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Abstract

In [11] we considered a class of hyperbolic endomorphisms and asked the
question whether there exists a physical motivated invariant measure (SRB-
measure) and if so we gave a criterion when the map is invertible on a set of
full measure. In this work we want to consider a particular example of this
class - in fact a 3-parameter family of those - and proof that a.s. the criterion
is fulfilled. From this it follows that the Young formulae for the Hausdorff
dimension of the SRB-measure holds.
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1 Introduction

In this work we want to apply the general theory from [11] to a specific example.
From the first point of view this example seems rather special. But it contains
almost all difficulties of the general case and it is the most natural one for further
investigations. The results we derive in this section may be generalized to other
cases by following the proofs but we need some sort of transversality conditions for
which we have no simple criterion in general and moreover we don’t know if they are
generic. Therefore, we restrict to our example where the transversality condition is
proven.

We consider the three-parameter family of the Belykh map and restrict to the set
of parameters for which the assumptions of [11] hold. This allows us to investigate
the properties of the SBR-measure. In particular, we are interested in the question
how the dependence of the Hausdorff dimension of the measure - what is the same
as the information dimension - on the parameters is. By our criterion in [11] this is
connected to the almost sure invertibility of the map. As we mentioned in [11] it is
not to expect that the Young-Pesin formula holds for all parameters of the family.
But it seems likely - and we will prove it - that the criterion in [11] holds for almost
all parameters in the sense of Lebesgue. Actually, it is sometimes conjectured that
the exceptional set is also of first Baire category or even countable. For us the answer
to this conjecture even in particular examples is for out of reach at the moment.

We will have two results leading together with the general observations of [11]
to a complete picture of the bifurcations of the invertibility picture of the map. We
will discuss this picture at the end of this work. The interesting thing is that in
theorem 3.1 we prove the invertibility directly and then apply the criterion to get
the dimension formula while in theorem 3.3 we prove the dimension formula and
then derive the almost sure invertibility with the help of the criterion. So we use the
criterion in [11] from both sides what indicates that both statements of the criterion
have its own interest and it depends on the application which way we want to read
it.

2 The Belykh family

We want briefly remind the Belykh system (see section 0.1.3).
Let us consider the square @ = [~1,1] X [-1,1] € R? and the map f : Q — Q
defined by

Q1= Ayze+1-9) 2> kn
f(w,y)—{ (Az1+(A=1),y22+ (v = 1)) 22 <kz 2

with—1<k<1,1<fy§l—,;l?'ﬁ,0<)\§1.
We denote the upper half U and the lower half L by

U={z = (z1,22) € Qlzp > kz;}
and
L = {z = (z1,22) € Q|zs < kz;}, respectively. (2)

Let 0U, 8L denote their boundaries, Nt = 8U N AL.
For A > 1 this map is not injective. See figure
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Figure 1
The fat Belykh attractor A = A(},7,k), (A > 1), is defined by
Qt={z€Q|f"(z) ¢OUUIL, n=0,1,2,...}

D=()f"Q") and finally (3)
n>0
A = Cl(D)

where Cl(-) denotes the closure. We write for A > 0,1 > 1
DR, ={z € Q*|d(f*2,0U UOL) > I'e™** k =0,1,2,...,n}
DX, = () Di, (4)
n>0

In [11] it is proved that if the maps f = fi,,x satisfies the conditions (H4) - (H7)
then uggr exists and

Hssr (U DA,Z) =1 (5)

1>1
for sufficiently small A.

Remark. It is easy to see that the Belykh map satisfies always the conditions (H4)
- (H7) from [11]. The preimages of the singularity line never meet and the constant
L in (HT7) equals 1 for all iterates f". Since v > 1 we find a 7 such that 4" > 2 and
(H7) is satisfied for f7.

This means there is an open subset of parameters (A, k) such that f is not
injective, exhibits an SBR-measure with psss(UDa ;) = 1 and the sum of the Lya-
punov exponents x; = log A and x, = log+ is less than 0 (dissipativity).

Let us now remind the main result of [| applied to the Belykh map



Theorem 2.1 [11]: If f = fi & satisfies (H4) - (H7) from [11] then the following
18 equivalent

(1) dimHlLSBR == 1— %gg‘%

(2) f is invertible on a set of full pspp-measure.

We also will use the lifted system:
; ; i
fA = .f/\,—y,k = (f,\,n,,k(:cl,xz),rw -+ 5)

with i= {0 @no) €U
1 (z1,2z2) €L

(6)

We write O, L, o+, D, A, f?&,, ﬁ);’,, f)&l and so on for the similar defined sets for f.
7 : Q — Q is the canonical projection. The above defined sets for the lifted system
are projected via 7 to the corresponding sets for f. Since these sets depend on the
parameters (A, 7, k) in the case it is important we indicate this dependence by an
index or a bracket. In the lifted system we are able to define backward orbits and
also to filtrate them

by, = {x e DId(f(3), K+ C N) > ;A} | 7)

In [8] and [9] it is proved that for

D*=JDf,nlJD;,

>1 >1
ﬂseR(f)O) =1 (8)

3 The main theorems

In this this section we prove the following

Theorem 3.1 Let B, C R® be a ball of radius p such that for (\,v,k) € B, the

map fanx fulfills (H4) - (H7) and | X -v* < 1| and A < 0.64. Then the map is fully
invertible on the atiractor almost surely.

Corollary 3.2 Under the assumption of theorem 3.1 for Lebesgue a.e.
(A7, k) € B,
logy
log A

dimg pspr = 1

Proof. Theorem 3.1 says that Lebesgue almost surely the condition ii) of the
criterion in [11] is fulfilled. Hence, condition i) holds almost surely. O



Theorem 3.3 Let B, C R® be a ball of radius p such that for (A,v,k) € B, the

map fayx fulfills (H{) - (H7) and | X -y < 1| and A < 0.64. Then for Lebesgue a.e.
()‘7 77 k) e BP | i

log\’ (9)

Corollary 3.4 Under the assumptions of theorem 3.3 for Lebesgue a.e.
(A\,7,k) € B, the map fryx is almost surely invertible.

Proof. Theorem 3.3 says that Lebesgue almost surely the condition i) of the crite-
rion in [11] is fulfilled. Hence, condition ii) holds almost surely. O

Theorem 3.5 Let B, C R® be a ball of radius p such that for (A,v,k) € B, the
map fix fulfills (H}) - (H7) andl)\ -y > 1| Then for Lebesgue a.e. (A,7,k) € B,

dimg pepr = 2.

Remarks:

(i) Equation (9) is known as the Young or sometimes the Young-Pesin formula.
It was proved in the invertible case in [14]. Actually L.S. Young proved that
for an ergodic measure m for a diffeomorphism on a surface

1 1
dimg m = hp, (——- - —) .
X X
Since logy = x",log A = x° and by the Pesin formula h,.,, = log~y we get the
above formula.

(ii) The Lyapunov dimension of a two-dimensional system is defined by

dimyA=min (1 - bﬂﬂ .
log A

Theorem 3.1 - 3.5 tell that the Lyapunov dimension equals the information
dimension - i.e. the Hausdorff dimension of the SBR-measure - for almost all
Belykh maps. This is the well-known Kaplan-Yorke conjecture for the special
case of the Belykh attractor.

(iii) If (Ao, Y0, ko) € H = HyN{\-v <1} N {X < 0.64} then there is always a ball
with center (Ao, 70, ko) fulfilling the assumptions of the theorem. Therefore for
Lebesgue a.e. parameter in H the Young formula holds.

(iv) It is standard to show that the Hausdorff dimension of A is less or equal to

1-— i%g—}. Consequently, for Lebesgue a.e. (A,7,k) € B,

: logy
A=1-
dimg 1 Tog ) (10)

The fact that the SBR-measure has maximal dimension is prior to the constant
Jacobian of f along unstable leafs.

(v) In fact, we will prove slightly stronger statements than those in theorem 1 and
2. We will prove that for fixed v, k for almost all A € B, the assertions hold.



4 S-coding

In this section we want to define a way how to trace points while the parameters
vary. For this we want to introduce a coding space. Since we want to fix v and &
and let only A vary and on the other hand the “unraveling” of the images proceeds
in the stable direction we concentrate our coding to the stable direction. The main
problem is that there is no unique coding space as A varies - except in the case when
k = 0. Therefore we introduce a coding space into which all the symbolic spaces for
various A are embedded. The basic point is that the orbit of the points are subject
to two different maps according to their position in . We will code a point by the
sequence of the map applied to it.

We consider the linear maps S; = S} = S = [-1,1] X (—o0,00) O, i = 1,2
given by

S%($1,$2) = (A(iL'l - 1) + 1,’)’(272 - 1) + 1)
Sp(z1,22) = Mz + 1) — L,9(z2 +1) — 1)

- 11
SMzy) = Mz +1) - 1.
Then |
_ Sl ’7(171,932) o > k$1
D@1, 2) = {85\’7(:61,9:2) Ty < kzy
Let us denote by Ii("),g' = 41%5...%, ... - & finite or infinite sequence of 1’s and 2’s,
the strip
Iz(:l)z,-,, A= S,-); o S’i"‘z ©..0 S;:z ([-1,1] x (—o0, 00))
= S’Z ©...0 Sz),\z (["—1: 1]) X (—OO, 00) (12)

Ii(°°) (A) denotes for infinite  the corresponding vertical line which is the intersection
NI

For given i = 4; ... I,... finite or infinite we consider the set

Rzgn)()‘)'—— m:(zl,zz)eQ"'lfk(:c)e v ?f z:k+1=1 k=0,...,n—1,.
B L if g =2 (13)

Then the Rg") are connected polygons in I,-(n) or empty. The sets R§”) (M) are the
analogously defined sets for the lifted system. )

The sets Rz(-") are the images of f™ of the maximal components of continuity of
the map f”. Therefore

b= U & )
n=0je3°7F

Here we denoted by I the set of all one-sided sequences of symbols 1 and 2. For
given A, v, k the symbolic coding space for f . is the set £y = X , ; of all infinite
sequences i € £ defined by

Bi={ie DBPM#0, n=12.}.
Those, it consists of the forward coding sequences of all points in D.
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Notice, that the coding spaces £, &) are the same for fy and fy and 7 : Q— Q
projects the sets R(")(A) to R™(A).

The 1dea of the proof of theorem 3.1 is to show that the probability that two
different R have non-empty intersection tends to 0 as n tends to infinity. The
next characteristic function turns out to be useful.

For a given pair i, j of length n we introduce the function

e pln) (n)
() = { 1 if B{V(X) # 0 and R{V(A) # 0 (15)

0 otherwise

A crucial step is to get estimates on the number of non-empty Ré") s for different .
This will be done in the next two lemmata.

Lemma 4.1 The partition {U, L} of the cube Q is a generator for D.

Proof. We have to prove that for Z,9 € D,:T: # ¢ there is an n € Z such
that f*(z), f*(y) are in different elements of the partition {U,L}. Since Z =

(1,22, w1) # § = (Y1,Y2,wa) we have z; # y; or T2 # Yo or wy # wy. We can
assume that £ and § are in the same element of {U, L} Otherwise we are done. Let

us assume first that z; # y;. As long as f"":c and f 9 stay in the same elements
of {U, L} the same maps S} are applied to (z1,%2)and (y1,y2) and the distance
|z; — 1| increases by hyperbolicity by the factor A=*. But, this cannot happen
forever since the diameter of the square is bounded. Hence, thereisann € —-NC Z
with f72, f*§ in different elements of {U,L}.

If zo # y, or w; # w, then we can argue in the same manner by iterating
forwards. |

Since {U, L} is a generator for the expansive map f the topological entropy of
f is given by the following procedure (see [2] and appendix):

Let 2™ (5) = B (2) = {§ € Q|f*§ is in the same element of {U, L} as f*3 for
k=0,1,...,n}. Then ‘

log(number of distinct R™(z)) _
n

(n) (4
_ |y 08#EM(E)

n-—>00 n

hiop(f) = Jim

It is easy to see that #R™ (&) = number of distinct R” = #R\™. Hence,

log #RZ

- (16)

htop (f ) = 11520

But, the topological entropy is less than the logarithm of the longest stretching rate;
consequently

hiop(f) < log. (17)

Now we can state the estimate we need.



Lemma 4.2 For fized v,k and given 1,65 > 0 there is a set Y C (0,1) with
L(Y)>1—¢€; and a number ng = no(e1,€2) such that for A € Y,n > nq

3 xS (r+e)™

ijewn

where L-denotes the Lebesgue measure and W™ = {1,2} are all words of length n
of symbols 1 or 2.

Proof. Let ¢,7,k be given. From the variational principle ([7]) it follows that
the entropy of the SBR-measure hiop(f) > hpgen = logy. On the other hand the
topological entropy is always less then log-y, hence

log #R{"
logy = htop(f) = lim ————.

18
n—oo  logn ( )

By applying Lusin’s theorem we find a set ¥ C (3,1) with £(Y) > 1 —¢, a number
ng and a constant C > 0 such that

#Rg") (A) < (y+ey)® forall X € K,n > ny.

Inserting this into the definition of x;; and into () we get the desired result. a
Proof of theorem 3.1

The method of proof of theorem 3.1 was developed in [10], proof of lemma 2.
The crucial step is to trace points as they vary with the parameters and derive that
they stay away each other in average. For this we will estimate integrals of the kind

/ d/\ dvdk
o\, 7, k) — a(A, 7, k)|

This is known as the potential-theoretic approach.

Let us fix B, according to the assumption of the theorem. Clearly, we can modify
the set Y of lemma 4.2 in the way that if we restrict the Lebesgue measure £ to the
interval that is the projection of B, to the A— axis then £(Y) > 1 — &; and then
Ayi<lforallAey.

Let Z) C I3 = {0,2}" be the set of all infinite sequences i = 4;...4,... such
that R,(")(A) # 0 for all n € N. Fix v, k according to the assumptions. We want to
show that the map py : Ty — [-1,1]

o) = lim Py o (85 0...05:,(0) (19)

where P, is the projection onto the first coordinate, is injective a.s. This implies
the statement. Moreover, it is enough to show that pa(3) # pa(j) a-s. if 41 # ji.
Finally we will prove that if R(") and R(") are both non-empty then I;" ™) and I; (n)

will eventually be disjoint almost surely.
Fix £1,62 > 0 and let ¥ and ng be as in lemma 4.2. We fix another 3 > 0
and let A = max( ,0,64). We denote by 07 the e-neighbourhood of the iterated

singularity line:

07 = {z = (z1,22) € Q|d(f*z, {y2 = ky1}) < e for some k € [0,1,...,n]}



Let us consider the event

En = En(e) = (20)

= /\e(%,i>nYl U @ |nl U (RSN | #0

igwn-1 jewn-1

This event means that the map f" is not one-to-one outside an e-neighbourhood of

the singularity line if we look at images which arise when starting in U and L. Our

alm is to prove that the probability of this event tends to 0 as n tends to infinity.
We can proceed:

cE)< Y, c((BPer) n (R§or) #0)

i:iewn-l

21
< Z / Xii,25(A) X3 (A)dA (21)

LIEW™ 1 o sy

where
(=1 if d (I, Igoe) < X"
Xid 0 otherwise

and

coy=dt RO\ # 0 and RPNz 20 (22)
Xig 0 otherwise

Obviously,

X;i(A) < x345(A)  fore>0 (23)

We want to decouple the functions under the integral sign in (21). This is because
we are able to estimate them separately. This is the point where the difficulties arise
from the fact that ¥, - the symbolic space - changes with A\. Our way to overcome
these difficulties is to estimate how fast the symbolics change as A varies.

Auxiliary lemma. Let A > %,& > 0 be given. Let z be a point in Q*()\) and let
1 ifffzeU
2 ifffrel’
f*z to the boundary of the corresponding Rék)()\) is larger than € for k =0,1,...,n.
Then for 6 < min(%, £5) and X with A(1 —8) < X' < A(1+ 0) the sets ng)()\’)

are non-empty and moreover, f¥(z) € ng)()\’),k =0,1,...,n, and d(fX(z)) <
10006, k= 0,1,...,n.

1= 1g%1 ..., be the sequence iy = We assume that the distance of

Proof. Let us fix e > 0,n € N,§ < min(%, -&5) z, A according to the assumptions
of the lemma. We only have to prove that d(ff(z), f¥(z)) < 10006 for k =0,...,n.
Because, then f¥(z) stays always on the same side of the singularity as f¥. we
also notice that as long as the same sequence of S; is applied to = for A and X the
coordinates in the y-(unstable) directions of the images don’t change (We have «
fixed!). So we concentrate on the first (A-) coordinates. We will prove the lemma
by induction.
For k = 0 the assertion is trivially fulfilled.

9



Let us assume that the assertion holds for (¥ — 1) and conclude it for %.
The first coordinate of fi(z) is given by

(Fi(2)), = Azs + (1= N[, +Aj2 + - + A7

-1 if4=1
1 ifg=2

Since we assumed the assertion to hold for [ < k£ — 1 the maps S;, applied for X’
are the same as for A as long as I < k — 1. But we also have d(f¥*(z), fy }(z)) <
10006 < ¢ and d(ff7(z),{z2 = kz;}) > e. This yields that we apply in the k-th
step also the same S;, . Hence,

|(£(2)), — (Fi(=),| =

= [Ny + (1= X) (1 + . + A 2G) —
— (N2 + (1= N) (1 + -+ (V) 5R) l < (24)
MA+6) s+ (1= A1 +6) G+ AT +0)j + ...

A AL 8P ) — (Voo (1= ) + o+ 2 705) |

where j; =

IA

Now we have § < L. This gives for k < n

(1+6)l=i(;)5m=1+l'5+i(;)5"’3

m=0 m=2

§1+l-5+2(%> l-6=1+421-4.

m=1

Inserting this into (24) we can continue
| (@), = (@), | < [W(1 + 288)5 + (1 = AA+ ) + -
e AT+ 2(k — 1)6)5k) —
~ Xz (1= N1+ ..+ X )| <

k-1

<AF 2k (1-2) Y 2(m — 1)A"m6 + (25)
m=1
k-1
+6) A™(1+2(m — 1)5)™
m=1
< 10006 < ¢

for L <A, N <0,64.
We have proved the assertion for £ and hence by complete induction we conclude

d (fi(z), f(z)) <10006 <&, k=0,...,n
This completes the proof of the lemma. O

Let us now fix €4 and consider the event E, = FE,(e4),n > ny. We also fix
§ < min(, 55). In (3,0.64) N'Y we choose a sequence {\;}] = {A™r such that
for any A € (3,0.64) NY there is a number n such that

AL =10) < A < A1 +9).

10



Since 1 > XA > L we can find such a sequence {M}] with cardinality r < % and

2
)\1+1 > )\1.
Let us consider an interval I;1; = (A, A\iy1). Here we use the convention that
)‘0 99 A1‘-’-1 = 0.64.
As an immediate consequence of the auxilary lemma we see that for A\(1 — §) <
A < )\(1 + 6)
(IR N #0} > {i]RPONZ,}

It follows, that
X”-moo&()\ ) 2 x55(A)  for (1—8)A <X < A(1-9).

Hence, we have
X5 () 2 x40 on I

Therefore, we can continue in formula (21)

En(es)) < Z / Xi y(/\)Xz,J (A)dA

LIEWTTN1 6 6a)y
r+1
< ¥ 3 [ et
Ljewn—t =1y ny
r+1
~10006
> Y [ 008,000 (26
Ljewn-1 =1y oy
r+1
Z Z XE4—10005 / X (A)
i,j
=1 ijew==1 LNy
r-1

<Z Z Xw()\l /Xw()

=1 ijewn-? LNy

I/\

IN

and by lemma 4.2 (A, € Y') with n > ny

L(Bale)) < 3y + ) [ 3asax

=1 Lny
The integral on the right-hand side of (26) can be transformed in the following way:
/ #1sN0 = £ (aIFh, Ik <X7) =
(3,0.64)

<L (I(l =N 242 + &)+ N + EJ,.-I)] | > ‘”‘)

-1 ifl=1

h <s<land§ = .
where 0 < s and & {1 19

In [13] it is proved that

dA
( ./) (1= N2+ A&, + &) + -+ A (&, + & )] <es <o
1,0.64

11



where ¢, is independent of n,z and j.

Therefore we can continue in (27) by using Chebyshev’s inequality:

| aasar

(.0.69)

< / A XA
- I(A=N2+ A&, + &)+ -+ A&, + &)l

(3,0.64)
<C. oA

Inserting this into (26) we have

r+1
L(E,(e4)) < Z(”V +2)? - AP < (5 + 1) (7 +&2)™ - (max \)™ (28)

Now we want to look at the condition that the orbit stays at least &4 off the singu-
larity line. The condition (H3) implies that the two-dimensional Lebesgue measure
v of the points that stay away from the singularity line is large:

v (U DAJ) =1 for all small enough A (29)

I>1

(see [11]).
Let &5 > 0 and A be chosen that e® -y%(max A;) < 1 and I such v(Da,) > 1—es.
This is possible since 42 - A < 1 by the assumption of the theorem. Let now n grow

and ¢4 depend on n:

1
g4(n) = Te"A".

Letting n tend to infinity and observing that for large enough n we can choose

0n = i%((;lo) < min(2, :8) and E,41(e4) C En(es) we obtain for 0 < s < 1:

(o)l o]

=0
= lim [(40007 - €7 + 1)(y + £2)*" (max )™

Since (A;,7,k) € By, A-7* < 1 for all (\,7,k) € B, we can choose €; and A small
enough, ny according to lemma 4.2 large enough such that

e® (v + &2)%(max \;) < 1.
Also we can find an s < 1 such that

e® (v + &2)*(max \;)° < 1 (31)
Therefore the limit on the right-hand-side of (30) tends to 0 and hence,

L (ﬂ En<s4(n>)> =0 (32)

n=0

i.e. for almost every A € (3,0.64)NY there is an n with A # E,(e4). But this means
that if z and y are points in U or L, respectively, and d(f¥(z), {22 = k21}) > e4(n)

12



and d(f¥(y), {ze = kz1}) > e4(n), k= 0,1,. - i.e., for instance z,y € DAI - and
f¥(z) € RE(N), /¥ (y) € R}(}) for some sequences i, € > sand £ =0,1,....n; then
RN Rk(/\’) =

Letting now e tend to 0 we can conclude that for almost every A € Y and almost
every z and y in Q there is an n such that if ff(z) € R k)(A) Hw) € R(k)(/\) for

appropriate chosen 7 and j,k =0,1,...,n then R(") A)n R(")(A) = (. Let us now
assume for this - almost surely chosen ) there is a pair of points z and yEe QT
which are mapped under some iteration of fy - say f{ - onto the same point.

This means that there are sets

R§")={ZEQ+|ffzeU®ffm€U k=0,1,...,n}
R ={zeQ*|ffzeUs flycU k=01,..,n}

(Note that f*z, f*z, f*y are always contained in U or L since z,y € Q%) with
non-empty intersection

Ré") N R;-") # 0 for all large enough n.

Since both R(") and R( ) are open there exists an non-empty open set G C R(")OR(")
But this ylelds that there are at least two non-empty open sets G; and G, which are
mapped under f§ onto the same set G. They have both positive Lebesgue measure

what contradicts (32).
Finally, let €5 and then &; tend to 0 we derive the assertion of the theorem. O

5 Proof of theorem 3.3 and 3.5

We will proof both theorems simultaneously.

The following proof relies on the potential-theoretic definition of the Hausdorff
dimension of a measure. This approach is widely used to get dimension results for
parameters dependend system ([10], [3]). As far as we know in all the considered
cases there was a canonical symbolic space with a canonical measure which where
projected to the invariant set with the invariant measure. The only dependence on
the parameter was that of the projection map. In our case the situation is more
delicate. We have no canonical symbolic space. It varies as the parameters change
as we have explained in section 2.4. Although we could embed all these spaces into
Y3 - the space of all 1,2-sequences - we still have the problem that the measure
varies with the parameter. Moreover, usually these measures have disjoint Borel
supports - this is definitely true for ergodic measures. Therefore, we have to discuss
their dependence on the parameter, especially, we have to prove that the depend
continuously in the weak topology and estimate their rate of convergence.

Let us fix a ball B, C R?® according to the assumptions of the theorem and let
L' denote the Lebesgue measure restricted to B1 and normalized. Let v,k € B, be
fixed and B; C (3,0.64) the projection of the stralght (A7, k) N B, onto R. The
proof of theorem 3.3 and 3.5 will consist of several steps:

STEP 0: Ergodicity

In a - as far as we know not yet published - manuscript Sataev claims that
the Belykh attractor is ergodic with respect to the SBR-measure. Therefore, we
restrict our proof to the case that usgs is ergodic. This makes the notations and
calculations much more convenient and transparent. It is only a technical problem
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to generalize the proof for the non-ergodic case and does not involve new ideas. One
way is to restrict the SBR-measure to an ergodic component or to use the ergodic
decomposition in all calculations.

STEP 1: The restriction to a set of “controllable” points

From the assumptions of the theorem and [11] we know that for all A € B}

NSBR (U DAIO‘)) =1 (33)

We want to note that the sets Dy, = DA (A) depend on Al Let us fix A small and
g1 > 0. Then there is for all A € 31 an [y = ly(1), depending measurably on A, such
that

p8h (DaN) > 1-er forall >l

Since the SBR-measure is concentrated on DD we have
bk (D2, N DM)) > 1-e1. (34)

By Lusin’s theorem for given e; > 0 we can find a number [; = [;(&;, €2) - indepen-
dent of A - and a set Z; C B; such that

Z) lo(A) < l]_ for A S Z]_
i) LYZ1)>1—¢ (35)

where £' denotes the normalized one-dimensional Lebesgue measure restricted to
Bl
-

STEP 2: The measure of the set R ()

In section 2.4 we have defined the sets R(™ R(2) = B™(z,)) = R (2) as the

elements of the partition V 0,1}y = {U L}0 = R™ = R{™. We also showed
=0
that the entropy of {U/, L} is the maximal possible - the topological entropy:

H ({0, 1}, £) = huop((fs) = log . (36)

Since {U, L} is generating (see lemma. 4.1) we have by the theorem of Kolmogorov
and Sinai (see appendix) that it also carries the metric entropy of the SBR-measure:

hﬁssn(‘f)\) = hasen ({0: .i}, fA) = log1. (37)

To this situation we apply the Shannon-McMillan-Breiman theorem:

Lemma 5.1 (Shannon-McMillan-Breiman). For X fized, €3 > 0 there is an
no = ng(A) = ng(A, &3) such that for n > m > ng

sk [ﬂ {UEL (3)| exp {—qlog(v—e5)} < Asan(BL(3)) < exp {—qlog('y-l-sg)}}]

g=m

>1—e€3
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The next lemma follows easily from the continuous dependence of f, on A (say
in the C*-topology which respects the singularities).

Lemma 5.2 The function ng : B} — N is measurable.
This means we can apply Lusin’s theorem:

Lemma 5.3 For given g4 > 0 there is a set Z, C Zy and an ny = ny(eq,e3) € N -
independent of A - such that

i) my>ne(Aes) forall € Zy
i) LYZy) >1—e5—¢y4

STEP 3: Continuous dependence of the measure

In this section the crucial point is that the auxiliary lemma helps to control
the measure of points staying apart from the singularities when A is changed. So
we have to ensure that an essential part of the points is covered by cylinder sets
containing enough “good” points and then check the variation of the measure of those
rectangles. Let £1,€2,63 and €4, A € Z,n > m > ny(e3,€4), A small, I > l1(g1, &)
be fixed.

By (34) and (35) we have that most of the atoms of BRI, <m < g <n, contain

points from 152,;(/\)-

P [ﬂ {U atoms R (2) of RP[AP(2) N D3,(N) # ”}} >1-ea.

g=m

(38)

In other words this means that most atoms of the partition %™ contain a significant
part of points from ﬁ;’,.
Further lemma 5.1 tells us that most atoms have measure approximately v~™.
The previous observations conglomerate to the following statement:
Let G* = G~()) (and " = G*(\) == G™(\)) be the set of atoms IA%E\Q) (£) of ﬁf\q)
with m < g < n the properties
i) v (BP () < 2(RP ()N D;,,(N) m<k<g

i) (v — €)™ < feen(BP (8)) < (7 +65) ™ (39)
where D, (\) = {# € K|3f7*(&) and d( f*2,N*) > Le=2%} for k= 0,1,...,q.

Lemma 5.4 For given €5 > 0 there is a set Zy C Zy with LY(Z,) > 1 —es—e4— €5
and an ny = na(€1,- . -,€4) € N such that for A € Zz andna <m < n

n

s [ ) U R9@) | >1-3a1—e5 (40)
g=m Ga())
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Proof of lemma 5.4. We first fix A\. Let A = A()) be the set

A= {x € D(V)[3n(3) st. V() <k < g: vV (BP) < 20 (R Dz M)}
Then

B = {& € D)|3ki(2) — o0, ¢ > ks with 1) (BF) < 2 (R n D3, W) }

is its complement.
We are going to prove that there is a number 7y = 7io(A) such that

i {3 € Aln(8) < Aa(N)} > 1— 36,

we fix 6 > 0 small and choose 7i3(A) = 7ia(A, §) such that for A’ = {Z € A|n(Z) <
fia(A)}

ﬂSBR(A,) > ﬂSBR(A) — 4. (41)

We observe that the partition elements ]:2,(\") have the net property - i.e. Rf\") ()N
R™ () = 0 or B (2) ¢ R™(9) or B (2) > R{™(9). This yields that we can
find a finite partition P(A) of A’ by cylinders R{%)(z)

fiser (U fzg‘qi)(i’)) > fismn(A") — 26. (42)

P(4)

Since fi,, converges weakly to fisgr there is a number m > 7ip such that

fim (U R&"*’(ﬁ)) > fison (U R&“’(@)) ~4. (43)

P(4) P(4)

Also we can find a partition P(B) of B by cylinders with the properties:

i) Asen [( U R&%"@)) n ( U R&'-")@))] <4
P(A) P(B)

if) ( U Rf\qi)(.,z.)) U ( U f%f\q")(f:)) — @

P(4) P(B)

iii) fssn (U z:zgw(@)) < fispr(B)+6 = 1—figsr (A)+6 < 1—fim ( U R§4=‘>(ﬁ)>+
P(B) P(4)
45

iv) if Rf\qi)(:?:) € P(B) then ¢; > m and there is a k;, m < k; < g; such that
o, (B(@)) > 204, (B8 @)n Dz tas) -

We note that ) R .
D (qu*)(i)) > 20y (R(A““)(fﬁ) n DZ,z,q,-) :

if fo\q")(:f:) € P(B) and k£ =0,1,...,q holds, since f has constant Jacobian and all
the maps f~%,k =0,...,q are diffeomorphisms when restricted to ﬁf\q")(ﬁ).
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By condition (H3) we have

% (U (£#@)n D3 ,,q))

7

=V(U{ e 0| fe
>1_U{Uf ( (— 'A",N+))}2

n=0

> fspr (DZ,z) >1—g
On the other hand for 0 <k <n
1< | JEP@ ) +o | | B¥(3)
P(4) P(B)

and

o (BP@) 20 (B3N D5,,),  EP@) e P(a)uP(B).

Combining (44) to (46) we see that forall 0 <k <m

g ( U R&q')(.'f)) < 2ey+ 6.

P(B)

Hence,

fim ( U Rf\“)(:ﬁ)) < 21 +6.

P(B)

This implies
b | | B (2) | <1-261-4
P(4)

I:LSBR(-A) > ]. - 25]_ - 26-

and, by (43)

Let fip(A) = fia(A, ) then

. o AL o 5
ps {:z: € Q|n(2) < ’I’Lg(.’E)} >1- 261

1
(@) € R and d (f7(2), N*) > e n=0,1,.-.,q}) >

(44)

(45)

(46)

(47)

(48)

(49)

(50)

Applying Lusin’s theorem to the measurable function 7i(\) for €5 > 0 we can find

a number 19, and a set Zy C Z; with

ﬁl(Zg) >1—¢gg—€4—¢5
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and forna <m<n

il (ﬂ U R‘Q’@:))

7=m Ga()

> Bk (A nN { JEY (i‘)‘ exp {—qlog(y —&35)} <

g=m

< Peon(B(8)) < exp {—qlog(y+23)} })
>1-— 381 — &3
O

Let us now investigate the dependence of the measures v ( ) on the parameter A.
Let B™(2) € Gm()\). Let § € RM(2) n DZ’,(/\). Then a,ll its preimages exist, in
particular 2 = f,\ () e Q\OU N 8L,k =0,1,...,n and for F¥(2,) = 2px we have

N P e\ 1
d (ff(ﬁn), aun 8L) > Te'A(""‘) k=0,1,...,n. (51)

This means we are in the situation where the auxiliary lemma can be applied to the
points Z,_x.

Note that ﬁf\") (£) are the images of the maximal components of continuity of
7. This yields that f;* is continuous on R{™ (%) for k=0,1,.

According to the auxiliary lemma we fix § < %5 < mm{n, 1000le'A“} We

consider a X with (1 — )X < X < (1 + 6)A. Then the auxilary lemma gives
that f&(2.-s) € RM(N), for all 2, = fi*g, where RP(N) = R{(3) is the
corresponding continouity component for A’. Also we have

o) (RPN =5 (FHEP X))
> o (FHEP ) 0 4 (D3,.00)) =
(FHEDO) 0 4 (Da,n)
o (FHR0@) 0 (D20.00)
o (B (@) 0 D) =
=50 (RP(#)n D3, (0) =
> 2 (BP(@))

For this chain of inequalities we used only the definition of the measures v, the
above observation that the map f% f* is continous at least on RM(z)n D3,. and

that Rg") (2) € 6™ what in particular means that it has large intersection W1th the
set Dy ;.-

Observing that R(") (A= Rf{f) (@) for @ = £k (2n_s), k = 0 1,...,n,and

2= < min{2, Lo} we have (1 — )N < A < (1+ )N fulﬁlls the condi-
tions of the auxilary lemma, too.

Hence, if X' € Z, we can apply it to the reverse situation - i.e. we start with the
map fy - and can derive

o (BPW) =2 (B9@) 2 %V,Q” (@) k=01,

1%

II
Il

(52)

(53)
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Proceeding as in the definition of the SBR-measure by setting

=15 (54)
M =0
and
15,0
) — H(A
mng m—ns ;Vk (55)
we obtain
1, v n Aln) s a ' n
A, (B9 @) < al, (BP @) <2680, (RS @) (56)
aslongas A, X' € Zs, (1-0)A < X < (1+0)A, 6 < min{2, ;e "} and np < m < n.

Since Rg) =U {R§ )|21 =j1...9 —jl} ,n > 1 we finally have the

Lemma 5.5 Letn > I, m > ny(ey, - .., 65), = 2= < min{2, - o€ ThAN € Zo, (1—
HA< N < (1 + 8N RPN € GO(N). Then

~(\) 1 ! -
S8, (BO00) < a2, (ROW) <280, (BO()).
Combining the previous lemma with (40) we get

Corollary 5.6 Under the assumptions of lemma 5.4 and n > p > ny(e,..., €5)

AL, [ﬂ {URPO)IRP ) € gqm}] >33 -c).

9=p

For fixed A the measures usn)nz converge weakly to the SBR-measure ugB)R

lim 40) = lim A0, = AGh.

m—r00

Since the sets Rék)()\) are open the weak convergence yields that for given ky there
is an mg(A, ko) > no such that for all m > mg, k < kg

2500, (AP 0) < 8 (AP M) < 5200, (RO ) (57)

It is an easy exercise to see that the number mg(\, ko) depends measurable on .
Therefore, Lusin’s theorem improves lemma 5.4 and corollary 5.6 to:

Lemma 5.7 For given ¢ there is a number my = my(es) > na(ey,. . .,€5) and a set
Z3 C Zy such that

Z) E(Z;;) > E(Zz) — &g
—An}

’

5
i) forn2m, AN€Zy, (1-A<N <(A+A 7= < mm{ 10(1301

—6
my <k <n, RP(\) €GB
1 2 (R® NONE-0) NeONE 01N
S8 (BP)) < abh (AP ) < spd (RO ()
: - - ; 1
i) p Lﬂ {U REX)RP (N e gg}] >3 (1=3e1—e3).

=m)
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STEP 4: Dimension estimates

We like to estimate the stable dimension §°()A) of the SBR-measure ,ugﬁa In [11]
we discussed the existence of §°()\) and proved the formula

dimg ph = 1+ 8°(A). (58)
Here we want to prove that
6°(A) = min (—%, 1) almost surely. (59)

Let £ € DA » &= (21, 72,w), let g %) denote the conditional measure of Man on

the square {z;} x [-1,1] x [0,1] and p. &) = um’(’\) o7~! be the projection onto the
straight {z;} x [-1,1] x {0}. Then if we set § = (y1, Y2, ), £ = (21, 22,¢)

/ / dp,;’()‘)(yl,yz)d,ui’(A)(zl,z2) _

|(y1,92) — (21, 22)|°

5(@)dpz™(2)
/ / 7G) —r@F < (60)
QA QA
<~
s < 6°(A)

provided MSBR(QA) > 0, (see appendix).
We want to prove a slightly stronger statement (which in fact is equivalent in the

case of the Belykh map). Namely, we claim that for s(A) = min (-—Eg—}, 1) er>0

// gg)n(y)d/"'gg)n(z) < 00 (61)

lyp — zq[sP)—er

& O

for almost all A and some sets € of positive measure. Because (61) implies that

,(A) 5(A) /5
))diia"" (2)
/ / |7 () —l;(z)|s<x>—s7 <o (62)

s O

for almost every Z this yields the theorem.
STEP 5: Proof of claim (61)

We fixeg; > 0,i=1,...,7. We are going to prove that

"3:(A) “si(A)

|yl — z[sRQ)-er

3Q,\Q,\

for s(A) = min (-——ig—‘—;}, 1) and some sets {2 of positive measure.

This gives the assertion of the claim for a.e. A € Z;. The claim then follows by
letting €2 and &4 tend to 0. As in the proof of theorem 3.1 the crucial point is that
we can estimate (see [13])

d)
/ 150 g TS foralli,j € 5f,i1 #51,5 <1 (64)
(3.0,64) 1
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We first approximate the function s(\)—e; by astep function. We choose a partition

J of the interval (3,0, 64) into finitely many intervals J, = (ap_1,0,),p=1,..., P,

such that for s, = maxyey, s(A) — % we have s, > s(A\) —e; on Jp,p=1,...,P.
Hence, it is enough to prove that

/ / / Ao (9)dpGR(2)dN _ (65)

ltn — z1]%°

Z3NJp QS

for some sets 2, with uSBR(fl,\) > 0 for A € Z;.

We have seen that S( ) is the first coordinate of a point on the attractor iff
R™M(X) # 0 for all n.

Let g € Rl(k)()\) n DZ,: for i = 4;...4,. Then there is a point g(y, A) € [—1,1]
such that .§'1-(A)(q(y, A)) = y and 5’2-('\') (g(y,A)) = v is the first coordinate of a
point in R(k) () provided X is mear A. This way we have defined a map Sy :

(R(k) (\) N D3 N (R( )()\ ))1 on the first coordinates which has all properties
derived above. This map is the tracing map.
We start with the estimation made in [13] (see also the proof of theorem 3.1):

Let i =do...i, § € BATV(N), 2 € RS™ (). Then

/ X
] |Ex (31) — B (z1) ]

JpNZ

< dA
o / I(l - )‘)[(gio + 5.1'0) + }‘(gil + 51'1) + ..t )‘n(fin-1 + fjn-l) + - 'HSP -

< A o a2
o (max ) / l(l - >‘) 2 + A(§1k+2 -+ gjk+2) + ..+ An(g":k-i-‘n+1 + fjk+n+1) + - ']|sp

< , (max(X))

we now fix 0 < p < P,n > k > my, 1i'3k = min{}, ;56 %} and choose a
sequence {A:}] = {Aik)}gk) such that
) Wezing, t=1,...,r(k)
it) For any A € Z3 there is number ¢ with (67)
1-6)2F <A< (1 +6)2H.

We always can choose the sequence in the way that its cardmahty r(k) is less than

34: and Agi)l > /\(k). We make the convention /\( ) = ap_l,)\s 11 = 0p, with Jp
(ap—h ap): and I(k) = (Agk)b }‘(k))a = 1: M T(k) + 1.

For A ¢ {Agk)};(k), my < k < n we define

k
I‘)‘(k) — U R(k)(A(k)) ﬁD (A( ))
g(k)(/\(k))

Then N e
ﬂga)n (Figk)) > (1—3e; —¢3).
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Let now A be arbitrary in J,. Then by ii) of (67) we find a ¢ = ¢(A) (if there are
more than one we choose the smallest one) with

(1= 6)A® < A < (1 +6)AF

and the map Sy : [, — 8 (T, ) = I}
t 1

Ex(y1, Yo, w) = (éx(yl),yz,w) (68)

is well defined and by lemma 5.7 has the property
A AlAL 1
Aok (I‘,\> > 3/4&;2 (FA(k)) > 5(1 — 3e1 — €3)- (69)

Using lemma 5.7 we obtain for 0 < k < n,i =14p...%—1

kip __
T;: =

/ Ao (§)dpSon(2)dN _

1 — 2
2501 RP )tk RS ()nfk

<3 / / | / dpls) (9)dals) (2)dx <
|-—a>.y1 — u,\les"

LA (,\§’°))n1‘"; & R(k)(A(k))nP"
t

(70)

dA B ®y,
<3 / / f R di ) (§)dals” (2)dx
=AU — Sa

-~ ~ -~ k -
Rg’f’(,\ﬁ"))nr';(k) AR (4 ))nrk ® ZsnI*
t

S 3Csp (InJaX A) [:Lg;R ) (Rﬁ:) (Agk)) N fi(k)) ﬂgﬁtR (R_g:) (Agk)) N figk)) .
P 3

We remember the definition of G*(\) and we use the fact that A € Zs C Z, we see
that

) (RPN T) < (-2 G=12 (m)
This yields
129 < - ) (ROOP)MY)

We are now going to estimate the original integral (63). Let

vg =vP (1) / Z T / / diSsh(§)dASn(2)dN
lyr — 21|

25Ty FETE R p00 e B9 )tk (73)

By choosing &7 and ;3 small enough and P large - i.e. the partition of (1,0.64)
consists of very small intervals J, - we can achieve that

(n}i,x ,\) R (74)
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Let now n > max{N, m;(e1, €2, €3,4,5,€6) }. Then we can proceed

o < i 5 / / / 4 (6 (2)dA _

lyp — 21 |°

TSl 200, RB )tk AB(nTk

<Y Y Yres

k=m; i=1p...5p_1 t=1 (75)

Z > 23681,7’”#&11)(Rg“)()\ﬁ’“))nfigk)).

k=mj t=1¢...0p1 =1

For A small by the choice of the sequence {A\"}:® r(k) < 5 = 40001 - ** we can
continue

U® < 3¢, Z Z Y A e )(R(k)()\(k))nI‘A(k)>

t=1 k=m; =80 .. lfmy

N 4 .
<3c, s +1)r< (76)
k

k=m;

o0
< Cp ) 4000le*7*,

k=m;
If we take A so small that e®7 < 1 we have a uniform bound for Uy:

UP <UD =0, Y 4000l (¢*7)" < oo. (77)

k=my
Hence, for A € J,N Z3, N > m;, &;1,€3 small enough and

N

b= U &Mnly

g=my i=ig...ig

holds
N A (A 1 1
i) a (P,\(N)) >Z(1—36 —e5) >
®) 3@) A(k) : (78)
i) UZ ( (N)) = U (rx).

Using the o-additivity of the SBR-measure we derive that the set

Taeo)= ] U L) = ) @) (79)

A=mi1 N=A A=my

has positive measure:
A 1
e (FA(OO)) >3 (80)

Finally, we choose cylinder sets Rg“ (A) € Q;’t‘l, 1 <t < r(my),0m = gege ™™,
with

(k) ~ N
) (B8P 1 Ty00(0)) > By > 0. (81)
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This can be done if €;,e3 are small by lemma 5.7.
Then the sets

O = RM () NTa(c0)  for (1— 8m)A® < A < (14 8my)AY
have still positive measure:
. “ 1 1
iy (QA) Zﬂg\an) (Q <k>> > Zﬁml > 0. (82)
Putting all this together we are able to estimate

/ / f djiste (§)disin ()X _
= [P =

Z3 QA QA

.///aﬂme%@ﬁs (53
lyl - le ®

Z3ﬂJP N Q)‘

< ZSI;IP U(]‘f) (f‘f\k)) < PmaxU® < .
p=1

The potential-theoretic characterization of the Hausdorff dimension (see appendix)
tells us that for Lebesgue a.e. A € Z3

. lo
dimyg uéB)R > min (1 - 105;’ 2) — &7 (84)
Letting first 7 then 4,4 and &; tend to 0 we finish the proof of theorem 3.3 and
3.5. O

6 Concluding Remarks

6.1 The Bifurcation Picture of Invertibility

We want to consider the question to what extend Belykh maps are invertible for
given parameters A, 7, k.

o If A < 3 it is obvious that fi, is invertible on f(Q\NT) no matter what
values take v and k (as long as the map is defined). Let this set of parameters
be denoted by

A= {(A’y,k)|)\<~— k<1, 1<v<——}

1
|k] +1

e If \y?> < 1 then theorem 3.1 says that almost every f with respect to the
Lebesgue measure on the parameter space is fully invertible when restricted
to the non-closed attractor D. We denote this parameter set by

1
B={AnRA>z5, k<1l 1<7< TA7" <1}

lkl

For this set we loose the invertibility on f(Q\N*) but still have invertibility
on the limit set.
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o If ) increases further to Ay < 1 < Ay? then we loose invertibility on D but
still almost every f with respect to the Lebesgue measure on the parameter
space is invertible on a set of full SBR-measure. We write

1 1
C={1E)A> 2, [k <1, - 2y
{Qm B> 3, [k <1 1<y < A <1<

e The criterion in [11] tells us that for parameters from the complement of the

set AU B U C the map f is never invertible even when restricted to a set of
full measure.

This gives the following picture (for £ = 0):

(1,1) (2,1)

(1,0) (2,0)
Figure 2

In the appendix we have included Fig. 3-5 which show the Belykh map for
parameters in A, C and the complement of A U B U C, respectively.

As we mentioned in the remarks of section 2.3 we proved for the Belykh family
the validity of the Kaplan-Yorke conjecture.

6.2 Generalizations

Our proof of theorem 3.3 and 3.5 of this work is based on some special properties
of the Belykh family. We restricted ourselves to this map because these special
properties make the formulae and technical details more transparent. Also the
proofs contain all ideas which are needed to prove a more general result. Below we
will discuss how this could be done.

The first property is having constant Jacobian. To avoid this condition is only
technical problem. We have to follow a similar way as in the proof that conditions
(H4) - (H7) imply condition (H3) in [11] where we first proved the constant Jacobian
case and then explained how to use uniform bounds on the ratio of the growth rate
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of the Jacobian along the orbits of points from the same local stable (unstable)
manifold. This technique is now standard.

The next properties are more serious. We do not know whether similar results
hold for generic families fulfilling conditions (H1) — (H3) only.

The following condition (H8) we need to get continuous dependence of the SBR-
measure on the parameters and to estimate the convergence rate.

(H8) i) The family f; is defined w.r.t. the samesets M D K D N, K\N = K, U- - -UK,
(compare with (H1)) and fulfills (H1), (H2) and (H3) uniformly in .

ii) The partition {K7,--- , K,} is generating.
iii) f: depends continuously in the topology defined in the appendix on t.

The condition (H8) is similar to those Sataev [9] used to prove continuous depen-
dence of the SBR-measure. Unfortunately, we cannot use his results because there
are no estimates we need for the rate of convergence.

The last condition is more tricky. The Belykh family possesses for A € (%, 0.64)
a certain transversality condition which was used in [13] to estimate the integrals
(66) and (27). We have to assume this condition for the considered family to hold.

Definition 6.1 We say a parameter family gi(z,y) : X: x X; = R, t € T C R¢,
T is the open parameter space, (X, p:) are probability spaces, is a.s. transversal
w.r.t. the family {u;} if for allt € T and p: X p; a.e. (z,y) € X X X there is a
neighborhood U, ,(t) C T such that g(t) = gi(z,y) : T — R is C? and det Dg # 0
whenever g(t) = 0.

Then (H9) can be formulated as follows:

(H9) The parameter family g:(%,9) = E:(Z) — Z:(7), where Z; is the tracing map
defined in section 2.5 step 3, is transversal w.r.t ﬂéQR.

We have no idea if property (H9) is a generic property in any sense. Moreover,
we don’t have a simple general criterion for a family of maps to satisfy (H9). But
there are other examples where a stronger condition than (H9) is proved and used
to get dimension results (see [12], [1]).

The above conditions (H8) and (H9) are together with (H1)-(H3) all conditions
we need to derive general results analoguous to theorem 3.3 and 3.5.

Concerning theorem 3.1 the situation is different. The theorem is definitely not
true for projections of the solenoid. The reason is that for the Belykh family each
lifted unstable manifold of z; W) (zy,w) projects to one and the same vertical
line. Therefore we either have to make a corresponding condition on our system
or the result would be more restrictive, f.i. a.e. map restricted to almost all
stable manifolds is invertible. Also we have to change condition A - 9% < 1 to
Aexp{2hiop} < 1.

This is because we have to calculate the number of all cylinders Rf\k) which is
given assymptoticly in terms of the topological entropy rather than the positive
Lyapunov exponent (logy = hip is a consequence of the constant Jacobian on
unstable manifolds).

The generalization to more than two-dimensional systems should involve more
knowledge on the dimension theory of higher-dimensional diffeomorphisms. Espe-
cially, to get nice dimension formulae one would like to have the Kaplan-Yorke
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conjecture to hold for generic higher-dimensional systems. Also it seems to be vital
to have the Ruelle-Eckmann conjecture to hold. The first conjecture is to have a
higher-dimensional Pesin-Young formula - the Lyapunov dimension formula - for a
generic system with an SBR-measure and the second deals with the possibility to
add stable and unstable dimension to the dimension of the system.

Another interesting direction for further investigations would be the description
of the exceptional set of parameters. Even in the case of the fat Belykh attractor
- i.e. the case where ¥ = X3 - very little is known about the exceptional set.
The only examples of known exceptional values form a countable set - the set of
reciprocies of Pisot - Vijayaraghavan numbers.

7 Appendix

A Some Terminology in Dynamical Systems

We consider piecewise smooth maps f : K — f(K) C K, where K is an open finite-
dimensional submanifold with compact closure of a manifold M. N is a finite union
of smooth submanifolds and K\N = K; U---UK, with K; - open, ¢ =1,...,r, and
f|x; (the restriction of f to K;) is a C?-diffeomorphism. Let us denote this class by
S?(K,N). We will use the topology defined by the basis of neighbourhoods

=1

U(fasyMl’“-;Mr) = {g € Sz(K?N)IZHfIMz _glMi”C’2 <6}

where € > 0, M; are regular compact subsets of K;. ¢° = id,g"™! = g" o g and if
g is a homeomorphism we write g™ = (g~!)®. Sometimes we use g~" for the full
preimage i.e. g7™(Y) = {z|g"z € Y}

Let K+ = {z € K|3f™(z) for all n > 0} be the set of points whose trajectory
never hits the singularities. Then the non-closed attractor D of f is the set

D=()fkK*
n>0

and the attractor A its closure.
A set A is called invariant if f(A) = A, clearly. D is invariant.

B Measures - Invariance and Ergodicity

A Borel probability measure p is called invariant if u(f~'(A4)) = u(A) for all Borel-
measurable sets A. An invariant measure p is called ergodic if for all measurable

invariant sets A either u(A) =0 or p(4) = 1.

C Entropy

Let f : X — X be a Borel measurable map. Let U be an open cover of the compact

space X. We write
H(U) = log N (1)

where N(4) denotes the smallest cardinality of a subcover of 4. We consider the
expression

N-1
H($, f) = lim H (\/ f"'(il))
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where for two open covers 4 = {U,} and &' = {U's} of X UV U is the cover
consisting of elements U, N U'4.

Definition C.1 The quantity
hiop(f) = sup { H(YL, f) Iil an open cover of }

is called the topological entropy of f.

Definition C.2 For a partition P the quantity

Hu(P)=—_ u(P)logu(P)

PeP

is called the entropy of the partition P.

Definition C.3 For a partition P of finite entropy and an invariant measure p the

value
hu(P, f) = lim —H (V f"(P))

=0
is called the entropy of P w.r.t. f.

Definition C.4 If y is invariant the expression
hu(f) = sup {hu(P, f)|P is a partition with H(P) < co}

is called the entropy of p.
Proposition C.5 h,(f) < higp(f)-

Definition C.6 LetY C X and f be invertible on Y. An at most countable parti-
tion P of X is called a generator for Y if

i) each P € P is regular (ClintP = P)

ii) for z,y € Y the assumption fi(z) and fi(y) stay in the same atom P(fi(z)) =
P(fi(y)) for all i € Z implies that z =y

i#) 1 (Upep OP) = 0

Remark The last definition is stronger than the usually given ones and contains
topological generators as well as measurable generators.

The next theorem shows the importance of generators. The second part is called
the Kolmogorov-Sinai theorem.

Theorem C.7 Let P be a generating partition. Then
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i) if P is finite then

1. (N
hiop(f) = H(P, f) := lim N (\/ f"P)

i=1
where N is the number of elements of d partition.
i) if H,(P) < oo then
h’ll(f) = h#(Pa f)

Next we will give a non-standard version of the Shannon-McMillan-Breiman
theorem for ergodic measures.

Theorem C.8 Let p be ergodic and P be a finite partition. Then for € > 0 there
is a number ng € N such that for alln > m > ny

u( ﬁ {U [ atoms P9 of q\_/l’P] exp{—g(h,(P,f) +¢e)} >

g=m i=0
< w(P9) < exp{-n(hu(P,f) =)} |}) > 1.
From general ergodic theory follows the next lemma which says that the ” present”

is contained in the ”future” if the entropy of the system is 0. Thus a zero entropy
system is completely deterministic.

Lemma C.9 h,(f) = 0 if and only if for any finite entropy partition P

AP) c \ £ (A(P))

i=1

where A(P) is the sub-o-algebra generated by P.

For more details of entropy theory we refer to the standard literature [see f.i. [2],

[6]]

D The Uniformity Theorems of Lusin and Egorov

The references to the following two theorems are somewhat confusing in the lit-
erature. One of them belongs to Lusin the other to Egorov. These theorems are
consequences of the o-additivity of the measure p.

Theorem D.10 Let ¢ be a real-valued function of the space (X, ) then ¢ is mea-
surable if and only if for all € > 0 there is a closed set E whose complement has
measure less than € such that ¢ is continuous on E.

Theorem D.11 Let {$,} be a sequence of measurable functions converging point-
wise on the space (X,u) then for all € > 0 there is a measurable set E whose
complement has measure less than € on which {¢,} converges uniform.

Detailed information on these theorems can be found in [5].
We will use the following particular version of theorem D.11.

Theorem D.12 Let n: (0,1) — N be a measurable function with n(z) < co for all
z € R. Then for € > 0 there is a set Y C (0,1) and a number ny such that

i) LY(Y)>1—¢
i) n(z) <n forallz €Y.
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E A Density Lemma for Borel Measures

The following lemma is the analogue of the Lebesgue density lemma for Borel mea-
sures. It is proved in [4] chapter 4.

Lemma E.13 Let (X, u) be a Borel space and g € L'(u). We define

1
g&(m) = p(B(m, 5))B(‘/6) g d/"'

then
gs(z) — g(z) p— ae

F Hausdorff dimension

For a subset Y of a metric space X the s-dimensional (s € [0, oo]) Hausdorff measure
is defined as

H(F) = }Sl_%mf, {;(dlam U;)°|F Z=LJ1 U; and m?x(dlam U;) < 5}

It is easy to see that there is a unique sy = so(F') such that

oo for s < s
0 for s > sp

’H"(F)={

This number sq is called the Hausdorff dimension of F' and is denoted by dimg F.
Let u be a Borel probability measure on X. Then the Hausdorff dimension of
the measure p is defined by

dimg g = inf {dimg Y |u(Y) =1} .

Clearly, if p(A) > 0 then
dimH ﬂLA < dimH M

and
dimp p = sup {dimg p|A|u(4) > 0}. (85)
Let §,(z) denote the lower pointwise dimension of u:

L logu(B(z,2)
d,(z) = hgl_)lonf———Tg;—-——.

The next lemma is usually known as Frostman’s lemma:

Lemma F.14 If§ ,(z) > ¢ for a set of points z of positive measure then

dimH 23 Z 0.
One can even prove a stronger statement
Proposition F.15 dimy = esssupd,(z) = sup {§|p {z|d,(z) > 6} > 0}.
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Sometimes it is convenient to use the potential theoretic approach to calculate
the dimension. This approach is based on the following facts.

Theorem F.16 If
du(y)

|z —yl|*

T

then J,(z) > s.

Corollary F.17 If

=2

dimg p > s.

then

The next theorem is the combination of theorem F.16 and (85).

Theorem F.18 Let A C X be a set of positive measure. Let moreover
/ / du(z)dply) _
Tzl

dimg p > s.

then

A survey of the methods and results in dimension theory can be found in [3].
There are contained actually stronger results than those stated above. But for our
purposes the here stated versions are satisfactory.
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