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THE QUALOCATION METHOD FOR SYMM’S INTEGRAL
EQUATION ON A POLYGON

J. ELSCHNER, S. PROSSDORF AND I.H. SLOAN

ABSTRACT. This paper discusses the convergence of the qualocation method for
Symm’s integral equation on closed polygonal boundaries in IR?. Qualocation is a
Petrov—Galerkin method in which the outer integrals are performed numerically by
special quadrature rules. Before discretisation a nonlinear parametrisation of the
polygon is introduced which varies more slowly than arc-length near each corner
and leads to a transformed integral equation with a regular solution. We prove
that the qualocation method using smoothest splines of any order &k on a uniform
mesh (with respect to the new parameter) converges with optimal order O(h*).
Furthermore, the method is shown to produce superconvergent approximations to
linear functionals, retaining the same high convergence rates as in the case of a
smooth curve.

1. INTRODUCTION

Symm’s integral equation for a closed curve I',

~ > [loglx— gu(€)dr() = f(x), x €T, (1)

is a boundary integral equation of central importance for elliptic boundary value
problems in the plane. Here f : I' — IR is given, and the problem is to find
u: ' = IR, or perhaps certain functionals of w. Equation (1.1) is closely related to
the singular integral equation with Hilbert kernel for which the Ly—theory has been
developed by S.G. Mikhlin in his fundamental paper [15]. We assume throughout
the paper that the transfinite diameter of I' is not equal to 1, so that (1.1) is uniquely
solvable.

Many numerical methods have been proposed, but only for the Galerkin method
is the theory wholly satisfactory. A number of numerical methods, among them the
qualocation method [24, 26, 5], have aimed to achieve the high rate of convergence
of the Galerkin method but with less computational effort. However, until now
rigorous results for the qualocation method have been available only for a smooth
curve ['. The aim of this paper is to give a convergence theory for the qualocation
method on a polygon. (The arguments can be extended without difficulty to the
case of a curved polygon without cusps.)

The convergence theory will be established by appealing to a theory recently
presented by Elschner and Graham [9] for the collocation method for Symm’s in-
tegral equation on a polygon. In this approach the first step is to introduce a
parametrisation of the curve I' which has the effect of smoothing out the singular-
ities at the corners, and then to apply the collocation method on a mesh which is
uniform with respect to the new parameter. From the point of view of the curve T',
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the effect of this is to squeeze the mesh at the corners. The Elschner and Graham
results will be described and extended to the qualocation method in Section 3.

In Section 4 we prove a superconvergence result for the error in approximating
linear functionals of the solution to (1.1), showing that in most cases the qualocation
method for the polygon achieves the same order of convergence as it does on a smooth
curve. Section b contains some auxiliary spline approximation results, which are also
of independent interest.

The present work arose from the realisation that the arguments of [9] are not
restricted to the collocation method, but extend also to other methods expressible
as projection methods with appropriate properties. In the next section we shall see
that the qualocation method is a projection method in this sense.

It should be mentioned that various fully discrete versions of the qualocation
method have been proposed in recent times [25, 21, 19, 14]. These are not projection
methods, so the arguments used in the present paper are not directly applicable.

There is one unfortunate aspect of the analysis of Elschner and Graham [9],
shared with many other recent papers on boundary integral equations [3, 4, 7, 8, 6,
13,17, 12], and now extended to this paper. It is that the stability of the method can
only be proved if the possibility is allowed of modifying the approximate solution
over some number of intervals near each corner. In practice such modifications have
so far never been needed, but the possibility remains that they will be found to be
needed in some situations in the future. The superconvergence results in Section 4
generally require that stability holds without any corner modifications.

2. THE QUALOCATION METHOD

The first step in implementing the qualocation method, and any of the other
methods mentioned here, is to introduce a parametrisation v : [m,m] — [' of the
curve I, so that ( then becomes

- / log [7(s) — Y(0)lw(0)do = g(s), s € [~m,7], (2.1)
or
Kw=g (2.2)
where
w(o) = [¥'(0)u(v(a)), g(s) = f(v(s)), (2.3)
so that the Jacobian of the transformation has been absorbed into the new unknown
function w. If the curve I' is smooth then v should be chosen to be smooth, and to

be such that |7/| > 0 on I'. We defer until the next section the choice of v if I has
corners.

For n a natural number, we now introduce a uniform mesh on [—7, 7], defined

by
si=—m+1ih,2=0,..,n withh =27/n.

The qualocation method is like the Petrov—Galerkin method, in that it employs
both a trial space V}, (the space in which the approximate solution is sought), and



a test space V). We take these to be spline spaces of orders k and k' respectively.
Thus for k > 1, let Vi, = V¥ be the space of 2r—periodic (smoothest) splines of
order k on the mesh {s;}. That is, v € V4 if and only if v is 27—periodic, is
a polynomial of degree at most kK — 1 on each subinterval [s;_1,s;], and has k — 2
continuous derivatives. Similarly, for &' > 1 let V;/ = V¥ be the space of 2r—periodic
(smoothest) splines of order &' on the same mesh.

It is convenient to define first the Petrov—Galerkin method for this pair of spaces.
Letting (u,v) denote the Ly inner product

(u,v) ::/ u(s)v(s)ds, (2.4)

—T

the Petrov—Galerkin method for (2.2) is: find wy € Vj, such that
(Kwn,x) = (9,x) Yx € V. (2.5)

The qualocation method differs from the Petrov—Galerkin method only to the
extent that the inner product (2.4) is replaced by a discrete equivalent (u,v)p,

(u,v)p := Qn(uv), (2.6)

where
n-1 J
Qn(g) =R DD wig(si + hé;) (2.7)
i=0 j=1
with
J
0<&<b<..<&G<l, Y w=1,w>0. (2.8)

i=1

Note that @y is just the composition of the simple J—point rule

Q(g) := z_:wjg(fj)- (2.9)

However, we shall see that the recommended rules are not any of the familiar quad-
rature rules (Gaussian, Simpson, etc.). The reason is that the integrand (Kwp)x on
the left of (2.5) is not smooth on each subinterval, even if I' is a smooth curve.

Once the points and weights of the J-point quadrature rule (2.9) are deter-
mined, the qualocation method for (2.2) is defined by: find wy € V4 such that

(Kwn, X)n = (9, x)n VX € V. (2.10)

An important special case is the collocation method. Suppose that we take V}/ = V4,
and for some number ¢ € [0,1), choose the rule @ in (2.9) to be the 1-point rule

Qg =g(e).
Then it is easily seen, by introducing a basis of V) = V}, in (2.10), that (2.10) is in
this case equivalent to the e—collocation method

Kwh(ti) == g(ti), = 0, ey — 1,
where

ti:Si—I-Eh, ’iZO,...,n—l.



For the case of a smooth curve it is well known [23] that this method is stable for &

even provided € # 1/2, and for k odd provided € # 0.

Since the e—collocation method is known to be unstable for the two exceptional
cases indicated above, it is natural for us to exclude them in what follows. We shall
also insist that & and k' (the orders of Vj, and V}/) have the same parity, because
it is only in this case that stability results are known for either the qualocation or
Petrov—Galerkin methods.

Assumption (A). We assume that k& and k' (the orders of V3 and V} respec-
tively) are either both even, or both odd.

Assumption (B). In the rule @, with J > 1 and points and weights satisfying
(2.8), the following two cases are excluded:

i) J =1, kand k' even, & = 1/2,
ii) J=1, kand k' odd, & = 0.

Under these assumptions the next result asserts that the qualocation solution
exists, and has convergence properties at least as good as those of the basic col-
location method ([1] for the case k even with ¢ = 0, [22] for the case k odd with
e = 1/2). Of course the interesting versions of the qualocation method, as we have
indicated already, have faster convergence than the collocation method, but it is
useful to establish first that at least nothing is lost in going to the more general
qualocation method.

Here and in what follows H®, ¢ € IR, refers to the periodic Sobolev space of
order ¢t on [—m, 7], with norm given by

5(0)1° + > Im|*

m#0

o(m))?, (2.11)

o]l ==

where the Fourier coefficients of v are defined by
8(m) = (v, exp(ums)) /(27)1/2.

It is well known (see e.g. [27]) that, for smooth I', the operator K defined in (2.2)
takes the form K = A+ T, where

1 T
Av(s) = ——/ log |2¢ Y2 sin(s — 0)/2[v(0)do
T J—7

= (2n)71/2 (Z o(m)|m|™" exp(vms) + 13(0))

m#0

(2.12)

is an isometry from H* to H'**! for any ¢t € IR, and T is an integral operator with
smooth (periodic) kernel. Note that if I' is the circle given by the parametrisation
v(s) = r exp(es) then T is simply the linear functional v — —(1+21log r)5(0)/(27)*/2.

The following result incorporates both the stability theorem of [5, Theorem 3],
and a simple version of the convergence theorem of [5, Theorem 2]. (The fact that
for T' a circle the result holds for all h, not just for A sufficiently small, is clear



from the proof of [5, Theorem 2]: the restriction to h sufficiently small enters the
argument only when we consider perturbations from the case of a circle.)

Theorem 2.1. Let assumptions (A) and (B) hold, and assume that ' is smooth.
Then, given g € H*t' fort > —1/2, a unique solution wy, € V3, of (2.10) ezists for
all b sufficiently small. If T is a circle of radius not equal to 1 and |y'| = constant
then wy, exists and is unique for all h. For all s,t satisfying

s<k—1/2,t>-1/2, -1 <s<t<k,
we have

[lw — whl|s < Al

In particular, the maximal order of convergence given by Theorem 2.1 is
[lw — whll-1 < h*H w|le.

Saranen [20] established that for k& odd the convergence rate of the mid-point collo-
cation method (i.e., e—collocation with & = 1/2) is generally faster than the O(h*!)
rate allowed by Theorem 2.1 (it can reach O(h**?) if w is sufficiently smooth).
From our present perspective it is convenient to consider the mid—point collocation
method as a special case of the qualocation method: according to [5], Saranen’s
result is recovered whenever the quadrature rule @ in (2.9) is symmetric. The ex-
plicit qualocation methods for k£ considered later have this property, but achieve still
higher orders of convergence than the mid—point collocation method.

In [5] it is shown that faster convergence can be achieved for certain special
choices of the points {¢;} and weights {w;}, the crucial consideration being the
behaviour near zero of a certain function £ : [-1/2,1/2] — IR,

Zwa (& y)(1+ A&, ), (2.13)
where

Q(fay) = |y|k+1F13:+1(§ )7
AN(y) = yk'Fif(f Y),

Ft(¢, = exp(ul

(&) ;; |l+ p(ul€),
sign [

F_(¢, = : exp(ul

(&) ;; T g <2

(2.14)

with the + sign holding in (2.14) if k and k' are even, and the — sign if k and k' are
odd.

Definition. The qualocation method (2.10) is of order k + 1 + b if b (the

additional order) is the largest non—negative integer such that

E(y) = O(ly[*'**), y € [-1/2,1/2].



We see from (2.13) and (2.14) that the method (2.10) is of order > k+1 without
any special choice of the qualocation rule. Some simple rules of order > k£ + 1 are
shown in Table 1, extracted from [5].

k| K & w1 & wy | b | order
11 1/2 T | - | - 1] 3
111 0 3/7| 1/2 [4/7|3 5
1]31]0.2308296503 |1/2 |1 —¢&|1/2 3 5
2|2 0 1 - - 10 3
2| 2 0 3/7| 1/2 |4/7|2| 5
2|2 (02308296503 [1/2 |1 —& |1/2|2| 5

TABLE 1. Some interesting qualocation methods

Note that the first entry in the table is the mid—point collocation method for
piecewise constant basis functions, which (as shown by Saranen [20]), achieves an
order of 3. The next item in the table, however, is a qualocation method with
piecewise constant trial and test functions that achieves an order of 5, two higher
than the mid—point collocation method. The fourth entry in the table is again a
collocation method, this time collocation at the breakpoints with piecewise linear
functions. It too is followed by higher order qualocation methods based on piecewise
linear trial functions, again with test functions of the same degree.

The significance of the order is seen in the following theorem, also taken from
[5].

Theorem 2.2. If the qualocation method (2.10) is of order k +1 + b with b > 0,
and if the assumptions of Theorem 2.1 hold, then for all s,t satisfying

s<k—1/2,t>-1/2,-1-b<s<t<k

we have
||’LU - ’th| |s S Cht_s||w| |t—|—max(—1—s,0) .
In particular, the fastest order of convergence is seen by setting s = —1 — b and
t =k, to give

|Jw — wh||—1- < chFT0)w||4s -

Thus the "order”, as defined above, is the fastest order of convergence obtainable
with the particular qualocation method. As a particular example, we find for the
second entry in Table 1 the result

[lw — whll-a < ch®||w]la.

For the application later in this paper we need to write the qualocation approx-
imation as a projection method. Thus we define:

My : H = Vi : (Ilav,x)n = (v,x)n Yo € H', ¥x € Vj. (2.15)

Proposition 2.1. If Assumptions (A) and (B) hold then Il is a well defined pro-
jection operator with range V.



Proof. To show that II,v is uniquely determined by (2.15) it is only necessary to
introduce bases {v;} and {v!} for V4 and V), and then to show that the matrix
((vi,v%)n) is non-singular. But this follows immediately from Theorem 3 of [5]
(which proves stability of the qualocation method for an operator Lg), on taking the
legitimate special case Lo = I, the identity. If v € V}, then IIv = v satisfies (2.15),
thus IIj is a projection with range V. O

It then follows, if Assumptions (A) and (B) hold, that the qualocation approx-
imation (2.10) can be written as: find wy € V4 such that

Hthh == th . (216)

Next we introduce Ry, a solution operator for the qualocation equation. Writing
w = K~ lg, so that w is the exact solution of the equation Kw = g, the solution of
the qualocation equation (2.16) may be written as wp = Rpw, where Ry, is a linear
operator. As a special case of Theorem 2.2 we obtain the following result, needed
in the subsequent arguments.

Proposition 2.2. IfT' is a circle of radius not equal to 1 and |y'| = constant then
Ry, exists as an operator from H° to H, and satisfies

||(I - Rh)st < Cht_usHt-I-maX(—l—S,O) (2'17)

for all s,t such that s < k—1/2, t > —1/2 and —1 — b < s < t < k, with c
mdependent of h.

3. THE QUALOCATION METHOD FOR POLYGONAL I

Let T be a closed polygon enclosing a simply connected bounded domain in IR?.
Suppose that [' has corners xg, Xy, ..., X,_; and that, for each 7, the interior angle
at x; is (1 — x;)m, 0 < |x;| < 1. The side joining x; to x;;1 is denoted I'; and |T}]
denotes its length. |I'| is the length of T'.

We first introduce a nonlinear parametrisation v : [—7,7] — I which varies
more slowly than arc-length parametrisation in the vicinity of each corner of I'. By
forcing v to vary slowly enough near each corner, the solution w of the transformed
equation (2.2) then can be made as regular as desired on [—m, 7] (provided f is
smooth), and hence w can be optimally approximated by splines of any order & on
the uniform grid

si=-7m+1ih,1=0,..,n, h:=27/n. (3.1)

To define the parametrisation v, choose a grading exponent ¢ € IN and introduce
r 4+ 1 points given by:
—7T<So<51 <...<Sr_1 <7, STZS()—|—27T,

with their differences having the values
r—1
Sj-l-l - Sj = 27r|]'_‘j|1/q/ Z |Fm|1/q7 .7 = 07 TN 1. (32)
m=0

These will be preimages of the corner points x; under . For notational convenience
we extend s;, S; and x; to ¢,7 € Z by requiring x; to be r—periodic in 7 and by



defining Sypmy; = S;+2mm, 3 = 0,..,7r — 1, Spmys = 85 +2mm, 2 = 0,...,n — 1,
m € Z. Then we will be concerned with parametrisations v : [—7, 7] — [' which
(for all 7) satisfy the assumptions:

7(55) = X;;
(s = 55)7(v(s) = x5), (Sjr — 8)7(v(s) — Xj41) € C*[S55, Sja];
[Y'(s)] >0, s € (55, Sj41);
lim,,s; [7(s) — %51/ls — Sj[* = |5[/(Sj1 — S55)°.
Note that by (3.2) the limit in (A4) does not depend on j. Furthermore, the

image of the mesh (3.1) under ~ is graded with exponent g to the corner points x;,
but the corner points are not necessarily images of mesh points under ~.

(
(
(A3
(

Example 3.1. Following [9], choose any § in the range
0<é<(1/2)min{Sj41 —S;:7=0,...,7—1}.
Then, for 7 =0,...,7 — 1, set
S;—s \?
X~ g —) Xi—%-1), s €[5 -4,5],
Sj = Sj1
v(s) =

- 9. g
X+ (o | (51— x;), s €15, 55 +4].
Sjt1 = 5;

The gaps on [—m, 7] can be filled , in principle, by introducing monotonically in-
creasing C* connecting functions.
The next example gives a more practical construction, following [13, 6].
Example 3.2. For 7 =0,...,7 — 1, define
(s —55)°
.y
(5= S0+ (S — ) 0

where the usual periodicity convention (s + 27) = ~(s) is adopted. If ¢ = 1 we
have

v(s) = x; + —X;), s €[5, Sj41],

s— 5,
m (Xj+1 — %j), s €[S}, Sj+l,
and condition (3.2) means that (5,41 —S;)/|T;| = 27 /|T| for all j, so the parametri-
sation is then proportional to arc-length.

v(s) =%, +

More general constructions of «, allowing also different grading exponents at
the corners, can be found in [9, 10, 11].

Following [27], we rewrite (2.2) as the second kind equation
(I+Mw=e, with M=A"YK—-A), e=A"g, (3.3)
where A : H® — H' is the isometric isomorphism defined in (2.12). Recall that A
coincides with K when I is the circle of radius e~'/2. Since it is a standard result
[15, 18] that A~ = —HD + J, where D is the (periodic) differentiation operator,
H is the Hilbert transform

1 T
Hu(s) = —ﬂpv./_7T cot (

§— 0

)v(a)da

8



and J is the linear functional v — (v, 1)/2m, we further have
M=HDA-K)+J(K-A4). (3.4)
It turns out that M is a Mellin convolution operator local to each corner; see [27]

for ¢ =1 and [9] in the general case.

We now recall some analytical results on Equations (2.2) and (3.3) which are
needed in the convergence analysis of the qualocation method. The first theorem
follows from [9, Theorem 2 and Lemma 7] when the parametrisation v takes the
simple form of Example 3.1. Combining this with the perturbation arguments in
[10], one obtains the result for parametrisations satisfying (A1)-(A4).

Theorem 3.1. The operators
I+M:H— H° and K:H°— H!

are continuously tnvertible, and we have the strong ellipticity estimate
Re((I+ M +T)v,v) > c|lvllg Vo€ H,

where T is some compact operator on HP.

The next result, which follows from [9, Corollary 5], shows that the unique
solution w of (2.2) is smooth provided the right side f of (1.1) is smooth and the
grading exponent q is large enough. For [ > 0, H(T') is defined as the restriction of
the usual Sobolev space H*'/2(R?) to T

Theorem 3.2. Letl € IN, ¢ > (I+1/2) max;(1+ |x;|), and suppose f € H'+*/2(T).
Then the unique solution of (2.2) satisfies w € H' and, for all 7,

D™w(s) =O0(|s — S;[™ ) as s—S5;, m=0,..,1. (3.5)

The following result, taken from [11], describes the properties of the kernel
function

v(s) = (o)
2e~1/25in(s — 0)/2
of the integral operator A — K. Note that less precise kernel estimates have been
given in [9, 10].

Theorem 3.3. On each compact subset of IRx IR\{(S;, S;) : 7 € Z}, the derivatives
DiD™k(s,0) of orderi+m < q are bounded and 2m—periodic. Moreover, for each j

and sufficiently small 6 > 0, for s, € [S; —§,S; + 0]\{S;} we have the estimates
|k(s,0)| < cllog(|s — Si| + [0 — Sj[)I,

k(s,0):= %log (3.6)

D D7 w(s,0)| < ells = Sj| +|o = S5)) ™™, 1<i+m <q.

We now consider the qualocation method (2.10) for the approximate solution of
Equation (2.2) with right side g € H' assuming throughout that Assumptions (A)
and (B) hold. Define the projection operator Ry : H® — ViF by letting Rpv € Vi
solve the qualocation equation I, A(Rpv) = Il Av. That is to say, Ry, is the solution
operator of the qualocation method for the particular case of a circle of radius e~1/2.
Using (3.3) and Proposition 2.1, it is easily seen that (2.10) may be written II,A(1+
M)w, = II,Ae. Hence wy, solves (2.10) if and only if Il Aw, = Il A(e — Mws),

9



and by the definition of Ry, this is equivalent to wp = Rp(e — Mwy). Hence (2.10)
is equivalent to the following non—standard projection method for the second kind
equation (3.3):

(I —|— RhM)’LUh = Rhe . (37)

As is usual for Mellin convolution equations, we are only able to prove stability
for a slightly modified method. Introduce, for 7 sufficiently small, the truncation
operator

0, se[S;—7,8+7],7=0,...,7—1,

T7u(s) = { v(s), otherwise.

Then for any fixed natural number 2* and for n sufficiently large, define
K™ = A4 (K — A)T™",

and consider the modified qualocation method

K" Pwy, = Tlg. (3.8)

If +* = 0 then (3.8) is equivalent to (2.10) (or (2.16)). Otherwise, (3.8) can be
obtained from (2.5) by a slight change to the coefficient matrix of the corresponding
linear system. By mimicking the derivation of (3.7) from (2.10), it is easily seen
that (3.8) is equivalent to

(I + RaMT" "Ywy, = Rpe. (3.9)
The following theorem, which is the main result of this section, establishes the

convergence of the (modified) qualocation method with optimal order in the L,
norm.

Theorem 3.4. Suppose that ¢ > (k+1/2) max;(1+|x;|) and f € H**3/2(T'). Then
there ezists v* such that (8.8) has a unique solution for all h sufficiently small and

|lw — whllo < ch*, (3.10)
where ¢ 1s a constant which depends on w and t* but is independent of h.
Proof. Following [9, Theorem 9] we first verify the stability of (3.9), that is the
estimate
(I + ReMT"M)vpllo > c|lvnllo Von € V¥ (3.11)

for all A sufficiently small, where 2* is large enough and ¢ does not depend on h.
Since, by Theorem 3.1, I + M is invertible and strongly elliptic, we obtain stability
of the finite section operators T7(I + M)T7, 7 — 0 (see e.g. [16] or [18, page 33]),
which implies the estimate (cf. [9, Theorem 6))

(I + MT )vllo > c|lv]lo Yve H?, VT <. (3.12)

Now (3.11) is obtained with the aid of (3.12) and the following perturbation result:
For each § > 0, there exists +* > 1 such that for all A sufficiently small

I|(I — Ry)MT™||o < 6. (3.13)

10



A proof of this is given in [9, Lemma 8|, for the case of the basic collocation method.
The arguments there use quasi-interpolants and are based on kernel estimates for

M and on the bounds
[|Rhllo < ¢, [I — Rul|lgome < ch YA >0, (3.14)

following from Proposition 2.2. Thus the assertion extends immediately to the
general case of the qualocation method.

A simpler proof of (3.13), which employs Theorem 3.3 and (3.14) but avoids
the use of quasi—interpolants, can be found in [11].

To prove the error estimate (3.10), we observe that
|lw —wllo < (I = Ra)wllo + |[wh — Rrwllo,
where the first term is of order A* by Proposition 2.2 (with s = 0, ¢ = k) and
Theorem 3.2 (with [ = k).

Furthermore, using (3.11) and then (3.9) with (3.3) and the first inequality of
(3.14), we obtain
lwn — Rawllo < ||(Z + RaMT"")(wh — Rpw)llo
|1 RAl(I + M)w — (I + MT"")Rpw]|o
< |+ MT"™)(I - Rp)w + M(I — T""wl|o
< d||(I = Ru)wllo + ¢l[(1 = T"*)wlfo.

It remains to verify that the last term is of order A*. Now by the choice of ¢ stated
in the hypothesis we have from (3.5)

w(s) = O(|s — S;[*71/?), s 5
for all 7, which yields the assertion. O

The approximation wy to w defined in (3.9) may be used to construct a cor-
responding approximation uy to the solution u of the original boundary integral
equation (1.1):

un(v(0)) = ['(0) | wa(o).

Then, under the assumptions of the preceding theorem, this approximation con-
verges to u with order O(h*) in a certain weighted L; norm, where the weight
vanishes with order O(|s — S;|*7'/9) as s — S; for any j; see [9].

In other situations integral functionals of u may be required, such as those
representing the solutions of boundary value problems by interior potentials. These
may be written as smooth linear functionals of the solution w of (2.2):

/Fuf)df‘ = /7T w(o)v(o)do = (w,v), (3.15)

where v = 9oy and ¥ € C*(T'), ¥ real. Since
|(w,v) = (wh, v)| < [|[w —wa||-1][v]]s,
the following corollary is then of interest. Its proof is entirely analogous to that of

Theorem 8 in [12].

11



Corollary 3.1. Under the hypotheses of Theorem 3.4,
[lw — whll-1 < h*,

where B =11if1* =0, and B =1/2 ifi* > 1.

In the next section we shall obtain faster convergence rates for the approxima-
tion (wn,v) to (3.15), using certain special qualocation methods, under the assump-
tion that the method is stable with +* = 0.

4. SUPERCONVERGENCE RESULTS FOR LINEAR FUNCTIONALS

Let I’ be a simple closed polygon as in the preceding section, and suppose that
the qualocation method (2.10) satisfies Assumptions (A) and (B) and is of order
kE+1+b,b>0. We further assume that (2.10), or equivalently (3.9) with ¢* = 0,
is stable in H° so that, given g € H', a unique solution wy € Vi¥ of (2.10) exists for
all h sufficiently small.

The following theorem establishes superconvergence of the qualocation approx-
imation to the functional (3.15).

Theorem 4.1. Suppose the hypothesis of Theorem 3.2 holds with | = min(2k, k+b),
and that o := vo~y~t € C®(T'). Suppose also that Theorem 3.4 holds with i* = 0.
Then we have the error estimate

|(w — wp,v)| = O(K) as h—0. (4.1)

In particular, Theorem 4.1 shows that linear functionals of the mid—point col-
location method with splines of odd order k can achieve an order of k£ + 2, as shown
by Saranen [20] for smooth I'. This confirms the O(h®) convergence of the piecewise
constant collocation observed in the numerical experiments of [9]. More interesting-
ly, we see that the last two qualocation methods in Table 1 can yield an order of 5 in
the polygonal case, just as for smooth I'. The order is only 3 for the second and the
third methods in the table, since the convergence rate established in (4.1) is never
better than the O(h?**!) rate achieved by the corresponding Galerkin method. Fi-
nally, we note that all other higher order qualocation methods contained in Tables
1 and 4 of [5] achieve the same orders of convergence as in the smooth case.

Proof of Theorem 4.1. Let z be the unique solution of Kz = v. Since by assumption
voy~t € C®(T'), Theorem 3.2 implies z € H'. Furthermore, since K = A(I + M)
and A and K are self-adjoint with respect to the scalar product (2.4), we obtain

(w—wp,v) = (w—wn, Kz)=((I+M)(w—w),Az)
= ({ = Rn)({+ M)(w — ws), Az) (4.2)
= (({ = Rn)w,Az) + (I — Rp)M(w — wy), Az),

where we used (3.3) and (3.7) to obtain the third equality.
We now estimate the first term on the right side of (4.2). Setting

k1 = min(k,b)=1—k,

12



Proposition 2.2 (with s = —k; — 1, t = k) gives
(1 = Ra)w, Az)| < [|(I = Bp)w||-1-k, || Az][14x,
< (I = Ra)wl|-aow [12]l < k™ Jwl[pgn, < ch'™

since w € H' by Theorem 3.2. It remains to find an analogous bound for the last
term in (4.2). By Proposition 2.2 (with s = —1, ¢ = 0) and by duality, we have

(I = Rn)M(w — wh), Az)| = [(M(w — wh), (I — R})Az))]
< ||M(w —wa)llol[(I — R})Az|o < ch||Az||1]|M(w — wh)]lo
< ch||M(w — ws)l|o-
So it suffices to establish the estimate
1M (w —wh)llo = O(R').
Comparing (3.3) and (3.7) again, we get Ry M(w — wy) = wp, — Rpw, hence
(I + MRy)M(w —wp) = M(w —wi) + M(wp — Rpw) = M(I — Rp)w.
Together with the stability of (3.7), this implies the estimate
|M(w — wh)lo < c||[M(I — Rp)wllo-
To complete the proof of (4.1), it now remains to show
1M (I — Rp)wl|lo = O(R').
In order to do so, we shall prove that
|M(I — Pp)wllo = O(R) (4.3)
and
[[(Pn — Rp)vllo < cht||v|; Vv e H, (4.4)

where P, denotes the orthogonal projection of H° onto Vi* with respect to the L,
inner product (2.4). The proof of (4.4) is postponed to the next section; see Corollary
5.1 with 8 = —1.

Since M takes the form (3.4), relation (4.3) follows from the estimate
DA — K)(T— Buullo + I(A— K)(I — PaJullo = O(h). (45)

To verify this, we use the following localisation procedure. Choose § > 0 sufficiently
small and let 1; be 27—periodic non—negative C* cut—off functions such that 1, =1
in some neighbourhood of S; and supp ¥; C [S; — 4, 5; + 6]. Then we have

D(A—- K)w= Zz/JjD(A — K)ypjw+ Tw (4.6)

where, in view of Theorem 3.3, the kernel functions of the integral operator T and
its Ly adjoint T* have bounded derivatives of order < ¢ — 1 on [—7, 7| X [—m,7].
Since by assumption ¢ > (I + 1/2)max;(1 + |x;|), and hence ¢ > k+ 1, T* is a
bounded operator of H® into H*. Therefore, its L, adjoint T is a bounded map of
H~* into H° and we obtain

IT(1 = PaJwllo < el|(I — Pa)wll—x < ch®[w]|y < ch*, (4.7)

using a standard spline approximation result; see e.g. [18, Corollary 1.36].
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Now we look at the jth term in the sum (4.6) representing D(A — K) local
to the jth corner. Without loss of generality we can assume that this is situated
at S; = 0 and write v instead of 9; for convenience. By Theorem 3.3 the kernel
function b(s, o) of the integral operator Bv := ¢ D(A — K )yv satisfies the estimates

|D\DTb(s, o) < c(ls| + |o]) ™, i+ m <1 —k,
s,0 € [—m,m|\{0}.

(4.8)

Furthermore, Theorem 3.2 implies that the exact solution of (3.2) multiplied by a
suitable cut—off function satisfies

s™ID™w e H°, m=0,...,k. (4.9)

Noting that the same type of arguments (with even better kernel estimates) applies
to the operator A — K, we finally obtain (4.5) with the aid of (4.6)-(4.9) and the

theorem below. O

Theorem 4.2. Suppose that the kernel function of the operator

Bu(s) = /7T b(s,o)v(o)do

—T

satisfies (4.8), and assume that (4.9) holds. Then we have
1B(I — Pa)wllo = O(R').

In the case of rather general Mellin convolution operators B, approximation
results of this type have been obtained in [4, 7] for (discontinuous) piecewise poly-
nomials, whereas [8] contains a partial result for smoothest splines which, however,
does not cover the above result. Modifying the approach of [8] slightly, we are able
to give the

Proof of Theorem 4.2. Following [2] and [8], we first introduce suitable quasi-
interpolants, leading to local spline approximation results. Let u be the (k — 1)
fold convolution of k copies of the characteristic function of (0,1), and define the
B-spline B;(s), s € R, i € 7, as the 2r—periodic extension of u(h~'(s + m) — 7).
Note that {B; : 2 = 0,...,n — 1} is a basis of V}* if n > k, and for any element
v =3, (;B; € VF, the inequalities

R IGE < lolls < ch DD IGI (4.10)

hold (see e.g. [2, Chap. 4, Theorem 2.5]), where here and in what follows ¢ is some
positive constant independent of A.

Let {s;} be the uniform mesh introduced in the preceding section. Furthermore,
let I; = (si,8i+1) and I; = (S;y1-k, Sit+k), and for n sufficiently large introduce the
set

J={€Z:;n(-hh)=0}.
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For any v € H° we now define the quasi-interpolant Pyv € ViE by

Bu(s) = S {n" /IR ¢4 om) — §)dthu(R (s + ) — )

€T

Y (= / VBA(RY(t + ) — i)dt} B(s), (4.11)

1€J,0<2<n

where A is a bounded function on IR satisfying supp A = [0,1], flg A(s)ds = 1, and
ifk>1,

/IR/IRA(S),UJ(U)(S —o)dsdo=0,1<j<k-1.

For instance, A can be chosen as the product of the characteristic function of (0,1)
with a uniquely determined polynomial of degree k — 1 (see [2, Chap. 4, proof of
Theorem 2.4]). Note that the equality in (4.11) is clear from the 27—periodicity
of v. Thus (4.11) is a slight modification of the spline approximations considered
in [2, Chap. 4], ensuring that Pyu = 0 on (—h, k). Moreover, (4.11) reproduces
polynomials locally in the sense that if v is a polynomlal of degree <k—1on an
interval I; then th( )=wv(s)forall s € [;, any 1 € J with 0 < ¢ < n—1 (see
[2, Chap. 4, Remark 3.1]), and for these ¢ we have the local error estimates (see [2,
Chap. 4, Theorem 3.1))

/ lv — Pyol?ds < chzm/ |D™v|?ds Yv € H™, m=1,..,k. (4.12)
I; I;
By virtue of (4.10), the estimate
/ lv — Pyu|?ds < c/ lv|*ds Vv € H° (4.13)
I; I;

is valid for any 0 <:<n — 1.

Since we may write
B(I — Py)w = B(I — P)s"*s*{(I — P,)w

Theorem 4.2 is now a consequence of the estimates

|s¥74T — By)w|le = O(R¥), (4.14)

I|B(I — Py)s" ™ v|lo < chF|vl|le Vv e HY,
where by duality the latter is equivalent to
|8 (I — Py)B*vl|o < ch**||v|lo Vv e H, (4.15)

B* being the integral operator with kernel b(o, s).
To establish (4.14), we observe that (4.12) (with m = k) implies
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/ Is*H(T — By)w|*ds < |si|2(k_l)ch2k/~ | D*w|?ds
I; I;

< |(si+k/si)|2(l_k)ch2k/~ |s*~ D*w|?ds < ch2k/ |s*~! Dkw|?ds
I; I;

(4.16)

for allz € J with 0 <7 <n —1. Analogously, by (4.13) we have for any 7 satisfying
L0 {(—(k + 1)k, —3h/2) U (3h/2, (k + )h)} 7 0

/ |s*=H (1 — Pp)w|?ds < c/ |s* 7 w|?ds < ch2k/ |s7'w|?ds . (4.17)
I; I; I;
Finally, combining the estimate

h 5 h h
/ |s*7HT — Py)w|*ds = / |s*~w|?ds < chzk/ |s7'w|?ds,
—h —h h

with (4.16) and (4.17), we obtain
1557 = Pu)wl[§ < ch®* {||s*' D*uwl [} + ||s~"w|[5}
which with the aid of (4.9) gives (4.14).
To prove (4.15), we write
s"R(I — P)B*v = s ¥ (I — P)(1 — xn)(I — Py)B*v + s *(I — Py)xnB*v,

where x5, denotes the characteristic function of (—h,h); recall that xnPav = 0 for
any v € H°. Now Lemma 4.1 below (with ¢ = [ — k) implies the estimates

[['=*(1 = Pa)xaB™v|lo < ch!™*||Bv]lo < ch'*|lv]fo,
1871 = Pu)(L — xa)(I — Pu)B*|| < cl|s'™*(I — Pa)B"v]fo

for all v € H°. Thus it remains to verify the inequality
||s'=%(I — P,)B*vl|o < ch'*||v|lo Vwe HC. (4.18)
Using the facts that (4.8) is also valid for the kernel of B* and that an integral
operator with Mellin convolution kernel |s|¢(|s| + |o|)7¢7!, ¢ > 0, is bounded on
Ly(—m,m) (see e.g. [4, 7]), we now obtain that s™D™B* are bounded operators on
H® for m =0, ...,l — k. Using (4.12) (with m = [ — k) and arguing as in the proof
of (4.16), we get
/ Isi*(1 — By)B*v[*ds
I
< |(si+1/si+1_k)|2(l_k)ch2(l_k)/ |s'=* D'=F B*y|?ds (4.19)
I;
< ch2(H) / |s=* DIk By 2ds
I;

for any z € J with 0 <2 <n — 1. Furthermore, we have the obvious estimate

(1+k)h - 5
/ |s'™*(I — Py)B*v[’ds < ch®M|(I — B,)B*v|[3 < ch®H)|| B3,
—(1+k)R
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and combining this with (4.19) yields

18751 = Pa) B[} < ch®P{||s'*D'* Bol[f + || B*v| |3}
< R Py 2

which completes the proof of (4.18). O

To complete the proof of Theorem 4.2, we need the following lemma. Its proof
is based on the technique introduced in [8, Lemma 3.3].

Lemma 4.1. If p > 0 then, for allv € H° and h > 0,
(z) |lIs]®Pa(1 — xn)vllo < cl[|s]®v]]o,
(%) || Is[¢Puxnvllo < ch®[[v]o.

Proof. (i) Let {B; : 4 = 0,...,n — 1} be the basis of V}* defined above and let
G,' = (9i5)7520 be the inverse of the Gram matrix G, = ((B;, B;))i Then the
orthogonal projection P, onto Vi* takes the form

1_70

Pyo(s Z{Zg”vff} ((s) (4.20)

We now fix an integer 2o > 1 which will be chosen sufficiently large later on, and set
t; = |s;| when supp B; N (—ioh,i0h) = 0 and ¢; = ioh otherwise. Observe that (4.20)
can be written

Py =F,H,M,v, (4.21)
where the mappings M,, : L — C", H, : C* — C" and F,, : C™ — Lj are given by

Mw = (tth72(v, B)))5

o
|

Ho (Gt = (htfzgijtf(j) :

J =0

F.(G)et = thgh_l/zﬁBi-

Here L3 denotes the weighted L, space with norm || |s|%v||o, and C™ refers to the
n—dimensional Euclidean space equipped with the standard scalar product (-,-) and
the corresponding norm | - |.

To prove (i), we check that the operators F,, M, (1 — xx) and H, are uniformly
bounded in n provided iy is appropriately chosen. Since the second estimate of
(4.10) easily gives

1150 GBills < ch Do t21GP,
we first obtain, for all n and ((;)5~" € C*,

Hsl?Fa(G)s 7 g < ¢ DO1GI, (4.22)
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hence the result for F,,. To verify the uniform boundedness of M,,(1—x3) : L3 — C™,
we note that for any v € L},0<i<n—1and 3> 1

R (L =)o, B < #oR [ sPelofPds [ |28 (1 - xa) Bl

%

< hTIBE [T IsPeloftds
which gives l
[ Ma(1 = xa)ol” = D [EER72((1 = xa)v, Bo)I* < ]| Is]%][5. (4.23)
Thus it remains to prove
||Hpnllcrson < ¢ Vn > 1 (4.24)

for 79 large enough. Defining the diagonal matrix
D, =diag{t}, :=0,...,n— 1}
and setting
Jo=h7'Gn, K, =h"'D,G,D;' — J,,
we observe that
H,=hD,G;'D;' = (J.+ K,)™".
Therefore, (4.24) follows from the relations
|| Jnllcnsen < c, || |onsen < ¢ Vne N (4.25)
and
Vé>0 dig: ||Kullcrnoser <8 Vn > 1. (4.26)
To prove (4.25), we note that (4.10) implies
UG (G), (G)) < RI(G) < {Ga(G), (G)) V(G) € C™,
and hence
(G < (Inl(G), (6)) < (G,

which gives the result. It remains to verify (4.26). The elements k;; of K,, take the
form

kij = h_lthijt;Q — h_lGij , Gij = (Bj, BZ) .
Thus we have for all 7, 7
|kij| < A7 Gijsup |1 — (t1/tm)?,

where the supremum is taken over all indices I, m satisfying |l — m| < k — 1. Conse-
quently, by the definition of ¢;, this supremum can be made as small as desired for
all n > 1q if 19 is chosen sufficiently large, and we now obtain (4.26) with the aid of
the first inequality in (4.25).

(ii) By virtue of (4.21), (4.22) and (4.24), it suffices to show the estimate
|Mnth|2 = thgh_1|(th,B¢)|2 < ch29||v||(2) Yve H°, ¥ne IN.

The latter is true because ¢; < ch for all 4 satisfying supp B; N (—h,h) £ 0. O
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5. SOME SPLINE APPROXIMATION RESULTS

The superconvergence results depend on proving the estimate (4.4) for the op-
erator P, — Rj, where Py, is the orthogonal projection of H® onto the set V} of
smoothest 27—periodic splines of order k£ on a uniform mesh, with mesh spacing
h = 2w /n, and R}, denotes the solution operator of the qualocation method (2.10)
for the circle. This will now be established, in a more general setting, as a corollary
of two spline approximation results which also seem to be of independent interest.

With @ (s) := e™/(2m)'/2) let
Th:={om: —mn/2<m<n/2}.
Furthermore, let py, : Ly = H° — V}, be the projection defined by

Prg € Vi, (prg; x) = (9,x) Yx € Th. (5.1)
Note that the orthogonal projection Py is defined by
Prg € Vi, (Png,x) = (9,x) YXE Vn. (5.2)

Theorem 5.1. For 0 <t < 2k,

||Png — prgllo < ch'||g]le,
if g € H.

Proof. As usual, define
Ah={meZ:—n/2<m<n/2}, A;=A\{0},
and
¥o ifu=0,
Yy = { > (£) om ifpen;,
m=p

so that {¢, : u € A} is a basis for V4. Here and elsewhere m = y means m = u
(mod n). Then png has the explicit formula

prg = Y, §()bu, (5.3)

HEAR

since we easily verify that (5.1) is then satisfied, using the easily proved relation

(¢u7 ‘1011) = 5uu , foru,veAy.
On the other hand Pjg has the explicit formula

S (£)" 4(m)
Prg = g(0)¢o +
R N

since we then have (Prg, o) = 9(0)vo = (g,%0), and for u € A},

(Prg ) = 3 (2 0m) = (9,3,

m=u

Pus (5.4)

so that (5.2) is satisfied. The denominator (¢,,%,) in (5.4) can be written, for
w € A}, as
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(¢u7¢u) =

(5.5)
where for |y| < 1/2

D)= > (ﬁ) 14 B () (55)
and

B =y S < e (5.7)
Thus
Pag—prg = z;m L () atm) - (142 ()) 0 s
- % g 5 (B (2 s S (2)
giving
Pa-pall = 55 pollom (Bt + X () aom) (£)"
= 5 g2 (o () i)

IN

2>

pEAY

> (%)ké(m)r = A+ B,

m=u

B (L) atw)| +2

pEAY

where we have used D*(y) > 1, (a + b)2 < 2(a2 + bz) and the notation

m=u m=u
m#u
Now for 0 < ¢ < 2k, by (5.7)
| 2 B 2
A < e = g <ed (2| 18(w)]
pedr 1T perr 1T
= ch® Y |p[*g(p)? < ch*|lgll7,
HEAL
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and

B <2y W(g

1
weh; [m

IN

i)
o % (3 i i) )

< e Y (Z k+t> (Z p

HeEA} =

o)

Because Z(k +t) > 1 we have

C
= <
mzz:u |m|2 (k+t) Z lw + ln|2 (k+t) 2(k+t) ;; |l—|—,u/n|2 (k+t) = p2(k+e)
SO
B <ch® 37 37 Iml*lg(m) < ch®|lgll;

HEAF M=p

Putting the results together, we obtain

|1 Prg — pagllg < ch™|lgll;

for 0 <t < 2k. O
Now let L be the (periodic) pseudo—differential operator of real order 8 defined
by
Lv = ’lA)(O)(,Do + Z |m|ﬂ'ﬁ(m)90m7
m#0
or by

Lv =95(0)po + 3 sign m|m|?5(m)pm .

m#0

In the former case L is "even”, in the latter case it is odd”. With V}/ denoting the set
of smoothest splines of order &’ on the same mesh as above, we define g, = Rpg € Vj,
to be the solution of the qualocation equation (cf. (2.10):

(Lgn,x)n = (Lg,x)n VX €V, (5.8)

where the qualocation method is assumed to be (in the sense of [5]) both stable and
of order k — B + b: that is to say, the "additional order of convergence” is b > 0.
We also need to assume that the qualocation method is "well defined”, i.e. (see
[5, (2.12), (2.13)]) either & > B8+ 1, or kK > B + 1/2 and the breakpoints are not

quadrature points.

Theorem 5.2. If g, € Vi s the solution of the well defined qualocation method
(5.8), assumed to be stable and to have additional order of convergence b, then for

0<t<k—fB+bandt>p+1/2

|lgn — Prgllo < ch®[|g]|s+max(s,0)
'Lfg € Ht—l—max(ﬂ,O).
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Proof. Since g € Vi, we have
gn = Z gh 1/Ju;

HEAR

which together with (5.3) gives
gn—png = D (9n(k) — 3(u))pu

HEAR
2
; ; ; . p
= (@(0) = 300+ X (@)~ 3) X (2) wm,
ﬂEAZ m=u m
and hence
2
low—prslB = 168(0) — 3O+ X 3 lonle) — 6(u)P [ 2]
BEA} MEp m
< 3n(0) = g(O) + ¢ D 1gn(u) — g(w)
pEA

Now [5, (3.4)] gives
an(0) = 5(0) = X w; 3 "[mleg(m)pm/n(&3)

7 m=0
with (for m # 0)
s = |m |P if L is even
™8 = sign m|m|P if L is odd.

Thus with 7 := ¢t 4+ max(8,0)
an(0) = 4(0)* < (Z Iml|?
m=0
< 3 ImPE YT mPig(m)?

m=0 m=0

< ch?TA)|g|2 < ch®||g]2,
because T — >t — > 1/2 and 7 — § > ¢t. And also from [5, (3.4)], for u € A},
. . E(p/n) .
grn k) — g\H
K =) = = D )

where because the method is stable inf |D(y)| > 0, and because the method is of
additional order b,

g(m>|)2 -(x ’|m|ﬂ-f|m|f|g(m>|)2

9(p) + Rn(p),

|E(y)| < cly*P** for |y < 1/2;

me (§)(1 + A (51', (%)) ,

where from [5, Lemma 1 (iv)] |A'(z,y)| < ¢ for z € [0,1] and |y| < 1/2, giving

2(k—B+b)
3 lan(p) — g <e Y

BEAL BEAL

R =0 (2) S X (7] o

n

7

n

s(WP +¢ Y |Ralw)? =Y + 2.

peEA
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Becauset <k—fF+band t <7,

Y = ¢y | g <ed = law)]
pEAS HEAL
e )2 < ch®|gl2 < ch®|lgll2,
HeEA}
and
8 2
RNt N
Z = ¢Y |R(w)P<ec Y (Z —‘ g(m)|)
pEA] HEAL = H
2
< e 55 (3 imP il
KEA} m=H
SCZH4w2|W2 D3 el la(e)P
MEA* P=p
< ch2B) N |28 Z Im
BEAL
Now
_ 1 if3>0
|l f < { B B <0
_ n—ﬂ—l—max(ﬂ,O)‘
Thus
7 < ch2t—|—2(max(,5,0)—,5)n (max(8,0)— Z Z |m |2 < Ch2t||g||7"

pEA; m=p

Thus on combining terms, we find

lgn — ugll2 < R lgl 2 = h*|lg| By maxipcy

Corollary 5.1. Let gy be as in Theorem 5.2, with § < 0. Then for 0 < ¢t <
min(2k,k—B+0b), t > B+ 1/2,

[1Png — gnllo < ch||g]le.

In particular, applying the last result to the pseudodifferential operator (2.12)
which is of order —1, we obtain an estimate which implies (4.4).
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