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Generalized Gibbs ensemble and work statistics of a quenched Luttinger liquid
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We analyze the probability distribution function (PDF) of work done on a Luttinger liquid for an arbitrary
finite duration interaction quench and show that it can be described in terms of a generalized Gibbs ensemble. We
construct the corresponding density matrix with explicit intermode correlations, and determine the duration and
interaction dependence of the probability of an adiabatic transition and the PDF of nonadiabatic processes. In
the thermodynamic limit, the PDF of work exhibits a non-Gaussian maximum around the excess heat, carrying
almost all the spectral weight. In contrast, in the small system limit most spectral weight is carried by a delta peak
at the energy of the adiabatic process, and an oscillating PDF with dips at energies commensurate to the quench
duration and with an exponential envelope develops. Relevance to cold atom experiments is also discussed.
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Introduction. Nonequilibrium many-body dynamics con-
stitutes a largely unexplored topic in comparison to its
equilibrium counterpart. Its exploration has begun recently
by a series of experiments on cold atomic gases1–4 and other
systems,5 triggering valuable theoretical works.6,7 A number
of interesting issues has been analyzed, such as thermalization
and equilibration and their relation to integrability, defect, and
entropy production due to universal near adiabatic dynamics,
quantum fluctuation relations,8 nonlinear response, etc.

Monitoring nonadiabatic dynamics provides a great deal
of information about the universal features of the quantum
system at hand. The scaling of expectation values or the first
few moments of observables (e.g., the defect density) after a
quench through a quantum critical point can be expressed in
terms of the equilibrium critical exponents.6,7 However, the full
characterization of a quantum state is only possible through its
all higher moments, encoding unique information about non-
local correlations of arbitrary order and entanglement.9 This is
equivalent to determining the full distribution function of the
quantity of interest. While its equilibrium evaluation is already
rather involved,9 obtaining the full nonequilibrium distribution
function of a physical observable has rarely been carried out.10

A fascinating exception is the statistics of work done
during a quench, which has been studied in Refs. 11 and 12
for a sudden quench between gapped phases, separated by
a quantum critical point (and gap closing). The probability
distribution function (PDF) of work done, P (W ), involves
all possible moments of energy,8 thus providing us with full
characterization of the energy distribution.

While the transition between two gapped phases is of
great interest, many interacting one-dimensional (1D) systems
form gapless Luttinger liquid (LL) states.13 In particular,
interacting cold atoms in a one-dimensional trap, e.g., often
form such LLs, as also confirmed by experiments,2,3,14–16 but
LL states appear in various spin models or interacting fermion
systems.13 This state of matter is characterized by bosonic
collective modes as elementary excitations, and by especially
strong quantum fluctuations. How this system reacts to a
time-dependent protocol, i.e., a quantum quench, is a highly
nontrivial problem, though some of its properties have already
been analyzed.17–22

Here we shall study the PDF of work on this prototypical
example of a Luttinger liquid, determine P (W ) after an
arbitrary quench protocol, and also construct explicitly the
generalized Gibbs ensemble which reproduces all moments
of P (W ). We remark that this is one of the rare occasions
where the generalized Gibbs ensemble can be constructed
analytically for an interacting model. The study of an arbitrary
quench protocol is inspired by the observation that, in reality,
quenches are neither completely adiabatic nor instantaneous
and—as we demonstrate through the properties of P (W )—the
characteristic quench time is a crucial parameter of the quench
itself. The work PDF is found to exhibit several universal
forms (Gumbel or exponential distribution, for example) as
controlled by the system size and interaction-dependent many-
body orthogonality exponent α and the duration of the quench.

Hamiltonian. We consider an inherently gapless system of
hard-core bosons (or an initially noninteracting Fermi gas)
in one dimension, which is interaction quenched by a given
protocol into a final LL liquid state. The corresponding LL
Hamiltonian reads13,20

H =
∑
q �=0

ωq(t)b+
q bq + gq(t)

2
[bqb−q + b+

q b+
−q]. (1)

Here ωq(t) = v(t)|q|, and v(t) = v + δv Q(t), with v the
bare “sound velocity,” δv its renormalization arising from
interaction, and b+

q the creation operator of a bosonic density
wave. The interaction gq(t) = g2(q)|q| Q(t) and the velocity
are changed within a quench time τ , with the quench protocol
Q(t) satisfying Q(t < 0) = 0 and Q(τ < t) = 1. For a linear
quench, in particular, Q(0 < t < τ ) = t/τ . Equation (1) con-
stitutes the effective model for bosons quenched away from the
hard-core limit as well as for fermions quenched away from
the noninteracting limit, or for an XXZ spin chain,13,20 though
our findings apply to interacting initial states as well.23

Since Eq. (1) is quadratic, the time evolution can be formally
determined exactly. From the Heisenberg equation of motion,
we obtain20

bq(t) = uq(t)bq(0) + v∗
q (t)b+

−q(0), (2)
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where the time dependence is carried by the time-dependent
Bogoliubov coefficients uq(t) and vq(t), satisfying

i∂t

[
uq(t)

vq(t)

]
=

[
ωq(t) gq(t)

−gq(t) −ωq(t)

] [
uq(t)

vq(t)

]
, (3)

with the initial condition uq(0) = 1, vq(0) = 0.
Generating function of work. Armed with the formal solu-

tion of the time-dependent Bogoliubov equations, Eq. (2), we
analyze the statistics of work done. Albeit that the work done
has been studied exhaustively in classical statistical mechanics,
its quantum generalization has been carried out only recently,8

and its properties are known for very few systems. The
quantum work cannot be represented by a single Hermitian
operator (⇔ not an observable), but rather its characterization
requires two successive energy measurements, one before and
one after the time-dependent protocol (thus work characterizes
a process). The knowledge of all possible outcomes of such
measurements yields the full probability distribution function
(PDF) of work done on the system.

The characteristic function of work after the quench,
G(λ) ≡ ∫

dW eiWλ P (W ), can be expressed as8

G(λ,τ ) = 〈exp[iλHH (t > τ )] exp[−iλHH (0)]〉, (4)

where HH (t) is the Hamilton in the Heisenberg picture, and
the expectation value is taken with the initial thermal state.
For a sudden quench (SQ), τ = 0, and G(λ,τ ) coincides
with the Loschmidt echo.11 The expectation value, Eq. (4),
is independent of t for t > τ , but depends on the quench
protocol and its duration τ . HH (t) is obtained by expressing
the time-dependent boson operators in Eq. (1) using Eq. (2).
Equation (4) can then be evaluated at T = 0 upon realizing that
the operators K0(q) = (b+

q bq + b−qb
+
−q)/2, K+(q) = b+

q b+
−q ,

K−(q) = bqb−q are the generators of a SU(1,1) Lie alge-
bra, satisfying [K+(q),K−(q)] = −2K0(q), [K0(q),K±(q)] =
±K±(q), and the operators for distinct q’s commute with each
other. Using identities familiar from the theory of squeezing
operators and the Baker-Campbell-Hausdorff relation,24 we
get23

ln G(λ,τ ) = iλEad −
∑
q>0

ln[1 + nq(1 − e2i�qλ)], (5)

with Ead = Ef − Ei the difference between the adiabatic
ground state energies in the final and initial state, nq =
{ωq(t) − �q + 2 Im[v∗

q (t)∂tvq(t)]}/2�q the time-independent
occupation number of mode q in the final LL state, and
�q =

√
ω2

q(t > τ ) − g2
q(t > τ ) the corresponding excitation

energy.13

Generalized Gibbs ensemble. The fact that Eq. (5) depends
only on the occupation numbers of the steady state indicates
that a generalized Gibbs ensemble (GGE) may describe the
final state.7 The analytic construction of the final density
matrix is usually an inadmissible task. Therefore, one typically
focuses only on few-body observables, and tries to build
an approximate density matrix describing these. Such an
approach is, however, unable to account for the complete PDF
of work, which depends on all possible moments of energy.

In our case, the final Hamiltonian can be diagonalized by
a Bogoliubov transformation giving Hf = ∑

q �=0 �qn̂q + Ef .
In the steady state (t 	 τ ), the n̂q’s and their arbitrary products

are constants of motion, and therefore the density matrix of
the GGE should be built up, in principle, from all of these
operators.18,25 We find by intuition, however, that for a T = 0
temperature quench the density operator

ρ̂G = 1

ZG

∏
q>0

exp[−βq�qn̂q]δn̂q ,n̂−q
(6)

accounts for all intermode correlations in the final state.26

Here the mode-dependent inverse temperatures βq are de-
fined through nq ≡ 〈n̂q〉 ≡ 1/[exp(βq�q) − 1], and ZG =
Tr{exp[−∑

q>0 βq�qn̂q]}. Indeed, it is easy to show that
Tr{ρ̂G eiλ(Hf −Ei )} reproduces G(λ,τ ) and thus the complete
work distribution.23 Moreover, it gives back the expectation
value of any operators in the steady state. Notice that the delta
functions in ρ̂G imply perfect correlations between the mode
pairs ±q, and the density matrices of Refs. 17,18,27, and 28
are unable to reproduce the work statistics since they ignore
these correlations.

The structure of Eq. (6) follows from the observation that,
while time evolution does not conserve the number of bosons
in a given pair of modes ±q, it preserves n̂q(t) − n̂−q(t).
Since the only nonzero element of the initial density matrix
corresponds to n̂q = n̂−q = 0 at zero temperature, this can only
evolve along the diagonal “direction,” n̂q(t) − n̂−q(t) = 0.
The assumption that evolution during the quantum quench
thermalizes the energy distribution of a given momentum pair
with this constraint then amounts to the density matrix, Eq. (6).
A given pair of modes thus thermalizes only along the diagonal
of the density matrix, n̂q = n̂−q , characterized by an effective
inverse temperature βq , while the weight of the nondiagonal
states n̂q �= n̂−q remains zero, as in the initial state. Though
umklapp processes may lead to further thermalization at larger
time scales, this structure is expected to be stable within
experimental time scales.23

Perturbative generating function. Though an exact solution
is formally also possible, the general properties of the
final work PDF are already captured by a more transparent
perturbative solution of Eq. (3).20 We thus expand Eq. (5) for
small g2(q) and δv, and get for large system sizes L

ln G(λ,τ ) = iEad

(
λ −

∫ τ

0

∫ τ

0
dt1dt2Q

′(t1)Q′(t2)τ0

× [f (t1 − t2 + λ) − f (t1 − t2)]

)
. (7)

Here Ead = −(L/v)(g2/vτ0)2/16π + · · · < 0 and f (t) =
τ0/(t + iτ0), with τ0 a short time cutoff associated with the
finite range of interaction, g2(q) = g2 exp(−τ0v|q|). Interest-
ingly, the velocity renormalization δv does not enter to lowest
order. The cumulants Cn of the work done can be derived by
expanding Eq. (7) in λ (see Ref. 23).

Work PDF: Generic properties. To analyze the PDF of work
it is worth introducing the dimensionless work, measured with
respect to the adiabatic ground state energy shift,

w ≡ (W − Ead)/|Ead|. (8)

The distribution of w is then obtained by Fourier transforming
G(λ,τ ) as

p(w) = Pad δ(w) + ρ(w). (9)
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The Dirac-delta peak corresponds to the probability of staying
in the adiabatic ground state, while the broad structure ρ(w) is
associated with transitions to excited states with w > 0. The
weight Pad can be expressed as

ln(Pad) = −iα

∫ τ

0

∫ τ

0
dt1dt2Q

′(t1)Q′(t2)f (t1 − t2). (10)

The prefactor α = |Eadτ0| ∼ N (g2/v)2 denotes the total angle
of Bogoliubov rotations (N ∼ L/vτ0 is the number of parti-
cles), and can be viewed as the many-body orthogonality ex-
ponent. It is also closely related to the fidelity susceptibility.29

Alternatively, we can rewrite it as α ∼ L/l, with l the mean
free path. Thus α ≷ 1 describes, using fidelity nomenclature,
the thermodynamic or small system limits29 or, alternatively,
corresponds to the diffusive or ballistic limits, respectively,
depending on the picture used.

In the adiabatic limit [τ → ∞ with Q′(t) → 0 for all t],
a finite system always stays in its ground state, and the time
evolved wave function coincides with the lowest energy eigen-
function of the instantaneous Schrödinger equation.30 Conse-
quently, only the first term remains in Eq. (9) with Pad = 1.
For τ � τ0, on the other hand, Pad scales as ∼exp(−α) ∼
exp(−cst L) (see Fig. 1), and in the limit L → ∞—but
fixed interaction—Pad vanishes due to the orthogonality
catastrophe.

Sudden quench (SQ) limit. In the extreme limit of a SQ, τ �
τ0,31 G(λ,τ ) simplifies to G(λ) = exp[iEadλ

2/(λ + iτ0)], and
the continuum part of the PDF of work is evaluated exactly as

ρSQ(w) = Pad exp(−αw)αw−1/2I1(2α
√

w), (11)

with Pad = exp(−α) and I1(x) the modified Bessel function
of the first kind. This is the noncentral χ2 distribution with
noncentrality parameter 4α in the limit of zero degrees of
freedom.32 The average work is zero,20 since for a SQ the
system remains in its initial state and—on average—there is
no back reaction. Entropy is, however, generated by populating
high and low energy configurations.

The shape of ρ(w) depends crucially on the orthogonal-
ity parameter α. The thermodynamic limit α 	 1 reveals
universal behavior: Almost all probability weight is carried
by a peak centered at around W = 0 (w = 1) and of width
W ∼ |Ead|/√α,

ρα	1
SQ (w 	 α−2) ≈ exp(−α[1 − √

w]2)

w3/4
√

4πα−1
, (12)

whose high energy tail decays according to the gamma
distribution, ∼exp(−αw)/w3/4. In the small system regime
α � 1, on the other hand, the delta function retains almost
all weight, and transfers only a fraction ∼α to an exponential
distribution of width W ∼ |Ead|/α and threshold at Ead for
w � α−2. In the crossover regime, α ∼ 1, the maximum shifts
to lower energies and the PDF of work develops a sizable value
right above the threshold at Ead (see Fig. 1). The maximum of
P (W ) occurs at W > Ead for α > 2, while the PDF becomes
monotonically decreasing for α < 2.

Finite quench times. For finite duration quenches, in
addition to the orthogonality parameter α, the work statistics
also depends on τ and the protocol Q(t) itself. For definiteness,
we focus here on a linear quench,23 and measure the degree of
adiabaticity by τ̃ = τ/τ0.

For a finite duration quench, τ̃ > 1, only a fraction 1/τ̃

of the excitations experiences the quench as sudden. Conse-
quently, in the expression of Pad, the orthogonality exponent
α is replaced by ατ ∼ α/τ̃ , and Pad becomes a monotonously
increasing function of τ̃ (see Fig. 1). The crossover with
increasing ατ from Pad � 1 to vanishingly small spectral
weight, Pad, occurs at α ∼ τ̃ .

Close to the threshold, W − Ead � 1/τ , only states with
energy smaller than 1/τ and thus feeling a SQ contribute to
work. Therefore, apart from a normalization factor, the PDF
of work agrees with the SQ result

ρ(w � α−1τ̃−1) ≈ Pad exp(α)ρSQ(w), (13)

and depends on τ only through Pad.

α = 20 (thermodynamic limit) α = 4 (crossover region) α = 0.2 (small system limit)
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FIG. 1. (Color online) The PDF of work done on a LL is plotted after a linear quench from the numerical evaluation of Eq. (7) (blue solid
line). Left: α = 20 with τ̃ = 0, 1, 2.5, and 5 from right to left and 180 [inset, P (W > Ead) only]; middle: α = 4 with τ̃ = 0, 1, 2, and 4 with
increasing peak height and 55 (inset); right: α = 0.2 with τ̃ = 0, 2, 5, and 25 from right to left. The thick magenta line denotes the exact
SQ expression [Eq. (11)], the red dashed line represent Eq. (15), the thin black line in the middle panel visualizes Eq. (13), while the green
dashed-dotted line shows Eq. (14). The vertical arrow at W = Ead denotes the Dirac-delta peak, whose spectral weight Pad is shown in the
inset of the right panel on semilog scale as a function of the ramp time τ .
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For τ̃ 	 1, however, Eq. (13) describes only a small
region close to Ead (see thin black lines in Fig. 1), and the
overall shape depends both on α and τ̃ . For 4α 	 τ̃ , almost
all spectral weight is carried by the nonadiabatic processes
[ρ(w)] around the typical value Wtyp − Ead ∼ 2|Ead| ln(τ̃ )/τ̃ 2,
clearly separated from the adiabatic process. For τ̃ 	 4α,
the adiabatic process gains spectral weight, Pad ≈ 1, but a
maximum for W > Ead remains present, though it gradually
merges with the adiabatic processes.

In particular, in the small system limit ατ � 1, e.g., we can
expand Eq. (7) to get

ρ(w) ≈ Padα
2

(
sin[wατ̃/2]

wατ̃/2

)2

exp(−αw). (14)

Thus, for a linear quench, for energies commensurate with
the quench time the PDF is zero (see Fig. 1). This is related
to the steady state behavior of the occupation numbers,
nq ≈ [g2(q) sin(v|q|τ )/2v2|q|τ ]2 for g2 � v,23 reflecting
that modes with energy commensurate to the quench time
stay almost unoccupied at T = 0. In this limit (α � τ̃ and
τ̃ 	 1), the system evolves almost adiabatically, nonadiabatic
processes have only a small probability ∼α/τ̃ , and the typical
work done in the case of a rare nonadiabatic process is
Wtyp ≈ −α2π/τ .

Increasing α, the zeros of the PDF turn gradually into
dips, and the PDF develops a more universal form. In the
thermodynamic limit ατ 	 1, using the method of steepest
descent we obtain

ρ(w) ≈ Padτ̃
3/2√α

2
√

tan3(s)π
exp

[
w

(
τ̃ 2

2
− α

)
+ 2

αs

τ̃

]
(15)

for αs 	 τ̃ , with s ≡ arctan[
√

exp(wτ̃ 2) − 1]. For w 	
1/τ̃ 2 	 1/α2, ρ(w) in Eq. (15) behaves as a generalized
Gumbel distribution of index a = 1

2 + 2α
τ̃ 2 .33

This latter emerges in the context of global fluctuations,
describing the limit distribution of the ath maximum of a
sequence of independent and identically distributed random
variables.9 The distribution in the 1/τ̃ 2 	 w 	 1/α2 region
resembles closely to Eq. (12) apart from its normalization.

Experimental relevance. Our results can be tested on one-
dimensional hard-core bosons34 or noninteracting fermions

as initial states. The detection of the PDF of work requires
two energy measurements, one before and one after the
time-dependent protocol. The first energy measurement can
be omitted if we prepare the initial wave function in an energy
eigenstate of H (t = 0). The resulting energy distribution can
then be probed using time-of-flight experiments,4,7 similarly
to Ref. 35. The crossover between the various regimes can be
monitored by tuning τ/τ0 and α ∼ N (g2/v)2, where N is the
number of particles in a 1D trap, typically with N ∼ 102–103

atoms.2,3,16 By choosing g2/v ∼ 1/
√

N , α becomes of order
unity, facilitating the observation of crossover between the
various regimes. For one-dimensional interacting bosons (i.e.,
Bose-Hubbard model), v ∼ J and g2 ∼ J 2/U for U 	 J

(close to the hard-core boson limit) with U the on-site
interaction36 and J the hopping amplitude. By quenching away
from the initial U 	 J ⇔ g2 ≈ 0 limit (e.g., by changing the
lattice parameters or tuning the Feshbach resonance), a final
interaction U ∼ J

√
N is reachable. For weakly interacting

fermions, v ∼ J and g2 ∼ U , therefore ramping from the
weakly interacting case to U ∼ J/

√
N is desirable. Nonethe-

less, our results apply also to interacting initial states.23

Summary. We have studied the PDF of work done on
a LL after an interaction quench, realizable in strongly
interacting Bose systems. We have constructed the density
matrix of the generalized Gibbs ensemble with intermode
correlations, describing arbitrary correlations of the steady
state, thus the PDF of work. The PDF exhibits markedly
different characteristics depending on the system size, quench
duration, and interaction strength. Our method is applicable
to the full PDF of other observables as well, e.g., density
fluctuations.37 We also emphasize that our results in Eqs. (5)
and (6) apply also to a variety of other systems with effective
bosonic Hamiltonians as in Eq. (1), including interacting
higher dimensional bosons or spin systems within a spin-wave
theory.
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