-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Chalmers Research

Thesis for the degree of Doctor of Philosophy

Time-domain modelling of high-frequency
wheel/rail interaction

Astrid Pieringer

Department of Civil and Environmental Engineering
Division of Applied Acoustics, Vibroacoustic Group
Chalmers University of Technology
Goteborg, Sweden, 2011


https://core.ac.uk/display/198050228?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Time-domain modelling of high-frequency wheel/rail interaction
Astrid Pieringer
ISBN 978-91-7385-523-5

© Astrid Pieringer, 2011

Doktorsavhandlingar vid Chalmers tekniska hégskola
Ny serie nr 3204
ISSN 0346-718X

Department of Civil and Environmental Engineering
Division of Applied Acoustics, Vibroacoustic Group
Chalmers University of Technology

SE-412 96 Goéteborg, Sweden

Telephone + 46 (0) 31-772 2200

Cover:
Tram in G6teborg, Sweden, during curve negotiation

Printed by
Chalmers Reproservice
Goteborg, Sweden, 2011



Time-domain modelling of high-frequency wheel/rail interaction
Astrid Pieringer

Department of Civil and Environmental Engineering

Division of Applied Acoustics, Vibroacoustic Group

Chalmers University of Technology

Abstract

The interaction between wheel and rail is the predominaumicgoof noise emission
from railway operations in a wide range of conventional sise®©n the one hand,
this wheel/rail noise concerns rolling noise and impacseaiaused by the ver-
tical interaction excited by roughness and discrete iflagies of the wheel/rail
running surfaces, respectively. On the other hand, it amscequeal noise gen-
erated by the tangential interaction due to frictional ahdity. The aim of this
thesis is to develop a model for the combined vertical andeatial wheel/rail in-
teraction induced by roughness, discrete irregularitdaaional instability. This
is the main step in the formulation of a combined predictiordei for the three
different types of wheel/rail noise, which can be used assigdetool for noise
reduction. In order to include the non-linearities in th@teet zone, the interac-
tion model presented in this thesis is formulated in the tdomain. Wheel and
track models are represented by Green’s functions, whanlisléo a computation-
ally efficient formulation and allows the inclusion of dé¢al contact models. A
two-dimensional (2D) vertical contact model consistingadfedding of indepen-
dent springs, and a three-dimensional (3D) vertical anddatial model based
on an influence-function method for the elastic half-space,considered. Non-
Hertzian and transient effects are taken into account. éntllesis, the vertical
interaction model has been applied for excitation by whaiklfoughness and by
wheel flats. In the former case, the model has been validgeadst existing estab-
lished models. In the latter case, encouraging agreeméhtii@id measurements
has been found. Results from simulations carried out witth lee 2D and the
3D contact models for excitation by detailed measured rnagb data indicate that
significant errors may occur in the calculated contact freéhen the 3D rough-
ness distribution is represented by the roughness on ordylargitudinal line.
The errors increase with a decrease in roughness correlatioss the width of
the contact. Frictional instabilities during curve negtiin have been investigated
with the combined vertical/tangential interaction modeébr both a constant fric-
tion law and a friction curve falling with the sliding velag; stick/slip oscillations
were observed. While the model is not yet considered comlpletliable in the
case of a falling friction curve due to the possibility of riple solutions, the results
in the case of constant friction are in good qualitative agrent with previously
published findings on curve squeal.

Keywords: wheel/rail interaction, time domain, roughness, disigegularities,
frictional instability, non-Hertzian contact, transi@antact, railway noise.
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Chapter 1
Introduction

1.1 Background

Railways are generally considered to be a more environriherfiteendly means

of transportation than aircraft and road traffic. Noise ig o their few environ-

mental drawbacks. Although exposure to noise from railwaysxperienced by
many as less disturbing than noise from aircraft and rodfictiet the same sound
level [21, 58], it is still a source of considerable annoyamar residents in the
vicinity of railway lines.

Railway noise is generated by diverse sources, whosevelaievance depends
on the operating conditions. The importance of noise froapibwer unit and aux-
iliaries is confined to standstill, acceleration and lowesjsebelow aboui0 km /h
[19]. For high-speed operation above approximatélykm /h, aerodynamic noise
becomes dominant. This type of noise is generated by unstedbbw over struc-
tural elements such as the bogies and the pantograph and twyritlulent boundary
layer [24].

In the wide range of conventional speeds in between, thesictien between wheel
and rail is the predominant source of noise emission. Thiselfail noise is
divided into the three categories of rolling noise, impagise and squeal noise.
While the former two are caused by the vertical wheel/rd@inaction, the latter is
induced by a lateral excitation mechanism [98]. Rollingseadis generated by the
roughness of the wheel and rail running surfaces, whichexeibrations of track
and wheel in the form of vertical relative motion. In conseqce, the wheelset, the
rail and the sleepers radiate noise [98]. The vehicle stqoetare comprising cars
and bogies does not contribute significantly to the radmatibrolling noise [24].
Impact noise is caused by discrete irregularities of theaeled rail running sur-
faces such as wheel flats and rail joints. The underlying @gsm can be inter-
preted as an extreme form of roughness excitation [98]. &quaise occurring
in sharp curves is generated by lateral forces due to friaticnstability. While
rolling noise and also impact noise are broad-band phenanmwolving a large
range of frequencies in the audible range, squeal noisenisrghty a tonal sound
that dominates all other types of noise when it occurs. Surgmp, it can be said
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2 1. Introduction

that all three types of wheel/rail noise have their origithe contact zone between
wheel and rail. The dynamic processes occurring in this, avb&h is generally
not bigger than a one-cent coin for a steel wheel on a stdehraiof great impor-
tance for the generation of wheel/rail noise.

Traffic operators, infrastructure administrators, traimnufacturers and society in
general all have an interest in the reduction of wheel/raig®. Computer models
that increase the physical understanding of the noise ggoerprocess and al-
low assessing possible noise reduction measures caniadsigiling this aim. A
good example is the frequency-domain model TWINS develdpethe predic-
tion of rolling noise [97]. This model is widely used todayimdustry and has
been applied extensively in the identification and assessofemeasures to re-
duce rolling noise [96]. Corresponding models for the prgdn of impact noise
and squeal noise that would be as successful as TWINS areehavgilable. One
of the difficulties is that models aiming to predict theseetyf noise have to be
formulated in the time domain and are generally computatiglemanding.

1.2 Aim of the thesis

The aim of this thesis is to develop a model for the combinetioa and tangen-
tial wheel/rail interaction induced by roughness, diseigegularities or frictional
instability.

The formulation of such a wheel/rail interaction model is thain step in the devel-
opment of a combined prediction model for rolling noise, aopnoise and squeal
noise — including the complete chain from source to receiMee remaining step of
formulating a radiation and sound propagation model is ncluided in the scope
of this thesis.

1.3 Outline

The general structure of the thesis is as follows.

Chapter 2provides a literature review on wheel/rail interaction raklsd This re-
view serves to define the various requirements on the cordbiertical and tangen-
tial wheel/rail interaction model developed in this thesnsl to justify the choices
made in the modelling process.

The resulting wheel/rail interaction model with all its cpaments is elaborated in
Chapter 3 Besides the general modelling concept, the different Wheek and
contact models used in the interaction model are introduced

Chapter 4covers the validation and verification of the interactiondelo Partial
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validation results from comparisons to existing estalelisimodels and measure-
ment data are presented.

Chapter 5presents simulation results of the interaction model. &ls@ecific ar-

eas of application are treated. The first two concern soleyertical wheel/ralil

interaction. These are the evaluation of the contact-fdterct consisting in the
suppression of short wavelength excitation by the finite sizthe contact area,
and the calculation of impact forces caused by wheel flat thind application,

involving both vertical and tangential wheel/rail intetiaa, concerns the investi-
gation of stick/slip oscillations due to frictional instaty. Simulations are carried
out with a constant friction law. Additionally, the exteosito a slip-velocity de-

pendent friction law is discussed briefly.

In the appended paperBaper | to Paper \, the wheel/rail interaction model is
used with different wheel, track and contact models. Theemapontain additional
simulation results in the mentioned areas of applicatiomictv are not included
in the summary part of the thesig\ppendix Aprovides a quick overview of the
content ofPaper Ito Paper V.
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Chapter 2

Review of the modelling of wheel/ralil
Interaction

2.1 Modelling concepts

Wheel/rail interaction models intended for noise predictshould cover the fre-
guency range from approximatel90 Hz to 5 kHz. At frequencies below 00 Hz

the human perception of sound is substantially reduced. tDdlee contact filter
effect (described isection 2.2the rolling noise spectrum decreases rapidly above
5kHz [100]. As squeal is linked to the wheel being excited in onet®freso-
nances [88], squeal may also occur at higher frequenciese(ge[39]). The main
squeal tones are nevertheless covered by a frequency rprigé kHz [88].

Such wheel/rail interaction models are denoted high-feegy models to distin-
guish them from models of the classical rail-vehicle dynagonsidering, for in-
stance, running stability, curving behaviour and passecm@afort, which typically
include frequencies up 0 Hz [50].

The purpose of a wheel/rail interaction model is to calaliie response of the
vehicle/track system to an excitation acting in the contawte. Typical input

variables are the combined roughness of wheel and rail, ithpesof a discrete
irregularity or, in the case of squeal, the frictional prds of the contact and pa-
rameters describing the curving behaviour of the vehicygical output variables
are the vibrations of vehicle and track and the contact ®acting at the interface.

In general, wheel/rail interaction models consist of thsebsystems: a vehicle
model, a track model and a contact model; see Figure 2.1. &hiele and track

models describe the global dynamics of the vehicle and #ekirThey are cou-

pled via the contact model, which comprises the local dycarnm and close to the
contact zone of wheel and rail.

The interaction of wheel and rail in the context of rollingig®and impact noise
can be summarised as follows. When the wheel rolls over thethia roughness
or the discrete irregularity (seen as a rigid indenter) eausrelative vertical dis-
placement between wheel and rail [89]. This relative disptaent is partly taken
up by local deformation in the contact zone and is partlydfamed into global

5



6 2. Review of the modelling of wheel/rail interaction

vehicle

wheel vibration
contact forces
local deformation

excitation
contact

local deformation
contact forces
rail vibration

track

Figure 2.1: Schematic sketch of a wheel/rail interactioreio

vibrations of vehicle and track. The proportion of local @ehation and global
vibrations is determined by the dynamic properties of tHaale, the track and the
contact zone. The local deformation in the contact zonelvegoa varying contact
pressure distribution, which is often represented as a paice — the vertical con-
tact force. Tangential interaction and friction are geleraeglected with regard
to roughness excitation and excitation by discrete irragigs.

Curve squeal originates from friction-induced vibratipmbiich belong to the group
of self-excited vibrations [56, 88], and thus requires ti@usion of tangential in-
teraction in the interaction model. The phenomenon is gids¥ed to the curving
behaviour of the railway vehicle. In tight curves, espdgitiie leading wheelset
in a bogie rolls with a high angle of attack against the raih. cbnsequence, a
relatively large lateral sliding motion occurs between wirend rail, which gives
rise to a friction force [88]. This lateral motion can sengenergy source for
self-excited vibrations involving stick/slip oscillatis in the wheel/rail contact and
global vibrations of the wheel in one of its resonances. ighathe coupling in the
wheel/rail contact, the rail is also excited to vibrations.

Wheel/rail interaction models can be formulated eithethia frequency or in the
time domain. By their nature, frequency-domain models ampietely linear
models, while time-domain models are suitable to inclutieiadls of non-linearities.
With regard to curve squeal, frequency-domain models cdy redict which
wheel modes are prone to squeal, but models aiming to preglictal amplitudes
have to be formulated in the time domain. A disadvantagenoéttilomain models
is that they are generally more computationally demandivag tare frequency-
domain models.
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Frequency-domain models work with frequency responsetifume such as recep-
tances or impedances that represent the dynamic behaviting wehicle, the track
and the contact zone. In the context of roughness excitaitios implicitly as-
sumed that a roughness component of waveleigtrhich is passed by the wheel
at train speed, excites the wheel/rail system at the frequency

v
f=5 (2.)

and causes vibrations only at this frequerfcy

A considerable number of frequency-domain models for whakinteraction in-

duced by roughness excitation is available in the litemterg. [26, 34, 67, 76—
79, 86, 89-93], and a good overview of these models is givéimemeview article

of Knothe and Grassie [50]. Frequency-domain models fovecsqueal allow-
ing for stability analysis have e.g. been developed by Meeakl [32] and de

Beer [16].

The most well-known frequency-domain model for the calttataof rolling noise
is a model going back to Remington [76—79], which has beeremgdised and
further improved by Thompson [89-93]. His formulation ispl@mented in the
software package TWINS [100] which is widely used in indysaday. Two ba-
sic equations of Thompson’'s model, which are repeated loeneeftical coupling
between the wheel and the rail only, illustrate well the tioring of wheel/rail
interaction models in the frequency domain:

—GwR
S = 2.2
W Gw + Gr + Ge (2:2)
GrR
S = . 23
i Gw + Gr + Ge (2:3)

The vibration amplitude of the wheélyy, and of the rail =y, at a certain frequency
due to a roughness component with amplitétjes determined by the receptances
of the wheel G, the rail,Gi , and the contact zoné&;.

The range of validity of the assumption of linearity that ecassary in frequency-
domain models has been investigated by Wu and Thompson [i8§ a time-
domain model for roughness excitation. They found that livegarities in the con-
tact model cannot be neglected in the cases of severe rasgjand/or a low static
contact preload, which can cause loss of contact betweealwhd rail. These re-
sults have been confirmed by Nordborg, who used both a fregugomain model
and a time-domain model based on Green'’s functions to stagylinear effects in
the vertical interaction [67]. If the response to discretegularities such as wheel
flats and rail joints is to be calculated, time-domain modets the only option.
Only they can capture the discrete nature of the phenomethanaalel the loss
of contact that is likely to occur [109, 110]. As curve squisaan intrinsically
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non-linear and transient phenomenon, time-domain modelalao here the only
option, if the magnitude of squeal is to be predicted.

Time-domain models essentially solve the system of difféaéand algebraic equa-
tions describing vehicle, track and contact by a time-stepprocedure. Due to
the required computational effort of time-domain solusipit is usually neces-
sary to simplify wheel, rail and contact dynamics. A commepraach is to use
rigid wheel models in the context of vertical wheel/raileraction [50]. In time-
domain models for curve squeal, the influence of the trackitsnocompletely
disregarded. Among the few time-domain squeal models diotutrack dynamics
are the models by Fingberg [22], Périard [71] and Huang €B8dl. In order to
include detailed submodels in time-domain models, redadchniques have to
be applied. A common approach is to model the track or the dee@ modal
component derived from a finite-element model [50]. An alédive, more compu-
tationally efficient approach has been demonstrated by iuTéwompson [109].
They modelled the dynamics of the track using a single difigal equation ob-
tained from a transfer functioH (s),

6183 + 6282 + ng + b4
st 4+ a183 + ass? + ass + ayg

H(s) = (2.4)
whose constant coefficients andb; were adapted in such a way that the differ-
ences betweeH (iw) and the point receptance of the track were minimised. Their
technique is, however, not suitable to include track modtls discrete supports.
A third, very promising, approach that is computationaffyjceent and allows in-
cluding discrete supports is the representation of th&tsganoving Green'’s func-
tions that describe the dynamic behaviour of the track in &ngpcontact point.
This technique, going back to Manfred Heckl's proposal foaiéway simulation
program [31], has e.g. been used by Nordborg [67] and recbgtMazilu [57].
As a matter of course, the wheel can also be represented BnGreinctions.
This approach has been chosen by Maria Heckl et al. [33] winoudtated a squeal
model for the wheel represented as an annular disc.

2.2 Excitation by roughness

It is now generally accepted that the roughness of wheel ahdunning sur-
faces is the predominant cause of the occurrence of rolloigen98]. Applying
Equation (2.1) for the frequency range of interest frodh Hz to 5 kHz and train
speeds ranging fromo0 to 300 km/h leads to a relevant roughness-wavelength
interval from830 to 3mm. Thompson [94] estimates that the wavelength range
300 — 10 mm is the most important. Typical roughness amplitudes areemange
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0.1 — 30 um. For severely corrugated rail, even higher amplitudes 0@z].

Wheel and rail make contact not only in a point, but in a smaedhadenoted a
contact patch. The roughness distribution throughoutdbigact patch is respon-
sible for the excitation of vibrations. Nevertheless, mmailable wheel/rail in-
teraction models — including all models mentionediection 2.1lexcept Heckl's
proposal [31] — assume that the roughness distributioctaffdy acts in one point.
This implicitly includes the assumption that the contaatep size and shape are
not influenced by the roughness.

The finite size of the contact patch is responsible for twodrtgnt effects concern-
ing the excitation of the wheel/rail system by roughnes$:[94

1. Roughness components of wavelengths that are in the ofder shorter
than, the length of the contact zone in the rolling directiomnot excite the
system as effectively as roughness components of longeelerayths, an
effect known as the contact-filter effect.

2. The excitation of the wheel/rail system depends also envdriations in
roughness profile height across the width of the contactterdhadirection.
The excitation is greatest when the roughness is stronghgleded across
the contact patch, and progressively decreases as thenesgjhecomes un-
correlated.

Models which assume that the roughness distribution effdgtacts in one point
have to account for these two effects by roughness pre-psoag In frequency-
domain models, this is done by adding a correction — the cofiiteer — to the
roughness spectrum (iB). Remington [78] proposed an analytical model of such
a contact filter for circular contact patches of radius

-1

HOF =S [ Dalkaseen) ax, 25)

which gives the correctionH (k)| as a function of the roughness wavenumber
k = 27/, A being the wavelength. The functioh is the Bessel function of order

1 and the parameteris a measure of the degree of correlation between roughness
across the width of the contact, where a small value ohplies a high degree of
correlation.

More recently, Remington and Webb [75] presented a contactetrbased on a
three-dimensional bedding of independent springs, whilchiva considering the
actual roughness distribution in the contact patch ancethemcludes effects 1
and 2 above in a natural manner. They called their model a-threensional
‘distributed point reacting spring’ (3D-DPRS) model. Thoson [95] applied this
model to calculate numerical frequency-domain contaetr&lfrom roughness data
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measured in several parallel lines. He concluded that tléy@ral contact fil-
ter of Equation (2.5) gives an attenuation that is too largshart wavelengths,
but gives reasonable results for wavelengths down to somuesvhaller than the
contact-patch length if the right value afis chosen. The discrepancies at short
wavelengths are attributed to the fact that the 3D-DPRS mmdsontrast to the an-
alytical model, takes account of the variation of the norloatl across the contact
patch. Asin many practical cases, only one line of roughisasgasured, Ford and
Thompson [23] developed a two-dimensional version of th&kBPnodel which
they found to perform surprisingly well in comparison to 8i2-DPRS model. The
2D-DPRS model, however, cannot consider correlation &ffacross the contact
width, which explains differences of a few dB between botlieis at wavelengths
as short as the contact patch length or shorter.

To include the contact-filter effect in time-domain modedsge possibility is to
calculate an equivalent roughness as a pre-processingvetégh represents the
roughness distribution experienced by the system for edaelrposition on the
rail. The 2D-DPRS model [23] (or even the 3D-DPRS model ifrdepuired rough-
ness data are available) can be applied for this task. A siniplt less accurate
means to obtain an equivalent roughness is to calculate emage of the rough-
ness over the nominal contact patch length (which is thetteimgthe absence of
roughness) [23]. Another possibility making unnecesdagynientioned roughness
pre-processing is to directly consider the finite size oftihatact patch at each time
step in a wheel/rail interaction model, by using an appeiprcontact model. Ford
and Thompson implemented the 2D-DPRS model as a contactl nmoddime-
domain model and presented some preliminary results [23].

2.3 Excitation by discrete irregularities

The most common discrete irregularities that are resptsibthe occurrence of
impact noise are wheel flats and rail joints. A wheel flat is fecteof the running
surface of a railway wheel that occurs when the wheel lockksides along the
rail because of malfunction in the brakes or lack of whegladhesion. The sliding
causes severe wear, leading to the wheel being flattenedeosida [38]. At a rail
joint, the rail running surface shows a severe disconynthiaracterised by a gap
and a height difference between the two sides of the gap. dWergthe rail often
dips close to a joint [110].

In wheel/rail interaction models, discrete irregulastare generally introduced as
a form of extreme roughness described by simple analytictioms. Newton and
Clark [60] used for instance the following shap&;x), to represent a rounded
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wheel flat:
d T 12

f(.’lf)—§|:1—COS27T7:|7 d—1—6r,
wherez is the distance along the flat,the maximum depth of the wheel flatits
length, and- the wheel radius. Similar descriptions of wheel flats havenhesed,
amongst others, by Nielsen and Igeland [64], Mazilu [57] Badza et al. [5]. Wu
and Thompson [110] proposed quadratic functions to desc¢hie dipped rail at a
joint.

(2.6)

In a similar manner as for roughness excitation, models wité effective con-
tact point have to take into account how the wheel/rail systéfectively "sees"
the discrete irregularity. Due to its finite curvature, theesl does not follow the
irregularity shape as described, for example, by Equao®)( Wu and Thomp-
son included this effect by calculating equivalent irregity shapes for wheel
flats [109] and rail joints [110]. Baeza et al. used the samuvatent irregularity
shape for wheel flats [5]. Additionally, they included theanbes in stiffness due
to the wheel flat geometry by pre-calculating stiffness fioms for each angular
position of the wheel flat with a three-dimensional contaodel. An alternative
way to account for the changes in the contact zone and the Goitvature of the
wheel would again be to incorporate an appropriate contadefrthat is evaluated
at each step in a time-domain model, though this seems nevlieen done yet.

2.4 Friction-induced vibrations

The ‘pure’ rolling motion between wheel and rail is accompdrby small relative
motions between the bodies. The relative velocities nasedlwith the rolling
velocity are denoted ‘creepages’ [88]. These creepagesstaf a low-frequency
part determined by the vehicle dynamics and a high-frequead caused by the
global dynamics of wheel and track. Since wheel and rail aseimed to be rigid
in classical vehicle dynamics, the low-frequency part @f theepage corresponds
to the rigid body velocities in the nominal contact point.eTiigh-frequency part
considers in addition the global vibrations of the wheel aladk modelled in the
wheel and track models, but does not include the local defttam in the contact
zone.

The creepages in three degrees of freedom in the contae atario be considered:

the longitudinal creepage, the lateral creepage and thecspepage. The longitu-

dinal creepagé is defined as the relative velocityv, between wheel and rail in

the rolling direction normalised with the rolling velocity The lateral creepage

is defined similarly as the normalised relative velociy, in the transverse lateral

direction. Lastly, the spin creepageis the normalised relative angular velocity
Aws about an axis normal to the contact plane [20]. The corredipgrformulas
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are given as:
& = ﬂ (2_7)
v
A
n = == (2.8)
v
o = Dws (2.9)

v

Originally, three different relative motions between whaed rail occurring in
tight curves have been discussed as relevant causes fa& sgueal [81, 85, 88]:
(1) longitudinal creepage due to differential slip, (2) ienrubbing between the
wheel flange and the gauge face of the rail, and (3) laterapage of the wheel
tyre on the top of the rail. All three phenomena are closalydd to the curving be-
haviour of the vehicle; see e.g. [88]. Longitudinal creepagcurs since the outer
wheel on a wheelset has a longer running distance througiutiie than the inner
wheel and the conicity of the wheels can only partly comptenfsa this difference
in running distance in tight curves. Furthermore, in tiginves, the outer wheel of
the leading wheelset in a bogie (and possibly the inneiingaiwheel) will run into
flange contact. Finally, especially the leading wheelset liogie rolls with a high
angle of attack against the rail in tight curves, which gives to a large lateral
creepage. In 1976, Rudd [81] discarded longitudinal crge@and flange rubbing
as relevant causes for curve squeal, mainly based on thevabisas that the elim-
ination of longitudinal creepage (by independently drivdreels) and the absence
of flange rubbing (the situation at the inner leading wheelndt prevent squeal.
He thus concluded — in accordance with an earlier paper Ipp8tdeck [85] — that
curve squeal arises from stick/slip behaviour due to latFeepage of the wheel
tyre on the top of the rail. This view is nowadays widely ade€ep

Flange rubbing is nevertheless considered to be the orfganather type of noise
denoted ‘flanging noise’, which generally occurs at mucthbigrequencies and
may have a much more broad-band character than the tonallstpise [88]. This

type of noise is not further considered here.

The actual mechanism of the instability leading to curveesdjis still a controver-
sial topic. Rudd [81] introduced the negative slope of thetifrn characteristic (i.e.
decreasing friction for increasing sliding velocity) ag $ource of the instability,
and most subsequent models have adopted this approach 8,122, 32, 33, 71,
111]. As friction is difficult to measure, it is inevitable toake assumptions about
the exact shape of the friction characteristic. Correspagig many different fric-
tion curves have been used in the literature.

From a mathematical point of view, the instability can alsodxplained by the
coupling between normal and tangential dynamics, leadintp¢ non-symmetry
of the system’s stiffness matrix [68]. This mechanism isnegkfied by Hoffmann
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et al. [36] with a model having two degrees of freedom. Gloakeal. [25] re-
cently presented a curve squeal model that shows stick/stifiations in the case
of a constant friction coefficient. They identified one axiade with zero nodal
circles and two radial modes of the wheel, which occur atlainffequencies, as
essential for the squeal mechanism. Simulation result&isigostick/slip in the
case of constant friction have also been reported by Ben @tHB] and Brunel
et al. [8]. Some experimental evidence that squeal occutisertase of constant
friction has been presented by Koch et al. [51].

2.5 Vehicle and track models

Vehicle models in vertical high-frequency wheel/rail irgetion models are gener-
ally simple. As the vehicle’s primary and secondary susjpasssolate the bogie
and car body from the wheelset at frequencies of more thaw alftz, the ve-
hicle’s dynamic behaviour in the interaction model is sidintly described by the
dynamics of the wheelset [50]. Knothe and Grassie [50] stetethe vehicle’s un-
sprung mass (including wheelset, bearings and axle-mdwat@ponents) is even
satisfactorily represented as a rigid body for verticakiattion. If, however, lat-
eral wheel/rail interaction is to be considered, more adednvheel models are
required, which include the wheel’s flexibility [50].

In contrast to the situation for the wheel, sophisticatedet®are necessary to rep-
resent the track’s dynamic behaviour in the frequency rafggerest up t® kHz,
also in vertical wheel/rail interaction. Available traclodels are distinguished by
their representation of the rail and the supports.

Historically, the rail has often been modelled as an EulemBulli beam, neglect-
ing shear deformation and rotational inertia. Such simplanb models can only
represent the track’s vertical dynamics up to ab@itHz [50]. Using a Timo-
shenko beam model for the rail, which includes rotationattia and shear defor-
mation, the frequency range of validity of the track model ba extended, the up-
per limit frequency being a subject of discussion. Knothé@rassie [50] estimate
that the rail can be modelled as a single Timoshenko beam g tdlz if only
vertical vibrations are of interest. Wu and Thompson [1Q@8lesthat such models
are adequate up to abdukHz since the occurring cross-sectional deformations of
the rail (not modelled by Timoshenko-beam models) are npomant in terms of
the vertical wheel/rail interaction in this frequency rangee also [100, 103]). A
Timoshenko beam model of the rail is for instance implem@&inehe wheel/rail
interaction model DIFF developed by Nielsen and Igeland. [B¥order to include
the cross-sectional deformations that become signifidamteabout .5 kHz [91],
different types of rail models are required. One exampléésnulti-layer model
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by Scholl [82], who represented rail head, web and foot bgelnfinitely long, ho-
mogeneous layers with different densities and Young’s rotlibrational shapes
with cross-sectional deformation can at least in princiemodelled by this ap-
proach. A second example is the model by Thompson [91] whd asgetailed
finite-element mesh for a short length of the rail, which héeeged to infinity
using periodic structure theory. Gry [30] presented a thitdrnative model based
on a description of waves travelling through the rail.

Concerning the supports, models with a continuous suppaineaail and models
with discrete supports are distinguished. Nordborg founad the inclusion of dis-
crete supports is important for lower frequencies aroumdsleeper-passing fre-
qguency and for higher frequencies around the pinned-pinesahance frequency
of the rail [67]. The sleeper-passing frequengy,= v/Lg, is the frequency at
which the wheelset passes the sleepetsing the train speed and; the sleeper
spacing. At the pinned-pinned frequengy, which typically lies around kHz,
the bending wavelength of the rail corresponds to the leafjtivo sleeper spans,
Ap» = 2Lg, with nodes located at the sleeper positions. Knothe ands@r§50]
give an overview of different ways to model supports conipgsailpads, sleep-
ers, ballast and substrate.

2.6 Hertzian model for normal contact

The normal contact model applied in most of the available interactiadets is
the Hertzian contact model; see e.g. the models [12, 57,8478 78, 97, 108].
This standard model goes back to Heinrich Hertz who pubdigtie theory "On
the contact of elastic solids" already in 1882 [35]. A confyanesive description
of the Hertzian contact theory can e.g. be found in [41] of.[35 this section,
only a short outline of the theory is given and the connectthe railway case
is established, which provides a basis for the discussiowofHertzian models in
Section 2.7

The Hertzian theory of normal contact between two bodiessan the following
assumptions [41]

1. Linear elasticity
The bodies are perfectly linear elastic solids.

2. Half-space assumption
The surfaces of the bodies are non-conforming surfaceshiey first make
contact at a point (or along a line). Even under load, the dsioans of the

1The denotation ‘normal’ is here used in the sense ‘in thective normal to the surfaces of rail
and wheel’. As the difference between the normal and thécatdirection is negligible in the case
of tread contact, ‘normal’ and ‘vertical’ are used as symoayhroughout this thesis.
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body 2

body 1 21(x,y)

z

Figure 2.2: Two non-conforming surfaces touching at the{oi

contact area are small in comparison to the dimensions obdlgges and
the radii of curvature of the surfaces. This implies that ltleies can be
considered as a semi-infinite elastic solid with a planeaserf(an elastic
half-space) for the purpose of stress and deformation ledicos.

3. Smoothness
The surfaces are perfectly smooth.

4. Hertzian surfaces
The surfaces can be described by quadratic functions initieity of the
contact area (see below).

5. Absence of friction
No friction occurs in the contact area. Only normal presssiteansmitted.

Under these assumptions, the contact area is an ellipsehangotmal pressure
distribution is ellipsoidal. The case of contact over a I@tgp as it occurs for
two cylindrical bodies with their axes lying parallel is anit case of elliptical

contact. This case has to be treated separately and is tio¢fuwonsidered here.
The following presentation of the relevant formulas for tamh dimensions, loads
and deformations in elliptical contact mainly follows thegentation by Lundberg
and Sjovall [55].

Assume that two non-conforming surfaces as seen in Figarar2. brought into
contact without loading. They only touch in one point thatisen as origirQ of a
Cartesian coordinate systemz. Thezy-plane is the tangent plane to the surfaces
at the origin, and the-axis is the common normal to the two surfaces pointing into
body 1. Under assumption 4, the surfaces of bodies 1 and Ziwitimity of the
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contact point are then described by

2 2
Ty U

1 Y1
x5 Y
29(T2,12) = — o +27’ ) (2.11)
T2 Y2

wherer,, andr,, are the principal radii of curvature of surface 1 at the orige.
the minimum and maximum values of the radius of curvaturdlqfassible cross-
sections of the profile, which are found in perpendiculanptadenoted the; z-
and they, z-planes). The variables, andr,, are the principal radii of curvature of
surface 2 at the origin, found in the z- andy,z-planes. Each radius of curvature
is positive if the curvature centre is located inside theyb@mnvex surface) and
negative if the curvature centre is located outside (comsavface). The z- and
zo2-planes enclose an angle

In the railway case, the wheel rolling radius,, and the rail transverse radius of

wheel

Figure 2.3: Transverse radius of curvature of the rgil, and the wheely,,, for
contact occurring ab;-0,.

curvature,r,,, are generally positive, while the wheel transverse radfusirva-
ture, r,,, can be positive or negative [4]. The rail radius in the ngjlidirection,
rz, IS assumed infinite. The wheel and rail radii of curvatueedatermined at the
geometric point of contact, which is the poiit= O; = O, in Figure 2.3. The ge-
ometric point of contact depends on the wheel and rail poéiled the translatory
and angular position of the wheel on the rail and is calcdl&e wheel and rail
considered as rigid.
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Considering Equations (2.10) and (2.11), the distanceetitideformed surfaces

can be expressed by
2 2

x Y
h =— 4+ — 2.12
with suitable orientation of the- andy-axes. The variables, andr, denote the
principal relative radii of curvature of the surfaces, which can be calculatethf
the principal radii of curvature of both surfaces,,r,,, 7.,,7,,, and the angle
[55].

When the two bodies are pressed together with a Bathey deform locally and
the contact point develops into a contact ellipse with sexeisa andb, where by
definitiona > b. Distant points in the two bodies approach by a distanc&he
ratio of the semi-axes of the contact ellipses= a/b, depends only on the relative
principal radii of curvaturer, andr,,.

The final equations for the semi-axesandb, and the approach of distant points,
0, read

[P
~ | P 3 a
A P |3

wherea, b andé are calculated from elliptical integrals and depend onlyttoe
relative principal radii of curvature,, andr,; see [55]. The variabl&* denotes an
equivalent Young's modulus calculated from the Young’s miod, F;, and Pois-
son’s ratioy;, 1 = 1, 2, of both bodies

1 11— 1-v2
— == . 2.16
Ex 2 { Ey i Es ( )
The maximum contact pressure,
3P
= — 2.17
Po 2ab ; ( )

occurs at the origin, and the pressure distribution in theaxd area is ellipsoidal

p:po\/l— Er— [%r (2.18)

To get an impression of the magnitudes of the variables waehlconsider the case
of a steel wheel and a steel rail both modelled as cylindetfs nadiusr,, = 0.3 m
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wheel

PO __________________

kh,lin

rail
do 0

(a) Hertzian spring. (b) Linearisation of the non-linear spring characteristic

Figure 2.4: Implementation of the Hertzian contact mod&d anwheel/rail inter-
action model.

for the rail andr,, = 0.46 m for the wheel. Under a preloat = 65kN, the
contact ellipse has the semi-axes= 6.2 mm andb = 4.7 mm, distant points in
wheel and rail approach by= 78 ym and the maximum contact pressure reaches
po = 1.1GN/m?.

In many interaction models operating in the time domainnglsinon-linear spring
is introduced as contact model between wheel and rail (spa&ré¢-i2.4(a)). The
characteristicP(0), of this spring is obtained from Equation (2.15)

pP= [Ea] 5% = ¢, 0% . (2.19)

The factorC), is a function only of the principal relative radii of curva¢uand the
material parameters.

Frequently, Equation (2.19) is further simplified. The cueristic is linearised
around the approach of distant poinig, corresponding to static preloa#;, as
demonstrated in Figure 2.4(b). The stiffness of the linearttan springky, i, is
obtained from the tangential gradient in the pdift P,)

dP 3 1 3P
kpgn = — | = 2Cho2 =220 2.20
bl o |5, 2 "0 9 s, (2.20)

In frequency-domain models this linearisation has to baexout.
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2.7 Non-Hertzian models for normal contact

Under the assumptions listed in the previous section, thézlde theory gives the
exact solution of the normal contact problem. But real wlaeel rail surfaces never
meet these assumptions exactly and, in consequence, ttedesolution can only
be an approximate one. In many situations, the Hertziaracttiieory might still
be sufficient, but it is important to be aware of its limitaitgo The intention of this
section is to discuss the adequacy of the Hertzian contaotytfor the wheel/rail
contact on the basis of a literature review and to presentaél@ non-Hertzian
contact models. The focus is hereby on non-Hertzian gegmeéhe influence of
friction and plasticity is not investigated.

Several phenomena lead to deviations from the Hertzian gggnn wheel/rail
contact.

The Hertzian contact theory relies on constant radii of ature of the (unde-
formed) bodies in the contact area. The radii of curvatungladel and rail profiles
may however change quickly or even jump in lateral directidomps in radius
of curvature occur for example for the standard rail profil€&D, which consists
of a sequence of circular arcs with the radii3of) mm, 80 mm and13 mm [112].
Quick changes in radius of curvature are especially procedifor worn profiles.
As a result of vehicle dynamics, the lateral contact posiob the wheel on the
rail varies during operation and the changes in radii of ature in the contact area
lead to the formation of non-elliptical contact patches anessure distributions
differing significantly from the Hertzian distribution [4807, 112]. Even greater
deviations from the Hertzian geometry occur for a wheel flatthe flat area the
radii of curvature of the wheel change quickly and the whadbse cannot be de-
scribed by quadratic functions. Baeza et al. [5] comparedrtipact forces caused
by a wheel flat calculated with the Hertzian model and a nortztéan model based
on influence functions for the elastic half-space and foinad the Hertzian model
tends to overestimate the peak impact force.

Another important assumption in Hertzian contact theotlgas the contacting bod-
ies can be locally approximated by elastic half-spaceshferpurpose of contact-
stress and deformation calculations. This assumptionlid wden the bodies are
non-conformal implying that the dimensions of the contaetare small in com-
parison to the characteristic dimensions of the contadiodjes, e.g. the diameter
and the radii of curvature. The half-space assumption sorezble for wheel/rall
tread contact (Figure 2.5(a)), but it is violated for flangatact and contact near
the gauge corner of the rail (Figure 2.5(b)) [49]. In thedattase, the flange
thickness and the radius of curvature at the gauge corneofatee same order
of magnitude as the contact length and the contact is comflorfBut this does not
necessarily mean that the Hertzian model is a bad choicellfpractical cases,
where the half-space assumption is obviously not fulfillédn and Fischer [112]
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found surprisingly good agreement between the Hertziassprre distribution and
the distribution obtained with a finite-element programdoe case of rail gauge
corner contact between the rail UIC60 and the wheel UICORte Work of Wu
and Wang [107] indicates, however, that the situation chamghen in addition to
the violation of the half-space assumption, the radii ovature of one of the two
bodies jump in the contact area. They report errors in maxiroontact stress and
contact area of up to 72% when comparing the Hertzian salwtith the solution
obtained with a program for conformal contact.

w wheel
& ] rail

(a) Tread contact. (b) Flange/gauge corner contact.

Figure 2.5: Wheel/rail contact situations.

Additionally, the standard Hertzian contact theory is texi to one single con-
tact patch, but the development of two- or multi-point cahia a common phe-
nomenon in wheel/rail interaction. A typical example is th@-point contact for

guiding wheels in curves with one contact patch on the whieatitand one on the
wheel flange. Multiple contact patches also occur freqyeatitbther locations on
the wheel profile [73].

A fourth phenomenon leading to deviations from the Hertzjaometry is the oc-
currence of surface roughness. Roughness is not only aesofiexcitation, but it

also changes the geometry of the contacting surfaces argbthihe stiffness of the
contact and the size and shape of the contact area. Thisisffext included in the

Hertzian contact model, which assumes smooth wheel andudéces. In reality,

contact does not occur continuously over the whole nomirga af contact, but at
many discrete locations, where asperities of the rouglasesf make contact. All
the discrete contact locations together form the real areardact, which is only

a fraction of the nominal area of contact. Accordingly, tealrcontact pressure
also differs from the predictions by the Hertzian model. &lbg it is several times

higher than the maximum Hertzian pressure [49].

In order to solve the three-dimensional contact problenafbitrary non-Hertzian

geometries, the continuum equations of elasticity havestedived (see e.g. Ap-
pendix A in [43]). This is, in the most general case, only gdsesnumerically, e.qg.

by using finite-element methods.

If the contacting bodies are subject to certain regulaotyditions, the constitutive
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relations can be brought into a surface mechanical forn [43]

u(x) = A(x,x") p(x*)dS
3
wi(x) = /av Z Aj(x,x") pi(x*)dS, ©1=1,2,3. (2.21)

The displacementt at a pointx in the body is obtained by integrating over the
surface tractiong on the surfaceS of the body. The function&\ (x,x*), which
are called influence functions, indicate the displacemeiat x due to a point
load at surface poink*. The elastic half-space is one of the few geometries in
three-dimensional elasticity for which the influence fuoics are explicitly known.

In the general case they can only be evaluated numericalhys i§ the reason
why the half-space assumption considerably simplifies thetisn of the three-
dimensional contact problem. The influence functions fer ¢hastic half-space
have been derived by Boussinesq [7] and Cerruti [11] and nksy lae found
in [43]. Equations (2.21) withA (x, x*) specified for the elastic half-space are
called the Boussinesq-Cerruti integral equations. If thenral elastic displace-
ment,us, is assumed not to be influenced by the tangential tractigresydp,, the
Boussinesqg-Cerruti integral equation for the normal disptnentug“], of body#,

k = 1,2, at the surface point = [z, x5, 0]T simplifies to

p3 $1,$2)

WE[”“ / Vier — 23] + [wy — 23]

ugk] (21, 22)

deides, k=12,

(2.22)
where A, is the contact area and the normal surface tractignyvanishes out-
side the contact area. The former assumption implies tleatdmtacting bodies
are quasi-identical, which is satisfied e.g. when the twoidsdre made of the
same material or when both are incompressible. The comgégieition of quasi-
identity may be found in [43]. As railway wheel and rail aretfibonade of steel,
guasi-identity is satisfied in wheel/rail contact.

Many of the contact models published in the 1970s and 1980®io-Hertzian ge-
ometry are a special type of boundary-element approactdlmasthe Boussinesq-
Cerruti expressions for the elastic half-space. Only soxaengles are cited here:

Kalker's programme CONTACT [43, 44], which he developedha years 1983-
1990, is the most successful of these models and is stilllyigsed today. Kalker
uses a variational method based on the principle of maximumptementary en-
ergy and applies an effective active-set method to solvedmeact problem. He
discretises the potential contact area with rectanguésmehts in which the surface
traction is constant. Kalker himself calls his method ‘ékgt3], which is meant in
the sense that the exact Boussinesg-Cerruti equationsipfemented [53]. But of
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course the method is still subjected to numerical errordla@eérrors introduced by
the half-space assumption. The main advantages and digadges of CONTACT
are described in the state-of-the-art article about raifl @@ad) contact mechanics
by Knothe et al. [49]. On the one hand, CONTACT is very velsati deals with
the normal and the tangential problem in rolling contactaiditrary geometries -
as long as the half-space assumption is valid, it handlesrmalst that are not quasi-
identical, and provides steady-state and transient soisitiOn the other hand, the
calculation times are generally considered too high foiiementation into on-
line simulations of vehicle system dynamics.

Another contact model was presented by Le-The [53] in 1987 asbumes quasi-
identity of the contacting surfaces and starts directlynfiequation (2.22) to solve
the normal contact problem. An additional assumption madedsThe is that the
contacting bodies are bodies of revolution with almost lpelraxes, which is ap-
proximately true in wheel/rail contact. In this case, theteat area and the normal
pressure distribution are almost symmetrical with respean axis;y, perpendic-
ular to the rolling directiong. The contact area can then be discretised in strips
in the z-direction that are assigned an elliptical pressure tistion in the rolling

direction
pe(a,y) = pey/ 1 — 22 /a2, (2.23)

wherep,. is the maximum pressure amplitude in sttigndz,, is half of the strip
length. The pressure ip-direction is assumed constant in each strip. This type
of contact elements, which is inspired from line contact srglitable for slender
ellipses [43], had been used before by Reusner [80] and Naydklohnson [59],
who treated the contact problem for roller bearings. Le-&pplied his contact
algorithm to the wheel/rail contact problem and showed tih@tvheel/rail profile
combination S1002/UIC60 leads to strongly non-ellipticahtact patches, espe-
cially at positions where contact-point jumps are encawakéor lateral shifting of
the rigid wheel profile on the rigid rail profile.

A third contact model was published by Paul and Hashemi inl198]. They
abandoned the half-space assumption and developed a bgtetelament approach
for conformal contact. Using an approximate analyticalregpion for the influ-
ence function, they solved the conformal contact probletwéen the railhead and
the throat of the wheel flange.

In recent years, two opposing trends are observed in théapeuent of contact al-
gorithms for non-Hertzian geometries. One trend goes tarckd finite-element
formulations and another trend goes to approximate andgdédstion methods.

The first trend to advanced numerical methods is describeldnoghe et al. in

their state-of-the-art article from 2001 [49]. Finiteq@lent methods, not being
limited to half-spaces, have the capability to include taalpy contact geometries.
In addition, they can account for all kinds of non-line@stsuch as temperature ef-
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fects and plastic deformation. Their drawback is the comrupanal time required.
Knothe et al. stated in 2001 [49] that, despite many advandes field and the de-
velopment of powerful computers, a solution of the timeategent problem with
a complete three-dimensional contact model was not yetadokai Many contri-
butions to the finite-element modelling of the wheel/raihtaxt have been added
in the last few years (see e.g. [15, 84, 87]) but, to the kndgaeof the author,
Knothe et al.’s statement is still true today at least witharel to tangential contact
modelling.

The second trend to simplified, approximate solutions isireed in an article by
Piotrowski and Chollet [73]. Contact algorithms implemezhin online simula-
tions of vehicle system dynamics and high-frequency whaikihteraction models
have to be fast. Generally, neither the earlier mentioned8ary-element methods
nor the finite-element methods meet this requirement. Towrea lot of effort is
made to develop fast, approximate methods that are reliallen-Hertzian con-
ditions. Piotrowski and Chollet [73] distinguish betwe&vottypes of methods:
(1) multi-Hertzian methods and (2) virtual-penetrationtinoels. The first type of
methods has been developed by Pascal and Sauvage [69]. &plaga multi-
point contacts and non-elliptical contact patches by afddedzian ellipses. They
also proposed a method to replace the set of ellipses by ke ®qgivalent ellipse.
While the multi-Hertzian method agrees reasonably withkKgs CONTACT, the
equivalent-ellipse method has its limitations. Piotroiaskd Chollet [73] estimate
that the latter method is still adequate for dynamic simaoitet, but the former
should be used for surface stress analysis and wear candaihe second type
of methods estimates the contact area from the interpeioetarea that is obtained
by virtually penetrating the undeformed surfaces. Suctuairpenetration meth-
ods have been proposed by Ayasse and Chollet [3], Linderdbd Piotrowski and
Kik [74]. Owing to the assumption that the normal stressritigtion is elliptical
in the direction of rolling in a similar manner as presenteBquation (2.23), these
methods are valid for quasi-Hertzian cases, where the cbotaditions do not
deviate much from Hertzian conditions [73].

A third and widely used type of fast and approximate modelsitmal contact is

based on a bedding of independent springs, the Winkler hgddihese methods
are fast because the coupling between different pointsarctmtinuum is omit-

ted. Examples of the application of Winkler beddings in wha# contact are the
DPRS models proposed by Remington and Webb [75] for the -threensional

case and by Ford and Thompson [23] for the two-dimensiorsd.cdhe DPRS
models were adapted such that they agree with Hertzian aoioiasmooth sur-

faces and then applied to consider roughness with wavdisryiwn to the mil-

limetre range in the contact area.

To treat the contact problem for surfaces with roughnessveh eshorter wave-
lengths down to the micrometre range, two types of models hatorically been
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used: statistical models and deterministic models. Thisstal models rely on
a description of the surfaces with some statistical pararagan assumed simple
asperity shape and an assumed asperity height distribfummtion. The best-
known of these models has been proposed by Greenwood anidriigtn [28]
for nominally flat surfaces and extended by Greenwood angpTé@7] to the con-
tact of rough spheres. In this model, the surface aspeatiesapproximated by
hemispheres that all have the same radius, and a Gaussiabutisn of asperity
heights is adopted. Alonso and Giménez applied this mod#l séveral sets of
wheel roughness data and found that the apparent presstibudion for a typical
wheel/rail load condition is almost identical to the Heatzidistribution [2]. The
apparent pressure distribution is calculated by dividimg fiorce calculated in a
small surface element by the area of the element. Deterticimedels solve the
contact problem for the actual measured surface topogr&aoh a model has re-
cently been applied by Bucher et al. to the wheel/rail carj@c They pointed out
that the results are dependent on the wavelength conteheaheasured rough-
ness, which is influenced by the measurement resolutionrendédta processing.
The shorter the wavelengths considered, the more the esab&contact decreases
and the more the real pressure distribution becomes cleé.r@sults of Bucher et
al. are partly contradictory to results obtained with theger Greenwood/Tripp
model. It still seems to be an open question whether and ichwivay micro-
roughness influences the wheel/rail interaction.

Independently of this question, it is unrealistic to in@ucbntact models with a
resolution in the micrometre range into wheel/rail intéi@at models, due to the
high computational effort and the lack of input data. As adiy mentioned, how-
ever, it is possible to include the roughness distributigh & lower resolution and
thereby consider the effect of roughness wavelengths irotter of the contact
dimensions.

The literature review showed that significant errors mayuodcHertzian contact
theory is used in cases where the radii of curvature are nwdtaot in the contact
area. It is as yet difficult to draw a general final conclusibaw the applicability
of Hertzian contact in wheel/rail contact. The problem ittim all investigations
only some specific examples and/or simplified geometrieg haen considered.
An extensive investigation of contact between differeratl nigheel and rail sur-
faces would be needed in order to decide whether the errotsrarg when using
Hertzian contact theory for non-Hertzian geometry aré atiteptable in praxis.
The answer to this question certainly depends also on thgoparof investigation.
In cases where only the total normal force is of interest,tzi@n contact theory
has a wider range of applicability than in e.g. wear calcoihet where the pressure
distribution and size and shape of the contact area areeresit
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2.8 Tangential contact models

In this section, tangential contact models for rolling @mitare reviewed in the
context of wheel/rail interaction. Particular attentisngiven to the requirements
on tangential contact models with regard to squeal prexficti

Before the relevant contact models are outlined, the phenanoccurring in the
contact zone during rolling are discussed briefly. An im@orguantity in the con-
text of tangential contact is the creepage as defin&euntion 2.4 It characterises
“the overall relative motion” [88] between wheel and raihél'corresponding rel-
ative velocities would be observed in the contpotint if wheel and rail did not
deform locally. In reality, wheel and rail deform locallychmake contact over an
area In part of this area, the creepage is completely competisatdy the local
tangential deformation of the bodies, and the bodies ‘stleach other. In the
remaining part of the contact area, the creepage is patigveel by local ‘slip’.
This situation is illustrated by the following equations fbe local slip, which are
valid for linear elastic materials [43]:

ou, n ou,
J— U [

Ox ot ’
whereuw is the rolling velocity,s, the local slip (i.e. the local relative velocity),

u, the displacement difference between wheel and railuanithe ‘rigid’ (overall)
slip obtained from the longitudinal, lateral and spin cieEggs £, n andg, by

wy = [— gyl (2.25)
wy = [n+ ¢xlv. (2.26)

These equations are formulated for wheel and rail partitteging through the
contact zone and a coordinate system moving with the contenet along the rail.
The rolling direction is thec-direction or 1-direction, and the lateral direction is
denotedy-direction or 2-direction. In the stick area, the local slgnishes, i.e.
s1 = s9 = 0.

Sp = w, T=1,2, (2.24)

Equations (2.24) describe the general case of transienb(esteady-state) rolling.
In steady-state rolling, the term showing explicit time eegence vanishes and the
equations for the local slip read

ou,
o
The rolling process can be treated as steady-state if releeatact variables (e.g.
contact pressure, imposed creepages, form and size of thact@rea etc.) do
not change significantly during the time needed for wheelraiigharticles to pass
through the contact zone [47]. Or formulated differentlyransient analysis be-
comes necessary if the characteristic wavelength of theoem@blling speed/charac-
teristic frequency) is in the order of, or smaller than, tbatact patch length [47].

T=12. (2.27)

S; = ws
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Tangential contact models for rolling contact have beeaudised in review articles
by Elkins [20], Kalker [44] and Knothe et al. [49]. Valuablewsces are also the
books by Johnson [41] and Kalker [43]. The outline of wheslirolling contact
models given below follows mainly the review article by Kait44]. All the pre-
sented models rely on the half-space assumption (unletesl sitherwise) and the
assumption of a constant friction coefficigent

Carter [10], who was concerned with driving or braked loctimeowheels, inves-
tigated the tractive rolling of a cylinder representing titeeel on an elastic half-
space representing the rail. Tractive rolling means thasaltant tangential force
(creep force) is transmitted in the contact. Carter caroetla two-dimensional
(2D) analysis including only longitudinal forces for theseaof steady-state rolling,
and presented an exact solution of the problem. Figure )2sB¢avs a sketch of the
distribution of the tangential traction obtained over thetw of the contact strip;
see e.g. [41] for the equations. A stick zone is located ateading edge of the

(a) rolling direction (b)

slip stick 0 1/k 2/k
€]

Figure 2.6: 2D steady-state rolling contact according tdé€za(a) Tangential trac-
tion [pq] ( ) and traction boundip; (— — —), (b) Creep force/creepage law
from Equation (2.28) ( ) in comparison to linear theory € —).

contact, while slip occurs in the remainder of the contaga@aht to the trailing
edge. In the stick zone, the tangential (longitudinal)ticac|p, | is below the trac-
tion boundup; determined by friction coefficient and contact pressugg. In the
slip zone, in contrast, the tangential traction equalsithetion bound. The extent
of the slip zone increases with increasing longitudinaépege& | until gross slid-
ing is reached. The resulting creep force/creepage lawendiy [44]

I kG RIS iR <2
uFy —sign(§) ifkl¢]>2 7

wherek = 4R /[pa] is Carter's creepage coefficient, afy anda denote re-
spectively the wheel radius and the half-width of the constigp. The forceF;

(2.28)
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is the longitudinal creep force anfg denotes the total normal contact force. Fig-
ure 2.6(b) illustrates that the non-linear creep forc&gage law can be approxi-
mated by a linear theory for small creepages. The creep foreebounded by the
limiting force /3 corresponding to gross sliding.

Several models have been proposed for three-dimensioddal¢8ing contact un-
der steady-state conditions. Four of these models arsedthere:

Kalker developed a linear theory, which is the exact sotutiothe limiting case
of ‘no slip’ and results in a good approximation for smallepages [44]; cf. Fig-
ure 2.6(b) in the 2D case. Under the assumption that the cioatea is elliptical
according to Hertz theory with semi-axeandb, the longitudinal and lateral creep
forces,F; and F5, are obtained as [44]

F1 = —CQGCllg (229)
FQ = _CQGCQQn_CgG023¢7 (230)

wherec = [ab]!/? and( is the shear modulus. Kalker’s creepage coeffici€hts
Cy andCsy3, which are tabulated e.g. in [44], are solely functions &f tatioa /b
of the semi-axes of the elliptical contact area and Poiss@tior.

Vermeulen and Johnson [102] presented an approximateimearIrolling contact

theory for longitudinal and lateral creepage in the casenddfptical contact area.

The effect of spin is disregarded. The theory is based ongpeaimation that also

the stick zone is elliptical. The model by Vermeulen and 3omgives reasonably
good results for the creep force/creepage relation in cosgrato laboratory ex-

periments [102] and Kalker’s ‘exact’ theory (sBection 2.7and below) [44].

Shen, Hedrick and Elkins [83] improved the theory by Verreauand Johnson
with regard to longitudinal and lateral creepage, and thioed the influence of
spin. Kalker [44] estimates that their theory is, howevalfidsonly for cases with
small spin.

Kalker also developed a simplified theory [42, 44], in whiérBplaced the elastic
half-space by a bedding of uncoupled springs. In this madeldisplacement dif-
ference between wheel and rail in one point is assumed piropalto the surface
traction in the same point and independent of the surfacgdrain all other points.
Kalker determined the proportionality constant on the Hasihis linear theory.
Nevertheless, he also found good quantitative agreemehthis ‘exact’ theory
for large creepages in the case of an elliptical contact arba simplified theory
implemented in the computer program FASTSIM is, accordmdélalker, about
400 times faster than the implementation CONTACT of his Gtxidneory [44].

Only a few theories deal with transient rolling contact. ireand Grol3-Thebing [46]
and Grol3-Thebing [29] presented a linear, transient thddrgy calculated frequency-
dependent complex creep coefficients for the case of smatidrac variations of
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the creepages around a reference state. While the refestateen [46] is the state
with vanishing creepages, the theory has been extended adbarary reference
state in [29]. Recently, Alonso and Giménez [1] proposed difienl version of
FASTSIM, which allows the consideration of larger harmowgciations of one
type of creepage. They found reasonably good agreementiaitter’s ‘exact’
theory in the case of an elliptical contact area and a constamal force.

The only available rolling contact theory that is fully nbnear and transient is
Kalker’s ‘exact’ theory implemented in the computer pragr& ONTACT [43].
This theory, which has already been outlinediection 2.7 solves the kinematic
equations for transient rolling contact (2.24) and accedat arbitrary varying
creepages, normal forces and contact geometries as lohg half-space assump-
tion is fulfilled. Its main drawback is a relatively long coatption time.

In the context of squeal prediction, a non-linear tangéntatact model is needed
since large creepages and large variations of creepages &tethermore, a tran-
sient model should be used, since typical wavelengths areiarder of or smaller
than the contact patch length. For example, for a train spé&d km/h and a
squeal frequency of kHz, the wavelength obtained iscm, which is in the range
of the typical contact patch length. The assumption thattmact variables do
not change significantly during the time that is needed foeelland rail particles
to pass through the contact zone, thus does not hold for Bagedinally, the
tangential contact model should allow for both a constantiém coefficient and
a velocity-dependent friction coefficient, in order to béeato consider the two
different squeal mechanisms accordingsection 2.4

As discussed above, the only non-linear and transieningpliiontact model is
CONTACT. The model has been developed by Kalker under thengstson of

a constant friction coefficient. An extension to slip-vetpcdependent friction has
recently been proposed by Croft [13]. However, due to themaational effort

required, CONTACT has so far not been used online in a squedém

In the absence of a suitable transient theory, authors adadquodels have in-
stead implemented simpler steady-state formulationsiaféf71] introduced a
slip-velocity dependent friction coefficient in Kalker'simerical steady-state al-
gorithm FASTSIM. More commonly, analytical formulas areddo represent the
creep force/creepage relation (which is sometimes givégrms of a friction char-
acteristic) [12, 16, 22, 33]. Chiello et al. [12], for exarapadopted an exponential
creep force/creepage relation, which they combined witheatly falling friction
coefficient. In the simplest case, point contact is assuimgetiher with a constant
friction coefficient [25]. As no simulation results are dabie so far from a squeal
model that includes a transient rolling contact model, idifficult to assess the
errors introduced by simplified contact models.



Chapter 3

Implementation of a wheel/rall
Interaction model in the time domain

Based on the literature review presented in the previougtehahe requirements
on the combined vertical and tangential wheel/rail inteoecmodel developed in
this thesis can now be specified and modelling choices camstiégd.

In order to include the non-linearities occurring in the t@mh zone, the interaction
model has to be formulated in the time domain. Non-linezsitiannot be neglected
in the case of discrete irregularities, and are also impoitathe case of severe
roughness and/or low static preload. The occurrence ofagsi@n intrinsically
non-linear phenomenon and only time-domain models are tabpeedict squeal
amplitudes. As calculation times for time-domain modetsgenerally high, spe-
cial attention has to be given to computational efficiency efficient technique
that has been pointed out in the literature review is theasgmtation of track and
wheel by Green’s functions, which can be pre-calculatedreestarting the dy-
namic simulations. This technique will be used here. On tfeet@and, the usage of
Green'’s functions implies a simplification since only linedneel and track models
can be represented by Green’s functions. On the other haischfiproach is very
versatile because any wheel or track model represented é&nGrfunctions can
be used without changing the mathematical formulation efititeraction model.

The wheel and track model should represent with sufficieetipion the dynamic
behaviour of wheel and track in the frequency range of istenghich has been
identified as the range fro00 Hz to at least kHz. In vertical wheel/rail inter-

action, it is generally considered sufficient to include tieeel as a rigid mass.
Accordingly, the wheel model is kept simple when only vetioteraction is cal-

culated. As the extension to tangential interaction rexguthe inclusion of the
wheel’s flexibility, a second wheel model, which is a modakehmodel derived
from a detailed FE model, is introduced for this purpose. Hotusion of the

wheel's modal behaviour is essential for the predictiongefezl noise. Following
similar reasoning as for the wheel, two different track msdee used. The first
track model, which is suitable for vertical wheel/rail irdetion only, comprises

29
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a Rayleigh-Timoshenko beam model of the rail and discrgppas. The cross-
sectional deformations occurring at high frequenciestaus hot included and ac-
cording to the discussion fBection 2.3he validity of this track model above about
2.5kHz has to be questioned. In order to be able to model tangentekiction,
a second track model is introduced, which is based on a waleduite element
model of the rail. This model includes the cross-sectioe&bnations of the rail
and is consequently also valid in the very-high-frequerayge. A minor draw-
back of this model is that the rail support is modelled asioous, which implies
that parametric excitation due to discrete supports ismadtided. Wheel and track
models and their respective representation as Green’'sidnscare presented in
detail inSections 3.2nd3.3.

The question whether the Hertzian contact model is suffiérvertical wheel/rail

interaction could not be answered completely in the liteateview. For this rea-
son, two non-Hertzian contact models are introduced inttiesis, which allow

contributing to the clarification of this question. A twoatinsional model is pre-
sented inSection 3.4.Jand a three-dimensional one 8ection 3.4.2 These two

models include the contact-filter effect dynamically anchdbrequire the calcula-
tion of an equivalent roughness as pre-processing step.

Kalker’'s theory for transient rolling contact [43] is the sti@womplete tangential
contact model available in the literature and it is therefselected as tangential
contact model. Due to its high computational cost, this rhbds not been used
previously in a wheel/rail interaction model in the contekhoise prediction. The

efficiency of the selected time-domain approach based owcgloellated Green’s

functions makes it possible to include Kalker's model. Jthswever, not known

whether such a detailed modelling of the tangential conseattually required for

the prediction of noise.

3.1 Reference frame

In the dynamic simulations, the wheel is moved along thewéh constant vel-
ocity v. Its absolute position in the rolling direction on the rditiane ¢ is indicated

by the coordinater = vt¢. In order to describe the variables in the contact zone,
a moving reference frame’,y’, z’) is introduced (see Figure 3.1), which moves
with the nominal contact point along the rail. The nominaitact point is the point
where the rigid profiles of wheel and rail touch first, whenteohis initiated. Its
lateral position, which is kept constant in the simulati@neither pre-calculated
or assumed. The'-axis (1-axis) points in the rolling direction along thelrdihe
lateral direction is the/-direction (2-direction) pointing towards the field side of
the wheel. The vertical (or normatj-coordinate (3-coordinate) points into the
rail. It is assumed that the distributions of tangentia¢s¢es and contact pressure



3. Implementation of a wheel/rail interaction model in timee domain 31

in the contact zone can be represented by the point fdrgek, and F3, when the
excitation of wheel and track to vibrations is calculatetie3e point forces act in
the nominal contact point.

R

Fl F3 I/

)2
3 )

/F2 :

r )

Figure 3.1: Moving reference frame of the interaction model

3.2 Wheel models

Before the different wheel models are introduced, the gdpeocedure of includ-
ing the wheel dynamics in the interaction model is describEdlis procedure is
the same for all types of linear wheel models that can be septed by Green’s
functions.

The vehicle model includes one wheel (or half a wheelset)taadorimary sus-
pension. The wheel rotation is neglected. All the vehiclmponents above the
primary suspension of the wheel are simplified to a statioprg P.

The displacements of the wheel at the contact point due twkel's global dy-
namics are denote@’v(t), j = 1,2,3. In the frequency domain, the wheel is
represented by its receptances

&' (f)
Fi(f)°

which indicate the displacement respor@@(f), to a harmonically exciting con-
tact force,F;(f), at frequencyf. In the time domain, the wheel is represented by
its impulse response functions (Green'’s functioﬁ%’)(t), which are obtained from
the receptances by an inverse Fourier transform:

GY(f) =

i,j=1,273, (3.1)

Qv =7 (éfy(f)) =123 (3.2)
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In the interaction model, the displacements of the whgglt), are obtained by
convoluting the contact forces with the Green'’s functiofhithe wheel:

t 3
gJW(t):—/O Zﬂ(r)gmt—r)dr, j=1,2,3. (3.3)

Introducing the time incrememntt and the discrete time vector with the elements
ta) =la—1]At, a=1,2,...N;, (3.4)

the discretised version of Equation (3.3) at time stepads

EV(a) = - ngjv(n)Fi(a—n+ 1), (3.5)

where they (n) are the discrete time-integrated versions of the Greenfstions
g3y (n) of the wheel, which have th¥y, elements

WV (n) = { 0.5At Y ([n — 1JAt) for n =1, Ny (3.6)
K At g ([n —1]JAt) for n=2,3...Nyw—1

At Nw At, the Green’s functions are assumed to have decayed to zero.

At time stepa, the forces at previous time steps are known and the onlyawkn
forces aref;(«). The sum in Equation (3.5) can therefore be split up into an un
known term containing;(a) and a known term denoted” ()

min( Ny ,a

3 ) 3
'@ = = g OF@ = > > g () Fla—n+1)

3
= =D 9] (DF(e) =& (). (3.7)

If the first value in the Green’s functiong) (1), is set to zero, the wheel displace-
ment at the current time step is only influenced by the fonecgseavious time steps.
It is thus known:
&V (a) = =" (a). (3.8)

In a detailed wheel model, the first value of the Green'’s fimnctiescribes mainly
the local instantaneous deformation of the wheel at theaobmioint occurring in
the same instant as the applied force is acting. The wheeklmoded are, how-
ever, not detailed enough to give realistic values of thalldeformation (which is
instead modelled in the contact model) and the first value®f3reen’s functions
obtained is relatively small. The same applies also for thektmodels used. It is
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thus a reasonable assumption to set the first value of thenGremction to zero.
In addition, this assumption considerably simplifies theatpn system that has to
be solved at each time step in the interaction model. In cakese only vertical
interaction was considered in the interaction moéealpers | to IlI), the first value
of the Green’s functions has not been set to zero, while teemagtion has been
used in the combined vertical/tangential interaction nhOBapers IV and Y.

3.2.1 Rigid wheel models

Two rigid wheel models are introduced, which are suitable use in vertical
wheel/rail interaction only. The first model of this type issengle-degree-of-
freedom (1-dof) system comprising half the wheelset ma&g, and the primary
suspension consisting of a spring with constanin parallel with a damper with
constantcs (see Figure 3.2). The second rigid wheel model is a two-@egfe

S WW? P
Figure 3.2: Wheel modelled as single-degree-of-freedostesy (left) and two-
degree-of-freedom system (right).

freedom (2-dof) system that includes in comparison to tfdoflmodel an ad-
ditional small massmw, and an additional spring with constaif; in parallel
with a damper with constaty (see Figure 3.2). These additional components do
not have a direct physical meaning, but can be used to tunetieptance in the
higher frequency range to resemble the receptance obtaitled finite-element
model (se€Section 3.2.2 Provided that modal behaviour of the wheel is not of
interest, this type of wheel model has shown good perform§é, 109].

Figure 3.3 shows a comparison of the receptaregsof the two wheel models
for the numerical values of the parametéigy = 341.5kg, mw=3Kg, ks =
1.12MN/m, ¢s = 13.2kNs/m, kw = 6.0GN/m andcw = 155kNs/m. For
this configuration, the receptances differ from each otteenfabove about00 Hz.

The Green’s functiongs; of both wheel models appear almost identical, as can
be seen in Figure 3.4. It should however be noted that the scdfigure 3.4 is
linear and therefore does not allow identifying differengethe dynamics at lower
levels.
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Figure 3.3: Magnitude of the wheel receptaiigg: 1-dof model ¢ — —), 2-dof
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Figure 3.4: Impulse respongg; of the wheel: 1-dof modeH — —), 2-dof model
( ). The curves appear almost identical.
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3.2.2 Flexible wheel model

The flexible wheel model is a finite element (FE) model based»asymmetric
elements, similar to the model presented in [90], and coaldded by courtesy of
David Thompson (ISVR). The help of Briony Croft (previous$8VR) with the im-
plementation of the model is greatly acknowledged. A conuméfinite element
software has been used. The model comprises a single whisgluvithe wheel
axle. A rigid constraint is applied at the inner edge of the,huhere the wheel
would be connected to the axle. Figure 3.5(a) shows the rdesioss-section of
the selected wheel, which is a 780-mm C20 metro wheel. Thed atecel has a
Young's modulus ofE™W = 207 GPa, a Poisson ratio¥ = 0.3 and a density
pWV = 7860 kg/m?3.

The eigenfrequencies (Figure 3.6) and corresponding migdas (Figures 3.7-3.9)

(@)
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Figure 3.5: FE mesh of the C20 wheel cross-section: (a) cetmphesh and (b)
zoom on the tread with selected node numbers.

of this FE model have been calculated in the range upkHz. Similar to the
eigenmodes of a flat disc, the eigenmodes of the wheel arsifetaisaccording
to their predominant motion into axial, radial and circurefetial modes, which
haven nodal diameters anek nodal circles [88]. The axial modes will be denoted
(n,m,a). Asm > 0 does not occur for radial and circumferential modes in the
frequency range of interest, they will be referred toras)(@nd ,c), respectively.
The mode shapes have a harmonic variatiein ny (or A cos ny) around the cir-
cumference, wherg is the angular coordinate in the circumferential direc{is.
The amplituded varies with the axial (lateral) and radial position on thee@h The
radial and axial components of this amplitudere depicted in the section plots of
the different types of mode shapes in Figures 3.7-3.9 . (filnd tircumferential
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component is not seen.) As the cross-section of the whealtisymmetric, the
axial modes (Figure 3.7) also have a component of motiondratalirection and
the radial modes (Figure 3.8) in axial direction. For ilhasion purposes, three of
the mode shapes are also shown as three-dimensional pkitgire 3.10.

The omission of the axle is known to lead to errors in eigaepfescy and mode
shape for modes with < 1, but has a negligible effect on higher-order modes [88].
As especially higher-order axial modes (with> 2) have been found to be impor-
tant for curve squeal [12], this is not seen as critical feritivestigation of squeal
noise.

The eigenmodes are assigned a modal dampinging the approximate values
proposed by Thompson [88]:

1072 for n=0
(=< 1072 for n=1 . (3.9)
107% for n>2

The mode (1,r) is assigned a damping of 1, since this modeaapp®o strongly in
the frequency response function, when the influence of tleeisdisregarded [88].
These damping values are used as a first approximation. sy the impor-
tance of wheel damping for the occurrence of squeal, medsuoglal damping
values should be used for the investigation of a specificaqueblem in a spe-
cific curve.

Starting from the modal basis, the receptances of the whehbki pre-determined
contact point on the wheel tread are calculated by modalrpopiion. The re-

ceptanceéjwk(w), which represents the response in degree of freedalue to a

harmonic force of unit amplitude and angular frequencgpplied in degree of
freedomj is obtained as [88]

~ DDy
GWV(w) = gr —kr
() Z my (w2 — w? + 12y,w,w)

(3.10)

where®;, is the amplitude of mode shapein the degree of freedom and the
variablesw, andm, are the angular frequency and the modal mass of mode
respectively. In addition to the eigenmodes calculateth Wie FE-model of the
wheel, the rigid body modes of the complete wheelset, nptashslation in verti-
cal and lateral direction and rotation in the verticalftatglane, have to be taken
into account in the modal summation [88].

Figure 3.11 shows as examples the vertical and lateral peogptances and the
vertical/lateral cross-receptance calculated in the ridde(see Figure 3.5(b)) sit-
uated towards the field side of the wheel tread at a distané wfn from the
centre. A strong coupling between the vertical and lateirgictions can be seen
at this location. The firgd.4 s of impulse response functions corresponding to the
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Figure 3.6: Eigenfrequencies of the C20 wheel up kélz calculated with the FE

model: axial modedX), radial modesx) and circumferential modes)with zero
nodal circles ( ), one nodal circle-(— —) and two nodal circles{ - —).

receptances from Figure 3.11 are presented in Figure 3li21tdfal length of the
impulse response signals taken into accoutis

In order to demonstrate the applicability of the 2-dof whaelbel fromSection 3.2.1
a comparison of the vertical receptances of the 2-dof mautktlze flexible wheel
model is presented in Figure 3.13. The receptance of thef Paddel has been
tuned to resemble the receptance of the flexible wheel modatibpting the pa-
rameters:y andcyw. The receptance of the flexible wheel model used is the aértic
point receptance calculated in the node 120 at the centheafleel tread, includ-
ing only the rigid body mode in vertical translation (andfikible wheel modes).
At the centre of the wheel tread, only a small coupling betwestical and lateral
directions arises due to the asymmetry of the wheel crastsese The best fit of
the receptance of the 2-dof model (corresponding to thenpetex values already
used in Figure 3.3 and listed Bection 3.2.1Lis shown in Figure 3.13. The 2-dof
model captures well the anti-resonance in the wheel recepiat about50 Hz and
gives a mean value of the receptance at higher frequendmescdmparison of the
2-dof model to the flexible model is less favourable if theepgance calculated at
node 114 is taken, where the coupling between vertical aedalladirections has a
bigger influence (Figure 3.14).
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Figure 3.8: Radial modes (n,r).
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Figure 3.9: Circumferential modes (n,c).
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Figure 3.10: Examples of wheel modes: (a) Axial mode (3,dl®)Axial mode
(5,0,a), (c) Radial mode (1,r).
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3.3 Track models

The inclusion of the track dynamics in the wheel/rail intéi@n model is very
similar to the inclusion of the wheel dynamics. However, ielthe rotation of the
wheel was neglected iBection 3.2the motion of the nominal contact point on
the rail cannot be neglected. Consequently, a special ty@aen’s functions is
needed, which take the motion of the contact point into asctolfhese moving
Green’s functions [67]gf}:f°(t), describe, for excitation of the rail (inddX) in
i-direction at the position at timet, = 0, the displacement response of the rail
in j-direction at a point moving at train speecéway from the excitation, thus at
the nominal contact point on the rail.

In the interaction model, the displacement of the rail inribeninal contact point,
ij(t), j = 1,2,3,is calculated by convoluting the contact forces with thevimg
Green’s functions of the rail

t 3
&H(t) = / Y (g (t—7)dr, j=1,2,3. (3.11)
0 =1

The discrete version oﬁ:f“(t), denotedgf}jﬁ“(n), is constructed from a series
of track transfer receptanceéf}’”ﬁo’“”“*x( f). The superscripts specify the excita-
tion point, xy, and the response pointy + x. The (ordinary) Green’s functions,
ﬁ’xo’m*x(t), corresponding to these track receptances, are obtaindéavérse
Fourier transform

gg,mo,mo+x(t) — ﬁ_l (é«g,xo,xoﬁ-x(f)) ) (312)
Exploiting the coupling
Ax = vAt (3.13)

between the time incremenkt, and the space incrementy, the discrete moving
Green'’s functions are constructed as

Y

Jize At gf} rowotn=lAT () _q)AL) for n=2,3... Ny —1
(3.14)
whereNy is the number of samples. Al At, the Green’s functions of the rail are
assumed to have decayed to zero.

o () { 0.5A¢ g™ " UAT ([ —1)At) for =1, Ng
K n —

The discrete version of Equation (3.11) formulated at titeps reads

min(Ng,a) 3

Sla)y= Y SN Bla—n+1), j=1,23. (3.15)

n=1 =1
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Analogous to Equation (3.7), this equation can be split aparpart containing the
only unknown forcesF;(a), and the known part;"°(a)

3 min(Ny,a)
@R(Oz) = Zgg:z[a_lmt(l) Fi(a) + Z Z fxm nAt n) Fi(aa —n+1)
=1
3
_ gR,v[O&—ﬂAt(l) E(Oé) + 6;-:{’01(1(0[) ) (316)

15,0
i=1

If the first value in the Green’s functior@?j}’[a_”m(l), is again set to zero, the rail
displacement at the current time step is only influenced byfdhces in previous
time steps and given by

i) =" (). (3.17)

3.3.1 Finite element model of the track based on Rayleigh-imo-
shenko beam elements

The first track model, which is suitable for vertical wheal/rinteraction only,
is a linear finite element (FE) model based on a rail desoripby Rayleigh-
Timoshenko beam elements. This model is implemented in tieeidrail inter-
action model DIFF [64] and could be used by courtesy of Jertskin.

The track model takes into account discrete supports and leagyth of 70 sleeper
bays with sleeper spacinfs. Both rail ends are clamped. The rail, which is a
UICG60 rail with bending stiffnes&’/, shear stiffnessG A and mass per unit beam
lengthm/, is modelled by eight Rayleigh-Timoshenko beam elementslpeper
bay. The discrete supports are composed of railpads anpesteen ballast; see
Figure 3.15. The railpads are represented by a spring withess kp in paral-

lel with a viscous damper with constant. The sleepers are modelled as rigid
massesng;, and the ballast is represented by a spring with stiffigss parallel
with a viscous damper with constaty. A detailed description of the track model
is given in references [64] and [61].

~R, o, xo

Figure 3.16 shows the magnitude of the vertical track paneptance(;; :
and three examples of transfer receptanégs.” “°*, for two different excitation
positionsz,. The numerical values of the parameters usedrare= 6.4 MNm?,
kGA = 250 MN, m' = 60 kg/m, Ls = 0.65m, kp = 120 MN/m, cp = 16 kNs/m,
msr, = 125kg, kg = 140 MN/m andcg = 165 kNs/m. For excitation at midspan
between two sleeper positions, = 0.5 Lg, a sharp peak is observed%i3 Hz,
which is the pinned-pinned resonance frequency. Correspgly, the receptances
for excitation over a sleeper, = 0, show an anti-resonance in this frequency
range, which has slightly shifted to higher frequencies.diidnally, the recep-
tances for both excitation positions have an anti-resamahabou640 Hz.
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Figure 3.15: Rail model with discrete supports.

Examples of moving Green'’s functions for two different @ation positions and
three different velocities are presented in Figure 3.12 ddiditional high-frequency
oscillations for excitation at, = 0.5 Lg (Figure 3.17(b)) in comparison to excita-
tion atzy = 0 (Figure 3.17(a)) are explained by the pinned-pinned rasmmaDue
to the periodicity of the trackls/Az different moving Green'’s functions suffice
to represent the track at each velocity With the parameterés = 0.65m and
Ax = 1 mm, this leads to 650 moving Green’s functions.
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Figure 3.16: Magnitude of the track point and transfer réaaqes for excitation (a)
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Figure 3.17: Moving Green’s functions of the track for eatiin (a) above a
sleeper positiong, = 0, and (b) at midspan between two sleeper positions,
x9 = 0.5 Lg: — v = 50km/h, — ——v = 100 km/h, —-— v = 150 km /h.
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3.3.2 Waveguide finite element model of the track

The extension of the interaction model from vertical to &migal interaction re-
quires the inclusion of cross-sectional deformations efridl. For this reason,
a waveguide finite element (WFE) model was built with the wafe package
WANDS [66], which could be used by courtesy of the Dynamic®upr at the
Institute of Sound and Vibration, University of Southampt®his model takes ad-
vantage of the two-dimensional geometry of the rail haviogrstant cross-section
in thez-direction, but nonetheless considers the three-dimaabiature of the vi-
bration by assuming a wave-type solution along the rail.

The track model comprises one continuously supported faype BV50, which
is a common Swedish rail type. The WFE mesh consisting ot-eigded isopara-
metric quadrilateral elements is presented in Figure 8)18[he material data of
rail and support, which are chosen similar to the data ginej®6], are listed in
Table 3.1. The vertical stiffness of the continuous supportesponds to soft rail
supports.

Table 3.1: Material properties of the continuously suppdrail

Ralil Pad
Young’s modulus 207 GPa 4.8 MPa
Poisson’s ratio 0.3 0.45
Density 7860kg/m* 10kg/m?
Damping loss factor 0.01 0.25

The equations of the WFE model are derived by Nilsson et aJ66ih Only the
most important equations are repeated here.

The basic principle of the WFE method is that the displacemen [u,., u,, u.]" —
in xr-, yr- andzr-directions — in one waveguide finite element is formulated a

u = N(yr, 2r)0(zr), (3.18)

where is the vector of nodal displacements aNdyg, 2g) are two-dimensional
(2D) FE shape functions; i.e. a 2D mesh is sufficient to dbsche three-dimensional
structure.

In the same manner as for standard FE models, the completeW@BEl is assem-
bled from the formulation on element level. Assuming a tinepehdence of“!
and a wave of the type i**r, the assembled model reads

[K(k) - w™M]U=F, (3.19)

where K (k) is the stiffness matrix of the cross-section, which depewmnighe
wavenumbek in zr-direction, andM is the mass matrix of the cross-section. The
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Figure 3.18: WFE mesh of the BV50 rail: (a) complete mesh &)dgom on rail
head with selected node numbers. The dark grey area congspmthe rail pad.

vector U is the global displacement vector, containing the dispteas for all
degrees of freedom in the cross-section, and the vétisrthe vector of external
forces. For free harmonic motion, the equation of the astst\lYFE model,

[K(k) —w’M] U =0, (3.20)

represents a (quadratic) eigenvalue problem in wavenuinaea given frequency
w. The eigenvector¥,, correspond to cross-sectional wave shapes. The eigenval-
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uesk, obtained as complex-valued wavenumbers describe prapagatd decay
of the waves along the rail. The amplitude of a free harmoraegerpropagating in
the positiverg-direction is thus described by

A

U, (zg) = Uye Fmar (3.21)

The eigenvalues are represented in Figure 3.19 in the fortheoflispersion re-
lation. The wave shapes belonging to the different wavesypd-igure 3.19 are
shown in Figure 3.20 for the cagg = 1rad/m.
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Figure 3.19: Dispersion relation for the continuously suped rail. Wave types:
(A) Lateral bending wave, (B)Vertical bending wave, (C)dional wave, (D) Lon-
gitudinal wave, (E) Web bending wave 1, (F) Web bending wave 2

The response to forced excitation is obtained by supergasecontributions from
the different waves. The global displacement vetigiobtained due to a harmonic
point force atrg = 0 reads, for propagation in the positivg-direction [66],

Up(zr) = Y An(Fo)U,eFrom (3.22)

where the force vectdf, is formulated in the wavenumber domain. The expres-
sion for the amplitudesl,,(Fy) is given in [66].

For a pre-determined lateral contact position on the rathesceptances are calcu-
lated from the result of Equation (3.22). Figure 3.21 shosvwsxamples the magni-
tude and phase of the vertical and lateral point receptaamoegshe vertical/lateral
cross-receptances in the node 112 (see Figure 3.18(b)).off$et of 12 mm of
this node from the symmetry axis of the rail introduces theptiog between the
vertical and lateral directions. The peaks in the magnitfdbe receptances cor-
respond to the cut-on of the different wave types (see FigLir®).
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(d)

Figure 3.20: Wave shapes/at= 1rad/m: (a) Lateral bending wave, (b) Vertical
bending wave, (c) Torsional wave, (d) Longitudinal wavg Web bending wave 1,
(f) Web bending wave 2.

The corresponding moving Green’s functions for a train dp#é0 km /h are pre-

sented in Figure 3.22. As the rail is continuously suppottieel Green’s functions
gf;:;fo (t) do not differ from each other for different excitation pamits x.

Figure 3.23 shows the influence of the lateral position oftk@tation point on the
vertical point receptance of the track. The larger the digafrom the symmetry
line of the track, the larger the influence of wave types wittdeminately lateral
motion on the vertical receptance. The peaks emerging faffacentre position

of the excitation point are notably the peaks associateld thg cut-on of lateral

bending waves at abotit Hz and web bending waves 8162 Hz and4030 Hz.
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Figure 3.21: Magnitude and phase of the track receptandeatil head at node
112: — — — (grey) vertical point receptance; - — lateral point receptance,
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3.4 Non-Hertzian models for vertical contact

In this section, two non-linear and non-Hertzian modelstha vertical contact
between wheel and rail are presented, which are solved atteae step in the
interaction model. Solving the vertical contact problenamg(1) to determine the
size and shape of the contact zone, and (2) to calculate shiédtion of the con-
tact pressure and the local vertical displacements in theacbzone. It is assumed
that the vertical contact problem can be solved indepehdefiihe tangential con-
tact problem.

3.4.1 Winkler bedding

The first of the two vertical contact models is a two-dimenaionodel. It is based
on a Winkler bedding consisting of independent spring®thiced between wheel
and rail (see Figure 3.24). The model considers the rougtpredile in one longi-
tudinal line throughout the contact patch. For simplioitgly the rail is displayed

Figure 3.24: Bedding model for the wheel/rail contact.

as rough in Figure 3.24, but both wheel and rail are consitl@seough. The com-
bined roughness is contained in the varialjle) = r (z) —rr (x). Both the wheel
roughnessryw, and the rail roughnessg, are taken positive in the direction of the
Z'-axis (see Figure 3.1).

For the wheel positioned at, the deflection A¢(z,x ), of all involved contact
springs depends on the vertical wheel displacem@hty), the vertical rail dis-
placement{s (), the combined roughnessyz, » /), and the wheel profilesy (z, z /),
as

Al(z,z) = & (x) — E}a) +r(x,2") + 2w(z,z). (3.23)

The total vertical contact force is obtained by an integrabver the bedding:

F3(x) = /a k(z, ") AC(x,x") dz (3.24)
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which has a stiffness per unit length
~ { 1[152] for A((x,z’) >0

AN 2
bz, 2") = 0 for Al(z,2’) <0 ’
where E is the Young’s modulus and the Poisson’s ratio of rail and wheel (as-
sumed to be of the same material). The integration donjaia;, «’], has to be
chosen long enough to include all potential points of cantaoss of contact can
occur for each of the springs in the bedding. This takes pfat& (z,z’) < 0. In
this case, the stiffness(x, '), is set to zero.

(3.25)

The choice oVE(x, x') in Equation (3.25) makes it possible for the bedding to cor-
rectly model the contact length, total contact load and dedle as predicted by
the Hertzian theory for smooth surfaces if, in addition,wheel radius is adjusted
according to [23]

1
R = SR. (3.26)

The radiusR is the original radius of curvature of the conical wheel i@ tblling di-
rection, which is assumed to equal the transverse radiusreéture of the straight
rail.

Introducing2N¢ + 1 contact springs at the discrete positions
SCI<5) :ﬁAlC, ﬁz—Nc,—Nc+1,—Nc+2,...,Nc, (327)

the discrete versions of Equations (3.23)-(3.25) fornadait time stepv corres-
ponding to timega — 1)At and wheel centre position on the réil — 1) Az read

A¢(e, ) = &'(a) = &' (@) + (e, ) + 2w(a, ) (3.28)

N¢
Fy(a) = Y ka,0) A, B) (3.29)
B=—N¢
B l%Am for Al(a,3)>0
Mo, ) = {2[1 0 for Al(a, B) < 0 (3.30)

If £V (a) andél(«) are known from Equations (3.8) and (3.17), respectivelg, (i
the first value of the Green'’s functions is set to zero), Equat(3.28)-(3.30) can
be solved directly.

If the first value of the Green’s functions is instead not setdro (but the cross-
coupling between vertical and tangential directions islewtgd), Equations (3.7)
and (3.16) read

&V () = —g () Fy(a) — &) (3.31)
R (a) = g By (@) + 67 @) - (3.32)

Equations (3.28)-(3.30) together with Equations (3.31) @32) then form a non-
linear equation system that is solved fgy(«) by applying the Newton-Raphson
method [45].
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3.4.2 Elastic half-space model

The contact model based on the Winkler bedding presentdgiprevious section
is computationally efficient and allows considering theteanhfilter effect in a nat-
ural way. Yet the model is only a two-dimensional one, and/dhé roughness
in one line in the longitudinat '-direction is taken into account. Additionally, the
springs in the bedding deform independently of each othkilewthe points in a
real continuum are coupled to each other. This requirescieduhe wheel radius
in order to simulate Hertz contact for smooth surfaces.

An alternative contact model that overcomes these shortgsms based on the
influence functions for the elastic half-space. It is assithat wheel and rail can
be locally approximated by elastic half-spaces. A potéobatact area between
wheel and rail is introduced and divided indg, rectangular elements with side
lengthsAz and Ay in the 2’- andy/-directions, respectively. Kalker [43] investi-
gated the case where the traction is piecewise constanttwenesh of rectangles
and evaluated the corresponding influence coefficidnts;. The coefficientd; ;;
gives the displacement iindirection at the centre of elemehtdue to a unit trac-
tion in j-direction in element/. These influence coefficients are also given in
Appendix Bin the form needed here, where it is assumed that wheel ahdreai
made of the same material. This assumption implies thanfeence coefficients
for coupling between the normal and tangential directioBs A1 53, Arzs1, A3
and A;3 ., are zero and the normal contact problem can be solved indepdy
of the tangential contact problem.

In the following, the indiceg and.J denote an element in the set of elements form-
ing the potential contact ared, i.e. I € P andJ € P, if not stated differently.
The potential contact area consists of the contact@raad the exterior area.

The local vertical displacement,s, at the centre of one elemehtwhich is de-
fined as the displacement difference between rail and wheel

Urs = Upy — Uy, (3.33)
is influenced by the contact pressure throughout the coataet It is obtained by
superposing the contributions from each loaded element

Np

Urz = Z Arsgspys . (3-34)
J=1

The total vertical contact force at the current time stéq), is obtained by sum-
ming the forces acting in the different elements

Np

Fs(a) = prgAxAy. (3.35)
=1
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In addition to Equations (3.34) and (3.35) a kinematic c@mst equation such as
Equation (3.23) has to be introduced to describe the nororgact problem. As
the points of the elastic half-space are coupled, in contcathe springs in the
Winkler bedding, the kinematic constraint Equation (3283 to be extended. The
spring deflection A, is replaced by the local vertical displacemenyt, and the
distanceq, between the deformed bodies is introduced:

dy zfg(a) —§§V(a)+u13+zf{—z}]v+r?—r}]v. (3.36)

The distanced;, depends on the global vertical displacements of the §&ily)
and the wheel£)V(a), at the current time step, on the profiles of raif, and
wheel,z)", and on the roughness of raif}, and wheel;)".

The contact conditions are formulated as

dr >0 (3.37)
pr3s = 0. (3.38)
drprs =0 (3.39)

If contact occurs in a surface element, the distance is zetdhee contact pressure
is positive. If contact does not occur, the distance is p@&sdnd the pressure is
zero. A negative value of the distance would mean that thebwebes penetrate
into each other, which is physically impossible. A negatisatact pressure would
correspond to adhesion. Both penetration and adhesionxaheded by (3.37)-
(3.39).

If the first value of the Green’s functions is set to z&fp(,«) and&yY (o) are known
from Equations (3.8) and (3.17), respectively, and Equat(@.34) to (3.39) form
a non-linear equation system that completely describesdhmeal contact problem
at each time step. An explicit equation for ;3 is only available for the elements
that are in contact, wherg = 0,

Ups = —f?(oz) + §§N(a) — z}g‘ + z}N — r? + T}N , (3.40)

and it isa priori unknown which elements are in contact.

An efficient iterative method to solve the normal contactyte is the algorithm
proposed by Kalker [43]. He used a variational method anchédated the normal
contact problem as a minimisation problem of an appropaatzgy functional. To
solve this problem, Kalker developed his active set algoriNORM. The reason
why this algorithm is called an active set algorithm is asoiws. The solution,
in the form of the contact pressure distribution, is sulgedb the inequality con-
straintp;3 > 0. The elements in the potential contact area are dividedwadsets.
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The set of elements where the inequality constraint is ectig.p;3 = 0, is called
the active setd. The remaining elements form the sgt In the normal contact
problem, the active set thus comprises the elements whehatin contact, i.e.
A= FandN = C. Initially, an assumption is made about which elementsrgglo
to the active set. The active set is then updated step-ipyhstde algorithm until
the final solution is found. In detail, the active set alguntused works as follows:

1.

10.

Initially, all elements are placed in the active det E (which meang;s =
0 in all elements).

. The distance is calculated for all elements from EquatB86), which re-

duces to
d; = §§(a) — fg’v(a) + z}b‘ — z}N + r? — T}N , (3.41)

sinceu;3 = 0 (due topys = 0 in all elements).

. All points with a negative distancé; < 0, are removed from the sét and

added to the set of contact elemets

For the elements in the contact g&tthe distance is zero and the surface
displacement: ;s is calculated from Equation (3.40).

. The contact pressure of all elements in contact is ewvaduby setting up

Equation (3.34) for allV, elements inC:

Ne
Urg = Z Arsgspys, 1e€C (3.42)
J=1

and solving the resulting linear equation system for thenomk p 5.

. All elements with negative pressugg; < 0, are removed froni’ and added

to F.

Steps 4-6 are repeated until no negative pressure ispi@s@ENore.

It has to be verified whether the solution found fulfils Eipa(3.37). There-
fore the displacemeni;; is calculated for all elements i with Equa-

tion (3.34) and the distance is evaluated according to Emué3.36).

If there are any points with negative distande,< 0, these points are re-
moved from the exterior areld and added to the contact ar€a

Steps 4-9 are repeated until no negative distance ismirasymore.
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At the end of this iterative procedure, the size and shapaeotontact zone and
the contact pressure distribution are known.

If the first value of the Green’s functions is not set to zere, iEquations (3.8)
and (3.17) are replaced by (3.31) and (3.32), respectithed\solution of the normal
contact problem requires an additional iteration loop. His tase, the Newton-
Raphson method [45] is used to solve the complete non-liegaation system for
the contact forcds(«). At each iteration step of the Newton-Raphson method, the
active-set algorithm is applied to determine which poimésia contact.

3.5 Inclusion of discrete irregularities

Discrete irregularities such as wheel flats and rail joirs easily be included in
the interaction model. For this purpose, the surface probleesponding to the
irregularity, i.e. the wheel or rail profile, is updated incedaime step in Equa-
tion (3.28) for the Winkler bedding model, or in Equation3@) for the elastic
half-space model. IFPaper Il this is demonstrated for the case of a wheel flat.

3.6 Tangential contact model

The tangential contact model used in this work is based okdfaltransient rolling
contact model [43], which is implemented in his code CONTACHHe model is
used with a constant friction coefficient as in the origimaplementation $ec-
tion 3.6.1), but has also been extended for use with a slip-velocityddent fric-
tion coefficient Gection 3.6.2

In frictional rolling contact, the contact area is divideda a stick aread and
a slip areaS. The tangential contact problem, which is solved after tbemal
contact problem at each time step, consists in determinimghnelements of the
contact area are in stick and which are in slip, and caladatie local tangential
displacementsy;,, and tangential stresses,., at the surface.

3.6.1 Constant friction

In the following, all variables are evaluated at the curtene stepo, if not stated
differently. The index takes the valuesand2, for the longitudinal and the lateral
direction, respectively. The indicésand.J denote an element in the set of elements
forming the contact are@, i.e. [ € C' andJ € C, if not stated differently. The
contact area consists of. elements.

The relation between the local tangential displacemengdéeiment/, « ., defined
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as the displacement difference between rail and wheel
urr = ult —uyy, (3.43)
and the tangential stresses,, is given by
2 Ne
Urr = Z Z ArriaPia s (3.44)

a=1 J=1

where theA,, ., are the influence coefficients for the elastic half-spacergimnAp-
pendix B The tangential forced;,, are obtained by summing up the contributions
from the different elements

NC
Fr =) prAzAy. (3.45)
I=1

A contact element belongs to the stick area, if the local skijf, vanishes:
Sr=0, Ie€H. (3.46)

Otherwise the contact element belongs to the slip area. dda $hift, defined as
the relative displacement of two opposing particles of tiee and the rail with
respect to each other in one time step, is obtained as

Srr = UIT(CY) -+ W: — UIT(OJ — 1) , leC. (347)

The variable:;. (o — 1) represents the local displacement at the previous time step
which is known, and.;, (o) —u.(a—1) is called the deformation shift. In Kalker’s
formulation,V;, is the rigid shift calculated as

Wi = [€—y'dAs (3.48)
Wi = [n+2'¢] Az, (3.49)

where¢, n and ¢ are the longitudinal, lateral and spin creepages. In theeinod
proposed here, the contribution of the structural dynarofosheel and track is
added to the rigid shift:

Wi = Wi+ [§'(@) =&Y ()] = [ (@-1) - & (a-1)] (3.50)
Wi, = Wi+t [&(@) =& ()] - [&(@-1)-& (a-1)], (3.51)

where thec®(a — 1) and¢WV (a — 1) are the tangential displacements of rail and
wheel at the previous time step.
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In the slip area, the following relations hold

Pir SIT
= — , 1esS (3.52)
V p%l + p%Q V 5?1 + 5%2

p%l +p%2 = [MspIB]zv Ie Sv (353)
where is the constant friction coefficient. Equation (3.52) eesuthat the slip
occurs in the direction opposite to the tangential stregslaion (3.53) states that
the tangential stress in the slip zone is equal to the tnatmndu,p;s. In the stick
area, the tangential stress is below the traction bound:

Ph + Pa < [nsprs]” . (3.54)

Given that the® (o) and¢W (o) are known from Equations (3.8) and (3.17), Equa-
tions (3.44) to (3.54) form a set of non-linear equation$ dwenpletely describes
the tangential contact problem at each time step. The sajuHt®ns has to be
solved iteratively, since the division of the contact zam® istick and slip zones is
initially unknown. Even if the division into stick and slipere known, the equation
system would still be a non-linear one.

An efficient algorithm to solve the non-linear set of equasics Kalker’s active set
algorithm TANG [43], also summarised in [106]. This algbnt, which has been
used here, is very similar to the algorithm NORM describe&éction 3.4.2and
works as follows.

The set of contact elements is divided into two sets, the@asktA and the set of
remaining elementd/. The active set comprises the elements where the constraint
3, + p3y < [uspr3)? is active. This is the case for the elements in the slip zone,
wherep?, + p%, = [uspr3]?; i.e. A = S. Consequently, the sé{ consists of the
elements in the stick zone; i.&/ = H. The steps in the algorithm — as used here
—are

1. Initially all elements are placed in the stick zaH€i.e. the initial estimation
of the active set isl = ().

2. For the current division of the contact zone into stickeand slip zones, the
non-linear system of equations consisting of Equatior#)3(3.53) and

priSre —preSn =0, €S (3.55)

is solved for the unknown tractions, making use of the dedniof S;,,

Equation (3.47). Equation (3.55), which is taken from [106places Equa-
tion (3.52) and allows in contrast to Equation (3.52) alsai the slip occurs
in the direction of the tangential traction (not only in thgposite direction).
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3. All elements inH with tangential tractions exceeding the traction boured, i.
P} + p3y > [usprs)?, are removed fronf/ and added t&.

4. Steps 2 and 3 are repeated until there are no stick elerapptsore that
exceed the traction bound.

5. Now, it has to be verified whether the slip in all slip eleltisas opposite to
the tangential tractions. All elements violating this cibiosh are removed
from S and added td7.

6. Steps 2 to 4 are repeated until the slip is opposite to tigetatial tractions
in all slip elements.

The Newton-Raphson method [45] is applied to solve the mwat equation sys-
tem in step 2. At the end of the iterative procedure, the aimisf the contact zone
in stick and slip zones and the tangential stresses are known

In the same manner as described for the normal contact pnolthe solution of
the tangential contact problem would require an additiex&trior iteration loop,
if the first value of the Green'’s functions were not set to z@itis has however not
been implemented.

3.6.2 Slip-velocity dependent friction

The active set algorithm TANG presented in the previous@ecelies on the trac-
tion boundu;p;3 as input variable. In the case of a constant friction coedficithe
traction bound is known (after the normal contact problems l@en solved). If a
slip-velocity dependent friction coefficient is introduicehe friction coefficient in
each elemeni depends on the slip velocity, which is an output variable ANG.
Consequently, the traction bound is unknown.

The methodology adopted to circumvent this problem follegsentially the proce-
dure proposed by Croft [13]; see Figure 3.25. At each time, &g initial estimate
of the traction bound is obtained by using the distributidrfriction coefficients
from the previous time step. The tangential contact algoriTANG is then solved
with this estimated distribution of traction bounds. Suhsntly, the slip velocity
distribution obtained as output is used in the friction elcéeristic in order to up-
date the distribution of friction coefficients. ThereaffBANG is solved again with
the updated distribution of traction bounds, etc. The pdace continues until con-
vergence is obtained for the contact variables. The expegigvith this method is
that it is very reliable, but the convergence can be slow.

As an alternative to this ‘direct’ method of consecutiveleations of TANG and
the friction characteristic, Broyden’s method [45] hasrbaeplemented to update
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the distribution of the friction coefficients. In this methdelonging to the quasi-
Newton methods, an approximate Jacobian is used, whichdate@ during the
iteration process. The method looks for the root of the fimmct

g(p) = p— f(s), (3.56)

wherep ands are the vectors containing respectively the friction cosdfits and
absolute values of the slip velocity in all contact elemefitse functionf(s) is the
friction characteristic. The experience with Broyden'sthoel is that it converges
generally faster than the ‘direct’ method for this tangaintiontact problem, but
fails more often.

In this work, both methods have been used complementarilyoyd&n’s method
as first choice and, in the event of failure, the ‘direct’ nwettas backup.

The friction characteristic used in this thesis is takemfij@3] and goes originally

Recalculate
Solve NORM .
traction bound
N
V \4
Estimate traction
bound based on = Solve TANG

previous time step

Figure 3.25: Iteration loop at each time step for the sotutibthe tangential con-
tact problem in the case of a slip-velocity dependent fiicttoefficient (modified
from [13]).

back to Kraft [52]. It reads

20 0.1

S : 3.57
100152 02+ ]s] (3:57)

pi(sr) = p

wherey, is the static friction coefficient ang = /s, + s%, is the absolute value
of the slip velocity in the elementin m/s. The components of the slip velocity
are obtained from the local shift by [43]:

A S A, T=1,2. (3.58)
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The friction characteristic is depicted in Figure 3.26 tog thoiceu, = 0.3.
The extension of the contact algorithm to slip-velocity elegient friction is still a

o
w

o
(N

Friction coefficientu; [-]
o
il

0 0.5 1 15
Slip velocity s; [m/s]

Figure 3.26: Friction characteristic according to Equa(i®.57) foru, = 0.3.

subject of on-going research. While the tangential corpaablem has a unique
solution in the case of a constant friction coefficient [48])ltiple solutions may

existin the case of a slip-velocity dependent friction &icefnt [14]. This is further

discussed irsection 5.3.2
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Chapter 4

Validation and verification of the
wheel/rail interaction model

The wheel/rail interaction model proposed in this thessslieen validated partially
against existing established models and existing measuniedata. This chapter
provides an overview of the different validations and veafions carried out.

The vertical interaction model has been validated for rogls excitation§ec-
tion 4.1) and excitation by wheel flatsSection 4.2 The implementation of the
three-dimensional rolling contact model has been verifgalrest the original im-
plementation CONTACTSection 4.8 The results of the interaction model in the
case of frictional instabilities have, however, been vedifqualitatively only by
comparing with findings about curve squeal in the litera{@Gection 4.4

A complete validation of the combined vertical and tangsntheel/rail interaction
model against full-scale measurements, which would haee bee ideal solution,
was beyond the scope of this thesis. Full-scale validatststfor wheel/rail in-
teraction models are not only an expensive undertakingalsotpose a challenge
in terms of accessibility and measurability of certain imtpot parameters. Two
examples are the lateral wheel/rail contact position aedatttual prevailing fric-
tion conditions. Good knowledge of these parameters is actre difficult to
achieve. This is especially problematic in the case of caoueeal, where rather
small changes in parameters may lead to large variatioresints. One possibility
to overcome these difficulties would be to adopt a statistipproach for the vali-
dation of squeal models.

4.1 Comparison of the vertical interaction model to
two existing interaction models

The vertical wheel/rail interaction model describedGhapter 3has been com-
pared to two established time-domain models for wheelinédraction, notably
the model by Croft [13] and DIFF [64]. The model DIFF itselfshaeen validated
against field measurements [63]. In contrast to the approaséd on Green’s func-
tions used in the present model, the model by Croft and DIEmath based on a

67
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state-space approach. All three models were used with the sabmodels. The
wheel was represented by an unsprung mass (1-dof modelhametk model was
the FE model with discrete supports originally implemerite®IFF, described in
Section 3.3.1To allow for the comparison, the contact model has beenldieth
to a Hertzian contact spring. The calculations have beearedaout with a freight
wheel of mass\lyy = 488.5kg passing abv = 106 km/h along a track having
soft rail pads and a sleeper spacibg = 0.6 m. Three different roughness cases
have been considered: smooth wheel and rail surfaces, sositaliroughness and
a broadband roughness. The data presented here have alsmbtleded in the
thesis of Briony Croft [13] and are reused with permissiohe Buthor would like
to acknowledge the contribution of Briony Croft, who toole timitiative to make
this comparison and provided the results from her model.

The results for smooth wheel and rail, where the excitas@olely due to paramet-
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Figure 4.1: Comparison of the vertical contact force olgdifor smooth wheel
and rail: (a) time series in one sleeper bay, (b) one thitdvecband spectra; —
model by Pieringer — — DIFF, — - — model by Croft.

ric excitation on the discretely supported rail, are présgim Figure 4.1. Shown
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are the time series of the vertical contact force in one glekpy and the one-third
octave band spectra of the contact force (calculated fremsitinal belonging to 31
sleeper bays). The three models give similar results atrlbv@guencies, especially
at the peaks corresponding to the sleeper passing freqaet@ylz and twice the
sleeper passing frequency. This is also reflected in theseres, which look rather
similar. At higher frequencies, however, the spectra rebgmer differences. It
should be noted that minor differences between the modelsraphasised in this
case of parametric excitation, where the dynamic excitas@enerally low.

In the second case, the models have been compared for aid@usoaghness with
wavelengthd0 mm and amplitudel 0 ym (Figure 4.2). The time series show only
small differences and, in the spectra, the agreement isgaoy at the main peak
corresponding to the sinusoidal excitation and the two peakresponding to the
sleeper-passing frequency. Nevertheless, as in the piee@Ese of smooth wheel
and rail surfaces, significant differences are observedyaehfrequencies.

In the last case, a measured broadband roughness has bdewh®f has been
pre-processed to account for the contact filter effect. feigu3 shows excellent
agreement between the models in both the time series andrtteedpectra for this
case with a realistic roughness excitation.

A comparison of the vertical wheel/rail interaction modelRIFF, for different
parameter values but otherwise similar to the one that has peesented here, is
included inPaper L Also in this comparison, good agreement has been found.

It is thus concluded that the vertical interaction modelpmsed in this thesis is
valid for roughness excitation.
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Figure 4.3: Comparison of the vertical contact force olgdifor broadband rough-
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4.2 Impact forces due to wheel flats in comparison to
measurement data

In Paper Il, the vertical interaction model together with the 2D Winktentact
model has been applied to calculate impact forces causedbglvlats. Simula-
tion results have been compared with field measurements fetenence [24] in
terms of the maximum impact load during pass-by of the whael €onsidering
the uncertainty in the track parameters characterisintg8isite, the level of agree-
ment found between simulations and measurements is emgogrdlease refer to
Paper Il for a detailed discussion &ection 5.Zor a summary of the results.

4.3 Quantitative verification of the contact models

The 3D model for vertical and tangential contact presemt&ections 3.4.2nd3.6.1
is based on Kalker’s variational theory of transient rajlcontact [43]. In order to
verify the implementation, the model has been compared tkelKa own imple-
mentation CONTACT [105].

As both models are implementations of the same theoretoalflation, very sim-

ilar results are expected. Differences can arise from tfierdnt solvers used for
the non-linear problem occurring in the tangential confaoblem. CONTACT

uses a specially designed Gauss-Seidel type solver [LOdlg &wNewton-Raphson
method is used in the present implementation. Furtherntbiferent tolerances
and round-off practices can lead to slightly different tesu

The two contact models have been compared for cylindricaleiand rail profiles
with wheel radius?"V = 0.39 m and rail head radiug® = 0.30 m, a friction coef-
ficientu = 0.3 and a lateral creepage= 0.1 %. Longitudinal creepage and spin
creepage have been set to zero.

Figure 4.4 shows the divisions of the contact area into stigkslip zones obtained
with both models, which are seen to be identical. The roltivgction is the pos-
itive z-direction. The corresponding distribution of the contassure and the
total tangential stress depicted in Figure 4.5 are also siemifar in both cases. As
an example, Figure 4.6 presents the comparison on thelllterg’ = 3 mm. The
relative difference between the distributions does noeed6.15 %, which is also
true for the complete contact area.

In Paper \, the contact models are compared for a case where real radagheel
and rail profiles have been used. Also in this case, very ggoekanent has been
found. It is therefore concluded that the implementatiothef3D contact model
presented in this thesis is correct.

The implementation of the 2D vertical contact model presgini Section 3.4.has
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Figure 4.4: Division of the contact zone. Stick zoneCONTACT, - implementa-
tion by Pieringer; Slip zone® CONTACT, ¢ implementation by Pieringer.

been verified in [72]. In the case of smooth surfaces, theaobribrce-deflection
characteristic agrees with Hertzian contact. The 2D comeclels has also been
compared to the 3D contact model as part of the vertical vitadleinteraction
model. When only parametric excitation caused by the spgapendent stiffness
of the track is considered, the 2D and 3D contact models g@ve similar results
in terms of the contact forces. In the case of roughnessatiait the 2D and 3D
contact models give generally different results, sinctbeontact model does not
consider roughness variations in lateral direction actbeswidth of the contact,
which are included in the 3D model.
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Figure 4.5: Distribution of (a) contact pressyrgand (b) total tangential stress
p: = \/p} + p3 in the contact zone.
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4.4 Qualitative verification of the simulation results
including friction

The combined vertical and tangential wheel/rail intexatinodel used for the in-
vestigation of frictional instabilities has not yet beeidated quantitatively.

The simulation results for a constant friction coefficierggented irPaper Vand
summarised irsection 5.3.-are, however, in good qualitative agreement with gen-
eral observations about squeal noise and results reportékiliterature. In all
cases where stick/slip oscillations developed, the ma&guency component was
close to wheel resonances corresponding to axial modeseoivkieel, which is
typical for squeal [88]. The imposed lateral creepage, tietidn coefficient and
the lateral contact position were found to be key parameétetise occurrence of
squeal. In particular, the conditions prevailing at thedleg inner wheel of the
bogie during curving (i.e. underradial position and contawards the field side
of the tread) were found to promote squeal. According to,[8§beal is usually
excited most at the leading inner wheel. These findings dstrette that the model
gives reasonable results in the case of a constant frictefficient.

The tangential contact model in the case of slip-velocifyeshelent friction is not
yet considered fully reliable, though. A particular diffiguis the possible exis-
tence of multiple solutions of the contact problem; Seetion 5.3.2



Chapter 5

Applications of the wheel/rall
Interaction model

This chapter presents a selection of results and applicatieas of the wheel/rall
interaction model that has been develope@hapter 3 Sections 5.and5.2 dis-
cuss the application of the vertical interaction model far ¢valuation of the con-
tact filter effect and for the calculation of impact forcesuisad by wheel flats,
respectively. InSection 5.3which focuses on stick/slip oscillations induced by
frictional instability, the combined vertical/tangentiateraction model is applied.
The results from a study of stick/slip in the case of conshiaction are presented
in Section 5.3.1In Section 5.3.2the case of a slip-velocity dependent friction law
and the difficulties occurring with the contact model fr@action 3.6.2Zre dis-
cussed.

5.1 Evaluation of the contact filter effect

Two studies about the contact filter effect are included enadppended paperBa-

per | treats briefly the contact filter effect for passing over &waih sinusoidal
corrugation, whiledPaper Il is solely devoted to the contact filter effect in the case
of measured detailed roughness data.

In Paper | simulations with the 2D contact model andRaper Ill, simulations
with both the 2D and the 3D contact models are compared witllsitions using
a non-linear Hertzian spring as contact model. The 2D an@Eheontact models
consider the contact filter effect dynamically, since thegorporate the roughness
in several discrete points in the rolling direction and actdor a time-variant con-
tact patch length. The models are therefore said to perfodynamic roughness
filtering. The 3D contact model considers, in addition, &aons in roughness pro-
file height in the lateral direction across the width of thateat. Using the single
Hertzian spring, the contact filter effect has to be accalifdeexplicitly by calcu-
lating an equivalent roughness as a pre-processing stégh wgltalled quasi-static
roughness filtering. Three such calculation methods arsidered:
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e An equivalent roughness is calculated by means of the Wirdddding de-
picted in Figure 3.24. Details about the procedure can badon refer-
ence [23].

e An equivalent roughness is obtained by averaging over themel contact
patch length (corresponding to the static preload and smsofaces).

e No equivalent roughness is calculated, and the simulatwasarried out
with the original roughness excitation (i.e. the contatefieffect is not taken
into account).

In both studies of the contact filter effect, the discretelgmorted FE model of the
track fromSection 3.3.1s used. The wheel models FPaper | andPaper 1l are
respectively the 1-dof model and the 2-dof model frBection 3.2.1Typical cal-
culation times for the simulations on a standard PC are a fewtes in the case of
the 2D contact model or the Hertzian spring and a few tens ofites in the case
of the 3D contact model.

In Paper | the idealised corrugation is assumed to consist of onlysime curve
with corrugation wavelength and amplitudeA. Simulations have been carried
out for a wide range of wavelengths and two different amgbt The results
have been analysed in terms of the maximum vertical conbace fduring pass-by
as function of the corrugation wavelength. The contactrféféect in the simula-
tion results is clearly noticeable for corrugation wavelias that are up to three
to four times the nominal contact patch length (the lattendp@0.7 mm). This
means that considerable errors are made if the contactdiifiect is not consid-
ered. However, not much difference is observed betweenitfezetht methods of
roughness filtering in the investigated wavelength rangendo somewhat smaller
than the nominal contact patch length. The simple averddiagng performs sur-
prisingly well. The maximum difference between averagittgring and dynamic
filtering reaches slightly ove¥dB at short wavelengths. No significant difference
is observed between quasi-static filtering with the Winkledding and dynamic
filtering. The results could look substantially differemtcarrugation wavelengths
shorter than the ones considered.

In Paper lll, the contact filter effect is evaluated for excitation byadilet! rough-
ness data measured in several parallel longitudinal limélse running band. The
roughness data comprise one set of rail roughness meaduaesite showing se-
vere corrugation [101] and three sets of wheel roughnessataginating from one
wheel with cast-iron block brakes and two wheels with sifeck brakes [99].
The calculations are carried out using one data set at a timehe wheel or the
rail is considered to be smooth. The 3D contact model corsithee complete
roughness profile, while the 2D model and the Hertzian spoirlg operate on one
longitudinal roughness line. It is not evident which rougbs line should be cho-
sen.
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As examples of the results of the dynamic calculationBdper Ill, the results for
excitation by the roughness from one of the wheels with sibkeck brakes are
presented in Figure 5.1. For the other roughness sets piefeas¢oPaper Ill. Fig-
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Figure 5.1: Dynamic wheel/rail interaction excited by rbngss measured on a
wheel with sinter block brakes (wheel 2 in Paper Ill): (a)rage one third-octave
band spectra of the vertical contact force and (b) averagectfilter effect calcu-
lated from runs with seven different longitudinal roughméses; contact model:
(thick grey ling 3D contact model, +«—2D contact model, -«—-Hertzian
spring with roughness pre-filtering by the Winkler beddirgr— Hertzian spring
with roughness pre-filtering by averaging; — Hertzian spring with no roughness
pre-filtering.
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ure 5.1(a) shows the third-octave band spectrum of thecatrtiontact force. In
the case of the 2D contact model and the Hertzian contact Iimtb#espectrum
shown is an average of the seven spectra obtained from separs with seven
different roughness lines. Figure 5.1(b) presents theaootiiiter effect obtained
for the different contact models. This is calculated byngkihe level difference in
dB values between each of the spectra and the spectrum ethiaithe case of the
Hertzian spring with no roughness pre-filtering. In the sanamner as before, the
calculations have been carried out for seven different moegs lines separately.
The filter curves shown are the average of the filter curvesiodd for each run.

In the excitation case shown in Figure 5.1 and the other ttases treated iRa-
per lll, the models performing filtering on one roughness line —eeittynami-
cally or by pre-filtering — are found to give very similar rééswp to abou® kHz
(i.e. wavelengths of oveld mm at the chosen train speed ©f0 km /h). These re-
sults are in good agreement with the finding®aper L At higher frequencies, dy-
namic filtering and quasi-static filtering with the Winklexdding are still very sim-
ilar in three out of the four excitation casesRaper Ill. The Hertzian model with
pre-filtering by averaging gives, however, significantlffetent results at higher
frequencies, the biggest differences occurring for theugmted rail (up t® dB
mean difference).

The main findings ifPaper Il concern the differences obtained between the 2D and
3D contact models. The 3D contact model gives, as a gene@dgey, a contact
force level several dB lower than the 2D model. The analysRaper Ill shows
that the differences obtained depend on the degree of ataelof the roughness
across the width of the contact patch. At frequencies wheredrrelation is high,
both models give similar results. With decreasing corretatthe differences in-
crease. A parameter based on the coherence of severakpavaljhness lines is
proposed irPaper Il to assess the correlation across the width of the contaat pat
In the case shown in Figure 5.1, the roughness correlatitavisn the whole fre-
guency range and the 3D contact model is seen to result ir mwact forces than
the 2D model in a wide range. At higher frequencies (alibkHz for the chosen
model parameters), the differences in contact force leviined with the 3D and
2D models are increased or diminished by distinct dips ir2lDdilter. These are
an inherent property of the 2D filter operating on an (apprately constant) con-
tact length. The simulation results Raper Ill show, too, that the differences in
contact force level obtained with the 3D and 2D models vagwisicantly with the
roughness line chosen in the 2D model. Using an average ghrmss lines as
input in the 2D model results in sufficient accuracy in the 2Bded in only one
out of the four cases. The 3D model still gives satisfactesults, when a lateral
roughness resolution afmm (instead of originally2 mm) is used. The former
corresponds to measuring the roughness on five parallel line

The primary conclusion frorRaper lll is thus that the common practice to measure
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only one longitudinal roughness line that is taken as tytéhe running band is

generally not sufficient, since significant errors may oaghen the 3D roughness
distribution is represented by only one roughness line.ailt roughness mea-
surements are also necessary in order to be able to estiheataror occurring

when using the 2D model instead of the 3D model.

5.2 Calculation of impact forces caused by wheel flats

In Paper I, the vertical interaction model together with the 2D contaodel is
applied to calculate impact forces caused by wheel flats. tfetol is represented
by the FE model with discrete supports, and the wheel modsd issthe 1-dof
model. The flat is introduced on a rotating wheel whose profitbe contact zone
is updated in every time step. Two kinds of wheel-flat georegtare considered:
the newly formed wheel flat with sharp edges as occurringt ider formation,
and the rounded wheel flat which rapidly develops from thelpéwmed flat as a
result of wheel tread wear and plastic deformation.

To demonstrate the functioning of the modelling approashukation results are
compared with field measurements from reference [40] in$esfrthe maximum
impact load; see Figure 5.2. In the field test, the impact aded by a rounded
wheel flat with depth! = 0.9 mm and length = 0.1 m on a freight train with axle
load 24t (P = 117.7kN) was measured for train speeds betw8étm /h and
100 km/h. As the receptance of the loaded track in the frequency rahijgerest
could not be measured during the field tests, Nielsen et sdréned rail pad and
ballast parameters through model calibration [65]. Thesdehparameters (listed
in Paper Il) are also used in the present simulations. As the calcuiiaipact force
varies depending on where the wheel flat hits the rail ini@tab the sleeper loca-
tion, simulations with 40 different initial angular wheebdgtions are run in order
to cover the whole range of maximum impact force magnitu@msidering the
uncertainty in the track parameters, the level of agreeilmemieen simulations and
measurements seen in Figure 5.2 is encouraging.

In addition to the maximum forces used for comparison to #ld fneasurements,
Figure 5.2 also shows the minimum contact force, allowirptdication of loss of
contact between wheel and rail. Beside @lemm deep rounded wheel flat, also a
0.9 mm deep new wheel flat is considered. A more detailed descniptnal analy-
sis of Figure 5.2, as well as additional simulation reswls be found iPaper Il.
Beside train speed and wheel-flat type, the wheel-flat deptisio identified as
an important parameter for the magnitude of impact forcesed by wheel flats.
Especially at higher train speeds, the impact position efwiheel on the rail in
relation to the sleeper location has a significant influetoxe,

A minor disadvantage of the 2D contact model, in the contéxtleeel flats (or
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other wheel irregularities), is that this contact modeluiegs a reduced wheel ra-
dius in order to model Hertzian contact for smooth surfadgsnsequently, the
wheel flat has to be mapped onto the reduced wheel, implyatgttis not possible
to represent correctly both wheel-flat depth and length.ughahis has not been
done yet, it seems promising to apply the 3D contact modeinmlate impact
forces caused by wheel flats. It would be possible not onlyetepkthe original
wheel radius, but also to include the complete 3D geomettii@ivheel flat. This
requires, however, that measurement data of the 3D wheejeftanetry with suf-
ficient resolution are available.
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Figure 5.2: Measured maximum impact forces ijlack) due to &@.9 mm deep
rounded wheel flat in comparison to calculated maximum anadmum impact
forces ¢, dark grey). Shown are also a third-degree polynomial fitteithe mea-
sured data (—) and calculated results fér@mm deep new wheel flaty, light

grey).

5.3 Frictional instability in wheel/rail contact

In this section, the combined vertical and tangential whailinteraction model

is applied to calculate stick/slip oscillations inducedfbgtional instability. The
submodels used are the FE model of the wheel f&aution 3.2.2the WFE model

of the track fromSection 3.3.2nd the 3D contact models for normal and tangen-
tial contact presented i8ections 3.4.2 and 3.@&Although the detailed FE models
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used for wheel and track include the longitudinal, laterad a&ertical dynamics,
the simulations presented in this section are limited tdicarand lateral dynam-
ics of wheel and track. The wheel/rail contact, howeveraated as fully three-
dimensional. Typical calculation times for the simulasaare a few days on a
standard PC.

5.3.1 Investigation of stick/slip oscillations in the casef con-
stant friction

Most researchers working with the modelling of curve squabduce the nega-
tive slope of the friction characteristic as source of trstability, while others have
found that squeal can also occur in the case of constaribfridue to the coupling
between normal and tangential dynamics; Seetion 2.4 As a contribution to

this discussion on the squeal mechanism, an investigatisrbben carried out in
Paper Vinto stick/slip oscillations in the case of constant fiactj which is sum-

marised in the following.

Real measured wheel and rail profiles have been used in testigation. The
wheel profile is a S1002 profile worn oves9 000 km. The rail profile is a BV50
profile with inclination 1:40 measured at a curve in the nekwof Stockholm
metro, where severe corrugation and squeal occur [101].tHese profiles, the
contact points on wheel and rail have been determined ascidarof the rela-
tive lateral displacemenky™® of the wheelset on the rail with a pre-processor of
the commercial vehicle-track interaction software GENJY8. The author ac-
knowledges the assistance of Peter Torstensson (CHARME&n@rs University
of Technology), who provided the measured profiles andeduout the GENSYS
calculations.

A parameter study has been carried out, where the influenitedfiction coeffi-
cientu,, the imposed lateral creepagend the relative lateral displacement of the
wheelset on the railhy"V® on the dynamic wheel/rail interaction has been investi-
gated. A total of 108 different parameter combinations heenliested.

The most important result from the parameter study is thek/stip during curv-
ing (and consequently curve squeal) is indeed possible migtio the case of a
falling friction coefficient, but also in the case of condtéiction. In 14 of the
investigated cases, pronounced stick/slip oscillatiewebbped in the firs3.5 s of
the simulation. The occurrence of these stick/slip odailies is attributed to the
coupling between vertical and tangential dynamics.

An example of the stick/slip oscillations froRPaper Vis shown in Figure 5.3 in
terms of the lateral contact force. In this simulation, dedcsimulation | inPa-
per V, the parameter valugs, = 0.3, n = —1% and Ay"® = —15mm have
been used. A negative value of the lateral creepage comdsgo an underradial
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position of the wheelset in the curve, where the wheelsetahaangle of attack
against the track. For the chosen relative lateral dispt@ceAyVE, the contact

on the wheel tread occurs at the field side of the treadPager V. Details of the

stick/slip cycle are depicted in Figure 5.4. During mostloé tycle the contact
area is in full slip and the lateral contact forég coincides with the traction limit
1 Fs. Only during a short phase in each cycle, partial stick cee@nd the lateral
force takes a value below the traction bound.

The results of the complete parameter study fiéaper V are depicted in Fig-
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Figure 5.3: Stick/slip in the case of constant friction: éirseries of the lateral
contact forceF; (corresponding to Simulation | iRaper V).
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Figure 5.4: Stick/slip in the case of constant friction: @oon time series of the
contact forces (corresponding to Simulation Haper V); lateral forceFs,
— — — (grey) traction boundu F3.

ure 5.5(a) for the variation of the friction coefficient aret tiateral creepage, and
in Figure 5.5(b) for the variation of the relative laterapliacement of the wheelset
on the rail. The relative stability of the simulations is cheterised by the measure
L, which is based on the rms-value of the lateral contact fagreasand gives low
values in cases where stick/slip does not occurPsgeer V. All three investigated
parameters are seen to have a strong influence on the oaorioestick/slip:
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Figure 5.5: Results of the dynamic simulations as functibfapthe imposed lat-

eral creepage and the friction coefficient and (b) the relative lateral displace-
ment Ay"® of the wheelset on the rail: force levél., calculated according to
Equation (25) inPaper V; simulations withLz, > 0dB are denoted by Roman
numerals. The same colour bar applies in both subfigures.
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Significant stick/slip developed only for negative valuéthe lateral creepage (i.e.
underradial positions of the wheelset) and not below a Hulelsof (the absolute
value of) the lateral creepage ©6%. Furthermore, pronounced stick/slip oscil-
lations did not occur for low friction coefficients (below3).and occurred only
for contact positions on the wheel tread towards the field sidthe wheel. An-
other observation from the parameter study is that smaligbsiin the parameters
can lead to a sudden appearance (or disappearance) oflgbidscillations. In all
cases where stick/slip developed, the main frequency caemi®f the oscillation
was close to wheel resonances corresponding to axial méteswheel with zero
nodal circles.

As already discussed Bection 4.4the results of the parameter study are in good
gualitative agreement with published findings about cugresal.

5.3.2 Grid-size dependent high-frequency oscillations @hnon-
uniqueness of solution in the case of slip-velocity depen-
dent friction

Combining the tangential contact algorithm with a slipegy dependent friction
coefficient as described fBection 3.6.2ntails two different problems. First, grid-
size dependent high-frequency oscillations are obsenmvdte quasi-static case,
which are not yet fully explained. Second, the uniqueneskagolution given in
the case of a constant friction law [43], is hot guaranteegureore for a slip-velocity
dependent friction coefficient. Both phenomena are exdraglin the following.

Under quasi-static conditions, i.e. when wheel and tractadyics are not included,
the interaction model converges to a steady-state soltdioan imposed constant
creepage and a constant normal force if the friction coefficis constant. In the
case of a falling friction curve, high-frequency stickgstiscillations may occur un-
der otherwise identical circumstances. Figure 5.6, whitiws the time series of
the lateral contact force, demonstrates that the occugrand amplitude of these
oscillations depend on the element length in the rollingation Az (hence on the
time stepAt = Az/v with v being the train speed). The simulations have been
carried out for the falling friction curve (3.57) togetheithva static friction coef-
ficient us = 0.3, a lateral creepage = 0.5%, a train speed = 50km/h and a
static preloadP? = 65kN. Longitudinal and spin creepage have been set to zero
and cylindrical wheel/rail profiles have been used. Thellasians in Figure 5.6
are increasingly unstable for decreasitig. The fundamental frequency compo-
nent of the oscillations occurs at a divisor of the samplirgifiency. Different
divisors are found for differenhzx.

Figure 5.7 shows the time series of the tangential stresghantbcal slip on the
centre line of the contact in rolling direction for the cade = 0.25mm from
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Figure 5.6. The steps shown correspond to the time stepsecharkEigure 5.6. A
small slip zone occurs at the trailing edge of the contactep 4. Subsequently,
this slip zone is seen to grow gradually. At the same timegeatial stress builds
up until a “collapse” occurs between time steps 6 and 7. Theegyjumps to slip
in the complete contact zone and the tangential stressiéveel Due to the de-
creased stress, the system goes back to mainly stick in #iesteg and the cycle
recommences.

The problem of multiple solutions can also be exemplified l®ans of Figure 5.7.
To calculate the solution in each time step of Figure 5.7,dis&ibution of slip
velocities of the previous time step has been taken asliagtanate in the iterative
method. The solution obtained by this means in step 6 showidgcreased slip
zone does not seem to fit into the stick/slip cycle. When astiglsolution is taken
as initial estimate instead, another solution with a lagjgr zone is found; see
Figure 5.8.

The same phenomena have also been reported by Croft etjalTHely compared
two independent implementations of the same tangentiaghcomodel also used

—12¢ |

Lateral force [kN]

20.00 20.25 20.50
Time [ms]

Figure 5.6: High-frequency oscillations under quasitstednditions for different
element lengthdz: —e- — 1 mm; —<«— 0.5 mm; —e— 0.25 mm. Selected time
steps are denoted by Arabic numerals.

in this work: the time-stepping model by Croft [13] and a ni@di version of
CONTACT [105] by Vollebregt. In their investigation cardeout for a constant
longitudinal creepage, they observed the same type of/sliigloscillations at the
trailing edge of the contact. The oscillations were foundeancreasingly unstable
with increasing creep, increasing slope of the fallingtioic curve, and decreasing
element length in rolling direction. The dependence of tigléude of the oscil-
lations on the element length is explained by the fact that'tbllapse” occurs in
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Figure 5.7: Time history corresponding to the time steps lmened in Figure 5.6
for the case\z = 0.25 mm: — — — (in grey) normalised tangential stregs|/pier,
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Figure 5.8: Low and high slip solution in time step 6 of Figbré: — — — (in grey)
normalised tangential streg§s |/p.., —— normalised local slips|/s..s on line
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one time step. When the time step is reduced, the change sf/#tem occurs in
a shorter time period, which entails a higher slip velocit¢][ Croft et al. [14]
reported also about the existence of multiple solutionse @mncipal difference
between the results presented in [14] and the results inr&igw (deliberately
presented in the same types of plots as in [14]) concernstfgential stress distri-
bution in the stick zone. While Croft et al. found distinad ar unexplained) peaks
in the stick zone, this phenomenon is not seen in Figure 5shduld however be
noted that Croft et al. carried out the simulations with efént parameters (e.g.
longitudinal creepage instead of lateral creepage) andthier analyses is two-
dimensional in contrast to the three-dimensional versidgh@model used here.

The occurrence of the grid-size dependent stick/slip lagighs in two additional
independent implementations of the contact model suggfeastshis phenomenon
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is a consequence of the modelling approach, and rules ogtgronming errors
as reason for their occurrence. E.H.A. Vollebregt relabesghenomenon to the
quasi-static assumption made in CONTACT [43] in combinatath the falling
friction law employed (personal communication, Februay@11). A possible
solution could thus be to include the contact dynamics imtleelel. This is how-
ever beyond the scope of this thesis. A correct handlingeptioblem of multiple
solutions would require us to identify all solutions and tadfia way to select the
“physical” one.

More research is needed on the handling of the describedoptesra in the dy-
namic algorithm and their implications. Neverthelessuitssfrom the combined
vertical/tangential interaction model including the whawed track dynamics are
also presented in the following, in order to demonstratétteaviour of the model
in the case of a slip velocity-dependent friction coeffitien

In particular, the quasi-static simulation from Figure &Bh Ax = 0.5mm has
been repeated with the wheel and track dynamics includee. niid&n frequency
component of the lateral contact force occurs then2aH Hz, see Figure 5.9,
which corresponds to the (7,0,a) axial wheel mod&2d6 Hz. When this mode
is removed from the wheel receptance, the stick/slip @tmth occurs at another
frequency; see Figure 5.10. By contrast, the removal of goersd wheel mode
close to the main frequency component, the circumferefitja) mode ab228 Hz,
did not have a significant influence on the spectrum. Figu®esBows also the
spectrum of the lateral contact force in the quasi-statsecdn this case, peaks
occur atF; /10 and higher harmonics of this frequency, whéte= 27.8 kHz is the
sampling frequency. These peaks are not present anymdre dyhamic case.

Similar results are also presentedRaper IV for the train speea@ = 100 km/h.
Additionally, the effect of roughness excitation on thelstslip oscillations has
been investigated iRaper IV. The inclusion of roughness led to generally higher
contact force levels in comparison to the case with smoottases, but left un-
changed the main peaks in the spectrum corresponding t8 {ha) axial mode of
the wheel and higher harmonics.

It is to be assumed that the results from the dynamic sinmratshown in this
section and inPaper IV are equally grid-size dependent as the results from the
guasi-static simulations. Furthermore, it cannot be edaithat the existence of
multiple solutions (not specially accounted for in the aition) has an influence

on the outcome of the dynamic simulations.
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Figure 5.9: Power spectrum of the lateral contact forceerctse of falling friction,
n = 0.5%, v = 50 km/h: dynamic wheel/rail interaction ( ) in comparison to
the corresponding quasi-static case (—i-grey).
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Figure 5.10: Power spectrum of the lateral contact forcééncase of falling fric-
tion, » = 0.5%, v = 50km/h: dynamic wheel/rail interaction for the complete
wheel receptance ( ) in comparison to the case where tleaj7mode has
been removed from the wheel receptance (—-grey).




Chapter 6
Conclusions and future work

6.1 Conclusions

In this thesis, a time-domain model for the combined verdod tangential wheel/rall
interaction has been presented, which accounts for thdinear processes in the
contact zone.

An important feature of the model is the representation oéeltand track by
Green'’s functions, which allows inclusion of any linear whand track model.
A discretely supported rail, for instance, can easily besatsred. As the Green’s
functions are pre-calculated before starting the dynammalsitions, the modelling
approach leads to high computational efficiency. Consedtyatetailed contact
models can be included. Two such contact models have besduted in this
thesis. The first contact model is a 2D model for vertical aononly, which con-
sists of a bedding of independent springs. The second dantattel is a 3D model
consisting of a vertical and a tangential part. This modanismplementation of
Kalker’s ‘exact’ theory [43], which is based on an influerfaection method for
the elastic half-space. Both vertical contact models takeant of non-Hertzian
effects. The 2D model uses a simplified wheel and rail gegnaetd includes one
line of wheel/rail roughness in the rolling direction. Th g&odel considers the
real three-dimensional wheel and rail geometry and takesaocount the rough-
ness in several parallel lines. Both vertical contact meawlude the contact filter
effect dynamically and do not require the calculation of gniealent roughness as
pre-processing step. Moreover, discrete irregularitieh sas wheel flats and rail
joints can readily be included by updating the wheel or raifie in the contact
zone in each time step. The tangential contact model — likevértical contact
model — is fully non-linear and transient. To the knowled§ée author, it is the
first time that such a model is used online in a model for whalihteraction,
at least in the context of noise prediction. The reason wiey sumodel has not
been used previously in this context is that the calculagffort was considered
too high.

As mentioned above, the wheel/rail interaction model preskin this thesis is
computationally efficient due to the chosen approach basdgdreen’s functions.

89
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When only vertical contact is considered in the wheel/rgibiaction model, typi-
cal calculation times (e.g. for the simulationsRaper IIl) on a standard PC are a
few minutes in the case of the 2D contact model and a few tensrmdtes in the
case of the 3D contact model. When the tangential contantisded, the calcu-
lation times increase considerably, but are still manalgeah typical simulation
from Section 5.3akes a few days on a standard PC.

In the thesis and the appended papers, the wheel/rail atiignamodel has been
applied for different excitation cases. Cases considaeeéxcitation by idealised
sinusoidal roughness and by measured roughness of the arieeedil running sur-

faces, by different types of wheel flats, and by frictionatability during curve

negotiation for both a constant and a velocity-dependésttdn coefficient.

In the case of roughness excitation, the vertical intepacthodel has been vali-
dated against existing established interaction models.eAztan spring has been
used as contact model in this validation. The 3D contact iinbds been veri-
fied separately against Kalker's program CONTACT, and théiczd 2D contact
model has previously been verified in [72]. Raper | and Paper llI, the verti-
cal interaction model has been applied to investigate timtaco filter effect for
passing over a rail with idealised sinusoidal corrugatiot e@xcitation by detailed
measured roughness data, respectively. Simulations hat2D and 3D vertical
contact models have been compared with simulations usirandimear Hertzian
spring as contact model applied in combination with an eajaivt roughness cal-
culated in a pre-processing step. The contact filter effexd alearly visible for
roughness wavelengths that were up to three to four timesidh@nal contact
patch length. As a general tendency, the different modef®qeing roughness
filtering on one line — either dynamically (2D model) or qusasitically (Hertzian
spring with pre-calculated equivalent roughness) — ganglai results. An ex-
ception is the Hertzian spring with roughness pre-filtetaygaveraging over the
nominal contact patch length, which gave significantlyedigt results at higher
frequencies (above 2 kHz for the chosen model parametetts¢ icase of real mea-
sured roughness. The main findings from the investigatiothefcontact filter
effect concern the differences between the 2D and 3D contadels obtained for
real measured roughness. The 3D contact model gives, asesagjéendency, a
contact force level several dB lower than the 2D model. THferinces between
the 2D and 3D models increase with a decrease in roughnesdatmn across
the width of the contact. A parameter based on the cohereneeveral parallel
roughness lines has been proposeBaper Il to assess the correlation across the
width of the contact patch. The differences in contact foegel obtained with the
2D and 3D models vary also significantly with the roughness ¢hosen in the 2D
model. Using an average of several roughness lines as inghei2D model in-
stead of only one line cannot generally be expected to rassiifficient accuracy.
The simulations indicated, too, that a lateral roughnesslugon of at least mm
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should be used in the 3D model, which corresponds to meagstiv&roughness on
at least five parallel lines. The primary conclusion from stiedy of the contact
filter effect is thus that the common practice, of measurinly one longitudinal

roughness line that is taken as typical of the running basg@enerally not suf-
ficient, since significant errors may occur when the 3D roaghrdistribution is
represented by only one roughness line.

In Paper Il, the interaction model together with the 2D contact modal heen
applied to calculate impact forces caused by wheel flats.udimon results have
been compared to field measurements in terms of the maximyacinforces
during wheel-flat passage. The agreement found betweeradions and mea-
surements was fairly good throughout the investigatedearidrain speeds from
30km/h to 100 km/h. The short parameter study presentedPaper Il showed
that train speed, wheel-flat depth and wheel-flat type ar®itapt parameters for
the magnitude of the impact force. Especially for higheintspeeds, the impact
position of the wheel on the rail in relation to the sleeperatoon has a signifi-
cant influence, too. A minor disadvantage of the 2D contaaehim the context
of wheel flats (or other wheel irregularities) is that thisiaxt model requires a
reduced wheel radius in order to model Hertzian contactrfayah surfaces. Con-
sequently, the wheel flat has to be mapped onto the reduceel wimglying that
it is not possible to represent correctly both wheel-flatdemd length. Using the
3D contact model would make it possible to keep the origina¢el radius and to
include the complete three-dimensional geometry of thealviiet.

In Paper IV andSection 5.3.2the combined vertical/tangential interaction model
has been applied for excitation by frictional instabilitythe case of a falling fric-
tion curve. In the dynamic simulations, stick/slip oscitbas developed, which had
a main frequency component corresponding to an axial motheatheel with zero
nodal circles. The 3D contact model in combination with p-stelocity dependent
friction coefficient, however, is not yet considered congliereliable. In the quasi-
static case, when wheel and rail dynamics are not included;size dependent
high-frequency oscillations were observed. Itis to be aegiithat the results from
the dynamic simulations are equally grid-size dependentthErmore, it cannot
be excluded that the possible existence of multiple satstia the contact model
has an influence on the outcome of the dynamic simulationgthé&uresearch is
needed on the handling of the described phenomena in thenilya#égorithm and
theirimplications. The interaction model in combinatiomhaa velocity-dependent
friction coefficient should however be fully applicableaiimpler tangential con-
tact model is used.

Excitation by frictional instability in the case of a constériction coefficient has
been investigated iRaper V. Simulations have been carried out with the combined
vertical/tangential interaction model for a range of inpatameters. An important
result from the parameter study is that a falling frictiomwauis not a precondition
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for stick/slip oscillations to occur during curve negatat Stick/slip is also pos-
sible in the case of constant friction — as suggested by puevpublications. The
imposed lateral creepage, the friction coefficient and #teral contact position
were found to be key parameters for the occurrence of sligk/and consequently
squeal. In particular, the conditions prevailing at thelleg inner wheel of the bo-
gie during curving (i.e. underradial position and contaetdrds the field side of
the tread) were found to promote squeal. In all cases whieldsip oscillations

developed, the main frequency component was close to whsehances corres-
ponding to axial modes of the wheel, with zero nodal circlEsese results are in
good qualitative agreement with previously published fugdiabout curve squeal.

Summing up, the functioning of the developed wheel/raiéiattion model has
been demonstrated for a variety of excitation cases. Theshaddws considera-
tion of the three-dimensional roughness distribution digltmout the contact patch,
the real non-Hertzian wheel/rail geometry, arbitrariligkacreepages, frictional ex-
citation, and comprehensive wheel and track models. Thalatman results give
detailed information about the dynamic processes in théacbrzone. The ap-
plicability of the interaction model for practical casepdeds, however, on the
availability and accuracy of input data. Critical are, fostance, the parameters
of the track model characterising railpads and ballast beadvheel/rail roughness
distribution. Especially difficult to measure are also te&ual friction conditions
prevailing in wheel/rail contact.

6.2 Future work

The wheel/rail interaction model presented in this theass leen developed with
the long-term goal of providing a model for the predictiorralfing noise, impact
noise and squeal noise. To make the model complete, a @dratdel will be im-
plemented. The detailed wheel and rail models used in tesgfallow calculating
the normal surface velocities of wheel and rail occurring thuthe time-history of
the dynamic contact forces. These data can be used as in@adi&ion models,
which are readily available in the literature. One pos#ipis to apply simplified
approaches based on the radiation efficiency to calculateattiated sound power,
as e.g. implemented in the model TWINS [97]. An alternatippraach is to use
more detailed boundary element models; see e.g. [66].

An important aspect of future work is to seek additionaldation of the proposed
interaction model against field measurementsPdper ll, it has been shown that
the simulation results from the model agree well with oneo$eheasured impact
forces caused by wheel flats. The results for frictionalabsity from Paper V

agree qualitatively very well with published results aboutve squeal, obtained
from simulations and measurements. To gain further conéelémat the developed
model is quantitatively reliable, a more extensive congmarito field measure-



6. Conclusions and future work 93

ments should be carried out. The author is grateful for lgpatess to the results
of a field measurement campaign on impact noise caused byl Wiseand rail
joints, which was carried out in the context of Virginie Dedad’s thesis work [17]
at SNCF / ENSTA ParisTech. On the basis of these data, thealevtheel/rail
interaction model will be further evaluated for excitationdiscrete irregularities.
Also in the context of curve squeal, experimental validat®oneeded. In the field,
however, it is difficult to gain control over important mogelrameters such as the
wheel/rail contact position and the prevailing frictiomditions. The latter are in-
fluenced by e.g. humidity, temperature and the track camditConsequently, it
would be preferable to use a test rig, where good control eémsal parameters
can be achieved.

The problems occurring when combining the tangential adnteodel with a slip-

velocity dependent friction coefficient should be inveategl further. It should
be considered to extend the quasi-static tangential contadel and include the
contact dynamics. This might solve the problem with the-gie dependent high-
frequency oscillations. Additionally, a way must be foundcorrectly handle the
problem of multiple solutions before the algorithm can beduwith confidence.
An alternative approach is to introduce a simpler tangeotiatact model, which
can easily be combined with a falling friction curve.

Moreover, the wheel/rail interaction model presented isitiiiesis opens up a lot of
possibilities for further investigations. Three exam@es given in the following:

¢ In the literature review about tangential contact modelSention 2.8it has
been pointed out that so far only models for steady-stategatontact had
been used in squeal models. The interaction model presentbd thesis
with its transient rolling contact model could be used teeasghe errors in-
troduced by using simpler contact models, at least in theesbof a constant
friction coefficient. The results of such an investigatiauid also be used
to derive a computationally efficient engineering modeldanrve squeal. Al-
though the modelling approach proposed in this thesis isidered numer-
ically efficient, the resulting calculation times of typllyaa few days when
including tangential contact are considered too long inreegying applica-
tions. As comparisons can be made with the detailed transienact model,
a simpler tangential contact model could be introducedrtaeontrol over
the simplifications made and keeping the dependence ontedseadel pa-
rameters.

¢ In the context of curve squeal, the model could be used ty carra more
detailed parameter study in order to enhance the understpofl squeal
generation. Beside the lateral creepage, the frictionficteit and the lat-
eral contact position, parameters of interest are for exame train speed,
the normal load, and the roughness of the wheel and rail ngrsurfaces. It
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would also be worthwhile to investigate the influence of licundjnal creep-
age on the occurrence of squeal. By this means, Rudd’s assumjfl]
that longitudinal creepage is not a significant source ofesgueal could be
tested.

e The vertical interaction model could be used for a more t&tatudy on the
impact forces caused by wheel flats or other discrete ireggi@s. In this
context, it seems promising to apply the 3D contact modelclvmakes it
possible to include the complete 3D geometry of the disgreggularity.

The three examples mentioned are just a selection of pesajglications of the
model, which covers the complete area of high-frequencyelifal interaction.

Although the model has been developed in the context of rmisdiction, it is

not limited to this area. It can for example also be appliedannection with the
modelling of corrugation growth or other types of wheel aradk deterioration, or
provide input for models predicting ground vibrations.



Appendix A
Overview of the appended papers

In the appended papers, the wheel/rail interaction modekexl with different
submodels for wheel, track and contact, which are specifiefiable A.1. A
detailed description of these submodels is giveapter 3 The different ex-
citation mechanisms and applications treatedaper | to Paper V are listed in
Table A.2. Additionally, it is indicated which models havedn validated against
existing models and field measurements.

Table A.1: Implemented submodels in the wheel/rail inteoacmodels presented
in Papers I-V

Wheel model Track model Contact model Directions
Paper | 1-dof DIFF [64] 2D Winkler vertical interaction
Paper Il 2-dof DIFF [64] 2D Winkler vertical interaction
Paper Il 2-dof DIFF [64] (1) 3D half-space vertical interaction

(2) 2D Winkler
(3) Hertz contact

Paper IV FE WFE [66] 3D half-space vertical/tangential
interaction

Paper V FE WFE [66] 3D half-space vertical/tangential
interaction
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A. Overview of the appended papers

Table A.2: Application areas and validation of the whedliraeraction models
presented ifPapers I-V

Excitation mechanism

Application Validation against

Paper |

Paper Il

Paper IlI

Paper IV

Paper V

(1) roughness excitation
(2) parametric excitation

excitation by discrete
irregularities

roughness excitation

frictional instability in
the case of falling
friction

frictional instability in
the case of constant
friction

contact filter effect existingrattion

model
impact forces field measurements
due to wheel flats
contact filter effect —
stick/slip —
stick/slip existing contact
model




Appendix B

Influence coefficients for the elastic
half-space

The normal contact model described Section 3.4.2and the tangential contact
model described irBection 3.6are based on influence coefficients for the elastic
half-space. These coefficients are given in Kalker's bo{ ghd are listed here
for convenience in the form needed in this work.

The coefficients are valid for the case where the potentiatach area between
wheel and rail is divided intdV, rectangular elements with side lengths and
Ay, see Fig. B.1, and the traction is taken as piecewise canst@n the mesh
of rectangles. Kalker gave the coefficients for the case avb® two contacting
bodies are made of different materials. Here it is addifigressumed that the two
bodies, i.e. wheel and rail, are made of the same materiatjwias a modulus of
rigidity G and a Poisson'’s ratio.

The influence coefficienti;;;; gives the displacement iidirection at the centre
of element/ due to a unit traction i-direction in element/. The coefficients are
obtained as

i %[Jg—uz] (B.1)
Apys = %[Jg—yjl] (B.2)
Arzgs = 17T_GVJ3 (B.3)
Apjs = A12J1=%J4. (B.4)

The remaining coefficientd; j3, Ars1, Ar2y3 andArs o, which would be respon-
sible for the coupling between the normal and tangentiaations, are zero for
identical materials of the two bodies.

The functions/; to J, depend on the variables b, ¢ andd giving the distances in
2’- andy/’-directions between the centre of elemémind the corners of elemerit

a:A.fC[J—%, b:ijj—F%, (BS)
CIAZ/U—%, d:Asz-ir%, .
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A.’L’]J Ax

1 2 o Ny
Figure B.1: Potential contact area divided iMg = n,n, rectangular elements
with side lengthg\x and Ay.

where
Axp; = o, -1
Ayry = ?/f] - y} ) (B.6)

and (2}, y;) and(z';,y/;) are the locations of the centres of elemehend.J, re-
spectively.

The functions/; to J, are given by

Jl(avbacad) - g(dvb)_g(dva’)_g( )+g( ) (B7)
Ja(a,b,¢,d) = g(b,d) —g(a,d) — g(b,c) + g(a, ) (B.8)
J3(a,b,c,d) = Ji(a,b,c,d)+ Jo(a, b, c,d) (B.9)
Ju(a,b,c,d) = —h(b,d)+ h(a,d) + h(b,c) — h(a,c), (B.10)

where the functiong andh are defined as
9(z,y) = xIn(y+h(z,y)) (B.11)

h(z,y) = a?+y?, (B.12)

andIn denotes the natural logarithm.
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