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Abstract

In this paper we study singularly perturbed systems with discontinuity sur-
faces. This means that we have a system of ordinary differential equations with
a small parameter and a piecewise smooth vector field. The state where the
trajectory moves on the discontinuity surface is called sliding mode. We present
an asymptotic representation for trajectories with temporary sliding and apply
the result to stick-slip vibrations.
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1 Introduction

There are many applications of the theory of ordinary differential equations with dis-
continuitiy surface. Often this surface can be described by a scalar equation s = 0,
for example if there is arising the nonsmooth function sgn (s) on the righthand side of
the differential system. This case represents oscillations with dry friction as well

as relay control systems which are systems with switching devices.

We start our paper with explaining the term singularly perturbed system with sliding

mode.

1.1 Sliding modes

In early regulators the control has often been of relay type because of their simple
implementation.

In control theory the term for the motion on discontinuity surfaces is sliding mode
motion. From the geometrical viewpoint the trajectory slides on the surface. !

In practice, the sliding mode motion is characterized by a high-frequency switching
of the relay. LEVANT [Le93] calls it real sliding. There is no ideal sliding in real
relay control systems. Therefore perfect sliding is only an approximation of the real
behaviour of such systems. In dry friction systems we have a different situation. There

exists (almost) perfect sticking which means that there is ideal sliding.

The so-called equivalent control method is characterized by the following procedure
(cf. [Utk92, Part 1.]): Let’s consider the system

z = f(z,t,u)
{ uf (z,t) if si(z) >0 . ] (1)

i\ Z, 1 _ . =1,..,
uil(2,?) u; (z,t) if s,(z) <0 ! i

where z € R™, ¢t € IR,u,s € R™. The vector u represents the control by m relays.
Whenever a sliding mode appears, the velocity vector in the state space lies on the
tangential plane of one or several discontinuity surfaces. The existence of a sliding
mode motion means that there is a continuous control function u and a time interval
[t1,12] such that for a trajectory starting at time ¢; on the manifold {s(z) = 0} C R”

the vector s(z) has a zero time derivative along system (1) on [t1,%s] :

é:g—;f(m,t,u):0 Vt € [t1,1s] (2)

A domain Dg; C IR™ which satisfies the property that all points d € Dy; are starting

points of a sliding motion is called sliding domain of (1).

In mechanical systems with dry friction this sliding on the surface corresponds to the sticking of
two bodies ! If you are not in the sticking region, from the mechanical point of view you have slipping
of the bodies. This is maybe confusing.
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If there is a unique continuous solution u = wu.4(z,t) of the algebraic equation (2)
and u.q; i1s between u; and u; then substitute this solution Ueq(z, t), referred to as

equivalent control, in system (1) for u:

= f(z,t,ue(z,t)) . (3)

This equation is called sliding mode equation.

The equivalent control method implies a replacement of the undefined discontinuous
control on the discontinuity surface with a continuous control. From the geometric
viewpoint, in the case m = 1 one should vary the scalar control from u~ to u™, plot
the vector f(t,z,u) and find the intersection point of the vector and the tangential
plane at (z,t). If m = 1 and f depends linearly on w this vector coincides with the
corresponding vector fy of Filippov type [Fil88, § 4] . Otherwise the two vectors may
be not even colinear. There is no unambigious answer to the question which equation
is better for the description of the motion.

There is an important special case regarding system (1) chracterized by the property
T = (T1,...;Trn_m,51,---»5m) . In this case we can separate the differential equation in
the following way:

y = fl(yasatau)a 5= f2(y737t7u)
where y = (21, ..., Tn_m)>. If there is a unique solution u = u.4(y,t) of the algebraic
equation

f2(y707t7u) =0

this case is called first order sliding.

If f, does not depend on u then the conditions
s=s5=0
are not suflicient for determining u.,. Here we have to consider

d d
._a._d :
Hence, the algebraic equation which determines the equivalent control is

0 0 0
(6—][2 1+ a—fz 2 + %) =0.
Y S t (y,5=0,t,u)

If there is a unique solution ., of this equation we have second order sliding (cf. [BF92]).
The case of arbitrary sliding manifolds of first or higher order is studied in [Le93] and
[FL94].

The stability of sliding domains is not considered in this paper. A Lyapunov type
Theorem is stated in [Utk92, p.45fF.].
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1.2 Discontinuous singularly perturbed systems

One of the major obstacles in the use of efficient tools for analyzing dynamical systems is
a high dimension. If there is a small parameter, in many cases high dimensional systems
may be reduced to a system of lower dimension by separating them into fast and slow
components and substituting the fast system by an algebraic system by neglecting the
small parameter in a certain way. This can be achieved in a rightful way using the
singular perturbation approach [VBK95] which can be applied to systems of the form

dz

d
p = Flzy,t), - = f(z,9,t), z€R™, y e R (4)

=
which satisfy certain conditions.

In the discontinuous case there is a theorem on the passage from the reduced system to
the full system [Utk92, ch.5]. But the result is only valid for a system with linear fast
motion equation and a relay control added linearly only to the slow motion equation.
And there is only given an approximation of the full system solution to the zeroth order
with respect to the small parameter.

In the following sections these restrictions are not supposed. But otherwise the con-

sideration is restricted to singularly perturbed systems with first order sliding mode.
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2 Asymptotic representation of trajectories

For smooth singularly perturbed systems there exists not only a result for the Oth order
approximation of the full system solution with respect to the small parameter [TVS85,

ch.7] but an algorithm for the construction of an approximation of any order [VBK95,

ch.1].

For proving existence and uniqueness of the solution of singularly perturbed relay

control systems as well as their asymptotic behaviour two lemmas will be stated.
At first we define:
Ki(r)={xeR?| |x|<rr>0}.

Consider the system
da

db
ILI’E = F(a’abat)a E = f(a’abat) (5)

where (a,b,t) € G = K™(r1) x K™(ry) x [, T], T > max (to,to + t(1)), u € (0, pie]
and G is a domain, together with two different initial conditions

alto, u) = a®, blto, 1) = B, (6)

alto + t(p), k) = a® + 2(n), b(to + t(u), u) = b + y(u), (7)
(a®, 8% t9) € G. We assume the following hypotheses:

(Ho) pe > 0, ¢ := min(to, mingepo u(to + t(1))) € R, () continuous.
(Hy) F,f e C*2(G), k> 0.

(H,) For p = 0 there is an isolated solution ag = ¢(bo,t), ¢ smooth, of F(a,b,t) =
0, (bo,t) € K™(ry) x [t, T] with the same smoothness as F.

(H;) The slow motion system

dbo

=7 = fe(bo,t), bo,t), bolte) = 8° (8)

has a unique solution by(t) for ¢ € [¢,T], and (¢(bo(t),1), bo(t),t) € G.
(H,) There is a v > 0 such that for all ¢ € [£, T] the eigenvalues A;(t) of

2 o(bo(t), 0, bo(t) 1)

satisfy
Re \(t) < —v.

for all 7 € {1,..,m}.
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(Hs) Let a® be in the interior of the domain of attraction of the asymptotically stable
equilibrium point ¢(b°,0) of the associated system

Z—i = F(a,b° 1), a(to) = a°

(He) t(u) = O(u**?), 2(p) = O(u**1), y(p) = O(**?)

Lemma 1. Assume hypotheses (Hp) to (Hs) are satisfied. Let
L(t, p) = (A(t, ), B(t, 1))

N(t,pu) = (alt, p), B(t, 1))
be solutions of system (5) with initial conditions (6) resp. (7).

Then for sufficiently small . L(t,u), N(t, 1) are unique solutions of (5) on [£,T] , and
it holds

|Li(t, 1) — N(t,p)| = O(*)

where
k

Li(t, ) = > p'(@() + Tie(7)) -

2=0

Proof. It's known [VBKO95] that Lg(t,u) is the asymptotic representation of L, and
there exist x,d8 > 0 such that for all 7 € [¢to/u, T'/p]

TLie(7)] < ke™®7, i=0,...,k.

Existence and uniqueness of the solution L follows from the Tychonov theorem [TVS85,
p.191],[VBK95] which can be applied because of the assumptions (H;) to (Hs). From
the continuous dependence of the solution on initial conditions we get the same prop-
erties for the solution N, too.

Without restricting the generality we assume that £ = .

For all ¢ € [0,t(u)] we get

AGto-+tm) = all = || [ F(AE ), B(& ), e ul] < Kat()/ = O+)

1B+ tow) = Bll = || [ £ ), B ), )41 < Katlw) = O(+?)

where K; = supanec || F(ab, )l Ks = supganec|£(@ b )l
From (H;) we know that for sufficiently small p there is a unique solution to initial
condition (7) on the interval [to, o + 2¢t(x)]. It holds due to (Hp)

t(p) = O(u**?), t = O(u**?),4(p) —t = O(u**?).
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Expanding a around tq + ¢t(u) we get

alto+t, u) = alto+i(n), p) + &lto +t(w), u)(t — t(u)) + &(to + t(u), p) (¢ —t(w))* +... =

al + O(,U«k+1) + F(ao + z(p), B+ y(p),to)(t — t(w))/p + O(Iu’2k-|—1) ‘
With

Fa®+2(1), BO+y(1), to) = F(a B0, 0)+O(| (=(1), (), 1)) 7Il) = F(a®, 6%, o)+ O ()

we get
alto +t,u) = a® + O™ ) .

Furthermore, expanding the slow part 8 around ¢ + ¢t(u) we get

B(to+1, 1) = Blto+1(p), 1)+ Blto+ (), ) (t — t()) + Blto+ t(u), u)(t — t(w)* + ... =

= Blto + t(n), 1) + O(u**) .
Therefore, for all ¢t € [0,t(u)] we get

L(to +t,1)) = N(to +t,p) + O(u*1) .

Hence, on [to, to+t(u)] the asymptotical representations of L and N are the same up to
the order k. Because the difference of the initial conditions (7) and (a(to+t(u), ), b(to+
t(p), 1)) = L{to +t(p), u) is O(uF*?) with the Vasileva Theorem [VBK95, p.26] we get
the same asymptotic representation of both solutions up to the order &k on [to+t(u), T:
Consider Lg, the k-th order asymptotic representation of L. Since all functions ¢; and
IT,c are solutions of smooth differential equations and the initial values at time ¢o+¢(u)
due to these solutions are the same as in the asymptotic representation Ni of N, we
get the uniqueness of these initial value problem solutions. It follows that for all
L€ [to+t(1), T]
Nk(tuu’) = Lk(tuu’) .

Altogether the assertion is proven because for all ¢ € [, T

IN(t, 1) — L(t, w)] < |N(t,p) — Ne(t, u)| + [Ne(t, 1) — Le(t, p)] = O(u*)
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Remarks.

1. The exponentially fast decreasing function Il¢(7) which is approximated by the

series of IL;¢(7), is called boundary layer function.

2. A smooth dependence of the righthand side (F, f) of the small parameter u
does not change the result because we use the technique of series expansion with

respect to u.

3. If initial time and initial values depend smoothly on mu i.e. to(u) = to +
O(u), 8°(p) = b° + O(p) we can reduce this situation to the case to(u) = 0
b°(u) = b° by the following transformation:

?

s=1t—to(u), n=">+b"—b"(u).

This is an important fact because without this transformation initial time and ini-
tial value of the full and the reduced system are not identical which is a necessary

condition in the theorems of Tychonov and Vasileva.

The second lemma is similar to the first but there is an important difference: The initial
points are assumed to be near to the fast variable solution ¢ of the reduced system.
This additional condition yields the possibility to weaken the condition regarding ¢(u).

Now consider again system (5) on G, but with two other initial conditions
a’(touu’) = W(boato) 7b(t07:u’) = b07 (9)

a’(to + t(:u’)a ,Ll,) = (lp(b(), to) + 2(:“’) 7b(t0 + t(:u’)a ,Ll,) =b° + 'g(:u’)a (10)
(p(8°,t0) ,b°% to) € G. We assume the following hypotheses:

(A)) F,f € CHY(G), k> 0.

~

(As) For g = 0 there is an isolated solution dy = go(go,t), of F(a,b,t) =0, (bo,t) €
K™(ry) X [to, T] with the same smoothness as F'.

(A3) The slow motion system

db, - .
d—to = f((p(bo,t),bo,t), bo(to) = bo (11)

~ ~ —

has a unique solution l;o(t) for ¢t € [t,T], and (@(bo(t),t),bo(t),t) € G.
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(A4) There is a 4 > 0 such that for all ¢ € [£,T] the eigenvalues A;(¢) of

o Bo2), 1) o) 1)

satisfy

for all i € {1,..,m}.
(As) t(-), 2(),9(") smooth,
t(n) = O(u**?), 2(p) = O(u**), §(u) = O(u**1).
Lemma 2. Assume hypotheses (A;) to (As) are satisfied.Let
M(t,n) = (A(t, ), B(t, 1))

R(t,u) = (6(t, 1), B(t, 1))

be solutions of system (5) with initial conditions (9) resp. (10).
Then for sufficiently small u. M(t,u), R(t, 1) are unique solutions of (5) on [£, T], and
it holds

| My(t, ) — R(t, )| = O(u*t1) .

Proof. Existence and uniqueness of the solutions M and R for ¢t € [t,T] follows
from the Tychonov theorem and the continuous dependence on initial conditions. A

condition like (Hs) regarding the associated system is satisfied because of condition
(9)-
Without restricting the generality we assume that £ = .

It holds due to (As)
t(u) = O(W), t = O(u*), t(u) —t = O(u**).
With (9) we know that
Alto, p) = F(XC), B, o) /1 = F(p(8, t0) + O(u), 1,10/ = 0+ O(1) .
Let ¢ € [0,4(x)]. Together with (As) we get

R $2
Alto +t,4) = x°(0) + Ot + T Alko, ) + . = X°(u) + O(W) . (12)
We know further that

1Bt + tom) = Bl = 1| [ £CAGE ), Bl ), )01 < Ke(w) = O+



L.M. FriDMAN / R.J. RUMPEL  Singularly perturbed systems with sliding mode 10

where K = sup (o3 nea ||/(a,b,1)]] -
From (A;) we know that for sufficiently small u there is a unique solution to the initial

condition (10) on the interval [to,to + 2t(u)]. Expanding & around to + t(u) we get

&(to + t, ) = &(to + t(w), 1) + &(to + (), ) (¢ — (1)) + Glto + (), ) (t — t(1))” + ...

With
&(to +t(p)) = x°(u) + O(u*H)

and
ato + t(u), w)(t — t(p)) = F(x°(i) + 2(w), ° + 5, to + t(w))(t — t(w)) /=

(F((1), 8%, t0) /1 + O (2(1), § (1), t()) T IN)(E = t(w)) /e =
(F(o(8,%0)) + O) + O(p1)O(*) = O(u*)
we conclude that for all t € [0, ¢(u)]

&(to + t, 1) = (b°,t0) + O(*1) .

Furthermore, expanding the slow part B around to + t(u) we get

N

Blto +t, ) = Blto+ t(w), ) + Blto + t(1), m)(t — () + Blto + t(w), w)(t — t())* + .
= B(to + t(n), ) + O(U*) = 8+ §(u) = B(to, ) + O(u**) .
Therefore, for all t € [to, o + t(u)] we get
M(to +t,p)) = R(to +t, ) + O(u**") .

Hence, on [to,to + t(p)] the asymptotical representations of M and R are the same
up to the order k. Because the difference of the initial conditions (10) and (a(to +
t(p), 1), b(to + t(p), 1)) = M(to + t(u),p) is O(u*!) with Vasileva we get the same
asymptotic representation of both solutions up to the order k on [to + t(u), T:

Rk(tuu’) = Mk(tuu’) .

Altogether the assertion is proven because for all ¢ € [, T

|R(t, 1) — Mi(t, 1)| < |R(t, 1) — Ru(t, p)| + | Ru(t, ) — Mi(t, )| = O(p**) .
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2.1 Transition into sliding

Consider the initial value problem

dz

ILLE = F(z,y,s,u,t)
d
d—z = f(z,y,s,u,t) (13)
d
d—i = h(z,y,s,u,t)

2(to) = 2% y(to) =4°, s(to) = s

where (2,9, 5,t) € G = K™(ry) x K™(ry) x K*(r3) x [to,T], T > to, p € (0, pe] and G
is a domain. Moreover,

u = sgn(s) Vs #0

i.e. there is a discontinuity surface $* = {s = 0} C G. On this surface we get the
so-called sliding mode equation by substituting u by the equivalent control function

Ueq € [—1,1] [Utk92, p.37],[Fil88, p.54] (cf. assumption (B7)).

We assume:

(BO) (zoayoasoato) €5t = {(zayasat) S G|S > 0}
(B)) F,f hcCH2, k>0,

(B;) The equation F(z,y,s,1,t) = 0 has an isolated solution z = ¢*(y,s,t), ¢F
smooth, with (y,s,t) € K™(ry) x K'(r3) X [to, T + 6] where T < T,6 > 0.

(B3) The so-called reduced system

% = f(cp"'(y,s,t),y,s,l,t)
& = h(p*(y,s,t),y,5,1,1) (14)

y(to) = y° s(to) = s°
has a unique solution (7 (t), 53 (¢), ) in K™(r3) x K'(rs) x [to, T +€] for t € [to, T].
(B4) There is a £; > 0 such that for all ¢ € [¢o, T + g] the eigenvalues A;(t) of

g_f(gﬁ(yaf(t),55’(75);75):373(75)753(75): 1,t)

satisfy

for all 7 € {1,..,m}.
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(Bs) 2° is located in the interior of the domain of attraction of the asymptotically

stable equilibium point ¢t (y°, s° o) of the associated system

5
ﬁ = F(%y°%s° 1,t0), Z(to) = 2°

where 7 = (t — to)/u, 7 € [0, 00).

(Bs) For the reduced system there exists a moment t& = T € (to, T') where the trajec-
tory arrives at S* with
®55(03) =0
o h(¢* (75 (65),0,65),9
o h(p* (54 (65),0,03),9

(B7) The equation

h(z,y,0,u,t) =0
has a unique, smooth solution u = ue4(2z,y,t) on a neighbourhood U; C K™ (r;) X
K™(ry) x [to, T] of (¢ (75 (84),0,02), 54 (64),64). Therefore, the sliding mode
equation with the equivalent control u., is of the following form:

dz*

e — F(2%,y",0,ueq (2", 9", ), 1) (15)
dy* * * * ok
dt = f(z7y707uEQ(z7y7t)’t)'

(Bg) There exists an isolated solution z = ¢*(y*,t), ¢* smooth, to
0 = F(z*7 y*7 07 ueq(z*7 y*7 t)7 t)
for (y*,t) € K™(ry) x [04 —¢,T] .

(By) The reduced system in the sliding regime

dy* * * * * * *
e Flo*(y*,1),y%, 0, ueq(* (¥*, 1), ¥", 1), 1) ,

y*(65) = 43 (63)
has a unique solution y*(t) € K™(r;) on [064 —¢,T] with the following properties:
h(e*(y*(2),),¥*(2),0,1,t) <0,
h(cp*(y*(t), t): y*(t)a 07 _17 t) > 0.

(Bio) There is a 8, > 0 such that for all ¢ € [05 — ¢, T the eigenvalues \!(¢) of

(5 (0, ), (0), el (0, ), 5°(0), ), 1)

satisfy
Re A/(t) < —f»
for all 7 € {1,..,m}.
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(B11) ot (gd(68),0,64) is located in the interior of the domain of attraction of the
equilibrium point @*(7F (82),04) of the system

dz*

dr

= F(2*9"(65), 0, uea(#" (4" (5)), 4" (63)), 63) (16)
where T = (t — §4)/p, 7 € [0, 00).
(By) For all A € [0,1] it holds
R(M(¢™ (95 (65),0,65), 93 (85,0, 1,85 )+(1=A) (" (45 (65), 65), % (63,0, 1,65)) <0,
h(X(¢™" (53 (65),0,65), 93 (85),0,—1,85)+(1=A) (" (95 (65), 65), % (83 ), 0, —1,65)) > 0.

Theorem 1. Let system (13) satisfy the conditions (B;) to (Bi12). Then there ex-
ists a pe > 0 such that for all u € (0,u.) there is a unique solution z(t,u) =
(z(t, 1), y(t, 1), s(t, u)) of the system (13) on [to, T, and the following estimation holds:

|z (2, 1) — Xi(t, w)| = O(u**1) (17)
where .
k(tp) =D (&) + I 2(7) + I 2 (7hs1)) (18)
2=0
and o4
Te+1 = 7]6“
U

where ®k+1 = HA + ,uHA 4.+ ,uk+10k+1 is the (k + 1)th order approximation of the

arrival moment ¢4(u) of the full system.

Proof of Theorem 1. Our assumptions (Bp) to (Bs) are sufficient to apply the
theorems of Tychonov and Vasileva to system (13). Hence, the solution of the IVP
(13) (2(¢, ), y(¢, ), s(t, p)) exists uniquely in K™ (ry) x K™(ry) x K*(r3) for t € [to, 63+
el, and for p — 0 z(t, u),y(t, 1), s(t, 1)) tends to (o™ (7 (¢), 35 (¢), 1), 75 (1), 53 (t)) on
(to, 84 +¢]. Together with condition (Bs) we may apply the Implicit Function Theorem
to s(t,u) since we know that s(62,0) = 3¢ (64) = 0. Hence, for the full system there
exists a arrival moment #4(u) with lim, ,ot4(u) = 62 where the solution reaches the
discontinuity surface transversally.

We get the asymptotic representation of our solution by separating two steps: analyzing
the solution starting in ST until it meets S*, and analyzing the solution moving on S*.
Due to our assumptions we may apply the Theorem of Vasileva to the solution z*(t) =
(2+(2),y*(2),s(t)) of (13) with u = 1 on the time interval [to, 04 + €], i.e

max [|l2*(t) - X{(8)]| = ().

t€[to,08 +¢]
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The arrival moment ¢4(u) depends smoothly on p. We may write

t4(p) = 63 + pbf + o+ PO+ (19)
1 akt2h(kd) ... 4 . 4
where €40 = (G with k4 € [0, u]. For sufficiently small u we get t4(u), Or41 €

U.(63). Evidently, t4(u) — ©f,, = O(u**?). Expanding z* as series around 63, we
get:

(k1)
4D 94

(4 () = o (6 + h) = o+ (68) + 3 (6 + ..+ Wn')h T O(u+?)

where h = pf; + ... + pFt10, 1 + uF26, 5, and
) g0

o* (Of41) = o (68 + his) = 2 (02) + & (0 hiss + o+

RCES) IR

where hgy1 = by + ... + p* 10,1, Since 2T = F/p and
h—hi = O(**?) B9 =Ry = (h— hia)O(W 1) if 5 > 1

it follows that z*(¢4(u)) — 27(04,,) = O(u*™). Moreover, due to Vasileva, we know
that z7 (04, ;) — Xi (04,,) = O(¢*™). This yields

ot (t () — X7 (Ory,) = O(u*) .

Now we consider the solution moving on S*: Because of IFT,(Bg) and (B7) for the
solution z(t, ) = (2(t, u),y(t, 1), s(¢, ) of system (13) with u = ueq it holds not only
s(t4(u), ) = sT(t*(u)) = 0 but for T sufficiently near to t4(u)

s(t,u) =0 on [t4(n), T].

Therefore, in the following we consider only solutions z*,y* and z¥,y* of (15) to the

initial conditions

22t (1) = 2 (4 (), v (¢4 (1)) = v (¢4 () (20)
resp.

z;(®£+1) = le—(®£+1)7y;(®£+l) = Y}j(@f_l_l) . (21)
For applying Lemma 1 it is necessary to introduce the following new coordinates:

z:=2z2",

gi=yr b5 —yT(t4(w) ,

f:=t—t*(u)
where b3 := 74 (64). Hence, due to (15) we get the following two IVPs:
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ds o o ) )
por = F(59 -6 +yt (4 (W), 0, ueq(2, 9 — bF + yH (t4 (1)), £ 4 t4 (1)), T+ t4(w)) , (22)
dij L o ) )

Y F20 B (), 0, g2, — B 4yt (40)), 4+ 4 (), 4 #4()

5(0) = 2%(0) , %(0) = B resp.
éa(_lﬁk+25k+2) = le(_#k+2fk+2) ) ﬂa(—ﬂk+25k+2) = Y}j(_lﬁkﬂfﬂz) + EcJ)r - y+(0) .

With ¢ = 0 and #(u) = —pF+t?£,, 5 we may apply Lemma 1 to system (22) because all
hypotheses including ( Hg) are satisfied and the righthand side depends smoothly on 4.
Hence, for the k-th order approximation Xy = (Z, Y3, 0) of & = (3, 7,0) it follows that

v

#(1) - Xu(D)]| = O(u**).

5 max
te[—pk 1280, T—t4(p)]

After backward transformation we get

max ||z*(¢) — X7 (2)|] = O(pF)

A
te[0g,,,T]

because ||z*(t) — X;(¢) #(1) — Xi(?)||. Remark that z*(t) = (2*(¢),%*(¢),0) on
[t4(x), T]. Finally, glueing together the approximations X} and X} at t = Of,, we
get the estimation (17) with

[ at(t) i b€ [to, tA(u)]
2t p) = { 2(t) if te ), ¢ (23)
X (t) if te€t,08,]
Xiltw) = {5 s T B
k(4 1) { Xp(t) if te[0p,,T] ()
such that n
mw:{%@)ﬁtEMEHJizmqh

zr(t) if te[®k+1, T
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2.2 Leaving sliding domain

Now consider the initial value problem

/J‘C;_i = F(z,y,s,0,u,t)

% = f(z,9,5,0,u,1) (25)
% = hi(z,y,s,0,u,t)

C;_Z = hs(z,y,s,0,u,t)

2(to) = 2%, y(to) =4° , s(to) =0, o(to) = o°

where (2,y,5,0,t) € G = K™(r1) x K™(ry) x K(r3) x K*(ry) x [to,T], T > to, p €

(0, pe] and G is a domain. Moreover,

u= sgn(s)Vs#0.

We assume:

(Cl) F7f7h17h2 € Ck+2, k Z 0.

(C3) The equation
hi(z,y,0,0,u,t) =0

has a unique solution u = uey(2,y,0,t) on a neighborhood U, of S*. Therefore

the sliding mode equation is of the following form:

dz* * * x %
,u’dt = F(z,y,O,a,ueq(z,y,a,t),t)
dy* * * * * * *
dt = f(z7y70707u€q(z7y707t)7t) (26)
do*
;{; = h2(2*7y*707U*aueq(Z*ay*aa*at)at)
2*(to) = 2% y*(to) =4° , o*(to) = °

(C3) Let (22,4°,5°% 0% t0) € {(2,v,5,0,t) € S* | |ueg(2,y,0,¢)| < 1}.
(C4) There exists a unique solution z = @*(y*, o*,1), ¢* smooth, to
0= F(z*,y",0,0%, Ueqg, )

for (y*,0%,t) € {(y,0,1) € K™(r2) x K'(ra) x [to, T + €] | lueq(y, 0, 2)| < 1}
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(Cs)

Define teq(y,0,t) := ueg(@*(y,0,t),y,0,t). The reduced system in the sliding
regime

dy* * * * * * — * *

e fle*(y*,0%,t),4%,0,0%, teg(y*, 07, ), 1),

do-* * * * * * — * *

dt - h2(90 (y 70 7t)7y 7070 7ueq(y 70 7t)7t)7 (27)

y*(to) — yO) U*(to) — 0_0
has a unique solution (g*(¢),5*(¢)) on [to, T +e¢], to < T < T with the following
properties: For t € [to, T)
hi(*(g*(t),5%(t),t),5%(¢),0,5%(¢),1,t) <0,
hi(@*(g*(t),a*(¢),t),7"(t),0,a*(¢), —1,t) > 0.
There is a 3; > 0 such that for all ¢ € [to, T + €] the eigenvalues \}(¢) of

(5 (0),5°(0), 0, (), 3" (1), 5ea(5°(8), 5°(2), ), )

satisfy
Re /(1) < -6
for all 7 € {1,..,m}.
2% is element of the interior of attraction domain of the (asymptotically stable)

rest point *(y°, 0 t) of system

dz* B
dr

F(Z*;yoa07anueq(Z*ayoaaoatO)atO) (28)
where 7 = (t — to)/u, 7 € [0, 00).

Let ¥ := {(2,v,0,t) € K™(r1) x K™(r3) x K'(r4) X [to, T +¢] | teq(2,y,0,t) = 1}.
Assume (w.l.o.g) that & = K™(ry) x K™(ry) x {0} x [to, T + ¢€].

There is a leaving moment (“Break-away moment”) ¢t = T e (to, T') of system
(27) such that

o (¢*(5°(65),0,65), 7" (%),
o ha(*(5*(65),0,65),5*(6

o hi(*(y* (05 ) 0,68),5%(68),0,0,1,68) =

o S2(e*(57(68),0,68),5°(65),0,0,1,68) > 0
o hi(e*(y (05),0,063), (05),0,0, —1,68) > 0.

7*(67),08) € &,
2),0,0,1,68) > 0,
B)

The equation F(z,y,s,0,1,t) = 0 has a unique solution z = ¢p*(y,s,o,t), ¢*

smooth, with (y,s,0,t) € R := K™(ry) x K'(r3) x K'(r4) x [6Z —¢,T].
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(C10) The reduced system

‘;_3: = flet(y,s,0,1),y,5,0,1,1) (29)
% = hi(eT(y,8,0,1),y,8,0,1,1) (30)
‘fi_‘z = ha(pT(y,8,0,1),y,8,0,1,1) (31)
y(#5)=7'(65),  s(65) =0, (65) =0 (32)

has a unique solution (¥d (), 3¢ (¢), 54 (t),t) in R on [#2 — ¢, T].
(C11) There is a v < 0 such that for all ¢ € [0, T] the eigenvalues );(t) of

Z—f(w*(%(t%53(75),53(75),75),373(75),53(75)753(75), 1,1)

satisfy

for all 7 € {1,..,m}.
(C12) 2*(0) = ¢*(y*(62),0,62) is element of the interior of attraction domain of
+ B B
0

(65
),0,0,65) of system

£

4 = P&y (09),0,0,1,67) (33)
dr

where 7 = (¢t — t8)/p, 7 € [0, 00).

Theorem 2. Let system (25) satisfy the conditions (Ci) to (C12). Then there exists a
te > 0 such that for all 4 € (0, pe) there is a unique solution z(¢, u) = (2(¢, 1), y(¢, 1))
of the system (25) on [to, T], and the following estimation holds:

|2 (t, ) — Xe(t, p)] = O(u*) (34)
where .
Xi(t,p) = Y p(@i(t) + Ma(r) + I 2(7))
2=0
and B
_ t— O
U

where ©F = 68 + u82 + ... + u*92 is the k-th order approximation of the leaving
moment ¢Z(u) of the full system. Moreover, [Ifz =0 .
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Proof of Theorem 2. Assumptions (C;) to (C7) are sufficient to apply the the-

orem of Tychonov and Vasileva to system (26). Hence, there is a unique solution

(2*(t),y*(t), o*(¢)) of the IVP (26) in K™(r;) x K™(ry) x K'(ry) for t € [to, 4 + €.

With condition (Cs) and the results of Tychonov and Vasileva we may apply the Im-
plicit Function Theorem to (¢, ) = o*(¢) since we know that (t5,0) = 5*(t5) = 0.
Hence for the full sliding mode system for sufficiently small u there exists a time tZ(u)
continuous depending on u where the solution meets ¥, which belongs to the bound-
ary of the sliding domain. Furthermore, at this meeting point we have a transversal
intersection of the solution with 3 because from the smoothness of A; and h; we may

conclude ok
_hl(ﬁp*(y*(ec?)a 07 0(?)73/*(0(?)7 07 07 17 0(?) >0.

g

Moreover,

h2(90*(y*(0(?)7070(?)73/*(0(?)70707 170(?) >0 )
hl((p*(y*(eg),o,95),3/*(95),0,0, _170(?) >0.

Hence, t5(u) is the leaving moment, i.e. instead of sliding on S* (s = 0) for ¢ < tZ(u)
the solution z(t) = (z(t),y(t), s(t),o(t)) of system (25) moves in ST for some time
interval starting at ¢®(u). The reason for this behaviour is the following: Assume
there is a § > 0 such that on I5 := (¢8(p),t8(u) + &) s(t) < 0. We can choose § such
that on I5 §(t) > 0 taking into account the conditions regarding h;. But this means
that on I5 s(t) is increasing starting with s(¢®(u)) = 0. This is an contradiction to
the assumption. Alternatively, assume that for the solution on I5 s(t) = 0. Hence,
5 = h; = 0 on I5. Taking into account the conditions regarding h; and h in (Cs)
we can choose ¢ such that on Iy h; > 0 for v = 1 and u = —1. According to the
definition of solution we get a contradiction to the assumption because z would not be
almost everywhere element of the set corresponding to the discontinuous vector field.
The conclusion is that the solution must leave S* into S+.

The leaving moment t5(u) depends smoothly on u. We may write

t%(u) = 05 + pb7 + ...+ p*0F + 1 G (35)
where (11 = (kil)! ak;f,i(fB) with kB € [0, u]. We define the break-away time approx-
imation

0F =00 + ub? + .. + ko2 .
For sufficiently small p we get t3(u), 2 € U.(68). Evidently, t3(u) — 2 = O(pF+1).

Expanding z* as series around 82, we get

o (62)

z*(t3(p)) = z* (68 + h) = z*(88) + *(65)h + ... + i

hF + O(u*t)
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where b = uf8 + ...+ p*08 + pF+1(, 1, and

*(k)( B

2 o) )h'i + O(p*)

z*(08) = 2*(68 + hi) = «*(65) + (65 s + ... + o

where hy = uf2 + ...+ u*82. For estimating the difference of z*(¢®(u)) and z*(©F) we

have to consider ¢* = (2*,9*,0,6*): y* and 6* do not depend on u but

F(2"(05),9"(95),0,6™(65) s teas t5)

(68) = .

Expanding F around p = 0 we get

F(p"(y*(05),0"(05 ), e, 05 ), §(65), 0,5 (65), teg, t) + O(u1)
7

*(68) = =0+0(1).

Since
h—hy = O and B — b} = (b — h)O(u? 1) if 5 > 1

it follows that z*(¢t®(u)) — z*(©F) = O(u**1). Moreover, due to Vasileva, we know
that z*(08) — X}(08) = O(u**1). This yields

z*(t7 (1)) — Xp(0F) = O(u*) .

Now we consider the solutions (2}, yt, sF,ol) and (2}, v}, s, o) of (25) to the initial

a

conditions

(7)) = 2" (t%(n)), wd (t° () = w"(t°(w), sT (% (1)) = 0, oF (t5(w)) =0 (36)

resp.

27 (0F) = Z;(0F), va (08) = Y (6), s3(0F) =0, oS (0F) =0.  (37)

Hence,

zf (17 () — 22 (0F) = O(**) . (38)
From (Cs) we know that
Ueg (" (y(65),0,65 ), 5" (65),0,65 ) =1 .
Together with (C,) it follows that
F(¢*(5*(65),0,85),5% (65 ), 0,0, ueq (™ (5°(67), 0,65 ),5*(65 ), 0,65), 65 ) =

= F((P*('g*(ec?):070(?)737*(0(?)70707 170(?) =0.
And by (Cy) and (Cio) it holds that

F(o™(5*(68),0,0,65),5%(65),0,0,1,85) =0 .
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From the last two equations and the uniqueness of ¢* and ¢* it follows that
©*(5*(65),0,65) = o+ (77(67),0,0,67) . (39)
Furthermore, it is well known that
25 (t5(p)) = 2*(t7 (1) = ¢ (7 (1% (1)), 0,5 () + O(ps) -
With *(7*(t% (1)), 0,7 (1)) = ¢*(5*(65),0,65) + O(p) and (39) we get
2 (t%(p)) = ot (5%(65),0,0,65 ) + O(u) - (40)
For applying Lemma 2 it is necessary to introduce new coordinates:
2= 2" 4+ 0" (5°(65),0,0,65) — 2" (% () ,

ge=yt+7%(05) — v (t° (),

fi=t—t%u).
Hence, corresponding to (25),(36) and (37) we get the following two IVPs:
pG = F(z— " (57(65),0,05) + 2*(t5(p)), 5 — 7°(65) + y*(tP(n)), 5,6, 1,1 + ta(u)) ,
W= f(z— 0" (7°(65),0,08) + 2*(tB(k)), ¥ — 7 (08) + y*(tB(n)), 5,5, 1,1 + ta(n)) ,
G = h(z— o' (77(65),0,68) + 2*(tP(w), 5 — 7°(65) + y*(t5(w)), 3,5, 1, + ta(w))
T = ha(2— 9" (77(65),0,07) + 2*(t5(w)), 5 — 77(65) + v (t%( t

26(0) = 90*(37*(0(?)7070(?)7 378(0) = 37*(0(?) 7‘§8(0) =0, 68(0) =0

resp.
Za(— 7 Gopr) = ZE(— ™ Genn) + ¢*(77(65),0,65) — 27(0)
Ja( =15 Gern) = Y (=4 Gesn) +77(65) — v7(0), (43)
Sa(—pF 1) = 0, Ga(—p* ' eg1) =0 .
Remark the properties (38) and (40). With ¢o = 0 and t(u) = —p**'(s;1 we may
apply Lemma 2 to system (41) because all hypotheses including (As) are satisfied and

the righthand side depends smoothly on p. Hence, for the k-th order approximation
Xy = (Zk, Ya, Sk, Xk) of 2 = (3,9,3, ) it follows that

#(1) - Xu(D)l| = O(u*).

5 max
te[—phtl Cppy , T—tP ()]

From the derivation of the asymptotic algorithm in [VBK95] we know that ITJ (9, §,5) =

0. Moreover it follows that II$ 3 satisfies a linear homogenuous variational equation
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0,68). Condition (42) yields
) = 0 such that

IF2(7) =0 V7. (44)
After backward transformation we get

() — X ()] = O(pF+?
ter[{la%@]lh() F (O] =0(w)

because ||zt (t) — X (¢)|| = ||2(f) — Xi(?)||. Finally, glueing together the approxima-
tions X} and X; at t = tZ we get the estimation (34) with

o er(t) i te [to,tB(u)]
z(t, p) —{ zt(t) if te[tB(u), T

and

Xr(t) if t € [to, 0F]

X t — k y Yk

{4 {X,:(t) it ¢ c[0F,1]

such that

k.

z .

| z() if te[t,0f] .
"(t)_{ () if tejepr] 70

From the coordinate change it follows that
o () = #(t — t7(1) + Tonise

where

Lshift = (‘P—l—('g*(ec?): 0,0, 0(?) - z*(tB(,u,)),g*(H(?) - y*(tB(:u’)): 0, O)T

such that
Xif (8) = Xt — ¢ (1) + wonise -
Especially, because of (44) it follows that

X3 (t) = 23 (t) + Uga*(t) = Zo(t — £7(k)) + Tanige -

This means that the 0th order approximation X of z* possesses no boundary layer

part. Hence, we may conclude that not only IIf(y™,s*,07) = 0 but IIF2* = 0.
Therefore,
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3 Application: Coupled Oscillators with dry friction

We consider two pendula which are coupled by a spiral spring. One of them is in contact
with a uniformly rotating disk. Both pendula have the same distance [ := [; = [, of the
centre of gravity from the axis of rotation. In angle coordinates we get the following

equation of motion for this 2DOF system:
mil? @, =—k(p1 — @2) — migsinasin il — a(p; — Q) + Fgl
mol?Py = k(1 — ps) — magsinasin sl — b(py — Q)

where m;, my are the masses of the two pendula, k the hardness of the spring, g the
gravity constant, o the clination angle of the disk and a,b constants due to linear

damping. Fg represents the friction force with
Fr = —p(¢1)migcos asgn (¢ — Q)

where
(1) = poll — carctan(xléy — Q)
Assuming that € := my € m; and setting y; := 1,92 1= 2,8 1= Y1 — Q,2 1= Yy we

get
£z = l%(yl — Ya) —Egsinasiny, — l%(z - Q)
7 = s+0Q (46)
Y2 = 2
i = —#(m —y2) — 9sinasiny; — % —in
To apply Theorem 2 we do one further transformation
mygl ) .
o= Yy — Y — T(,uo coso + sinasiny;) .
Hence, we consider the following nondegenerate system:
ez = —E(o+ %“’l(,uo cosa +sinasiny;)) — (2 — Q)
—e4 sinasin(o +y1 + m}cgl(,uo cosa+sinasiny;)) = F(z,y1,0)
1= s+Q = f(s) 7
3 #a + 9 cos apo(l — (1 — carctan(k|s|))u) — mpS = hi(s,o,u)
o = z—(s—l—Q)(l—l—%cosyl) = hay(2,y1, s)
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DPendulum on disk, alpha=0.55,mu=0.5,c=0.2 (eps=0.005)

-3 n 3

Figure 1: Comparison between full system and reduced system trajectory

In S* with 2= Q— E(0+ m}cgl(,uo cosa+sinasiny;)) = ¢*(y1,0) we get the reduced

system

o= fls)=s+9Q
k

a

§ = hi(s,o,1) = mllza + %cos apo(l — (1 — carctan(k|s|))) — mllzs (48)
‘ k l : .
o = hy(et(y1,0),91,8) =0 — E(U -|--m]1€g (o cos @ + sin asinyy))
Isi
(e s )1 g Mgbsina

k

With ue,(0) =1 4+ =% ——0 we get the sliding mode system

m gl cosapg

ez = F(z,y1,0)
i = £(0) (49)
o = hz(zaylao) :

Hence, with z = ¢*(y1,0) = ¢ (y1,0) the reduced sliding mode system reads as

follows:
y1 = f(0) =9 (50)
6 = ha(p*(y1,0),y1,0) = —%(0’ + m}cgl(,uo cosa + sinasiny;)) — mnglQ cos Y1 -
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Remarks.

It is easy to verify that the conditions (By) to (Bs) and (Br) to (Bi2) of Theorem 1
are satisfled. Also it’s easy to compute that conditions (C;) to (C7) and (Cy) to (C12)
of Theorem 2 are satisfied.

The existence and size of the sliding domain depends on the parameters of the oscillator
system. Therefore, the transition conditions (Bs) and (Cs) are only satisfied if the
parameters belong to an appropriate region of parameter space and the initial value is

carefully choosen. An example is displayed in figure 1 with initial values

2(0) = 0,91(0) = 0.4,s(0) =1,0(0) =0.
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