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ABSTRACT 

This thesis i s a study i n the f i e l d of p a r t i a l d i f f e r e n t i a l 

equations on d i f f e r e n t i a b l e manifolds. In p a r t i c u l a r non-l inear evo lu t ion 

equations wi th s o l i t o n solut ions are studied by means of d i f f e r e n t i a l 

geometric tools and methods. D i f f e r e n t i a l geometric prolongation 

technique is applied to the A.K.N.S. system as a u n i f y i n g system f o r 

known 2-dimension s o l i t o n s . Sol i ton properties are studied i n t h i s 

d i f f e r e n t i a l geometric set up. The resul ts are used to obtain a possible 

model f o r n-dimensional so l i t ons . 



1 

ACKNOWLEDGEMENTS 

The work presented in t h i s thesis was ca r r ied out i n the 

Department of Mathematics at the Univers i ty of Durham during the 

period January 1978 to December 1980. 

I would l i k e to express my sincere gra t i tude to my supervisor 

Professor T .J . Willmore f o r suggesting the t o p i c , he lp fu l discussions, 

reading the manuscript, and correct ing my English as w e l l . 

I would also l i k e to thank the Univers i ty of Minia (EGYPT) f o r 

providing my scholarship. 

Also, my thanks to Dr. Sheena B a r t l e t t f o r great help i n f i n e 

typ ing . 



i i 

INTRODUCTION 

In the notat ional guise of modern d i f f e r e n t i a l geometry and mapping 

theory, Cartan's calculus of ex t e r i o r d i f f e r e n t i a l forms i s a convenient 

mathematical tool f o r systematical ly applying many techniques of 

d i f f e r e n t i a l analysis . This calculus has been used f o r der iv ing important 

global resul ts f o r systems of ordinary d i f f e r e n t i a l equations and 

especial ly f o r t r e a t i ng systems of p a r t i a l d i f f e r e n t i a l equations. 

Recently, Wahlquist and Estabrook (1975, 1976) introduced one o f 

these techniques to handle in p a r t i c u l a r non-l inear evolut ion equations 

wi th so l i t on solut ions l i k e the sine-Gordon equation, the k.DV. equation, 

. . . e tc . This technique is ca l led d i f f e r e n t i a l geometric prolongation 

which, when used, pays o f f many algebraic and geometric s t ructures 

closely related to the system of p a r t i a l d i f f e r e n t i a l equations being 

t reated. 

In t h i s thes i s , we have attempted to u n i f y the study of the 

subject in Chapters I to V. However, some resul ts given in these 

chapters are already known, though they are to be found scattered 

throughout the l i t e r a t u r e and have of ten been obtained by ad hoc methods. 

Chapter VI contains what we hope i s o r i g i n a l work - an attempt to 

f i n d a model f o r n-dimensional so l i tons analogous to the part played by 

the group sL(2,R) and the pseudo-sphere f o r 2-dimensional s o l i t o n s . We 

believe that the problem is d i f f i c u l t and claim only to have made some 

progress i n t h i s d i r e c t i o n . The problem is presently receiving the 

a t t en t ion of several mathematicians throughout the w o r l d , but no complete 

so lu t ion is yet in s igh t . 

In Chapter I , necessary topics from e x t e r i o r ca lcu lus , connection 

theory, f i b r e spaces, j e t theory, d i f f e r e n t i a l equation theory and 
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Backlund maps are covered as pre l iminar ies to lay the ground f o r the 

studies i n the l a t e r chapters. In Chapter I I , the r e l a t ions between 

d i f f e r e n t i a l equations systems and e x t e r i o r d i f f e r e n t i a l systems are 

formulated in two main theorems wi th proofs and examples. Also, s o l i t o n 

equations are introduced. In Chapter I I I , d i f f e r e n t i a l geometric 

prolongations are reformulated to y i e l d i n t e r e s t i n g algebraic and 

geometric s t ruc tures . Some i n t e r r e l a t i o n s between these s t ructures are 

formulated i n two theorems. 

In Chapter IV, as the representative f o r the 2-dimensional s o l i t o n 

equations, the A.K.N.S. system is studied using the prolongation 

technique. The s l_(2 ,Rest ructure , the s o l i t o n connection and the 

pseudospherical surface property are shown as resul ts of t h i s geometric 

study of the A.K.N.S. system. 

In Chapter V, the Backlund problem f o r the A.K.N.S. system i s 

solved by means of prolongation. Also in t e re s t ing i n t e rp re t a t i ons o f 

the A.K.N.S. system Ba'cklund transformations are made. 

F i n a l l y , in Chapter V I , we make use of the resul ts of the study 

of 2-dimensional s o l i tons and introduce a model f o r n-dimensional 

s o l i t o n s . 
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CHAPTER I 

PRELIMINARIES 

I D i f f e r e n t i a l formsand t h e i r operations 

Let H be a d i f f e r e n t i a t e manifold and V(M) denote the C (M)-

module o f smooth vector f i e l d s on M, where C^(M) denotes the ideal 

of funct ions o f class C°°, i . e . ? a f ex i s t and are continuous f o r 

[a] < o o , f o r f G C . 

D e f i n i t i o n : A k-form u on H is an a l t e rna t i ng m u l t i l i n e a r map o f V(M) 

in to C/(M), i . e . 

As we shall be concerned wi th d i f f e r e n t i a l geometric concepts 

applied to p a r t i a l d i f f e r e n t i a l equations of physical i n t e r e s t , i t 

is preferable to use another notat ion to f i t the mathematical physics 

s i t u a t i o n s . We also mention tha t a l l resul ts here are e s sen t i a l ly 

l o c a l , and although we use the word manifold we r e a l l y mean the 

Euclidean space, o r , at least a space where i t can be parametrized 

by a simple coordinate system. So, l e t 

\ x ' y , i = 1 , n denote a coordinate system f o r some 

neighbourhood U around a point p o f the manifold M, w i t h n = dim M. 

: V(M) x V(M) x • • . - X V(M) so C M 

k-copies 

Then a basis f o r V(U) i s given by 
BX 1 » ax" 
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Now, i f v l 9 . . . , v k 6 V(M), we can choose 

V j ( p ) = J L . > v 2 ( p ) = _ i . . . . , v k ( p ) = i _ . , 
' jx 11 dx'2 ax k 

SO to(V], v k) = a, ( A , » 1^ . . . . » J . , ) . 
p a x 1 1 a x 1 2 ax 1 k / 

and wi th k = 1 and ~un / a \ - 6^ , then Wn can be w r i t t e n as 

ujp = dx-* 

and a basis f o r 1-forms on M is { d x 1 , d x n ) . 

So, a 1-form e on M i s an expression 

e = J a-jdx 1 , a 1 are funct ions on M. 
i = l 

The m u l t i p l i c a t i o n o f two 1 -forms y ie lds a 2-form. This sor t o f 

m u l t i p l i c a t i o n is ca l led ex te r io r m u l t i p l i c a t i o n and i s denoted by A , 

namely dx 1 A dxJ is a 2-form on M. This ex t e r io r m u l t i p l i c a t i o n 

(wedge product) , s a t i s f i e s tha t 

dx1' A d x J = - dx J A d x i , 

and hence d x V \ dx 1 = 0. 

So, a basis f o r 2-forms on M can be w r i t t e n as the forms 

^ d x i A d x J , i < j , i , j = 1 , n } 

and a 2-form w on M i s an expression 

w = a • • dxi A dxJ * 
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where a^j are funct ions on M which are skew-symmetric i n i , j and the 

summation convention is used "hereaf ter" . 

S i m i l a r l y , a 3-form Q on M is i n the form 

" = a i j k d x 1 A d x ^ A d x k ' 

f o r skew-symmetric funct ions a^ j^ on M, and so on. This wedge product 

i s also used to describe m u l t i p l i c a t i o n o f forms of d i f f e r e n t type. 

Simply i t i s expressed by 

( e l 9 0 2 ) " 6j A 0 2 , 

and is characterized by the f o l l o w i n g : 

(a) I f el = f , e 2 = g , zero forms, then e x / \ e 2

 = fg» the usual product 

of func t ions . 

(b) 02 = f , a zero form, e 2 = a^dx 1 , a 1-form, then e } / \ e 2 = f a - jdx 1 . 

(c) = a-jdx"*, e 2 = b-jdx 1 ', then Q1 A 0 2 = i(a.b. - a .b . ) dxi A dx j 

(d) 9 j = a-jdx 1 , 0 2 = b ^ d x ^ A d x j t h e n 

A 0 2 = ^-(a-jbjk + d k b i j + a j b k i ^ d x i A d x ^ A d x k 

and so on. 

The e x t e r i o r m u l t i p l i c a t i o n operation obeys the f o l l o w i n g ru l e s : 

e j A ( e 2 + e 3 ) = 6 1 < A e 2 + 6 1 A e 3 , f o r any forms e 1 9 e 2 and e 3 . 

S i A 0 2 = ( - 1 ) p q 0 2 A 0] f o r 0 j a p-form and 0 2 a q-form. 

In f a c t e x t e r i o r m u l t i p l i c a t i o n i s one o f several algebraic and 

d i f f e r e n t i a l operations which are admitted by d i f f e r e n t i a l forms and 
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are n a t u r a l , i n the sense tha t they are inva r i an t under a r b i t r a r y 

change of coordinates. For example, i f e = a j d x J i s a 1-form on M, 

then the operation 

9 • 1 9 = v dxJ 

3X1 iTxl ) 

is not na tu ra l . 

Here are the other natural operations: 

Contraction: 

I f A = A1 _a_. 1 S a vector f i e l d on M, then denote by AJ e the 
ax1' 

contrac t ion of 0 by A, 0 i s a d i f f e r e n t i a l form on M. In the case o f 

e = a • dxi , AJ e i s given by 

A] e = A1 = scalar f i e l d . 

For OJ = a-j j dxi A dx J , one has 

AJ uj = 2A1 ai j dx 1 which is a 1-form. 

For Q = a^j^dx 1 A dxJ A dx k 

AJQ = 3l\^ajjk dx J A d x k , a 2-form, and so f o r t h . 

This contrac t ion operation i s related to the ex t e r io r m u l t i p l i c a t i o n by 

A J ( e l A e 2 ) = ( A j B i ) A e 2 + ( - l ) P 6! A (A| e 2 ) , 

where p is the degree of 6 1 . 

Exte r io r d e r i v a t i v e : 

The e x t e r i o r de r iva t ive of a zero form f i s denoted by 

df = I f . dx1' . 
axi 
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For a 1-form e = a.,- dx 1 , the e x t e r i o r d e r i v a t i v e i s 

de = da-j / \ dxi 

= \ ( aa-j aaj ) dxi A dxJ . 

axJ axi 

For a 2-form w = a-jj dx1 A d x j , 

da = da-j j A dxi A dx j , and so on. 

The ex t e r io r de r iva t ive operation obeys the f o l l o w i n g ru les : 

d(e 1 + e 2 ) = d9j + de 2 

d(e j A e 2 ) = d e ^ e ? + (-1 ) p e 1 A d e 2 

f o r e } a p-form. 

Lie Der iva t ive : 

Let A = A1 be a vector f i e l d on M and e i s a p-form on M. The Lie 
axi 

de r iva t ive o f e by A, denoted by l^e i s a p-form defined as f o l l o w s : 

L A ( f ) = A1 af = A ( f ) , a zero form. 
9X 1 ' 

For e, a 1-form, e = dx 1 , L^e i s 

L A 6 = A(a^)dxi + aidA(x^) 

= aa^ AO dxi + a - ^ dx 1 • 

Bxj axi 

For U J = a-j jdxi A dxJ, i s given by 
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Lpu = A(a i j)dx1 A dxJ + a-j jd(A"») A dxJ + a ^ d x i A d ( A J ) 

and so on. 

Some useful i d e n t i t i e s r e l a t i n g these operations are: 

V 9 i + ° 2 ) = L A e * + L A 9 2 ' 

A 6 2 ) = ( L A e , ) A 9 2 + 6 j A L A 9 2 , 

L A (de) = d ( L A o ) , 

(BJ e ) = [A,B_]J e + BJ ( L A e ) , where B is a vector f i e l d on M and 

[ , ] denotes the l i e bracket of vector f i e l d s . 

1 A ^ B 9 ) = L [ A , B ] e + W > > 

L A 9 = Ajde + d(A] e) . 

To see another important property of d i f f e r e n t i a l forms, l e t M 

and N be two d i f f e r e n t i a b l e manifolds wi th {^xi} and {yij> coordinate 

neighbourhoods of M and N respect ive ly . Let 

$ : N — r M, be a map given by 

4>(y) = x ( y ) . 

Now, to a d i f f e r e n t i a l form e on M, we assign a d i f f e r e n t i a l form, denoted 

by 4>*(6) 9 on N, i . e . d i f f e r e n t i a l forms map backwards. For a zero form f 

on M, $ * ( f ) i s a zero form y y f ( x ( y ) ) on N. 

I f e = a^dx 1 i s a 1-form on M, then 

4>*(e) = 4»*(ai) dd»*(xi) 

= a i ( x ( y ) ) d ( x i ( y ) ) 

= a i ( x ( y ) ) 3x i (y ) d y j 

ayJ 
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For a 2-form co = a^-dx 1 A D X J ° N M > 

* * (u> ) = * * ( a i j ) d ( x i ( y ) ) A d (xJ (y) ) 

= a i j ( x ( y ) ) J dyi A dyJ, 

where J i s the Jacobian, 

J = d e t / a x ^ y ) ^ . 

3 y J 

The pu l l back map, 4>*, has the f o l l o w i n g general ru les : 

4 » * ( e 1 + e 2 ) = 0 * ( e 2 ) + * * ( e 2 ) , 

(j>*(e 1A8 2) = ^ ( e j ) A 4)*(e 2 ) , 

^ ( d e ) = d ( * * ( e ) ) . 

In f a c t e x t e r i o r ca lculus , i . e . the calculus of d i f f e r e n t i a l forms, 

is increasingly being used to replace ce r ta in ca lcu la t ions which 

previously involved tensor ca lculus , and i t is the more natural tha t 

i t w i l l f i n d more and more appl icat ions because o f i t s inner s i m p l i c i t y . 

Fibre spaces 

Let E and M be d i f f e r e n t i a b l e manifolds 

Let IT : E • M be a d i f f e r e n t i a b l e map. 

D e f i n i t i o n : ( E , M , T T ) defines a f i b r e space wi th M as base space, E as 

t o t a l space and u as p ro j ec t i on map i f the f o l l o w i n g condi t ions are 

s a t i s f i e d : 
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T T ( E ) = M , and 

7T i s a maximal rank map. 

i . e . TT^(Ep) = M ^ p j f o r a l l p e E , where E p denotes the tangent space 

of E at p and 

T T * : T E • T , N M . 

P A?) 

This condi t ion together wi th the i m p l i c i t f u n c t i o n theorem imply t h a t 

each point p G E has an open neighbourhood U such tha t : 

TT(U) i s an open subset u" of M, 

U i s diffeomorphic to a product IT xF f o r some F, such tha t 

TT r e s t r i c t e d to U is the Cartesian p ro jec t ion u" xF • U ' . 

I f these local product neighbourhoods U can be taken as inverse image 

open sets T T " 1 (U ' ) = U, then one speaks o f ( E , M , r r ) as a loca l product 

f i b r e space. 

I f these local products are t i e d together by an ac t ion o f a Lie group 

on the f i b r e s , one deals wi th a f i b r e bundle. 

The f i b r e space ( E , M , T T ) i s usually deonoted by i t s t o t a l space E . 

For p G M , E ( p ) ~ TT~ 1 (p) denotes the f i b r e o f E over p. 

A cross section i s a map y. M — • E such tha t T T 0 Y = i d e n t i t y map, 

i d M , o f M. So Y (P) £ E(p) f o r a l l p £ M, where E ( p ) = T T ' M P ) i s the 

f i b r e o f E over p. 

As an example of the f i b r e space i s the j e t bundle which we shal l 

need to work wi th here. So i t is worthwhile to summarize the nota t ion 

and fac t s about i t s theory. 
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Je t bundles 

Let M and N be two d i f f e r e n t i a b l e m a n i f o l d s , and l e t C°°(M,N) 

denote the c o l l e c t i o n o f maps f : M • N. 

D e f i n i t i o n : Two maps f , g £ C (M.N) are sa id to agree to o rde r k a t 

x 6 M i f there are coo rd ina te cha r t s around x e M and f ( x ) = g (x ) e N 

i n which they have the same Tay lo r expansion up to and i n c l u d i n g o rder 

k. 

I t can be shown t h a t t h i s agreement i s independent o f the coo rd ina tes 

chosen and i t i s an equ iva lence r e l a t i o n . 

D e f i n i t i o n : The equiva lence c lass o f maps which agree w i t h f t o o rder 

k a t x 6 M i s c a l l e d the k - j e t o f f a t x and i s denoted by J k f . 
x 

I f { x ^ } are l oca l coord ina tes around x 6 M and {^z p } around f ( x ) e N, 

then J^ f i s determined by 

x « , z u ( x ) , zl = a f u ( x ) , 
a 

3 X A 

z a b = i ! U * > z : , . , k = 3 k f U (») 
3X a3X^ 3 X a l • • -9X a k 

where z u = f y ( x ) i s the p r e s e n t a t i o n o f f . 

D e f i n i t i o n : The k - j e t bundle o f M and N, denoted by J k ( M , N ) , i s the se t 

o f a l l k - j e t s , J k f w i t h k f i x e d , x £ M and f G C°°(M,N), 
x 

J*<(M,N) w i l l have a na tu ra l d i f f e r e n t i a b l e s t r u c t u r e . The map 

a : J k (M ,N ) • M, 

by J f - x , i s c a l l e d the source map. 
A 
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The map 

6 : J k (M ,N) • N, 

by J k f — • f ( x ) , i s c a l l e d the t a r g e t map. 
x 

Simply f ( x ) i s the t a r g e t o f J k f and x i s i t s source . 

A po in t 5 6 J k (M ,N) i s an equ iva lence c lass o f maps w i t h the same 

source , same t a r g e t and the same d e r i v a t i v e s up to k t n o rde r i n any 

coo rd ina te p r e s e n t a t i o n . 

I f k > n, the re i s a na tu ra l p r o j e c t i o n o f the k - j e t bundle on 

the £ - j e t bund le , namely, 

TT k : J k (M ,N) + J ' (M,N) 

by j k f v j V 

J x x 

i . e . by i g n o r i n g the d e r i v a t i v e s above the &th o r d e r . 

A standard coo rd ina te system on J k (M ,N) may be taken as 

A map from a j e t bundle to another man i f o l d induces maps o f h i ghe r 

j e t bundles c a l l e d p r o l o n g a t i o n s . I t s c o n s t r u c t i o n i s as f o l l o w s : 

Let M,N and P be man i fo lds and l e t 

<j) : J k (M,N) — • P, be a smooth map. 

D e f i n i t i o n : The s t n p r o l o n g a t i o n o f <j> i s the unique map 

pS^ : J k +S(M,N) • J S ( M , P ) , 

w i t h the p rope r t y t h a t f o r every f e C°°(M,N), the diagram 

j k + s ( M ) N ) E^i > JS(M,P) 

j k + s f

 x • / j S ( ^ o j k f ) 

x / 
M 

commutes. 
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Th is i s the d e f i n i t i o n used i n 122]. So, i f { x a } , { z M } a n d { y A ) are 

l oca l coo rd ina tes i n M,N and P r e s p e c t i v e l y , w i t h 

a , b , c , . . . = 1 , 2 , . . , d i m M , 

u , v , . . . = 1 , 2 , . . , dim N, 

A , B , C , . . . = 1 , 2 , . . , dim P, 

and i f q> has the p r e s e n t a t i o n zu = f u ( x a ) , 

then 4>°jkf has the p r e s e n t a t i o n 

yA = , A ( x a 5 f u ( x ) > ^ { x ) } _ a k f u } 

dXa 3 x a i , . . 3 x a k 

so t h a t J s(<f>ojkf) has the p r e s e n t a t i o n : 

x a = x a 

yA = ^ A ( x a s f u ( x ) f d k f v } > 

3 x a i , . . . , a x a k 

i a x a I . . . 3 x a k + l 

y A = ( 9 k+s# ^k+1 n * a k + s - U ^k+s - l * 
y b x . . . b s

 [ % s " k + s - l d b s _ i \ + s - 2 

. . . a k + l # * <>A ) ( x a 5 f y ( x ) j _ ? 3 k + s f p ) , 

a x a i . . . 3x a k+s 

where ah* = 3 + zj^ 3 + zJ\ a + . . . + zY. , 3 D —r b b b ] — b b 7 . . . b u , „ b „ u L u 1 n - i u 

b j b x . . . b h - x 

i s the t o t a l d e r i v a t i v e o p e r a t o r , o r the "hash o p e r a t o r " . 
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Since t h i s i s the case f o r every f , ps<b must have the p r e s e n t a t i o n : 

x a = x a , 

y A = / ( x a , z \ . . . z » ) , 
a a ! . . . a |< 

A . k+1 * k+1* A w a u u \ 
y b = O b ^ k * ) ( * » . z , . . . . z ; x . . . a k + 1 ) . 

A _ , , k+s# k+s* . k + s - U k + s - 1 * . k+1 n k + 1 * A w » , u , u 
y b ! . . . b s ' ( 3 b s \ + s - l \ _ 1 "k+s-Z - - ^ b i \ * ) ( x , z , z a , 

• • • ' z a a )• a i - - - a k + s 

i> k * 
D e f i n i t i o n : A 1-form 0 on J K (M,N) i s c a l l e d a con tac t form i f (J f ) 0 = 0 

f o r every f e C°°(M,N). 

Contact forms on j k (M,N) comprise a module over C c °(J k (M,N) , R ) , 

denoted by ftk(M,N) o r ftk. 

C l e a r l y , i f k > i t then c fik, so t h a t a1 i s a submodule o f ftk. 

Each con tac t module i s f i n i t e l y genera ted , and r t

k has a bas is g iven by: 

0 U = d z p - z ^ d x a , 

e b = d z b y - z b P a d x * > 

d x a . 
a 

The idea l generated by c o n t a c t forms i s not c l o s e d , t h a t i s I ( d f t k ) <? I ( f t k ) 

The theory o f j e t bundles i s very r i c h , bu t the p r o p e r t i e s desc r ibed 

above w i l l be enough f o r our requ i remen ts . 
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Cartan-Ehresmann connect ions 

Th is i s an impor tan t p r e l i m i n a r y f o r l a t e r use. For the m a t e r i a l 

o f t h i s s e c t i o n , i t i s enough to cons ider E and M d i f f e r e n t i a b l e man i fo lds 

w i t h TT : E «- M such t h a t TT* has maximal rank , i . e . 

7i*(Ep) = M ^ p ) f ° r a l l p 6 E, and not necessary f o r TT to be a l o c a l 

p roduc t . 

But f o r the requi rements o f our purposes, we l e t TT : E — • M be a l o c a l 

p roduct f i b r e space. 

D e f i n i t i o n : Let pG E. A tangent vec to r v G E i s sa id to be v e r t i c a l i f 

* * ( v ) = 0. 

Denote by V(p) the space o f such v e r t i c a l v e c t o r s . A l t e r n a t e l y V(p) 

may be de f ined as the tangent space to the f i b r e ^ ^ ( ^ ( p ) ) passing 

through p. 

Set 

V = { x G)£(E) | X(p) G V(p) f o r a l l p e E } . 

D e f i n i t i o n : An element X o f V i s c a l l e d a v e r t i c a l vec to r f i e l d and V 

i s a vec to r f i e l d system. 

Note t h a t V i s an F(E) - submodule o f H ( E ) , where F(E) i s the space o f 

f u n c t i o n s on E a n d H ( E ) i s the space o f vec to r f i e l d s on E . 

Since TT* has maximal r ank , 

dim V(p) = dim E - dim M. 

Moreover , 

V(p) = ( X ( p ) | X 6 v ) . 



14 

D e f i n i t i o n : An i n t e g r a l curve o f V i s a curve which l i e s e n t i r e l y i n one 

f i b r e o f TT. 

D e f i n i t i o n : A v e c t o r f i e l d system H C H ( E ) i s sa id t o be a h o r i z o n t a l 

system f o r the f i b r e space rr : E • M, i f 

E p = H(p) © V ( p ) f o r a l l p € E. 

Inwards , p • H(p) assigns to each p B E a l i n e a r subspace H ( p ) c E p 

w i t h the f o l l o w i n g p r o p e r t i e s : 

dim H(p) = dim M , 

H(P) A V(p) = 0 

TT maps H(p) i s o m o r p h i c a l l y onto ^ ^ ( p j - 1 - e - H de f i nes a h o r i z o n t a l 

d i s t r i b u t i o n on E. 

D e f i n i t i o n : A curve t •+ o ( t ) i n E i s h o r i z o n t a l w i t h respec t t o H i f 

o ( t ) = do_ ( t ) G H ( o ( t ) ) f o r a l l t , i . e . i f o i s an i n t e g r a l 
d t 

curve o f H . 

To keep as c lose as poss i b l e to the i n t e r e s t i n g phys ica l a p p l i c a t i o n s , 

we use l o c a l coo rd ina te systems, as the l o c a l coo rd i na te formulae w i l l 

be use fu l l a t e r on . 

Suppose dim E = n + m, and dim M = n . We choose i n d i c e s and the 

summation conven t ion on these i n d i c e s as f o l l o w s : 

1 ^ i , j , k , . . . <: n , 

1 ^ a , b , . . . < m. 

it 

If <̂ z-ĵ > i s a c o o r d i n a t e system o f f u n c t i o n s on M, se t n ( z . ) = , then 

{ x j , . . . , x \ a r e f u n c t i o n a l l y independent f u n c t i o n s on E. 



15 

Let ( y l 5 . . . , y m ) be a d d i t i o n a l f u n c t i o n s on E such t h a t ( x l f x n , 

y i » y m ) f o r m a coo rd ina te system f o r the f i b r e space E. 

Let H* and V* be the p f a f f i a n systems dual to H and V. The f o l l o w i n g 

r e s u l t s can be shown: 

( i ) The 1-forms d x l s . . . d x p form a bas is f o r V* as an F(E) -modu le . 

( i i ) Each p o i n t o f E i s con ta ined i n an open subset E' such t h a t H* 

r e s t r i c t e d to E 1 has an F(E ' ) -modu le bas is ( e j , — em) -

Moreover, we have the f o l l o w i n g : 

Theorem 1 : 

Suppose t h a t H* has a t l e a s t one F(E)-module bas is ( e l 5 . . . , e m ) . 

Then one can choose t h i s bas is to have the form 

e a = d y a - f a i d x i 

w i t h f a • f u n c t i o n s on E. 

In t h i s form i t i s un ique. 

For the proof one can see [ 1 2 ] . 

Now, i f t -* o ( t ) i s a curve in E which i s h o r i z o n t a l r e l a t i v e to 

the system H, then 

8 ( o ' ( t ) ) = 0 f o r a l l e e H * . 

So the equa t ion de te rm in ing a ( t ) i s 

d _ y a ( a ( t ) ) = f ( x ( c ( t ) ) , y ( a ( t ) ) ) d _ X i ( o ( t ) ) 
d t d l d t 

and the f o l l o w i n g theorem i s t r u e f o r such c u r v e s : 
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Theorem 2: 

Le t t — - o i ( t ) , 0 « t < o o , be a curve i n M and l e t p be a p o i n t 

i n E such t h a t Ti(p) = a^O). Then the re i s a p o s i t i v e rea l number t 0 and 

a curve t —- a ( t ) , 0 4 t 4 t 0 i n E such t h a t 

( i ) o i s h o r i z o n t a l w i t h respec t t o H, 

( i i ) i r(a ( t ) ) = a x ( t ) 9 (K< t s? t 0 , 

( i i i ) c (0) = p. 

Cond i t ions ( i ) , ( i i ) and ( i i i ) determine o u n i q u e l y . 

D e f i n i t i o n : Let TT : E — • M be a f i b r e space and H C ) ( ( E ) be a 

h o r i z o n t a l vec to r f i e l d system. H i s sa id to determine a h o r i z o n t a l l y 

complete Ehresmann connect ion f o r the f i b r e space i f f o r every curve 

t o 1 ( t ) , 0 <• t < *>, i n M and each p o i n t p £ n~l(ai(Q))9 t he re i s a 

h o r i z o n t a l curve t — • a ( t ) , 0 < t ^ « i n E such t h a t 7 r(a ( t ) ) = 0 ] ( t ) 

and o(0) = p. 

Now, f o r q £ M, l e t F(q) = T T _ 1 (q) denote the f i b r e o f TT over q . 

Let t • o l ( t ) 9 0 ^ t << 1 be a curve i n M such t h a t o i ( 0 ) = q 0 , 

a i O ) = Pi f ° r 9o> Pi po in t s i n M. Given p £ F ( q 0 ) , t he re i s a unique 

h o r i z o n t a l curve t • o ( t ) , 0 < t 1 i n E such t h a t : 

7 r(a ( t ) ) = a j ( t ) , 0 t <: 1 

o (0) = p, 

and so o ( l ) G F ( q j ) and we have a map: 

4> : F ( q 0 ) —-+ F ( q 1 ) 

c a l l e d the p a r a l l e l t r a n s l a t i o n map. 

I f the curve t — • a L ( t ) i n M i s a l o o p , i . e . o j ( 0 ) = a j ( 1 ) = q , 

then the se t o f p a r a l l e l t r a n s l a t i o n maps ( A de f i nes a group o f 
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t r a n s f o r m a t i o n s on the f i b r e F(q) c a l l e d the holonomy group o f the 

connec t ion H a t q . 

D e f i n i t i o n : Let a geometr ic s t r u c t u r e S be imposed on each f i b r e o f 

the f i b r e space. We say t h a t the connec t ion H i s an S-connect ion i f 

the p a r a l l e l t r a n s l a t i o n maps between f i b r e s a l l preserve t h i s geometr ic 

s t r u c t u r e S. 

Now, as the l i f t i n g o f curves on M, vec to r f i e l d s may a l so be 

l i f t e d by means o f the connect ion H , to h o r i z o n t a l v e c t o r f i e l d s on E. 

I f X i s a v e c t o r f i e l d on M, the re i s a vec to r f i e l d X ^ on E which i s 

un ique ly determined by the two p r o p e r t i e s : 

X H G H , and T T * ( X H ) = X . 

X U i s c a l l e d the h o r i z o n t a l l i f t o f X . 
n 

The p a r a l l e l t r a n s p o r t maps f i x the type o f the c o n n e c t i o n , i . e . 

i f the p a r a l l e l t r a n s p o r t a long curves i n the base always d e f i n e s an 

a f f i n e automorphism between f i b r e s , then H i s sa id to be an a f f i n e 

connec t i on . In a s i m i l a r way we o b t a i n o the r spec ia l k inds o f Ehresmann 

connec t i ons , namely p r o j e c t i v e connect ions and conformal connec t i ons . 

D e f i n i t i o n : The v e c t o r f i e l d system H i s sa id to be comp le te ly i n t e g r a b l e 

i f , and o n l y i f , [ H , H ] c H . In o t h e r words , i n t e g r a b i l i t y f o r H may be 

w r i t t e n as d H * c F ^ E j A H* , where F ' (E) i s the space o f 1-forms on E. 

D e f i n i t i o n : The cu rva tu re o f t he Ehresmann c o n n e c t i o n , determined by a 

h o r i z o n t a l vec to r f i e l d system H on a f i b r e space TT : E—• M, i s t he 

geometr ic o b j e c t which decides complete i n t e g r a b i l i t y o f H. 

As the v e c t o r f i e l d systems H and V are complementary, we d e f i n e 
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the cu rva tu re tensor o f the connect ion H to be the map 

Q : HxH • V 

by ft(X,Y) = p r o j e c t i o n o f [X,Y] i n V w i t h respec t t o the d i r e c t sum 

decomposi t ion o f H and V, where X,Y 6 H. 

And we have the f o l l o w i n g theorem: 

Theorem 3: 

Q i s an F ( E ) - b i l i n e a r skew-symmetric map. Q i s zero i f , and on ly 

i f , H i s i n t e g r a b l e . 

In l o c a l coord ina tes ( x - j , y a ) f o r E, and w i t h e a = d y a - f a • d x 1 

as bas is f o r H*, we can w r i t e 

e a = d ^ a ~ w a " wabYb - ^ G Y b ^ c - . . . 

by expanding the f u n c t i o n s f a . . as T a y l o r s e r i e s i n y w i t h x as parameters . 

u) a , w a ^ , w a b c , are 1-forms i n the v a r i a b l e s x^ a l o n e , so they are 

1-forms on M. They are c a l l e d the connect ion 1- forms. C a l c u l a t i n g d e a , 

we ge t 

d e a = a a - n a c y c - ^bcYbYc - • • • 

where fta = dtoa - w ab A u>b> 

^ac ~ d a ) a c " ^ab ^ w bc ~ 2w ac A wb, 

^abc = du)abc " w a dAwdcb + w a c d A ^ d b + ^abdA^dc + 

The 2-forms Q A , ftab, ftabc , . . . are the c u r v a t u r e 2- forms o f the c o n n e c t i o n . 

Note t h a t these forms depend on the choice o f the coo rd ina tes { y a } which 

i s c a l l e d the moving frame f o r the f i b r e space. For example, i f y a + y a , 

o r i n m a t r i x n o t a t i o n , Y — • AY = Y 1 , where A i s an m x m m a t r i x o f 
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f u n c t i o n s , e = (6a)> c = (wa)> w = (wab) and w° = (u jabc) , 

so t h a t 

6 = dY - n - coY - (ca°Y)Y - . . . 

Now, assuming t h a t the new 0 ' i s g iven by 

0 ' = dY' - n' - u>'Y' - ( a ) 0 , Y ' ) Y ' - . . . 

then s u b s t i t u t i n g from Y' = AY, we g e t , 

n' = An , 

a,' = dA A - 1 + AcoA" 1 , 

( / ' = ( A t ) ~ i w ° , 

where A*- i s the t ranspose o f A. 

A lso i f q = ( f i a ) , then 

= A Q A " 1 , 

and the t r a n s f o r m a t i o n laws f o r ( f t a b)» ( f t abc)> m a y be c a l c u l a t e d , 

bu t i t looks compl ica ted and we would not need i t he re . 

D i f f e r e n t i a l equat ions on f i b r e spaces 

Let E be a d i f f e r e n t i a b l e m a n i f o l d , which i s the j e t bundle o f 

some man i fo lds M and N. 

D e f i n i t i o n : A system o f d i f f e r e n t i a l equat ions w i t h domain M and range N 

i s a d i f f e r e n t i a t e subset DE o f J k ( M , N ) , t h a t i s t he zero se t o f 

f i n i t e number o f f u n c t i o n s on J k ( M , N ) . 

I n the c l a s s i c a l t e r m i n o l o g y , the v a r i a b l e s o f M are the independent 

v a r i a b l e s o f the system DE and the v a r i a b l e s o f N are the dependent 
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v a r i a b l e s o f the system. The i n t e g e r k determines the o rde r o f the 

system. 

In terms o f l o c a l coo rd ina tes f o r M,N and J ^ ( M , N ) , say , { x a } , 

( z u \ and ( x a , z u , z \ z^ ^ ) r e s p e c t i v e l y , one can t h i n k o f the 
V J a a ̂ . . . a ^ 

system DE as be ing generated by a f i n i t e number o f f u n c t i o n s F l s . . . F q 

w i t h 
F x ( x a , z\ z u ) = 0 , 

a i . . .aj< 

F 2 ( X a , z M , z^ ) = 0 , 
a i - • - a k 

» • • 

and the system o f p a r t i a l d i f f e r e n t i a l equat ions DE i s the zero se t 

o f these f u n c t i o n s F l 5 F . Note t h a t i f F 1 ? F 2 , . . . Fq are 

independent o f the p a r t i a l d e r i v a t i v e v a r i a b l e s z y , z u , then 
a a ^ . - a f c 

the system DE reduces t o a se t o f o r d i n a r y e q u a t i o n s . 

I f we are not concerned w i t h the s i n g u l a r i t i e s o f the f u n c t i o n s 

F l 9 F 2 , Fq , or o f t h e i r s o l u t i o n s , then we may t h i n k o f the system 
u 

DE as a submani fo ld o f J (M,N) and not j u s t a subse t . 

k 

D e f i n i t i o n : A s o l u t i o n o f the system DE, DE c j (M,N) , i s a map 

f : M N such t h a t J k f c DE. 

Th is means t h a t 

F x ( x a , f u ( x ) , 9 f J \ . . . , ^ ) = 0 , 
ax a a x a i • • • 3 x a k 

F q ( x a , f y ( x ) , a f j \ 8 k f p ) = 0 , 

3X a 3 X a r - - 3 X a k 
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where f 5 f M ( x ) = z u i s the p r e s e n t a t i o n o f f . 

D e f i n i t i o n : The se t S = ( f : M — N | J k f c DE) 

i s c a l l e d the s o l u t i o n s space o f DE. 

k+1 
D e f i n i t i o n : A d i f f e r e n t i a l equa t ion system DE' c J (M,N) w i t h S' as i t s 

k 

space o f s o l u t i o n s , i s a p r o l o n g a t i o n o f DE c J (M,N) i f 

S' = S. 

In t h i s case DE l i s c a l l e d the 1 s t p r o l o n g a t i o n o f DE i n the c l a s s i c a l 

sense. By t h i s d e f i n i t i o n o f p r o l o n g a t i o n , a c l e a r f a c t i s t h a t a l l 

h igher o rder p ro l onga t i ons o f DE have the same space o f s o l u t i o n s . 

This idea o f p r o l o n g a t i o n has been known f o r a long t ime ( s i n c e 

S. L i e ) and has had a modern t rea tment us ing the theory o f j e t s and 

L ie pseudogroups. This has been done by a l i s t o f peop le , s t a r t i n g w i t h 

V e s s i o t , J a n e t , K u r a n i s h i , Ehresmann and r e c e n t l y by Pommaret i n 1978. 

But as we are concerned w i t h the s tudy o f p a r t i a l d i f f e r e n t i a l 

equat ions by means o f d i f f e r e n t i a l geometr ic t o o l s a p p l i e d t o p a r t i c u l a r 

systems o f phys i ca l i n t e r e s t , we s h a l l need a new d e f i n i t i o n o f p r o l o n g ­

a t i o n as w i l l be shown i n the f o l l o w i n g c h a p t e r s . 

We c lose t h i s chapter w i t h the f o l l o w i n g s e c t i o n about Backlund 

maps, which w i l l be usefu l l a t e r o n . 

Backlund maps 

S imp ly , a Backlund map i s a t r a n s f o r m a t i o n o f the dependent v a r i a b l e s 

i n a system o f d i f f e r e n t i a l e q u a t i o n s . 
1 1 

, where we l e t M, N x Let us r e c a l l the n o t a t i o n o f s e c t i o n 

and N 2 be C°°-mani fo lds. We f i x the f o l l o w i n g c o o r d i n a t e systems: 
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f o r M, { x a } , a = 1 ,2 , dim M = n , 

f o r N 1 , { z l J } , M = 1 ,2 , dim N2 = m, 

and f o r 

N 2 , { y A } > A = 1,2 dim N2 

D e f i n i t i o n : A Backlund map $ i s a C^-map 

^ J h (M»Ni) x N 2 • J 1 ( M S N 2 ) 

w i t h the f o l l o w i n g requ i rements : 

( i ) i> ac ts t r i v i a l l y on M, i . e . the diagram 

J h ( M , N 2 ) x N 2 t J 1 ( M , N 2 ) 

p r L a 

J h ( M , N i ) 
a 

•> M 

commutes, where a i s the source map and prl i s the p r o j e c t i o n 

onto the 1st component, 

( i i ) $ acts t r i v i a l l y on N 2 , i . e . 

J n ( M , N 1 ) x N 2 

p r 2 

N 

+ J i ( M , N 2 ) 

commutes where 6 i s the t a r g e t map. 

These c o n d i t i o n s on ^ imply t h a t \\> i s f i x e d comp le te l y i f the 

A a A A i 
coord ina tes y a i n (x , y , y j f o r J I ( M , N 2 ) are g iven as f u n c t i o n s , 

a a 
A h 

say ^ on J M ( M , N 1 ) x N 2 , i . e . 
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/ - / ( x a , z \ z» . . . . z a

u , y B ) (1) 

d d d d j . . . a ^ 

and t h e ( x a } and ( y } are una l t e red by c o n d i t i o n s ( i ) and ( i i ) . 

Now suppose t h a t maps f : M • Nj and g : M • N 2 are g i v e n , 

w i t h z 1 ' = f u ( x ) and y A = g A ( x ) There are two ways to c o n s t r u c t 3 g A , 

namely by d i f f e r e n t i a t i n g g (x ) o r by s u b s t i t u t i n g i n equa t i on ( 1 ) . 

The requi rement t h a t both ways g i ve the same r e s u l t , say , 

39 A - A , a f U 3 f u 3 h f p B 

3 X 
( x ) = # (x , f u , — , . . . , g ( x ) ) 

b a 3 x a a x a i . . . 9 X a h 

i s t h a t the map $ s a t i s f i e s i t s i n t e g r a b i 1 i t y c o n d i t i o n s which f o l l o w 

from 

_ L IS? (x) - * ?9?. (x) = 0 
r b b c 

3 X C 3X 3 X U 3 X L 

These i n t e g r a b i l i t y c o n d i t i o n s may be w r i t t e n i n the fo rm: 

,h+ l ~h+l * A „h+l .h+1 * A n 

\ % *b " 3 b *h ^a = ° ' < 2 ) 

where i r j + 1 = T T J + 1 X i d N : J h + 1 ( M . N ^ x ^ • J h ( M , N 1 ) x N 2 , 
h h and § a i s the extended hash ope ra to r to J ( M , N } ) x N 2 

g iven by 

3 h + 1 = 3 h + 1 * + / - L , 
a

 3 yA 

i . e . a h + 1 = J - + z ^ _ L _ + 2" ± + . . . + z v J 
a 3x a 3 az^ a c azu a a i - - - a h - l ^ T j 

c a 1 . . . a h _ 1 

+ a J + / A, • 
a a i - - - a h 3 Z M a

 3 y A 
a j . . . a h 
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The i n t e g r a b i l i t y c o n d i t i o n s may a lso be w r i t t e n i n a c o o r d i n a t e - f r e e 

formula i n terms of i d e a l s o f d i f f e r e n t i a l forms as i n [ 2 2 ] . Th is i s 

done as f o l l o w s : 

We have the d iagram: 

J h + 1 ( M , N 1 ) < J h + 1 ( M , N 1 ) x N 2 

- h + 1 

*h 4 
(3 ) 

J h ( M , N 1 ) x N 2 * v J ] ( M , N 2 ) 

L . I 

so t h a t on J ( M J N J ) x N 2 , t he re are two induced modules o f f o r m s , namely 

I j = p r 1 U (M ,N T ) , and 

j - h+1 * * 1 / U M \ 

Set U = t i N * 

I 3 l i v e s a l so on J h + ^ ( M , N j ) x N 2 . 

A A A a Now, because ft](M,N2) has a bas is i n the form e = dy - y dx , the a 

i n t e g r a b i 1 i t y c o n d i t i o n s have the e q u i v a l e n t fo rm: 

* J + 1 * * * d ^ ( M , N 2 ) c I ( f i h + 1 « * ) (4) 

where I ( a h + 1 ' * ) i s the idea l generated by the forms o f fth+1 

I t i s c l e a r t h a t these i n t e g r a b i l i t y c o n d i t i o n s a l so comprise a 

system o f d i f f e r e n t i a l equat ions Z on J h + 1 ( M , N 1 ) x N 2 . 

I f Z = Z x N 2 , where Z i s a system o f d i f f e r e n t i a l equat ions on J ( M , ^ ) 

then \\> i s c a l l e d an o r d i n a r y Backlund map f o r the system Z. 

Now, suppose t h a t 

i> : J h ( M , N O x N 2 — - 0 1 ( M , N 2 ) 

i s a Backlund map. 



25 

D e f i n i t i o n : a map \p l , 

^ : J h + 1 (M,N 2 ) x N 2 • J2(M,N 2 ) 

i s sa id to be compat ib le w i t h ^ i f the f o l l o w i n g diagram 

J h + 1 (H ,N X ) x N 2 ^ — - J2 (M,N 2 ) 

\,2 (5 ) 

J h ( M , N 1 ) x N 2 — i • J 1 ( M , N 2 ) 

commutes. 

The map ^ i s determined comp le te ly by the s p e c i f i c a t i o n o f 

f u n c t i o n s on J h + 1 ( M , N 1 ) x N 2 such t h a t under 4 , 1 

A 
Because o f ( 3 ) , the app rop r i a t e cho ice o f ^ c

 1 S 

where ( ) denotes symmet r i za t ion between the i nd i ces b and c . 

Such a map ^ 9 s a t i s f y i n g equat ions ( 5 ) , (6) and (7) i s c a l l e d the 1s t 

p r o l o n g a t i o n o f i>. 

I n g e n e r a l , the map i j / S , 

* s : J h + S ( M , N 1 ) x N 2 > J S f M , N 2 ) 

which i s compat ib le w i t h ^ i s c a l l e d the s ^ p r o l o n g a t i o n o f ty9 and i s 

f i x e d by the f u n c t i o n s ^ b on J ^ + S ( M , N } ) x N ^ . The a p p r o p r i a t e 

cho ice i s 

A ~h+s, 5 h+s 5 h + s ^ h+s* ,A 
b } . ^ b $ n - a ( b l

9 b 2 *bs h \ + 1 

The i n t e g r a b i l i t y c o n d i t i o n s o f denoted by Z s are i n the form o f 

the system 
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~h+s ^h+s ~h+s, -h+s .A . n 

a i * r - 2 a r - l h V 

w i t h r t a k i n g a l l values 2 , 3 , s+1 s u c c e s s i v e l y . ( N o t e , r = 2 y i e l d s 

the i n t e g r a b i 1 i t y c o n d i t i o n s f o r \p i t s e l f . ) 

I f t he re i s a l e a s t i n t e g e r s such t h a t the image i p S / Z i s a 

system o f d i f f e r e n t i a l equat ions V on J S + 1 ( M , N 2 ) then the correspondence 

between Z and T i s c a l l e d the Backlund t r a n s f o r m a t i o n determined by 

the Backlund map i>. 

D e f i n i t i o n : I f J ° ( M , N ! ) and J ° (M ,N 2 ) are r e l a t e d by the i d e n t i t y 

d i f feomorphism 

( i d ) 0 : J ^ M . N i ) • J ° ( M , N 2 ) 

and the o r d i n a r y Backlund map $ determines a Backlund t r a n s f o r m a t i o n 

between systems o f equat ions Z on j ' 1 + V ( M , N 1 ) and V on J ^ ( M , N 2 ) i n 

such a way t h a t 

( i d ) h + 1 ( Z ) = V 

then \p i s c a l l e d a Backlund automorphism and the t r a n s f o r m a t i o n i s 

c a l l e d a Backlund s e l f - t r a n s f o r m a t i o n . For c o n s t r u c t i o n o f such 

Backlund automorphisms, see the Appendix. 

Now, i f t he re i s g iven a system o f p a r t i a l d i f f e r e n t i a l equat ions Z 

h+1 

on J ( M j N j ) , then the Backlund problem f o r Z means the de te rm ina t i on 

o f man i fo lds N 2 and maps 

41 : J h ( M , N j ) x N 2 * J ^ M . M 

which are o r d i n a r y Backlund maps f o r Z . I f such ^ e x i s t s f o r a system Z , 

then an Ehresmann connec t ion i s assoc ia ted t o the system Z on the f i b r e 

space 

( J h ( M , N i ) x N 2 , J h ( M , N x ) , p r j 
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v i a the Backlund map ty9 by t a k i n g the module >^*^ 1 (M,N 2 ) as v e r t i c a l 

forms on the produc t space. 

This connec t ion i s c a l l e d the Backlund c o n n e c t i o n . I t depends on 

the map if? and the s o l u t i o n s o f the system Z. For more d e t a i l s one can 

c o n s u l t l 2 2 l . The module ^ ^ ( M , N 2 ) has a bas is o f the form 

, A A A , A A 3 

e = dy - $ dx , 
a 

A h where i|> are the f u n c t i o n s on J ( M 9 N 1 ) x N 2 de te rm in ing the Backlund 

map . 

I f t he re i s a L ie group G, say , a c t i n g e f f e c t i v e l y on the f i b r e s 

of the f i b r e space and which i s compat ib le w i t h the l o c a l p roduc t 

s t r u c t u r e o f the f i b r e space, then i t i s argued t h a t the f u n c t i o n s 

^ may be w r i t t e n i n the form 

/ = X A ( y ) ' / ( x ) ^a a v j ; a v ; 

A 
where X (y) are f u n c t i o n s o f y ' s a lone and 

a ay A 

are among a bas is f o r the Lie a lgebra o f v e c t o r f i e l d s on N 2 . Moreover 

w^ (x ) are f u n c t i o n s o f x ' s a lone and a 

a a, x , a in = aj^(x) dx a 

i s a se t o f 1-forms s a t i s f y i n g the same equat ions s a t i s f i e d by the 

l e f t i n v a r i a n t 1-forms o f the L ie group G. 

I t i s a l so wo r t hwh i l e to ment ion here t h a t a Backlund map may 

be deformed to y i e l d a 1-parameter f a m i l y o f Backlund maps [22] , a l l 

hav ing the same i n t e g r a b i l i t y c o n d i t i o n s . 

These f a c t s w i l l be use fu l f o r t he t heo ry o f p r o l o n g a t i o n s and 

the r e l a t e d Backlund t r a n s f o r m a t i o n s as i t w i l l be shown, where such 
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a Backlund map ^ may lead t o Backlund t r a n s f o r m a t i o n s between s o l u t i o n s 

o f the d i f f e r e n t i a l equa t ion under c o n s i d e r a t i o n f o r which \p i s an 

o r d i n a r y Backlund map. 
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CHAPTER I I 

PARTIAL D IFFERENTIAL EQUATIONS, EXTERIOR D I F F E R E N T I A L 

SYSTEMS AND SOLITONS 

1 E x t e r i o r d i f f e r e n t i a l systems 
l 

The theory of e x t e r i o r d i f f e r e n t i a l systems, which was developed 

by E. C a r t a n , i s an e f f e c t i v e way to s tudy p a r t i a l d i f f e r e n t i a l 

equat ion systems a r i s i n g from a d i f f e r e n t i a l geometr ic background. This 

i s now used p a r t i c u l a r l y to study n o n - l i n e a r e v o l u t i o n equat ions which 

have phys i ca l a p p l i c a t i o n s . 

D e f i n i t i o n : Let M be a m a n i f o l d . A c o l l e c t i o n o f d i f f e r e n t i a l forms on M 

i s sa id to be a d i f f e r e n t i a l ( c losed) i d e a l , denoted by I , i f : 

( i ) For e l 5 e 2 £ I , f x e a + f 2 e 2 £ I , where f } , f 2 are f u n c t i o n s on M. 

( i i ) For e £ I and n any a r b i t r a r y f o rm, 

e A n C I . 

( i i i ) For any e £ I , de £ I . 

An a l t e r n a t i v e name f o r the d i f f e r e n t i a l i dea l i s e x t e r i o r d i f f e r e n t i a l 

system. 

D e f i n i t i o n : A subset o f I i s sa id to be g e n e r a t e } i f the sma l l es t e x t e r i o r 

d i f f e r e n t i a l system c o n t a i n i n g t h a t subset i s I i t s e l f . 

D e f i n i t i o n : A d i f f e r e n t i a l form u> on M i s sa id t o be a c o n s e r v a t i o n law 

f o r the e x t e r i o r d i f f e r e n t i a l system I i f dw belongs to I . 
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D e f i n i t i o n : An i n t e g r a l man i f o l d N o f I i s a submani fo ld o f M, 

4- : N • M, such t h a t 
• 

0 ( e ) = 0 f o r a l l 6 e I . 

The c o n d i t i o n s <t>*(e) = 0 f o r a l l e e l , g ive r i s e t o a d i f f e r e n t i a l 

equa t ion system which should be s a t i s f i e d on the submani fo ld N . Th is 

system i s c a l l e d the i n t e g r a l submani fo ld e q u a t i o n s . For example, i f 

e = a.dx i s a 1-form on M, y i s the coo rd ina te o f N and y • x ( y ) , 

the f u n c t i o n t h a t de f i nes the subman i fo ld , then the c o n d i t i o n t h a t 

<t>*(9) = 0 g i v e s : 

1 dy 

These are d i f f e r e n t i a l equat ions f o r x ( y ) , so t h a t the n o t i o n o f an 

i n t e g r a l submani fo ld o f an e x t e r i o r d i f f e r e n t i a l system i s no th i ng but 

a n o t i o n o f a d i f f e r e n t i a l equat ion system i n another g u i s e . 

To make t h i s po i n t c l e a r , here are some examples: 

Example 1 : 

Le t M = R \ w i t h coo rd ina tes ( x , y , u , v ) . 

Consider the system o f d i f f e r e n t i a l 2-forms 

e 1 = du A dx - dv A dy , 

e 2 = dv A dx + du A dy . 

Since d e 1 = d e 2 = 0 , the two forms e 1 and e 2 generate a d i f f e r e n t i a l 

i dea l I . Assume t h a t N i s the submani fo ld o f M, c o n s i s t i n g o f p o i n t s 

( x , y , f ( x , y ) , g ( x , y ) ) where N i s a 2-d imensional submani fo ld w i t h coo rd ina tes 

( x , y ) . To determine the c o n d i t i o n s s a t i s f i e d by the f u n c t i o n s u = f ( x , y ) 

and v = g ( x , y ) , so t h a t N i s an i n t e g r a l submani fo ld o f I , we have 
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<j>: N — • M by 

4> : ( x , y ) 

and hence 

• V ) 

• * ( e 2 ) 

So t h a t ^ ( e 1 ) 

3U 

3X 

3U 

ay 

i . e . the f u n c t i o n s f ( x , y ) and g ( x , y ) s a t i s f y the above Cauchy Riemann 

condi t i o n s . 

Thus the e x t e r i o r d i f f e r e n t i a l system I generated by e 1 and e 2 , 

when p u l l e d back to one o f i t s s o l u t i o n subman i fo lds , g ives r i s e to a 

system o f d i f f e r e n t i a l e q u a t i o n s , which i s the Cauchy Riemann system 

f o r the f u n c t i o n s f ( x , y ) and g ( x , y ) on N. 

Example 2 : 

Here we cons ide r the m a n i f o l d M to be g iven i n the form o f a 

p r o d u c t , M = N x Z. 

Le t I be an e x t e r i o r d i f f e r e n t i a l system generated by the 

( x , y , f ( x , y ) , g ( x , y ) ) 

= ( i L d x + —— dy) A dx - ( ^ L d x + ^ - d y ) A dy 
ax ay 3x ay 

= - ( i H + I X ) dx A dy 
ay ax 

= ( IX dx +3-X dy) A dx + dx + * ± dy) A dy 
ax ay ax ay 

= - (11 - i H ) dx A dy. 
ay ax 

= 0 = ( f>*(e 2 ) g i ve 

av _ — , 

3y 

__av 

ax 



32 

" I- form 8, 

e = a ( y , z ) dy + b ( y , z ) dz 

where z i s the c o o r d i n a t e o f Z. 

Let the submani fo ld be g iven i n the form 

<f> : N • M = N xZ 

by y — - ( y , z ( y ) ) 

i . e . graphs o f mapping : N • Z. 

Then e w i l l van ish on the i n t e g r a l submani fo ld N i f <j>*(e) = 0 , which 

amounts t o be 

a ( y , z ( y ) ) dy + b ( y , z ( y ) dy = 0 

i . e . a ( y , z ( y ) ) + b ( y , z ( y ) ) ^ = 0 

ay 

which i s the i n t e g r a l submani fo ld e q u a t i o n . So we may s t a t e the f o l l o w i n g : 

Theorem 1 : 

Le t I be a g iven e x t e r i o r d i f f e r e n t i a l system on a m a n i f o l d M. 

Let <j> : N • M be an i n t e g r a l submani fo ld o f I . Then $ * ( ! ) - 0 i s 

a system o f d i f f e r e n t i a l equat ions f o r the f u n c t i o n s d e f i n i n g the map <j>. 

This system i s unique up to a p r o l o n g a t i o n . 

This theorem has an a l t e r n a t i v e one f o r p f a f f i a n systems, which 

was proved by Cartan us ing h i s n o t a t i o n s o f cha rac te rs o f e x t e r i o r 

d i f f e r e n t i a l systems, genus, . . . e t c . We prove the theorem f o r the s p e c i a l 

case when M is a j e t bund le , which w i l l be use fu l f o r our r equ i remen ts . 
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Proo f : Assume M i s the j e t bundle J r ( X , Z ) where X i s the space o f 

independent v a r i a b l e s , Z the space o f dependent v a r i a b l e s and r I s H r n u n i * . 

the h i ghes t degree of the forms genera t i ng I , We choose the c o o r d i n a t e 

systems ( x a ) , { z ' p } and ( x a , z u , z ^ , . . . , z£ a } f o r X, Z and J r ( X , Z ) 

r e s p e c t i v e l y . 

Let the i n t e g r a l submani fo ld map 4> , 

<j> : X — * J r ( X , Z ) , be de f i ned by 

4> : ( x a ) • ( x D , 4 » u ( x ) , . - . , ( } ) y - . ( x ) ) , 
a l " , a r 

i . e . w i t h = z u ( x ) 

and so 

• l b 

•a a r 
. .a = ZM •a a r r 

The f a c t t h a t <j>*(I) = 0 g ives r i s e to a d i f f e r e n t i a l equa t ion system DE 

i s o b v i o u s , by examples 1 and 2. What remains to prove i s the uniqueness 

o f t h i s system DE. 

So, suppose t h a t <|>*(I') = 0 g ives r i s e to two systems DE and DE' 

w i t h o rders p and q , p f q , where p,q are p o s i t i v e i n t e g e r s . Assume t h a t 

DE and DE ' , as d i f f e r e n t i a l equa t ion systems on J r ( X , Z ) , are generated 

by se ts o f f u n c t i o n s : 

F ^ . z 1 ^ , z\ ) - 0, a a , . . . a p 

F 2 ( x a , z u , z a

M , z» a ) = 0 , 
a a ! . . . a p 

F (x , z ^ , Z ^ , ) = 0 , a < °° 
a a a i " - a

p 

f o r DE, and 

1 q 
F ' ( x a 7 P 7 U z p } - n h 2 (x ,z ,z , z ; - u , 

1 q 
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F ' ( x a , « . . . . . ) = 0 $ a a x . . . a ^ 6 < 

f o r DE ' . 

Now, s ince 4 i s an i n t e g r a l submani fo ld o f I , then we must have: 

= 0 F 1 ( x a , * y ( x ) , ( x ) ) 
1 * " P 

F 2 ( x d , ^ ( x ) , . . . . • w

a i _ 4 a ( x ) ) = 0 

F a ( x a , ^ ( x ) , . . - . • w

a j - _ a (X ) ) = 0 

( 1 ) 

and a lso 

F j 1 ( x d , 4 > y ( x ) , ^ a ( x ) ) = 0 

F 2 ' ( x \ A x ) , . . . , c | M

a a ( x ) ) = 0 

F B ' ( x a , / ( x ) , 
a 2 . . . a q 

( x ) ) = 0 

(2) 

From equat ions (1) and ( 2 ) , <j> i s a s o l u t i o n o f both DE and DE ' . 

In f a c t , because <j> was a r b i t r a r y i n t e g r a l submani fo ld o f I , any 

s o l u t i o n o f DE w i l l be a s o l u t i o n f o r DE* and converse ly any s o l u t i o n 

o f DE' w i l l be a s o l u t i o n o f DE. 

Hence DE and DE' have the same space o f s o l u t i o n s . Thus DE = DE'» 

o r , one i s a p r o l o n g a t i o n o f the o t h e r , which proves the theorem. 

D e f i n i t i o n : A d i f f e r e n t i a l form which i s a c o n s e r v a t i o n law f o r the 

e x t e r i o r d i f f e r e n t i a l system I , i s a conse rva t i on law f o r the u n d e r l y i n g 

d i f f e r e n t i a l equat ion system, i . e . the i n t e g r a l submani fo lds equa t i on 

system. 
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Now, l e t DE be a g iven system o f d i f f e r e n t i a l e q u a t i o n s , the 

q u e s t i o n i s can one f i n d an e x t e r i o r d i f f e r e n t i a l system e q u i v a l e n t 

to DE i n the above sense? The answer to t h i s ques t i on i s y e s , and no t 

on l y one e x t e r i o r d i f f e r e n t i a l system but many. 

Before we d iscuss t h i s p o i n t , here are some examples: 

Example 3: 

Consider the h y p e r b o l i c wave equa t ion 

3 ^ Z _ f / 3Z ^ Z \ 

3 X ! 3 X 2 3 X 1 3 X 2 

Cons t ruc t a m a n i f o l d w i t h coord ina tes ( x 1 , x 2 , z , z 1 $ z 2 ) a n d cons ide r 
x x 

9 j = dz - z ^ d x 1 - z x 2 d x 2 , 

e 2 = dz i A dx 1 - f ( z , z i , z v 2 ) d x 2 A d x 1 . 

Then the d i f f e r e n t i a l i dea l I generated by e l 5 e 2 , de x and d e 2 has the 

h y p e r b o l i c wave equat ion as i t s i n t e g r a l submani fo ld e q u a t i o n . 

Example 4 : 

The K.dV equat ion 

z , + z i , , + 12zz , = 0. 
X 2 X X X X X A X 1 

Consider the m a n i f o l d o f coo rd ina tes ( x 1 , x 2 , z , p , q ) w i t h p = z 1 $ 

x 
q = z i | , and the se t o f d i f f e r e n t i a l fo rms: 

x x 

a 1 = dz A d x 2 - pdx 1
 A d x 2 , 

a 2 = dp A d x 2 - qdx 1 A d x 2 , 

a 3 =-dz A d x 1 + dq A d x 2 - 1 2 z p d x ] A d x 2 . 

S ince 

d a 1 = d x 1
 A a 2 , 

d a 2 = d x 1 A a 3 , 

d a 3 = - ^ ( p a 1 + Z a 2 ) A d x 2 
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the se t o f forms ( a 1 , a 2 , a 3 ) generate a d i f f e r e n t i a l i dea l I . 

I f <j> : ( x ] , x 2 ) * ( x 1

t x ; \ z ( x i , x : ) , p ( x 1 - , x 2 ) , q ( x i , x 2 ) ) i s an i n t e g r a l 

submani fo ld o f I , i . e . 

4 1 * ( a 1 ) = 0 , i = 1,2 and 3, then 

f ( a i ) = - p) dx i A d x 2 = 0 , 

^ * ( A 2 ) = ( I P - - q) dx i A dx 2 = 0 , 

3 X 1 

<|>*(a3) = ( — + i 5 L + 12zp) dx 1 A d x 2 = 0 
} X 2 d X 1 

and because dx 1 A d x 2 f 0 on the i n t e g r a l subman i fo ld , thus 

p = . q = 3P. = 

3X 1 ax 1 a x ^ x 1 

and i l + i L + 12zp = 0 
ax 2 ax 1 

which i s again the K.dv e q u a t i o n . 

Example 5: 

Consider the s ine-Gordon e q u a t i o n : 

J f L _ - s i n z 
axVax^ 

The 2- forms 

0 1 = dz A d x 2 - p dx 1 A d x 2 

e 2 = dp A d x 1 + s i n z d x * A d x 2 

on the m a n i f o l d M w i t h coo rd ina tes ( x 1

s x 2 , z , p ) , generate an e x t e r i o r 

d i f f e r e n t i a l system I j s ince de 1 = -e 2 A d x 2 and d e 2 = -cos z d x 1 A Q 1 . 

I f <f> : ( x ^ x 2 ) • ( x ] , x 2 , z , p ) , i s an i n t e g r a l submani fo ld o f I l s 

then * * ( V ) - 0 , i - 1 ,2. 
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But ( M 0 1 ) = ( - ~ : - D) dx ' A d x 2 , 

f * ( e 2 ) - - ( - ^ - - s i n z) dx 1 A d x 2 

a x 2 

and as d x 1 A d x ; ^ 0 on the i n t e g r a l subman i f o l d , we have 

3Z 

P = > 
dxl 

3 2 Z 
= s i n z 

^ x -
which i s the s ine-Gordon e q u a t i o n . 

Example 6 : 

Aga in , the s ine-Gordon equa t ion 

3 2z 

S 1 n z . 
ax l sx 2 

Consider the man i f o l d o f dimension 5 w i t h coord ina tes ( x 1 , x 2 , z , z j = p , 
x 

z 2

= q ) a n c * the se t o f forms 
x 

e 1 = dz A d x l - p dx 1 A d x 2 , 

6 2 = dz A dx* - q d x 1 A d x 2 , 

e 3 =-dp A d x ^ + dq A dx* + 2 s i n z d x 1 A d x 2 

on t h i s m a n i f o l d . 

We note t h a t 

d e 1 = - 6 3 A d x 2 , 

d e 3 = -2 cos z e 1 A d x 1 , 

de 2 = e 3 A d x 1 . 

So e 1 , e 2 and e 3 generate a d i f f e r e n t i a l I 2 . 

I f <j> : ( x 1 , x 2 ) • ( X i , x 2 , z , i L , H - ) 

3 X 1 3 X 2 

i s an i n t e g r a l submani fo ld o f I 2 , then 

^ ( e 1 ) = 0 , i = 1 , 2 and 3. 
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This amounts about the equat ions 

( l i - - p)dx^ A d x 2 = 0 
3 X 1 

( H _ - q ) d x i A d x 2 = 0 , 

( 3 P _ + ?q_ _ 2 s i n z ) d x l A d x ; = 0 ? 

3 X 2 3 X 1 

so t h a t on the i n t e g r a l submani fo ld where dx 1 A d x 2 / 0 , we have 

3Z oZ 
p = — » q = — 

ax 1 ax 2 

d 2 Z 
and ~ = s in z 

d X ^ d X 2 

which i s the s ine-Gordon e q u a t i o n . 

Now, f rom examples 5 and 6 , i t i s seen t h a t w i t h the same d i f f e r e n t i a l 

e q u a t i o n , which i s the s ine-Gordon e q u a t i o n , two d i f f e r e n t i d e a l s I T and 

I 2 are c o n s t r u c t e d . C l e a r l y I } and I 2 have the same i n t e g r a l submani fo lds 

which are s p e c i f i e d by s o l u t i o n s o f the s ine-Gordon e q u a t i o n . 

Thus, i n g e n e r a l , we have the f o l l o w i n g : 

Theorem 2: 

Given a d i f f e r e n t i a l equat ion system DE, generated by a se t o f 

genera tors 

F j t x * , z \ z \ . . . ) = 0 , 
a 

F 2 ( x a , z u , z y , . . . ) = 0 , 

F ( x a , z u , Z» . . . ) = 0 , a< -a a 

one can c o n s t r u c t e x t e r i o r d i f f e r e n t i a l systems, no t a l l n e c e s s a r i l y 

e q u i v a l e n t , i n terms o f the v a r i a b l e s x a , z M , z u , . . . such t h a t the 
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submani f o l ds 

a / a u/ a\ J z / \ N x (x , z M ( x ) , — ( x ) , . . . ) 
3 x a 

are i n t e g r a l submani fo lds o f the e x t e r i o r systems, i f and on ly i f , 

x d r z ^ ( x a ) = z p ( x ) 

i s a s o l u t i o n o f the d i f f e r e n t i a l equa t ion system DE. 

For more examples one may see the notes by T. Wi l lmore [ 3 2 ] , and 

Hermann [ 1 4 ] . 

The d i f f e r e n t i a l forms i n the e x t e r i o r d i f f e r e n t i a l sys tems, t h a t 

one may c o n s t r u c t from a g iven d i f f e r e n t i a l equa t ion system, are 

c l a s s i f i e d i n t o two bas ic t ypes : 

(a) L i n e a r i z i n g fo rms , which are i n t roduced i n o rde r to reduce the 

d i f f e r e n t i a l equa t ion system to a se t o f f i r s t o rde r e q u a t i o n s . 

(b) Dynamic fo rms: these are the forms which rep resen t the d i f f e r e n t i a l 

equa t ion system i t s e l f . For example, the form e 1 and e 2 i n example 6 

and a 1 , a 2 i n example 4 are o f the f i r s t t y p e , w h i l e a 3 i n example 4 

and e 3 i n example 6 are dynamic fo rms . 

The advantage o f the use o f e x t e r i o r d i f f e r e n t i a l systems i n s t e a d 

of d i f f e r e n t i a l equat ion systems i s t h a t they s u i t n i c e l y the d i f f e r e n t i a l 

geometr ic study o f n o n - l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n s . 

As many e x t e r i o r systems are cons t ruc ted f rom a g iven d i f f e r e n t i a l 

equa t i on sys tem, the re a r i s e s the ques t i on o f which one to choose. A 

na tu ra l answer i s t h a t one may choose the s m a l l e s t e x t e r i o r d i f f e r e n t i a l 

system. 

As s o l i t o n equat ions are the main o b j e c t s o f i n t e r e s t h e r e , the 

f o l l o w i n g s e c t i o n i s devoted to i n t r o d u c i n g s o l i tons be fo re we s t a r t t h e i r 

geometr ic s t udy . 
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S o l i ton equat ions 

In the study o f n o n - l i n e a r wave e q u a t i o n s , the term s o l i ton i s 

used to denote a s i n g l e wave pulse ( s o l i t a r y wave) , which emerges f rom 

a c o l l i s i o n w i t h a s i m i l a r s o l i t a r y wave hav ing unchanged shape and 

speed. 

A c lass o f n o n - l i n e a r e v o l u t i o n equat ions w i t h s o l i t o n s o l u t i o n s 

has been found . This c lass con ta ins the s ine-Gordon e q u a t i o n ; 

3 2 Z 
= s i n z , 

3 X '61 

the k.dV. e q u a t i o n ; 

z, + z + 12zz = 0, 

t X X X X 

the mod i f i ed k .dV . e q u a t i o n ; 

z. + z + 6 z 2 z = 0 , 

t X X X X 

i n a d d i t i o n t o some o the r equat ions which may be covered by the A .K .N .S . 

system 

A x = qC - r B , 

q t = B x + 2Aq + 2xi B, 
r. = C v - 2Ar - 2>.iC, x, x 

where q , r are f u n c t i o n s o f x and t , A,B,C are f u n c t i o n s o f x , t , and x , 

and x i s a parameter . 

This system represen ts a c lass o f n o n - l i n e a r e v o l u t i o n equat ions 

s o l v a b l e by the s c a t t e r i n g t r a n s f o r m a t i o n [ 1 ] . 

S imp ly , the equat ions w i t h s o l i t o n s o l u t i o n s are c a l l e d " s o l i t o n s " . 

They have been shown t o share severa l remarkable p r o p e r t i e s : 
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( i ) They are so l vab le v ia the inve rse s c a t t e r i n g method, 

( i i ) They have an i n f i n i t e number o f conse rva t i on laws , 

( i i i ) They have Backlund t r a n s f o r m a t i o n s , 

( i v ) They descr ibe pseudospher ica l sur faces 123]. 

For the f i r s t p rope r t y ( i ) , a l l i t amounts to i s t h a t the i n i t i a l 

va lue problem f o r any s o l i ton equa t ion may be so lved us ing l i n e a r methods 

o n l y . In o the r words , i t means t h a t the g iven n o n - l i n e a r equa t ion ( s o l i t o n ) 

can be ob ta ined as the i n t e g r a b i 1 i t y c o n d i t i o n o f l i n e a r d i f f e r e n t i a l 

equat ions 

The second p rope r t y ( i i ) t e l l s us t h a t s o l i tons as waves do not d ie 

out over t ime and so they conserve energy. These conse rva t i on laws may 

be generated from the t h i r d p r o p e r t y , t h a t i s the Backlund t r a n s f o r m a t i o n s 

which t r ans fo rm s o l u t i o n s o f an equat ion t o ano the r , and t h a t b rought the 

f o u r t h p r o p e r t y ( i v ) , t h a t s o l i tons desc r ibe pseudospher ica l s u r f a c e s , 

s ince Backlund t r a n s f o r m a t i o n s were o r i g i n a l l y de f i ned as t r a n s f o r m a t i o n s 

between sur faces o f constant negat ive c u r v a t u r e . 

In t h i s s e c t i o n " s o l i t o n s " w i l l mean 2-d imensional s o l i t o n s , i . e . 

equat ions w i t h two independent v a r i a b l e s . 

G e o m e t r i c a l l y , the f i r s t p rope r t y o f s o l i t o n s , i . e . the i n v e r s e 

s c a t t e r i n g method, i s achieved by a s s o c i a t i n g a p a i r o f comp le te ly 

i n t e g r a b l e p f a f f i a n equat ions w i t h the n o n - l i n e a r equat ion to be s o l v e d , 

namely / V l \ 

and c o n s i s t s o f 1-forms i n the independent v a r i a b l e s ( x , t ) , the dependent 

v a r i a b l e s and i t s d e r i v a t i v e s . 

V 
v 2 

(1 ) 

where Q i s a 2 x 2 m a t r i x , which i s t r a c e l e s s 

i . e . t r f t = 0 (2 ) 
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I n t e g r a b i 1 i t y o f equa t ion ( 1 ) , i . e . 

. e = d:i - :: A a = 0 (3) 

i s by c o n s t r u c t i o n the o r i g i n a l n o n - l i n e a r equa t ion t o be s o l v e d . 

So lu t i ons o f equat ion (1) w i l l g ive r i s e to s o l u t i o n s o f equa t i on ( 3 ) . 

The ma t r i x o f 1-forms a i s not unique f o r a g iven n o n - l i n e a r e q u a t i o n , 

because the s c a t t e r i n g equat ions (1) and (2) and equa t ion (3) are form 

i n v a r i a n t under the t r a n s f o r m a t i o n 

v > v 1 = Av 

fi > P u ' = dAA - 1 + A ; ;A - l , 

0 • 0' - A o A - i , 

(4 ) 

where A i s an a r b i t r a r y 2 x 2 m a t r i x w i t h de t A = 1 . 

Such a t r a n s f o r m a t i o n (4) i s c a l l e d a gauge t r a n s f o r m a t i o n . 

I t has been po in ted out by Crampin [ 7 ] , Hermann [16] and Dodd [9] 

t h a t a can be i n t e r p r e t e d as a connect ion 1-form f o r the p r i n c i p a l 

s l_(2,R)-bundle on R 2 , and 3 i t s cu rva tu re 2 - f o rm . Also the m a t r i x Q i s 

the key to assoc ia te the pseudospher ica l su r face p rope r t y to s o l i t o n s 

as was shown by Sasaki [23] and by what w i l l be shown f o r the A .K .N .S . 

system i n f o l l o w i n g chap te r s . 

A u n i f y i n g c lass f o r s o l i ton equat ions so l vab le by the 2-component 

i nve rse s c a t t e r i n g method (as equat ions (1) and ( 2 ) ) i s g iven by the 

general A .K .N.S . system mentioned e a r l y i n t h i s s e c t i o n . In f a c t , w i t h 

d i f f e r e n t i d e n t i f i c a t i o n s o f the f u n c t i o n s r , q , A, B and C, one o b t a i n s 

the d i f f e r e n t equat ions i n t h i s c l a s s . 

For example 

(a ) A = — cos u, B = C = — s i n u 
4x 4A 

r = -q = \ux 

f o r the equa t ion = s i n u ( s i ne -Go rdon ) . 
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(b ) q = u, r = - 1 , 

A = - 4 \ 5 - 2 \ u u 
x 

B - -u - 2-u - 4, \2 U - 2u-~, 
X X X 

C = 4v~ + 2u 

f o r the equat ion 

u + 6uu + u = 0 (k ,dV . e q u a t i o n ) . 
L. X X X X 

( c ) q = - r = u , 

A = - 4 \ 3 - 2 A U 2 , 

B = -u - 2\u - 4>2 U - 2u?y 

X X X 

C - u - 2\u + 4.\ 2 u + 2u 2 

xx x 

f o r the equat ion 

u. + 6u ? u + u = 0 (mod i f i ed k.dV. equa t i on ) 
"C X X X X 

and so on. 

The a n a l y t i c s tudy o f t h i s system i s g iven i n d e t a i l i n re fe rence f l J . 

As a mat te r o f f a c t , t h i s system can be w r i t t e n i n another form C a l l e d 

the Lax form [ 1 8 ] , us ing d i f f e r e n t i a l o p e r a t o r s . 

That i s / v i \ 

Av 

v 1 

V 

V 

V t A v , 

|A, LI ( the n o n - l i n e a r A .K .N .S . system) 

where L 

d X 
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and / A ( x , t , x ) B ( x , t , A ) 

A = I 

\ C ( x 5 t , > ) - A ( x , t , A ) 

The system w i l l be cons idered here to study d i f f e r e n t i a l geometr ic 

p ro l onga t i ons f o r s o l i t o n s , as i t covers a l l s o l i t o n equat ions and 

g ives the u n i f i e d r e s u l t s f o r i t . 



45 

C H A P T E R I I I 

D I F F E R E N T I A L G E O M E T R I C P R O L O N G A T I O N S 

1 P ro longa t i ons 

S i m i l a r to p ro l onga t i ons o f d i f f e r e n t i a l equa t ion systems, 

p ro l onga t i ons o f e x t e r i o r d i f f e r e n t i a l systems are d e f i n e d . Th is 

p r o l o n g a t i o n i s c a l l e d d i f f e r e n t i a l geometr ic p r o l o n g a t i o n . 

D e f i n i t i o n : Let I be an e x t e r i o r d i f f e r e n t i a l system on a m a n i f o l d M, 

and I ' an e x t e r i o r d i f f e r e n t i a l system on a m a n i f o l d M ' , w i t h a map 

n : M' • M, submers ion, 

i . e . 7T* : TM* • TM i s o n t o . 

We say t h a t I' i s a p r o l o n g a t i o n o f I v i a the map TT i f T T * ( I ) C [ ' , 

We note t h a t I ' i n t h i s d e f i n i t i o n i s not unique and the re are many I ' s 

on M1 t h a t cou ld s a t i s f y the c o n d i t i o n TT*(6) € I' f o r a l l e e l . 

But one may r e q u i r e I ' to be the sma l l es t e x t e r i o r d i f f e r e n t i a l system 

between such I ' s on NT. Moreover the genus o f I ' i n C a r t a n ' s sense ( i . e . 

the maximum dimension o f r e g u l a r i n t e g r a l subman i fo lds ) i s equal to t h a t 

o f I . 

D e f i n i t i o n : In o the r words , a se t o f forms n a on M 1, w i t h -n : M'—• M, 

are sa id to d e f i n e a p r o l o n g a t i o n o f I on M v i a IT i f 

d n

a c ( t h e i dea l generated by T T * ( I ) and n

d ) 

i . e . d n

a c { / ( I ) , n a > 

n a are c a l l e d p r o l o n g a t i o n fo rms . 
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The forms n a appear now as conse rva t i on laws f o r the idea l I ' 

generated by rr ( I ) and n . Thus, when I i s c o n s t r u c t e d from a d i f f e r e n t i a l 

equat ion w i t h two independent v a r i a b l e s , the se t o f forms n 3 i s i n t h i s 

case a set o f 1- forms. This i s the techn ique inven ted by Wahlqu is t and 

Estabrook [30, 31] to s tudy conse rva t i on laws f o r n o n - l i n e a r e v o l u t i o n 

equat ions w i t h s o l i t o n s o l u t i o n s . 

Moreover, f o r geometr ic purposes and the sake o f s i m p l i c i t y , the 

m a n i f o l d M' w i l l be taken as a product f i b r e space over M, say M' = MxN, 

w i t h N another man i f o l d w i t h a r b i t r a r y d imens ion , say m. Let { x 1 } , 

•(y 8^} be coo rd ina tes f o r M and N r e s p e c t i v e l y , w i t h range o f i n d i c e s : 

1 * i » j , k , . . . dim M = n , 

1 ^ a ,b , c , . . . <r dim N = m. 

The map TT : MxN • M i s now g iven by 

-n-.(x,y) — x f o r x e M, y G N. 

With t h i s c o n s i d e r a t i o n , each o G I on M a lso belongs t o I ' , so t h a t 

one may say t h a t I 1 i s generated by I and the a d d i t i o n a l 1-forms n 3 on 

MxN g iven by 

a . a a , 

n = dy -OJ , 1 ^ a < m 

where cu 3 are 1-forms on M w i t h c o e f f i c i e n t s f u n c t i o n s o f x 1 and y d , 

i . e . co 3 i n v o l v e dx 1 but not d y ' s . 

In such a case , I ' = ( l , n 3 } - i s c a l l e d a m u l t i p l e p r o l o n g a t i o n o f 

I and the y a , s appear ing i n n 3 are c a l l e d p s e u d o p o t e n t i a l s . 
a a a 

Because the forms n = dy - us are conse rva t i on laws f o r I ' , 

they may produce conse rva t i on laws f o r I and hence f o r the d i f f e r e n t i a l 

equa t ion u n d e r l y i n g i t . Th is was the reason behind Wahlqu is t and 

Estabrook techn ique which i s now c a l l e d d i f f e r e n t i a l geometr ic p r o l o n g a t i o n . 

Now, because T i s a d i f f e r e n t i a l i d e a l , we must have d n 3 G I ' f o r 
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1 ^ a < m. But d n 8 = d w

a , and s ince w

a c o n t a i n on l y d x ' s , 

a a , \ 1 i i . e . w - W i ( x , y ) dx , say 

a a j b j a 
y' 

then dw = »l#b u A dy + d x 

where 

d ^ 3 = ( 2 l i d x j ) A d x 1 , 
3x J 

and 
a = d x 1 . 

y a y b 

Hence dn a = - 3 j ( / A ( r 6 + w 3 ) + d

x u » 

so t h a t dn G I 1 r equ i res t h a t : 

. a b a T , 
d w - u A 3 wb w 6 I • 

y 

One may r e f e r t h i s c o n d i t i o n to I by ho ld i ng y ' s cons tan t and say t h a t 

a b a 
d x to - OJ A a b LO G I f o r f i x e d y ' s . 

The p a r t p layed by the 1- forms UJ appear ing i n n i s very impo r tan t 

I t i s the key f o r i n t r o d u c i n g many a l g e b r a i c and geometr ic s t r u c t u r e s t o 

a d i f f e r e n t i a l equat ion system. I t a lso de f i nes the type o f p r o l o n g a t i o n 

one may be c o n s i d e r i n g . Fur thermore , knowing the form o f w 3 g ives one 

a l l t h a t i s needed to know about the a l g e b r a i c and geometr ic s t r u c t u r e s 

t h a t cou ld be i n t roduced to t h i s d i f f e r e n t i a l equa t ion system. 

In the f o l l o w i n g s e c t i o n s , we show these p o i n t s i n d e t a i l . 
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Pro longa t i on L ie a lgebras 

Let us con t i nue w i t h same n o t a t i o n as i n the l a s t s e c t i o n . To 

see how a l g e b r a i c s t r u c t u r e s may be assoc ia ted t o a d i f f e r e n t i a l 

equa t ion system v i a p r o l o n g a t i o n s , we take one o f the p o s s i b l e cho ices 

f o r ^ a , which i s the most e f f e c t i v e f o r a p p l i c a t i o n s . That i s the one 

i n which u> a take the form 

= Aj B 1 + e 2 + . . . + A' 

a a r where A 1 9 A are f u n c t i o n s o f y ' s a lone and s 1 , • » 3 are 1-forms 
r 

i n x a lone . 

a n a u i 
i . e . u) = A

U 3 , I u , v , . . . ^ r , 

where r i s an i n t e g e r which w i l l have i t s s i g n i f i c a n c e a f t e r w a r d s . 

Now, w i t h t h i s c h o i c e , we d e f i n e 

A 3 A 3 A, U 

d x u = A u d f i , 

and 3 b u a = s

y b ( A ^ ) 8 U , 
so t h a t the c o n d i t i o n o f p r o l o n g a t i o n becomes 

d x « - - b A 3 y b u> a = Aj 6 U - i ( A j 3 y b Aa

u - Aj 3 y b A a ) e I f o r f i x e d 

i . e . A j e U - | ( A j 3 y b A a - A a a y b A a ) 6 I f o r f i x e d y ' s ( 1 ) 

Let us i n t r o d u c e the n o t a t i o n 

A = A a — , 1 <: u , v , . . . < r 
u U a dy a 

Since A a a re f u n c t i o n s o f y ' s a l o n e , t h i s formula de f i nes r v e c t o r u J 

f i e l d s on N . 
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Set A = (A ,A ] , the L ie b racke t o f A and A . Then 
VU V U V U 

A = [A b _ L , A 8
 J - ] 

; ,yD 9 y d 

^ M U l i v

 3 y b u ayb , y a 

A :: A a 

i . e . 

A 
vU vU 

wi t h 
ay 

a . „ fta 
A a = ( A b 9Au _ A b 3 A v ) ^ f u n c t i o n s o f y ' s . 

u v . y b u ay b 

Thus i t i s seen t h a t equat ions (1) take the form 

A a d ^ u - 1 A a

u [ i v

A B U G I f o r f i x e d y (2) 

I f one knew the B U , S , equat ions (2) would g i ve r e l a t i o n s between 

A and A , t h a t i s [A , A ) = A . 
v U U v Uv 

Moreover, from the se t o f vec to r f i e l d s A and A , us ing the L ie 

b racke t and the Jacobi i d e n t i t y , one may have a L ie a lgebra s t r u c t u r e . 

In general t h i s L ie a lgebra or " t he l i k e L ie a l g e b r a " seems t o be 

i n f i n i t e d i m e n s i o n a l , as the processes may con t i nue and i t i s no t c l o s e d . 

But one may i n t r o d u c e c o n d i t i o n s a t some stage t o f o r c e c l o s u r e and has 

a f i n i t e d imensional L i e a lgebra as i s the case i n a p p l i c a t i o n s f o r some 

equat ions o f phys i ca l i n t e r e s t , l i k e the K,dV. e q u a t i o n , the s ine-Gordon 

e q u a t i o n , . . . e t c . , t h a t have been ob ta ined by many people s t a r t i n g w i t h 

Wahlqu is t and Estabrook [30 , 3 1 ] , Dodd and Gibbon [9 ] and M o r r i s [ 19 , 2 0 , 21] 

D e f i n i t i o n : The equat ions d e f i n i n g these a l g e b r a i c s t r u c t u r e s are c a l l e d 

the p r o l o n g a t i o n e q u a t i o n s . 
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a 3 
Since the vec to r f i e l d s A = A — are v e c t o r f i e l d s on N, 

u u 3y a 

the f i b e r o f the f i b r e space - : M x N — M , the assoc ia ted L ie a lgebras 

are L ie subalgebras o f the L ie a lgebra o f v e c t o r f i e l d s on N. 

Moreover, the p r o l o n g a t i o n L ie a lgebra i s unique i n i t s dependence 

on y ' s up to maps o f the vec to r f i e l d s A u , which preserve the p r o l o n g a t i o n 

equat ions rep resen t i ng i t . 

In a p p l i c a t i o n to equat ions o f i n t e r e s t , f i n i t e d imensional L i e 

a lgebras are shown to be homomorphic images o f the i n f i n i t e d imensional 

one, [ 2 6 ] , [ 8 ) . A n a t u r a l consequence i s t h a t one may look f o r 

r e p r e s e n t a t i o n s o f these L ie a lgebras and i n t h i s case the best cho ice 

i s to take m = dim N to be the dimension o f the r e p r e s e n t a t i o n space. 

Having a t hand such a p r o l o n g a t i o n L ie a l g e b r a , i t s automorphisms 

may be ob ta ined from the symmetries o f the e x t e r i o r d i f f e r e n t i a l system I , 

i . e . from maps <j> : M • M such t h a t 

* * ( I ) = I 

A lso, as examples f o r geometr ic s t r u c t u r e s , assoc ia ted to a 

d i f f e r e n t i a l equa t ion system v ia p r o l o n g a t i o n s , are Cartan-Ehresmann 

connec t ions , t o which the next s e c t i o n i s devo ted . 

P ro longa t ions and Cartan-Ehresmann connect ions 

Assume t h a t we have a f i n i t e d imensional p r o l o n g a t i o n L ie a l g e b r a , 

say G, o f v e c t o r f i e l d s a c t i n g on the f i b e r o f the f i b r e space 

7!: MxN • M 

w i t h dim G = r . 
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Let A , u = 1 ,2 , r be a bas is f o r G, where each o f A M i s o f the form 
u - u 

A„ = Aa, ( y ) ' 
u u

 3 y a 

There are then rea l numbers C W , the s t r u c t u r e cons tan ts o f G w i t h 
U v 

respec t to the bas is A^, such t h a t 

[A , A ] - C W A 
U v U v W 

Denote by G the s imply connected L i e group cor respond ing t o G. I t i s 

the s t r u c t u r e group o f the f i b r e space. 

A geometr ic i n t e r p r e t a t i o n o f p r o l o n g a t i o n i s t h a t i t de f i nes a 

Cartan-Ehresmann connect ion on the f i b r e space TT: M X N • M , where 

n 3 determine the connect ion 1- forms. 

Thus, i f P • M i s a submani fo ld o f M which i s an i n t e g r a l 

submani fo ld o f the e x t e r i o r d i f f e r e n t i a l system I , then on t h i s 

submani fo ld the p a r a l l e l t r a n s p o r t d e f i n e d by the connec t ion i s independent 

o f the p a t h . To work t h i s out i n more d e t a i l , l e t 
a _i a Aa u 

p = dy - A

u B 
a a u 

be the p r o l o n g a t i o n 1- fo rms, w i t h co = A^ s • 

The p r o l o n g a t i o n c o n d i t i o n s (2) lead to 

<AS d * U " 7 C v u g U ^ e 1 f o r f i x e d y -

Le t us assume t h a t G ac ts e f f e c t i v e l y on N, i . e . no element o f G i s the 

zero v e c t o r f i e l d , so t h a t A 3 are no t i d e n t i c a l l y z e r o , and we may have 
d B

u - l c u

w B V

A 6 w e I . 

c vW ' N 

Now, by the d e f i n i t i o n o f Cartan-Ehresmann connec t ion i n Chapter I , the 

2- forms 

« U = dB U 4c U

v w B v A f l " 

a r e , by d e f i n i t i o n , the c u r v a t u r e 2-forms o f the connec t ion de f i ned by 
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n a as i t s dual h o r i z o n t a l vec to r f i e l d system on the f i b r e space 

TT : M x N . M , or by the L ie a l geb ra -va lued 1 - fo rm 

n = B u A , A are bas is f o r G. J u u 

Because G i s the s t r u c t u r e group o f the f i b r e space, the connec t ion i s 

a G-connect ion . C l e a r l y , t h i s connec t ion i s f l a t , i . e . the p f a f f i a n 

system n

a = d y a - A a flU = 0 i s comple te ly i n t e g r a b l e i f , and on ly i f , 

the cu r va tu re forms <2U van i sh . 

Moreover, the connect ion s a t i s f i e s a B ianch i i d e n t i t y o f the form 

2da = \u, n ] - [ n , u 1 , 

where d = :,>U A^ i s the L ie a lgebra -va lued 2- form o f the c u r v a t u r e . 

An impor tan t p rope r t y o f these G-connect ions i s t h a t t h e i r 

holonomy groups are subgroups o f G. This w i l l be a key to t i e up 

d i f f e r e n t connec t i ons . For t h a t , l e t us assume t h a t t he re i s a symmetry 

o f I , <j> : M • M w i t h <j)*(I) = I . This map <j> may be l i f t e d 

(p ro longed) to a map $ on MxN such t h a t the diagram 

MxN i- • MxN 

! -u 
i 

M , M 

commutes and J i s a symmetry o f I ' on M x N , i . e . <j>*(I') = T . 

Then the map <j> may be used to g i ve r i s e to an automorphism o f 

the assoc ia ted L ie a lgebra G on M x N , say i9 

i : G — • G automorphism. 

Suppose we have another f i b r e space over M w i t h f i b e r Z, where dim Z > dim N , 

1 , e * Z = N x f o r some i n t e g e r t >y 0 , w i t h {z^) coo rd ina tes o f Z. 

Let I J be the e x t e r i o r d i f f e r e n t i a l system on M x Z , p r o l o n g a t i o n 

o f I v i a the map: 
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M x Z M 

toge the r w i t h a se t o f 1 - forms ; a , a - 1 , dim Z. Let Gj be the 

assoc ia ted L ie a lgebra of p r o l o n g a t i o n , w i t h , q = 1 , dim Gl as 

i t s bas is and r*? i t s s t r u c t u r e c o n s t a n t s . 
sp 

So a = dz« - (z ) Y " 

where >^ are 1-forms on M depending on x ' s a lone and 1 ^ q , s , p , . . . , « dim Gx 

Now the symmetry $ o f I may g ive r i s e to a symmetry ^ o f l{ on 

MxZ. 

i . e . i j : MxZ 

w i t h = l{ • 

MxZ, 

So we have the f o l l o w i n g commutative d iagram: 

MxZ 

MxN 

MxZ - MxNxR 

i d Mxh M 

MxN 

M 

, w i t h h, 

h : Z - N 

a p r o j e c t i o n map 

The G-connect ion on M x N , g iven by 

a , a fta ,u 
n = dy - A u B 

has cu r va tu re 2 - f o r m s , 

n u . .u 1 r u n v 0 w 
Q = d e + T C B A 6 2 vw 

A G j - connec t i on on M x Z , w i t h Gl the cor respond ing L i e group o f G 

i s g iven v ia the se t o f 1-forms 

C t t= d Z ° - B« A 

and has c u r v a t u r e 2 - f o r m s , say A^, 
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Assume t h a t h : G ^ •> G i s a L ie a lgebra homomorphism which may 

be taken i n a s imple case as 

u hB = h M A . v-J.vV V V

U * © H > V O * I V 5 
q q 7 

As mentioned e a r l i e r i n s e c t i o n 

we may w r i t e 

, such homomorphism e x i s t s , and so 

h c

a = h d z a - h ( B a ) Y

q 

i n terms o f A^, the bas is o f G, as 

u a . a A a u he = dy - A s , 

wi th 
hB = h u A q q u and 6 = h y • 

Hence, us ing the homomorphism p r o p e r t y , 

i . e . h V = h v h w C u , q sp s p vw 

one f i n d s t h a t 

A . 

Thus the G-connect ion cu rva tu re 2-forms are l i n e a r combinat ions o f the 

c u r v a t u r e 2-forms o f the G ^ c o n n e c t i o n . 

Hence, we proved the f o l l o w i n g r e s u l t : 

Theorem 1 : 

A l l Cartan-Ehresmann connec t ions assoc ia ted t o a d i f f e r e n t i a l 

equa t i on system v ia i t s d i f f e r e n t i a l geometr ic p r o l o n g a t i o n s a re 

homomorphic, i n the sense t h a t i f we have two such c o n n e c t i o n s , then 

the cu r va tu re 2-forms o f one connec t ion are l i n e a r combinat ions o f the 

c u r v a t u r e 2- forms o f the o t h e r . 
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We remark t h a t the theorem a l so a p p l i e s to the case o f Ca r t an -

Ehresmann connec t ions on the same f i b r e space bu t ob ta ined f rom 

d i f f e r e n t e x t e r i o r d i f f e r e n t i a l systems which are p r o l o n g a t i o n s o f the 

o r i g i n a l system cons idered on t h i s f i b r e space, s ince I 1 i s not unique 

as p r o l o n g a t i o n f o r I . 

Now, t h i s r e l a t i o n between the cu rva tu res o f Cartan-Ehresmann 

connect ions may lead to a r e l a t i o n between the holonomy groups o f these 

connec t i ons . To do t h a t , we f i r s t s t a t e the main theorem we know h e r e , 

t h a t i s the Ambrose-Singer Theorem. For i t s d e t a i l s one may c o n s u l t [ 2 ] . 

Theorem: (Ambrose-Singer Theorem) 

Let (P,M,n,G,H) be a p r i n c i p a l bundle w i t h connec t ion H and 

group G. Let b 6 P and cons ider G(b) and G (b) the holonomy group and 

the n u l l holonomy group o f H a t b r e s p e c t i v e l y . Let 

P(b) = e P | c can be j o i n e d to b by a h o r i z o n t a l curve i n p } . 

Let u) be the L ie a lgeb ra -va lued 1-form o f H and & i t s L ie a l g e b r a -

valued 2- form o f the c u r v a t u r e . 

Then the set o f l i n e a r maps 

{ ? ( v i , v 2 ) | v l 5 v 2 G M a , a G n ( c ) , c 6 P ( b ) } 

i s a subalgebra o f the L ie a lgebra o f G. Moreover G(b) and G Q (b) are 

L ie subgroups o f G and the subgroup generated by t h i s subalgebra i s 

G Q ( b ) , the n u l l holonomy group o f H. 

As consequences o f t h i s theorem we s t a t e the f o l l o w i n g r e s u l t s : 

1 - The holonomy groups o f a connec t ion a t p o i n t s i n the same f i b e r 

form a conjugacy c l ass o f subgroups o f G. 
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2 - D i f f e r e n t connect ions g ive r i s e to d i f f e r e n t c lasses o f conjugacy 

i n G. 

3 - I f two po in t s i n the bundle space can be j o i n e d by a h o r i z o n t a l 

c u r v e , then the holonomy groups o f a connec t ion a t the two p o i n t s 

are the same. 

This enables one t o s t a t e the f o l l o w i n g : 

Theorem 2: 

The holonomy groups o f Cartan-Ehresmann connect ions assoc ia ted 

to a d i f f e r e n t i a l equa t ion system v ia p ro l onga t i ons are homomorphic. 

Proo f : 

I t i s a d i r e c t r e s u l t o f Ambrose-Singer theorem and the r e l a t i o n 

between the cu rva tu res o f these connect ions as was shown i n Theorem 1 . 

Now we t u r n t o another impor tan t p rope r t y o f the equat ions o f 

i n t e r e s t he re , t h a t i s being so l vab le w i t h l i n e a r methods, o r i n 

o the r words t o a n o n - l i n e a r d i f f e r e n t i a l equa t ion ( s o l i t o n ) one 

assoc ia tes to i t i n t e g r a b l e l i n e a r systems, w i t h s o l u t i o n s cor respond ing 

t o those o f the n o n - l i n e a r e q u a t i o n . 

In f a c t , d i f f e r e n t i a l geometr ic p r o l o n g a t i o n he lps one t o do t h a t . 

We cons ide r t h i s p o i n t i n the f o l l o w i n g s e c t i o n . 
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L inea r systems assoc ia ted to a n o n - l i n e a r one v i a p r o l o n g a t i o n s 

I t i s now c l e a r t h a t d i f f e r e n t types o f L i e a lgebras shou ld be 

r e f l e c t e d i n d i f f e r e n t s o r t s o f pseudopo ten t ia l s and p r o l o n g a t i o n s and 

hence the assoc ia ted connec t i ons . This i s the p a r t p layed by w

a i n 

the p r o l o n g a t i o n 1-forms 

a . a a 
n = dy - co . 

To c l e a r t h i s p o i n t , l e t us con t inue w i t h same n o t a t i o n and assume t h a t 

G i s a l i n e a r L ie a lgebra o f l i n e a r v e c t o r f i e l d s on N, where by a 

l i n e a r vec to r f i e l d we mean 

n b a a 

w i t h ( a . ) c o n s t a n t s , a,b = 1 ,2 , m. This l i n e a r v e c t o r f i e l d A a 

generates a 1-parameter group o f l i n e a r t r a n s f o r m a t i o n s on N and the 

o r b i t equa t ion i s 

—= J* y a , t i s the parameter , 
d t a 

The map A • ( < 0 c o n s t i t u t e s a m a t r i x r e p r e s e n t a t i o n o f the L ie 
a 

a lgebra G o f such l i n e a r vec to r f i e l d s . 

Now, l e t I be an e x t e r i o r d i f f e r e n t i a l system on M and G i s 

a c t i n g l i n e a r l y on N. Let I ' on M x N be a p r o l o n g a t i o n o f I v i a TT, 

TT : M x N -+ M, 

t oge the r w i t h the se t o f 1-forms 

a , a A a 0 u 
n = dy - A 3 , 

u 

a 3 
where A = A are bas is f o r G, 

u u ay a 
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i . e . A 
u 

a,b ^ dim N = m 

dim G. 

The p r o l o n g a t i o n c o n d i t i o n s are t h a t drT e r • I f Z M by z x ( z ) 

i s an i n t e g r a l submani fo ld of I , then the p f a f f i a n equa t ions 

a = 0 

are s a t i s f i e d on Z and they are comple te ly i n t e g r a b l e . 

In f a c t 

n a / Z = 0 i s j u s t 

d y " u a b y p ' ( x ( z ) ) = 0 (3) 

Hence the system (3) i s comple te ly i n t e g r a b l e and i t i s a l i n e a r 

system which we have assoc ia ted to the o r i g i n a l n o n - l i n e a r system 

represented by I on M. 

The equat ions i n the l i n e a r system (3) are to be i d e n t i f i e d w i t h 

the l i n e a r inverse s c a t t e r i n g equat ions o f the n o n - l i n e a r wave theo ry 

when i t i s to be cons ide red . In t h i s case equat ions (3) may take the 

fo rm, i n m a t r i x n o t a t i o n , 

This w i l l be c l e a r when we study s o l i t o n s i n the f o l l o w i n g chap te r . 

Another impor tan t p rope r t y o f the equat ions o f i n t e r e s t he re , i s 

the Backlund t r a n s f o r m a t i o n s o f these equa t i ons . Thus d i f f e r e n t i a l 

geometr ic p r o l o n g a t i o n may suggest a f o r m u l a t i o n o f these t r a n s f o r m a t i o n s . 

We do t h a t i n the next s e c t i o n . 

dY - aY, 

u 6 ) i s a ma t r i x o f 1-forms and where a = ( u ;'b 

m l y y 1 . y 
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Pro longa t ions and Backlund t r a n s f o r m a t i o n s 

In t h i s s e c t i o n , we w i l l cons ider the most general d e f i n i t i o n 

f o r Backlund t r a n s f o r m a t i o n s t h a t i s t r a n s f o r m a t i o n s between s o l u t i o n s o f 

d i f f e r e n t i a l equa t ion systems. 

So, we s t a r t by g i v i n g an e x t e r i o r d i f f e r e n t i a l system I on a 

m a n i f o l d M, r e p r e s e n t i n g a system o f d i f f e r e n t i a l equat ions on M. 

Assume a p r o l o n g a t i o n i s g iven by a se t o f p r o l o n g a t i o n forms n 3 on 

some f i b r e space M x N , w i t h TT : M x N — ^ M , a f i b r e space map. 

Le t a : Z •> M be a s o l u t i o n o f the system, i . e . an i n t e g r a l 

submani fo ld o f I , 

Hence 

a * ( I ) = 0 

Now extend a to a map a, 

a : Z -> M x N , 

such t h a t 

( a ) V = 0 . 

D e f i n i t i o n : A d i f feomorph ism 6 , 

B : M x N > M x N , 

which i s a symmetry (Backlund symmetry) , 

i . e . 3 * ( I ) C ( l , n 3 } , i s sa id to be a Backlund t r a n s f o r m a t i o n o f 

the d i f f e r e n t i a l equa t ion system, i n the sense t h a t g iven a s o l u t i o n a » 

another s o l u t i o n may be generated v i a s* 

In f a c t the map uBa : Z + M, i s a new s o l u t i o n d e f i n e d by a 

f rom a , s ince 
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^ 
( r r S a ) ( I ) = ot B TT ( I ) 

= a V ( i ) 

= 0. 

Because i t i s not necessary t h a t 

( s £ ) * ( n a ) - 0 , 

such Backlund t r a n s f o r m a t i o n s g's form a group which i s a c t u a l l y Vn> 

symmetry group o f I . 

Another way o f d e s c r i b i n g Backlund t r a n s f o r m a t i o n s i n terms o f 

p r o l o n g a t i o n , as correspondence between s o l u t i o n s of e x t e r i o r d i f f e r e n t i a l 

systems, cou ld be as f o l l o w s : 

Let I and I ' be two e x t e r i o r d i f f e r e n t i a l systems on man i fo lds 

M and M' r e s p e c t i v e l y . Consider another system I " on a man i fo ld M" 

toge the r w i t h a p a i r of maps 

<> : M" • M, 

^ : M" • M' . 

I f 4) and <j>' de f i ne I " as p r o l o n g a t i o n o f I and I ' v i a <j> and 4,', i . e . 

• * ( I ) C I " and ^ * ( V ) o I " , 

then these data are sa id to d e f i n e a Backlund t r a n s f o r m a t i o n between 

I and I ' . 

The correspondence between i n t e g r a l submani fo lds o f I and I ' w i t h 

these data i s de f i ned as f o l l o w s : 

Le t Z • M be an i n t e g r a l submani fo ld o f I and Z' • M' an i n t e g r a l 

submani fo ld o f I ' . They are sa id to correspond under a Backlund t r a n s f o r m a t i o r 

i f t h e r e i s an i n t e g r a l submani fo ld Z" — • M" o f I " such t h a t : 

<j>(Z") = Z, and <fr'(Z") = V. 
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Thus Backlund t r a n s f o r m a t i o n s i n general are r e a l l y p a i r s o f p r o l o n g a t i o n s 

and the p r a c t i c a l problem i s to f i n d (NT, I " ) g iven ( M , I ) and ( M 1 , I 1 ) . 

As a remark, i f the p ro l onga t i ons I ' and I " , . . . are i n t e r p r e t e d 

i n terms o f connec t i ons , then changing these connec t ions w i t h some gauge 

t r a n s f o r m a t i o n s , the Backlund t r a n s f o r m a t i o n w i l l vary i n genera l as 

they are not gauge i n v a r i a n t . 

To complete the theory o f d i f f e r e n t i a l geometr ic p r o l o n g a t i o n s , 

we c lose t h i s chapter by a remark about another type o f p r o l o n g a t i o n 

i n the next s e c t i o n . 

Quadrat ic p r o l o n g a t i o n 

Quadrat ic p r o l o n g a t i o n i s another type o f p r o l o n g a t i o n i n which 

the d i f f e r e n t i a l forms cod i n r,a take the form 

a a . a . b . o a b 
i 
c 

a> = + y + I G ^ y y , 

so t h a t 

a , a 
n = Hi/ - ,., 

o b 

a , a a a b o a b 
n = dy - a - w. y - to, y y , 

where u \ cu a, u>° are 1-forms on M w i t h TT: M X N — • M , the f i b r e space 

In m a t r i x n o t a t i o n 

n = dY - W - WiY - yW, 
o x 

where 

n = ( n 1 , n 2 > . . . » n )» Y = ( y 1 , . . . , y ) , 

m i 

( 
I 0) co o 

W w 1 o 
m m l a) CO m m o 
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and W 2 

o 

m 

, w i t h m = dim N 

In t h i s case we say t h a t each i s a q u a d r a t i c p r o l o n g a t i o n . The 

assoc ia ted connect ions v i a t h i s type o f p r o l o n g a t i o n are o f the 

p r o j e c t i v e type and such a p r o j e c t i v e connect ion w i l l be i n t e g r a b l e 

i f , and on ly i f , the p f a f f i a n system n

a = 0 i s comple te ly i n t e g r a b l e , 

i . e . i f , and on ly i f , d n c ( l , M

a } , which w i l l g i ve us again the 

cu rva tu re of t h i s p r o j e c t i v e connec t ion as a type o f Cartan-Ehresmann 

connec t i on . 

A known f a c t i s t h a t each p r o j e c t i v e connect ion has an u n d e r l y i n g 

l i n e a r c o n n e c t i o n . This g ives r i s e to l i n e a r systems assoc ia ted to 

the n o n - l i n e a r one w i t h t h i s type o f p r o l o n g a t i o n . This i s done by 

r a i s i n g the dimension o f the f i b e r by 1 and then c o n s i d e r i n g the 

u n d e r l y i n g l i n e a r connec t ion . The p a r a l l e l t r a n s p o r t equat ions o f t h i s 

new l i n e a r connect ion are j u s t the equat ions o f the l i n e a r system [ 1 3 ] . 

A l s o , i f an a l g e b r a i c s t r u c t u r e i s assoc ia ted v i a q u a d r a t i c 

p r o l o n g a t i o n , then i t w i l l be a L ie subalgebra o f the L ie a lgebra o f the 

p r o j e c t i v e group a c t i n g on the f i b e r by f r a c t i o n a l l i n e a r t r a n s f o r m a t i o n s . 

But t h i s type o f p r o l o n g a t i o n i s not used very much i n a p p l i c a t i o n s 

because o f i t s d i f f i c u l t y . 

As the p r o l o n g a t i o n technique was invented to hand le , i n p a r t i c u l a r , 

n o n - l i n e a r p a r t i a l d i f f e r e n t i a l equat ions w i t h phys i ca l i n t e r e s t , i t i s 

more e f f i c i e n t when a p p l i e d t o s o l i t o n e q u a t i o n s . 

Th is i s what w i l l be shown i n the next chap te r . 
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CHAPTER IV 

PROLONGATIONS OF SOLITON EQUATIONS 

1 S L ( 2 , R e s t r u c t u r e f o r the A .K.N.S. system 

The se t o f equat ions 

A x = qC - rB 1 

q t = B x + 2Aq + 2AiB \ (1 ) 

r. = C - ZAr - 2a iC J 

u X 

w i t h q , r f u n c t i o n s o f ( x , t ) , A,B,C are f u n c t i o n s o f ( x , t , A ) and x i s 

a parameter , as mentioned e a r l i e r i s known as the A.K.N.S. system which 

represen ts a c lass o f n o n - l i n e a r e v o l u t i o n equat ions so l vab le v i a 

the 2-component i nve rse s c a t t e r i n g method. 

We have seen t h a t w i t h d i f f e r e n t i d e n t i f i c a t i o n s o f the f u n c t i o n s 

A,B,C,q and r, t h i s system covers the 2-dimension s o l i ton equat ions known 

so f a r . Hence the s tudy of t h i s system i s p r e f e r a b l e to the study o f 

each i n d i v i d u a l equat ion covered by the system as i t r a i s e s the common 

r e s u l t s o f such s tudy f o r the 2-dimension s o l i t o n s i n g e n e r a l . 

An a t tempt to o b t a i n 2-dimension s o l i t o n equat ions s o l v a b l e by 

the m u l t i l i n e a r component i nve rse s c a t t e r i n g method has been made [ 2 1 ] . 

As i t i s no t comple te , the equat ions so l vab le v i a the 2-component i nve rse 

s c a t t e r i n g , i . e . the A.K.N.S. sys tem, are cons idered he re . 

Now, f o r the A .K .N.S . system ( 1 ) , an e q u i v a l e n t i dea l o f forms I 

i s g iven by the f o l l o w i n g se t o f fo rms: 
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a 2 = dA A d t + ( rB - qC)dx A d t , 

a 2 - dq A dx + dB A dt + ( 2 M B + 2Aq)dx A d t , 

a 3 = d r A dx + dC A d t - (2AiC + 2Ar )dx A d t , 

on a m a n i f o l d M w i t h coo rd ina te p r e s e n t a t i o n ( x , t , A, B, C, q , r ) . 

Since 

da j = Ba 3 A d t - r o t 2 A dx - q a 3 A dx - Ca 2

 A dx, 

then d a ! G I . 

A lso 

d a 2 = - 2 > i a 2 A dx - 2qc t ] A dx + 2 A a 2 A d t , 

and 

d a 3 = 2 A i a 3 A dx + 2 r a , A dx - 2 A a 3 A d t 

t h e r e f o r e 

d a 2 G I and d a 3 6 I . 

Hence I i s a d i f f e r e n t i a l i d e a l . 

The A .K .N.S . system (1) now i s the i n t e g r a l submani fo ld equat ions 

f o r the e x t e r i o r d i f f e r e n t i a l system I . 

Fo l l ow ing the p r o l o n g a t i o n t e c h n i q u e , l e t M' be a f i b r e snace over 

M w i t h TT: M' • M o f maximal rank . 

We can take M' = M x N , N i s the f i b e r o f -rr w i t h dim N = m and a 

c o o r d i n a t e p r e s e n t a t i o n { y a } , a = 1 , m. Let TT de f i ne a p r o l o n g a t i o n 

o f I v i a a se t o f 1-forms n 3 > a = 1 , m. Because o f the p roduc t 

M' = M x N , the se t o f 1-forms n

d cou ld be w r i t t e n i n the form 

a . a a 
n = dy - co 

a 

where to are 1-forms on M x N c o n t a i n i n g on l y dx and d t w i t h c o e f f i c i e n t 

f u n c t i o n s on M x N , i . e . 

n a = d y a + F a ( x , t , A , B , C , q , r , y ) d x + G a ( x , t , A , B , C , q , r , y ) d t . 
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The p r o l o n g a t i o n c o n d i t i o n s d n a c ( i , n a } imp ly t h a t d n 3 must be i n 

the form 
3 m a b 

dn = z f . rX. + z e.h A n (2 ) 
i = l 1 b=l 

where f a are f u n c t i o n s on MxN and are 1-forms on M, i . e . 

7 
e b = ^ 4j duJ' 

and u J stands f o r x , t , A, B, q s and r , w i t h j = 1 ,2 , 7. 

For s i m p l i c i t y , we take F a and G a t o be independent o f x and t . 

Moreover we take u J t o run on ly f o r x and t , i . e . 

9 b \ = V - - " - %7 - °' ^ 

9 b = g b i d x + 9 b : d t ' 

s ince the re i s no loss w i t h these assumpt ions. This i s a m u l t i l i n e a r 

p r o l o n g a t i o n and equat ions (2) g i v e : 

d F A A dx + d G A A d t - f a a- - gl- d u j A n

b = 0 , 

i . e . 

— 3 dA A dx + dB A dx + — dC A dx + — dq A dx + ^ - d r A dx 
9A dB 3C dq dr 

+ 2 f ! d y b A dx 
ay b 

+ ^ dA A d t + — dB A d t + — dC A d t + — dq A d t + — dr A d t 
aA dB dC dq dr 

9G a , b ,, + — dy A d t 
3yb 

x a a j j b „ 
f . tti - g b j d u J A n = 0 



where the summation conven t ion i s used w i t h the range o f i n d i c e s 

j = 1,2 

a , b = 1 , . . . , m. 

This g ives r i s e to 

a 3F 

aA 

£; 

SB 

ac 

3q 
dll 
3r 

= 0 , 

= o , 

= f ( 

b i 

aA 

aB 

so; 

aC 

aq 

ar 

= f 4 

= f ( 

= f c 

= 0 

= 0 

= g b2 

and 

f a ( r B - qC) + f a ( 2 A i B + 2Aq) f a

3 ( 2A iC + 2Ar) - g j 3 F b

 + g j G b 

Equat ions (3) and (4) g ive the p r o l o n g a t i o n e q u a t i o n s . They a r e : 

9G_a_ aF_a 

aB aq 

aG^ _aL a 

aC ar 

= 0 

= 0 

and 

^ ( r B - qC) + ^ ! ( 2 A i B + 2Aq) - ^ ( Z A i C + 2Ar) + ^ F b -
3A aB aC ay' 
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So lv ing equat ions (3) and (5) f o r the f u n c t i o n s F a and G a , we f i n d t h a t 

F a = X? + X a q + r , 

G a = X a B + X a C + X a A + X a , 

where X a , i = 1 , 2 , . . . , 5 are f u n c t i o n s o f y ' s a l o n e , the p a r t i a l 

i n t e g r a t i o n f u n c t i o n s . Now, s u b s t i t u t i n g back i n equa t ion ( 6 ) , we have 

the f o l l o w i n g e q u a t i o n : 

a a 
rBX a - qCXa + 2AiBX| + 2AqXa - 2AiCXa

3 - 2ArX^ + fX? ^ - X b 2*l) 
V 3yb 3 y b ; 

+ B(x?iSS - xb 4 + A ( x b - x b 4) • c(x b ^ - x b 4 
v ^ b ayb v ayb 3 y b / v ' 3y b ayb 

+ q ( x b 4 " A 4) + Aqfxb - < - x b A ) + q c ( x b J?! - x b 4) 
V 3 y b ?ybJ V 3yb S y b 7 V 3yb 3y& ' 

+ r ( x b H l - X b ^ ) + r B ( x b ^ - X b - ^ ) + A r ( x b ^ - X b 4 - 0 

(7) 

Assume by d e f i n i t i o n t h a t 

/ x b_3X a _ x b j X _ a N = 3 > = u ^ 5 

V 1 3yD J 3 y b / J 

then equat ion (7) g i v e s , by equa t ing c o e f f i c i e n t s o f powers A , B, C, 

q , r and t h e i r m u l t i p l i c a t i o n s , 
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t x l t x j d = 0 , 

t X l t X 2 ] a = - 2 > i x | , 

I X , , x j a = 0 , 

f X 2 5 X t+ 1 = ~ 2 X o 5 

fX 2 9 X 3 ] = , 

[ X u , X 5 ] a = ? unknown, 

w i t h [ X . , X . ] a = - [ X , , X . ] a . 

[ X 1 5 x 5 ] a = 0 

[ X 1 9 X 3 ] a = 2A iX a 

[ X 2 , X 5 ] a = 0 

[ X 3 , X j a = 2X a 

[ X 3 , X 5 ] d = 0 

(8) 

This i s a p a r t i a l L ie a lgebra as i t i s not complete ( c l o s e d ) . 

F o r t u n a t e l y , from equat ions ( 8 ) , us ing the Jacobi i d e n t i t y , 

we have [X^, X 5 ] = 0 , so t h a t 

[ X l s X 2 j a = - 2 A i X a , 

[Xp x j a = 0 , 

[ X 2 , X 3 ] = x^ , 

[ X 2 , x 5 ] a = 0 , 

[ X 3 , X 5 ] a = 0 , 

[ X j , X 3 ] a = 2A iX a 

f X j , x 5 i a = 0 

[ X 2 , X^] - -2X 2 

[ X 3 , X , ] a = 2X a 

[ X , , X 5 ] a = 0 

(9) 

g ives a L ie a lgebra generated by the f u n c t i o n s X^, i 

a = 1 , . . . , m. 

We i n t r oduce the n o t a t i o n : 

= 1 ? 5 

A i = X ? 
ay( 

where A a a re f u n c t i o n s o f y a , s a l o n e . Hence the v e c t o r f i e l d s appear 

as i f they are among a bas is o f v e c t o r f i e l d s on the f i b e r N. Using t h i s 

n o t a t i o n i n equat ion ( 9 ) , we get 
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[ A l 5 A 2 ] 

[ A j , A J 

[ A 2 , A 3 ] 

[ A 2 , A 5 ] 

f A 3 . A s ] 

-2 i. -, 

0 , 

A , 

0 , 

0 , 

[ A } , A , j 

[A i , A 5 J 

[ A 2 5 A J 

[ A 3 , A J 

[ A u ? A 5 ] 

2 x i A 3 " 

0 

-2A. 

= 2A 

= 0 

(10) 

Equat ions (10) represen t a complete L ie a lgebra generated by the v e c t o r 

f i e l d s A l 5 A 2 , A 3 , A u and A 5 . F o r t u n a t e l y , t h i s f i n i t e L i e a lgebra has 

been ob ta ined w i t h o u t imposing any c o n d i t i o n s f o r c l o s u r e , which i s no t 

the case i n g e n e r a l . 

Now, l e t us d e f i n e : 

Y i ~ ~2~ &u » 

Y 2 = A 2 

Y 3 = A 3 ) (11) 

Y „ = A 5 

Y 5 = 6 ( A 1 + A i A u ) 

w i t h e as a parameter . 

Then equat ions (10) become 

[ Y i , Y 2 ] = Y 2 , 

[ Y i , Y 3 j = - Y 3 , 

[ Y 2 , Y 3 ] = 2Y, , 

f Y l 5 Y 4 ] = [ Y 1 ; i s ] = 0 , 

( Y 2 , Y „ ] = f Y 2 , Y , j = 0 , 

[ Y 3 . Y i . ] = [ Y 3 , Y 5 ] = 0 , 

which i s a c losed L i e a lgebra generated b y ^ , Y 2 , Y 3 , Y u , Y 5 ) , w i t h 

{ j i ' y 2 > Y 3 } a s bas is f o r sL(2 ,R) and ( Y ^ , Y 5 ) as i t s c e n t r e . C a l l i n g 

t h i s L ie a lgebra by L and i t s cen t re by C, then L / C = s L ( 2 , R ) . Th i s 

(12) 
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r e s u l t covers the r e s u l t s f o r a l l s o l i t o n p r o l o n g a t i o n s which have been 

done before in re fe rences 130, 3 1 1 , [91 and [ 4 1 . 

C l e a r l y the parameter c appear ing i n (11) g ives a 1-parameter 

f a m i l y o f such L ie a lgebra L which are homomorphic to the one generated 

b y { A ; , A 2 , A 3 , A u , A 5 \ and s a t i s f y i n g L/C - s L ( 2 , R ) . 

Remarks: 

( i ) The L ie a lgebra L i s now a c t i n g as a L ie a lgebra o f v e c t o r f i e l d s 

on the f i b r e space TT : M x N — • M. 

( i i ) We have ob ta ined sL(2,R) independent o f the f i b e r d imens ion , 

m o f N. 

( i i i ) Any o the r f i n i t e L ie a lgebra L' w i t h cen t re C w i l l a l so s a t i s f y 

the r e l a t i o n L ' / C ' = sL(2,R) f o r rea l f i b r e m a n i f o l d , o r 

L 7 C = s L ( 2 , 4 : ) © s L ( 2 , ^ ) f o r complex f i b r e m a n i f o l d as i n 

re fe rence |9 ] o f Dodd and Gibbon f o r some i n d i v i d u a l equat ions 

from the s o l i t o n c l a s s , 

( i v ) I f dim N = m = 1 , then a 1-dimensional r e p r e s e n t a t i o n o f L i s 

taken as 

h = y — . v 2 = y2 _ L 
sy ay 

Y 3 = - - . Y„ = Y 5 = 0 . 
3y 

( v ) C l e a r l y from equat ions (10) the se t o f v e c t o r f i e l d s A j , A 2 , A 3 , 

kk and A 5 generate a L ie a lgebra homomorphic t o L by the homomorphism 

A , = Y 5 - 2AiY, 

A 2 = Y 2 

A 3 = Y 3 

A„ = 2 Y j 

Ar = Y M , w i t h £ = 1 . 
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( v i ) A l s o , as we have A appear ing i n equat ions ( 1 0 ) , we have a 

1-parameter f a m i l y o f homomorphic L i e a lgebras appear ing w i t h the 

p r o l o n g a t i o n equat ions o f the A .K.N.S. system. 

The s o l i t o n connect ion 

W r i t i n g the 1-forms 

n a = d y a + F d dx + G a d t , a = 1 , . . . , m 

i n the form 

a , a 
n = dy 00 , we get 

o) a = - F a dx - G a d t . 

Hence f o r the A.K.N.S. system ( 1 ) , we have 

u)d = - ( A a + A a q + A a r ) d x - (A a B + A a C + A a A + A a ) d t . (13) 

I f we w r i t e = A a e \ then from equat ion ( 1 3 ) , we get the 1-forms 

g 1 1 s . They are 

6 1 = -dx 

B 2 = -q dx - B d t 

33 = - C d t - r dx 

B u = -A d t 

6 5 = - d t 

These B ' *s are independent o f the number o f p r o l o n g a t i o n v a r i a b l e s y a , 

i . e . independent o f the f i b e r d imens ion , and they d e f i n e a Cartan-Ehresmann 

connec t ion on the f i b r e space, TT : M x N —• M. 

Since we have the p r o l o n g a t i o n L ie a lgebra o f ( A l 5 A 2 , A 3 , A M A 5 ) , 

a c t i n g on N and because i t i s homomorphic t o L, o r s imp ly t o the f a c t o r 

a lgebra L/C ^ s L ( 2 , R ) , the connect ion i s an S L ( 2 , R ) - c o n n e c t i o n . 
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To c a l c u l a t e the cu rva tu re o f t h i s c o n n e c t i o n , we make use o f the 

r e l a t i o n g iven before f o r the cu r va tu re o f Cartan-Ehresmann c o n n e c t i o n s , 

t h a t i s 

tf1 = de1 + 7 * C j k b J / X ^ » = 1 ,2 , 5 

where 

f A . , A.l 3 = C k , A a , i J i j k 5 

and are the s t r u c t u r e cons tan ts o f the L ie a lgebra o f ( A : , A 2 , . . . , A 5 ) . 

In f ac t ,we have 

Q1 = 0 , s ince C j j = 0 f o r a l l i and j . 

tt2 = -dq A dx - dB A d t + j C?. ^ A B J ' > 

but C 2 = - 2 x i , C 2 = -2 and C?. = 0 f o r the r e s t , t h e r e f o r e 

a2 = -dq A dx - dB A d t - 2xi 3 1 A B 2 - 2 6 2 A 6^ 

i . e . 

•;>2 = -dq A dx - dB A d t - 2MB dx A d t - 2Aq dx A d t . 

A lso 

Si3 = - d r A dx - dC A d t + j C^. A p, J, 

but C3 = 2 A i , C3 = 2 and C?. - 0 f o r the r e s t o f i , j , so t h a t 
1 o 5 4 ") J 

Q3 = _dr A dx - dC A d t + 2xiC dx A d t + 2Ar dx A d t , 

S i m i l a r l y 

ti* = -dA A d t + (qC - rB) dx A d t , 

and 

Q 5 = 0 , f o r C5. = 0 f o r a l l i , j . 

Th is connec t ion w i t h c u r v a t u r e components a 1, ft2, ft3, and a5 

i s the s o l i t o n connec t ion ob ta ined by F. Pi ran i and two o the rs v i a 

the i n v e r s e s c a t t e r i n g equat ions o f the A .K .N .S . sys tem, [ 7 1 . 
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Remarks: 

( i ) Feeding with an equivalent set of 1-forms B ' s , one gets another 

Lie algebra homomorphic to that of (A 1 ? A 2 , A 3 , f\k, A 5) where 

by equivalent, i t is meant that they generate the same ideal , 

( i i ) As A is appearing in c^ ' s , a 1-parameter family of connections 

is associated to the A.K.N.S. system via i t s prolongation, 

( i i i ) The vanishing of the curvature components J2 1 ,s, gives r ise to 

the A.K.N.S. system again, 

( iv ) Al l such connections are SL(2,R)-connections since a l l prolongation 

Lie algebras are homomorphic to sL(2,R). 

We continue making use of the sol i ton connection to obtain the 

scattering equations for the A.K.N.S. system as w i l l be shown in the 

next section. 

Inverse scattering equations for the A.K.N.S. system 

In fact , the scattering method plays the role of a technique for 

solving non-linear systems by associating with i t l inear systems whose 

solutions correspond to the solutions of the non-linear one. 

For the A.K.N.S. system, the inverse scattering equations are 

obtainable via prolongation processes using l inear representations of 

the prolongation Lie algebras. 

To get such l inear representations for ( A l 5 A 2 , A 3 , A u , A 5 ^ , we 

make use of i t s re lat ion to L. A l inear representation of L gives a 

l inear representation of ( A l f A 2 , A 5 ) . So we work f i r s t with L, or 

in other words with the factor algebra L/C = sL(2,R). 
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We note that for the existence of m-dimensional l inear representation 

of sL(2,R), m must be even and the representation space , which we w i l l 

take to be N, is looked at as a product Nm = P 2 n , with coordinates 

presentation as ( y 1 , y 2 , . y n , y n + 1

s . . . , y m ) . 

In th is case, an m-dimensional l inear representation of sL(2,R) 

could be: 

v , ^ " V - . / _ J ) . 

a=l V a y n + a a y a / 

n 
Y2 = r. y a 3 a=l a y " + a 

Y 3 = " y n + a - i 
a=l 3 y a 

We extend th is to a l inear representation of L by just defining 

Y,, = 0 , and 

Y5 = 0 . 

The homomorphism between L and ( A l 9 A 2 , A 5) gives r ise to the 

fol lowing m-dimensional l inear representation of (A 1 ? . . . , A 5 ) : 

A1 = -2X1 ! ( y n + a A _ - y a . L ) , 
a = l v a y n + a 3 y a / 

A 2 = ! / i 
1 . n + cl 

a=l ay 

A 3 « S y n + a - \ 
a=1 3 y a 

a=l ay ay 

A 5 =0 
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and this gives, by wr i t ing A^ = ^ , the matrices 

i ( d j ) = -2 Ai 
0 

?.(%) = 

b 
and 

5<»;> -

0 0 

0 0 

where I is the uni t nxn matrix. 

By the results of Chapter I I I , section 

scattering equations, i .e . 

t a a b i dy = .a b y B 

are now in the form 

, the inverse 

dy (-2Aidx + 2Adt)I 

dy 2 

• 
— 

\ L..nJ dy (-rdx -Cdt)I 

(-qdx - Bdt)I 

(2Aidx - 2Adt)I m 

As the A.K.N.S. system is solvable via the 2-component scat ter ing, a 

2-dimensional version of the above equation is exactly the scatter ing 

equation of the A.K.N.S. system. That is 
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dyA /~2xidx + 2Adt -qdx - Bdt \ / y 1 

dy 2 / l - r dx - Cdt 2xidx - 2Adt / \ y 2 

In short notat ion, this could be wr i t ten as 

dY = szY (14) 

with 

-2Aidx + 2Adt -qdx - Bdt 

-rdx - Cdt 2Aidx - 2Adt 

is a 2x2 matrix of 1-forms, with t r Q = 0, and Y = 
y 1 

y 2 

Remarks: 

( i ) The scattering equations are not unique, and we have a 1-parameter 

family of such matrix ti which f i t s the scattering scheme, 

( i i ) As equations (14) are integrable, the i r integrabi1i ty conditions 

are, in matrix notat ion, 

0 = d f i - ^ A ^ = O, 

and a l l i t amounts to is the A.K.N.S. system so that the in teg rab i l i t y 

conditions are sat is f ied i f , and only i f , the A.K.N.S. system is 

sa t is f ied . , 

( i i i ) The matrix Q is now wr i t ten in the form, using prolongation 

notation, 
a „ i 

0 
1 

i .e . 

n = ( , a b 3 ) . i = 1,2, . . . , 5 

i a l g 1 i a 2 g 1 

where 8 1 's are the set of 1-forms we got before, and A^—• i^ ab^ ^ s 



a matrix representation of the prolongation l inear Lie algebra. 

Furthermore, we have the fol lowing: 

Proposi t ion : 

With each choice of the 1-forms B ^ s and the corresponding 

prolongation Lie algebra ( A L 5 A 5 ) , each Q in the above form 

sat is f ies the relat ion t r \i = 0 . 

Proof: Clearly, with the fol lowing 2-dimension representation of 

( A l s A 2 , A 5 ) , i . e . 

2,\ i y 2 1 A y 
3 V 2 1 3y 

A y 
2 

2 A y 

3 ) r 1 A 2 y y 4 ] «jy 
and 

0 

so that 
0 

(an 2Xi l 1 0 

0 
( a 

0 0 

( O 
0 0 

1 0 ) 
0 

( a ) =2 
1 0 

) 
0 0 

0 0 

I f u is in the form u (.aa

b B 1 ) , with B1 

s given in th is case 
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B 1 = -dx , B 2 = -qdx - Bdt 

B 3 = -rdx - Cdt B*4 = - Adt 

6 5 = -dt 

then 

t r Q = . a J B 1 + - a 2 8 

= -2xidx + 2Adt + 2xidx - 2Adt 

= 0 

which proves the p rop , in th is case. 

We continue making use of these results to geometrize so l i tons 

This w i l l be done in the fol lowing section. 

4 Geometrization of 2-dimension sol i ton equations 

Let us wri te the matrix u, simply in the form 

Q = 
\ to 3 -to i 

with 

u>! = ^ B 1 = -2Aidx + 2Adt, 

to 2 = . jet 2 B 1 = -qdx - Bdt , 

^3 = i a l B1 = -rdx - Cdt 

for the A.K.N.S. system. 

Now to geometrize sol i tons (the A.K.N.S. system) we f i r s t mention 

some facts and notation from the theory of surfaces. I t is well known 

that a 2-dimensional surface is described by the equations 

d a 1 = a) A a 1 , 

d a 2 = - co A a 2 
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where a 1 , a 2 are orthogonal 1-forms with respect to the Riemannian 

metric on tangent planes, and w is the curvature 1-form which sat is f ies 

dto = -K o 1 A a 2 , 

where K is the curvature of the surface. Moreover, i f K is negative 

constant, then the surface is cal led pseudospherical surface. So, i f 

K = - 1 , the equations of such a pseudospherical surface are: 

d a 1 = a) A CT2 

d a 2 =-LO A a 1 

dco = a 1 A o 2 

( 1 5 ) 

, K = - 1 . 

Now, by transforming the 1-forms ( ) in $7 to the set of 

1-forms ( a 1 , a 2 , tu ) , pseudospherical surfaces could be associated via 

solutions of the A.K.N.S system. So, we introduce the correspondence: 

o 1 = 

a 2 _ 

CO - 2 e 1 - 0 i e 1 

CO2 + ^3 

-2co 1 

co2 " to 3 

( 1 6 ) 

so that the matrix ft becomes 

i c 2 i (w + a 1 ) 
$7 = 

h(ol
 ' a,) i a 2 

and ( a 1 , a 2 , to) are now describing a pseudospherical surface of constant 

negative curvature - 1 , [24] . 

The equations of the pseudospherical surface ( 1 5 ) are described 

loca l ly by the A.K.N.S system equations, since 

da1 - co A a 2 = 0 => 

0 = ( r t + q t - B x - Cx - 2xiB + 2AiC - 2Aq + 2Ar) dx A dt 
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Also, 

d a 2 + OJ A a 1 = 0 => 

0 = - ( r . + q , - B - C - 2xiB + 2xiC - 2Aq + 2Ar)dx A dt and 

dw - o 1 A a 2 = 0 =5> 

(A - qC + rB) dx A dt = 0 
x 

so that equations (15) are sat is f ied i f , and only i f , 

r , = C - 2Ar - 2xiC, 
L X q = B + 2Aq + 2xiB, u x 

A = qC - rB, 
x M 

are sa t i s f ied . That is i f , and only i f , the A.K.N.S. system is sa t i s f i ed , 

and in this case we have 

a1 = - ( r + q)dx - (B + C)dt 

a 2 = 4 A i d x _ 4 A ( j t I (17) 

<D = ( r - q)dx - (C - B)dt ) 

Now, precisely, with each solution of the A.K.N.S. system, one associates 

a 1-parameter family of pseudospherical surfaces. Accordingly, a 

1-parameter family of metrics are associated on these surfaces. Such 

metrics are called sol i ton metrics. In fact we have 

dS2 = ( a 1 ) 2 + ( a 2 ) 2 

i . e . dS2 = ( r 2 + q 2 + 2rq - 16x2) dx 2 + (rB + qC + Bq + rC - 16ixA) dxdt 

+ (B 2 + C2 + 2BC + 16A2) d t 2 . 

Remarks: 

( i ) The metric has constant curvature -1 i f , and only i f , the A.K.N.S. 

system is sa t i s f ied , 

( i i ) Clearly, we have a 1-parameter family of metrics for each solut ion 
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of the A . K . N . S . system because of the appearance of X in d S 2 . 

( i i i ) As the forms C D 1 9 W 2 and u>3 in u are specif ied by the prolongation 

via the set of 1-forms n a , the metric depends upon the prolongation 

Lie algebra ( A l 5 A 2 , A 5 ) . 

( i v ) The connection 1-form UJ on the pseudospherical surface is 

compatible with the metric by the structure equations (15) of the 

surface so that i t defines a metric connection on the pseudospherical 

surface. 

(v) The pseudospherical surfaces are integral submanifolds of I , the 

exter ior d i f f e ren t ia l system defining the A . K . N . S . system, so 

that i f 

U : S — y M 

is a submanifold map with S pseudospherical surface, then 

U*(I) = 0, 

and U is a solut ion of the A . K . N . S . system, 

(v i ) The isometry group of the sol i ton metric is related to the Backlund 

transformations of the A . K . N . S . system, as transformations between 

the pseudospherical surfaces described loca l ly by the A . K . N . S . 

system. This point w i l l be shown in the next chapter. 

Now, looking closely at the 1-forms w l s O J 2 and u)3 in o, , one finds 

that 

dcoi = 2 (1)2 A w 3 1̂ 

dco2 = t o 1 A ^ 2 f 

Equations (18) are the set of equations sa t is f ied by the set of l e f t 

invariant 1-forms of sL(2,R). Moreover, they are sat is f ied i f , and only 
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i f , the A.K.N.S. system is sa t i s f ied . 

Thus the underlying sL(2,R)-structure of the 2-dimension sol i tons 

is now proved, as i t was conjectured in [6 ] . 

Furthermore, one can say that there is a strong re lat ion between 

sol i tons and some matrix groups as Lie groups. This point w i l l be useful 

and w i l l be exploited in the next chapters in more de ta i l . 
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CHAPTER V 

A .K .N .S , SYSTEM PROLONGATIONS AND BACKLUND TRANSFORMATIONS 

In th is chapter we d i rect our attent ion mainly towards purely 

theoretical descriptions of Backlund transformations for so l i ton 

equations. In part icular we make use of the results obtained by 

prolongations of the A.K.N.S. system to describe algebraic and 

geometric formulations of i t s Backlund transformations. 

We s tar t as fol lows: 

1 Geometric formulation 

In the last section of Chapter IV, the pseudospherical surface 

property was studied, in part icular to the A.K.N.S. system, from the 

matrix Q, of 1-forms, 

via d i f fe ren t ia l geometric prolongation of the system on the f ibre 

Now, as mentioned before, a change of the coordinates of the f i be r , 

say 

Y + Y' = AY 

with A a 2 x 2 matrix with det A = 1 , changes the matrix Q as fol lows: 

u -> a' = A" 1 dA + A" 1 n A, 

and i t s integrabi1 i ty condit ions, the matrix 0, 

0)1 

co3 

t r a = 0, 

space 7T : MxN -> M, where N is a 2-dimensional f iber with coordinates 

( y a ) , a = 1,2. 
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0 = dft - ft A fi , 

changes according to 0 —• 0' = A - 1 0 A. 

Let Q 1 be in the form 

/u>J 0 ) 2 \ 
Q1 = > as t r Q1 = 0 

U>3 "toj / 

because the equations 

dY = nY, t r a = 0 

and 0 = 0 , 

are form invariant under such transformation. Assume o' is obtained 

from Q by the transformation A, 

e~ 2 0 
A = I ia 

0 e 2 

so that 
1 A 

o>j - 2" Qot e 

- i a i 
e 0)3 -OJJ + y da 

with a as the rotat ion angle in A. 

Now, with q and each solution of the A.K.N.S. system there i s an 

associated 1-parameter family of pseudospherical surfaces with the 

correspondence 

a 1 = a>2 + W3 

a 2 = - 2 u ) 1 

U) = (A>2 ~ to 3 

between ( w l 9 a ) 2 , w 3 ) and ( a 1 , a 2 , a>). S imi la r ly , with "ft1 and each 

solution of the system, there is associated a 1-parameter family of 

pseudospherical surfaces by the correspondence 

( i ) 
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0 1 - u)2 + 0 3 

o ' 2 = -2u>j 

I _ t I 

0) - 0)2 " ^3 

between 0)2, 0)3) and ( a ' 1 , a ' 2 , 0 / ) . Denote this correspondence 

by T . 

A Backlund transformation now, denoted by BT, is the transformation 

which maps one pseudospherical surface defined by ( a 1 , a 2 , 0)) to another 

pseudospherical surface defined by ( a ' 1 , a ' 2 , a/) 

i . e . 

BT : fi • ft1 = BT (ft). 

That i s : 

BT : 
1 l a 1 

u)! a 0)2 0)2 on a ) 2 1 
1 1 0)3 w 3 0 ) ! l a + ^ d a 0) 0)3 

so that the rotat ion angle a is determined by the fol lowing completely 

integrable p fa f f ian system: 

0 = 6 - da + e o) 2 e 1 a + r 1 003 e " 1 a ( 2 ) 

where £ is a Backlund transformation parameter. Equation ( 2 ) may be 

wr i t ten in the form 

0 = 3 ' = 4 o{ + £ 0)2 + K"^^3 s 

in terms of ft*. 

Thus, for the A.K.N.S. system, or the 2-dimension sol i tons, we have 

the fo l lowing: 
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T T 

P-S g T P'« S (pseudospherical surface) 

where u and u* denote solutions of the A.K.N.S. system, A is a gauge 

transformation, T is the correspondence (1) and BT is the Backlund 

transformation. 

Accordingly BT w i l l look l ike 

BT = T A T" 1 , 

and as the gauge transformations A form a group, also such BT form 

a group. We cal l th is group the Backlund group. Clearly, successive 

application of two BT's gives a BT: 

BT BT = BT 
^2 S i £21 

With a 2 1 = a 2 + c t l s £ 2 i = ^ 2 ^ 1 

as was pointed out in [23]. The Backlund group is conjugate to the 

gauge group which is sL(2,R) in th is case. 

In fact Backlund transformations in th is formulism appear as the 

or ig inal Backlund concept for his transformations as transformations 

between surfaces of constant negative curvatures. A simi lar geometric 

formulation of the Backlund transformations of the sine-Gordon equation 

has been made by S. Chern and C. Treng [29], where i t appeared as 

l ines of congruence between surfaces of constant negative curvature -1 

in R3. In th is formulation, the sol i ton equation (sine-Gordon) is 

ident ical to the Gauss equation of the surface as a submanifold of R 3. 

But the i r Backlund transformations do not form a group and they are 

jus t a 1-parameter family of l ines of congruence which sa t is fy the 

premutabil i ty theory, that is (BT ) = (BT ) 
£l £2 ' ^2 £ 
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Because we have constructed the matrix ft for the A.K.N.S. system 

via prolongations, the Backlund transformations also depend on the 

prolongation Lie algebras ( A l 5 A 2 , . . . , A 5 ) , which are homomorphic 

to sL(2,R). 

This point w i l l be c l a r i f i ed and studied with another formulation 

of Backlund transformations in the following section. 

2 Backlund maps and prolongations for sol i ton equations 

We continue with same notations as before and work with the 

A.K.N.S. system, 

A - qC - rB 
x M 

q. = B + 2Aq + 2 A i B 
L X 

r = C - 2Ar - 2AI'C 
L X 

to be defined on a manifold M = J 2 (X, N } ) , with 

X = the space of ( x , t ) and 

N r . the space of (A,B,C,q,r) . 

Assume a prolongation structure is given as before on the f ib re 

space 

7T : J°(X, Nj) x N • J°(X, N2) 

with N, the f iber of TT , having coordinates { y V 

This prolongation structure is given by the Lie algebra l i k e , 

equations (9) in section 1 , Chapter IV. We wri te i t here as 
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A , ] 3 = - 2 \ i A a , 

[A j , A 3 ] a = 2>iAa, , 

[A,, A , J 3 = 0 = [A,, A 5 | a 

!A 2 , A , ] 3 - Aa 

1 A 2 , A J 3 = - 2 A | , 

[A 2 , As) 3 = o , 

lA 3 , A i ( l 3 = 2 A 3 , 

[A 3 , As! 3 = 0 . 

(3) 

where, as we have shown, A. = A. — - a r e vector f ie lds on N and 
1 1 3 y a 

a a 
[A., A . ] a = (A1? - Â  Ai ) , by de f in i t i on . 

3yb J ay b 

Now, define the map 

if, : J°(X, NT) xN — * J ^ X , N), 

by 
y* . / = A* + A* q + A* r 

y j = 4 = Aa B + A a C + A* A + Af J ^ 

where the A a , s are functions of y 's alone which sat is fy the commutation 

relat ions (3) . Then we have the following resul t : 

Theorem: 

The above map ip is an ordinary Backlund map for the A.K.N.S. system. 

Proof: We need to show that the in tegrab i l i t y conditions of the map $ 

could be wr i t ten as 

V = ZxN , and Z is the A.K.N.S. system. 
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For that , the extended hash ( to ta l der ivat ive) operator on N ^ x N 

is given by 

* ? = — + A * — + B x — + C x — + q x — + r x — +
 ^ 1 AT ' 

dx x aA x 3B aC aq ar aya 

and 

a ; i = _L + A. J L + B, - 1 + C J - + q. A + r A + ^ — • 
at aA r aB 3C aq ar 3y a 

The in tegrab i l i t y conditions of \> are: 

That is 
a a 

A A + . . . + r _ + — 
dx x aA x ar ayb 

at aA ar ay 

Substi tut ing for ^ and ^ f r o m t h e formula (4 ) , in equation ( 5 ) , we 

get: 

0 = (B A? + C Ao + A A? + B A? + C A* + AA*) 
v x 2 x 3 x u x 2 x 3 x 4 / 

+ (A b

 + Ab q Ab r ) ( B ^ . c 3 A j + A ^ + 4 ) 
3y D 3y b 3 y b 3 y b 

- (q tA* + r tA^ + q ^ + r ^ ) 

- (Ab

5 + AA* + CA* + B A | ) ( ^ i + q ^ + r ^ ' 
3 y b 3 y b 3 y b 

This equation can be wr i t ten in the form: 

2BxA| + + 2AxA^ - 2 q ^ - 2 r ^ + (A? ^ - A* ^ ! ) 

+ B(Aj 3 4 - A* ^ | ) + C(Ab 8*3 . A

b 3Ai ) + q ( A b ^ - A b »A) 
g y b

 3 y b 3 y b g y D g y b g y D 

+ qC(Ab 1*3 . A

b < + A(A, ^ - A* ^ + qA(A^ ^ - Aj ^ i ) 
ayD ay b ay b

 d y b ay b ay b 

+ r(A5 34 - Ab

5

3ii) + rB(Ab ^ - Af 1̂) + rA(A b ^ - A* 3 - ^ ) = 0 
ay ay b ay b ay b ay b ay 
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Now, using the fact that 

I A ^ A J ] - - ( A ; 
b 3Â  

- A. b 9A? 

3y« 
3 ayb 

the above equation becomes: 

2B A. + 2C A" + 2A A? - 2q.A( 

X ^ X 6 X 4 1 t 
2r tA a

3 + [ A 1 5 A 5 ] a + B f A 1 , A 2 ] a 

+ C [Aj , A 3 ] a + q [ A 2 , A 5 ] a + A | A l s A J a + qC[A 2 ,A 3 ] a + q A [ A 2 > A j a 

+ r [ A 3 , A f l ] a + r B [ A 3 , A 2 ] a + r A [ A 3 , A J a = 0. 

Using the commutation relations (3 ) , we get: 

2BxA2 + 2CXA° + 2AxA^ - 2q tA" - 2 r t A 3 - 2AiBA2 + 2*iCA3 + qCA° 

- 2qAAa - rBAa + 2rAA3 = 0. 

This could be wr i t ten in the form: 

Aa 

2(2B - 2q - 2AiB - 2qA) + 
X L 

A3(2C - 2r. + 2AiC + 2rA) + x x. 
A a(2A v + qC - rB) 0 

Now, because the vector f ie lds A 2 , A3 and Au are l inear ly independent, 

so are the functions A a , A3 and Aa as functions of y. So we are led to 

the in tegrab i l i t y conditions Z1 = ZxN, and Z is in the form 

2Ax ~- rB - qC 

q t = B x - qA - AiB , 

r = C + rA + AiC , 

This system Z could be wr i t ten in the form 

Z. 

A = qC - rB 
x ^ 

q t = B x + 2qA + 2liB 

r + = C - 2rA - ZXiC 
L X 
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with just taking 

7T = - j A and X = -~ A 

so that Z is the A.K.N.S. system, which proves the theorem. 

Another way of proving the theorem is to wr i te the functions 
a 

and i]>2 in terms of the Lie algebra L generated by ( Y l 5 Y 5 ) s 

given before in Chapter IV. 

That is 

^ = (Y? - 2AiY? + qY^ + rY^) , 

and <p| = (Y a + 2AY? + CY 3 + BY2) 

and by the same way, using the commutation re la t ions, equations (12) 

in Chapter IV, we get the A.K.N.S. system appearing in the i n teg rab i l i t y 

conditions of ip. 

Remarks: 

( i ) Clearly the integrabi 1 i t y conditions V of the map \\> are sat is f ied 

i f , and only i f , the A.K.N.S. system is sa t i s f ied , 

( i i ) Because contains A, we have a 1-parameter family of Backlund 

maps for the A.K.N.S. system, 

( i i i ) I t is hard to know, with this general form of ^ , whether \p is 

self-Backlund transformation for the A.K.N.S. system. But with 

specif ications to equations from the sol i ton class covered by 

the A.K.N.S. system, one may be able to obtain Backlund 

transformations via the map ^. 

So, l e t us consider a 2-dimensional l inear representation of 

the prolongation Lie algebra of ( A l f A 2 , A 5 ) , given by: 
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A, = - 2 x i ( y 2 _ L - y 
ay 

A 2 = y> 

A 3 = y = 

5 
3 y 2 

9 
ay i 

ay^ ay 

Ac = o 

so that the functions A a ' s are given as follows 

A} = 2Aiy 

A^ = 0 

Al . y2 

AJ = - 2 y i 

Ai = 0 

Thus 

f\\ = - 2 A i y 2 

A* - y* 

A2 = 0 
3 

Al - 2y2 

= 0. 

a 

a 
(p2 

\ - I 
r \ 

\ q -2>.i/ 
> 

> 

*\\ - ( 
/-A c N 

) 
• 1 / \ B A 1 1 U 

(6) 

This is a 2-dimensional version of the map \\>, which is very useful 

for the 2-dimension sol i tons solvable by the 2-component scattering 

scheme. 

In fact equations (6) are the scattering equations for the A.K.N.S 

system, which again proves the in ter re la t ion between Backlund 

transformations and the scattering method for sol i ton equations as i t 

was conjectured by many people and we have jus t shown i t c lear ly via 

prolongations. 
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Formula (6) could be l inearized to a 1-dimension version of ^ 

by using 1-dimensional representations of the prolongation Lie algebra 

That is 

A } - 2 \ i y JL , 

k7 = y 

A 

3 

ay 

a 
3 - 9 

ay 

A, = 2y JL 
ay 

A 5 = 0 

which is a result of using the 1-dimensional representation of L given 

by 

Yz = y - 1 Y , = 0 

y 2 - y 2 - > Y 5 = O 
ay 

Y - - 3 

Y 3 ~ 
ay 

Hence 

2 A} = -2 \ i y , Ai = y 

A1 = -1 , Aj = 2y 

As = 0, 

so that 

y x = ^ = -2xiy + y 2 q - r 

y t = ^ = By2 - C + 2Ay 
(7) 

The above equations (7) are of Riccati type which is the standard 

form of the Backlund transformation equations. In fact these equations 

may be used to derive Backlund transformations for non-linear evolution 

equations constructed within the A.K.N.S. scheme, see the Appendix. 
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Also, i t was used by Chen [3] to calculate Backlund transformations for 

some individual equations from the sol i ton class. Moreover he c lass i f ied 

the result ing transformations into three classes as fol lows: 

Class I : q = constant = -2 and i A = k. 

This class contains the Backlund transformation for the K.dV 

equation: 

u. + 12uu + u = 0 t x xxx 
which is 

(W + W) = k ? - (W - W)2 , 
x 

(VI - W ) t = A(W - W + k) - |(W - W + k) + 2B 

between W and W which are solutions of the K.dV. equation 

Class I I : with q - - r and iA = -^k. 

This class contains the Backlund transformations for the modified 

K.dV. equation: 

u. + 6u2u + u v / v = 0, t X xxx 

as well as the sine-Gordon equation: 

2 u x t = sin 2u, 

which has two equivalent Backlund transformations in the form: 

(W ± W') v= k sin(W ±W l) , 

(W ± W ) t = ]

k sin(W ± W ) , 

with W and W solutions of the sine-Gordon equation. 
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Class I I I : with q = - r * and A = $ + i n . 

This class contains the Backlund transformations for the non-linear 

Schdrdinger equation: 
-k 

i u . + u + 2u ? u = 0 , 
t XX 

where u* is the complex conjugation of u. 

Now, the A-dependence of ^ j u s t i f i e s the saying that one can have 

a 1-parameter family of Backlund maps deriving to Backlund transformations. 

Moreover, so far we have just used a 1-dimensional representation 

for the prolongation Lie algebra to get these Backlund transformations 

where i t is easy to compute i t . Thus the dependence of Backlund 

transformations on the representations of the prolongation Lie algebra 

is strongly conjectured. This conjecture is also made by Atiyah, Dodd 

and Gibbon in [9] . They said that one may be able to obtain Backlund 

transformations from the invariance properties of the prolongation 

Lie algebra together with some roots for th is Lie algebra to be searched 

for . 

I t is hoped that th is point w i l l be clear in the next section 

through application to the A.K.N.S. system Backlund transformations 

in another formulation. 
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Bundle formulation of Backlund transformations 

Let us continue with the previous notations and results of 

prolongations of the A .K.N.S. system. 

We had sL(2,R) appearing as a homomorphic Lie algebra to the 

prolongation Lie algebra of ( A l 5 A 2 , . . . , A 5) and independent of the 

f iber dimension m = dim N, so that one can say sL(2,R) is acting on 

the f iber of the f ibre space TT : M x N — • M, 

and we have a f ib re bundle (MxN, M, TT) with structure group sL(2,R). 

Now, as the sol i ton connection represents a 1-parameter family 

of connections, we assume instead, having a 1-parameter family of 

f ib re bundles, denote i t by E,, A is the parameter. 
A 

On each E , we have an idea l , say J , generated by , TT*I. = I / } 
A A ^ A A *' 

which is closed by the def in i t ion of prolongation, where I is the 
A 

exter ior d i f fe ren t ia l system generated by ^ a l s a 2 , a3̂ > on M and 

representing the A .K.N.S. system. 

Let E T denote another f ibre bundle, with J - the d i f fe ren t ia l 
A A 

ideal on Ey defined by 

with J T as a prolongation of I T on E T together with another set of 
A A A 

prolongation 1-forms n -

Now, on each £ the connection is defined via the set of 1-forms 
A 

n a , simply, by the vectorial 1-form 
a 3 n = n —r- , 

ay a 

so that 

n = dy 1 — + dy 2 J _ + . . . + dym J L + (A x + A2q + A 3r)dx 
9 y i ay2 Bym 

+ (A 5 + A2B + A3C + A^AJdt , 
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where (A 1 ? . . . , A 5) are the generators of the prolongation Lie algebra, 

A. = A? J L , given by equations ( 3 ) . 
1 1 3y* 

Let n be the vectorial 1-form on E- defining the connection on 
A 

th is f ibre bundle. Because the sol i ton connection defines the A.K.N.S. 

system as the submanifold of M where the curvature vanishes, and since 

the 1-parameter family of connections a l l have th is property, the 

connections defined by n on E and ^ on define the same set of 
A A 

equations for the integral submanifolds of I and I—, that is the 
A A 

A.K.N.S. system. 
Let us denote by e, a point in E , say 

A 

e = (u,y) 6 E} with u G M and y G N. 

S imi lar ly , a point e =(u,y) G E-
A 

Define a C°'-map <J> : E -* E-, 
A A 

by e • (4>i(e), <t>2(y))9 

where ^ and <£2 are given by 

A = <D l A(x f t , A, B, C, q, r, y i , y" 1 ) , 

B = (D i B(x, t , A, B, C, q, r, y i , y"i) 

r = 4> i r( x> t , A, B, C, q, r, y i , y m ) , 

and 
y a = 4 ( y 1 ^ 2 ' . . . } y m ) , a = i s 2 , m. 

We note that i f the map q> is such that 

<j>*I— c J, , then <j> c lear ly defines a Backlund transformation, in 
A A 

the Wahlquist-Estabrook sense, via prolongation. 

Suppose that $ is such a map, then we have the following diagram 
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E. <-
v 

9 A 

with the action of g £ SI_(2,R) defined by 

g(e) = (u,y)g = (u, yg ) s 

and <—̂  denotes both d i rect ions, [9]. 

Now, from the diagram, we have conditions on the map <j> to be 

compatible with the action of SL(2,R) on N. These conditions are 

( i ) <J>9X = 9y<}>> 

( i i ) <j>"1 gy = g ^ " 1 , 

( i i i ) gf^ = c^g"1 . 

These conditions characterize the map <$>. Moreover they c lass i fy 

Backlund transformations in such a way that i t may go with Chen classes 

for the A.K.N.S. system Backlund transformations. 

The map ^ l in <$> is to be taken from the invariance properties of 

the prolongation Lie algebra of (A ] 5 A 5 ) , for example, set t ing 

A = then £ > -g keeps the Lie algebra ( A l s A 5) invar iant , 

hence <\>l could be taken as ^ : f, • 

But the problem is s t i l l unsolved, because <f>2 is not specified and 

there is not a unique way to do that. For example one may require 

l inear vector f ie lds to be mapped into l inear vector f i e l d s , and so 

he may choose <j>29 as one poss ib i l i t y of many, in the form 

y 6 = h*y b , a,b = 1,2, m 

where h^ are functions of ( x , t ) only when pulled back to a solution 

submanifold. 
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In fac t , when considering conditions ( i ) , ( i i ) and ( i i i ) on 

<j>, d i f ferent specif ications of h^ together with g^ and give three 

classes of such map $ for the A.K.N.S. system and the processes w i l l 

lead to the Riccati form of the Backlund equations of the system, 

equations (7) . 

Rema rk: 

We have just used SL(2,R) as the structure group of E.. But one 
A 

can also use the underlying Lie group of the prolongation Lie algebra 

(A T , A 5 ) , say G, and in th is case g, becomes an element of G. 
A 

In fact there is no loss, as they are homomorphic and SL(2,R) 

is a unifying one, as we have shown before. 
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CHAPTER VI 

A POSSIBLE MODEL FOR n-DIMENSION SOLITON EQUATIONS 

1 The model construction 

In the study of 2-dimensiona1 sol i tons, i t was shown that they 

share the fol lowing properties: 

( i ) They have a large number of conservation laws, 

( i i ) They are solvable via the inverse scattering method, 

( i i i ) They have Backlund transformations. 

( i v ) They describe local ly pseudospherical surfaces. 

Moreover, the relat ionship between the Lie group SL(2,R) and the 

2-dimension solitons has shown i t s strength in interpret ing these 

propert ies. This relationship is clear in a l l d i f ferent ways with 

which solitons could be handled. 

Because there is not, yet , any higher dimension sol i ton known, 

i t is quite d i f f i c u l t to imagine what i t could be, or what i t w i l l 

look l i k e . Despite of tha t , l e t us t ry to make use of the results 

we have obtained for the 2-dimension so l i tons, and assume that n-

dimension sol i tons may be characterized by s imi lar properties as in the 

2-dimension case. Namely: 

( i ) They have a large number of conservation laws, 

( i i ) They are solvable via the scattering method (n-dimensional 

scheme). 

( i i i ) They have Backlund transformations, 

( i v ) They describe n-dimensional pseudospherical surfaces. 
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In fact property ( i i i ) is the backbone of these properties as i t 

leads to them a l 1 . 

In the 2-dimension case, i t results in three 1-forms e 1 , e 2 , e 

in the matrix form n, 

e 

1 0 
t r n = 0 

which gives the soli ton equation in the form 

dfi - ii A n = 0. 

These three forms e 1 , e 2 and 8 3 sat is fy the same Maurer-Cartan equations 

for the l e f t invariant 1-forms of sL(2,R), say u i l s w2 and w3 as was shown 

in Chapter 5. 

Now, accordingly, we shall suggest the Lie group SL(n,R) , for 

n-dimensional so l i tons, to play the role played by SL(2,R) in the 

2-dimension case. In fact from the group theoretic point of view and 

i t s re lat ion to sol i ton equations, [5 ] , any semisimple Lie group G might 

work. But we shall st ick to sL(n,R) as i t is a generalization to SL(2,R). 

Let us assume we have a d i f f e ren t ia l equations system Z which is of 

sol i ton type. Simply, we require Z to have Backlund transformations. 

Assume Z has n independent variables and m dependent variables. 

Moreover, i t is of order (h + 1), h is an integer ^ 0. Hence Z could 
h 4" 1 

be defined on J (M, Hx) with the coordinate presentations: 

{ x d } , a = 1,2, n, n = dim M, for the independent var iables, 

(zu\ = 1 , 2 , m, m = dim N l 9 for the dependent variables. 

Now, define the Backlund map <fj, 

where N 2 is another space of new dependent variables with coordinates 

^ : J " (M, N J X N 2 * 0 ( M , N 2 ) , 

presentation (y ^ , A = 1,2, . . . , dim N 2 . 
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Assume that ty is an ordinary Backlund map for the system Z, 

i . e . i t s integrabi1i ty conditions V are in the form 

V = Z xN 2 . 

Moreover, on the f ib re space 

prx : J h(M, Nx) xN 2 • J h (M, Nj) 

l e t SL(n,R) be the group acting on N 2 , the f iber of p r x . 

The Backlund connection associated to the system Z via the map ty 

is given by the set of 1-forms { V * 0 ^ } , with 
„A .A A . a 
8 = dy - y a dx , 

i .e . simply, by the set of 1-forms 
„ A , A A . a e = dy - ty dx , 

a 

where ty^ are the functions defining the map ty. a 

Now, because J h(M, Nj) xN 2 — > J h ( M , Nj) is a f ib re bundle, the 

action of SL(n,R) must be compatible with the local product diffeomorphisms. 

This means that i f 

P y : U x N2 •* prr ! (U) , and 

P u

l : U' xN 2 p r f ^ U ' ) 

are tv/o such di ffeomorphisms, with U and IT subsets of J (M, NT) and 

U A u 1 is not empty, and i f £ £ U A IT , with 

P r : N2 • p r ^ U ) 

by n ^ PyU* n) 

and P' : N2 - p r ^ U ) 

by n + Py ' f e . n) 

then 

P"1 o P' ; N2 -——• N 2 , is an action of some g 6 SL(n,R), on N 2 

depending smoothly on £. 
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In other words, SL(n,R) is the structure group of the f ibre 

bundle. 

Furthermore the action of SL(n,R) is also compatible with para l le l 

transport by the connection. This means that paral le l t ransport, 

suitably composed with the local product diffeomorphisms above, should 

y ie ld an action of SL(n,R). In more detai l l e t £ l 9 £ 2 ^ e points of 

J ^ ( M , N ] ) , and y a curve jo in ing them, with Y ( t j ) = gl and y ( t 2 ) = £ 2 -

For each n G p r } l e t be the horizontal l i f t of y through rj. Then 

the paral le l transport along y is given by 

\ : p ^ r M c i ) — - p r r 1 ^ ) * 

by n • Y c ( t 2 ) . 
f 

Let Ul and U2 be neighbourhoods of ^ and £ 2 respectively for 

which the product diffeomorphisms are defined and le t P2 and P 2 be the 

maps 
P X : N 2 — • p r j - ^ d ) , by y — Py^Ci* y) 

p 2 : N 2 — • p r r 1 ( £ 2 ) » b y y —^ P u 2 ^ 2 > y ) -

Then compatibi l i ty implies that 

p 2 _ 1 o 0 ?i : N 2 • N 2 

is an action of g G SL(n,R) on N 2 , i . e . the connection is an SL(2,R)-

connection. 

These compatibi l i ty conditions imply that the connection coef f ic ients 
j\ 

and hence the functions must admit a factor izat ion in the form 
a 

with the index i ranging and summing over 1 ,2 ,3 , dim sL(n,R) = n 2 - 1 , 

and are functions of y 's alone but i»] (c) are functions on the base 
1 a 

manifold J h (M, Hx). 

Thus, the connection 1-forms may be wr i t ten as 
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A = dy d - (y) J 
h 

with J = dx a , are 1-forms to be l i f t e d from M to J (M, N } ) . 
A 

The functions X. (y) are such that 
A. = XA --— are among a basis for the Lie algebra sL(n»R) and 

1 1 ay A 

w = u)1 dx d are determined by the same equations sat is f ied by 
a 

the l e f t invariant 1-forms of sL(n,R). These equations are 

J,k=l J k 

where C.^ are the structure constants of sL(n,R). 

The integrabi1i ty conditions of the Backlund map 

* : J h(M, Hx) x N 2 v Ji(M, N2) 
are 

a , ™ ( , J , - 3 b ^ l ( . J , . 0 . (2) 

where the tota l derivative operator ah is given on J^(M, N 1 ) x N 2 by 

~h+l h+1# A d 

a 3 = a , + .̂ a 9yA ' 

i .e . a h + 1 r ± - + j L + z l J

K _ L + . . . + z a A a 
a ax a a u v a b »zP a a i a 2 . . . a h + ^ A 

a o y 
a i a 2 * • ' d h 

Then with «J> in the form 

A _ A i 
^a " X i wa ' 

equations (2) become 

0 = ( L L + z

p J L + . . . + z^ a — + * ! A ) ( x ? »1) 
axa a az^ " i - - a h az^ a

 a 1 b ' 
a 1 . . . a h 

/ 9 4 . 7 M a p a , B 3 w YA i \ 

a , . . . a h 

f o r a / b = 1,2, . . . , n . 



i .e. 
X A f a J b _ a a j \ + zy ^ _ z P d _ J b u ^ _ z 

1 U x a ^ a azp b a z ^ a a i azj 
ba 

9a) 

+ . . . + Z 
C*0) 

a a i a 2 . . . a h „ 
a , . . . a h 

1 
ba 1 . . .a^ a 

9Z P 
a } . . . a^ 

Y B j i 
J a b B 

°y 

YB j i 3X^ 
J ay 

= o 

which tu rns out t o be 

1 U x a a b 3 z y aa , . . . a h ^ 

- zi ZJL* , 1 j 3X , B i j 3 X . B , . N 
b a i • • • a h W + w a u b — 1 " % w a J ? " 0 

« i • • • a

h 3 Y A 3 Y A 

But i f X- = X A — are bas is f o r sL(n .R) then by d e f i n i t i o n 
1 1 3y A 

X A 3X* . x AaxJ = [ X A ( X A , B 
1 3^A J 3 Y A 1 J 

u k 

so t h a t equat ions (3) become 

A r 3 ^ V a + z ^ . z ^ + . . . + z a a a ± u > 
1 I ax3 3xb 3 3Z» b 32^ a a l • • • a h 3Z 

•ai • • • a h 

b a i • • • a h ^ I U k a b 

where C. . are the s t r u c t u r e cons tan ts o f SL (n ,R ) . 
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Th is equat ion can be w r i t t e n as 

A [ a J b _ a J a + z y a J b _ 2 P + + Z P aw1 

i \ 7~5" 77D a _ u D _ u a a , . . . a, 3X- 3XD 3 3Z y ° 32^ " 1 • - °h 3Za

P 

a j . . . a h 

a i • • • a h j 

Equat ions (4) are i n the form V = Z x N 2 where Z i s generated by the 

equat ions 

^ L b - 3 - ^ a + z p ^ J ) - z£ + . . . + z p ! ^ J > 
3x a 3x b a 3 z y b 3 z y a a x . . . a h , 

«i ••• a

h 

Z, 2 + t « . C0_ CO. > - u 
1 " ' h Bz y j k a b 

a j . . . a. 

f o r a f b = 1 , 2 , . . . , n . 

A We should say t h a t i t i s no t always the case t h a t the f u n c t i o n s which 
A 

a c t u a l l y occur i n <j> are themselves a bas is f o r the L ie a lgebra s L ( n , R ) , 
a 

s ince some o f the co1 might van i sh . I t cou ld be a bas is f o r some Lie 

a lgebra homomorphic t o sL(n ,R) as i s the case i n the 2-dimension 

s o l i t o n s . 

Now, because o f the spec ia l choice of the f u n c t i o n s co1 , where 
a 

CO = CO _ dx s a t i s f y equat ions ( 1 ) , i . e . 
, 1 - 1 n r l J A K 

uco ~ ~o~ L L .. co A co 
1 k , j = l J K 

so t h a t 

J i * ^ a l ^ r i j k , a A , b 
dco A dx = -?y E C , o r co i dx A dx . a 2 k j j j k a b 

Hence 

Sco , 1 r i j k 
— i ^ a - ~"o L L . , co _ co • . 
3x b 2 j , k J k 3 b 
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Also 

B w V _ 1 _ p i j k 

c*X j , k 0 

Thus, we have 

* £ b - ^ a + z d J . k

b = 0 (5 ) 
SX 3 3 X D j , k J k 3 b 

The system o f equat ions (4) and (5) i s now appear ing as the i n t e g r a b i 1 i t y 

c o n d i t i o n s f o r the map ^. I t i s analogous to a system ob ta ined by 

J . Corones, B. Markovski and A. Rizov i n t h e i r L ie group framework f o r 

s o l i t o n s , [ 5 ] , 

This system i s c a l l e d the s o l i ton system. 

By combining equat ions' (4) and ( 5 ) , we get a system o f equat ions 

i n the form 

E (z a

M - z£ ^ l a + z w ^ L b - *a\ + . . . - 7 ^ ^ a 
a ^ b , i L a 3z p b az u a a i az^ b a > az^ b a i ' ' • a h 

a a a j . . . a 

= 0 f o r i = 1 ,2 , . . . , dim sL(n,R) (6 ) 

We c a l l the system o f equat ions (6) the s o l i t o n c o n d i t i o n , t h a t i s t he 

c o n d i t i o n f o r the system Z to represen t an n-dimension s o l i t o n . 

Before commenting on t h i s system, we cons ide r a spec ia l case , when 

n = 2 , i . e . the 2-d imension s o l i t o n s , w i t h the L ie group SL(2,R) and 

m = 1 , A = 1 . 

A bas is f o r sL(2 ,R) i s ( x l 5 X 2 , X 3 } where 

[ X j , X 2 ] = X 2 , 

[ X l s X 3 ] = - X 3 , 

| X 2 , X 3 | = 2 X 2 . 



The map ^ i s then given by 

= A j + A 2 q + A 3 r , 

ijfo = A s + A 2B + A 3C + AUA 

f o r the general A .K.N.S. sys tem, w i t h ( A 1 ? A 2 , A 5 ) homomorph 

to sL(2,R) by 

A 2 = X 2 , 

A 3 - X 3 • 

A^ = 2X| , 

A 5 = 0 

and the 1-forms t o 1 , i = 1,2,3 are given by 

a ) 1 = u i dx a = -2Ai dx 1 + 2A d x 2 

a 

u ) 2 = u)2 d x a = - q dx* - B dx-

c o 3 = u ) 3 d x a = - r dx 1 - C dx 2 , a 

so t h a t 

u j = - 2 A i , u i = 2A 

w 2 = -q , a ) 2 = - B 

u j j = - r , a > | = -C . 

S u b s t i t u t i n g i n equat ions ( 5 ) , we have: 

f o r i = l , a = l , b = 2 , 
3 

' - 1 + E L j | ^ co j co 2 = U , 
sx 1 ax2 j,k=l 

which g ives 

2 A x l + 2qC - 2rB = 0 

A l s o , f o r i = 2 , a = 1 , b = 2 , we get 
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• B x i + q x 2 * C2 2 „ i tt2 + U 2 tti = 0 

i . e . 

- B x l + q x 2 + 2AiB + 2Aq - 0 ( i i ) 

For i = 3, a = 1 , b = 2 , we have 

3 w ? , „ r 3 j k _ n 

i . e . 

- C j + r 2 - 2AI'C - 2Ar = 0 ( i i i ) 

X X 

Equat ions ( i ) , ( i i ) and ( i i i ) are the A.K.N.S. system: 

A x i = qC - r B , 
q x 2 = B x l + 2 Ai B + 2Aq , 

r x 2 = C x l - 2AiC - 2Ar , 

w i t h A • -A and A • - A , r ep resen t i ng the 2-dimension s o l i t o n s . 

Now, l e t us see what about the s o l i t o n c o n d i t i o n , equat ions ( 6 ) , 

i n t h i s case ,w i th i = l , A = l , a = l , b = 2 and h = 0 , so t h a t 

we have a 1-dimensional r e p r e s e n t a t i o n o f sL(2,R) g iven by 

Xi = y — > 

ay 
5 x 3 = - _ . 

ay 

The map i s now given i n terms o f sL(2,R) bas is as : 

ip\ = - 2A i y + q y 2 - r 

^ = By 2 - C - 2Ay 

which are the R i c c a t i form o f ij* f o r the A .K .N.S . system. 
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Equat ions ( 6 ) , g i v e , i n t h i s case: 

2 A x l - 2 A x l = 0 , 

B x i " B x l + q x 2 - q x 2 = 0 , 

C X > * C X 1
 + V - r x 2 = 0 -

which means t h a t equat ions (6) are a l ready s a t i s f i e d f o r the case o f 

2-d imension s o l i tons ( the A .K .N.S . sys tem) , as they are s o l i t o n s . 

Remarks about the model 

The advantage o f t h i s approach i s t h a t i t determines a t the same 

t ime the Backlund t r a n s f o r m a t i o n s v ia the map \p as was shown i n p rev ious 

c h a p t e r s , i . e . i f f o r an i n t e g e r s , the image o f the i n t e g r a b i 1 i t y 

c o n d i t i o n s Z s o f the s t h p r o l o n g a t i o n o f 

i>S : J h + S ( M , N j ) x N 2 • J ^ M , N 2 ) , 

i s a d i f f e r e n t i a l equat ions system l x on J (M, N 2 ) , then ^ determines a 

Backlund t r a n s f o r m a t i o n between Z and Z x . A lso s e l f - B a c k l u n d t r a n s f o r m a t i o n s 

may be ob ta ined i n t h i s way (see the Append ix ) . Moreover, l i n e a r systems, 

s i m i l a r t o the s c a t t e r i n g e q u a t i o n s , cou ld be assoc ia ted by choosing 

l i n e a r r e p r e s e n t a t i o n s f o r the L ie a lgebra o f X̂  i n the equat ions 

d e f i n i n g the Backlund map ^. This i s as f o l l o w s : 

A A VA i 
^a 5 +a s X i u a 

A 

and w i t h a l i n e a r r e p r e s e n t a t i o n o f X^ 's ( o r s L ( n , R ) ) , say 

X i - . a B y 
A,B = 1 , . . . , dim N 2 

i , j = 1 , dim SL(n,R) = n 2 - 1 

A A 
where ..a^ are cons tan ts and X̂ . • ^ (ag) i s a m a t r i x r e p r e s e n t a t i o n 

o f the L ie a lgebra o f X . ' s . 
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Hence, we have 

A A i B 

y a = i a B u a y 

which cou ld be another Backlund map s o l v i n g the Backlund problem f o r Z 

Thus, we have 

or 

d y A = y B , wi t h 

SJ? = . a ! J , d x d , i s a m a t r i x o f 1- forms. In o t h e r words , as i n 
D I D a 

our case 

B ' i a B w ' ' 

and the l i n e a r equat ions a r e , in ma t r i x n o t a t i o n , 

dY = Q Y , (8 ) 

which i s an i n t e g r a b l e system. 

Because o f equat ion ( 7 ) , the m a t r i x ft i s no t un ique. I t depends 

upon the l i n e a r r e p r e s e n t a t i o n we choose f o r the L ie a lgebra and a l s o 

upon the se t o f 1-forms which represen t the se t o f l e f t i n v a r i a n t 

1-forms o f sL(n,R) p u l l e d back t o M by some f u n c t i o n 

F : M • SL(n ,R) . 

This F e x i s t s by Frobenius theorem. The v a r i a b l e s z p and t h e i r d e r i v a t i v e s 

may be cons idered as f u n c t i o n s on M. In f a c t , i f to ' ;? are another se t o f 
a 

f u n c t i o n s w i t h 

E1. = to _ and E1. are c o n s t a n t s , J a a j 

then i o , J w i l l s a t i s f y the same equa t ion (5) i f a 

E l 4 c i j - c ih E5 w 

w i t h i , j , k, i9 h = 1 ,2 , . . . , dim S L ( n , R ) , and C. . a re i t s s t r u c t u r e 

c o n s t a n t s . 
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Cond i t i ons ( * ) mean t h a t E. form a m a t r i x be long ing t o the a d j o i n t 
J 

r e p r e s e n t a t i o n o f SL (n ,R ) . T h e r e f o r e , l i n e a r t r a n s f o r m a t i o n s o f a,1 

a 

through the a d j o i n t r e p r e s e n t a t i o n do no t y i e l d e s s e n t i a l l y new s o l u t i o n s 

o f equat ions (5) and we may say t h a t two s o l u t i o n s o f (5) d i f f e r i n g by 

a t r a n s f o r m a t i o n from the a d j o i n t r e p r e s e n t a t i o n o f SL(n,R) be long t o 

the same c l a s s . 

C l e a r l y , the m a t r i x ft i s a dim N 2 x d i m N 2 m a t r i x , w i t h dim N 2 

a r b i t r a r y . A poss ib l e c h o i c e , s i m i l a r t o t h a t i n the case o f 2-d imension 

s o l i t o n s , i s to choose dim N 2 = n so t h a t ft becomes an n x n m a t r i x o f 

1-forms w i t h t r ace zero which i s s l_ (n ,R) -va lued . 

A f a c t i s t h a t , f o r each G e S L ( n , R ) , the m a t r i x o f forms 

G " 1 dG takes i t s value i n the L ie a lgebra SL(n,R) and t h e r e i s a l o c a l 

SL (n ,R) -va lued f u n c t i o n F on M, 

F : M >SL(n,R) 

such t h a t 

ft - ( f t j ) n = F - i dF. 

A,B = 1 

This f u n c t i o n F s p e c i f i e s , and i s s p e c i f i e d by , the Backlund map $ as 

the m a t r i x ft i s ob ta ined v i a Also i t helps g e t t i n g l i n e a r systems 

t o be assoc ia ted t o the n o n - l i n e a r one (equat ions ( 5 ) ) , namely 

dF = Fft . 

where f o r each row o f F, one may be led t o l i n e a r p a r t i a l d i f f e r e n t i a l 

equat ions which may be c l o s e l y r e l a t e d t o t h a t o f equa t ion ( 8 ) . 

Now, w i t h t h i s se t up, equat ions (5) look l i k e c o n d i t i o n s f o r 

e = dft - ft A ft 

t o be zero on submani f o l d s , where d x A A d x b t 0 f o r a ,b = 1 ,2 , n 

i . e . on which d x 1 A d x 2 . . . f \ d x n t 0. 
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A geometr ic i n t e r p r e t a t i o n o f t h i s i s t h a t the m a t r i x o f 1-forms 

ft, de f ines an SL(n ,R) -connec t i on on a p r i n c i p a l SL(n ,R) -bund le over 

M (which can be taken to be R n ) . The n-dimension s o l i t o n , equat ions ( 5 ) , 

express the f a c t t h a t the cu rva tu re of the connec t ion van i shes , 0 = 0 , 

and equat ion (8) are the p a r a l l e l t r a n s p o r t equat ions o f t h i s connec t ion 

This suggests t h a t the re may be a r e l a t i o n between s o l i t o n s i n t h e i r 

general form and gauge f i e l d s , Yang-M i l l s t h e o r i e s and i n s t a n t o n s which 

p h y s i c i s t s have i n t e r p r e t e d g e o m e t r i c a l l y as connec t ions on p r i n c i p a l 

bundles w i t h some L ie groups as s t r u c t u r e groups. I n f a c t , such a 

r e l a t i o n can be fo rmu la ted by d e f i n i n g the Yang -M i l l s t enso r T ^ , 

T i _ a J . _ 3(A r i j k 
a D 3xk J K 6 D 

through the " v e c t o r p o t e n t i a l s " to . 

The s o l i t o n system i s then seen to be c o n d i t i o n s f o r the 

van ish ing o f the Yang-M i l l s tensor T 1 cons t ruc ted f o r the gauge group 

SL (n 5 R) . 

However, as the theory o f n-d imensional s o l i t o n s i s s t i l l i n i t s 

i n fancy and much work remains to be done, the p rec i se r e l a t i o n i s no t 

y e t c l e a r . 

The concept o f a conse rva t i on law f o r the n-dimension s o l i t o n 

system may a l so make sense. In f a c t t he system cou ld be w r i t t e n as a 

se t o f d i f f e r e n t i a l forms w i t h maximum degree n , namely 

\ = d o ) 1

k A dx i A dx2A . . . A d x a A d x A + 1 A . . . A dx" ab D 

- d j A d x 1 A d x ^ A . . . A d x B A d x b + 1 A . . . A d x n 

a 

- C j k Ja u ) k

b d x 1 A d x 2 A . . . A d x n 

where d x a means t h a t d x a i s exc luded . 
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A d i f f e r e n t i a l i dea l r ep resen t i ng the system can be chosen as 

I s ince I i s c l o s e d . 

The conse rva t i on laws w i l l be g iven v ia a se t o f c losed n-forms 

<f>A on J h + 1 (M, N j ) x No which s a t i s f y <*>A c { e ^ } and < j> A ( z y ( x a ) ) = 0 

f o r every z u ( x a ) a s o l u t i o n o f the system Z. 

T h e r e f o r e , as we l l known, each $ i s i n the form 

A A A 

4> = dx , f o r x an ( n - l ) - f o r m . 

Thus, from the general ve rs i on o f Stokes theorem, i . e . 
j x A = fdx A 

M| M 2 

where M 2 i s an n-d imensional m a n i f o l d w i t h a c losed ( n - 1 ) - d i m e n s i o n a l 

man i f o l d M x as boundary, conse rva t i on laws may be o b t a i n a b l e . The forms 

x A may be chosen as 

x A = c i y i A . . . A d y A

A . . . A d y n + i F A d x 1 A d y J 

I+J=n-i 1 0 

w i t h F A j f u n c t i o n s on j ' 1 + ^ ( M , N 1 ) x N 2 , and 

dx* = dx 1* 1 A . . . A dx1*1* 

d y J = d y J L A . . . A d y j n - i - i , 

and I + J = n-ias sets o f i n d i c e s . 

Now, knowing i n advance t h a t the p r o l o n g a t i o n L ie a lgebra i s 

sL(n ,R) (o r any homomorphic Lie a lgebra ) by the c o n s t r u c t i o n o f the 

system, the p r o l o n g a t i o n c o n d i t i o n s , namely 

A _ / T A-d x

A c ( i , x M ) , 

tX A 

may be looked a t as c o n d i t i o n s on the f u n c t i o n s F" j to c a l c u l a t e x 

and hence the conse rva t i on laws . But the c a l c u l a t i o n s look comp l i ca ted 

w i t h t h i s general se t up. 

A f i n a l remark i s t h a t , f o r the pseudospher ica l n-d imens iona l 

su r face p r o p e r t y o f the n-d imensional s o l i t o n sys tem, we shou ld ment ion 
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t h a t such sur face cannot be i s o m e t r i c a l l y immersed i n R w i t h N < 2 n - l , 

as was shown by T. Wi l lmore f o r the case n = 2 ; i . e . 2-d imens iona l 

su r face i n R 3 , and by E. Cartan f o r an n-d imensional h y p e r b o l i c space 

form to be immersed i n another h y p e r b o l i c space form w i t h g r e a t e r 

c u r v a t u r e . 

A suggest ion f o r what may be done, s i m i l a r t o the 2-d imension 

case, i s t o make use o f the ma t r i x o f 1-forms ft and look f o r a 

correspondence by means o f which these 1-forms i n ft desc r ibe an 

N 

n-d imensional su r face w i t h cons tan t nega t i ve c u r v a t i r e i n R , N > 2 n - l . 

In such a case , Backlund t r a n s f o r m a t i o n s have a very s i g n i f i c a n t 

i n t e r p r e t a t i o n as "n-d imens ion pseudospher ica l l i n e congruences" 

between these n-d imensional pseudospher ica l s u r f a c e s , a concept 

gene ra l i zed in [ 2 9 ] , where a g e n e r a l i z a t i o n o f the s ine-Gordon equa t i on 

i s de f i ned v ia the Gauss and Codazzi equat ions o f these n-d imensional 

sur faces as submani fo lds o f R . In f a c t s o l u t i o n s o f t h i s g e n e r a l i z e d 

s ine-Gordon equa t ion are de f i ned v ia maps A : R n • 0 ( n ) , the group 

o f n x n or thogonal m a t r i c e s , which i s a subgroup o f S L ( n , R ) , and t h a t 

makes the choice o f SL(n,R) f o r general n-d imensional s o l i t o n s appears 

r i g h t . 

But s t i l l no t much can be sa id about the pseudospher ica l su r face 

p rope r t y f o r the n-d imensional s o l i t o n s w i t h t h i s g e n e r a l i z a t i o n . 

T h i s , t o g e t h e r w i t h o the r p r o p e r t i e s ment ioned i n the above 

remarks, are t o p i c s f o r f u t u r e i n v e s t i g a t i o n . 

Moreover, the s o l i t o n c o n d i t i o n , equa t ion ( 6 ) , as c o n d i t i o n s on 

the f u n c t i o n s co 1 , r equ i r es f u r t h e r i n v e s t i g a t i o n . 
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A P P E N D I X 

B A C K L U N D A U T O M O R P H I S M S 

In f a c t , as mentioned b e f o r e , no t every Backlund map which so lves 

the Backlund problem f o r a g iven system o f d i f f e r e n t i a l equat ions i s 

i t s e l f a Backlund automorphism, i . e . i t de f ines a s e l f - B a c k l u n d 

t r a n s f o r m a t i o n . However by means o f t h i s Backlund map, Backlund 

automorphisms are o b t a i n a b l e . I t s c o n s t r u c t i o n i s as f o l l o w s : 

Let \p be the Backlund map 

ip : J h (M , N 2 ) x N 2 > J (M , Hx) 

f o r a system Z on J ^ + \ M , N J ) , where as usual M, Hl and N 2 are m a n i f o l d s , 

w i t h coo rd ina te p resen ta t i ons x a , z p and y A r e s p e c t i v e l y and 

a,b = 1 , 2 , . . . , dim M, 

y , v = 1 ,2 , dim N i , 

A,B = 1 ,2 , . . . , dim N 2 . 

In t roduce the product 

J?'(M> N 2 ) XM J k ( M , N 2 ) = e 2 ) e AM* N J ) X J k ( M , N 2 ) | a U i ) = « U 2 ) 

In p a r t i c u l a r 

J ; ( M , N,) X^ J £ ( M , N 2 ) 3 J * (M , Nj x N 2 ) 

i s an isomorphism, [ 2 2 ] . 

However, f o r s i m p l i c i t y , F. Pi ran i cons iders d i f feomorph isms which 

leave M and Nj p o i n t w i s e f i x e d . Thus, we suppose g iven ( o r t o be sought f o r ) 

a d i f f eomorph ism 

X° : J ° ( M , Nj x N 2 ) • J ° ( M , Nj x N 2 ) 

compat ib le w i t h the i d e n t i t y map on J ° (M , N } ) , i . e . 
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J ° ( M , Nj x N 2 ) 

P , 

X 

J U ( M , Nj ) -

+ J ° ( M , Nj x N 2 ) 

i 
- J ° ( M , Hx) 

commutes, where 

P 1 : J ° ( M , X M J ° ( M , N 2 ) S J ° ( M , N 2 X N 2 ) • J ° ( M , N J . 

I f x ' a , z , p , y ' A are a lso s tandard l oca l coo rd ina tes on the codomain o f 

X ° , then X ° has the p r e s e n t a t i o n 

x ' a = x a 

y ' A = ; A ( x a , z \ y B ) , 

where (;A are f u n c t i o n s on J ° ( M , N j x N 2 ) . 

Also, l e t P 2 denote the na tu ra l p r o j e c t i o n , 

P 2 : J ° ( M , Nj X N 2 ) • J ° ( M , N 2 ) . 

Then 

X ° - P 2 o X ° : J ° ( M , N 3 x N 2 ) • J ° ( M , N ? ) 

a l so leaves M po in tw ise f i x e d . 

Now, because o f the case t h a t 

J ° (M , N x ) 

M 

i d - J U ( M , N j ) 

+ M 
i d M 

commutes, the X° i s compat ib le w i t h i d ^ . i . e . 

J ° ( M , N 3 x N 2 ) - J ° ( M , Nj x N 2 ) 

a a 

M + M 
i d M 

commutes. 
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The a c t i o n o f X° may be extended to C°°(M, N } x N 2 ) : 

i f f e CO T(M, N 1 x N 2 ) , the map f l d M induced from f by X° i s 

f i d M = B o X ° o J ° f o ( i d M ) - i , 

where 8 i s the t a r g e t map. 

Consequently the a c t i o n may be extended to 

J h ( M , Nj x N 2 ) : l e t g G J h ( M , N x x N 2 ) and f be any map i n the 

equ iva lence c lass £ so t h a t 

Then de f i ne the h p r o l o n g a t i o n o f X ° , 

by 

X h : J h ( M , N ! x N 2 ) > J h ( M , N ^ N j ) , 

"W i d M o a ( ? ) 

This i s a unique map which leaves J (M, N j ) po in tw i se f i x e d , s ince X° 

leaves J ° ( M , N j ) po in tw i se f i x e d . 

T h e r e f o r e , t h i s map passes to the q u o t i e n t and p r o j e c t s t o de f i ne 

a unique map, denoted by X : 

Kh : J h ( M , N x ) x N 2 J h ( M , N 2 ) x N 2 

which leaves J (M, po in tw ise f i x e d . The l o c a l coo rd ina te p r e s e n t a t i o n 

o f X h i s 

, a a 
x = x 

z , y = z p 

z , V J = z M 

a a 

z . u = z y 
a j . . . a h a ^ - . a ' 'h » i " ' " h 

y ' = c (x , z M , y ) . 

Moreover, X° may be pro longed to a unique map x \ 
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X h : J h ( M , Nx x N 2 ) J " ( M , N 2 ) 

by the same way. In f a c t we have the diagram 

J h ( M , Nj x N 2 ) —• J h ( M , N 2 ) 

h 

J ° ( M , Ni x N 2 ) 

h 
7T 

4- O 

J ° ( M , N 2 ) 

Now, the map 

U \ 0 P r i ) x * ) o A 0 h ( M 5 ) x ( | 2 : J h ( M , N i ) x N 2 
—> J ! ( M , Nj X N 2 ) 

» j i ( M , N x ) X ^ f M . N 2 ) 

passes to the q u o t i e n t to de f i ne a map 

* : J h ( M , N j ) x N 2 — J ] ( M , N,) XM J * ( M , N 2 ) s J i ( M , Nj x N 2 ) . 

The coo rd ina te p r e s e n t a t i o n o f \\> i s 

, a a 
x = x 

z ' u = z l J 

z ' u = z y 

a a 
,A A 

y = y 
.A A 

*a = *a 

where ^ A are the f u n c t i o n s on J h ( M , N 2 ) x N 2 de te rm in ing the Backlund 
a 

map ^ and A j h ^ |\| ) x IM 1 S t h e d iagonal m a P : 

J h ( M , N ! ) x N 2 • ( J h ( M , N j ) x N 2 ) X ( J h ( M , N j ) x N 2 ) . 

F i n a l l y , l e t 

• X = X i oi o (J h p : J h ( M , N j ) x N 2 + J ! ( M , N 2 ) . 

This map has the coo rd ina te p r e s e n t a t i o n 

x " a = x ' a 

y " A = y , A 

„A XA 
" *a 

( t he one primed coo rd ina tes i n the 

X 

domain o f i|> and the two primed i n i t s 

codomain) 
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where i i ) X A = f A o (X h ) " 1 and are f u n c t i o n s on the codomain o f 
a a a 

("X" which have the p r e s e n t a t i o n 

f A = M ^ + a _5^ z p + 
a 3yB a azy a 3 X a 

In f a c t / * ( d n 1 (M, N~) c I ( S h * * ) (see equa t ion (4) o f s e c t i o n 

X 
Chapter I ) hence ^ , l i k e ^ , so lves the Backlund problem f o r the system 

Z. 

X 
In g e n e r a l , tjj w i l l be d i s t i n c t from ip. I t i s t h i s t h a t makes i t 

poss ib l e to c o n s t r u c t Backlund automorphisms by the above procedure . 
X 

C l e a r l y , $ depends upon the g iven d i f feomorph ism 

X° : J ° ( M , NT x N 2 ) > J ° ( M , Hl x N 2 ) , 

and to y i e l d Backlund s e l f - t r a n s f o r m a t i o n , one may impose the c o n d i t i o n 

t h a t J ° ( M , N x ) and J ° ( M , N 2 ) are t i e d by the i d e n t i t y d i f feomorph ism 

i n a d d i t i o n to X° such t h a t 

( i d ) h + 1 : J h + 1 ( M , N x ) - J h + 1 ( M , N 2 ) 

s a t i s f i e s t h a t 

( i d ) h + 1 * ( Z ' ) = z 
h 4"1 

where V i s the system o f d i f f e r e n t i a l equat ions on J (M, N 2 ) which 
t h 

i s the image o f the i n t e g r a b i 1 i t y c o n d i t i o n s o f the h p r o l o n g a t i o n 

o f the Backlund map ty. 

I t may be c o n j e c t u r e d t h a t t h i s d i f feomorph ism X° has something t o 

do w i t h the i n v a r i a n c e p r o p e r t i e s o f the p r o l o n g a t i o n L ie a l g e b r a . 

Th is deserves f u r t h e r s tudy . 
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