree model. Note that 9, and o are of the same size as the
points in W, are in one-to-one correspondence with the subformulas of p.

PROPOSITION 7. For any sp-formula o, Kripke model M and point w in 9N,
we have M, w = o iff there is a homomorphism h: M, — M with h(r,) = w.

PROOF. By a straightforward induction on the construction of p. B

The connection between the validity of sp-implications and homomorphisms
between models proved below was first observed in [6].

COROLLARY 8. (i) For any sp-implication v = (0 — 7), Kripke model M and
point w in M, the following conditions are equivalent:

- Mw ¢
— for every homomorphism hy: M, — M with h,(r,) = w, there is a homo-
morphism hy: M. — I with h.(r;) = w.

(i) For any sp-formulas o and 7, we have =gy 0 = 7 iff My, 1o = 7.

PrOOF. Claim (4) is an immediate consequence of Proposition 7.

(ii) (=) As the identity map on 9, is a homomorphism, M,,r, = o by
Proposition 7, and so M,,r, |= 7 by the assumption.

(<) Suppose M, w | o, for some Kripke model 9 based on a frame §. By
Proposition 7, there is a homomorphism h: 9, — M with A(r,) = w. Thus,
M, w E 7 follows from M,,r, = 7. !
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4.2.2. Sp-formulas from Kripke models. Suppose Mt = (§, v) is a Kripke model
such that v(p) # 0 for finitely many variables p only, and § = (W, RS)ger is a
finite frame with root r that contains no directed cycles. We inductively associate
with 91 an sp-formula for(9) = for™® by setting, for every w € W,

forXt = /\ p A /\ Op for™.
webv(p) (w,v)ERS

Clearly, 0, w k= for). Observe that if § is a directed tree then for>: is the unique
(modulo SLO-axioms (2)—(4)) sp-formula g such that the g-tree model 901, is the
submodel of 9T generated by w. Thus, in this case Mgy (o) is the same as . In
particular, for(9M,) = o, for any sp-formula o. In general, the for(N)-tree model
Mior(ay is what is known in modal logic as the r-unravelling of N, and so:

PROPOSITION 9. For every sp-formula 7, M, r = 7 iff Meor(my, 7 = 7.
We also note the following important fact:

ProrosiTiON 10. If h: 9y — Mo is a homomorphism, then, for every w in
N1, we have FsLo forhm(i)) — forg}l.

4.2.3. Syntactic proxies. The above observations give another completeness
proof for the spi-logic SPi + @ (cf. Theorem 4). Indeed, suppose =k, ¢ — T.
Then, by Corollary 8 (ii), we have M, ,r, = 7, and so by Proposition 7, there
is a homomorphism h: I, — M, with h(r;) = r,. Thus, FsLo 0 — 7 follows
by Proposition 10, and so s 0 0 — 7 by (7).

This proof is a special case of the following general method of establishing
completeness of spi-logics, which we call the method of syntactic proxies. In
order to prove that an spi-logic SPi 4+ X is complete (without knowing whether
it is complex or not), we do the following, for any given sp-implication o — 7:

(7) transform one of the sp-formulas ¢ or 7 into some X' b5 o-equivalent normal
form resulting in an sp-implication o — [, called a X-prozy for o — 7;

(7i) show that X =k, a — [ is reducible to ¥~ ¢, a — 3, for some subset
X’ of X such that SPi+ X'~ is complete and has the finite frame property.

The concrete X-normal form used in this method depends on Y and reflects the
structure of its frames. Say, for X' = {Ogp — Ogp} that defines the property
S = Va,y (R(z,y) — S(z,y)), we transform o into a X kg o-equivalent sp-
formula describing the ®-closure of the finite o-tree model M, and take X~ = ()
(see Theorem 20). For X, defining linear quasiorders, we transform 7 into a
conjunction of sp-formulas, each of which describes a linearly ordered full branch
of the finite 7-tree model Mi,, and take X'~ = X', (see Theorem 49).

We use the method of syntactic proxies to obtain a number of completeness
results: Theorem 20, which is a general completeness criterion (where we do not
know whether all the covered spi-logics are complex), and Theorems 41, 42 and
49 (where the spi-logics in question are not complex).

In the next three sections, we apply the tools and techniques developed above
to investigate completeness properties of spi-logics, systematising our results
according to the form of the first-order correspondents of their axioms.
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85. Completeness of spi-logics with universal Horn correspondents.
We begin by recalling that, by the correspondence part of Sahlqvist’s theo-
rem [63, 13], a first-order correspondent ¥, of any sp-implication ¢ = (¢ — 1)
can be constructed as follows, using the tree models M, and 9. from §4.2.1.
Suppose W, = {vg, v1,...,0n, } With vg = ry, and W, = {ug,u1, ..., u,, } with
ug = . With each point w in W, U W.., we associate a variable w, and set

(18) \II:,(IA}O) = Vﬁla sy f}n,7 ( /\ R(@uﬁj) —

i,j<ns, RER

(UL',U]')ERG
S,y (B =) A\ Rani)n N\ (@=1)).
,j<nr, RER i<n,, pEvar ji<nr
(ui,uj)ER, u; €07 (p) V€04 (D)

Then (as actually follows from Corollary 8 (¢)), for any frame § and any point
w in it, F,w = ¢ iff §F = V,(0g)[w]. The formula ¥!(dy) with one free variable
0o is called a local correspondent of t. The sentence ¥, = Vi ! (7g) is then a
(global) correspondent of ¢, that is, for every frame §,

(19) SEL <= JEU,.

The left-hand side of the implication in W, is just the diagram of the tree-shaped
frame ¥, constructed from the atoms R(9;,0;) with (v;,v;) € R,. The right-
hand side has a more complex structure that involves equality, disjunction and
existential quantifiers. In some cases, ¥, is equivalent to a first-order sentence
without some of these. For example, reflexivity, transitivity or symmetry can
clearly be defined without using any of =, V and 3 on the right-hand side. On
the other hand, = is required to define functionality, V is needed for linearity,
and 3 for density. Note that if ¥, is equivalent to a universal sentence, then
every subframe of a frame in Kry,) is also in Krg,;. We call an spi-logic L a
subframe logic if Kry, is closed under taking subframes.

THEOREM 11. Ewvery subframe spi-logic L has the polynomial finite frame prop-
erty, and is decidable in CONP if complete and finitely axiomatisable.

PROOF. Decidability in CONP follows from completeness and finite axioma-
tisability, using the polynomial finite frame property. To show it, suppose ¢ ¢ L
and ¢ = (0 — 7). Then there is a Kripke model 9 F~ ¢ based on some § € Kry,
that is, MM, w = o and M, w & 7, for some point w. By Proposition 7, there is
a homomorphism h: M, — M with h(r,) = w. Take the restrictions F and MV
of, respectively, § and M to {h(w) | w € W,}. Then M £ ¢ and §F € Kry, is a
subframe of ¥, and so it is of polynomial size in ¢. —

5.1. Equality-free universal Horn correspondents. By a profile we mean
a quadruple ™ = (&, S, u,v), where ® = (A, R®)rer is a finite rooted frame with
u,v €A, S €Rand (u,v) ¢ S®. Let A = {xq,...,2,}. The profile 7 represents
the universal Horn sentence

O = Vig,...,&, ( [\ R(@:,2;) — S(a,0)).

i,j<n, RER
(zi,2;)ER®
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We call ¢ a Horn-implication if its correspondent W, is equivalent to ®, for some
profile 7, in which case we say that 7 is a profile of ¢ or ¢ has profile w. Since
(u,v) ¢ S®, we have & [~ ®,, and so & [~ ¥,. Thus,

(20) if = (6,5, u,v) is a profile of ¢, then & £~ ¢.

Given a set IT of profiles and a frame § = (W, RS)ger, we denote by II(F) the
II-closure of F, that is, the smallest frame $) extending § such that $ E @,
for 7 € II. If II = {r}, we write 7(F) instead of II(F). Thus, 7(F) contains the
same points as § but possibly more S-arrows between them. For a Kripke model
M = (F,v), we set II(M) = (II(F),v). Clearly, if both IT and F = (W, R%) ger
are finite, we can construct II(F) step-by-step by defining a finite sequence

(21) F=3%...,8 = (W, R )ger,...,3" = ()

of frames such that n < |R| - |W|? and, for every i < n, there exist a profile
7wt = (6" 5%, v, v") in II and a homomorphism h*: &* — F* with

(22) RS Rgi U{(hi) ()}, i R =S,
R¥, otherwise.

To put it another way, II(§) is the result of applying the datalog program with
rules {®, | 7 € II} to the input database {RS | R € R}, which can be done
in polynomial time in § for a fixed finite IT [24]. In general, using a similar
step-by-step construction for successor ordinals and taking the union for limits,
one can show that, for any frames §,§ and set IT of profiles,

(23) any homomorphism f: § — §' is a II(§) — I(F') homomorphism.
We have the following generalisation of Corollary 8 (#4):

PROPOSITION 12. Let X be a set of Horn-implications and Iy, = {m, |t € X'}
their profiles. Then X =gy 0 — 7 iff Ug(My),re = 7, for any sp-formulas o
and T.

PROOF. (=) As IIx(9M,) extends the o-tree model M, the identity map is
an M, — 5 (M,) homomorphism, and so 5 (M, ),r, = o by Proposition 7.
As IIx(%,) E @, for every m, € Ilyx;, we have IIx(%,) E U, for every ¢ € X,
and so IIx(%,) = X. Therefore, [I5(%,) = o — 7, and so [Ix(M,), 7, = 7.

(<) Suppose M, w = o for some Kripke model 9t based on a frame § € Kry.
By Proposition 7, there is a homomorphism h: MM, — M with h(r,) = w.
By (23), h is a homomorphism from II(9M,) to II(9M). As § = X, we have
§ = ®, for any 7w, € IIy. Thus, (M) = M, and so M, w = 7 follows from
Iy (M,), 7, = 7, as required. =

As the Kripke model IIx(9,) has |W,|-many points and can be constructed
in polynomial time in o, we obtain the following consequence of Proposition 12:

THEOREM 13. For any finite set X of Horn-implications, SPi + X has the
polynomial finite frame property, and is decidable in PTIME if complete.

Note that full Boolean normal multi-modal logics axiomatisable by Horn-im-
plications can be very complex. For example, it is shown in [52] that K @ ¥ is



COMPLETENESS OF STRICTLY POSITIVE MODAL LOGICS 17

undecidable for
X ={CrCpOrp — Opp, OqOrp — Ogp, OgOprp — Opp},

On the other hand, by Corollary 16 below, the spi-logic SPi+ X is complete, and
so decidable in PTIME by Theorem 13. For more decidability and complexity
results for modal logics of Horn definable classes of frames, the reader is referred
to [45, 59].

In the remainder of this section, we provide a few general sufficient conditions
for completeness of spi-logics axiomatisable by Horn-implications, and also give
a number of counterexamples illustrating their boundaries.

We say that 7 = (8,5, u,v) is a tree-profile if & is a tree with root re.

PROPOSITION 14. Suppose that a Horn-implication ¢+ = (0 — 7) has a tree-
profile (6,5, u,v). Then the following hold:

(i) there exist a homomorphism f: T, — & and a homomorphism g: & — T, ;

(#3) for any homomorphism h: T, — &, we have h(r,) =Te.

PrOOF. (i) By (20) & F~ ¢, and so there is a homomorphism f: T, — &.
Since Fkr ¢, by Corollary 8 (i7) we obtain 9M,,r, K 7, from which T, [~ ¢.
Therefore, T, = @, and so there is a homomorphism g: & — T,.

(#i) Suppose h: T, — & is a homomorphism. Then the composition of g and
h is a homomorphism from the finite tree & to itself, which gives h(g(rg)) =re,
and so ¢g(re) = r, must hold as well. 4

A profile 7 = (&, S, u,v) is minimal if there is no profile 7/ = (&', 5’ v/, v")
such that |®'| < |6| and @, is equivalent to ®,,. As shown in [50], for any
minimal profile 7, the class of frames validating ®, is modally definable iff 7 is
a tree-profile. (Thus, every Horn-implication has a correspondent ®, given by
a minimal tree-profile w.) Moreover, any such modally definable class is in fact
definable by a single sp-implication ¢, constructed in the following way.

Suppose yoRYy; . . .yg,lRfyg is the unique path in the tree-shaped frame
& = (A, R®)rer from the root yo to y, = u, for some ¢ < w. We introduce
a propositional variable p, for each € {y1,...,ys,v}. Let A = {zg,...,z,}
be such that zo = yo is the root of &, and (z;,z;) € R® implies i < j, for all
1,7 <n and R € R. By induction on ¢ from n to 0, we set

Dz N /\ Oroj, if z; = x for some x € {y1,...,ys,v},

(z4,2;)ER®

24 o; = J

(24) TA /\ Oroj, otherwise
(wi,2;)ER®

and

(25)  tx = (00 = Ony (Ps A O (P A+ A O, (B A Os ) ) )

It is readily checked that ¢, is a Horn-implication and 7 is a profile of ¢,.
5.1.1. Horn-implications with rooted tree-profiles. We say that a tree-profile
m = (8,5,u,v) is rooted if u is the root of &, in which case

Lp = (UO — <>Spv)a
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and the only variable that occurs in oy is p,. A few examples of tree-profiles
7 with their &, and ¢, are given in Table 3, where the first two tree-profiles
(for reflexivity and transitivity) are rooted, and the last two (for symmetry and
Euclideanness) are non-rooted.

’ profile 7 \ D, \ Ly

[

1 Ve R(x, x) Lrefi: D — OP

e——>e——*e | Vz,y,2 (R(z,y) A R(y,2) = R(z,2)) | tirans: OOp — Op

Lsym
A" e Va,y (R(z,y) — R(y,z)) gNAOp = O(pA<q)
— — — >0 Leucl -

Va,y,z (R(z,y) A R(x,2) = R(y,2)) | OpAOg— O(pAOq)

TABLE 3. Examples of rooted and non-rooted tree-profiles.

THEOREM 15. Any spi-logic axiomatised by sp-implications v, for some rooted
tree-profiles m, is complex, and so complete.

A generalisation of this theorem (Theorem 36) will be proved in §6. Note that
as a consequence we obtain the following:

COROLLARY 16 ([71]). Any spi-logic aziomatised by sp-implications of the form
Cr, ---Or, P = COryp, forn > 0, is complex, and so complete. In particular,
SPi + {treni}t, SPi+ {tirans}, and SPig, are all complex and complete.

In general, there can be different sp-implications ¢ with the same rooted tree-
profile 7. Since for each such ¢, ¥, is equivalent to ®., ¢ and ¢, are valid in the
same frames. However, we do not necessarily have SLOy., = SLOy, ;, and so
Theorem 15 cannot be generalised to all such sp-implications, as shown by the
following examples.

ExaAMPLE 17. Consider first the rooted tree-profile 7 for reflexivity in Table 3.
It is not hard to see that the sp-implication ¢ = (p — OO(p A <>p)) also has &,
as its correspondent, and so ¢t; = t,.pq is valid in exactly the same frames as ¢.
On the other hand, {¢} FsLo tr because the SLO in Fig. 2 (a) validates ¢ but
refutes ¢, when p is {1,3}. Therefore, SPi + {¢} is not complete.

EXAMPLE 18. Let m = (&, R, v1,v4), where & is an R-chain of vy, va, v3,v4. It
is not hard to check that ®, = Vx (R(xl7 o) AR(x2, x3) AR(x3,14) = R(z1, x4))
is a correspondent of the sp-implication ¢/ = (OGOp A OOOp — Op). The SLO in
Fig. 2 (b) validates ¢’ but refutes ¢, = (OOOp — Op) when p is {4}. Therefore,
{¢'} FsLo tr, and so SPi+ {¢'} is not complete.

We say that a rooted tree-profile 7 = (&, S, u,v) is leapfrog if (u,w) ¢ S® for
any w in &; and we refer to a Horn-implication of the form ¢ — $gp having a
leapfrog profile as a leapfrog implication.
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FiGURE 2. The SLOs of Examples 17 and 18.

THEOREM 19. Any spi-logic axiomatised by leapfrog implications is complex,
and so complete.

PROOF. Suppose ¢t = (9 — Og p) is a Horn-implication with a leapfrog profile
m = (&,5,u,v). Recall the finite tree T, = (W,, Rp)rer with root r, from
84.2.1. By Proposition 14, we obtain that

(26) there is no z with (r,, 2) € S,.

CLAM 19.1. (i) For every y € v,(p), there is a homomorphism hY: T, — &
with h¥(r,) = u and h¥(y) = v.

(i) There is a homomorphism h: T, — & such that h(r,) = u and h(y) = v,
for all y € v,(p).

PROOF. (i) Fix some y € v,(p) and consider the rooted tree-profile m,, =
(%0, 5,70,y). With each point z in W, we associate a variable . As

(1)7"@-,31 = Vﬁ)( /\ R(i'7£/) - S(’ﬁg’g))’ and
z, 2/ €Wy, RER,
(w7w/)ERQ
O, o W, o Ve( N R@E) -\ S(,.9),
@0 €Wy, RER, y€v,(p)
(z,2")ER,

&, , implies ®. Take the 7, ,-closure 7,,(&) of &. As 7, ,(8) F &, , we
have 7, , (&) = ®,. As the identity map is a homomorphism from & to 7, , (&),

(27) (u,v) € RTew(®),

Next, consider the step-by-step construction (21)—(22) of m, ,(®). We show by
induction that, for every i < n, (a) the homomorphism h': T, — §* used to
obtain F*! from §° is in fact a T, — & homomorphism, and so, by Proposi-
tion 14 (1), (b) the new pair in S¥ " is (u, h*(y)). Indeed, for i = 0 this follows
from F° = &. Now suppose inductively that (a) and (b) hold for all j < i, and
take the homomorphism hi™!: T, — F 1. Since by IH all the S-pairs in !
that are not in & are of the form (u, 2), for some z, (26) implies that hi*! is a
¥, — & homomorphism, proving (a). Now by (27) and (a), there is ¢ < n such
that h'(r,) = u and hi(y) = v, for the homomorphism h‘: T, — &, as required.

(i9) We define a homomorphism h: T, — & as follows. First, define h on
the trunk of ¥, comprising the points that lie on the paths from 7, to some
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y € v,(p). Namely, for each z on the trunk, we take any y such that z lies on the
path from r, to y and set h(z) = h¥(z) (which is well-defined since & is a tree,
and so all the y are located at the same distance from r,). Next, for any d on
the trunk, we take the branch with base d (containing all non-trunk descendants
of d), fix some y such that y € v,(p) and d lies on the path from r, to y, and set
h(z) = h¥(z) for any z on that branch. It is readily seen that h is as required. -

Now, let 2 = (A, A, T,Or )rer be a SLO validating ¢. It is shown in §4.1.1
that 2 can be embedded into §*, for the frame § = (A, RS)per with RS given
by (14). We show that § = ®,, and so § |= ¥,, as required. To begin with, take
the tree-shaped frame & = (A, R®)grer and suppose that A = {x1,...,z,} such
that 21 = u is the root, and (z;,7;) € R® implies i < j. For each i =1,...,n,
take some a,, € A such that (as,,a,,) € RS whenever (z;,2;) € R®. We need
to show that (ay,a,) € S% . that is, a, < g a,. Take the sp-formulas o; defined
n (24). We prove by induction on i = n,...,0 that

(28) Ay, < oifay].
Indeed, as x, is a leaf in &, o, is either T (if z,, # v) or p, (if x, = v), and
so in either case (28) holds for a,, . Now suppose inductively that (28) holds for
every j, i < j < n. We have a,, < Ora,, for every z; with (z;,2;) € R®. So,
by IH and monotonicity, we have
Oz < ag; A /\ Orojlay].
(zi,z;)ER®

Since
TA AN Orojla),  ifai#v,

(zi,z;)ER®
ay N /\ Orojlay], ifx =0,

(zi,2;)ER®

oilay] =

(28) follows. In particular, we have a, = ay, < o1[ay].
Now, take the following valuation a in 2, for any variable ¢:

_ ) a, ifg=p,
a(g) = { T, otherwise,

and take the homomorphism A from Claim 19.1 (i:). For any y in %,, take the
sp-formula foanQ defined in §4.2.2. One can readily show by induction that

h(y) = x; implies o; [av] < fOr?g [a].

Indeed, if y is a leaf in ¥, and y ¢ v,(p), then forgn@[a] =T. If y is a leaf and
y € v,(p), then h(y) = v, and so o;a,] < a, = for?"[a]. If y € v,(p) and has ¢
SUCCESSOTS Yo, - - -, Y¢—1 With (y,%;) € RJ, then by TH and monotonicity, we have

oilay] < ay A /\ Opi orlay] < ay A /\ Opi forfy)?@[a] = forzﬁ@[a].
we=h(y;) j<t
for some 7</£
The case y ¢ v,(p) is similar. In particular, we have o1[a,] < g[a]. Finally, as
A | o — Ogp, we obtain o1[a,] < g ay, and so a, < Oga, by (28). B



COMPLETENESS OF STRICTLY POSITIVE MODAL LOGICS 21

5.1.2. Horn-implications with arbitrary tree-profiles. We consider next Horn-
implications with tree-profiles m = (&, S, u, v) such that u is not necessarily the
root of the tree &. Here again there are both positive and negative results. We
begin by proving a general sufficient condition for completeness.

A set IT of tree-profiles is called stable if, for any m = (&, .S, u,v) in II and any
tree T, every homomorphism h: & — II(T) is also a homomorphism from & to
%. To illustrate, {m1} and {m2} in Fig. 3 are stable, while {n3} is not (take the
‘linear’ frame T with S¥ = {(uj,u2)} and R® = {(ua,u3), (us,us)}). We say
that a tree-profile m = (&, S, u,v) is forward-looking if u <@ v, where <g is the
transitive closure of |Jper R®.

—» .;ﬁn uw)
Q T T
S S
Tl e—»e=— e R ™o »o > Peo T3

~ e
R R S S R

FIGURE 3. Stable and unstable tree-profiles.

Suppose a tree-profile 7 = (&, S, u, v) is forward-looking and & = (A, R®)per.
We define an sp-implication ¢/, as follows. For every x € A, we take a propo-
sitional variable p,, and denote by v the valuation given by v(p,) = {z}. Let
M = (6,0) and M = (&', 0), where & = (A, R® )per with R® = R®, for
R#S,and §® = §®U{(u,v)}. Since 7 is forward-looking, & does not contain
directed cycles, and so both sp-formulas for(9t) and for(9') are defined (see
§4.2.2), with for(9t') obtained by substituting p, A Og for™ for p, in for(9). We
set

¢l = (for(90) — for(M')).

It is readily checked that 7 is a profile of ¢/.. The difference between ¢/ and
the sp-implication ¢, defined by (25) is that the former contains propositional
variables for all points in &, while the latter only for v and for the points on the
path from the root of & to u. For example, for the transitivity profile © from
Table 3, we have

v =(p1 AO(p2 A Op3) = p1 AC(p2 AOp3) AOps) and 1 = (OOp — Op).
The extra variables make it possible to obtain the following:

THEOREM 20. For any stable set II of forward-looking tree-profiles, the spi-
logic SPi + X}, for X{; = {¢ | # € II}, is complete.

PRrROOF. The proof uses the syntactic proxies method from §4.2. Given an
sp-formula o, we take the Il-closure II(90t,) of its tree-model 9M,. As every
7w € II is forward-looking, II(T,) does not contain directed cycles, and so the
sp-formula for (II(M,,)) is defined in §4.2.2. We show that o, = for(II(2,)) has
the following properties:

(i) for any sp-formula 7, if X, Ek, 0o — 7 then =k, 0o — T,
(Zl) Ell'l |—5|_o O — O and Zﬁ |_SLO 0 — Og,
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which clearly imply that SPi + Xf; is complete.

(1) If X[} Exkr 06 — 7 then II(%,) E 0o — 7. As II(M,), 7, = 05, we obtain
that II(M,),r, = 7, and so M,_,7, = 7 by Proposition 9. Now, take any
Kripke model 9t and a point w in it with 9, w | ¢o,. By Proposition 10, there
is a homomorphism h: M, — M with h(r,) = w, and so M, w = T, as required.

(73) As II(9M,) extends M, the identity map is a homomorphism from 91,
to II(MM,), from which Fs o 0, — o follows by Proposition 10. To prove that
X Fsto 0 — 05, we construct II(T,) step-by-step as in (21)—(22). As every
7 € I is forward-looking, the interim §* do not contain directed cycles, but they
are not necessarily trees. However, as I1 is stable, at each step the homomorphism
h': & — F we use to obtain F! from F is actually a &* — T, homomorphism,
and so we can arrange the steps in such a way that the depth of h?(u?) in T, is
not smaller than the depth of hi™!(u**1) in T,. This means that, for any i < n,

(29) there is a unique path in §* from 7, to hi(u?).
Let M = (F%,0,), for i < n (so M’ = M, and M" = [1(M,)). We claim that
(30) Yoo for(M) — for(MT1),  for every i < n.

Indeed, fix some i < n and suppose r¢ is the root of &¢. By (29), for?ﬁé::) differs

from for?f}(m in an extra conjunct g for?ﬁ(m) at the unique place corresponding

to the point h*(u?). Therefore, the sp-implication for%jfgri) — for%jfzjil) is in fact a
substitution instance of ¢/ ; obtained by replacing each p, in ¢/ ; with

/\ p A /\ <>Rforzni,
hi(z)evs(p) (y,R)EAL

where

AL ={(y,R) | (h'(2),y) € R¥' but y # hi(z') for any 2’ with (z,2') € Réi}.
It remains to notice that {for?gfzri) — for%jfz;r;)} FsLo for(OM?) — for(M+L), which
proves (30). Finally, as

for(M°) = for(M,) = and for(M") = for(IL(M,)) = oo,

we obtain X Fsio 0 — 0., as required. =

QUESTION 2. Does Theorem 20 hold for X = {t, | m € I} in place of X} ?

We do not know whether the spi-logics covered by Theorem 20 are complex.
The next theorem indicates that showing this may require tricky embeddings.

THEOREM 21. The spi-logic SPi+ {¢, } with w1 from Fig. 8 is complex.

PROOF. Suppose A = (A, A, T,Or,<g) is a SLO validating the sp-implica-
tion ¢ = (Or (P ACRq) = Or (DA Cs q)). Take the set F(2) of all filters of A
and set, for U,V € F(2),

(U, V) € R® <= Op[V] CU, and Ora € V implies Osa € V for every a;
) € — Og cU.
UV)es® Os[V]CU
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Then & = (F(A), R®,S%) clearly validates ®,,. Also, S® satisfies both (15)
and (16), and R® satisfies (15). We show that R® satisfies (16) as well. Then,
as shown in §4.1.2, 2 would embed into &*. So suppose Cra € U for some a.
We need to find a V € F(A) such that a € V and (U, V) € R®. To this end, for
any X C A, we let X1= {y | y > x for some z € X}, Vi = {a}1 and, for every
n < w,

Vas1 = {2 AOsty1i A AOsYm | e ACry1 A+ ACrYm € Vi }T .
It can be shown by induction that, for every n < w,
- V,, is a filter;
— Orb eV, implies Cgb € V41, for every b € A,
- Or[Vn] CU.
We show that last item only. For n = 0, it holds because of the monotonicity of

Cr. b2 AOsyr A+ A g Y, for some x A Ogpy1 A+ A O Ym €V, then
by monotonicity and A = Or (p A Crq) < Or (p A Os q), we have

Crb>Cr(ANCsyrt A AOsym) > COr(EACRYI A+ AR Ym)-

Since Op (z ACrYy1 A+ ACrYm) € U by TH, Orb € U follows.
As Vo C---CV, C..., their union V= V,, is the required filter. =

n<w

REMARK 22. Note that Theorem 21 cannot be proved using the simpler em-
bedding of §4.1.1. Indeed, take the infinite SLO A = (A, A, T,<) with the
elements

T=ay>a; > >ap,> >,

Crg = Csg =g, Opa, = T, and Cga,, = ang1, for n < w. Then clearly
2 | o . On the other hand, we claim that there are no R%,S% C A x A
that both satisfy (12)—(13) and validate ®,,. Indeed, suppose otherwise. As
ag < Orag, we have (ag,x) € RS for some = < ag by (13). As ay £ Opyg, it
follows by (12) that 2 # g, and so (ag, a,) € RS for some n < w. As a,, < Ogay,
we have (a,,y) € RS for some y < a,, by (13). As a,, £ Org, it follows by (12)
that y # g, and so (an,ax) € RS for some k with n < k < w. Thus, ®,, implies
that (an,ar) € S, and so a,, < Og a by (12), which is a contradiction.

The next example shows that the stability condition is essential in Theorem 20.

EXAMPLE 23. Consider the unstable set {m3} with the forward-looking profile
w3 from Fig. 3. It is easy to see that {¢/ } =k, ¢, where

L= (<>S (q/\<>R(p/\<>R’I“)) — Og (q/\<>R (p/\<>5'7“))).
On the other hand, the SLO in Fig. 4 validates ¢/, but refutes ¢ when ¢ is {2},
pis {3,4}, and r is {5,6,7}. Therefore, SPi + {¢/} is not complete.

However, Horn-implications with forward-looking but unstable profiles (such
as Lirans) can still axiomatise complex spi-logics. Likewise, spi-logics axiomatised
by Horn-implications having non-forward-looking profiles such as ¢4, can also
be complete and even complex:

THEOREM 24. The following spi-logics are complex, and so complete:
(¢) SPi+ {toym};
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FiGURE 4. The SLO of Example 23.

(“) SPiequiv = SPi + Eequiv = SPi + Elequiv; where Zequiv = {L'reﬂﬂ’transzl/sym}

and E/equw = {Lreﬂa Lirans, Leucl}-
PROOF. (i) Let A = (A, A, T,<) be a SLO with 2 |= tgym. For a,b € A, let
(31) (a,b) € RS = a<Ob and b < Oa.

Then RS is clearly symmetric and satisfies (12). We show that it satisfies (13)
as well, and so, as shown in §4.1.1, A embeds to §*, for § = (A4, R¥). To this
end, fix some a € A and let z be such that a < ¢z, Then, by A = ¢4y, we have

a:a/\<>x§<>(<>a/\x).

Let b= <aAx. Then a < Ob, b < x and b < Oa; so (a,b) € RS, as required in
(13).

(17) It is easy to see that {trefi, teuct} FsLO Loym and {ttrans, tsym} FsLo teucts
and so SPi + Yeguiy = SPi + X, ;. Tt is straightforward to check that if 2 =
trefi and A = Lypgns, then the RS defined in (31) is reflexive and transitive as
well. Note that Jackson [46] proves completeness of SPicguiw by showing that
X uiv FBAO s conservative over X7 . Fsio- o

The next two examples show incomplete spi-logics axiomatised by sp-implica-

tions with non-rooted, non-forward looking and unstable tree-profiles.

ExAMPLE 25. The sp-implication ¢ = (q AOOp = OO(p A <>q)) has the non-

rooted tree-profile o4~ ve 5o . It is easy to see that {t} =k, OOOOP = Op.
On the other hand, the SLO in Fig. 5 validates ¢ but refutes &SOOp — Op when
p is {5}. Therefore, SPi+ {¢} is not complete.

ExaMPLE 26. Consider next the sp-implication ¢, (see Table 3). It is not
hard to see that {teuci} Frr OOp A Og — O(g A Op). On the other hand, the
SLO in Fig. 6 (a) validates teye but refutes OOp A Og — O(g A Op) when p is
{5} and q is {3,4}. Therefore, SPi + {tcuci} is not complete.
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F1GURE 6. The SLOs of Examples 26 and 27.

ExaMPLE 27 ([9]). Consider ¢ = (Ogp — g (pA<Os p)) with non-rooted tree-
s

TS -
profile T»‘i and ¢/ = (Orp p — Og p) with rooted tree-profile '”—R" . Then

{t,V'} Exr Orp = Or (pA<Cs p). However, the SLO in Fig. 6 (b) validates both ¢
and ¢/, but refutes Or p — O (pAOg p) when p is {2,3}. Therefore, SPi+{¢,¢'}
is not complete.

This example generalises to the following theorem:

THEOREM 28. For any Horn-implication ¢ with a non-rooted tree-profile, there
is a Horn-implication ¢ with a rooted tree-profile (and a fresh diamond operator)
such that the spi-logic SPi+ {t,1'} is not complete.

PROOF. Suppose m = (&, S, u,v) is the non-rooted profile of ¢ = (o — 7).
Denote by r the root of & = (A, R®)rer and by w the successor of r on the
branch from 7 to u with, say, (r,w) € R® for some R € R. Define &' to be
a tree whose points are copies =’ of the points x in &, and the arrows between
them are the same as in & except that we replace the R® -arrow from 7’ to
w’ with an Rf,—arrow, for some fresh Ri ¢ R. Let #’ = (&', S,v/,v’) and let
(' = (Or,p — Orp). It is readily seen that any frame validating {¢,¢'} also
validates the sp-implication ¢,/.
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We now construct a SLO 2 validating {¢,¢'} but refuting ¢,. Consider the
Horn closure 7(®) of &. Clearly, 7(8) = @, from which 7(&) = ¥, and

(32) 7(®) = ¢

Now let § be the result of merging the roots r of 7(&) and r’ of &’ into a single
point. We define 2 as the subalgebra of §* with domain

A={XUX'|XC®, X' C®, X' C X},

where X’ C' X iff 2/ € X’ implies x € X. Then @ and the domain of §
clearly belong to A. Also, A is closed under intersections because we clearly
have (XUX)N(YUY’) = (XNY)U(X'NY"’); here we use the fact that r = r’.
Furthermore, OET (XuX)=0ifuw ¢ X', OET (XUX)={r}ifw € X/,
and <>5(X UuxX’ = <>$X U <>(3'X’ with <>5X’ <’ <>5'X7 for any @ different
from R;. Thus, 2 is a SLO. Observe also that, for every X U X’ € A, we have
OET(XUX’) COp(XUX'), and so A =1

Next, we show that 2 [~ ¢r,. Indeed, suppose ¢ = (a — g, 3) (cf. (25)).
We have &' [~ ¢v by (20), and so there exist a Kripke model 9 = (&', v) and
some w in it such that 9, w = a but M, w (E O, B. We define a valuation a in
2 by taking

a(p) =v(p)U{z |2’ €v(p)}, for every variable p.

It is easy to see that pla] N A = {w | M, w = g}, for every sp-formula p. Then
ala] 2 {w | M,w [ a} and (Or, B)la] = O, (Bla]) = Op, ({w | M w | B}) =
{w | M, w = Og, B}, from which A}~ ¢y [a].

It remains to establish 20 = ¢. As 2 is a subalgebra of §*, it is enough to
show that § |= ¢. Take any Kripke model 9 = (§F,v) and suppose M,z = o,
for some point = in §. By Proposition 7, there is a homomorphism h: 9%, — 9
with h(r,) = z for the root r, of T,. We show that 9,z = 7. Indeed, note
first that x cannot be a non-root point in &’ because otherwise we would have
a homomorphism f: ¥, — & with f(r,) # r, contradicting Proposition 14 (i4).
Thus, x is a point in 7(®). We define a map h': T, — 7(8) by taking

W () _{ h(y), if h(y) is in 7(8),
z, if h(y) = 2’ for some 2’ in &’.
As o does not contain Og,, it is easy to see that h' is a homomorphism from
M, to the Kripke model M~ = (7(&),v [ 7(&)) with A'(r,) = h(r,) = z, and
so M~ ,x = o by Proposition 7. Then we have 9™,z = 7 and so MM,z = 7 by
(32), as required. 4

5.2. Universal Horn correspondents with equality. Example 1 showed
that the spi-logic SPi 4+ {<&p — p} with the correspondent

Va,y (R(z,y) = (z =y))
is incomplete. It is easy to find an extension of this spi-logic that is complex:
THEOREM 29. The spi-logic SPi+{tren, Op = p} = SPi+ (X, U{Cp — p}) =

SPi + (Yequiv U {Op — p}) = SPi + (X, U {Op — p}) is complex, and so
complete.
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PROOF. It is easy to see that {Op — p} Fsio tirans and {trep, Op = p} Fsio
Leyel, and so all four spi-logics are the same. The correspondent of this spi-logic
is

(33) ® = Va,y (R(z,y) <z =y).
Let A = (A, A, T,<) be a SLO with 2 |= {¢,en, Op — p}. For all a,b € A, we set

(a,b) € RS iff a = b. Then RY clearly satisfies ®, (12) and (13). So, as is shown
in §4.1.1, A embeds to F* for § = (4, RS). -

Our next example is the sp-implication
tiun = (OP A Oq = O(p A q))

saying that < is a semilattice homomorphism.” The first-order correspondent of
Lfun 18 functionality:

YV, y, 2z (R(az, YAR(x,z) > y= z)
It is easy to see that {¢ren, Op = p} Fsio tiun and {trefi, Liun} FsL0 teuct, and so

SPi + {treft, tiun, Op = p} = SPi + (X g0 U {tfun, Op — p}) =
SPi + (Xequiv U {tgun, Op = p}) = SPi+ (X050 U {tsun, Op = p})
is the same spi-logic as in Theorem 29.
THEOREM 30. (i) The spi-logic SPi+ {tfun} is complex, and so complete.
On the other hand, the following spi-logics are incomplete:
(#7) SPi+{Cp — p, tjun};
(Z”) SPi + {Lreﬂa qun} = SPi + {Lrefb Leucls qun};
(iv) SPi+ (Y40 U{tsun}) = SPi+ (Yequiv U {tpun}) = SPi+ (X000 U {tsun});
(’U) SPi+ {Lsyma l’fun}

PROOF. (i) Let 2 = (A, A, T,<) be a SLO such that 2 |= ¢4, and let F(A)
be the set of all filters of . We claim that in this case ©~1[U] is either empty
or a filter, for every U € F(2). Indeed, O~1[U] is up-closed by the monotonicity
of ¢, and A-closed by tf,,. Now we set, for U,V € F(2),

(U,V)eR® = V=0

Then R is clearly functional and satisfies (15). It is readily seen that it satisfies
(16) as well. So, as shown in §4.1.2, 2 embeds into &* for & = (F(A), R®).

(#4) The proof in Example 1 again works. Note that the SLO in Fig. 7 shows
that the spi-logics SPi+ {Cp — p, tpun} and SPi+ {Op — p} are not the same.

O,

FIGURE 7. A SLO showing that {Op — p} Hsio Lyun-

"In [46], any A € SLOspi,, validating ¢,y is called entropic.
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(791) The correspondent of this spi-logic is ® in (33). So it is easy to see that
{trefi, tjun} Ekr tirans- On the other hand, take the SLO 2 with 3 elements
b<a<T,Ob=aand Ca =T =T, Then A = trep and A = tfyy, but
OOb £ Ob.

(iv) The correspondent of this spi-logic is again ® in (33). So it is easy to
see that Xgo U {tfun} FEkr Op — p. On the other hand, take the SLO 2 with 3
elements b < a < T, Ob=band Ca = OT = T. Then A = Xy U {tfun}, but
Ca=T £ a.

(v) Tt is easy to see that OGOp — p is valid in any symmetric and functional
frame, and so {tsym, tjun} Fkr OOp — p. On the other hand, in the SLO 2 from
item (iv), ¢Ca=T £ a. o

REMARK 31. Theorem 30 (i) cannot be proved using the simpler embedding
of §4.1.1. Indeed, take the SLO 2A = (A,A, T,<) where A = {a, | n < w},
ap N\ Q= a, whenever n > m (and so T = ag), and $a,, = T for all n < w.
Then A = tpuy, clearly holds. On the other hand, we claim that there is no
functional RS C A x A satisfying (13). Indeed, suppose RS satisfies (13). Since
for every n < w, we have T < <ay, it follows from (13) that, for any n < w,
there exists m > n such that (T, a,,) € R, and so RS is not functional.

5.3. Negative universal Horn correspondents. Finally, we discuss sp-
implications with Horn correspondents of the form ‘false’ and ‘something implies
false’ Recall that Example 2 showed that the spi-logic SPi4+{<Cp — g} with the
correspondent R = (—or Vz,y (R(z,y) — L), to be more precise—is incomplete.
The next theorem gives an incomplete extension of this spi-logic:

THEOREM 32. The spi-logic SPi 4+ {trep, Op — Cgq} = SPi+ (X U {Cp —
Oq}) = SPi+ (Xequiv U {Op — Oq}) is incomplete.

PROOF. It is easy to see that {Op — Oq} Fsio tirans and {Op — <Oq} Fsio
Lsym, and so all three spi-logics are the same. As there is no frame validating
Op — Og, we have {tren, Op = O¢} ke OT — p. On the other hand, we have
{trefi, Op = Oq} Fsio OT — p, as the SLO A with 2 elements a < T such that
Oa = OT = T validates both ¢,.q and Op — g, but refutes &T — p, since
ST =T La. -

Of course, not every spi-logic without frames is incomplete. We call an spi-
logic L trivial if (p — q) € L. Then we clearly have:

PROPOSITION 33. FEwvery trivial spi-logic is complete.

The following two theorems imply that spi-logics axiomatised by sp-impli-
cations of the form g Ogp — ¢ (with negative universal Horn correspondent
Va,y,z ((R(z,y) A S(y,z) — L)) behave differently in the uni- and multi-modal
cases.

THEOREM 34. SPi+ {O"p — g} is complex, and so complete, for any n > 1.

PROOF. The correspondent of {O"p — ¢} is ‘there is no R-chain of length
n. Let A = (A, A, T,0) be a SLO with 2 = O"p — ¢. Then O"T is the
<-smallest element in 2A. If |A] = 1 then 2 is clearly embeddable into F* of
any frame §. So let |4] > 1 and A= = A\ {O"T}. For any a,b € A™, let
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(a,b) € RS iff a < Ob, and let § = (A, RY). Then RS clearly satisfies (12). As
{O"p — q} FsLo O"FIT — O T, we also have the following analogue of (13):

Va€ A",be Afa<Opb = Jec€ A (c<b and (a,c) € RY)].

A proof similar to the one in §4.1.1 shows that the map n(a) = {b€ A~ | b < a}
embeds 2 into §*. Now, suppose § contains an RS-chain of length n, that is,
there are ag, a, . ..,a, € A~ with (a;,a;11) € RS for alli < n. Then ag < O"ay,
and so ag = O™ T, contrary to ag € A™. =

THEOREM 35. Let o be an sp-formula containing <s but not Og , and let q be
a propositional variable not occurring in o. Then SPi+{Cr o — ¢} is incomplete.

PROOF. It is easy to see that {Oro — q} Fkr Os Oro — Oro for any Og
in 0. On the other hand, take the SLO 2 with 2 elements a < T such that
Cra=CprT=aand Osa=<g T =T, for S # R. Then 2 validates Ogr o — ¢
but refutes Gg Op 0 = Og o, and so SPi + {Or 0 — ¢} is incomplete. B

§6. Completeness of spi-logics with existential correspondents. We
now extend Theorem 15 to sp-implications whose correspondents contain exis-
tential quantifiers (but no disjunction) on the right-hand side of implication.

It is not hard to see, using distributivity of A over V, that the correspondent
U, of an sp-implication ¢ = (¢ — 7) (see (18) and (19)) can be equivalently
rewritten as

(34) U, :V@o,...,@na< N Rl o;) -

i,j<ng, RER

(Ui,vj)ERg
Jag, ..., Un, ((@0:7}0)/\ /\ R(ai’aj)/\ \/ /\ (’&1 :Oj)>7
i,j<nr, RER fE€Ys +  (u;p)EXs
(wi,u;)ERL f(ui,p)=v;

where X, = {(u;,p) | p is a variable and u; € v,(p)} and

Yor={f1F: Xr = W,, f(ui,p) € v,(p) for all (u;,p) € X;}.

If the right-hand side of ¥, does not contain any disjunction, this means that
Y, - consists of a single ‘choice’ function f.
THEOREM 36. Any spi-logic axiomatised by sp-implications o — T such that

(i) every variable in T occurs in o exactly once,
(i) |Wr| > 2 and all points in any v.(p) are leaves of T,
(751) v-(p) No-(q) =0 whenever p # q

is complex, and so complete.

PROOF. Suppose that ¢ = (0 — 7) and the points of W, = {vg, ..., v,, } and
W; = {uo,...,uy,, } are listed so that (v;,v;) € Ry or (u;,u;) € R, imply ¢ < j
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(and so vg = r, and up = ;). By (34) and (i),

\IJL:WO,...,@%( N R o;) -

i,j<ng, RER

(Ui)vj)eRU
S0, i, (=) A N\ Rlasi)n N\ (a=1y)).
i,j<nr, RER u; €0 (p)
(ui,uj)ER, v, (p)={v;}

Let 24 = (A,A, T,Or )rer be a SLO validating ¢. It is shown in §4.1.1 that 2
can be embedded into §* for the frame § = (A, RS)ger with RS defined by
(14). We claim that § = ¥,. Indeed, for each point v; in T, take some a; € A
such that (v;,v;) € R, imply (a;,a;) € RS, that is, a; < Ora;. We need to
find bg,...,b, € A such that by = a¢ and the following properties hold, for
7=0,....,m:

(a) bj = a if uj € v-(p) and v,(p) = {vi}, for some variable p;

(b) if (uj,ug) € R, then (bj,by) € RS, that is, b; < Op by.
We define inductively b, ..., by by taking:

ag, if u; € v,:(p), v,(p) = {vx} for some p,
T, if u; is a leaf and there is no p with u; € v,(p),
bj =< Opibg, Ao AOgeby,, if j # 0 and u; has £ > 0 successors
Uky s - - -, Uk, With (uj,ug,) € RL,
ao, if j = 0.

By (i) (i4i), b; is well-defined. We clearly have (a) and (b), for j # 0. To show
(b) for j = 0, take the following valuation a in 2, for all variables p:

a(p) = ay, if p occurs in o and v, (p) = {vi},
P)= T, otherwise.

By (i), a is well-defined. Let 7; = forzjjf7 for j =m,...,1 (cf. §4.2.2). We prove
that

(35) 7;[a] < b;, for every j =m,..., 1.

Indeed, if u; is a leaf, then either 7; = T = b;, or 7; = p for some variable p, and
so 7jla] = ap = b; for k with v,(p) = {vx}. Now suppose inductively that, for
some j > 1, (35) holds for every k with j < k < m. If u; has ¢ > 0 successors
Uky s+ Uk, With (uj,ug,) € RL, then each O giTy, is a conjunct of 7;, and so, by
IH and monotonicity,

Tj[ﬂ] < QRlTkl[a] VANREIWAN ORsze[a] < <>R1bk1 VANEERIVAN Oszk[ = bj,
as required in (35). Next, let o; = forf", 1=0,...,n. We prove that
(36) a; < oyal, for every i =n,...,0.

Indeed, if v; is a leaf in T, then either o; = T or o;[a] = a(p) = a; for some p.
Now suppose inductively that (36) holds for every ¢ with i < £ < n. We have
a; < Og ay for every v, with (v, v¢) € Ry. So, by ITH and monotonicity, we have

a; < a; A /\ Op oy¢la] < o;]al,
(vi,ve)ERS
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as required in (36). In particular, ag < ogla] = ola]. As A = (o — 7)[a],

(37) ag < 7la].

Finally, to prove (b) for j = 0, suppose that R.(ug,u;) for some j. Then Og7;
is a conjunct of 7, therefore 7{a] < g 7;[a], and so by = ap < Orp7j[a] < Orb;
by (37), (35) and monotonicity, thus establishing (bg, b;) € RS. =

Theorem 36 has the following consequence about the spi-fragments of modal
grammar logics [30]:

COROLLARY 37. Fwvery spi-logic axiomatised by sp-implications of the form
O, - Or,p— s, .- Cs,, D, forn >0, m >0,
is complex, and so complete.

In particular, the spi-logics SPi+{tdense} With tgense = (Op — OOp) (defining
density) and SPi 4+ {Or Csp — Os Orp, Os Orp = Or Os p} (defining commau-
tativity) are complex and complete. On the other hand, Corollary 37 gives
examples of complete but undecidable finitely axiomatisable spi-logics [75, 66,
20, 2, 11], which clearly cannot have the finite frame property.

The following theorem will be used in §8.

THEOREM 38. Suppose R, S and Z are distinct elements in some signature
R, and let X consist of the following sp-implications: tgy, for Or, tn for s,

(38) <>R <>5p — <>5 <>Rp and <>S <>Rp — <>R <>S D,
(39) Oz T — p,
(40) OonT — <>2T, fO’f’ all X € R.

Then the spi-logic SPi + X is comple.

PROOF. Let A = (A, A, T,<Ox ) xer be a SLO such that 2 = X. Then by (39),
Oy T is the <-smallest element in A. We call a filter U of 2 proper if Oz T ¢ U.
As shown in the proof of Theorem 30 (i), for X € {R, S} and any filter U of 2,
OLHU] is either empty or a filter. By (40), ©5'[U] is either empty or a proper
filter whenever U is proper. Let F,(2) be the set of all proper filters of 2[. We
set, for U,V € F,(2),

(U,V)eX® <« V=0}U], for X €{R,S},
(U, V)e X® «— <Ox[V]CU, for X eR\{R,S, Z}.

Then R® and S® are functional. Moreover, every X € R\ {Z} satisfies (15) and
(16) as well (with respect to F,(2()), and so the map f(a) = {U € Fp(A) | a €
U}, for a € A, embeds 2 into &* for & = (F,(A), R®,5%,0, X®) xer\(r,3,2}-
Clearly, & validates (39) and (40). It remains to show that & validates (38), that
is, R® and S® commute. Suppose that, say, (U, V) € R® and (V,W) € S®, and
let Y = Og'[U]. We claim that Y # 0, (U,Y) € S® and (Y,W) € R®. Indeed,
take some a € W. Then Oga € V, and so O Osa € U. By (38), OsOra € U,
and so Ora € Y, whence Y # 0 and a € OR'[Y]. Therefore, (U,Y) € S® and
W C ©R'[Y]. The inclusion ©5'[Y] C W is similar, proving (Y, W) € R®. The
other direction of (38) is shown analogously. |
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87. Completeness of spi-logics with disjunctive correspondents. Fi-
nally, we consider sp-implications whose correspondents contain disjunction,
starting with a simple example.

EXAMPLE 39. The spi-logic SPi+{¢} with ¢ = (pAOr p — Og p) corresponding
to the non-Horn, disjunctive first-order condition
(41) U, = Va,y (R(z,y) — S(z,2) v S(z,y))

is not complete. It is easy to see that {¢} Exk, p A Or Osp — Og Og p. However,
the SLO in Fig. 8 validates ¢, but refutes pA g Csp — Cg Og p when p is {1,4}.

Ficure 8. The SLO of Example 39.

7.1. Sp-implications defining n-functionality. Let P = {py,...,pn}, for
n > 1, and let

(42) G = (N ©ANQ = OAP).
QCP,|Q|=n
In particular, L}un = Lfyn- It is easy to see that Chun corresponds to n-functionality:
i<n i#j
THEOREM 40. None of SPi + {¢},.}, SPi + {trefi; ¢},,}, SPi + {ttrans, th,, )
SPi+ (X0 U {t},,}), and SPi+ (Xequiv U {t},,}) is complez, for n > 2.

PROOF. Let 2, be the SLO in Fig. 9. It is easy to see that 2, = Eeqqu{L;}un}
if n > 2. Now suppose there is an sp-embedding 7 : 2,, — §F* for some frame
& = (W, RS). Then there is some z € W \ n(g). As W = n(<¢a;) = O+n(a;) for

all i < n, there exist yo € n(ag), ..., yn € n(a,) such that (z,y;) € RS for all
i <n. Asn(g) = n(Cg) = OTn(g), we have y; ¢ n(g), for any i < n. It follows
that all the y; are distinct, showing that § is not n-functional. B

THEOREM 41. SPi+ {¢},} is complete, for any n > 1.

PROOF. For n = 1, this is Theorem 30 (¢). For n > 2, we prove the theorem
by the syntactic proxies method from §4.2. We first define {L?un}-normal forms
by induction: (i) all propositional variables and T are {¢},, }-normal forms; (i)
if 71,... , 7 are {¢},, }-normal forms, then so is O(71 A -+ A Ty).
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O

FiGure 9. The SLO %, in the proof of Theorem 40.

CrLAM 41.1. For any sp-formula o, there is a set N, of {L}’}un}-normal forms
such that

{L}Lun} }_SLO o= /\NQ

PRrROOF. The proof is by induction on the modal depth d of 0. The basis d = 0
is trivial. Suppose inductively that g is an sp-formula of depth d > 0. Then ¢ =
NPy ACo1 A---ANOpy, where P, is a set consisting of propositional variables and
T, and each p; is an sp-formula of depth < d — 1. By IH, {L;fun} Fsio 0: = A\ A,
for some set A; of {¢}, }-normal forms and ¢ =1,..., k. Then

k
{L}Lun} FsLo o~ (/\ Pg A /\ O/\Al)
=1

If |A;| < n for all i, then we are done. So fix some i and suppose |4;| = k > n.
Then we always have Fsio O A\ Ai = Agca,, gj=n ¢ A Q- We show that

(43) {thatFso /A ONQ@— O N4
e

In order to prove this, first we claim that {LJ’ZZn} FsiLo L}Z:l, for every m. Indeed,

{L}?m} FsLo /\ O/\Q — /\ <>(p0 N /\Q) —

QC{po,--,Pm+1} QC{p1,--spm+1}
[Q|=m+1 |Q|=m
AN ONwrd—= 0N\ ora)mOmoA- Apmia),
QC{p1,,Pm+1} GIEQ q€{pP1,--sPm+1}
[Ql=m

Therefore, we have {L;}un} Fsio tfy,, for every m > n. Thus,

{th} FsLo N oNQ — A oNQ = ...

QC{po,--,pr—1} QC{po,--spr—1}
Ql=n Q=1
.= OPo A Apr—1),
and so a substitution of the k terms in A; for pg,...,pr_1 in L]’?un gives (43). A

Cram 41.2. For any sp-formula o and {¢},, }-normal form 7, if {¢},.} Frr
o — T then gy 0 — 7.



34 S. KIKOT, A. KURUCZ, Y. TANAKA, F. WOLTER, AND M. ZAKHARYASCHEV

PRrROOF. The proof is by induction on the modal depth d of 7. The basis is
again easy. Now assume inductively that the claim holds for d and the depth of
Tisd+1. Let 0 = A P, Aoy A... Aoy, where P, is some set of propositional
variables and T, and each o; is an sp-formula. Suppose 7 = O(1p A ... A Ty),
where each 7; is either a variable, or T, or of the form &(7§ A -+ A 7h). Let
ke 0 — 7. Then, for every j (1 < j < k), there is ¢ (1 <4 < n) such that
%Kr 05 — Ti, and so U?:l K; = {1, .. .7]6}7 for K, = {]. Sj <k | %SLO o; — Ti}.
It is not hard to see that, for any i with K; # (), we have fx, (A;ck, 05) — Ti-
By IH, for any such i, there is a Kripke model 9t; based on an n-functional frame
with root r; where A ek O holds, but 7; does not. Now take a fresh node r,
make A P, true in r, and connect r to r; of each ;. The constructed Kripke
model is based on an n-functional frame and refutes ¢ — 7 at r, showing that
{thun} ke 0 — 7 as required. —|

That SPi—i—{L;}W} is complete follows now from Claims 41.1, 41.2, completeness
of SPi (Theorem 4) and (7). =

Now, we set

bquiv = Zequiv U {Lyn}, for 1 <n <w.

equiv
and SPi7,,;, = SPi+ X7 .. The correspondent ®,, of X7, . says that R is an
equivalence relation whose classes (clusters) are of size < n.

THEOREM 42. ([46)])8 SPi”, .. is complete, for every n > 2.

equiv
PrOOF. The proof is again by the method of syntactic proxies from §4.2. Now,
X quiv-normal forms are defined as propositional variables, T and sp-formulas
of the form &(g; A -+ A gyp), where the g; are propositional variables or T.

CramM 42.1. For any sp-formula o, there is a set N, of LG, ,,-normal forms
with

E:quiv FSLO o= /\NQ

PROOF. As Xeguin Fsio OpAOG = C(pACq) (by SPicquiv = SPi’eqm-v and ¢eyel),
it is easy to see that, for any {¢},,}-normal form « (as defined in the proof of
Theorem 41), there is some X quiv-niormal form § such that Yeguiv Fsio a = 8.
Now the claim follows from Claim 41.1. In particular,

N,=P,,Uu{o \Q|QC Py, |Q <n, zinM,},
where P, is the set of variables that are true at  in the p-tree model 901,. n

CrAM 42.2. For any sp-formula o and X7, -normal form 7, if X7, ., Fkr
0 = T then Yequiw FExr 0 = 7.

PROOF. Suppose Xeguiv Fxr 0 — 7. Let RY = W, x W, for the domain
W, of the o-tree model 9M,. Consider the Kripke model MY = (TY,v,) over
TV = (W,, RY). As MY is the equivalence-closure of M, we have MY r, = o
and MY, r, [~ 7 by Proposition 12, and so 7 # T. If 7 is a propositional variable
p, then take the following model 9t based on the universal frame over {z,y}: for

8This result also follows from [46], which showed (for the similarity type without T) that
SPiz,.iv FEBAO is conservative over SPiy, ., Esio-
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each variable ¢, let M,z = q iff 7, € v,(¢) and M,y = ¢ iff v, (q) \ {ro} # 0.
(That is, 9 is obtained from MY by ‘sticking together’ all of its points different
from r,.) Then we clearly have 9,z £ (¢ — p). Finally, let 7 be of the form
C(qr A+ Agn). If W, contains < n points, then X% . [k, ¢ — 7. So suppose
Wy = {w1,...,wy} for some m > n. We show that there is a Kripke model 9t
based on a universal frame with < m points and such that 9 = (o — 7). Indeed,
as MY, 7y = Olgr A+ A gqp), for every 1 < i < m there is Q; C {q1,---,qn}
such that |Q;] =n —1and {gx | 1 <k <n, M w; = qx} € Q;. So by the
pigeonhole principle, there are ¢ # j with Q; = @;. Now let 97 result from mY
by ‘sticking together’ w; and w;. Then we have M, 7, = o — Ol A+ Agn),

and so M = (0 — 7), as required. =
That SPiuniU is complete follows now from Claims 42.1, 42.2, completeness of
SPiequiv (Theorem 24 (i7)) and (7). B

As a consequence of Claims 42.1 and 42.2 we also obtain:

THEOREM 43. SPi, .. is decidable in PTIME, for every n > 2.

equiv
PrOOF. Follows from the tractability of SPiegyiv (Theorem 13) and the fact
that |N,| in Claim 42.1 is clearly polynomial in the size of 9,,. -

Jackson [46] also proves the following about extensions of SPiegyiy:

THEOREM 44. ([46]) Let L be any non-trivial spi-logic extending SPicquin. Then
exactly one of the following cases holds:

- L= SPiequiv:

- L =SPi + (Eequi'u U {<>p — p}):

— L = SPi+ (Xequin U {Op = Og}),

— L =SPig,,;,, for somen (1 <n <w).

Then Proposition 33, Theorems 24 (ii), 29, 30 (iv), 32 and 44 give a full clas-
sification of the extensions SPi,qy, according to their completeness: the trivial
spi-logic, SPicquiv, SPi 4 (Yequiv U {Op — p}) and SPi7,,;,, for 1 < n < w, are
complete, while SPiiqM-v and SPi + (Xequiw U {Op — Og}) are incomplete.

By Theorem 29, SPi + (Xequin U {Op — p}) is complex. Theorems 32, 40 and
44 imply that it is the only complex non-trivial proper extension of SPicguyiy:

COROLLARY 45. Let L be any non-trivial spi-logic such that L O SPicgyiy,
L # SPicquiv and L # SPi + (Zequiw U {Op — p}). Then L is not complex.

Finally, we show that ¢}, behaves differently when added to SPig,. A transi-
tive frame § is said to be of depth n, for n > 1, if § contains a chain of n points
from distinct clusters but no longer chain of this sort. It is easy to see that, over
SPige, we can define the property ‘§ is of depth < n’ by the sp-implication

Uiepin = PAO(@AOMDA..) ) = O(gAO(PA...)...)).

¢ is used n times < is used n + 1 times

Then Lbepth = Lgym and L%epth has the following ‘disjunctive’ correspondent:
Va,y,z (R(z,y) A R(y,z) = R(y,2) V R(2,y)).

Also, it is not hard to see that {¢j,,,,} Fsio ngplth, for all n > 1 (simply
substitute p A $g for p, and g A Op for ¢ in Lgepth).
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QUESTION 3. Are SPi+{ty i} SPit{tirans, Liepint and SPi+(XgoU{th i })
complete?

As an n-functional reflexive and transitive frame can have at most n points,
its depth must be < n. Therefore, for any n > 1, we have

(44) ECIU U {L}Lun} 'ZK" Lgepth'
THEOREM 46. Xgo U {¢},,,} FsLo Liepr for any n > 2.

PrOOF. Fix some n > 2 and take the SLO 2, in Fig. 10. It is easy to check

T

FicUrRE 10. The SLO %, in the proof of Theorem 46.

that 2, E X,0. We claim that 2, = i, In fact, if n > 3 then A, = Lj‘zun.
We prove only the latter. Take any valuation a in 20,. If a(po), ..., a(ps) are
not pairwise <-incomparable, then 2, = L%m[a] clearly holds. And if they are,
then d;,e; € {a(po),...,a(ps)} must hold for some i,5 < n. As d; Ae; = g, the
left-hand side of ¢3,,[a] evaluates to g.

On the other hand, we claim that 2, & ¢7,,[a] for the valuation a(p) = d,
and a(q) = e,. Indeed, for 1 < k < n, define sp-formulas 7, and o by taking
1 =g, 00 = Op, 7, = (g A ok—1) and o = O(p A Tk—1). Then Udeptn 18
PATn = Tnt1. It is not hard to prove by parallel induction that 7% [a] = ¢,—j and
oi[a] = by for all 1 < k < n. Therefore, the left-hand side of ¢, evaluates
to d,, A cog = dg, while the right-hand side to C(e, A bg) = Ceg = eo. =

As a consequence of (44), Theorems 30 and 46 we obtain:

COROLLARY 47. SPi+ (X, U{¢},,}) is not complete, for any n > 1.
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7.2. Sp-implications defining width above SPig,. Consider the sp-impli-
cation

Lwcon = (<>(p A ANOPAT) = C(pAOGA <>r)),
with the disjunctive correspondent
(45) Vax,y,z (R(a:,y) ANR(z,z) — (R(y,y) A R(y, z)) vV (R(z, z2) A R(z, y)))
Now let
(46) Ylin = {tref, Lirans Lweon )

It is easy to see that Xy, defines the class of all linear quasiorders (frames for
the modal logic S4.3). We set

SPi;n = SPi + Y.
THEOREM 48. Neither SPi + {tyeon} nor SPiyy, is complex.

PROOF. Take the SLO 20 in Fig. 11. It is not hard to check that 2 = X;,. Now

OT
d/ \e

Lo N
ANV

g

F1GURE 11. The SLO 2 in the proof of Theorem 48.

suppose we have an sp-embedding 7 : A — §*, for some § = (W, RS). Then there
is u € n(b)\n(g). As b < Ga and b < Oc, we have n(b) C 7(Ca) = Otn(a) and
n(b) C n(Cc) = OFn(e). Then u € OFTyla) N OTn(c), and so there are v € n(a)
and w € n(c) such that (u,v) € RS and (u,w) € RS. Asn(g) = n(<Cg) = Ot nlg),
we have v ¢ 7(g) = n(a A Oc) = n(a) N <OTn(e), and so (v, w) ¢ RS. Similarly,
w & n(g) =n(cA<a) =n(c)NOTn(a), and so (w,v) ¢ RS. Therefore, (45) does
not hold in §. =

Now we use the syntactic proxies method to prove the following:
THEOREM 49. SPiy, is complete.

ProOOF. We define Xy;,,-normal forms by induction: (4) all finite conjunctions
of propositional variables are X;,-normal forms; (i¢) if 7 is an X};,-normal form
and P; is a set of propositional variables, then A\ P, A7 is an Xj;,-normal form.

CrLAM 49.1. For any sp-formula o, there is a set N, of Xy,-normal forms
with

Ziin Fsto (0= /\Ng)~
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PROOF. Let N, be the set of normal forms describing the full linear branches of
M, (from root to a leaf): if o = A P, then N, = {0}, and if o = A P, A\, Cos
then N, = {AP, AO7 | 7 € U,y No,}. We clearly have Fsio (0 = AN,).
Conversely, it is easy to see first that, for any n,

A7) ZinFsto COACE) A AOPACG) = CPACG A AOgy).

Next, we prove by induction on g that

(48) 2iin FsLo /\<>T — <o
TEN,
This is obvious if the depth of ¢ is 0. So suppose ¢ = A P, A \,.;, ©oi- Then
Sintsio \NOT= \ NO(N\P.AOT) = (by (47))
TEN, i<k TEN,,
- NOAP A N\Or) (byIH)
i<k TEN,,
= N\ O(N\P,ACei) (by (47))
i<k
— <>(/\Pg/\ /\<>Qi) ~ Op.
i<k
Finally, by (48), for every i < k,
Ylin }_SLO /\Ng — /\<>T — <>Qz
TENQi
Since Xy, Fsio A Ny — A\ P,, we have Xy, Fsio A N, — 0 as required. =

CLAIM 49.2. For any sp-formula o and any Xyn-normal form 7, Yy Bk
o — T implies Xy FExr 0 — T.

PROOF. Suppose Yy, Fxr 0 — 7. Take the o-tree model M,, and let
M: = ((Ws,R;),0,) for the reflexive and transitive closure R} of R,. By
Proposition 12, we have %, r, & 7. We call M = (W,, R, v,) a linearisation
of M if R is a linear order? containing R}.

It should be clear that 9M,r, = o for any linearisation 9 of M*. We show
that there is a linearisation 9} of 9% with 9T, r, ¥ 7, which means that
SPiyn ke 0 — 7. We construct 9T step-by-step by rearranging the points in
W,. We build a binary tree (L,, <) of models 9 = (W,, R, v,) by induction so
that each (W,, R) is a reflexive and transitive tree containing R} and, for each
M in L,, there is some M’ with M < M’ and M, r, K 7. Each leaf in (L., <)
will be a linearisation of 9t%. First, let MM* be the root of (L., <). Suppose now
inductively that 9 = (W,, R,v,,) in L, has been defined, 9, r, [~ 7, and R is
not a linear order. We call a triple (u, Vieft, Uright) of distinct points in W, an R-
defect if (u, viert) € R, (U, Vright) € R, Ulefe # Uright, but neither (vieft, Vright) € R nor
(Uright, Vieft) € R hold. Take any R-defect (u, Viefr, Uright) With minimal R-distance
between r, and u. We define two relations Rjere = (R\{(u, vright)}) U{ (Vieft, Vright) }

9A linear order is an antisymmetric linear quasiorder.
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and Ryight = (R \ {(u, v.e&)}) U {(Ur|ght,U|eft)} (see Fig. 12), and add I < Myest
and M < Myighe to (Lo, <), where M; = (Wy, Ry, v,) for i = left, right.

v ?“g/ \/ i

.
T
T
1
Trigh R Tleft
Lieft | T T, right|
T’Uright T’Uleﬁ:
f *u
i i
1 1
Riest Riright

FIGURE 12. Linearising step-by-step.

We claim that either Mies, 75 = 7 or Myight, 7o = 7. Suppose otherwise.
Then, by Proposition 7, there are two homomorphisms hjes: MM, — Miere and
hright : My — Miighe With hiese (77) = hright (77) = 5. If one of these is an M, — M
homomorphism, then M, r, = 7, contrary to IH. If this is not the case, suppose
that 91, is based on an irreflexive and intransitive unary tree xo < r1 < - < Tp.
It is not hard to see that

— there is 7t < m such that (h|eft( i)s U|eft) € Riest for every i < djert, and
(vright: Puefe () € Riee for every i > g + 1;

— there is 4right < n such that (hright(mi), vright) € Ryight for every @ < dyight, and
('Ulefta h,ight(xi)) € Rright for every i > iright + 1.

Suppose iright > %iefe (the other case is similar). Define h by taking, for any i < n,

N hright(l‘i)v if i < Z'righta
i) = { hiest(2:),  else.
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We prove that h is an 9%, — 9% homomorphism with h(r;) = r,, from which
we shall have 9, r, |= 7, contrary to IH. Thus, we need to show that, for every
i < n, we have (h(z;), h(z;41)) € R. There are three cases:

Case 1 i < drght- Then h(x;) = hright(Ts), hright(zit1) = h(xiy1) and
( h(ziq ) € Ruight. Since 4,541 < drighe, we have (h(mi),v,ight) € Ryight and
( xlﬂ ’Ur,ght) € Riight, and so (h(fL‘i), h(mi+1)) € R follows from (h(fL‘i), h(mi+1))
€ Rnght

Case 2: © > iignt. Then h(x;) = here (), Mere(zi+1) = h(zi+1) and we also
have (h(aci)7 h(.’l;i+1)) € Rieft. As 1,1+ 1 > 4 + 1, we have (vright, h(a?i)) € Rieft
and ('Ur]ght,h(xiJrl)) € Riet. Therefore, we obtain (h(ﬁCi),h(.’L‘iJr]_)) € R from
(h(;), h(xi+1)) € Riefe-

Case 3: © = irght- Then h(x;) = hright(z;), and so (h(xi),vr;ght) € Riight.
Also, h(zit1) = Mee(zi+1) and, since ¢ + 1 = drght + 1 > diere + 1, we have

(’Uright7h(xi+1)) € Rierc. Therefore, (h(a:i),h(xiﬂ)) € R, as required. .
That SPiy, is complete follows now from Claims 49.1, 49.2, completeness of
SPigo (Corollary 16) and (7). o

As a consequence of Claims 49.1 and 49.2 we also obtain:
THEOREM 50. SPiy, is decidable in PTIME.

ProOF. Follows from the PTIME-time decidability of SPig, [71] (see also The-
orem 13) and the fact that |N,| in Claim 49.1 is the number of leaves in Mt,.

The completeness landscape for extensions of SPiy, is much more involved
than for extensions of SPiggu. In [51], all complete extensions of SPiy, are
characterised, and infinitely many incomplete extensions of SPi+ (X;, U {LJ%W})
are given. Here we prove the following:

THEOREM 51. SPi+ (X, U {¢},,,}) is not complete, for any n > 1.

PRrROOF. For n = 1, we reuse the proof of Theorem 30 (iii) since we clearly have
A = Lycon. Now, fix some n > 2. Observe that SPij, = SPi+ (Zgo U {t)eont);
where

(49) Uieon = (C(DACQ) AO(p A OT) = O(p A Og A OT)).
Let 2, be the SLO from the proof of Theorem 46. We claim that 2, = ¢},
Indeed, take a valuation a in 2,,. If there are distinct z,y € {a(p), Cqla], Orla]}

such that z <y, then A = ¢/, ,[a] clearly holds. So we may assume that a(p),
Ogla], and Or[a] are pairwise <-incomparable. Let, say, ¢qgla] = b;, Orla] = ¢,
and a(p) = d;, for some i <n—1and i+1 < j < n (the other cases are similar).
Then both sldes of ¢! evaluate to dg if ¢ = 0, and to b;_; if ¢ > 0, proving
that A = ¢ o

weon

wcon[ ]

QUESTION 4. Is SPi+ (X}, U {L’dLepth}) complete forn > 17

The sp-implication ¢/,.,,, in (49) was also used by Svyatlovsky [72] who showed
that {tirans, Liyeon ) axiomatise the spi-fragment of K4.3—the modal logic of
all transitive and weakly connected frames—and described the class of Kripke
frames validating {¢ttrans, Lhyeon - As not all frames in this class are weakly con-
nected, it follows that the class of K4.3-frames is not spi-definable. For a direct
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model-theoretic proof of this fact, see Proposition 56 below. Svyatlovsky also
proved that the spi-logic SPi+ {ttrans, Lhyeon ) 1S tractable.
We can generalise tyycon t0

= (OA NBE) A+ A0 A \PE) = S0 APy A+ A Op)).

1 _
Then ¢,,,.,,, = Lwidth-

QUESTION 5. Are SPi + (X0 U {¢],4}) and SPi + (X4 U {t7 s Liiaen})
complete?

88. Undecidability of completeness. Having established quite a few com-
pleteness and incompleteness results for spi-logics, we now show that an exhaus-
tive and decidable classification of finitely axiomatisable spi-logics according to
their completeness (or complexity) is not possible.

THEOREM 52. Given a finite set X of sp-implications, it is undecidable whether
the spi-logic SPi+ X is complete; it is also undecidable whether it is complex.

PrOOF. We encode the halting problem for deterministic Turing machines
starting from an empty tape. Recall that a Turing machine is a tuple

M = (Q7Fa 67 q0, qh)v

where () is a non-empty finite set of states with an initial state gy and a halting
state gy, I' is a finite tape alphabet with a special symbol b € T denoting the
blank cell, and § is a transition function that, for any pair (¢,a) € Q x T, gives
a triple §(g,a) € @ x I' x {L, R}, where L and R stand for ‘move left’ and ‘move
right’ respectively. We use the standard definition of a computation of M on an
input word. Then the problem to decide whether the computation starting from
an empty tape in state gy reaches the halting state ¢, is undecidable [27]. We
may assume that the initial state is not reachable from any state, the halting
state has no successor state, and that the head never moves to the left of its
initial position. Now, suppose M = (Q,T, 9, qo, qr) is such a Turing machine.

For the reduction, we encode the computation of M starting from the empty
tape by a grid with points d,, ,, for the nth cell of the mth configuration of the
computation. We use relations next and step such that (dn m,dn+1,m) € next
and (dp, m, dn,m+1) € step. We encode that the nth cell contains symbol a € T’
in the mth configuration by introducing a relation R, and stating that d,, ,, has
some R,-successor. Likewise, we encode that M is in state ¢ € @) in the mth
configuration by introducing a relation R, and stating that all d, ., have an
Rg-successor. In the same way, we use relations Rhead, Rleft, and Ryigh: to encode
the position of the head and, for technical reasons, all cells to the left and right
of the position of the head.

Using the above intuition, we now construct a finite set X5, of sp-implications
such that M halts on the empty tape iff SPi + X} is complete iff SPi + Xy is
complex. Let Cnee and Osep be modal operators interpreted by the relations
next and step introduced above. The following set of sp-implications state that
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the relations next and step are functional and commute:

(50) <>nextp N 0next q — <>next (P /\ q)7
(51) <>stepp A <>step q— <>step (p A Q)7
(52) Cnext <>step p— <>step Onext P and <>:;tep Cnext P — next <>step D.

To axiomatise the properties of Ry, a € I', Ry, ¢ € @, and Rhead, Rieft, and
Riight, we introduce an operator <, for every state ¢ € @), an operator <, for
every a € I', and operators Ohead, Clet and righe. We say that M does not halt
by the sp-implication

(53) Cgn T — .

In order to show that what we have so far axiomatise a complex spi-logic (see
Theorem 38), we also need to add the sp-implications

(54) OCu T — <, T,

for all & = Chext <>step7 Oheads Fleft, <>right, <>q, Cuy g €Q,a€el. (Note that if
the language contained a constant |, interpreted as ‘falsehood’ in Kripke models
and the <-smallest element in ‘normal’ SLOs, then ¢;, T — L would suffice in
place of (53)—(54), see §9.2.) Let = be the set of sp-implications comprising
(50)—(54). By Theorem 38, the spi-logic SPi + = is complex. To ensure that
= together with the set of sp-implications encoding the computation of M on
empty tape axiomatise a complex spi-logic, we apply Proposition 5, and therefore
represent states, tape symbols and tape positions using variable-free sp-formulas
of the form Ogr T for the operators Or introduced above. We first set left and
right correctly, exploiting the assumed functionality of next:

(55) Onext Cleft T — Olefe T,

(56) Onext Ohead T = lefe T,
(57) Ohead T —+ Cnext right 15
(58) Sright T = next right T -

Then we say that the state of each configuration is encoded in a uniform way
over the tape: for all ¢ € Q,

(59) O T = Cnext O T and et O T — O T

Exploiting that gg is not reachable from any state, we can say that the tape is
initially blank with

(60) Cgo T — COp T

Exploiting the commutativity and functionality of next and step, for each tran-
sition §(q,a) = (¢, a’,L), we set

(61) Gnext (Cg T A Chead TACT) = Ostep (O TA Chead T A Cnext Car T),
and for each transition §(g,a) = (¢’,a’,R), we set

(62) <>qT A head T AN, T — <>step (<>a/T A <>q/T A next <>headT)-
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We also say that symbols not under the head do not change: for all a € ', put

(63) <>aT A <>IeftT - <>step <>a—|—7
(64) <>aT A <>rightT — <>step <>aT'

Let X9, be = together with the sp-implications (55)—(64). Finally, we obtain
Y from X9, by adding the following sp-implication that triggers incompleteness
whenever Oy, T A Opead 1 s satisfiable in a frame for ER/[:

(65) tar = (O T AChead T AOrRD = D),
where R is a fresh relation.
CrAam 52.1. If M halts on the empty tape, then SPi+ Xy is complez.

PROOF. Suppose M halts on the empty tape in H < w steps. As SPi+ X9, is
complex by Theorem 38 and Proposition 5, it is enough to show that SPi+ 3, =
SPi+ X%,. We prove that

(66) {’LU | m w |_ T A <>headT} = [Z)

for any model 90 over any frame § for X9,.

Then X9, Exr tar would follow, and so ¢y € SPi+ X9, would hold by the
completeness of SPi+ X9,.

To prove (66), take any frame § = X9, and suppose to the contrary that there
is some dp o with 9, dpo = Oy T A Ohead - We show by induction on m that,
for any m < H and n < w, there exists d, ,, in § representing the nth cell in the
mth configuration of the computation of M in the following sense: for all ¢ € @
and a €T,

(i) (dn, m,dn+1 m) € next;

(#) (dn,m,dn,m+1) € step whenever m < H;

(79) if the state in the mth configuration is ¢, then MM, dy, m = 4 T;

(iv) if the nth cell contains a in the mth configuration, then 9, dn mE T

(v) if the head is at the nth cell in the mth configuration, then 9, dy m |:
Ohead T -

Indeed, for m =n = 0, (4i)—(v) follow from our assumption and (60). We have
dp,o for all n > 0 satisfying (i), (éii) and (iv) by (59) and (60). Now suppose
inductively that we have d,, ,,, for some m < H and all n < w. Suppose that in the
mth configuration the head is at the nth cell containing symbol a, M is in state ¢
and §(q,a) = (¢’,a’, R). (The case when §(q,a) = (¢’,a’, L) is similar and left to
the reader.) Then, by IH, MM, dyym = Cg T Ahead T A, T, and so, by (62), there
exist dp m+1 and dyy1 m41 such that (dp m, dnm+1) € step, (dnm+1, dnt1,m+1) €
next, M, dp, mt1 | O TAOHT and M, dpt1,mt+1 FE Ohead - I 7 > 0 then we
have d; 41 for all i < n satisfying (¢), (4) and (iv) by (52), (55), (56), (63)
and (51). We have d; 41 for all i > n + 1 satisfying (i) and (é) by (59), (50)
and (52). Then d; ;41 for all ¢ > n+ 1 satisfy (iv) by (57), (58), (50) and (64).
Finally, we have (i) by (59) and (50).

Thus, M, dp g = Oy, T for some n, and so the relation R,, in § interpreting
&y, 1s not empty, contrary to § = (53). This establishes (66). !
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CLAIM 52.2. If M does not halt on the empty tape, then SPi+ Xy is incom-
plete.

PRroor. Consider the sp-implication
V= (Cp T AChead T ADACR T — Opp).

On the one hand, it is easy to see that {tpr} Exr ¢/ (cf. Example 1), and so
Xuv Exr t. On the other hand, take the infinite computation of M starting
from the empty tape. Using this computation, we define a frame § with domain
W ={dnm | n,m <w}U{g,g¢'} by taking:

— (dnms dnt1,m) € next for all n,m < w;

dn m»g) € Ry if the state of the mth configuration is ¢, for ¢ € Q;

dn.m,g) € Ry if the nth cell contains a in the mth configuration, for a € I';

dp,m, g) € head if the head is at the nth cell in the mth configuration;

dp,m, g) € left if the head is to the right of the nth cell in the mth config-
uration;

— (dn,m, g) € right if the head is to the left of the nth cell in the mth config-
uration;

= (doo,9') € R.
It is straightforward to check that § = X9,. Define an sp-type subalgebra 21 of
§* by taking all subsets of W except those that contain ¢’ but not doo. Then
2 = X9,. It is easy to see that 2 is a SLO and 2 |= ¢y, and so % = Xy
However, 2 [~ ¢/, witnessed by evaluating p to {doo}. Thus, Xy sio ¢/, and
so SPi + X}/ is incomplete. B

Now, Theorem 52 follows from Claims 52.1 and 52.2. -

QUESTION 6. Does Theorem 52 hold in the unimodal case? Does it hold for
spi-logics with Horn correspondents?

89. Some related topics.

9.1. Spi-definability. A class C of frames is called spi-definable if C = Kry,
for some set X of sp-implications. In this section, we prove a necessary condition
for spi-definability and use it to give a few examples of modally definable frame
classes that are not spi-definable. To keep the notation simple, we formulate
everything for the unimodal setting only, that is, for R = {R}.

Suppose that §; = (Wi, R;), fori € I, & = (W, R®), T = (T, R*) are frames,
weT, g:% — 3§, fori € I, and h: T — & are homomorphisms, and that
Z C (Hiel Wi) x W. We write

(gi; gi)ie[ >>z (67 h’a w)

if the following conditions hold:

(s1) ((gi(w))ier, h(w)) € Z;

(s2) for all (x,y) € Z and ' = (x}, € W; | i € 1), if (x;,2;) € R; for all i € I,
then there is ¢ such that (y,y’) € R® and (z',y) € Z;

(s3) for all (z,y) € Z and A C T, if x; € g;[A] for all ¢ € I, then y € h[A].
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We write

(§i)ier > &

if, for all finite trees ¥ with root w and all homomorphisms h: ¥ — &, there
exist (g;)ier and Z such that (F;, gi)icr >>z (6, h,w).

THEOREM 53. For any sp-implication ¢, if (§;)icr >> & and §; = ¢ for all
i€, then ® [=¢.

PROOF. Suppose ¢ = (o — 7). It is enough to show that, for the correspon-
dent ¥, of ¢ from (18)-(19), & |= ¥, holds whenever §; = ¥, for i € I. Recall the
respective tree models M, and M from §4.2.1, and let W, = {vo, ..., v,, } with
vy = ro. Let zg,...,2,, be a sequence of points in & such that (zy,z,) € R®
whenever (vg,vp) € Ry. Then h?: T, — & defined by h?(vi) = zy, for k < ng,
is a homomorphism. As (F;)icr >> &, there are (g7 )i;er and Z such that

(67) 97 T5 — §; are homomorphisms for all ¢ € I,
(68) (',S’ngzo-)’LGI >>z (Qﬁ,hU,TU).
Since §; = U, it follows that §; = | [g7 (r,)/0o] for all ¢ € I, and so, by (67),

there exist homomorphisms g7 : €, — §; such that

69) g =g7ra)n NV (9w =g7(v)), foralliel.
(u,p)  vEB,(p)

u€v,(p)
We define a homomorphism h™: ¥, — & such that
(70) ((g7 (w))ier,h" (u)) € Z, for allu € W,
in a step-by-step manner, by constructing its approximations fy, f1, f2,... with
domains By, By,... which are subsets of W, and initial segments of T,. To

begin with, let By = {r-} and fo = {(r;,h(r))}. By (69) and (s1) of (68),
(97 (re))ier, fo(rs)) = ((99(ro))ier,h7(rs)) € Z. So suppose B; and f; are
defined for some I, and we have ((g7 (v))icr, fi(u)) € Z for all u € B; (IH). Take
some z € By and y ¢ B; such that (z,y) € R,. Since all g7 are homomorphisms,
we have (g7 (2),97(y)) € R;. By IH, (97 (2))ier, fi(x)) € Z, and so, by (s2) of
(68), there is z € W such that (f;(z),z) € R® and ((¢] (y))icr,2) € Z. Thus, we
may extend B; and f; by setting B;11 = B;U{y} and fi11 = f; U{(y, 2)} while
preserving TH. Clearly, h™ = J,_,, fi is a homomorphism as required in (70).
Suppose W, = {ug, ..., Uy, } with ug = r,. We claim that

(71) & = ((00 = 1o) A /\ R(tg, i) A
(IS AN/ (i = ) [0 (0) /0, 07 ) ],

k<nr,p€var, (L<nr,
uR €V (P) V€L (pP)

proving & = ¥,. Indeed, h?(r,) = h7(r,) and A" is a homomorphism, so it is
enough to show the second line in (71). Fix uj and p such that uy € v, (p). By
(69), for any ¢ € I, there is v; € v,(p) with g7 (ux) = ¢7 (v;), and so g7 (ug) €
97 v, (p)] for all i € I. By (70) and (s3) of (68), we have h"(ux) € h9[v,(p)],
and so there is some vy € v,(p) with h7(ux) = h7(v;), as required in (71).
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In certain cases, we may simplify the criterion of the previous theorem:

PROPOSITION 54. If there exist homomorphisms f;: & — §,;, fori € I, and Z
such that (i, fi)icr >>z (8,id,v), for all v in & and the identity map id: & —
Qf', then (Si)iel >> 6.

PROOF. Suppose h: T — & is a homomorphism, for a finite tree ¥ with root
w. Let v = h(w). By our assumption, there are homomorphisms f;: & — §;, for
i € I, and Z such that (§;, fi)icr >>z (&, id,v). Define g;: T — §F; by g; = fioh,
for 4 € I. Then it is not hard to check that (F;, g:)icr >>z (6, h,w). .

A relation R is called pseudo-transitive if
Va,y,z (R(z,y) A R(y, 2) = R(z,2) V (z = 2));

R is pseudo-equivalence if it is symmetric and pseudo-transitive. Pseudo-equiva-
lence relations are the frames for the modal logic Diff, also characterised by the
# relation on nonempty sets.

PROPOSITION 55. Neither the class of all pseudo-transitive nor the class of all
pseudo-equivalence frames is spi-definable.

PRrROOF. Take the frames §1, §2 and & in Fig. 13. We show that the conditions
of Proposition 54 hold, and so (F1,82) >> &. Consider the homomorphism

S W Q\\&//@

S1 2 (6]

FIGURE 13. Frames showing spi-undefinability of pseudo-transitivity.

fi1:® — § where f1(vg) = xo, f1(v1) = fi(v2) = z1, and the homomorphism
fo: ® — Fo where fo(v;) = y; for i < 2, and let
Z = {(x0,y0,v0), (x1,y1,v1), (1, Y2, v2), (0, Y1, v0), (%0, Y2, v0), (1, Y0, v0) }-

We claim that, for all ¢ < 2, we have ((Sl,fl), (Sg,fg)) >> 5 (6, id,v;). Indeed,
(s1) clearly holds. It is easy to check that (s2) holds, because

— for all (z,y) € F1 X 2, there is v € & with (z,y,v) € Z,
— for all v in &, we have (v,vg) € R® and (vg,v) € R®.

Finally, we leave it to the reader to consider all 7 possible cases for the non-empty
set A C {vp,v1,v2} and show (s3). =

Recall that a relation R is called weakly connected if

Va,y,z (R(z,y) A R(z,z) = R(y,2z) V R(z,y) V (y = 2)).
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Transitive and weakly connected relations are the frames for the modal logic
K4.3. Note that the class of reflexive, transitive and weakly connected relations—
linear quasiorders, the frames for S4.3—is spi-definable; see Xy;;, in (46).

PROPOSITION 56. Neither the class of all weakly connected nor the class of all
transitive and weakly connected frames is spi-definable.

PrOOF. Take the frames §1, §2 and & in Fig. 14. We show that the conditions
of Proposition 54 hold, and so (F1,82) >> &. Consider the homomorphism

Z @\T/@ @\@/@

S1 2 &

FIGURE 14. Frames showing spi-undefinability of weak connectedness.

f1: & = F1, where fi(vg) = xo, f1(v1) = f1(v2) = 21, and the homomorphism
fo: & — Fo, where fo(v;) =y; for i <2, and let
Z = {(z0,90,v0), (x1,y1,v1), (¥1,Y2,v2) }.
Then it is easy to check that ((81, f1), (e, fg)) >> 5 (8, 4d,v;), for i < 2. -
A relation R is called confluent if
Va,y, 2z (R(z,y) A R(z,2z) = Ju (R(y,u) A R(z,u))).
Transitive and confluent relations are the frames for the modal logic K4.2.

PROPOSITION 57. Neither the class of all confluent nor the class of all tran-
sitive and confluent frames is spi-definable.

PrOOF. Take the frames § and & in Fig. 15. We show that the conditions of
Proposition 54 hold, and so (§) >> &. Consider the homomorphism f: & — F,
where f(v;) = x; for i <2, and let

Z = {(.’Eo, ’UO), (xla 'Ul), (1'27 ’Ug), (x?)v Ul)a (x37 ’UQ)}'
Then it is easy to check that (F, f) >>z (8, id,v;), for i < 2. -

We say that a relation R has the McKinsey property if

Vady (R(z,y) AVz (R(y,2) = (y = 2))).
Transitive relations with this property are the frames for the modal logic K4.1.

PROPOSITION 58. The class of all transitive frames with the McKinsey prop-
erty is mot spi-definable.

PrOOF. Take the frames § and & in Fig. 16. We show that the conditions of
Proposition 54 hold, and so (§) >> &. Consider the homomorphism f: & — §,
where f(v;) = x; for i <1, and let

Z = {(z0,v0), (¥1,v1), (¥2,v0), (T2, v1)}-
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=B

FIGURE 15. Frames showing spi-undefinability of confluence.

D

AN -

§

FIGURE 16. Frames showing spi-undefinability of transitive
frames with the McKinsey property.

Then it is easy to check that (F, f) >>z (&8, 4d,v;), for i < 1. -

As mentioned above, the class of linear quasiorders is spi-definable. How-
ever, confluent quasiorders (the frames for the modal logic S4.2) and quasiorders
with the McKinsey property (the frames for the modal logic S4.1) are not spi-
definable, which is a consequence of the following:

PROPOSITION 59. Ewvery unimodal spi-logic L D SPig, is a subframe spi-logic.

ProOOF. We show that, for every sp-implication ¢ = (¢ — 7), if § [~ ¢ and
F = (W, R) is a subframe of some quasiorder §' = (W', R’), then § [~ ¢. Let
M = (F,v) be such that M, w [~ ¢, for some w € W, and let M’ = (F’,v). By
induction on the construction of an sp-formula g, we show that {u | M, u |=
o = {u| M,u = o} NW, and so M, w = ¢. The basis of induction follows
from the definition, and the cases of T and A are trivial. Let o = $¢’. By IH,
{u| M, ul o} C{u| M, uE o} NW. For the converse inclusion, there are four
cases. The case ¢’ = T is trivial as R is reflexive. Now, let u € W be such that
M, u = . Then M, v |= ¢, for some v € W’ with (u,v) € R'. If ¢’ is a variable,
then v € W and 9, v | ¢ by the definition of M, and so M, u = . If o = On
then, by transitivity of R', 9, u = O, and so, by TH, M, u = ¢, from which,
in view of reflexivity of R, we obtain 9, u |= o. Finally, let o' = m A -+ A mp,
where none of the 7; is a conjunction or T. If one of them is a variable, then
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v € W and we are done by IH. And if m; = On) for all ¢ then, by transitivity of
R, M u |= O} for all 4, and we obtain 9, u = ¢ by IH and reflexivity of R.

9.2. Spi-logics with 1. One can introduce a limited form of negation to
the language of sp-formulas by adding the ‘falsehood’ constant L (such that
M, w = L for any point w in any Kripke model 9t). We call the sp-formulas of
this extended language sp*-formulas, and define sp*-implications accordingly. A
class C of frames is spi*-definable if C = Krsx;, for some set X of sp-implications.

PROPOSITION 60. A class of frames is spi-definable iff it is spi--definable.

PROOF. Suppose C = Kry, for some set X of spt-implications. As sp=-
implications ¢ — 7 hold in all frames whenever ¢ contains 1, we may assume
that L only occurs in 7. Then it is easy to see that, for every frame §, we have
SEo—7iff §E= o0 — p, where p is a fresh variable not occurring in o. -

All the notions introduced above can be extended to sp*. Thus, a structure
A= (A, A, L, T,0r )rer is called an sp*-type algebra (of signature R). Given
sp-type algebras 2 and B of the same signature, a function n: A — B is an
spr-embedding if it is an sp-embedding and n(_L) = L. We call 2 a bounded meet-
semilattice with normal monotone operators (or SLOL) if (A, A, T, Or )rer is
a SLO with <-smallest element |, and O L = L for R € R. The set of spt-
implications that are valid in all SLOLs is denoted by SPit. For a set X of
sp*-implications, SLO§ denotes the class of SLO s validating X. We set

Y Eqort iff A for every A € SLOY.
(Note that X |=g o+ can be captured syntactically by adding the axioms 1 — p

and Op L — L, for R € R, to the calculus in (8)—(9).) For any set X of
spr-implications, we define the spit-logic SPit + X aziomatised by X as

SPi™ + £ = {¢ | ¢ is an sp-implication and ¥ =g oo ¢}.
Now one can define the notions of completeness, complexity, finite frame property

in the same way as in the sp-case. We give examples of incomplete spi-logics
SPi + X such that SPi*t + ¥ is a complete or even complex spit-logic.

EXAMPLE 61. By Theorem 32, SPi+ X for X = {p — Op,Op — <Oql is an
incomplete spi-logic. However, only the one-element SLO™ can validate the spit-
logic SPi* 4+ ¥, and so X =g, o ¢ for every spt-implication ¢. Thus, SPi™ + ¥
is a complete spi~-logic. By Theorem 35, SPi + {Or s p — ¢} is an incomplete
spi-logic. However, using a proof similar to that of Theorem 34, one can readily
show that SPi* + {Or Ogp — ¢} is a complex spi*-logic.

On the other hand, completeness and complexity do transfer from sp to sp*:

PROPOSITION 62. Let X be a set of sp-implications.
(i) If the spi-logic SPi+X is complete, then the spi*-logic SPit +X is complete.
(ii) If the spi-logic SPi+ X is complex, then the spit-logic SPit + X is complex.

PROOF. (i) Suppose X |=x, ¢ for some sp*-implication ¢ containing L. Then
we may assume that ¢ is of the form o — L, in which case X' =k, 0 — p, for a
fresh variable p. Also, X =k, Oro — p for every Or occurring in ¥, whence
Y Esio 0 = pand X g0 Oro — p. So, in every 2 € SLOy;, there is a
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<-smallest element L, for which Or L. = L for every Or occurring in X'. This
shows that X =g g1 0 — L.

(#t) Suppose 2 € SLOE. Then the sp-type reduct 2+ of 2 is in SLOx, and so
there is an sp-embedding f: A+ — F* for some § = (W, RS)rer with § &= X.
Let V =W\ f(L)and R} = R¥N(V x V), for R € R. Then it is easy to see that
the frame & = (V, RY,)ger is a generated subframe of § (and so & = X), and
the map g: % — &*+ defined by g(a) = f(a) \ f(L) is an sp-embedding. -

A complete (complex) spit-logic can always be turned into a complete (com-
plex) spi-logic, using a fresh diamond operator:

THEOREM 63. Let X be a set of spit-implications not using g . Let X' be
obtained from X by replacing each occurrence of L by Og T and adding Cp T — p
and Os O T — Or T, for each Og occurring in X. Then SPit + X has property
P iff SPi + X' has property P, where P stands for any of the following: ‘is
complete’; ‘is complex) ‘has the finite frame property; ‘is decidable’

PROOF. Let Ry = {S | Os occurs in X}. Given an spt-implication ¢ using
only Og , for S € Ry, denote by ¢T the sp-implication obtained by replacing each
occurrence of 1 in X by Cg T. Similarly, for any 2 € SLOE7 denote by AT the sp-
type reduct of 2 with an additional operator ¢i for which Ogra = 1 foralla € A.
Then AT € SLOxv, and A |= ¢ iff AT = . Conversely, given an sp-implication
¢ using only Og , for S € Ry U {R}, denote by ¢+ the sp-implication obtained
by replacing each maximal subformula of the form Cg g in ¢ with L. Observe
that in any % € SLOyx/, Og T is the <-smallest element with Gg O T = O T
for all S € Rs. Denote by A¢ the result of removing Or from 2 and setting
1L =Op T. Then A € SLO%, and A |= ¢ iff AY |= o+, It remains to observe that,
for any frame § = (W, S%)ser,., we have § = X iff (W, S5, 0)ser,, = X', and
RS = () follows whenever (W, S¥, RS)scr,, = X’'. With these observations, all
the statements of the theorem are straightforward. —

Liy.eo 5l

9.3. Spi-rules. An spi-rule, p, takes the form , where ¢1,... ,tp,t
are sp-implications. We identify the rule % with ¢. We say that an spi-rule
p = ==t holds in a Kripke model 9 and write MM = p if 9 |= ¢ whenever
M = ¢; for 1 < i < n. We say that p is valid in a frame § and write § | p if
p holds in every Kripke model based on §. Given a set @ of spi-rules, we write
§ | © whenever § = p for every p € © and set Krg = {§ | § = O}.

We say that p is wvalid in an algebra 2 having an sp-type reduct and write

A = p if A validates the sp-type quasiequation
(L7& ... &uy) =15,

where (0 — 7)* = (6 AT & 0): for any valuation a in 2, whenever 2 = ¢;[a] for
alli (1 <i<n), then A = ¢[a]. A set 7L of spi-rules is called an spi-rule logic if
rL = {p | A = p for every A € C} for some class C of SLOs. Given an spi-rule
logic rL, we write 2 = 7L if 2 |= p for any p € rL. For a class C of algebras with
sp-type reducts, let C,;, = {2 € C | A |= rL}. We say that an spi-rule p follows
from rL over C and write rL ¢ p if A = p, for any 2 € C,,. We call 7L

— C-embeddable if every 21 € SLO,, is embeddable into the sp-type reduct of
some B € C,;
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— C-rule-conservative if L |=¢ p implies rL =5 0 p, for every spi-rule p;
— C-conservative if rL |=c ¢ implies rL [=si0 ¢, for every sp-implication ¢.

In particular, let
CA={§*|gisaframe}, BAO={A|2AisaBAO}
Extending the corresponding notions for spi-logics, we call an spi-rule logic rL

— complez if it is CA-embeddable;
— globally complete if it is CA-rule-conservative;
— complete if it is CA-conservative.

As quasiequations are preserved under taking subalgebras, we always have:
(72) C-embeddable = C-rule-conservative = C-conservative.
Also, since §* is the sp-type reduct of some BAO, we have:

complex = globally complete = complete

4 I ¢

BAO-embeddable = BAO-rule-conservative = BAO-conservative.

LEMMA 64. For any spi-rule logic rL, if L is BAO-rule-conservative, then rL
is BAO-embeddable.

PRrROOF. Suppose 7L is BAO-rule-conservative and 2 € SLO,;. To embed 2
into the sp-type reduct of some B € BAO,r, take the diagram Dg of 2, that
is, the set all literals—equations and negated equations—that hold in 2 and are
built from the elements of 2 as constants using the sp-type operations. For any
finite set X of literals of this extended type, we write X (ay,...,a,) to indicate
that the 2A-type constants occurring in the literals in X are among ay,...,a,. If
X = {p}, we write p(ay,...,a,). We write ¢(p1/a,...,pn/as) for the spi-type
literal where the constants a; in ¢ are simultaneously replaced by variables p;.

CLAIM 64.1. For any finite subset X (ay,...,a,) of Dy, there exist BX € BAO

and elements a3\, ..., aX in BX such that BX = rL and
(73) BYE A epi/ay,...pafan)lat ... a].
peX

PRrROOF. If all literals in X are equations, then we can take BX to be the
one-element BAO (for which 8% = rL for any rL) and set aX to be its only
element, for ¢ = 1,...,n. It is easy to see that (73) holds.

Now suppose t1,...,t; are the equations in X and —¢f,...,—¢), are the
negated equations in X, for m > 1 (we can always assume that k > 1). For

each j, 1 < j < m, take the sp-type quasiequation
p; = (& &= 1)) (pi/ar,...,pa/an).

Then 24 [~ p;, and so, since L is BAO-rule-conservative, there is some B; € BAO
with B; |= 7L and B; (= p;. Then there are b, ...,bJ in B; such that

B, = (/]C\le/\ﬂl,;)(pl/al,...,pn/an)[b{,...,bgl}.
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Now let BX = [[j~, B; and aX = (b,...,0"), for i = 1,...,n. Then clearly
we have (73). As the class BAO,;, is a quasivariety, it is closed under direct
products, and so BX € BAO,;, as required. —

Let Ty be the set of all finite subsets of Dg. For every X € Ty, let
Ix ={Yely|XCY}

As X3 U---UX,, € Ix, N---NJx,,, the collection {7, | X € Ty} has the
finite intersection property, and so there is an ultrafilter U over Ty extending
{J: | X € Ty}. For X € Ty, take the BAO BX given by Claim 64.1, and let

3= ] ¥/
X€eTy
As the class BAO,y, is a quasivariety, it is closed under ultraproducts, and so
B € BAO,. Define an n: 21 — B map by taking n(a) = [(a~)xery v, where
for all @ in A and X € Ty,

X aX, if a occurs in some literal in X,
at = . .
arbitrary element of 8%, otherwise.

By Claim 64.1 and Los’ Theorem [23], for every ¢(aq,...,a,) € Dy, we have

B = p(pi/ar,...,pn/an)n(ar), ..., n(an)].

Thus, 7 is an sp-embedding from 2 into the sp-type reduct of B. -

We call an spi-rule logic r. BAO-complex if the sp-type reduct of every 2 €
BAO,;, is embeddable into some §* with § € Kr,;,. Note that, as sp-implications
correspond to Sahlqvist formulas in modal logic, any spi-logic L is BAO-complex.
As a consequence of Lemma 64 we obtain:

THEOREM 65. For every BAO-complex spi-rule logic rL, the following are
equivalent:
(i) 7L is complex;
(ii) rL is globally complete;
(791) rL is BAO-rule-conservative;
(iv) 1L is BAO-embeddable.

PROOF. (i) = (ii) follows from (72); (ii) = (iii) is trivial; (iii) = (iv) follows
from Lemma 64; and (iv) = (i) follows from the fact that rL is BAO-complex. -

§10. Conclusion. In this article, we have started developing the complete-
ness theory of spi-logics. Of course, many interesting and challenging problems
remain to be explored. A few concrete open questions have already been men-
tioned above, and there is a more or less standard list of problems regarding
properties of modal logics and their lattices; see, e.g., [22, 13, 77, 14]. Here, we
briefly discuss few possible directions of follow-up research.

(1) In Boolean modal logic, the degree of Kripke incompleteness of a normal
modal logic A—that is, the cardinality of the set of normal modal logics whose
Kripke frames coincide with the Kripke frames of A [32]—has been used to
analyse the position of Kripke incomplete logics within the lattice of all normal
modal logics. Wim Blok [15] established the following dichotomy: the degree
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of Kripke incompleteness of a consistent normal unimodal logic A is either 2%0
or 1, in which case A is a union of co-splitting logics; see also [55, 77, 53].
Given this complete classification, the question arises as to whether one can also
characterise the degree of Kripke incompleteness of spi-logics and whether this
is again linked to co-splittings (now in the lattice of spi-logics) and the existence
of some analogue of Jankov-Fine formulas [47, 31].

(2) To prove undefinability of frame classes by sp-implications, we devel-
oped a necessary condition for frame definability. In Boolean modal logic, the
Goldblatt—Thomason theorem [41] provides necessary and sufficient conditions
for frame definability in terms of p-morphisms, generated subframes, disjoint
unions, and ultrafilter extensions. Can one give natural necessary and sufficient
conditions for frame definability by sp-implications?

(3) Tt is readily seen that spi-rules can define non-elementrary frame conditions
and thus behave differently from sp-implications [54]. We have also seen that
complex spi-rule logics are exactly those that are globally complete. Thus, it
would be interesting to extend the completeness theory of spi-logics developed
in this paper to spi-rule logics.

(4) The embeddability of SLOs into full complex algebras of Kripke frames is
shown by Sofronie-Stokkermans [70, 71] using a method that is different from
those in §§4.1.1-4.1.2 and involves distributive lattices with normal and V-additive
operators (DLOs). A given SLO 2 is first embedded into the DLO 21 of its
downsets, which is then embedded into the full complex algebra of some frame
T over the prime filters of 2V using Goldblatt’s [40] extension of Priestley dual-
ity [61] to operators. She also shows that validity of sp-implications of the form
O1...Onp — Ogp transfers from A to §. It would be interesting to study the
boundaries of this method and its connections to §§4.1.1-4.1.2. More generally,
one can ask which sp-implications are SLO-to-DLO- and/or DLO-to-BAO-
conservative? The latter question can also be investigated for spiV-implications,
that is, implications between sp-formulas with disjunction.
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