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Abstract

We describe the Shilov boundary ideal for a g-analog of algebra of holomorphic func-
tions on the unit ball in the space of 2 x 2 matrices.

1 Introduction

The Shilov boundary of a compact Hausdorff space X relative a uniform algebra A in C'(X)
is the smallest closed subset K C X such that every function in A achieves its maximum
modulus on K, a notion that is closely related to the maximum modules principle in
complex analysis.

One of the most important developments in Analysis in recent years has been ”quan-
tisation”, starting with the advent of the theory of operator spaces in the 1980’s. A
quantisation of the Shilov boundary is a Shilov boundary ideal of a C*-algebra, that was
introduced by W. Arveson in his foundational papers [I, 2] and studied intensively by
many authors.

In the middle of 1990’s within the framework of the quantum group theory L.Vaksman
and his coauthors started a ”quantisation” of bounded symmetric domains (see [16] and
references therein). One of the simplest of such domains is the matrix ball U = {z €
Maty, p : zz* < I}, where Maty, , is the algebra of complex m x n matrices. Its g-analog
was studied in [11) 14] where the authors defined a non-commutative counterpart of the
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polynomial algebra in the space Mat,, ,,, the x-algebra Pol(Mat, ,)s. A g-analog of poly-
nomial algebra on the Shilov boundary S(U) of the matrix ball U and the corresponding
Cauchy-Szego integral representation that recovers holomorphic functions from its values
on the Shilov boundary was studied in [14]. The authors used a purely algebraic approach
”quantizing” a well known procedure for producing the Shilov boundary in the classical
case. In particular, they constructed a *-homomorphism ¢ : Pol(Mat,, ) — Pol(S(U))4
that corresponds to the restriction of the polynomials onto the Shilov boundary in the
classical case. That the kernel of ¢ gives rise to Arveson’s Shilov boundary ideal for the
g-analog of holomorphic functions on the unit ball of Mat,, ; = C" was shown in [I5]. In
this paper we prove the statement for the case m =n = 2.

Our approach relies on a classification of irreducible representations of Pol(Mata2),
obtained in [13] and elaborates methods of quantum groups and the Sz.-Nagy’s unitary
dilation theory. We note that all irreducible representations of Pol(Maty, ), are known
only in the cases when either m =1, orn=10or m=n = 2.

In this paper we use the following standard notations: R is the set of real numbers, Z
denotes the set of integers, Z; = {0,1,2,...}, N = {1,2,...}. All algebras are assumed
to be unital one over the field of complex numbers C and ¢ € (0,1). We write Mat,, for
the space of n x n complex matrices. By {e, : n € Z;} we denote the standard basis in
the Hilbert space £2(Z.).

2 The x-algebra Pol(C"),

The x-algebra Pol(C"), is a *-algebra generated by z;, 7 = 1,...,n, subject to the
relations:

zjz = qzpzj,J <k,
Sm o= qud Ak,
Zizy = qQij; +(1-¢)H(1 - Z 2K2%)-

k>j

This *-algebra is a g-analog of the x-algebra of polynomials on C™. It was first introduced
by Pusz and Woronowicz in [9] but in terms of slightly different generators (see a remark
in [I5] section 3]). Its irreducible representations are well-known, see [9]. If n = 1 we have
the following list of representations up to unitary equivalence:

1. the Fock representation pp on £2(Zy): pr(z1)en = /1 — ¢ 2ep 41,
2. one-dimensional representations py, ¢ € [0,27): p,(21) = €.

The *-algebra C[SUs], of regular functions on the quantum SU, is given by its gener-
ators t;;, i, j = 1,2, satisfying the relations:

tittor = qlortin, tiitiz = qtigtin, tigtor = toiti,

tootar = q 'tartin, tastiz = q 'tiatos, (1)
titas — tasttn = (¢ — ¢~ tiatar, tiitas — qtister = 1,

t1y = ta2, 1 = —qtor.



By [6] any irreducible representation of C[SUs], is unitarily equivalent to one of the
following:

1. one-dimensional representations:
o(tn) = €%, €, (ta1) = 0,9 € [0, 27). (2)

2. infinite-dimensional representations 7, ¢ € [0,27), on ¢*(Z4):

To(tin)eo = 0, mu(t11)er = (1 — q2k)1/2ek_1,k >1,

To(ta1)er = q*eey, (3)
To(tae)er = (1 — g F TN 2y,

To(ti2)er = —gF e ey,

3 The x-algebra Pol(Mat,), and *-representations

The *-algebra Pol(Mats),, a g-analog of polynomials on the space Maty of complex 2 x 2
matrices, introduced in [11], is given by its generators {z$}q=12.q=1,2 and the following
commutation relations:

Az = gaiz, A2 = 222
22 = iz, 22 = 752, (4)
Aded =232 = (a—qVAda, A4 = ¢4,
(z1)*21 = 21(21)" — (1 — ) (2 (2)* + 25 (1)) +
+q 2 (1= ¢?)?25(23)" + 1 — ¢2,
(23)" 2 = @z(z) = (1 —¢*)z ()" +1 - ¢ (5)
(22)21 = P2AED - (1 —-¢)B(3) +1- ¢
(29)* 25 = ¢*25(25)" +1 - ¢
(21)* 25 —az(2)* = (¢—q 175" ()2 = qz()%,
(z1)*2f — @23 (21)* = (q—q H3(23)", (23) 21 = ¢2i(23)%, (6)
(z1)*25 = 23(21)%, (z3)*2% (22)"

= Z%
[

presents them in a different form that is convenient for our purpose.

Let C, S, d(q): £>(Zy) — ¢*(Z,) be operators defined as follows

Sen, = ent1, Cep = (1 — qzn)%en, d(q)en, = q"en.
Theorem 1 Any irreducible bounded representation of Pol(Maty), is unitarily equivalent
to one of the following non-equivalent representations:
1. the Fock representation acting in (*(Z,)®*:
p(25) =CS®1®1®1,

(@)CS®1x1,
(1 CS®1,
1®d(q ®d(q)®CS —q 'S*CRCIS®CS®1;

T2 d
d

(23)
mp(21)
(21)

TE(z



2. representations T,, ¢ € [0,27), acting in (*(Z1)®3:

T,(3)=CS®1®1,

To(z) =d(Q @ CS®1,

7o(21) =d(q) ® 1 ® CS,

To(21) = e¥1®d(q) ®d(q) — ¢ 'S*C® CS ® CS;

3. representations v1,, and Vo, acting in 0*(Z4)%?%:

3a)
1/17@(,2%) =CS®1,
Vip(z) = e¥d(g) @1
VLSO(Z%) = (q) & 057
vip(21) = —¥¢1 " C & O,
3b)
v o(23) =CS®1,
vap(2) = d(g) @ CS,
V2,so(2%) = ei‘pd(q) ®1,
V27@(z%) = —e%¢15*"C ® CS;

Peousoz(Z%) =C'5,

Po1,p2 (z%) = ewld( ),

Po1,p2 (Z%) = e"*d(q),

Pon(21) = =/ P11 157 C;

5. representations 0, ¢ € [0,27), acting in lo(Z4.):
Op(25) = €%, 0y(2) =Oo(27) =0, Oy(21) = ¢~ 'CS;

6. one-dimensional representations Yo, o,, where @1, s € [0,21)

Yeo1,02 (Z%) = 621,01’ ’7(z%) = /7(z%) =0, Vo102 (z%) = ei@2q

-1

It can be easily seen from the above list of representations that the x-algebra Pol(Mats),
is x-bounded (see [7]), i.e., there exist constants C'(a), a € Pol(Mats),, such that ||7(a)|| <
C(a) for any bounded *-representation 7. Let C'(Maty), denote the universal enveloping
C*-algebra of Pol(Mats),. The following theorem was proved first in [§] and in general
case for Pol(Maty,), in [10].



Theorem 2 Given an irreducible representation, m, of C(Mats),, let Ay be the C*-
algebra generated by operators of the representation w. Then there exists a homomorphism
Or from the C*-algebra Ay, to the C*-algebra A, such that

Se(mp(2)) =7(2]), i, j=1,2.
Consequently, the Fock representation mp of C(Mats), is faithful and C(Mats)g ~ Ax,..

In what follows we will use another description of irreducible representations. For this
we need the following *-homomorphisms whose existence was indicated in [3] without a
proof.

Lemma 1 The map
2

Dzl Y 2 @ty @tai i, j = 1,2,
a,b=1

1s uniquely extendable to a x-homomorphism
D : Pol(Maty)q — Pol(Maty), ® C[SUs], ® C[SUs],.

Proof. Consider the Hopf algebra C[SLy4], generated by {t;; }ﬁj:l and the commutation
relations
tijter — qtriti; = 0, i=k&j<lori<k&j=I,
tijter — tritsy = 0 i<k&j>I,
tijti — tityy = (@ —q Dtatry 1<k & j<l,

detyT" := Z (_Q)Z(S)tls(l)t2s(2)t3s(3)t4s(4) =1,
sESy

with I(s) = card{(4,j) : i < j&s(i) > s(j)}. The comultiplication A is given by

2
A(tij) = Z tik @ Ty
k=1

Let t = t{12143,4) = t13toa — qtaatos. Consider the map
7. Zg —> t_lt{l,Q}Jaa'

where J,o = {3,4} \ {6 — a} U {a} and t1; := i j,tisjo — Gti, jotinjy With I = {iy,i2},
J ={j1,72}. By [12], Proposition 6.10], it determines a homomorphism from Pol(M at3),

to a localisation of Pol(X ), := (C[SL4lg, *) (see [12] (6.6)] for the involution * on C[SL4],)
with respect to a multiplicative system tt*, (tt*)2, .. ..

Consider now the two-sided ideal J C C[SLy], generated by ti; with £ < 2 and [ > 2
or k> 2 and [ < 2, and the canonical onto morphism

j : (C[SL4]Q — (C[SL4]Q/J
Let C[S(Uz x Uz)]q = (C[SLy4lq/J, %), an involutive algebra, where

t:j = (—q)j_idethij



and T;; is derived from (tij)ﬁjzl by deleting its i-th row and j-th column and det,T’
is the quantum determinant of T' (see [12] for the definition). By [12, Lemma 9.3] the
composition A = (id ® j)A is a homomorphsim of *-algebras A : Pol(X), — Pol(X), ®
C[S(Uy x Us)]y. The x-homomorphism can be naturally extended to the localization of
Pol(X), which we shall also denote by A.

Let I be the two-sided ideal of C[S(Ua x Us)], generated by ti1ta2 — gt12t21 — 1 and
tagtys — qtgatys — 1 (We note that 1 = detq(tij) = (tntgg - qtlgtgl)(t33t44 - qt34t43) in
C[S(Uz x Usz)]q). Then C[SUs], ® C[SUs]q = C[S(Usz x Us)lq/1.

Let

1: C[S(UQ X Ug)]q — C[SUQ]Q & C[SUQ]Q
be the canonical onto homomorphism.

Then (id®i)oAoZ is a *-homomorphism from Pol((Mats), to Pol(Mats),@C[SUs],®
C[SU,],. To prove the lemma it is enough to see now that D = (id ® i) o A o Z.

Using relations in [SL4),/J we obtain

1 1 1 1
A(t) = Altistos — qhiatas) = (Ot ® trs) Ot @ tia) — gD tar @ 1) (Y b @ tiz)
k=3 i=3 k=3 i=3

1
= > tirta © (tstia — qtratis) = tistos ® (tsatas — qtsatas)
ki3

+  tiates ® (tastsa — qtaatss)
= ti3tos ® (t33taa — qtaatss) — q Mtiates ® (taatss — q_1t43t34)
= (tigtos — q_1t14t23) ® (tastas — qtaatas) =t @ (t33taa — qtzatss)

and hence (id®14) o A(t) =t ®1® 1.
Similarly,

2 4
Altoyn,) = Altites — qtister) = (Z tig ® tkl)(z to; ® ti3)
k=1 i=3

1 2
— qQ_ti @ tes) (Dt @ tir)
k=3 i=1

4 4 2

tikt2; @ tpitis —q Z Z tiitor @ tizte
' i=3 k=1

-
|l

I
ol
O] Mw
—

= (tiktoi — qtiitar) ® tritis

£
Il
—
-
Il

and

(id®1) o At oy, ) (™ (trktai — qtiitar)) @ ter @ ti—ay

ol

o | Mw
—_
-

o M*“
w

1(22_2) ®tr1 @2
=3

b
Il
—
-
Il



giving (id ® i) o A 0o Z(2}) = D(z}). Similarly one checks that (id ®14) o Ao I(zf) = D(zg)
J

for other generators z;.

Consider now a mapping Il : Pol(Matz), — Pol(C)4 given on the generators by

() mB)- (" 2)

It is straight forward to check that IL, is a *-homomorphism.

Clearly, if p is a *-representation of Pol(C)4, T is a *-representation of Pol(Mats),, and
71, m are representation of C[SUs|, then poll, and (7 ® 7 ®m2) oD are *-representations
of Pol(Maty)g.

Let pr be the Fock representation of Pol(C), , py, ¢ € [0,27), be the one-dimensional
representations of Pol(C), and 7, ¢ € [0,27) be the infinite-dimensional representation of
C[SUs), given by ([B)). Consider the following families of *-representations of Pol(Mats),:

Fo=prolly, Xpipo = pp; 01l
and
(f<p®7T0®7TO)OD7 (Xso1,<p2®770®770)opa

where ¢, @1, 2 € [0,27).
We have

(Fo @70 @m0) 0 D(2]) = (Fp @ mo @) () 2 @ g @ tar

)
= q 'pr(2) @ mo(t11) ® mo(t11) + € @ mo(tar) @ mo(tar)
= ¢ 0SS ® S*C ® S*C + € @ d(q) ® d(q),

(F, ®@mo@mp) 0 D(23) = (Fp @ mo ® wo)(z 22 @ thy @ ta2)

= q 1 pr(2) ® mo(tiz) ® mo(t1e) + €9 ® mo(t) ® mo(tao)
=qCS®d(q) ®d(q) + ¥ ®CS®CS,

(Fp,®@mo@mp) 0 D(2}) = (Fp @ mo ® wo)(z 28 @ty Qta2)

= q 'pr(2) @ mo(t11) @ mo(t12) + €% @ mo(tar) @ mo(taz)
= -C0S®S*C®dq) +e¥®dq)®CS,

(F, @ mo @mp) 0 D(23) = (Fp @ Mo ® wo)(z 28 ® thy @ ta1

)
= q 'pp(2) ® mo(t2) ® mo(t11) + €% @ mo(taz) ® mo(tar)
= -CS®d(q) ® S*C + ¥ @ CS ®d(q),

and
(Xpripr ® Mo @ mo) 0 D(21) = ¢ '¥15°C ® 5*C + e2d(q) ® d(q),
(Xgrp2 ® T @ T0) 0 D(25) = qed(q) @ d(q) + e¥*CS ® CS,
(Xerpe @M @ m0) 0 D(2f) = —e#18*C@d(q) + e2d(q) @ O,
(X100 @0 @ ) 0 D(23) = —e¥'d(q) ® S*C + €2CS @ d(q).



Lemma 2 The x-representation (F,@mo®@mg)oD, ¢ € [0,2m), is irreducible and unitarily
equivalent to T,.

Proof. Fix ¢ € [0,27). Let Zij = Tw(zlj) and VVij = (F, ® my ® mp) © D(zf), i,j =1,2.
The operators act on £2(Z)®3. Let © = ep ® eg ® eg. It can be easily verified that €2 is
cyclic for both of the families {Z/, (Z])*, 4,7 = 1,2}, {W/, (W})*, i,j = 1,2}, and

(Z2)"Q = (W22 =0, (ZL)Q=W)ra=0,
(Z) Q= (WRyQ=0, (z1)Q= W)=

Hence both 7, and (F, ® mo ® mp) o D determine so-called coherent representations of
the Wick algebra corresponding to Pol(Maty),, with the same coherent state (see [4] for
definition and properties of coherent representation of x-algebra allowing Wick ordering).
Since coherent representation of Wick algebra is unique, up to the unitary equivalence,
and irreducible (see [4, Proposiiton 1.3.3]), we have the required statement.

4 Shilov boundary

Let E7 and E, be subspaces of C*-algebras A; and A respectively. We denote by M,,(E;)
be the space of all n x n matrices with entries in E;. We equip M,,(E;) with norms induced
from the C*-algebras M, (A;). Note that the norms are independent of the embeddings of
E; into a C*-algebra. Let T : Ey — FE5 be a linear operator. Denote by 7™ the mapping
from M, (E) to M,(E>) defined by

T™ ((aij)ig) = (T(aij)i ), (ai)ij € Mn(Er).

T is called contractive if ||T|| < 1 and completely contractive if ||| < 1 for any n > 1.
T is called an isometry if ||T(a)||g, = ||a||E,, and is a complete isometry if T is an
isometry for any n > 1.

Let A be a linear subspace of a C*-algebra B such that A contains the identity of B
and generates B as a C*-algebra. The following definition was given by Arveson [1].

Definition 1 A closed two-sided ideal J in B is called a boundary ideal for A if the
canonical quotient map q : B — B/J is completely isometric on A. A boundary ideal is
called the Shilov boundary for A if it contains every other boundary ideal.

Note that the Shilov boundary exists and unique, [I, [5]. Shilov boundary ideal is
a non-commutative analog of Shilov boundary of a compact Hausdorff space X relative
to a subspace A of the space C'(X) of continuous functions on X which is by definition
the smallest closed subset K of X such that every function in A achieves its maximum
modulus on K.

Let us give some examples of Shilov boundary and Shilov boundary ideals.

Example 1 o If D = {z € C" : |z| < 1} is the unit disk. It is known that any
holomorphic function on D attains its maximum on the unit disk U = {z € C" :



|z| = 1} and moreover it is the smallest closed set with this property and hence U
is the Shilov boundary of D with respect to the set of holomorphic functions A(D).
The ideal J = {f € C(D) : f|ly = 0} is the Shilov ideal of the C*-algebra C(D) with
respect to A(D).

e A g-analog of C(D) is the universal enveloping C*-algebra of Pol(Mat,. 1),. It was
proved by L.Vaksman, [I5] that a closed two-sided ideal generated by E;LZI zjzi—11is
the Shilov boundary ideal for the closed unital algebra generated by z;, i =1,...,n,
which is a g-analog of the algebra of holomorphic functions on D.

In C(Mat,,), consider a closed two-sided ideal J generated by
n

Zqzn_a_ﬁz;‘(zf)* — 6 0, 8=1,...n,
j=1

where §* is the Kronecker symbol. The ideal J is a %-ideal, i.e. J = J*. The quotient
algebra C(S(D)), = C(Maty),/J is a Uysu, ,-module x-algebra called the algebra of
continuous functions on the Shilov boundary of a quantum matrix ball. The canonical
homomorphism

Jq : C(Maty)q — C(S(D)),

is a g-analog of the restriction operator which maps a continuous functions on the disk
D = {z € Mat,, : zz* < 1} to its restriction to the Shilov boundary S(D) = {z € Mat,, :
zz* =1}.

In this section we show that for n = 2, the ideal J is the Shilov boundary ideal for
the (non-involutive) closed subalgebra A(Mats), of C(Mats), generated by 2], 4,5 = 1,2.
Our approach, similarly to [15], is based on Sz.-Nagy’s and Foyas’ dilation theory.

Theorem 3 (Sz.-Nagy’s dilation theorem). Let T' € B(H) with ||T|| < 1. Then
there exists a Hilbert space K containing H as a subspace and a unitary U on K with the
property that

T" = PgU"|g for all nonnegative integers n.

Lemma 3 The only irreducible representations that annihilate the ideal J are py, o, and
Yor,000 P1, P2 € [0,27'(')

Proof. A straightforward verification. ]

Lemma 4 Given a representation 7 of Pol(Matz), that annihilates the ideal J and a €
Pol(Mata)g, [[m(a)ll < supy, .y, [[0p1 0 (@)]]-

Proof. We start by noting that the operators C, S, d(q): ¢*>(Z;) — (*(Z,) defined in
Section [3] satisfy the equalities

€= (1= @) Y @SS ™Y, dlg) = 3" (S8 - SIS (1)
n=0

n=0



and hence the C*-algebra, C*(S), generated by S coincides with the one generated by S,
C and d(q)), and the mapping S +— €*? can be naturally extended to x-homomorphism

Op: C*(S) = C, ©,(5) =€, 0,(C)=1, ©,(d(q)=0.
Recall that

) = cs,
) = ed(g), (5)
) = (),
)

— _ei(solJrsoz)q—ls*(j7

and

’Y<p17soz(7v’§) = €', ’Y<p1,<p2(73%) = ’Ysompz('z%) =0, ’Ysompz(zl) =2

For a representation m of Pol(Maty),) we let A, denote the unital C*-algebra gen-
erated by W(zg), i,j = 1,2. Then A, . = C*(S). In fact it follows from (§) and
(@ that A,, ., C C*(S). To see the other inclusion we note that 0 is an isolated
point in the spectrum o(C) of C, and hence the function f given by f(0) = 0 and
fit)=t"1tea(C),t+#0,is continuous on o(C). Therefore, since T := py, ., (23) = CS

one has C = ((1 — ¢~ )1 + ¢ 2T*T)Y/? ¢ A, o, and S = f(O)T € A, . implying
C*(S) CAp,, 0y

Evidently, B,,, ., = C. The homomorphism ©,, gives rise to a homomorphism be-
tween A, . and By, o,

9301(10301,7T+<p2(2g)) = %01,902(2@?)7 1,7 =1,2
proving that
Vo102 (@) =[O, (P 02 ()] < [Py 742 (@)]| < sup |pgr ()], i =1,2.
1,92

Lemma 5 The ideal J is a boundary ideal, i.e. the restriction ja(araty), of Jq to A(Mata),
s a complete isometry.

Proof.  Since j, is a *-homomorphism between C*-algebras, j, and hence ja(nsat,), 1S a
complete contraction. Therefore it is enough to prove that for a;; € A(Mats)q, we have

| (7r(ai)i gl g, (Caata)y) < 13 (TR (@) as, cs@)))-

Since by Lemma [3] the only representations of C(Maty), that annihilate the ideal J are
Py A0 Yo 0n, @i € [0,27), and

Yer,e2(@)] < sup ||y 4, (a)l

1,%2

we have
16+ Tllesmy), = sup |op w. (0)]]-

1,%2



Therefore, we must show that

1(mF(@is))igl v (Mata)g) < ;UE 1Py o (@ig )| a1 (B2 (20) 00224 )))
1,92

for all (a;;) € M, (A(Mats2),). We will do this in two steps.

Step 1. It follows from the definition of operators C' and S that T' = CS is a
contraction on H = ¢?(Z, ). By Sz.-Nagy dilation theorem there exists a unitary operator
U on a Hilbert space K with K D H such that (CS)" = PgU"|y for any n = 1,2,....
Consider a mapping U : {z/,4,j = 1,2} — B(H®") given by

277

V() =mp(2]), (i,§) # (1,1), and ¥(z}) = 1@d(q)®d(q)®U —¢ 'S CRCS2CS@ 1.

(2

Then ¥ extends uniquely to a homomorphism of A(Maty), and
mr(a) = (1yes @ Pp)¥(a)|gesgy, a € A(Maty),.

Moreover, it is easy to see that U has an extension to a x-representation of Pol(Mats),
whose irreducible subrepresentations are unitarily equivalent to 7, ¢ € [0,27). Therefore

Imr(a)l| < [[¥(a)]| < sup |[r(a)l],a € A(Matz)g.
p€(0,2m)

Similarly,

[(mF (@) s, (BH®Y) < 5[101112) )||(Tg0(aij))||Mn(B(H®3))a (aij) € Myp(A(Mata)g).
pel0,2r

Step 2. Our next goal is to prove that for any ¢ € [0, 27)

ITo(a)l] < sup [|pgy 42 (a)l];a € A(Mats)q-
P12

It is a routine to verify that the representations (Xy, . ® mo ® mg) o D annihilate the
ideal J for any @1, @2 € [0,27). In particular this fact implies

sup [|(Xe1,p ® o @ m0) 0 D(2])|| < sup [pg, 0 (%))l 1,5 = 1,2.
©1,$2 ®1,P2

So, it will be enough for us to show that for any ¢ € [0,27) and 7,j = 1,2

7o (1] < sup [[(Xp1 .02 ® T ® mo) 0 D(2])l.
P1,P2

Indeed, as in the first step let U be a unitary operator on a Hilbert space K with K D H,
H = (*(Zy), such that
(CS)" = PyU"|y.

Then the mapping ¥ defined on the generators z{ , 1,7 = 1,2, that replaces C'S by U in the

first component in the expressions for 7,(z]) = F, ® my @ mo(D(z])) can be extended to
a s-representation W of Pol(Mats), whose all irreducible subrepresentations are unitarily
equivalent to (xy,,, ® o ® mp) o D, and, moreover,

Fo@mo @ mo(D(a)) = (Pu ® 1ye2)V(a)|gguez,a € A(Mats),



Hence for a € A(Maty),

l|[mo(a)]] = |[|(Fp®m@m)(D)(a))|| < [|¥(a)l|
< sup ||(Xer,e @ T ® o) (D(a))]|
5016[07271—)
< sup ||pg; 0 (@)]],
$1,$2

the last inequality is due to Lemma[dl Using similar arguments one gets that

178 ((@ig) v, (B(r3)) < sup (P12 (@ig)) a1, (B(H®2))» (aij) € Myp(A(Mata)g).
1,P2

Combining the results from Step 1 and Step 2 we obtain

"ng)((aij))”Mn(B(H@‘l)) < sup [|(Pe1,00(@ij) | as, (B(zr@2y) for all (ai;) € Mp(A(Mats),),

$1,$2

giving the statement of the theorem.
[

Remark 1 We have proved that for any a € A(Maty),, 7r(a) = Pyi(a)|g, where ¢ is
a *-representation of Pol(Maty), that annihilates the ideal J.

Theorem 4 The ideal J is the Shilov boundary ideal for the subalgebra A(Mats),.

Proof. Assume that I is a boundary ideal for A(Maty), with I D J. We have,
in particular, that the quotient maps j, : C(Matz);, — C(Mats),/J = C(S(D)), and
ig: C(Maty)q — C(Mata)g/I = (C(Mata)y/J)/(I/J) = C(S(D))y/(I/J) are isometries
when restricted to A(Matz),. Therefore for a € A(Mats), we have

la+JIl = llall = l[(a + J) + 1/ J|

and hence the quotient map k, : C(S(D)), — C(S(D)),/(I/J) is an isometry when
restricted to A(Matg),+J. In particular, 0 # ||27|| = ||/ + J|| = ||(z] + J)+ I/ J||, i # j.

If T is an irreducible representation of C(S(D)),/(I/.J) such that T((z/ +J)+1/J) # 0
then the representation 7 o k, is an irreducible representation of C(Matz),/J which does
not vanish on zg +J,i# j,and T oky(I/J) = 0. The only irreducible representations of
C(S(D)), that do not vanish on zf +J, 0 # j, are Py, po(a+ J) = py; e, (a). Therefore,
T o kg is unitarily equivalent to one of py, ,, and hence T o ky(I/J) = 0 implies I/J C
ker py, o,. Let

K = {(p1,92) €[0,27) x [0,27) : py; 0, ([) =0} and X = {(eiwl,eim) : (p1,02) € K}.

We want to see that K is dense in [0,27) x [0, 27). _

In C(S(D)), consider the subalgebra generated by z] +.J, i # j. It is easily seen that
the algebra is commutative and that the elements zg +J, i # j are normal in C'(S(D)),,
i.e. they commute with their adjoints. This follows from the fact that the operators
Por o (zf ), © # j commute and are normal for any ¢1,p2 € [0,27). The joint spectrum

of {f’eomoz(zf + J)yﬁeoum('z% +J)}is {(¢1¢F,e2¢F) - k= 0,1,...} U{(0,0)}. If T is an



irreducible representation of C'(S(ID)),/(I/J) then it follows from the description of the
representations py, o, that if (€1, €e2) is in the joint spectrum of {1 o kq(2? + J), T o
kq(23 + J)} then T ok, is unitarily equivalent to py, ., and hence (1, p2) € K.

Now, given a holomorphic function on D? = {(&1,&) € C? @ |&] < 1, €| < 1} which
is also continuous on D2 we have

1f (2 + Jzg + D = If((zE+ )+ 1/, (s + J)+1/J].
As

”f(Z%"i‘JvZ% +l = sup Hf(/hpmoz(z%)vpsm,cpz('z%))”
(p1,2)€[0,2m)2
= sup{|f(&., &) : (&.&) € Ukz0d"T?} = sup | f(&1, &)

(£1,62)€T?
= sup |f(&1,62),
(€1,£2)€D?

(here T? = {(£1,&2) € C? @ |&] = |&| = 1} and the last two equalities follows from the
maximum principle), and

If((zF+ D)+ 1/, (25 + )+ 1))
= sup{f(T o kg(2} + J),T 0 ky(25 + J)) : T € Irrep(C(S(D))y/(1/]))}

= max{ sup ‘|f(p<P17S02(Z%)7p<P17%02(z%))||7f(ovo)}
(<p1,<p2)6K

= sup{|f(&1,6)] : (&1,&) € Up0d" Xk}

(Irrep(A) denote the set of all irreducible representations of A), we obtain

sup{|f(&1,&)| : (&1,&) € D?} = sup{|f (&1, &) : (€1,6) € Ups0d" Xk }-

Hence Uy>0¢* X contains the Shilov boundary of D? which is T2. Therefore T2 D X g D
T? giving that K is dense in [0,27) x [0, 27).
This implies
[/J C N(py,p2)EK ker Po1 o = {O}
and I = J. m
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