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ISBN 978-91-7597-840-6

c© OLA EMBRÉUS, 2019
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Kinetic modelling of runaways in plasmas
Ola Embréus

Department of Physics
Chalmers University of Technology

Abstract

The phenomenon of runaway occurs in plasmas in the presence of a
strong electric field, when the accelerating force overcomes the collisional
friction acting on the charged particles moving through the plasma.
Runaway is observed in both laboratory and space plasmas, and is of
great importance in fusion-energy research, where the energetic runaway
electrons can damage the plasma-facing components of fusion reactors.

In this thesis, we present a series of papers which investigate various
aspects of runaway dynamics. We advance the kinetic description of
electron runaway by deriving and analyzing a fully conservative large-
angle collision operator suitable for studying runaway dynamics, and
explore its impact on runaway generation and decay. We also present a
generalization of the Landau-Fokker-Planck equation to describe screen-
ing effects in partially ionized plasmas, providing improved capability of
modelling the effect of runaway mitigation schemes in fusion devices.

The emission of synchrotron and bremsstrahlung radiation are im-
portant energy-loss mechanisms for relativistic runaway electrons, and
they also provide essential diagnostic tools. We demonstrate the need
for a stochastic description in order to accurately describe the effect of
bremsstrahlung radiation losses on the electron motion. Synchrotron
radiation is often emitted at visible and infrared wavelengths in toka-
maks, allowing the emission to be readily observed. We have developed
a synthetic radiation diagnostic tool, SOFT, which provides new insight
into how features of the runaway distribution can affect the observed
emission patterns.

Finally, we have investigated the runaway dynamics of ions and of
positrons which are generated during runaway. The runaway description
in these cases differs from regular electron runaway due to the high
mass of the ions, and the fact that positrons are created with a large
momentum antiparallel to their direction of acceleration.

Keywords: plasma, runaway, Boltzmann equation, Fokker-Planck
equation, bremsstrahlung, synchrotron radiation, tokamak, positrons
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The Gaussian Radial Basis Function method for plasma kinetic
theory,
Physics Letters A 379, 2735 (2015).
https://doi.org/10.1016/j.physleta.2015.08.010

K J. Decker, E. Hirvijoki, O. Embréus, Y. Peysson, A. Stahl, I. Pusz-
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R L. Hesslow, O. Embréus, G. J. Wilkie, G. Papp and T. Fülöp,
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W A. Stahl, O. Embréus, G. Wilkie, M. Landreman, G. Papp and
T. Fülöp,
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Chapter 1

Introduction

A plasma is an ionized gas, sufficiently hot that the electrons have de-
tached from the atoms that carried them. Because it consists of free
charges, rather than neutral atoms, a plasma behaves differently to the
familiar gases and fluids encountered in everyday life. The addition
of electric and magnetic forces between the particles creates a rich in-
terplay, allowing a wide range of strange and wonderful phenomena to
occur. Some of these are well-known to most: lightning, electric sparks,
fluorescent lamps, the Sun and the stars, and even the aurora borealis
– the northern lights – are examples of plasmas. In fact, a majority of
the visible matter in the universe is in the plasma state. The study of
plasmas is a vast field of research, ranging from astrophysical research
and space physics, through fusion-energy research to various industrial
and medical applications.

Runaway is a phenomenon which occurs in any plasma in the pres-
ence of a sufficiently strong electric field. It is a process related to dielec-
tric breakdown, which occurs when electric sparks are created. Runaway
breakdown occurs in laboratory plasmas, such as those in tokamak fusion
devices [1], as well as in lightning discharges during thunderstorms [2],
and in astrophysical plasmas, such as solar flares [3]. In these scenarios,
a subpopulation of particles – typically electrons, which are the light-
est – are accelerated by the electric field to energies significantly higher
than the thermal energy, at which point they will emit large amounts of
radiation that will be visible to an observer.

The phenomenon of runaway can be understood by considering the
frictional drag force due to collisions which acts on a charged particle
moving through a plasma that is near thermodynamic equilibrium. Fric-

1
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tion in plasmas is a non-monotonic function of speed: at low speed, the
drag steadily grows in magnitude as the speed increases; however, above
the thermal speed of the particles, the drag force will instead decrease
in magnitude as the speed increases further. In the absence of an elec-
tric field, the friction force on the thermal particles will be balanced by
velocity-space diffusion induced by collisions, which tends to increase the
width of the velocity distribution. An equilibrium between friction and
diffusion is reached when the distribution takes the Maxwellian form,
fM = n(m/2πT )3/2 exp(−mv2/2T ), where m, n and T are the mass,
number density and temperature (in energy units, throughout this work)
of the species, and v is the speed.

In the presence of an electric field which acts to accelerate charged
particles, an electron with sufficiently high initial speed will experience
an unbounded acceleration to highly relativistic energies, where the elec-
trons move at close to the speed of light. At these energies, competing
physical effects become important, such as radiation losses caused by
the rapidly accelerated motion experienced by the particles when mov-
ing in electromagnetic fields (leading to synchrotron radiation) or in
collisions (causing bremsstrahlung emission). Figure 1.1 illustrates the
forces which act on a runaway electron.

Speed

eE

0.21eED

F
o
rc
e

Thermal
speed

Critical
speed

Collisional drag
dominates

Radiation losses
dominate

Runaway region

Figure 1.1: The speed-dependent force acting on a particle in a plasma,
showing friction due to collisions and radiation (solid, black) and acceleration
by an electric field (dashed, red). Not to scale (the speed where radiation losses
become important can be thousands of times larger than the thermal speed).
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1.1 Runaway generation

Historically, the basic runaway phenomenon was first encountered by
Wilson in the early 20th century, who considered the acceleration of β-
rays moving through a medium under the influence of a strong DC elec-
tric field [4, 5], having electron acceleration in thunderclouds in mind.
He demonstrated that in a sufficiently strong constant electric field, en-
ergetic electrons would gain kinetic energy at an increasing rate as they
accelerate. In 1926, in The Internal Constitution of the Stars, Eddington
coined the term “runaway” electron to describe this “Wilson effect” [6].

Primary generation

Among the earliest1 theoretical studies of runaway in plasmas was the
work by Dreicer [8] in 1959. He considered the total friction force be-
tween two Maxwellian particle species moving uniformly with a given
speed relative to each other. When accelerated by a sufficiently strong
electric field, of order of the so-called Dreicer field

ED =
nee

3 ln Λ

4πε2
0Te

,

the electric force overcomes the maximum frictional force, and he con-
cluded that the particles would“run away”towards infinite energy (given
infinite time). The Coulomb logarithm ln Λ is a plasma parameter which
typically takes values 10-20 in the applications we consider [9].

In 1964, Kruskal and Bernstein [10] rigorously treated the runaway
problem with an analytic solution to the kinetic equation (albeit using
a simplified model for collisions). They solved the kinetic equation with
an asymptotic technique, matching approximate solutions across five re-
gions in momentum space, thereby obtaining expressions for the shape
of the velocity distribution of runaway electrons and the rate at which
new runaways are generated (here called the runaway growth rate). It
was found that all electrons moving with a velocity above a critical ve-
locity vc – the velocity above which the electric field becomes stronger
than friction – will run away towards infinite energy. In addition, diffu-
sion would supply the runaway region (v > vc) with new particles from
the bulk at a constant rate. This mechanism of runaway generation is
referred to as primary generation, or Dreicer generation.

1Earlier efforts have been briefly reviewed by Harrison [7].
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Early work on runaways primarily considered the initial generation
of runaways at relatively low, non-relativistic speeds. A full description
of electron runaway requires the use of a relativistic kinetic equation,
a scenario which was first analyzed by Connor and Hastie [11] in 1975.
They extended the method of Kruskal and Bernstein to account also for
relativistic effects. Unlike the case of non-relativistic runaway, where the
frictional force appears to tend towards zero for large speeds, the friction
in the relativistic model attains a minimum value, corresponding to a
critical (Connor-Hastie) electric field

Ec =
nee

3 ln Λ

4πε2
0mec2

.

This electric field is smaller than the Dreicer field by the factor T/mec
2.

The result of the Connor-Hastie analysis is an explicit expression for the
primary runaway growth rate γ = (∂nRE/∂t)primary, given by

γ = C
ne
τee

(
E

ED

)− 3
16

(1+Zeff)h

exp

[
−λED

4E
−
√
η

(1 + Zeff)ED
E

]
, (1.1)

λ = 8
E2

E2
c

[
1− 1

2

Ec
E
−
√

1− Ec
E

]
,

η =
1

4

E2

Ec(E − Ec)

[
π

2
− arcsin

(
1− 2Ec

E

)]2

,

h =
1

3

1
E
Ec
− 1

[
E

Ec
+ 2

(
E

Ec
− 2

)√
E

E − Ec
− Zeff − 7

Zeff + 1

]
.

The prefactor C is an order-unity parameter which is undetermined by
the asymptotic analysis, but tends to be nearly constant C ∼ 0.3 [14].
The three parameters λ, η and h all approach unity when E/Ec be-
comes large, so that the non-relativistic limit E � Ec is obtained by
setting λ = η = h = 1, correctly reducing to the Kruskal-Bernstein re-
sult. The effective charge of the plasma is denoted Zeff =

∑
i niZ

2
i /ne,

and τee = 4πε2
0m

2
ev

3
Te/(nee

4 ln Λ) is the electron thermal collision time,
with the electron thermal speed vTe =

√
2Te/me. It is found that the

runaway growth rate is exponentially sensitive to the electric field, the
dominant scaling following approximately γ ∝ exp(−ED/4E). Unless
the electric field is a significant fraction of the Dreicer field ED – typi-
cally a few percent – the primary generation mechanism will accelerate
only a negligible number of runaways.
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Secondary generation

Another mechanism for runaway generation was originally proposed by
Sokolov [12] in 1979, which is often referred to as secondary, avalanche
or knock-on generation of runaways. For a given electric field E > Ec,
there is a critical speed vc above which electrons will almost certainly
become runaway accelerated. Whereas in the primary generation mech-
anism, thermal electrons are fed into the runaway region v > vc by a
nearly continuous collisional diffusion, the secondary generation mecha-
nism supplies fast electrons through single large-angle collisions between
existing runaways and the thermal population. Since the rate at which
this occurs is directly proportional to the number of runaways present,
one may expect that in a knock-on-dominated discharge the number of
runaways will grow exponentially in time, hence being referred to as a
runaway avalanche.

In a seminal paper by Rosenbluth and Putvinski [13] in 1997 (fol-
lowing notable developments by Jayakumar et al. [14]), the effect of
large-angle collisions on the runaway rate was detailed. By solving the
kinetic equation in various limits, whilst including a source term de-
scribing the momentum-space distribution of knock-on electrons, they
obtained an avalanche growth rate Γ = n−1

RE (∂nRE/∂t)secondary given by
the asymptotically-matched formula

Γ =
1

τc ln Λ

√
πρ

3(Zeff + 5)

E
Ec
− 1

√
1− Ec

E + 4π(Zeff+1)2

3ρ(Zeff+5)(E2/E2
c+4/ρ2−1)

, (1.2)

ρ =
3

4

ˆ 1

0

λdλ¸ √
1− λb(θ)dθ/2π

≈ 1

1 + 1.46
√

r
R + 1.72 r

R

.

Here, τc = 4πε2
0m

2
ec

3/(nee
4 ln Λ) is the relativistic electron collision time,

and the neoclassical function ρ represents the effects of an inhomoge-
neous magnetic field, with the approximate equality corresponding to
the large-aspect ratio limit r � R in a tokamak. In the important limit
E/Ec �

√
1 + Zeff and large aspect ratio, the avalanche growth rate

takes the relatively simple form

Γ ≈ 1

τc ln Λ
√
Zeff + 5

(
E

Ec
− 1

)
. (1.3)

The total rate at which a runaway population grows, given by the
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sum of primary and secondary generation, is

dnRE

dt
= γ + nREΓ.

In a constant electric field, the generation rate will initially be domi-
nated by primary generation, so that nRE ≈ γt. Avalanche generation
will become dominant once γ = nREΓ ≈ γtΓ, i.e. after approximately
one avalanche time tava = 1/Γ. Note that the net force acting on a
runaway electron is approximately dp/dt = e(E − Ec), meaning that in
one avalanche time a runaway has time to accelerate to a momentum

p = e(E − Ec)tava ≈ mec ln Λ
√
Zeff + 5,

which is independent of the electric-field strength [14]! Consequently,
by the time that the fastest electron in the plasma has reached an en-
ergy of 1

2 ln Λ
√
Zeff + 5 MeV, avalanche is the dominant runaway genera-

tion mechanism. As a corollary, in runaway discharges where significant
avalanche multiplication occurs the runaway electron population is al-
ways ultrarelativistic with average energies in the 10 MeV range, unless
there are energy loss mechanisms that can compete with the electric field
without deconfining the runaways.

1.2 Runaway in tokamaks

Runaways are of particular interest in magnetic-fusion research, where
they pose a great threat to the successful operation of tokamaks [15, 16].
The tokamak is a promising concept for fusion-energy reactors [17, 18],
which confine a plasma by a magnetic field and heat it to several hun-
dred million Kelvin. At these temperatures nuclear fusion reactions
spontaneously occur, releasing large amounts of energy which is then
available for generation of electricity. The magnetic field is partially
generated by driving a strong current of several mega-ampere through
the plasma, with the downside that this is then available for conversion
into a runaway-carried current. The mechanism for this conversion is
the runaway breakdown, which typically occurs during so-called disrup-
tions [15, 19, 20] which are sudden events where heat confinement is lost.
During these disruptions the plasma loses its energy and cools rapidly
on a timescale of milliseconds [18] in a thermal quench, sometimes to less
than one-thousandth of its original temperature. Due to its size, in a
tokamak the total plasma current cannot change on the thermal-quench



7/58

time scale. The temperature reduction is associated with a massive
decrease in the electrical conductivity of the plasma, thereby inducing
strong electric fields in the vessel and plasma in order to maintain the
current. These fields are often large enough to enable runaway break-
down to occur. The occurence of runaway in tokamaks was first pointed
out in the literature by Gibson [21] in 1959, and has since been regularly
observed and studied in a large number of tokamaks.

Avalanche runaway multiplication will often dominate the runaway
generation, although initiation of the avalanche requires the presence of
an initial seed population of runaways. This can be provided either by
Dreicer generation, as described above, or by so-called hot-tail gener-
ation [22, 23, 24, 25, 26]. This third generation mechanism is enabled
by the rapid temperature change that occurs during disruptions. If the
cooling is sufficiently fast – comparable to the thermal collision time of
the plasma – the fastest particles in the tail of the thermal distribution
(which experience a weaker drag force) will maintain their initial energy.
During the cooling their speeds may at some point exceed the critical
speed for runaway generation, and thus they can become runaway ac-
celerated.

It can be shown that, if there is an initial seed population nRE,0

of runaways, avalanche multiplication will increase this number to ap-
proximately nRE ∼ exp (2.5I[MA])nRE,0 before the electric field has de-
cayed [15], where I[MA] is the original plasma current in MA. While the
multiplication factor is fairly small in present-day experiments (of order
104 [15] in the JET tokamak [27, 28], the biggest experiment to date), in
future tokamaks such as ITER [29] this implies a devastating number of
1016 or greater [15]. Because of this immense number, runaway-electron
dynamics and disruption mitigation are fields of active study. Recent
reviews can be found in Refs. [30, 31, 32, 33, 34]. The avalanche multi-
plication factor is exponentially sensitive to the avalanche growth rate Γ,
and in order to accurately predict the final runaway current the large-
angle collisions must be modelled precisely. In Paper A we therefore
present a linearized Boltzmann operator which generalizes the knock-on
models that have previously been used, allowing more accurate genera-
tion rates to be calculated than was previously possible.

At highly relativistic (multi-MeV) energies, additional effects such as
radiation losses become important for the dynamics of the fast electrons.
These effects only weakly impact runaway generation which typically
occurs at non-relativistic speeds, but are particularly important during
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the termination phase of a runaway beam where the current decays with
time. Accurate models for radiation losses are then needed in order to
understand the energy distribution of the runaway population, as well as
the threshold electric field below which runaways slow down. This moti-
vated the study presented in Paper B, where a model for bremsstrahlung
losses treated as binary large-angle collisions is introduced.

The qualitative features of the basic runaway phenomenon in plasmas
can thus be summarized as:

• Runaway is only possible for electric fields exceeding the critical
field, E > Ec.

• Primary (Dreicer) runaway generation is exponentially sensitive
to electric field, and only gives an appreciable growth rate when
E & 0.03ED.

• Secondary (avalanche) runaway generation depends weakly on elec-
tric field and is caused by knock-on collisions, requiring a popu-
lation of runaways to already be present in the plasma. When
avalanche generation is significant the average runaway energy is
in the 10 MeV range, and vice versa.

• Hot-tail runaway generation occurs during a rapid temperature
drop, and describes significant conversion of previously thermal
electrons into runaways even when E . 0.01ED at all times.

• Once the entire plasma current is carried by runaways, the system
tends to be at marginal stability where the electric field must be
near the avalanche threshold field (Ec in the ideal theory) wherever
the current density is non-vanishing [35]. This sets the decay time
of a runaway beam in a tokamak to roughly dI/dt ∼ (10 kA/s)×
ln Λn/(1020 m−3) in the absence of radial particle transport, where
n is the electron density.

Disruption mitigation

Due to the expected detrimental effect of a large unmitigated runaway
beam in reactor-scale tokamaks, electron runaway is a question of crit-
ical importance for the ITER programme [15]. The demands of the
disruption mitigation system are multifaceted [36]: during the thermal
quench, where the plasma rapidly releases its thermal energy, the en-
ergy flux density to the wall must be kept below a certain threshold
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by distributing the energy loads in space and time. During the cur-
rent quench that follows, the poloidal magnetic energy of the plasma
is released, either directly into the first wall via eddy currents that are
induced or radiated from the plasma, or into the formation of a runaway
electron beam. The current quench must be sufficiently rapid that signif-
icant halo currents causing large electromagnetic forces are avoided, but
sufficiently slow that excessive runaway generation is also avoided; the
energy transferred to runaway electrons is of particular concern, because
it will eventually be deposited into the wall both locally and within a
short time interval. As a result, runaways can cause immense localized
damage to plasma-facing components, forcing extensive (and expensive)
maintenance of the tokamak.

The current disruption mitigation plan for ITER revolves around
massive material injection where large amounts of high-Z matter is in-
jected into the plasma, which will reduce the current-quench time and
contribute to radiating the energy content of the plasma. Large uncer-
tainties still surround the formation of the runaway beam during disrup-
tions [16], however, calling for an urgent need to develop more accurate
models for runaway as well as disruption dynamics. This spurred the
study presented in Paper E, where we describe a model for electron
collisions with partially ionized impurities, which is essential in order
to predict the generation and decay rate – and indeed the distribution
function – of runaway electrons in tokamak disruption scenarios.

1.3 Ion runaway

Runaway acceleration of ions – instead of the nowadays more commonly
studied electron runaway – was first invoked in order to explain exper-
imental observations at the Zeta device [21] in 1959. In 1972, Furth
and Rutherford [37] used an asympotic technique similar to that used
for electron runaway in order to obtain an analytic solution of the ion
drift-kinetic equation. Their treatment, however, provided only limited
information about the runaway growth rate in most scenarios due to
the more complicated structure of the ion kinetic equation. A limited
time-dependent solution of the ion kinetic equation was more recently
developed in order to explain observations at the Mega Ampere Spher-
ical Tokamak [38, 39, 40, 41]. Simpler test-particle methods have also
been used to study the ion runaway phenomenon in astrophysical con-
texts [42]. The lack of widely applicable analytic results has motivated
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a numerical study of the ion drift-kinetic equation, which is presented in
Paper D. Experimentally observed ion acceleration in the Madison Sym-
metric Torus reversed-field pinch has lead to recent work where similar
methods have been employed [43, 44].

1.4 Outline

Chapter 2 contains an introduction to the kinetic theory of plasmas,
which describes the phase-space dynamics of charged particles. The
theory presented here covers the physics required to understand the ba-
sic runaway phenomenon, but is also the foundation upon which further
extensions of the theory can be developed. In chapter 3, we discuss the
radiation emitted by runaways. We develop the runaway kinetic theory
by describing a model for the effect of bremsstrahlung emission based
on the Boltzmann collision operator. We also present a synthetic diag-
nostic for the radiation that a runaway population will emit, focusing on
synchrotron radiation and bremsstrahlung. The method predicts what
a radiation detector would measure when observing a tokamak plasma
containing runaway electrons. The theory for the runaway of positively
charged particle species requires a modified treatment compared to elec-
tron runaway; the theory for runaway of ions and positrons is summa-
rized in chapter 4. Finally the thesis is summarized in chapter 5, where
we also present an outlook for future work in the field of runaway.



Chapter 2

The kinetic equation

A detailed study of runaway particles requires the resolution of their
momentum-space structure, accounting for the randomizing collisions in
an accurate way. This is achieved using a kinetic equation, which pro-
vides a full description of the time evolution of the distribution function
fa(t,x,p) of a particle species a, where t is time, x is the particle po-
sition, p = mav/

√
1− v2/c2 is the momentum and v is the velocity,

with v = |v|. The distribution function is the particle density function
in phase space, defined such that na(t,x) =

´
dp fa(t,x,p) is the num-

ber density, and Na(t) =
´

dxna(t,x) is the total number of particles of
species a. In the absence of collisions, the distribution function describes
particles moving along trajectories x = x(t) and p = p(t), governed by
the equations of motion for a charged particle

dx

dt
= v,

dp

dt
= qa

(
E + v ×B

)
,

where qa is the electrical charge of species a, E the electric field and B
the magnetic field. The continuity equation in phase space is [45]

0 =
dfa
dt

=
∂fa
∂t

+ v · ∂fa
∂x

+ qa
(
E + v ×B

)
· ∂fa
∂p

, (2.1)

where the electric and magnetic fields are given by the charge and current
distribution of the plasma according to Maxwell’s equations,

E(t,x) = −∇φ− ∂A

∂t
,

B(t,x) = ∇×A.

11
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When the time variations of the plasma are slow compared to the transit
time of light across its extent, the electromagnetic potential functions
are given by

φ(t,x) =
1

4πε0

ˆ
dx′

ρ(t,x′)

|x− x′| ,

A(t,x) =
µ0

4π

ˆ
dx′

j(t,x′)

|x− x′| ,

where the charge ρ and current j within the plasma are in turn deter-
mined by the distribution functions,

ρ(t,x) =
∑

b

qb

ˆ
dp fb(t,x,p),

j(t,x) =
∑

b

qb

ˆ
dpvfb(t,x,p),

with the sum taken over all particle species b present in the plasma.
In order to obtain a useful kinetic equation, Eq. (2.1) needs to be
ensemble-averaged over macroscopically equivalent systems. The distri-
bution function will then become a smooth function, but the microscopic
interactions between the discrete particles in the plasma will need to be
accounted for by the addition of a new term [46], which is called the
collision operator C, or the collision integral (as it generally takes the
form of an integral operator). The kinetic equation then takes the form

∂fa
∂t

+ v · ∂fa
∂x

+ qa
(
E + v ×B

)
· ∂fa
∂p

=
∑

b

Cab{fa, fb}, (2.2)

where E and B now denote the macroscopic fields, not including fluc-
tuations caused by individual particles which are instead captured by
the collision operator C. Throughout this thesis, we mainly focus on
the simplest scenario that exhibits the runaway phenomenon: an infi-
nite homogeneous plasma with an electric field in a constant direction
(although allowed to vary in amplitude with time). In this case we can
suppress the space variables and write fa = fa(t,p), and introduce a
spherical momentum coordinate system (p, θ, ϕ) aligned with the elec-
tric field, in which the azimuthal angle ϕ is referred to as the gyroangle
and the longitudinal angle θ is referred to as the pitch-angle. The kinetic
equation then becomes

∂fa
∂t

+ qaE

(
ξ
∂fa
∂p

+
1− ξ2

p

∂fa
∂ξ

)
=
∑

b

Cab{fa, fb}, (2.3)
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where ξ = cos θ = p ·E/pE. This equation allows us to study the effects
of various contributions in the collision operator C on the dynamics of
the runaway particles. The model also approximately describes the local
dynamics of runaways near the magnetic axis in a tokamak, if E is taken
to be the component of the electric field parallel to the magnetic field
and the pitch ξ is defined relative to the magnetic field.

An essential part of the description of runaway electrons is the col-
lision operator. This term in the kinetic equation describes the effect of
microscopic particle-particle interactions, in contrast to the macroscopic
interactions with the electromagnetic field set up by the charge distri-
bution in the plasma or by external sources. The collisions drive the
particle distributions towards thermal equilibrium by always increasing
entropy in the system, and this is the restoring effect which needs to
be overcome by the electric field in order to generate runaway parti-
cles. Therefore the details of the collision operator can be expected to
strongly influence the description of the runaway process.

In this chapter we will provide a detailed discussion of the collision
operator, revealing a unified picture of small-angle collisions, knock-on
collisions and bremsstrahlung radiation in the same framework. We
shall begin by presenting in more detail how the collision operator can
be obtained.

2.1 BBGKY hierarchy and the kinetic equation

A systematic framework for obtaining kinetic equations was initially de-
veloped by Bogolyubov, Born, Green, Kirkwood and Yvon (BBGKY) [47,
48, 49, 50, 51]. The starting point of their analysis is the Liouville theo-
rem [52], which deterministically describes the time evolution of an N -
body system according to Hamiltonian mechanics. The system is fully
described by the phase space density function fN (t,x1,p1, ...,xN ,pN )
giving the location and momentum of all its constituents. A kinetic equa-
tion describes the time evolution of the distribution function, which is de-
fined as f(t,x,p) =

´
dx2dp2 · · · dxNdpN fN (t,x,p,x2,p2, ...,xN ,pN ).

Note that, while this definition appears to single out the particle with
subscript 1 as special, the particles described by the phase-space density
function are identical, and hence it is symmetric in all indices. That is,
non-identical particle species are each described by their own distribu-
tion function.

The Liouville equation [53] for a species interacting pair-wise with a
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central potential Vij = V (|xi − xj |), with the force on particle i being

Fi = −∑N
(j 6=i)=1 ∂Vij/∂xi (for simplicity assuming a single species and

no magnetic interaction, which would require a generalized form of the
potential), is given by

∂fN
∂t

+

N∑

i=1

pi
ma
· ∂fN
∂xi
−

N∑

i=1

N∑

(j 6=i)=1

∂Vij
∂xi

· ∂fN
∂pi

= 0.

By integrating over all but s particle coordinates, a reduced phase space
density, or the s-particle correlation function, can be defined as fs =´

dxs+1dps+1 · · · dxNdpN fN . Here, s = 1 gives the distribution func-
tion in which we are most interested, and s = N returns the full N -
particle phase space density. When performing such an integration over
the Liouville equation, an equation for the time-evolution of the reduced
distribution function is obtained; however, the equation for ∂fs/∂t in-
variably contains fs+1 due to the pair-wise interaction term. Thus, the
time-evolution of the distribution function depends on the two-particle
correlation function f2, which in turn is affected by f3, and so on. This
set of coupled partial differential equations is called the BBGKY hier-
archy. A systematic approximation scheme to close this set of equations
was developed by Frieman [54], Sandri [55] and collaborators, which
takes the form of a perturbation expansion in two parameters µ and η.
These appear naturally when normalizing the equation to characteristic
values of particle separation r0, velocities v0 and interaction strength V0,
and are given by

µ =
1

nr3
0

,

η =
V0

mv2
0

∼ e2

4πε0Tr0
.

Here 1/µ is the number of particles in the interaction region (defined
by a characteristic range r0), and η is a measure of the strength of the
interaction (described by the potential function V0) compared to the
kinetic energy. There are three domains of primary interest [56, 57]
which can be described as (1) “dilute, short-range”, (2) “weak coupling”
(small momentum transfer) and (3) “long-range”. These, respectively,
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correspond to the choices (with ε a small expansion parameter)

(1) µ = O(ε−1), η = O(1),

(2) µ = O(1), η = O(ε),

(3) µ = O(ε), η = O(ε).

These lead, in turn, to (1) the so-called Boltzmann equation, (2) the
Fokker-Planck equation and (3) the Balescu-Lenard (or Bogolyubov-
Lenard-Balescu) equation. Plasmas are particularly pathological, as
no specific ordering applies to the entire phase space. The long-range
Coulomb interaction allows for collisions where any of the orderings may
apply, depending on the impact parameter.

An analysis shows that the Balescu-Lenard operator takes a similar
form to the Fokker-Planck operator, but where the dielectric constant
of the plasma appears in the collision integral. This factor accounts for
dynamical screening in the plasma, which ensures that collisions with im-
pact parameter of order the Debye length λD =

√
ε0T/ne2 or greater are

exponentially damped. This effect demonstrates the well-known behav-
ior of Debye screening [17], where the electric field from a point charge in
a plasma will be exponentially damped on a length scale λD by the rear-
rangement of the surrounding plasma. The Fokker-Planck collision oper-
ator diverges in the contribution from large-impact-parameter collisions,
but by following Landau’s prescription from the original derivation [58]
to cut the integration off at impact parameters λD (which can be moti-
vated by the Balescu-Lenard equation), one obtains a convergent inte-
gral. The contribution from small-angle collisions in the Fokker-Planck
operator is then found to be larger than the contribution from large-
angle collisions in the Boltzmann operator by a factor lnnλ3

D ' ln Λ,
the so-called Coulomb logarithm.

In this chapter we will not pursue a detailed analysis of the BBGKY
hierarchy of equations. Instead, we will derive the Boltzmann and
Fokker-Planck collision operators with heuristic arguments, based on
an analysis of binary collisions. This method gives the same result as
the more rigorous derivation from first principles, and also provides some
physical insight into how we may view collisions in a plasma.

2.2 The Boltzmann collision operator

The Boltzmann equation was originally derived by Ludwig Boltzmann
in the late nineteenth century [59, 60] in order to study the dynamics of
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gases. As we indicated in the previous section, the Boltzmann equation
for a plasma is valid when describing those large-angle collisions where
the impact parameter is much smaller than the mean distance between
particles in the plasma, that is for µ � 1. The Boltzmann collision
operator describes the rate-of-change of the distribution function due to
binary collisions, and we shall briefly derive it here in a form that will
be suited to our applications.

We describe a binary interaction with a differential cross-section
dσab(p1,p2; p,p′) for particles a and b to be taken from initial mo-
menta p and p′, respectively, to final momenta p1 and p2, respectively.
The cross-section is defined such that the total differential change of
the phase-space particle density dna(t,x,p) = fa(t,x,p)dp due to these
interactions in a time interval dt is

[dna(p)]c,ab = fa(p1)fb(p2)gø(p1,p2)dσ(p,p′; p1,p2)dp1dp2dt

− fa(p)fb(p
′)gø(p,p′)dσ(p1,p2; p,p′)dpdp′dt, (2.4)

where p1 and p2 are related to p and p′ by the conservation of energy and
momentum. The relativistic generalization of the relative speed vrel =
|v−v′|, is the Møller relative speed gø(p,p′) =

√
(v − v′)2 − (v × v′)2/c2 [61].

The collision operator can formally be defined as

Cab{fa, fb} ≡
(
∂2na
∂t∂p

)

c,ab

=

ˆ
dp1 fa(p1)

ˆ
dp2 fb(p2)gø(p1,p2)

∂σ(p,p′; p1,p2)

∂p

− fa(p)

ˆ
dp′ fb(p

′)gø(p,p′)σ(p,p′), (2.5)

where the total cross-section σ(p,p′) is defined as

σ(p,p′) =

ˆ
dp1

∂σ(p1,p2; p,p′)

∂p1
.

A symmetric form is obtained in the special case of elastic collisions
by utilizing the principle of detailed balance [61], which is a symmetry
relation for the cross-section stating that

gø(p1,p2)dσ(p,p′; p1,p2)dp1dp2 = gø(p,p′)dσ(p1,p2; p,p′)dpdp′.
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Using this relation, which is valid for classical particles interacting with
a central potential and also in the first order spin-averaged Born approx-
imation in quantum mechanics [62, 63], Eq. (2.4) leads to

Cab{fa, fb} =

ˆ
dp′dσ(p1,p2; p,p′) gø(p,p′)×

×
(
fa(p1)fb(p2)− fa(p)fb(p

′)
)
. (2.6)

This is the operator which is typically referred to as the Boltzmann
operator, although we shall apply the term more generally here to any
integral operator of the form of Eq. (2.5). In Eqs. (2.4), (2.5) and (2.6)
the first – the gain term – describes the rate at which particles a of initial
momentum p1 are scattered into p, while the second – the loss term –
describes the rate at which particles scatter away from p.

Large-angle collision operator for runaways

The description of large-angle collisions is essential in order to under-
stand runaway dynamics. The reason is that when the electric field is
far below the Dreicer field ED = ne ln Λe3/(4πε2

0Te), no thermal elec-
trons will spontaneously be runaway accelerated through the primary
(Dreicer) mechanism. Large-angle collisions between highly energetic
runaways and the bulk population can, however, even under such circum-
stances generate a significant number of new runaways. The electron-
electron Boltzmann operator for collisions between runaways and ther-
mal electrons must therefore be included in the kinetic equation in order
to capture the runaway avalanche.

Two main approximations allow a significantly simpler collision op-
erator to be obtained:

(i) The runaways are assumed to be few in number, so that the op-
erator can be linearized around the thermal background. This is
often the case; due to their high speed, runaways would carry a
massive current whenever their number density is comparable to
that of the bulk plasma (giga-ampere scale in tokamaks).

(ii) The thermal electrons are treated as stationary, which can be mo-
tivated by the fact that the operator is mainly important when
E � ED, at which point runaway speeds will far exceed the ther-
mal speed.
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In that case, the linearized electron-electron collision operator takes the
form

Cee = ne

ˆ
dp1 v1

∂σee

∂p
fe(p1) − nevσee(p)fe(p)

− neδ(p)

ˆ
dp1v1σee(p1)fe(p). (2.7)

The differential cross-section for relativistic electron-electron collisions
is given by the Møller cross-section, which in the laboratory frame takes
the form [62]

∂σee
∂p

(p,p′; p1,p2) =
δ(cos θs − ξ∗(γ, γ1))

2πpγ

∂σee
∂γ

(γ, γ1), (2.8)

∂σee
∂γ

(γ, γ1) =
2πr2

0γ
2
1

(γ2
1 − 1)(γ − 1)2(γ1 − γ)2

(
(γ1 − 1)2

− (γ − 1)(γ1 − γ)

γ2
1

[
2γ2

1 + 2γ1 − 1− (γ − 1)(γ1 − γ)
])
. (2.9)

Here, we have introduced the angles

ξ∗(γ, γ1) =

√
γ1 + 1

γ1 − 1

γ − 1

γ + 1
, (2.10)

cos θs =
p1 · p
p1p

,

and the delta function of the differential cross-section, relating the scat-
tering angle θs to the energy transfer, arises due to the conservation of
momentum and energy in elastic collisions. The classical electron radius
is denoted r0 = e2/(4πε0mec

2) ≈ 2.8 · 10−15 m. The collision operator
can then be further simplified under the additional assumption that

(iii) The runaway population is cylindrically symmetric in momentum
space, fulfilling the conditions under which Eq. (2.3) was derived.

Expanding the electron distribution function in Legendre polynomials,

fe(p) =
∑

L

fL(p)PL(cos θ), (2.11)
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then allows the linearized large-angle collision operator to be written

Cee(p) =
∑

L

CL(p)PL(cos θ), (2.12)

CL(p) =
(mec)

−3

2τc ln Λ

1

γp

ˆ ∞
q0

dp1
p3

1

γ1
fL(p1)PL(ξ∗)Σ(γ, γ1)

− 1

4τc ln Λ

v

c
fL(p)

ˆ γ+1−γm

γm

dγ1 Σ(γ1, γ)

− (mec)
−1

4τc ln Λ
δL,0

δ(p)

p2

ˆ ∞
q0

dp′
p′3

γ′
f0(p′)

ˆ γ′+1−γm

γm

dγ1 Σ(γ1, γ
′),

q0 = mec
√

(γ + γm − 1)2 − 1,

1

τc
= ln Λ

ne
4π

e4

ε2
0m

2
ec

3
.

Here, we have truncated the collision operator so that it only accounts
for those collisions where the secondary electron receives a kinetic en-
ergy greater than mec

2(γm − 1), corresponding to a cut-off momentum
pm = mec

√
γ2
m − 1. This operator, which is derived in Paper A, still

identically conserves electron density, momentum and energy. In Paper
A we study its predictions for runaway avalanche generation and com-
pare it to previous studies which have imposed further assumptions on
the distribution function. One such example is the widely used model
studied by Rosenbluth and Putvinski [13], where the runaway electron
distribution is taken as a delta function at infinite momentum and zero
pitch angle in the evaluation of the Boltzmann operator. In that case,
the linearized electron-electron Boltzmann collision operator reduces to
the remarkably simple form

CRP(p) = nRE
δ[cos θ − ξ∗(γ,∞)]

4πτc ln Λ

(mec)
3

p2

∂

∂p

1

1− γ , (2.13)

nRE =

ˆ
p>pc

fe dp. (2.14)

This operator refers explicitly to the runaway density and to the criti-
cal momentum which defines a runaway; in practice, the details of the
definition are often unimportant as long as pc is chosen to be signifi-
cantly larger than the thermal momentum but negligible compared to
the average runaway momentum.
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2.3 The Fokker-Planck collision operator

When the interaction distance is significant compared to the mean par-
ticle separation, but the interaction is weak, the appropriate collision
term is the Fokker-Planck operator, rather than the Boltzmann operator.
However, as we will now show, the Fokker-Planck operator can in fact be
derived from the Boltzmann operator in the limit of small momentum
transfers in the collisions. That the seemingly opposite description of
weak interactions in the Fokker-Planck picture can be contained in the
Boltzmann picture of binary collisions appears counter-intuitive. It can,
however, be physically understood by the fact that the small momen-
tum transfers described by the Fokker-Planck operator only negligibly
change the particle momentum in a single collision; then the net effect
of the many-body interaction can be viewed as a linear superposition of
pairwise momentum transfers [64].

The procedure is as follows: a general integral moment of the Boltz-
mann operator of a test function φ is given by

J [φ] =

ˆ
dpφ(p)Cab =

ˆ
dp

ˆ
dp′dσ(p1,p2;p,p′) fa(p)fb(p

′)

× gø(p,p′)
[
φ(p1)− φ(p)

]
,

which is most easily seen by integrating Eq. (2.4) and switching names
of the dummy variables p1 and p2 in the first term with p and p′,
respectively. For convenience we will suppress the arguments of dσ and
gø as they will remain unchanged for the rest of the calculation. Here
we introduce the small-momentum-transfer argument: the integral is
assumed to be dominated by the contribution from p1 ≈ p. We then
Taylor expand

φ(p1)− φ(p) ' (p1 − p) · ∂φ(p)

∂p
+

(p1 − p)(p1 − p)

2
:
∂φ(p)

∂p∂p
,

where we use dyadic notation such that the rank-2 tensor T = ab has
components Tij = aibj . By introducing the quantities

∆p = p1 − p,

A =

ˆ
dp′ gøfb(t,p

′)

ˆ
dσ∆p, (2.15)

D =

ˆ
dp′ gøfb(t,p

′)

ˆ
dσ∆p∆p, (2.16)
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integrating by parts twice yields

J [φ] =

ˆ
dpφ(p)

[
∂

∂p
·
(
−A(t,p)fa(t,p) +

1

2

∂

∂p
·
[
D(t,p)fa(t,p)

])]
.

As this equality holds for any φ, the small-momentum-transfer assump-
tion therefore leads to the well-known Fokker-Planck operator [65, 66]

Cab{fa, fb} =
∂

∂p
·
[
−Aab(t,p)fa(t,p) +

1

2

∂

∂p
·
(
Dab(t,p)fa(t,p)

)]
.

(2.17)

For relativistic elastic electron-electron collisions, the Fokker-Planck op-
erator was first given by Beliaev and Budker [67], with a direct deriva-
tion from Eqs. (2.15), (2.16) and (2.17) later given by Akama [68]. This
Fokker-Planck operator can conveniently be expressed in the form

Cee{fe, fe} =
∂

∂p
·
ˆ

dp′ E ·
(
∂fe(p)

∂p
fe(p

′)− ∂fe(p
′)

∂p′
fe(p)

)
, (2.18)

where the collision kernel E is the symmetric rank-2 tensor [69]

E = 2π

(
e2

4πε0

)2

ln Λ
γ′γ(1− v′ · v/c2)2

c{[γ′γ − p′ · p/(mec)2]2 − 1}3/2×
{

[(
γ′γ − p′ · p

m2
ec

2

)2

− 1

]
I− pp + p′p′

m2
ec

2
+

(
γ′γ − p′ · p

m2
ec

2

)
p′p + pp′

m2
ec

2

}
,

where I is the unit tensor and γ =
√

1 + (p/mec)2 is the relativistic
Lorentz factor. In this expression, only the leading-order term in ln Λ
has been retained, which corresponds to the small-angle contribution to
the integrals (2.15) and (2.16).

General Fokker-Planck equation for stationary targets

The general Fokker-Planck operator given by (2.17) can be given in a
more explicit form when considering collisions with stationary targets
– which is often an appropriate approximation for runaways – and for
isotropic collision processes which only depend on the energy transfer
and deflection angle. In that case, it can be expressed as [70]

Cei =
νeiD(p)

2

∂

∂ξ

[(
1− ξ2

) ∂fe
∂ξ

]
+

1

p2

∂

∂p

[
p3

(
νeis fe +

νei‖ p

2

∂fe
∂p

)]
,

(2.19)
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where νD can be identified as the rate of deflection in pitch angle, νs the
slowing-down frequency (so that the dynamical friction is given by−pνs)
and ν‖ the rate of energy diffusion. For an arbitrary binary interaction,
they are explicitly given by

νs =

〈
−p ·∆p

p2

〉
− νD + ν‖ +

1

2

∂(pν‖)

∂p
,

ν‖ =
1

p4
〈(p ·∆p)2〉,

νD =
1

2p2
〈|∆p|2 − 1

p2
(p ·∆p)2〉. (2.20)

The bracket 〈A〉 denotes the average rate of change of a quantity A =
A(p,p1) in a collision, and is for stationary targets defined by

〈A〉(p) = nv

ˆ
dp1

∂σei
∂p1

A(p,p1), (2.21)

In terms of the scattering angle cos θs = p1 ·p/p1p we obtain the explicit
expressions

νs =
1

p2
〈p2 − p1p cos θs −

1

2
p2

1 sin2 θs〉+
1

2p2

∂

∂p

[
p〈(p− p1 cos θs)

2〉
]
,

νD =
1

2p2
〈p2

1 sin2 θs〉, (2.22)

ν‖ =
1

2p2
〈(p− p1 cos θs)

2〉.

If we then write p1 = p(1− ε) and expand to second order in θs, we find

νs = 〈ε− 1

4
ε2θ2

s〉+
1

2p2

∂

∂p

[
p3〈ε2 + θ2

sε(1− ε)〉
]

νD =
1

2
〈(1− ε)2θ2

s〉,

ν‖ =
1

2
〈ε2 + θ2

sε(1− ε)〉. (2.23)

Since the Fokker-Planck operator was obtained in the first place as a
second-order expansion in ∆p, we can consistently neglect terms which
are cubic or higher in ε and θs, which finally yields the general Fokker-
Planck coefficients for an arbitrary binary interaction with stationary
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targets (elastic as well as inelastic),

νs =
1

p
〈p− p1〉+

1

2p2

∂

∂p

[
p〈(p− p1)2〉

]
,

νD = 〈1− cos θs〉, (2.24)

ν‖ =
1

2p2
〈(p− p1)2〉. (2.25)

We discover that the parallel diffusion frequency ν‖ is a higher-order
term in the expansion than νs and will therefore tend to be negligible,
since the validity of the equation requires small momentum transfers to
dominate. In that case, we may approximate 〈(p− p1)2〉 ≈ 0. At highly
relativistic speeds, we then see that νs = 〈p−p1〉/p ≈ 〈γ−γ1〉mec

2/(vp)
with a relative error of order 1/γ2. In that case, the dynamical friction
F is given by

F = pνs =
1

v
〈mec

2(γ − γ1)〉 = n

ˆ
dσmec

2(γ − γ1) ≡ − ∂E

∂x

∣∣∣∣
stopping

equalling the stopping power of the interaction. In fact, with this form of
νs, the energy moment of the Fokker-Planck operator coincides exactly
with that of the original Boltzmann operator even for non-relativistic
speeds, as well as having the exact transport cross section (i.e. the (1−
cos θ)-moment) thanks to the form of νD. We therefore propose the
following Fokker-Planck coefficients to describe binary interactions with
stationary targets which are dominated by small momentum transfers:

νs =
mec

2

vp
〈γ − γ1〉,

νD = 〈1− cos θs〉, (2.26)

ν‖ = 0.

Note that this model is only meant to describe the dynamics of the
already-generated runaway electrons; to describe the generation of the
seed population, in particular Dreicer generation, the non-vanishing
speeds of the thermal population must be kept, which will lead (among
other things) to a non-negligible energy-diffusion coefficient.

2.4 Effects of screening on the collision operator

Using the general Fokker-Planck equation derived in the previous sec-
tion, given by Eqs. (2.19) and (2.26), we will now describe the collision
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model that we propose in Paper E to model collisions between fast elec-
trons and partially ionized ions. This requires us to calculate the col-
lision frequencies νD and νs; unlike the regular Landau-Fokker-Planck
equation where these are evaluated for a pure Coulomb interaction, they
must now account for the screening effect of the bound electrons as well
as the effect of ionizing collisions.

The determination of the slowing-down frequency νs is in practice
the simpler task, as it only requires knowledge of the collisional stopping
power. This is well known for an electron passing through a medium,
and is described by the Bethe formula [71], yielding

νs =
e4

4πε2
0mec2

c2

pv2

∑

j

nj

[
Z0j ln Λ +Nej

(
ln
cp
√
γ − 1

Ij
− v2

c2

)]
. (2.27)

Here, the sum is taken over all ion species j (where different charge
states are considered different species), Zj denotes the atomic number,
Z0j the charge number (i.e. the net charge of the ion) and Nej = Zj −
Z0j the number of bound electrons. Then, the slowing-down frequency
is completely determined for any ion species j in terms of the three
parameters Zj , Z0j and the mean-excitation energy Ij , which must be
determined experimentally or by comprehensive atomic simulations. In
our work we have used tabulated values from Sauer et al. [72] which
have been given for all ionization degrees of some ion species, including
the experimentally relevant argon and neon. The first term of the sum
in Eq. (2.27) represents the contribution to the slowing-down frequency
from elastic collisions with the free electrons, which can be treated as
usual with the ideal theory yielding the familiar Coulomb logarithm ln Λ.

In the determination of the deflection frequency νD, contributions
will be obtained both from elastic collisions with the ion where its in-
ternal state does not change (which do not contribute significantly to νs
since γ−γ1 in such reactions is of the order of the mass ratio me/mi � 1)
as well as the inelastic collisions where the bound electrons are excited or
ionized. In this case the elastic collisions provide the dominant contribu-
tion to νD, since the associated cross-section is of the order of Z2

j r
2
0. Con-

versely, the inelastic collisions – consisting mainly of incoherent interac-
tions with individual bound electrons – scale as (Zj − Z0j)r

2
0, and also

tend to be more strongly peaked in the forward direction than the elastic
collisions [73]. Therefore, for the highly charged ion species (Zj � 1)
in which we are primarily interested, such as neon and argon, the con-
tribution is obtained by evaluating 〈1− cos θ〉 using only the dominant
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elastic scattering cross-section.
In the Born approximation, the elastic differential cross section is

given by

dσj =
∣∣Zj − Fj(p1 − p)

∣∣2dσ0, (2.28)

where dσ0 is the electron-proton differential cross-section, given in the
lab-frame by [62]

∂σ0

∂ cos θ
=

πr2
0

2(p/mec)4

1 + (p/mec)
2 cos2(θ/2)

sin4(θ/2)
. (2.29)

The atomic form factor Fj , which completely describes the screening
effect of the bound electrons, is given by

Fj(p1 − p) =

ˆ
nj(x) exp

[
i

~
x · (p1 − p)

]
dx, (2.30)

where nj(x) is the number density of the bound electrons of ion species
j, normalized such that

´
nj(x) dx = Nej = Zj − Z0j is the number

of bound electrons, and the integration is taken over all space. For a
spherically symmetric bound-electron density nj = nj(r), it is found
that the form factor only depends on the magnitude q = |p1 − p| =
2p sin(θs/2) of the momentum transfer;

Fj(q) =
4π

q

ˆ ∞
0

dr rnj(r) sin qr. (2.31)

The contribution to the deflection frequency from a single ion species
is then given by

νDj = 2njv

ˆ
dσ0 sin2 θs

2
|Zj − Fj(q)|2

= 4πr2
0njc

γ

(p/mec)3

ˆ 1

1/Λ
dx

1− x2v2/c2

x
|Zj − Fj(2px)|2, (2.32)

where x = sin(θs/2), and the integral is taken from the minimum scat-
tering angle θs,min = 2/Λ� 1 corresponding to Debye-length interaction
distances. In Paper E, we show that in the high-energy limit p� ~/a0

where a0 is the Bohr radius (i.e. approximately the size of the ion), the
diffusion coefficient takes the explicit form

νD =
4πcr2

0γ

(p/mec)3

∑

j

nj

[
Z2
j ln Λ + (Z2

j − Z2
0j) ln

(paj
~

)
− 2

3
(Zj − Z0j)

2

]
,

(2.33)
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where the ion properties are again completely captured by three param-
eters Zj , Z0j as well as the new parameter aj which defines an effective
ion radius given by an integral over the bound-electron density nj(r). In
Paper E we have tabulated values for aj for He, Be, C, N, Ne, Ar, Xe
and W, where nj was determined through density-functional-theoretical
calculations using the tools exciting [74] and gaussian [75]. To give
an indication of the magnitude of the effective ion radii, a few explicit
values normalized to the Bohr radius as produced by the simulations
are: aj/a0 ≈ 0.81 for neutral neon Ne; 0.70 for neutral argon Ar; and
0.32 for Ar+9.

From the above expressions for νs and νD, we find that the modi-
fications to the Fokker-Planck coefficients are sensitive to the runaway
energy. In the low-energy limit, the completely screened situation is re-
trieved where the electrons only sense the net charge of the ions; however,
significant departures are demonstrated already at runaway energies ex-
ceeding 100 eV. For characteristic runaway energies in the 10 MeV range,
and for high-Z impurities of low ionization degree, the pitch-angle deflec-
tion rate is typically reduced to approximately 60% of its non-screened
value, and the dynamical friction typically by 20-30%. At lower energies
of ∼ 1 MeV, the screening effect tends to be of the order of 70% and
50% for deflection and friction, respectively.

2.5 CODE

An approximate Fokker-Planck collision operator to study runaway elec-
trons was developed in Ref. [76]. It is an asymptotic matching of the lin-
earized Beliaev-Budker operator (2.18) in the high-energy limit with the
non-relativistic collision operator [58, 77] (corresponding to Eq. (2.18) for
v � c, linearized with a cold bulk of thermal velocity vTe =

√
2Te/me �

c). The operator is, in terms of Eq. (2.19), given by

A(p) =
m2
ec

2

τc

c

vp
G

(
v

vTe

)
,

νs(p) =
2

p

mec

τc

c2

v2
Te

G

(
v

vTe

)
,

νD(p) =
m2
ec

2

τc

c

v

[
Zeff + φ

(
v

vTe

)
−G

(
v

vTe

)
+

1

2

v2
Te

c2

v2

c2

]
.

Here we have introduced the error function φ(x) = 2π−1/2
´ x

0 ds exp(−s2)
and the Chandrasekhar function G(x) = (φ(x) − xφ′(x))/2x2. A term
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proportional to the plasma effective charge Zeff =
∑

i niZ
2
i /ne (the sum

taken over all ion species in the plasma) has been added to the pitch-
angle scattering operator coefficient, which corresponds to the contri-
bution from ions in the plasma, taken to be stationary. This collision
operator was implemented in the numerical tool CODE [78], with more
recent improvements to the model described in Paper L. CODE obtains
solutions to the kinetic equation (2.3) treated as an initial-value prob-
lem, but has been extended during this thesis with additional terms to
describe the effect of synchrotron and bremsstrahlung losses as well as of
large-angle collisions. By representing the distribution function in terms
of Legendre polynomials in pitch-angle cosine and a finite-difference dis-
cretization of the momentum coordinate, a flexible and computationally
efficient scheme is obtained. The model contains the essential physics
needed in order to study a wide range of momentum-space runaway dy-
namics, making it highly suited for studies such as those presented in
this thesis.

A separate numerical tool, NORSE (NOn-linear Relativistic Solver
for Electrons), has also been developed which solves the electron kinetic
equation using the full non-linear relativistic Fokker-Planck equation
(2.18). The tool is presented in Paper N, and is also freely available to
download1. The method must be used whenever the deviations from a
local Maxwellian distribution are large; this may for example be the case
when the runaway population is comparable in number to the thermal
population, or when the thermal energy of the distribution varies on a
time-scale comparable to the collision time. The latter may be impor-
tant during the thermal-quench phase of a disruption, and non-linear
effects could plausibly have an influence on hot-tail runaway generation.
A case study of the former situation was analyzed in Paper M, where
NORSE was applied to investigate slide-away runaway generation in a
post-disruption plasma.

1Original published version available at http://doi.org/10.17632/86wmgj758w.1,
with an updated version at https://github.com/hoppe93/NORSE.

http://doi.org/10.17632/86wmgj758w.1
https://github.com/hoppe93/NORSE




Chapter 3

Radiation emitted by
runaway electrons

Radiation is essential in order to understand electron runaway. When
electrons emit radiation, they transfer a fraction of their kinetic energy to
the electromagnetic field. This affects their phase-space dynamics, and
radiation losses can for example limit the maximum energy achievable
in a given accelerating electric field, where the dominant energy-loss
channels are through synchrotron radiation as well as bremsstrahlung.
In the classical theory of radiation reaction [79, 80, 81], it is assumed
that a charged particle undergoes smooth accelerated motion. Maxwell’s
equations for a point source then yields the rate at which momentum
is gained by the electromagnetic field; by imposing the conservation of
momentum, this yields an associated average radiation reaction force
experienced by the particle which is given by the Abraham-Lorentz-
Dirac force

FALD =
e2γ2

6πεc3

[
v̈ +

3γ2

c2
(v · v̇)v̇ +

γ2

c2

(
v · v̈ +

3γ2

c2
(v · v̇)2

)
v

]
. (3.1)

For runaways in magnetized plasmas, this force tends to be dominated
by the synchrotron radiation reaction due to the rapid gyration of the
electrons at the cyclotron frequency ΩB = eB/(γme) [82]. The effects
on runaways of including the synchrotron-reaction force in the kinetic
equation is explored in-depth in Papers G, H, I and K. In particular,
Paper I includes the full guiding-center transformation to first order of
the ALD force for energetic electrons in magnetized plasmas.

Radiation is also one of few ways in which a runaway beam can be
passively diagnosed, since it is typically emitted at such short wave-

29
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lengths that the plasma is optically thin to this radiation; particularly
in tokamaks is this generally the case. Observation of the emission pro-
vides insight into the runaway distribution function, which allows the
validity of runaway models to be assessed.

3.1 Bremsstrahlung radiation reaction

When charged particles collide, the resulting emission is referred to as
bremsstrahlung (German for “braking radiation”, as it causes the parti-
cles to decelerate) [83, 84]. Unlike synchrotron radiation, as discussed
above, the bremsstrahlung emission is not emitted due to smooth macro-
scopic motion, but rather in bursts during the brief microscopic inter-
actions of runaways colliding with the background plasma. As such,
a statistical approach can be taken where we consider only the total
momentum k lost to the electromagnetic field in each collision (in the
classical picture corresponding to the time-integrated radiation reaction
force), and consider the differential cross-section ∂σbr,j/∂p for runaways
of momentum p1 incident on a target of species j to end up with mo-
mentum p after the collision. Then, since the microscopic interactions
are dominated by binary collisions, the bremsstrahlung radiation reac-
tion is governed by a Boltzmann collision operator of the form given in
Eq. (2.5), which for stationary targets is given by

Cbr =
∑

j

nj

ˆ
dp1 v1fe(p1)

∂σbr,j(p; p1)

∂p
− vfe(p)

∑

j

njσbr,j(p).

(3.2)

In the classical theory of bremsstrahlung one finds that the frequency
ω of the bremsstrahlung radiation becomes large enough that the total
energy c|k| emitted in individual collisions becomes comparable to the
photon energy ~ω [83]. Hence the classical theory breaks down, and only
quantum theory can describe the bremsstrahlung process. The differen-
tial cross-section ∂σbr,j/∂p was given for interactions with stationary
ions in the Born approximation in Refs. [85, 86]. From the differential
cross-section it is found that relativistic electrons on average lose a sig-
nificant fraction of their kinetic energy in each bremsstrahlung emission,
indicating that a Fokker-Planck equation for bremsstrahlung losses is
inadequate. We reproduce the dominant single-photon bremsstrahlung
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differential cross section given in Ref. [86], which can be written as

∂σ̄ab
∂p

= Z2
bαr

2
0

2k

p1γ
W (p; p1, cos θs)

W (p; p1, cos θs) =
2γ1γ + (γ2

1 + γ2 − 1)λ− λ2

k2λ2
√
λ(λ+ 2)

ln
(

1 + λ+
√
λ(λ+ 2)

)

− 2γ1γ − λ
k2λ2

− 3(γ2
1γ

2 − 1)2

λ2p4
1p

4

+
4(γ2

1γ
2 − γ1γ + 1)− γ1γ(p2

1 + p2) + (γ2
1 + γ2 + γ1γ − 1)λ

2λ2p2
1p

2

+

(
2
γ1γ − 1

λ3
− k2

λ4

)
2(γ2

1 + γ2 − γ1γ)p2
1p

2 + 3k2(γ1 + γ)2

p4
1p

4

+
l

p3

[
γ + 2γ3

λ2p2
+

2γ4 + 2p2
1p

2 + γ1(γ1 + γ)− (γ1γ + p2)λ

2kλ2

+ γ

(
2
γ1γ − 1

λ3
− k2

λ4

)
2γ1p

2 − 3kγ2

kp2

]

+
l1
p3

1

[
γ1 + 2γ3

1

λ2p2
1

− 2γ4
1 + 2p2

1p
2 + γ(γ1 + γ)− (γ1γ + p2

1)λ

2kλ2

− γ1

(
2
γ1γ − 1

λ3
− k2

λ4

)
2γp2

1 + 3kγ2
1

kp2
1

]
. (3.3)

In the expression for W , the electron momenta p1 and p, and pho-
ton momentum k, have been normalized to mec for clarity. The fine-
structure constant is denoted α = e2/(4πε0~c) ≈ 1/137, and r0 =
e2/(4πε0mec

2) ≈ 2.8 · 10−15 m is again the classical electron radius. We
have also introduced the auxiliary quantities

l = ln(γ + p),

l1 = ln(γ1 + p1),

λ = γ1γ − p1p cos θs − 1,

where the full angular dependence of the cross-section is captured in λ.
In the context of runaway in magnetic-fusion plasmas, the effects of

bremsstrahlung losses have been studied within the approximation that
runaways experience only the mean force [87, 88, 89]

Fbr(p) = −v̂
∑

j

njc

ˆ γ−1

0
(kc)

∂σbr,j

∂k
dk, (3.4)
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where ∂σbr,j/∂k is the cross-section for a photon of energy k to be emit-
ted, and describes the average energy loss in the sense thatˆ

dpmec
2(γ − 1)Cbr(p) =

ˆ
v · Fbr(p)fe(p) dp. (3.5)

The model is equivalent to using the Fokker-Planck operator (2.19) with
coefficients (2.26) to describe the bremsstrahlung reaction, taking νD =
0. In these studies it was found that bremsstrahlung emission could
play an important role in limiting the maximum achievable energy for
a runaway being accelerated in an electric field near the threshold value
Ec. It was found to be particularly important for high plasma charge
Z [88], and also that its relative importance compared to synchrotron
loss increases with density [87]. It was concluded that in a range of
typical tokamak disruption scenarios, bremsstrahlung losses would play
an important role in limiting the runaway kinetic energy.

In Paper B, we extend the model used in previous studies of brems-
strahlung emission during electron runaway to utilize the full statistical
description of Eq. (3.2) for the bremsstrahlung energy loss. In the mean-
force picture of the previous studies, for a given accelerating electric field
there will be a well-defined kinetic energy above which the bremsstrahl-
ung radiation loss will exceed the force due to the electric field, thus
setting a sharp upper boundary for the runaway energy. Conversely, in
the statistical description there is a non-zero probability that a runaway
will be accelerated for an arbitrarily long time before emitting a photon
in a bremsstrahlung reaction. One could thus expect that the energy
distribution of runaways exhibits a tail that extends beyond the critical
energy where the average energy loss balances the electric field. Indeed,
this behavior was found in Paper B from numerical solutions of the ki-
netic equation; a main result of the study is that in the statistical model
using a Boltzmann operator, approximately 10% of the total runaway
kinetic energy in steady state is carried by electrons with energy at least
80% higher than the theoretical prediction in the mean-force model.

Paper B also explores the pitch-angle deflection of fast electrons dur-
ing bremsstrahlung emission. In the study, we found that this effect can
generally be neglected for those reactions where the photon energy is
comparable to the electron energy, which are responsible for the major-
ity of the total energy loss. However, the contribution to pitch-angle
scattering is found to increase rapidly as the photon energy approaches
zero, and the total bremsstrahlung-assisted pitch angle scattering rate
can become significant compared to ordinary (elastic) collisional pitch
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angle scattering for fast electrons with energy in the GeV range. For run-
aways, which are generally in the 10-100 MeV energy range, the effect
tends to be minor.

3.2 Synthetic radiation diagnostic

On the other side of the coin is the question of the characteristics of
the emitted radiation. Interpreting the synchrotron and bremsstrahlung
radiation emitted by a plasma containing runaways is the most promising
method of probing the runaway phase-space distribution. For example,
in contrast, the runaway current depends only on the average runaway
velocity, which tends to be at the speed of light aligned with the magnetic
field, and is largely insensitive to the runaway energies. Inferring the
runaway distribution from the emitted radiation is complicated by the
fact that only line-integrated measurements can be performed, and that
different combinations of energy and pitch can often produce relatively
similar emission. This can be particularly challenging when only parts
of the spectrum are measured, such as when using a camera sensitive to
emission in the visible range to detect synchrotron emission which tends
to be the strongest in the infra-red range during runaway in tokamaks.

There are many examples in the literature of runaway distributions
that have been inferred from experimental observations of radiation
emitted in plasmas where runaway acceleration was believed to occur.
In Refs. [90, 91] the bremsstrahlung emission of a runaway beam was
observed in the DIII-D tokamak with temporal, angular and spectral
resolution. From these measurements, imposing a set of simplifying as-
sumptions, runaway energy spectra were reconstructed which were qual-
itatively consistent with a runaway model similar to the ones employed
in this thesis. The energy reconstruction reveals an anomaly, however,
where the experimentally observed runaways appear to have signifi-
cantly lower maximum energies than can be understood in a spatially-
homogeneous description. This finding is consistent with other recon-
structions that have been made, such as in Ref. [92] where a reconstruc-
tion was performed using combined radiation diagnostics in a DIII-D
post-disruption plasma. Recent analysis of camera images in the EAST
tokamak, which are assumed to show the synchrotron emission of run-
aways due to the asymmetric pattern, has been used to infer the radial
distribution of the runaway population, as well as its characteristic en-
ergy and pitch [93].
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We shall now introduce a synthetic diagnostics method which pre-
dicts the emission that a detector would observe due to a runaway
population in tokamaks. Formally, the spectral radiance (dimension
W/(m2 st Hz)) reaching a detector placed at a location x0; facing a
direction n0; along the line-of-sight described by a unit vector n and
parametrized by a solid angle Ωn; and at a frequency ω, can for an
optically thin plasma be written in terms of the received power P as [94]

∂P

∂A∂Ωn∂ω
=

ˆ
dxdp

n · n0

|x− x0|2
δ

(
x− x0

|x− x0|
− n

)
∂P (x,p,n)

∂Ω∂ω
fe(x,p),

(3.6)

where ∂P/∂Ω∂ω is the differential received power due to a fast electron
at the location (x,p).

In Paper F, the synthetic diagnostic SOFT (Synchrotron-detecting
Orbit Following Toolkit) is presented which evaluates this integral with
∂P/∂Ω∂ω appropriately chosen to describe synchrotron radiation, which
has later been generalized to also allow bremsstrahlung emission to be
modeled (Paper P). The method is specialized to magnetized toroidal
systems that vary on a time-scale much longer than the transit time
scale (τ � L/c ∼ 10 ns for runaways, where L indicates the system di-
mension). In that case, the distribution function can be fully described
in terms of one spatial coordinate and two momentum coordinates. The
dependence on one momentum coordinate, the gyroangle, vanishes in a
magnetized plasma due to the rapid gyromotion; one spatial coordinate
vanishes due to Liouville’s theorem stating that for Hamiltonian motion
the distribution function is constant along phase-space particle trajec-
tories; and the final spatial coordinate, the toroidal angle, vanishes by
the assumed symmetry. The resulting integral can be written

∂P

∂A∂Ωn∂ω
=

ˆ
dx1dp1dp2 fe(x1,p1,p2)K(x1, p1, p2; x0,n0,n, ω), (3.7)

where x1, p1 and p2 are suitable guiding-center phase space coordinates
describing the distribution function fe; the kernel function K, which
SOFT calculates, provides a complete description of the emission that a
detector can observe from any runaway population.

Additional insight into the observed emission from runaways can be
gained by noting that for high energies, due to the relativistic-beaming
effect, the emission is narrowly focused along the particle direction of
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motion, and one obtains

∂P

∂Ω∂ω
→ δ

(
p

p
+ n

)
∂P

∂ω
. (3.8)

When this expression is averaged over the electron gyroangle ϕ, one
obtains

1

2π

ˆ 2π

0
dϕ

∂P

∂Ω∂ω
= δ

(
cos θ − V̂ · n

) ∂P
∂ω

, (3.9)

where V̂ is the unit vector representing the guiding-center direction of
motion. This means that emission can only be detected while the con-
dition

cos θ = V̂ · n = V̂ (B(x),∇B(x), p, θ) · x− x0

|x− x0|
(3.10)

is satisfied, where the guiding-center velocity V depends on the local
magnetic field (and its gradients) and the electron momentum. Due to
the conservation of magnetic moment along trajectories, the pitch-angle
θ = θ(x) will also be a function of location. The solution of this equa-
tion for x – given a magnetic field, detector location, particle energy and
magnetic moment – represents a two-dimensional surface which we refer
to as the surface-of-visibility (SoV); only when runaways cross this sur-
face will they contribute observable emission, and so the SoV can explain
roughly the shape of synchrotron emission spots observed by cameras in
tokamaks. These synchrotron spot shapes have been previously studied
in Ref. [93], using a method outlined in Ref. [95] to obtain them.

Within the observed spot, we can identify two main effects which
determine the intensity variations:

(i) The variation of the emitted intensity ∂P/∂ω across the plasma.
For synchrotron radiation this depends strongly on the local magnetic-
field strength, which is approximately inversely proportional to the
major radius. This generally causes enhanced observed emission
from the high-field-side of the device. For detectors which only
observe the low-frequency tail of the emitted spectrum, this effect
is so strong that the observed spot shape is completely altered.

(ii) The geometrical effect, by which we mean the combination of the
geometry of the magnetic field (or of the runaway trajectories), of
the detector (location and shape) and of the angular distribution of
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radiation. These have an effect that can be understood in terms of
the time along the runaway trajectory that the surface-of-visibility
condition is satisfied for a finite-extent camera. This can vary dra-
matically across the spot, and often takes a sharp maximum along
the edge of the SoV (where runaways move tangentially to the sur-
face) where orders-of-magnitude stronger detected intensities may
be observed.

In particular the geometrical effect has been out of reach of previous
studies of the synchrotron emission from runaways – which considered
mainly spot shapes or total emission [96] – but is demonstrated to be
essential in order to understand runaway images. It must, however, be
stressed that the SoV is strongly dependent on the runaway momen-
tum (especially the pitch angle, which enters explicitly into the SoV
equation), and hence a complete image resulting from a distribution of
runaways would be the superposition of contributions from various dif-
ferent surfaces-of-visibility. This reveals patterns that are often not evi-
dent from studying individual SoVs, thereby illustrating that a complete
synthetic-diagnostic simulation (using e.g. SOFT) is generally required
in order to predict the observed pattern.



Chapter 4

Runaway of positively
charged species

In previous chapters of this thesis we have focused on electron runaway.
In Papers C and D, however, we consider the runaway of positively
charged particle species in plasmas. Although the fundamental runaway
mechanism is shared with electrons, being essentially a competition be-
tween the accelerating force and collisional friction, there are differences
which alter the picture.

4.1 Positron runaway

In Paper C we consider the runaway of positrons. These are typically
generated during runaway scenarios by interactions between the ther-
mal background plasma and the ultra-relativistic runaway electrons [97],
whose energies in the 10-100 MeV range far exceed the pair-production
threshold of 2mec

2 ≈ 1 MeV. The defining feature of positron runaway,
which sets it apart from regular electron runaway, is not their anni-
hilation – which often occurs on time-scales longer than the runaway
discharge lasts – but rather that they tend to be created moving in the
direction opposite to that of their acceleration. Positrons produced in
collisions of ultra-relativistic runaways will tend to be co-moving with
the incident electrons, which are in turn moving predominantly antipar-
allel to the electric field due to their negative charge. Consequently,
newly created pairs are moving antiparallel to the electric field, but the
positrons will be accelerated along the field. This means that they will
initially be slowed down by the electric field, and only a fraction will have
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scattered to sufficiently large momenta perpendicular to the electric field
that they will not thermalize before reaching the runaway region.

A common feature of many of the studies presented in this thesis is
the role of large-angle collisions, and positron runaway is no exception.
The creation of positrons in collisions between runaways and background
ions is again given by a form of Eq. (2.5):

Spos(p) =
∑

j

nj

ˆ
dp1 v1fe(p1)

∂σpos,j(p; p1)

∂p
, (4.1)

which describes the rate of creation of positrons at momentum p, where
σpos,j is the cross-section for positron generation in the interaction be-
tween a runaway electron of momentum p1 and a stationary target par-
ticle of species j. Note that the term depends only on the runaway-
electron population, and not the positron distribution itself. For highly
energetic electrons p1 � mec, the cross section is sharply peaked for p
parallel to p1, and one may approximate

∂σpos,j(p; p1)

∂p
=
δ
(

1− p1·p
p1p

)

2πpγm2
ec

2

∂σpos,j(p, p1)

∂γ
, (4.2)

where the problem is reduced to finding the cross-section differential in
the outgoing positron energies ∂σpos,j(p, p1)/∂γ. However, with colli-
sional pair production being a second-order process in quantum electro-
dynamics, no closed-form expressions for the cross-section are available
in the published literature to the author’s knowledge. Instead, we have
opted to use the numerical tool MadGraph 5 [98] to provide the dif-
ferential cross sections. We point out that a numerically-fitted total
cross-section formula given by Gryaznykh [99] – which has been used in
a number of previous studies of positron runaway – disagrees with the
MadGraph 5 calculation by a nearly constant factor of four. Since the
MadGraph output agrees with the analytical high-energy limit given
in Appendix F of Ref. [100] within 5% for all electron energies above
100 MeV, we deem it likely that there is an error in the calculation of
Ref. [99]. Consequently, previous studies have overestimated the colli-
sional pair production of positrons by approximately a factor of four.

The annihilation of positrons, on the other hand, is given by

San(p) = −vfpos(p)σan(p) (4.3)
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where σan is the total annihilation cross section for a positron of momen-
tum p. In a fully ionized plasma, it is given by the free-free two-quanta
annihilation cross section [62]

σ(p) =
πr2

0

γ + 1

[
γ2 + 4γ + 1

γ2 − 1
ln(γ +

√
γ2 − 1)− γ + 3√

γ2 − 1

]
. (4.4)

For positron energies much greater than the rest energy, γ � 1, it is a
decreasing function of energy σan ∼ πr2

0(ln 2γ−1)/γ, hence the mean life
time 1/(ncσan) tends to be much longer than for example the avalanche
time which is of the order of [2πnr2

0c(E/Ec − 1)]−1.
In Paper C, we discovered that the fraction of created positrons that

end up running away is highly sensitive to the electric-field strength, but
relatively insensitive to the plasma charge. For example, at E = 2Ec
the runaway fraction was approximately 20%, whereas at 10Ec it reaches
60-80%. We also analyzed the possibility to measure the annihilation
radiation that is emitted by the positrons that are slowed down instead
of becoming runaway accelerated. Since this emission is strongly peaked
around the distinct photon energy of 511 keV, there is hope that this
annihilation radiation can be distinguished from the X-ray emission from
the runaway electrons. We found that a fine energy resolution is required
from a HXR spectrometer for this to be possible: if a peak in the photon-
energy spectrum narrower than 1 keV can be resolved, it could be feasible
to observe the runaway-created positrons in an ideal scenario. If this
resolution requirement is not met, coincidence-measurement techniques
may be employed to improve the signal-to-noise ratio [101].

4.2 Ion runaway

In Paper D we have studied the runaway of ion species present in the
plasma. The defining feature here is the large mass of the runaway
ions, where even strongly superthermal ions tend to be slower than the
thermal electrons. The result is a dynamical friction force which does not
decrease monotonically for speeds above the thermal, but instead grows
as the ion speed approaches the thermal electron speed. This leads to
runaway ions not actually running away; they will instead be accelerated
towards some equilibrium speed. However, since the generation of these
superthermal ions by strong electric fields is very similar to the electron
runaway process, they are referred to as runaway ions.
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The presence of a much lighter species in the plasma – the electrons –
sets the ion runaway process apart from electron and positron runaway.
The kinetic equation for an ion species i is given by

∂fi
∂t

+
eZi
mi

E‖
∂fi
∂v‖

= Cie +
∑

j

Cij , (4.5)

where the sum is taken over all ion species present in the plasma. The
ion-electron collision operator can be written

Cie = Cie[fi, fe] = Cie[fi, fMe] + Cie[fi, fe − fMe], (4.6)

where we take fMe to be a Maxwellian electron distribution in the rest-
frame of the ion population. During near-equilibrium scenarios, i.e.
when E � ED, the perturbed electron population fe − fMe only con-
tributes significantly from electron speeds much greater than the char-
acteristic runaway ion speeds. Since the first term Cie[fi, fMe] produces
no net momentum transfer for the chosen fMe, the operator can then be
written [70]

Cie[fi, fe − fMe] =
Rei

mini
· ∂fi
∂v

, (4.7)

where Rei =
´

dvmevCei is the net electron-ion friction force. The ion-
electron friction Rie is readily calculated from the electron momentum
equation,

∂(nemeVe)

∂t
= −neeE +

∑

j

Rej . (4.8)

In steady state, utilizing that electron-ion collision rates scale as the
ion-charge squared, we obtain

neeE =
∑

j

Rej =
neZeff

niZ2
i

Rei, (4.9)

where the effective charge is defined by
∑

i niZ
2
i = neZeff. This allows

the collisions with the perturbed electron population to be combined
with the electric field to yield an ion kinetic equation

∂fi
∂t

+
eZi
mi

E∗‖
∂fi
∂v‖

= Cie[fi, fMe] +
∑

j

Cij [fi, fj ],

E∗‖ =

(
1− Zi

Zeff

)
E‖. (4.10)
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In a pure plasma, where Zi = Zeff, the effective electric field E∗‖ vanishes
and no ion acceleration will occur. For a high-Z impurity with Zi � Zeff,
the drag against electrons will far exceed the acceleration by the electric
field, and the impurities will be accelerated in the direction of electron
runaway, i.e. anti-parallel to the electric field.

For a runaway ion, the collisions with fMe will describe a dynamical
friction Fie ∝ v increasing in proportion to speed up to the electron
thermal speed, whereas the collisions with other ions result in a friction
force Fij ∝ 1/v2, as in the standard electron runaway situation.

We developed an open source numerical tool CODION [102], based
on the runaway-electron solver CODE but accounting for the additional
terms of the kinetic equation specific to ion runaway, which we used to
study the ion runaway dynamics in Paper D.

Ion friction-force estimates

Valuable physical insight into the ion runaway process can be obtained
by considering the friction force acting on a test-ion moving through the
plasma. Formally, the test-particle equations of motion can be obtained
by considering velocity moments of the kinetic equation for a delta dis-
tribution fa = δ(v − u(t)) representing the test particle [103]. This
method was pursued in Refs. [39, 42] where ion runaway in solar flares
was considered, and later expanded upon in Paper D to consider gen-
eral plasma compositions. The momentum moment of the ion kinetic
equation yields the test-particle equation of motion

∂(miv)

∂t
= ZieE

∗ξ − mivT i
τie


Zeff + n̄

v2/v2
T i

+
4

3
√
π

√
meT 3

i

miT 3
e

v

vT i


 ,

where we use the pitch-angle cosine ξ = v‖/v, the ion-electron collision

frequency τ−1
ie = ne ln ΛZ2

i e
4/(4πε20m

2
i v

3
T i), and introduced the quan-

tity n̄ =
∑

j njZ
2
jmj/(nemi). Here explicit expressions for the collision

operator with a Maxwellian background species [103] have been used,
under the assumption that the velocities satisfy vTj � v � vTe for all
ion species j. The term containing the parentheses represents collisional
friction, in which the first term expresses ion-ion friction which decreases
with velocity and dominates for low velocities, whereas the second term
describing ion-electron friction increases with velocity and dominates at
high velocities.
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The solutions ∂(miv)/∂t = 0 represent those velocities where electric-
field acceleration exactly balances collisional friction. For electric fields

E∗ > E∗min = 2
mivT i
Zieτie

Ti
Te

(
3

2π

me

mi
(Zeff + n̄)

)1/3

,

two solutions vc1 and vc2 exist which describe, respectively, the runaway
velocity above which an ion will be accelerated by the electric field; and
the maximum velocity before electron friction overcomes the electric
field, thus preventing further acceleration. Therefore, ions with velocity
vc1 < v < vc2 will be accelerated, before accumulating at vc2.

However, it should be noted that the above test-particle equation of
motion is not unique. By considering the energy moment

´
dvmiv

2/2(. . .)
of the ion kinetic equation, one instead obtains

∂(miv)

∂t
= ZieE

∗ξ − mivT i
τie


n̄v

2
T i

v2
+

4

3
√
π

√
meT 3

i

miT 3
e

(
v

vT i
− 3Te

Ti

vT i
v

)
 .

If we assume that (v/vT i)
2 � 3Te/Ti, this reduces to the momentum

equation with the simple exchange n̄ 7→ Zeff + n̄. This equation may
provide more accurate estimates of the critical velocities; using the
same procedure to estimate the electron runaway velocity shows that
the energy-balance equation yields the well-known formula vc/vTe =√
ED/2E, while the momentum-balance equation gives a result which is

larger by a factor
√

2. The discrepancy may be understood by the fact
that pitch-angle scattering contributes to friction in the momentum-
balance equation, but not in the energy-balance equation as it is an
energy-conserving effect. The angular deflection will not efficiently stop
a particle from running away (except sometimes indirectly), and hence
the energy equation provides a better estimate. The substitution (Zeff +
n̄) 7→ n̄ may thus improve the results given in Refs. [39, 42] and Paper D,
although these estimates should perhaps primarily be viewed as a guide
to interpret solutions of the kinetic equation, and to make qualitative
predictions regarding the features of the ion runaway distribution.

Note finally the limits to the validity of the model described here.
The linearization of the self-collision operator requires small runaway
densities, corresponding to short times or electric fields E∗ ∼ E∗min;
extending far above E∗min requires the use of a non-linear self-collision
operator. At the same time, the electric field must be sufficiently weak
to avoid significant runaway-electron generation which would affect E∗,
therefore requiring E . 0.1ED.



Chapter 5

Summary and outlook

Runaway is an important phenomenon, which occurs in both terrestrial
and space plasmas. It is of particular interest in magnetic-fusion research
where runaway electrons can strike the wall of the reactor after being
accelerated to highly relativistic energies, at which point they can cause
severe damage to plasma-facing components. Runaway is also of interest
in space and astrophysical applications, where they may be responsible
for observed gamma-ray emissions.

Summary of the thesis

In this thesis, we present recent contributions to kinetic modelling of
runaway in plasmas, which has been advanced by the incorporation of a
full linearized Boltzmann collision model in the limit of low background
temperatures. This model has been implemented into the numerical
kinetic-equation solver CODE, which we have used to characterize the
runaway dynamics in various scenarios. This has allowed us to assess
the validity of previous collision models which have used simpler descrip-
tions, as well as providing updated predictions for runaway generation
rates. We have also demonstrated the consequences of the new model
on the momentum-space distribution of runaways.

The effects of using the Boltzmann collision model is featured in
Papers A, B, C and E, where it was used to describe the following
processes:

Avalanche generation — In Paper A the Boltzmann operator was
applied to Møller scattering, describing the elastic large-angle Coulomb
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collisions between the runaway electrons and the thermal background
electron population of the plasma. This generalized previous models for
knock-on collisions, which were limited by approximating the momentum
distribution of the runaway population, such as assuming zero pitch
angle and infinite energy. We also presented a scheme to accordingly
modify the Fokker-Planck operator when a large-angle collision operator
is added to the kinetic equation, in order to avoid double counting of
collisions. It was shown that in spite of the issues of previous models,
they are mostly sufficient to predict the production rate of runaway
electrons through the avalanche mechanism, with errors in the range of
10% or smaller.

Bremsstrahlung energy loss — In Paper B we applied the large-
angle collision model to describe the effect of bremsstrahlung emission of
the runaway dynamics for optically thin plasmas, where emitted photons
are rarely absorbed by runaways. Since the average energy of the emitted
photons, mec

2〈(γ−γ1)2〉/〈γ−γ1〉, is of the order of the incident electron
energy mec

2γ for runaways in the 10-100 MeV range, a Fokker-Planck
description is inadequate. Instead, we demonstrate that a Boltzmann
operator needs to be used if one wishes to understand the momentum-
space dynamics of runaways when bremsstrahlung losses are important.
We showed that a significant fraction of runaways can reach twice the
maximum energy predicted in a Fokker-Planck description.

Pair production during runaway — In Paper C the large-angle
collision model is used to describe the momentum-space distribution of
the positrons which are generated when runaway electrons interact with
the thermal background plasma. An essential feature that is captured
with our model is how a created positron typically co-moves with the
runaway electron responsible for its creation; since the electrons are
moving antiparallel to the electric field, this means that newly created
positrons are moving with high speed in the direction opposite to their
acceleration in the electric field. A careful analysis of the momentum-
space dynamics is carried out in order to predict the fraction of created
positrons that become runaway accelerated.

Collisions with a partially ionized medium — Paper E describes
the theory of a Fokker-Planck equation appropriate for describing colli-
sions with partially ionized ions. The degree to which the cloud of bound
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electrons will screen out the nuclear charge is sensitive to the scattering
angle; generally larger scattering angles result in a stronger enhancement
of the scattering rate in comparison to the completely screened situation.
For this reason, we investigated to what degree a Boltzmann model of
the ion collisions would differ to the Fokker-Planck model. It was found
that, although some difference was observed in the momentum-space
distribution of the fast runaway population, their rate of generation was
captured with high accuracy within the Fokker-Planck approximation.
Paper E, which presents the details of the derivation of the new electron-
ion collision model as well as further exploring its consequences on the
runaway dynamics, was preceded by Papers O and R which contained
its first presentation, as well as a study of the threshold electric field for
avalanche multiplication in a partially ionized medium.

Papers D and F are not directly concerned with the effect of large-
angle collisions, but have advanced the understanding of runaway in the
following ways:

Ion runaway — We provide new insights into the runaway accelera-
tion of ions in Paper D by, for the first time, considering full numerical
solutions of the 2D ion kinetic equation in runaway scenarios, allowing
us to study their generation and momentum-space dynamics. An impor-
tant finding is that in post-disruption tokamak plasmas – where electron
runaway may become a huge issue due to the numbers in which they can
be generated – we demonstrate that ion runaway generation (where the
tail of a thermal Mawellian population is accelerated) is unlikely to occur
to any significant degree. An exception may be in the presence of a fast
ion population existing before the disruption, for example injected for
heating purposes or energetic helium nuclei created in fusion reactions,
where they may be briefly sustained in the strong electric field due to
their relatively lower collisionality. The numerical tool we developed for
the study, CODION, is open source and freely available on Github [102].

Radiation synthetic diagnostics — In the final study included in
the thesis, Paper F, we present a synthetic diagnostic for runaways,
SOFT. The tool predicts the emission (to which the plasma is assumed
to be optically thin) which would reach the aperture of a detector due to
a three-dimensional runaway-electron distribution in tokamaks, which
may depend arbitrarily on radius, energy and pitch angle. The tool
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was originally created for predicting camera images of the synchrotron
radiation emitted by a runaway beam, but has been generalized to also
predict spectrometer measurements as well as those of bremsstrahlung
diagnostics. The tool, which was presented in Paper F, has produced
follow-up studies in Papers P, Q and S, where it was applied to model
synchrotron diagnostics during runaway discharges in the Alcator C-
Mod and DIII-D tokamaks. In Paper P it was also used to model the
Gamma Ray Imager bremsstrahlung diagnostic at DIII-D.

Outlook

In this thesis we present recent advancements to the modelling of col-
lisional and radiative effects on runaways. A natural framework to
quantify these processes has been to consider a slab plasma, which is
the simplest system exhibiting the richness of the collisional dynamics
which non-locally couples the energies and pitch angles of the runaways.
Since the time of the first publication in this thesis – Paper D, carried
out during 2014 – our understanding of the momentum-space dynamics
of runaway electrons has significantly matured. We have developed a
more confident view of which collisional and radiative processes affect
the runaway dynamics, some of which were obtained through the studies
presented in this thesis.

However, in comparing present-day models with experimental obser-
vations of runaways in tokamaks, it is clear that the predictive capa-
bilities of the pure momentum-space description is often limited. This
demonstrates a need to extend the model to describe also spatially vary-
ing plasmas, uniting it with the momentum space effects which the work
included in this thesis has mainly focused on.

In tokamaks, three spatial effects in particular directly influence the
momentum-space dynamics:

(i) Radial transport of runaways, for example due to fluctuations of
the magnetic field, where the effective rate of transport tends to
be sensitive to the runaway momentum.

(ii) Instabilities of the plasma may affect the runaways through a wave-
particle interaction, which for example will tend to flatten out
inverted energy gradients in a distribution. Such bump-on-tail
distributions are predicted to be produced by radiation losses, as
illustrated in Papers B, H and K. The anisotropy of the runaway
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distribution is also known to be a potential drive of wave insta-
bilies.

(iii) The magnetic-mirror force acting on particles moving through an
inhomogeneous magnetic field. This effect causes, among other
things, particles of a sufficiently large pitch-angle to be trapped on
the low-field side of a tokamak, where the orbit-averaged effect of
the electric field is significantly reduced. This can be important for
the rate of avalanche generation, since secondary electrons tend to
have large pitch angles [104].

In addition, there are spatial effects which need to be accounted for
that only indirectly influence the dynamics, but which may be no less
important:

(iv) Disruption dynamics must be better understood, since the macro-
scopic evolution of the magnetic topology during the early stages of
the disruption sets the possibility for a runaway seed to form. The
destructive potential of the final runaway beam is highly sensitive
to the seed; with no seed generation one may avoid the formation
of a runaway beam altogether.

(v) The ablation of pellets and transport of impurities in cold post-
disruption plasmas are essential in order to understand the distri-
bution of the high-Z ions of the plasma. This sets the generation
and dissipation rates of runaways during disruption mitigation by
massive material injection, which is the system currently planned
for ITER [36].

(vi) The self-consistent evolution of the electric field in the post-disruption
plasma, which will set the runaway generation rate, but which in
turn will also depend on the evolution of the runaway current pro-
file.

These are six examples of significant gaps in present modelling and un-
derstanding, where I expect that advancements can help us bridge the
gap between interpretitive and predictive modelling. In particular points
(i -iii) have seen significant progress in recent years [105, 106, 107, 108],
and there are ongoing efforts in the direction of the last three points.
The worldwide effort in runaway modelling will certainly lead to exciting
developments in the coming years.
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