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ABSTRACT. A notion of stability for a special type of test equations is proposed.
These are stochastic differential equations with multiplicative noise for which
there is a connection between the parameters in the drift and diffusion coefficient.
By means of the Euler scheme and two different implicit Euler schemes a method
to find the regions of stability is also examined.
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1. INTRODUCTION

If we want to apply numerical methods to Stratonovich stochastic differential equa-
tions of the form dX,; = a(t, X;)dt +b(¢, X;) odW, we have to examine their regions
of stability. The knowledge about the stability of a numerical method is a crucial
point to decide for a given stochastic differential equation whether the method is
appropriate or not. The existence of noise in the stochastic case provides a num-
ber of difficulties which we have not for ordinary differential equations. Before we
consider the situation for stochastic differential equations we give a short overview
about the concept of stability for deterministic numerical schemes.

In the deterministic sense talking of numerical stability of a one - step method

Yntl = Yn + ‘I’(tn;ym An)An (1'1)

with an increment function ¥ = ¥(¢,z,A) means that an error will remain
bounded with respect to an initial error for an ordinary differential equation

where a(t,z) satisfies a Lipschitz condition. We say more precisely that a one -
step method (1.1) is called numerically stable if for each time interval [to,T] and
given differential equation (1.2) there exist positive constants Ag and M such that

lyn - gﬂl S Mlyo - '.;/-OI (13)

for alln = 0,1,...,nr (we have y,, = y(T) ) and any two solutions ¥,,yn of
(1.1) corresponding to any time discretization with m:XAn < No .

Here the constant M can be quite large. In order to ensure that the error does
not grow over an infinite time horizont one introduces the notion of asymptotic
numerical stability. A one - step method (1.1) is called asymptotically numerically

stable for a given differential equation if there exist positive constants A, and
M such that

nll’r& |yn - gnl S MlyO - 370' (14)

for any two solutions y,§ of (1.1) corresponding to any time discretization with
mfon < A, . From the practical point of view one is not only interested in
the problem whether a method is numerically stable or not , but one asks for the
step size A which one has to choose. For this purpose one considers the class of
complex valued test equations

dz

with A = A; + As2 which is equivalent to the 2 - dimensional differential equations

_(%E (BI _ /\1 -—-Az 231
dt z? - /\g Al z2

where z = z' + 2% . To decide which step sizes one can use it is helpful to
study the region of stability of the scheme. If one can write a numerical scheme in



a recursive form
Y1 = G(AA)Y, (1.6)

then the set of all complex numbers AA with |G(AA)| < 1 describes the region
of absolute stability of the scheme. For the Euler scheme

Yot = (1 +2A)Y,

the region of absolute stability is an open unit disc centered at the point —1+4 0z .
Including additive noise in the test equations (1.5) leads to a simple stochastic
generalization of the concept of asymptotic numerical stablhty For the resulting
class of test equations

where the parameter A is a complex number with Re (1) < 0 and W is a real -
valued standard Wiener process the regions of stability of some stochastic numerical
schemes were considered in [5]. Under the assumption that a given scheme with
equidistant step size A applied to the test equation (1.7) with Re (1) < 0 allows
a representation in the form

Yo = GAAY, + Z, ~ (1.8)
for n=0,1,..., where G is a complex function and the Zy,Z,,... are random
variables which do not depend on A or the Y, ..., Y1 the set of complex numbers
AA with A; = Re()) < 0 and |G(AA)| < 1 is called the region of absolute
stability of the scheme . For example we know from [5] that the region of absolute
stability for the explicit Euler scheme

Yo =Y, + <a(tn,Y,,) + 5bltn, Vo) b(tn,Y )) A+ b(t, Va)AW,  (1.9)

is the same as in the deterministic case, namely the interior of an unit circle with
the centre in the point —140z . Similar as in the deterministic case one also has the
notion of A- stability for stochastic schemes. One says that a stochastic schemeis A
- stable if its region of absolute stability is the whole left half of the complex plane.
Of course an A - stable stochastic scheme is also A -stable in the deterministic
sense for an ordinary differential equation. If we want to use stochastic numerical
schemes to solve applied problems we have to simulate only in a few cases such
simple equations as (1.7). The underlying situation is a completely different one if
the diffusion coeflicient is more complicated. Then it is the first request to introduce
a new reasonable notion of stability of stochastic numerical schemes. The aim of
this paper is to provide such a notion and to use it to find the regions of stability
for given numerical methods with respect to a class of test equations. Here this
will be a specific class of stochastic differential equations involving the effect of
multiplicative noise.



2. A NOTION OF STABILITY FOR A CLASS OF TEST EQUATIONS

In this section we introduce a concept of stochastic numerical stability for stochastic
differential equations with multiplicative noise. For this purpose we consider the
class of complex valued test equations

dX, = (1 — @)X X, dt + VayX; o dW; (2.1)

where ) and v are complex numbers, W is a real standard Wiener process and
the parameter « is a real number which belongs to the interval [0,1] . Changing
the parameter o shifts the weights between drift and diffusion coefficients in the
equation. In order to simplify the descriptions of the regions of stability it will be
our aim to look at such equations (2.1) for which there is a suitable connection
between the parameters A and . Suppose that we can write a given stochastic
scheme with equidistant step size A applied to a test equation which belongs to
the class (2.1) in the recursive form

Yop1 = GOA VA, W)Y, (2.2)

where G is a complex valued function which is random and which does not depend
on Yy, ..., Yoq1 - Then we shall say that the subset [' of the complex plane with

= {)\A € C: Re(A) < 0,Re(v?) < 0, |esssup G(/\A,vx/z,w)l < 1} (2.3)

forms the region of stability of the scheme. The main difference between the mul-
tiplicative noise case and the additive noise case is that we can not easily express
the recursive representation of a given scheme in terms of a deterministic com-
plex mapping and a random variable which is separated from the mapping. That
means it remains a complex mapping which involves a random variable. So, in some
sense we have to consider all possible realizations of.this random variable. By using
the essential supremum of the mapping to characterize the region of stability we
consider the worst case. )

Now, let us investigate whether the choice of our class of test equations is reason-
able. For this we have to examine the stability of the test equation itself. Obviously,
it is helpful to show that for every ¢t the absolute value of the p th moment of X,
remains bounded. At the beginning we refer to the fact that the explicit solution
of (2.1) is )

X, = Xoexp{(1 — a)Mt + VayW,} (2.4)
that is
X2 = X exp{p((1 - )Xt + Vay W} (25)

Then we can understand X7 as solution of the Stratonovich equation
t t
XP = XP 4 / p(1 — a)AXPds + / py/ayXP o dW,. (2.6)
0 0
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Rewriting (2.6) in the corresponding Ito form leads to
t 1
X =X5+ /(; (p(l —a)X + Epza'yz)des (2.7)

t
+ / p/ayXPdW,.
0

. By the help of the solution (2.5) of equation (2.7) we can derive the following
expression for the p th moment

B(XP) = BOXE)exp{p((1 — o))+ ypory’)i} (28)

N L .
= B(XZ)exp{p((1 — &)(M + Xai) + 5pa(7} + 272 — 7))t}
From (2.8) follows for the absolute value

) 1
BXD) = [BXD)|jexp{p(l — e)hat)| - |exp{5p’aRe(v))i} |- (29)
So, we get under the conditions A; = Re(A) <0 and Re(y®) <0 theestimate
|E(xP)| < |B(x)|. (2.10)

That means in this case the test equation is stable for all moments. This shows
that the restrictions Re(A) < 0 and Re(y?) < 0 in (2.3) are reasonable. The
condition Re(A) < 0 is sufficient if we consider only test equations satisfying the
relation y2 = X . »

To be able to clear some questions concerning the stability of stochastic numerical
methods we restrict our interest in this paper on test equations with v> = A . In
this case we can hope that it is possible to express the regions of stability in terms
of AA only. The fact that the condition Re(y?) < 0 vanishes is also a justification
for our decision.

3. STABILITY OF THE EXPLICIT EULER SCHEME

In this section by means of the explicit Euler scheme we want to show how we can
find a region of the complex AA - plane for which we have reliable information
about the step size A and the parameter A to yield a stable behaviour . For
reasons we already explained above we assume that 42 = X . Thus we can express
4 in terms of A. Supposing 2 = ) leads to

A = Re(/\) = ’712 = ’Yg

~and
)\2 = Im(/\) = 2’)’2")’1.



- or

The two equations are equivalent to
A2

T = Re(')’) = 2,_72

(3.1)

and Y2 =(Im()’=v-\ (3.2)
By using (3.1) we get from (3.2) the quadratic equation

2 Az ’
N+ A — o =0

where 7 :=+2 . The two solutions of this equation are
1+
ma= 5= )

and hence four different cases are possible . By applying (3.1) to every v, we can
find the corresponding +; . We discuss the situation in the following way :

() = 5(M = %)

+ /1
(72)1 = _\/‘2‘(|)‘| — A1)
that is we can use either

1 Az
Y2 = \/E(IM —A) and m= m (33)

1 o
Y2 = — E(MI — )\1) and "= ——_2_(_|—,\|_-—,\1). (3.4)

Furthermore from

leads to

() = —5(N + 2)

+ /1 )
(12)2 = A §(|M + 1)1
such that either
1 . Azt
vo=1/=(A+XM)i and g = (3.5)
2 1 20 + M)

it follows

1 . _ Azt
Y2 ——\/§(|>‘|+/\1)Z and Y= ——‘——2(])\|+/\1)- (3.6)



Now, we are especially interested in the Euler scheme with respect to the following
question. In which way can we characterize the region of stability for the Euler
scheme for each of the four different possibilities to choose v ?

The simplified Euler scheme which is suitable for weak approximation applied on
the test equation (2.1) has the form

Yor1 = Yo+ ((1 —a)A\Y, + %a’yzYn> A+ VarY./AE (3.7)

= (1+ ((1 —a)A + -;—a'yz) A+ VayV/A §)Y,

where ¢ is a two - point distributed random variable with P(¢ = *1) = 3 - So,

we have a recursive representation of the scheme involving a complex mapping G
with '

: 1
GOAA VA, w) =1+ (1 —a)AA+ Ea(y\/—A-)z +VayV/A¢.
We choose v in the form (3.3). It follows

GOA, WA W) = GOA,w)

= 14+(1—a)(MA + AAd)+

XZ 1 . ’
i} ( 2 V2 ) |

Az 1 :
+ Ve (—m+\/§(|>\|'/\1)2> VAL (3.8)

Then the third condition on the set T' in (2.3) leads to

N —

esssup G(AA, VA, w) l =

aliA al al
1+ (L —a)MA+ 20— — — (A = M) + Ay ——
1 al .
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Squaring this inequality we obtain

(1 -zt (1 -ama - 220N =)

LA 2aA (&\/ al\ +1)}
VIT=2 V2 V() =)

+o(1- %a))\gA{(l - %a)/\zA + 2 (] - M) }

A }\zaA
+ oA {2+ 2 }
22(1A1 = M) 8(|1Al - (I/\l A1)
2aA 1 5040 1
+ Az m—ga AZAZ 2C¥A2 2 (lAI A]
1 2
+ Ig[OLA(|A|-A1)] < 0. (3.10)

Setting « = 0 reduces (2.1) to the ordinary differential equation dX, = A X,dt
for which the region of absolute stability of the explicit Euler scheme is the interior
of the unit disc centered on —1 + 0z . On the other hand for & =1 we obtain

1 1
Ay vt N W

1 1 )
2_ - - 2 )
(X24) BN + 8(/\2A)

+ f/\z VIAA = M A + V2040 \/____

IMA = \A

1 4
1—6‘(1\2A)

+

___ _ 2
+ 16(|A|A MA? <0,

Multiplying this inequality with (J]A\|A—A;A)? provides an implicit representation
which is appropriate to describe the region of stability. So, we get

508 + = aa P (A = i)
+ (AZA){ (IAA = M A + (JMA — AlA)}

+ AzA{m\/(I/\IA — A+ V2 /(MA - /\IA)3}

1 .
+ (MA - XA) <0 (3.11)

and we obtain the following result for a situation without drift coeflicient .
For every complex number AA = A\ A + MA:r with Ay < 0 which satisfies the
inequality (3.11) the explicit Euler scheme is numerically stable if we choose v as

in (3.3).



The other three possibilities to choose <y yield corresponding but other inequalities.
More precisely that means we obtain

1
)
+ OaAP{ENA = AV + (NA - ua))

1 4 3
T () = == (AP Y(AA - 4A)

- /\zA{é%\/(IAIA — MA) +V2/(]AA - /\IA)C’}
+ -l%(IAIA - MA) <0 | (3.12)
for v asin (3.4),

1 1
S8 + (08 SAA + XA

1 3 1 4
TS b (1A + X04)

2—1—\/5\/(IAIA TA) 4 (MDA + MAY?
— V2J/(INA + XA < 0 (3.13)
for 4 asin (3.5) and

S0an) + (AP (M + A

+ Xl@\/(IAIA + AlA)C"} + -11—6(IAIA +MA)

1
—=+/(|A|A + X1 A)7 A+ XA0)°
+ 5V IAA+ XY + (A +22)

+ V2y/(MA + XA < 0 (3.14)

for 4 as in (3.6). All these results refer to the fully stochastic case @ =1. On one
hand we can show that any solution of (3.11) with a negative imaginary part is a
solution of (3.13) too. The same conclusion holds for any solution of (3.12) for which
the imaginary part is positive. On the other hand we can show that any solution of
(3.11) with a positive imaginary part is a solution of (3.14) too. The same conclusion
holds for any solution of (3.12) for which the imaginary part is negative. However
it is easy to see that the set of complex numbers AA which satisfy the inequality
(3.14) is empty. Hence the whole region of stability is described by (3.13). That is
in the fully stochastic case o = 1 the Euler scheme is stable inside a subset T of
the complex AA - plane where

f— {AA € C: Re()) <0, (3.13) is fulﬁlled}. | (3.15)

In order to obtain regions of stability for other parameter values of o one has
to handle the corresponding more general inequality (for example (3.10)) in an
appropriate way. To plot the regions of stability one has to evaluate the equation

8



for its boundary numerically. For example, a complex number AA belongs to the
boundary of I' if the relation

F0aA) + AP (A + 2AY

1 1
- = Jpa AA?'} Z(MA + A A)
775 V(MA + A7) + 7 (MA +X:4)

1
—=/(|AA + A A) AA + 20 A)°
775V (MA +0A) + (M4 + X:4)

- V2/(NA+XA8 =0 (3.16)

is satisfied.

4. IMPLICIT EULER SCHEMES

Now, we want to investigate under which conditions the application of the drift
implicit Euler scheme

1
Yopn = Yo+ (a(tn+1, Yot1) + §b(tn+1, Yot1)-

)
@b(tn-l-l; Y;H-l ))A + b(tm Yn)AWﬂ

and the fully implicit Euler scheme

1
Yopu = Yo+ (G(tn+1,Yn+1) - §b(tn+1,Yn+1) ’
6
Eb(tn-l—l’ Y,,+1))A + b(tnt1, Yoy1) AW,

increase the stability. For this purpose we will compare the two different implicit
Euler schemes with each other and with the explicit Euler scheme respectively. In
one case we introduced implicitness only in the drift coefficient and in the other
case we also made the diffusion coefficient implicit. Later we will see that for a
suitable choice of the involved random variables the fully implicit Euler scheme
with implicit drift and diffusion coefficients is more stable than other schemes of
Euler type. At first let us look on the implicit Euler scheme which is implicit only
in the drift term. This method applied to equation (2.1) yields

Yopr = Yo+ (1= @)AVops + %wy?yﬂ“)a + Ve Y, VAL,
It follows '
(1-@-ana- %MZA)Y,,H = (1 + VayVAL)Y,
that is
Yo = (1-(1-a)rA - %MZA)'I (14 VayVA gy, (4.1)

where ¢ is two-point distributed with P(¢ = *1) = 1. In the deterministic case
a = 0 the scheme (4.1) is stable in the whole left half of the complex plane as

9



already explained in [5]. Hence the scheme is A - stable . In the case o = 1 we
have for v as in (3.3)

COA VA W) = GOA,W)
| 1 A} -1
= (13 lgprey H 50 -w)a)
2 1 .
<1+(m+ -2-(|/\|—)\1)-z)\/56>. (4.2)

For (4.2) the condition

ess sup G()\A,’y\/z, w) l <1

leads to the inequality

‘ (m V"(p‘l >‘1 \/—‘

|1 1(_(“‘?)“2Z SN - ))A'

and we obtain finally

SOa8) = (LAP{S(NA = LAY~ (NA - X, 4)}

+ V2huA(AA - LAY - %6(|A|A - MA) < 0. (4.3)

In similar way follows

Oa8) = (AP{Z(NA = LAY — (A - 44))

1
V2 Ay/(INA - \AY - (A= XA) <0 (4.4)
for v asin (3.4),

1 1 ' 1
0aA) = ZO0AP(A + LAY — (N + MA)

+ (INA + MAYR — V2/(IMA + MA)P < 0 (4.5)
for 4 as in (3.5) and |

1 1 1
5 (A28) = SOAP(INA + MAY = (A +1A)*

+ (IMNA+MAYR +V2/(INA +MA)E < 0 (4.6)

for v as in (3.6). It is possible to show that any solution of (4.3) with a negative
imaginary part and any solution of (4.4) with a positive imaginary part respectively
is a solution of (4.5) too. Just as any solution of (4.3) with a positive imaginary part
and any solution of (4.4) with a negative imaginary part respectively is a solution
of (4.6) too. Furthermore we can show that (4.5) also follows from (4.6). Therefore

10



for the drift implicit Euler scheme the inequality (4.5) is sufficient to characterize
the region of stability. So, we can say that in the case o = 1 the drift implicit
Euler scheme is stable inside a subset I'; of the complex XA -plane where

f = {AA € C: Re(A) <0, (4.5) is fulﬁlled}. | (4.7)

Once again we start with equation (2.1) and now we use the fully implicit Euler
scheme to obtain

1
Yapr = Yot (1= )Moy — 207’ Yapr)A

2
+VayYaa VAL
So, we have
(1 —(1—a))A + —;a'y?A — \/57\/55) Yoi =Y,
that is

1 _
Yo = (1 —(1—-a))A + §afyzA - \/a'y\/_A_f) lYn

1
B (1 —(1—a)AA + Joy?A — \/E'y\/zf) - (48)

Here we also choose ¢ as two- point distributed with P(¢ = t1 = % . Under the
familiar assumption we proceed in the same manner as above to find the region
of stability. That is for each of the four possible choices of v we try to get the
inequality which describes our region of stability. We have for example for v from

(3.3)

GOAA VA, W) = GOA,w)
_ (1—(1—a)(A1A+)\2Ai)

1 ¥

RO

Az 1 . i) .
iy a0

VA 5) - (4.9)

o1
+ai = 5(1M = A)) A

For (4.9) in the case a =1 the condition

| esssup GAA, VA, w)| < 1

11



leads to the inequality
1 1
+ (AzAf{ (A1A = MA) + (JA]A = A}

- ,\2A{'27§\/(1A|A - LAY+ V2/(AA - MAy]

1 .

A2 A) — APV A = A

If we denote the subsets of the complex AA- plane which correspond to the in-
equalities (3.11), (3.12), (3.13) and (3.14) with Iy, 1"2, T'; and Ty, respectively, then
it is not difficult to see that the set T'; := (C\(I‘z UBI‘Z) corresponds to (4.10) where

8T, denotes the boundary of I';. For v from (3.4) we obtain in an analogous way
the inequality

1 4 1 3
TEOA) 4 S =AY IA = A
+ (AZA)z{%(mA “ AR+ (MDA - 2a))

+ Aza{-é-lf—z-\/(um EEWNERRVCN (T NSSWNT)

+ I%(MlA—AlA)" > 0. | - (a11)

which is fulfilled for every element from T'; := C\(f‘l u Bf‘l) . For ~ from (3.5) we
get the inequality

SO+ (AR {GINA + 2A) + o NI+ 1A

1 4y
+ E(|/\|A + A+

f\/ XA + A A)

+ (IMA + MAP + V2 /(IAA + )A) > 0 (4.12)

which holds for every element from T := C\R_ and for v from (3.6) we get the
inequality

16(A2A) (AZA)Z{%UMA +MAY - E%\mm W

b g(NA+Ma) - = A+ LAY

+ (IMA + MAP - V2/(IAA + 3A) > 0 (4.13)

which holds for every element from T, := C\(T'3 U Bf‘g) We notice that the AA
with Im(A) = 0 and Re()) < 0 are not elements of T's , but they are elements of
both Ty and T, . So, we obtain for the fully implicit Euler scheme with & = 1 the
whole left half of the complex AA - plane as region of stability. With other words

12



we can say that to every complex number A we can find a suitable v such that
the fully implicit Euler scheme (4.8) is numerically stable.

From the investigations of section 2 and 3 we learned that the applicability of a
method is strongly dependent on the choice of the random variable £. If we take
for instance in the scheme (3.7) ¢ as a standard Gaussian random variable then
esssup, G(AA,yv/A,w) is infinite because of (3.8). We note easily that one of
the factors may become extremely large for standard Gaussian ¢ if we represent
scheme (4.8) in the form

1 n
tn = (1—(1—a))\A+%a72A,—\/a’)’\/Kf) Yo (4.14)

This clearly can not be a stable scheme.

5. SUMMARY AND OUTLOOK

We introduced a suitable test equation to make statements about the stability
of stochastic numerical methods applied to stochastic differential equations with
multiplicative noise. Similar as in the additive noise case (see [5]) we observed clear
“advantages of implicit Euler schemes compared with the explicit Euler scheme also
in the multiplicative noise case.

Furthermore, we proposed a fully implicit scheme with implicitness in drift and
diffusion coefficient.

We noticed the surprising and appealing fact that we obtain in the case a =1
the same region of stability as in the deterministic case a = 0. So it makes sense
to expect that this scheme is in more general situations a very powerful one. It
will be our next aim to evaluate the corresponding regions of stability numerically
and to apply our notion of stability in a more general situation. It should be also
our interest to get regions of stability for higher order schemes. Another idea is
to look for a characterization of the regions of stability by the use of Lyapunov
exponents corresponding to the discrete time systems. That means we search for
the Lyapunov exponents of the stochastic numerical schemes.

13
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