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1. Introduction

The search for different families of copulas and/or construc-
tion methods is an active research field since copulas represent
a convenient way to generate multivariate statistical models (see,
e.g., Jaworski et al. (2013, 2010), Joe (1997), Mai and Scherer (2012)
and Nelsen (2006) and the references therein). In particular, in
the last few years, a number of investigations have focused on
the constructions of copulas that describe random vectors with
flexible dependence structures (see, e.g., Durante et al. (2010),
Nikoloulopoulos et al. (2012) and Okhrin et al. (2013) and the ref-
erences therein).

A technique aiming at transforming a copula in order to deter-
mine more flexible structures is given by the so-called patchwork
construction. Specifically, given a copula C, a patchwork copula de-
rived from C is any copula whose mass distribution coincides with
the mass distribution of C up to a d-dimensional box B C I¢ (here
I := [0, 1]), in which the probability mass is distributed in a differ-
ent way. In particular, if such a box B has one vertex coinciding with
one of the vertices of I4, then it provides as a by-product a powerful
way to change the tail dependence properties of the given C.

* Corresponding author. Tel.: +39 0471013493; fax: +39 0471013009.
E-mail addresses: fabrizio.durante@unibz.it (F. Durante), juanfernandez@ual.es
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One of the first examples of patchwork copulas is the ordinal
sum construction, originated in the context of associative functions
(see, e.g., Alsina et al. (2006) and Klement et al. (2000)); those
copulas are in fact constructed by means of a suitable modification
of the comonotone copula My (see also Durante and Fernandez-
Sanchez (2010); Mesiar and Sempi (2010)). Since then, ordinal
sums have been extended in different ways under the names
orthogonal grid constructions (De Baets and De Meyer, 2007),
rectangular patchworks (Durante et al., 2009a; Gonzalez-Barrios
and Herndndez-Cedillo, 2013; Zheng et al., 2011), and gluing
copulas (Mesiar et al., 2008; Siburg and Stoimenov, 2008). Similar
constructions can also be derived from the concepts of upper and
partial comonotonicity (Cheung, 2009; Zhang and Duan, 2013) and
multivariate piecing-together (Aulbach et al., 2012a,b).

In this paper, we propose a unified approach to patchwork con-
structions in the multivariate case. Specifically, we show that, by
using measure-theoretical tools, these constructions can be pre-
sented in a very general setting from which previously considered
methods can easily be derived. Several examples and practical con-
siderations about the applicability of the results to risk estimation
are included.

The relevance of the presented results in applied stochastic
models is (at least) two-fold.

First, patchwork constructions allow us to induce strong pos-
itive tail behaviour in a multivariate distribution, a fact that has
proved to be useful in a number of cases in order to obtain worst-
possible scenarios for various risk measures. For instance, the
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concept of upper comonotonicity (which, as will be seen, is a spe-
cial patchwork construction) has been used in order to show that
several risk measures are additive, not only for the sum of comono-
tonic risks, but also for the sum of upper-comonotonic risks,
provided that the level of probability is greater than a certain
threshold. For these notions and properties, see Cheung (2009),
Cheung and Lo (2013) and Zhang and Duan (2013). Moreover, no-
tice that patchwork copulas often appear in the literature as the de-
pendence structures that determine upper (lower) bounds for risk
measures of a portfolio; see, for instance, Embrechts et al. (2013)
and Riischendorf (2013). In general, patchwork modifications of
the tail of a multivariate distribution function may serve to show
the well-known fact that the identification of a multivariate model
is usually a difficult task when the tail behaviour is to be correctly
identified. In fact, the estimation procedures cannot focus only on
the middle part of the distribution ignoring the tail, since this will
not be a conservative procedure from the point of view of a risk
manager (see, for instance, Hua and Joe (2012)).

In the second place, patchwork copulas can be used as well
to approximate the dependence structure by means of some ba-
sis copulas. Specifically, one may consider a background depen-
dence structure (usually assumed to be the independence or the
perfect dependence) and, hence, may modify it in fine parti-
tion of the multi-dimensional domain in order to obtain a flexi-
ble class of copulas. Such examples include shuffles of Min (Du-
rante and Fernandez-Sanchez, 2010, 2012; Durante et al., 2009b),
checkerboard copulas (Carley and Taylor, 2002), or Bernstein cop-
ulas (Sancetta and Satchell, 2004) (for an application to non-life
insurance, see also Diers et al. (2012)), and similar construc-
tions (Zheng et al., 2011).

The paper is organized as follows. Section 2 presents the main
ideas about the multivariate patchwork construction focusing
on the case when the procedure involves the modification of a
dependence structure in only one box. Section 3, instead, presents
patchwork constructions in the general case together with some
analytical properties of the new method. Finally, an illustration
about copulas with orthogonal section is given (Section 4). All
these sections contain several examples (and simulating algorithm
from the generated models) that show the main features of the
methodology. Section 5 concludes.

2. The new approach to patchwork construction

Let C be a copula, i.e, C : I — I is the restriction to I of
a multivariate distribution function whose univariate margins are

uniform on I. As such, it can be extended in a unique way to Rd, a
fact that will be used extensively in this paper (see, e.g., Jaworski
etal.(2013,2010)). Let & = ¢ be the unique probability measure
on the Borel sets of I that is associated with C (see, e.g. Durante
and Sempi (2010)) uc is a d-fold stochastic measure on 1%, namely,
the image measure of i« under any projection equals the Lebesgue
measure A onI: fori € {1, ..., d} and for a Borel subset A; of I,

UAX - XTXA XTX -+ xT) = A(A).

Moreover, for every d-dimensional box B = [a,b] = [a;, b1] x
.-+ x [agq, bg] contained in I%, one has
uc(B) =Vc (B), (M)

where V¢ indicates the C-volume (see Durante and Sempi (2010)
for the formal definition). In the following, we denote by ¢, the
class of d-copulas.

According to the patchwork construction, by starting with C €
¢, a different copula can be determined by modifying uc in a given
d-dimensional box B = [a, b] of I, as clarified in the following
definition.

Definition 1. Let i be a d-fold stochastic measure. Let B be a d-
dimensional box of I¢ with u(B) > 0 and let ug be a measure
defined on the Borel subsets of B such that ug(B) = w(B). A
measure ™ is called the patchwork of g into u if, for every Borel
subset A of I, one has

w*(A) = u(ANB°) + up(ANB). (2)
The measure u* will be denoted by (B, up)*.

It follows immediately from Definition 1 that (B, ug)* is a
probability measure on the Borel sets of I¢. Moreover, under some

additional assumptions, it can be proved that (B, ug)* is also a d-
fold stochastic measure, i.e. it corresponds to a copula.

Theorem 1. Let B = [a, b]. The following statements are equivalent:
(a) u* = (B, up)" is a d-fold stochastic measure;
(b) up(B;) = u(B;) for every d-box of the form

B = [a1, b1] x -+ X [ai_1, bi_1] x [a], b]]

X [a,'+1, bpﬂ] X .- X [ad, bd] .

Proof. It is enough to consider the sets of the form
Di=1x---xIx|[c,di]xIx---xI

Since p is a d-fold stochastic measure, there is nothing to prove if
D; N B = . Assume now, first,

[ci, dil N [ai, bi] = [ai, di] .
Then,ifﬁizﬂxmxHx[a,-,di]x]Ix---xH,onehas,sinceMis
d-fold stochastic:
w' D) =W @x-xIx[c,a]xIx- - xTI)
Fuf@x - xIx[a,d]xITx--x1T)
:;L(]Ix~--x]Ix[ci,ai]><]Ix~--x]1)+u*(§,—)
= (@ — ¢;) + (B N BY) + ug(B; N B).

(a)= (b)If u* is a d-fold stochastic measure, one has u*(D;) =
d; — a;, so that

di — a; = (B N B°) + p(B: N B),
whence
us(Bi N B) = (di — a;) — p(B; N B)
=u@x---xIx[a,d]xIx---xTI)
— (B N B) = (BN B).
(b) = (a) prLB(E NB) = M(E,- N B), then one has
WD) = a— ¢+ p(B NB) + uBNB)
= (ai— )+ uB) = (@ —c) + (d—a) =di —q

so that u* is indeed d-fold stochastic.
The other cases are dealt with in a similar manner. O

From Theorem 1 it is clear that the possibility of obtaining a
d-fold stochastic measure via a patchwork procedure depends on
a suitable choice of the measure up satisfying condition (b) of
Theorem 1. To this end, it is convenient to reformulate the problem
in an equivalent, but easier-to-handle, way.

Let C € %4 be a copula; let puc be the d-fold stochastic measure
induced by C on the family 2(1%) of Borel subsets of I¢.

Let up be a measure on the Borel sets #(B) of B = [a, b] that
satisfies condition (b) of Theorem 1. Define iz : #(B) — 1 by
g = p/o, where o := pc(B) > 0. Obviously, iip is a probability
measure on #(B) and, hence, the map x — [z ([a, X]) is a d-
dimensional distribution function concentrated on B. Thus, in view
of Sklar’s Theorem (Sklar, 1959) (see also de Amo et al. (2012) and
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Fig. 1. Pairwise scatterplots from a random sample of 1000 realizations from the copula (B, Cz)¢ where B = [0.8, 1]?, C is a Frank copula and C; is a Gumbel copula with

Kendall’s tau respectively equal to 0.5 and 0.5 (left); 0.75 and 0.75 (right).

Durante et al. (2012, 2013)), there exists a copula Cg such that, for
every X € [a, b], one has

fig (12, X]) = Gg (Fj (1), - ., Fe(xa)) , 3)

where the marginal distribution function Fg is given, for every
ie{l,...,d},by

Fé(xi) = 1g ([a1, b1l x - -+ x [ai=1, bi—1] X [a;, xi]

X [@iy1, big1] x -+ x [aq, bg])

1
o pe ([ar, by x -+ - x [aj—1, bi—1] x [a;, Xi]
X [@iy1, bigq] x -+ x [aqg, ba) ,

for every x; € [a;, b;] (here and in the following, we refrain to give
the formal expression of F,; outside [a;, b;] since this is obvious in
view of the properties of a distribution function).

It follows that ftz, and hence 5, only depend on the choice of a
specific copula Cz and the knowledge of the measure c.

Thus, the copula C* associated with u* = (B, ug)* can be
represented, for every u € 1%, by

C*(w) = pc((0, u] NB°) + up([0, u] N B), (4)

which can be rewritten as

C*(u) = pc ([0, u] N B) +a Cg (F (u), ..., Fe(ug)) . (5)

The construction just introduced immediately yields the following
result.

Theorem 2. Let C and Cg be d-dimensional copulas and let B =
[a, b] be a non-empty box contained in 1¢ such that puc(B) > 0. The
function C* : 1¢ — T given by (5) is a copula.

The copula of (5) is called patchwork of (B, Cp) into C and it is
denoted by the symbol C* = (B, C3)¢. The copula C is called the
background copula of the patchwork. The measure induced by C* is
(B, up)*c, where pc is induced by C while pp can be constructed
by its distribution functions given by

s ([, X)) = @ Cg (F(x1), - . ., Fe(xa)) -

The method of Theorem 2 has been often used in the literature,
as shown in the next examples.

Example 1. Consider the patchwork of copulas of type (B, Cz)¢,
where B = [a, 1]. Then, it follows from (5) that, for all u € I¢ one
has

C*w) = pc (0, u]\ [a, 1) + & G (Fiup). ... Fiwg)) . (6)
where @ = V(B) and, for every i € {1, ..., d}, one has

- 1
Fy(x) = 5 Ve ([ay, 1] x -+ -[a;, x;] x - - x [ag, 1]).

This construction was introduced in

Gonzalez-Barrios and Hernandez-Cedillo (2013, Theorem 3.4) for
the multivariate case, although was proved in a more complex way
(at least in our opinion). An algorithm for generating a random
sample from the copula C* of (6) goes as follows.

Algorithm 1. 1. Generate u from the copula C.
2. Generate v from the copula Cp.
3. Fori=1,2,...,dsetw; = (F))~'(v)).
4, If u € B, then return w.
Otherwise, return u.

As is apparent, the efficiency of the algorithm depends both on
the ability to generate a random pair from the copulas C and Cz and
on the possibility to derive the inverse of the functions Fé.

A special feature of this construction should be stressed here.
Intuitively, suppose that one wants to induce a specific behaviour
of C near the corner 1. Then, it is possible to select a constant a close
to 1 and to adopt the construction (6) by gluing a copula Cz with a
desired tail behaviour (for instance, with a non-trivial tail depen-
dence coefficient) into the probability mass distribution associated
C.In Fig. 1 two examples of a bivariate random sample from such
copulas are presented showing how the tail behaviour near (1, 1) is
modified. For explicit calculations about how patchwork construc-
tions modify the tail dependence coefficients in the bivariate case,
we also refer to Durante et al. (2009a). A trivariate example is given
in Fig. 2 showing how the behaviour of each pairwise marginal near
the upper corner of the unit square is changed. W

Example 2. A special case related to Example 1 has been used in
order to find bounds for functions of dependent risks (Embrechts
et al.,, 2005; Embrechts and Puccetti, 2006, 2010; Embrechts et al.,
2013). Specifically, given the vector of losses (Lq, L,) having fixed
marginals, the worst-possible VaR (at level &) for the sum L™ = L;
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Fig. 2. Random sample of 1000 realizations from the copula (B, C3)¢ where B = [0.5, 1]*, C is the independence copula and Cp is the comonotone copula.

+ L, (write: VaR, (L)) is given when (L, L,) is coupled by
([er, 112, W,)M2, Interestingly, it is well known that

VaR, (Ly) + VaRy (L) < VaR, (L"),

where the left hand side of the previous inequality corresponds to
the case when (Ly, L) is coupled by M,. Now, for any copula C,
consider the patchwork C* = ([«, 1], C)™2. This copula can be
used in order to interpolate between the comonotonic scenario and
the worst-case scenario for VaR, (L™). Numerically, such a property
is illustrated in Table 1.

Remark 1. A general advice is needed here about Example 1. Sup-
pose that a vector X of random losses is associated with a copula
of type C* = ([a, 1], C3)€, where each q; corresponds to the «-
quantile of X; (think at @ = 0.95, for instance). Then, intuitively, B
represents a risky region for the loss portfolio. In view of the patch-
work construction, Pcx(X € B) = Pc(X € B). In other words, the
probability that the losses are jointly in the risky region is the same
for the two dependence structures. Therefore, the effect of this spe-
cific patchwork modification concerns the way how the probability
mass is spread around the corner and not the probability of having
joint extreme losses (i.e. losses falling in the region B).

Example 3. Let Cz be an arbitrary d-copula and let My(u) =
minf{uq, ..., ug} be the comonotone copula. Consider the patch-
work of copulas of type (B, Cz)Md, where B = [0, a]. Then,
taking into account that My concentrates the probability mass
entirely along the main diagonal of I¢, it follows that, for every

ie{l,...,d},onehas

Fi)

1
o Vg (10 ar] > [0, ] -+ x [0, aql)

1 .
= —min{ay,...,X, ..., aq}.
o

Here and in the following the My-volume of a box is calculated us-
ing the formula of Nelsen (2006, Exercise 2.3.5), namely

Vi, ([a, b]) = max{min{by, ..., bg} — max{as, ..., a4}, 0}.
Thus Eq. (5) may be further simplified as
min{a;, ..., uy,...,a
C*(u):MC([O,u]ﬂBc)—}—aCB( tar ! ”’},...,
o
min{ay, ..., Uq, ..., g}
a .
Notice that in this case, « = Vy,(B) = min{a;, ..., ag}.

When all the components of a are equal to a, constructions of
copulas of this type describe upper comonotonic random vectors.
For the study of these dependence structures and their applica-
tions, we refer to Cheung (2009); Zhang and Duan (2013). Exam-
ples are illustrated in Fig. 3. ®

Example 4. Consider the d-box B = |a, b[%, a copula C € %, and
the background copula Mj. Since

~ 1
Fy(u;) = 5 max{min{b, x;} — a, 0},
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Table 1

Numerical approximation of VaRy oo (LS, LS") where Ly, Ly, ~ N(0, 1), C* = ([0.90, 1], C)™: for
a Clayton copula C with Kendall's T equal to the indicated value. Results based on 10° simulation

from the given copula.

T=1 T =0.50

T =0.00 T =-0.50 T=-1

VaR, (1§, 157) 25631 2.5663

2.5749 3.0340 3.2897
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08

06

04

0.2

0.0

Fig. 3. Random sample of 1000 realizations from the copula (B, Cz)"2 where B = [0, 0.81%, Cy is a Frank with Kendall's tau equal to 0.5 (left) and 0.75 (right).

for every u; € T, from Eq. (5) one has, for the patchwork of C into
My

(la, b[?, €)M ()
= (b—a)C (Fy(uy), ..., Fy(ug)) + pm, ([0, u] N B°).

This copulais an ordinal sum (see Durante and Fernandez-Sanchez
(2010); Jaworski and Rychlik (2008); Mesiar and Sempi (2010)). In
particular, such a method includes the lower and tail comonotonic-
ity presented in Zhang and Duan (2013). ®

3. Patchwork construction: the general case

The procedure described in the previous section may also be
applied when the measure induced by a copula is modified in
several boxes of I4. Let S be equal to either {1, ..., n} or to N. Let
Aq be the d-dimensional Lebesgue measure on I°.

Definition 2. Let i be a d-fold stochastic measure on 2(I%). Given
S, let (Bs)ses be a family of d-boxes contained in I¢ such that
uw(Bs) > 0(s € S)and Ag(Bs NBy) = 0if s # 5. Set B = Uscs Bg
and, for each s € S, let s be a measure defined on the Borel sets
%(B;) of B such that us(Bs) = w(Bs) > 0. A measure u* is called
the patchwork of (1s)ses into w if, for every Borel subset A of I, one
has

WA = (ANB) + ) s (ANBY). (7)

seS

yzs
ses*

The measure u* will be denoted by (B, 1is)

It follows immediately from the definition (7) that (B, Ms>5es
is a probability measure on the Borel sets of I¢. By an argument
analogous to that of Theorem 1 one proves the following theorem.

Theorem 3. Assume the notations of Definition 2. Moreover, for
everys € S, let B; = [a°, b°]. If us(B;)) = w(B;) for every d-box

of the form
B; = [a},b5] x ---
x [af, 1, biyq] x - x [af, b]

contained in B, then u* = (Bs, /Ls)fes is a d-fold stochastic measure.

x [a_y, b_,] x [d], b]

1’71

As is apparent from the definition, given a system of Borel sets
(Bs)seq1,...ny (with Aq(Bs N By) = 0if s # s') the patchwork of
(Ms)seq1,....ny into w can be obtained by considering the patchwork
of j, into (Bs, Ms)?e{n,..,nq)- This is also true when one deals with
countable many measures, in the sense specified below. Consider,
in fact, the family of finite real (also called signed) measures on
2(1%). This is a real linear space that can be endowed with the norm

of total variation given by

Il = sup { > |u<En>|} ,

neN

where the supremum is taken over all the countable and measur-
able partitions (E,)nex of I2. The following result holds.

Theorem 4. Let (B;, “S&@ be the patchwork of (ip,)ses into .
Then the sequence

((Bs» Ms)?e{lm,n})

converges in total variation to (Bg, pis)iey

neN

Proof. On account of the definition of patchwork one has
| (Bo. msdic my — Bos modien]), <2 ) u(By).
j=n+1

which is the n-th remainder of a convergent series, and, as a
consequence, tends to zero as n goes to +0o. O

Now, let C € %, be a copula, and let ¢ be the d-fold stochastic
measure induced by C on the family 2(I%) of Borel subsets of I¢.
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Fors € S let B; = [a°, b] be a d-box contained in I¢, and let 1 be a
measure on the Borel sets %(B;) of B such that us(B;) = w(B;) for
every d-box of the form
B = [aﬁ,bsl] Ko X [a?—v b?—1]

X [af, 1, b}yq] x -+ x [af, b]
contained in B;. Define ji; : #(B;) — I by its = us/as, where
a5 = ic(Bs) > 0.0bviously, fig, is a probability measure on %(B;).

As above, the maps x — [ts([a%, X]) are distribution functions, and,
hence, for every x € [a°, b], one has

iis ([&°,x]) = G (ﬁgls(xl), e ,ng(xd)) : (8)
where the marginal distribution function Fés is given, for every
ie{l,...,d},by
By, () = s ([03, 53] >+ [ad 0, b, ] x [ad ]
x [ai. b?+1] x - x [ag, by])
x [ay, by ] [a %]

1
o e ([a5. B3] x

x [af 1, b}y ] x -+ x [af, b}]) -
It follows that fis, and hence s, only depends on the choice of a
specific copula C; and the knowledge of the measure (.
The copula C* associated with u* can be represented, for every
u e I% by

C*(w) = uc([0, ul N BY) + ) g (10, u] N By), 9

seS

[}, b]

where B = Uscs Bs; this can be rewritten as

C*(u) = puc ([0, u] NB) + ) arg G (Fy (wn). ..

seS

Fi (ug)) . (10)

where B = U,cs Bs. The construction just introduced immediately
yields the following result.

Theorem 5. Let C and Cg, (s € S) be d-dimensional copulas and
let Bs (s € S) be a system (finite or countable) of non-empty boxes
contained in 1 such that Ay(Bs N By) = 0if s # 5. Then the function
C* : 1% — I given by (10) is a copula.

The copula of (10) is called the patchwork of (Bs, Cg,)ses into
C and it is denoted by the symbol C* = (B, CBs)seS Notice that
the measure induced by C* is (Bs, NBs)sey where u is induced by C
while g, can be constructed by its distribution functions given by

(FL ), FL (xa))

B ([as, X]) = s C;

Example 5. Let & € ]0, 1[ and let C; and C; be bivariate copulas.
Consider the boxes B; and B, defined by

=1[0,0] x 1, B, =16, 1] x 1,
respectively and consider the patchwork
C (BU C )1 1,2°

Eq. (10) now yields, for every point (uq, uy) € I?,

u, — 0
+1-0)G|—— uz ).
)+ >2&_92)
The previous expression coincides with the method for construct-
ing gluing copulas (Siburg and Stoimenov, 2008); by using similar
arguments it can be extended as well to d-dimensional copulas and

to the case when more boxes are involved, as in the case of gluing
ordinal sums (Durante and Jaworski, 2012; Mesiar et al.,2008). ®

uq
C(ug,up) =60GC (?’ U

Remark 2. It is now easy to extend the construction of ordinal
sums to the case in which more d-boxes ]a, bs[¢ (s € S) are given
having their main diagonal lying on that of the unit box I; let
Cs € %4 be a set of copulas indexed by S. Set B = Uss ]as, bs[C.
Then the same argument of Example 4 yields that (B, Cs) o5 is an
ordinal sum of copulas in the sense of Durante and Fernandez—
Sanchez (2010), Jaworski and Rychlik (2008) and Mesiar and Sempi
(2010). In particular, the interval comonotonicity of Zhang and
Duan (2013) can be expressed in this form.

Remark 3. The general patchwork construction presented in
Theorem 5 may be used as well to modify the tail behaviour of
a copula in two or more corners of I%. The importance for such
constructions has been stressed in the bivariate case in Zhang
(2008) (see also Durante et al. (2009a)).

Now, let us consider the patchwork as a general operator among
function spaces. Define ¢° := {(C)ses}, Where, for every s € S, G;
isad-copula. Let C € %, and let B; (s € S) be a system of d-boxes as
in Theorem 5. Formally, the patchwork is defined as the mapping
Tc : ¢° — %4 given by

Tc ((Gs)ses) = (Bs, Cs>§es~ (11)

Such a mapping is continuous, in the sense that small changes
components of the generating copula family (Cs)ses does not
amplify in the patchwork process, as shown below.

Theorem 6. Let (B);cs be a family of d-boxes contained in I¢,
indexed by S, and such that A4(B; N By) = 0 fors # s'; let C be a
d-copula such that puc(Bs) > 0 for every s € S. Then the mapping Tc
given by (11) is uniformly continuous when the space %, is endowed
by the uniform distance d., and ¢° by the distance

dd@k&@kﬁ:swmumw—qwﬂ

seS ueld

= sup dOO(CSa Cs)-

ses

Proof. Let B = Uses B. Given ¢ > 0 define § = &/uc(B) and
consider (Cy)ses and (Cs)ses in €5 with

ds ((CS)SESa (Es)ses) <
With reference to (10), one now has
doo (T ((Co)ses). Te ((Co)ses))

= max | <BSa Cs>sces(u) - (st ES)_E(;S(“)|

< maxX:ocS |G ( [  (U1), - ng(ud))

ueld ses
— G (Fg,(wy), ..., Fi (uy)]

= Zas ds ((Cs)ses, (Es)ses) <$ Zas =ducB) =¢,
seS seS

which proves the assertion. O

An interesting result is obtained when (C;)ses € ¢° is such that
G = C' € %, for every s € S. In this case, in fact, one can show
that the patchwork generates a variety of different dependence
structures up to a single case.

Theorem 7. Let B; (s € S) be a system (finite or countable) of
non-empty boxes contained in 1 such that A¢(B; N By) = 0 and
B = Ugses Bs. Let C be a copula. Suppose that juc(B) < 1. Then there
exists a unique copula C that is invariant under the map F : €3 — 6,
defined by

F ((C/)ses) = (Bs, C)

ses*
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Proof. Let C’ and C” be two d-copulas. Then
dss ((F(C), F(C"))) = max |(Bs, C')ees (W) — (Bs, C")cs ()|

< maxZ(xs |c’ (B (u1), . ng(ud))

uerd

seS
— " (Fg,p). ..., Fi )|
< ) 0o (C, C") = puc(B) doo(C', C).
ses

Thus F is a contraction mapping if uc(B) < 1. Moreover, the
space % is a compact (see, e.g., Durante et al. (2012)), and, hence,
complete, metric space. Therefore, by the Banach fixed point
theorem, there exists a unique copula C € %j that is invariant
under F,F(C) =C. O

4. Illustration: copulas with a given orthogonal section

The construction of copulas that take given values on specific
sections has been extensively considered in the literature (see,
e.g., Nelsen (2006) and the references therein). Since most of these
constructions are limited to the 2-dimensional case, we wish to
extend the results of Klement et al. (2007) (see also Durante et al.
(2007) and Jaworski (2013)) and to consider multivariate copulas
that have a prescribed orthogonal section. We start by the very
definition.

Definition 3. Given a copula C € %; and b € |0, 1] the function
hfb : 19" — I defined, forj=1,...,d, by
hfb(ul, e, uy) = C(uy, ..., Uji—1, b, ujpq, ..., uy)

will be said to be the j-th orthogonal section of C at b.

Uji—1, Ujit1, .-

Obviously hf satisfies the following conditions:

() b <K, < hid
bounds
(b) h b is (d — 1)-increasing;

(c) hcb is 1-Lipschitz.

, where W, and M are the Fréchet-Hoeffding

On a probability space (£2, .#,P) let Uy, ..., Uy be random
variables uniformly distributed on (0, 1) and having C as their
distribution function. Then

d
h U, Ui Ui, ) =P [ (U < w0 {U; < b)
prt
d
=bP| (YUi<uw}|U<b
p
=bFyy,. U 1,Ujp1, UalUy<b U1, -y U1, Ui 1, ooy Un).

Thus the section hﬁb is b times the conditional distribution function
of the vector

Ui, ..., U—1, Uigq, ..., Uy)

under the condition U; < b.
In general, when no restrictions are imposed on the continuous
random variables Xq, ..., Xy linked by the copula C, one has, for

each (x1, ..., Xj_1, Xj41, .., Xg) € R4,
c
hiy (Fx, (1) - B (521)s oy (540, - Fg (%)
=bFx; . X 1. X100 xd|xquxj(b)(x1,-.-,Xj_l,Xj+1,-.-,Xd),

where Qy; is the quantile function of X;. Thus orthogonal sections
express one’s knowledge about the vector (Xi,...,Xji_1, Xj+1,

., X4) under the condition that X; does not exceed a prescribed
fixed value. This corresponds to truncation (on the right) of the
random variable X;, a well-known statistical practice. As such,
copulas with a given orthogonal section have been, for instance,
considered in some extensions of the Koziol-Green model
(see Gaddah and Braekers (2010, 2011) and the references therein).

Moreover, notice that the knowledge of the conditional distri-
bution of X given X; < ij (b) is also of interest in the deriva-
tion of novel risk measures in the financial sectors like CoVaR (see,
e.g., Bernard et al. (2013)).

Now, the construction of copulas with a given orthogonal sec-
tion can be obtained by using the following result, which gener-
alizes Proposition 2.1 in Klement et al. (2007). The result below
deals with the orthogonal section related to the d-th coordinate;
one might as well have chosen a different coordinate.

Theorem 8. If a function hy, : 19~' — 1 satisfies conditions (a)-(c)
of Definition 3, then there exists a copula C € ¢4 of which hy, is the
d-th orthogonal section at b.

Proof. Givenu = (uy, ..., ug) € I setu’ := (uy, ..., Ug_1). The
function defined by
7
“B. 2
C,au) = { () + 7( byiT
x H(u,—hba 1)L g > b,

is a d-copula. It is immediately seen that the d-th orthogonal
section of Cy at b equals hy. It follows from (a) of Definition 3 that

hy(uy, ..., ui—1, 0, Uiy, ..., Ug—1) = 0;
therefore
Cp(uy, ..., ui—1,0, Uipq, ..., ug) =0,

for i # d, while the definition of C, yields Cy(u’, 0) = 0. On the
other hand, since hy(1, ..., 1) = b one has, fori # d,

~ 1-5b
GA,....Lu,1,..., ) =h+ —— (1=b*" 2w —hy)

(1 — b)d-1
=hi+u—h =u,
where h; = hy(1,...,1,u;,1,...,1). For uyy = ¢t one has

Go(1,...,1,t) = t,if t < b, while,ift > b,

G(1,...,1,6) =b+ A—-b¥'=b+t—b=t.

(1 — b)d-1
The boundary conditions of a copula are thus satisfied. In order to
show that G, is d-increasing consider first a box R = R’ x [u’, u”]

included in 1! x [0, b]; here R' = ]_[?;11 [a;, b;]. The vertices of
Rare (V',u) and (V',u”), where V.. = (v},...,v;_;) withv] €
{a;, bi} i=1,...,d —1).Then,if s := card({i : v] = a;})

Ve, R) = Y (=1 (Go(v, 1) — G (v, 1))

v

% Z(—l)s By (V') — % Z(—ns hs (V)

Vhb (R/) jusl

since hy is (d — 1)—increasing.
Consider now aboxR = R’ x [u”
For the ease of notation, set h] = hy(1,...,1,4a;,1,...,

, u'] contained in =" x ]b, 1].
1) and
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h! = hy(1,...,1,b;,1,...,1). Then an easy, but fairly long,
calculation yields

"o d—1
mmxww®=5%§%§]4fﬂm—mm—m
v i=1

u —u d—1
= Tt (bi — @;) — (hi — hj)
(- 1] { }
v —u d—1
z m {(bx - aj) — (b, — ai)} =0,

—_

i=

where use has been made of the 1-Lipschitz property of hy,.
The general case follows from the additivity of C,-volumes. O

Notice that the function 1! 5 u % isa(d— 1)-
dimensional continuous distribution function on 1%, as is immedi-
ately seen; therefore, there exists a unique copula C, € %;_1 such

that, forevery w’ = (uq, ..., ug_1) € 171,
hy (')
b = Gy (FP(up), ..., Fy_y(ug-1), (12)
where, fori = 1,...,d — 1, F? is its i-th marginal
hy(1,..., 1, u;,1,...,1)
Fib(u,-) = l .

b

Recourse to the construction of patchwork copulas allows us to
characterize all copulas in %, that have hy, as their d-th orthogonal
section.

Theorem 9. Given the orthogonal section hy, the following statements
are equivalent for a copula C € 6;:

(a) C has hy, as its d-th orthogonal section;

(b) C has the representation

u
Cu) = bC, (Ff(ul), PP g, f) ,

for u, < b, and
mm5+a—mg<“_mw“L“””pw
1-b
g1 —hp(1, ..., 1, u4—1) ug— b)
1-b "1-b )’
for u, > b, where Cy is any copula that has C, of Eq. (12) as

marginal, viz, C; (v, 1) = Cy(V) for every V' € 1!, while G,
is any d-copula.

Pr(zof. (a) = (b) It will be seen that C can be written as (G

Rj)i2, . To this end, take Ry = 1" x [0, b]and R, = I x [b, 1].
The function

1
IY>u H() = 5 C(u, buy)
is a distribution function concentrated on R; whose d-th marginal

is given by H(u', 1) = h,(u’). Therefore, H must necessarily be
expressed in the form

H(U) - C] <Ff(u])’ Tt Fg—](ud71)v %) s

where C;(V/, 1) = G,(V) for every V' € 19", In a similar manner,
the function

1
I3 u Hy(u) = T (C[A =b)w +hjw)). ...,

(1= b)(ug—1 + hg_y), ug — b] — hy(u))

is a distribution function concentrated on R, ; therefore there exists
a copula G, such that

uy —hp(uy, 1,..., 1)
Hy(u) = C S
2 (1) 2( r—
ug—y —hy(1,..., 1,ug_1) ug—>b
1-b "1—=b )

The proof of implication (b) = (a) is obvious. O
5. Conclusions

We have presented a method to construct copulas by modifying
the probability mass distribution of a given copula in some
suitable subsets of the domain. The methodology presented here
includes as special cases a number of constructions presented in
the literature under different names, including upper and partial
comonotonicity. In particular, the method shows that it is possible
to spread the probability mass distribution of a copula in the tail
of a distribution in a multitude of ways. Therefore, modelling and
estimating risks when the tails are involved should be an exercise
that need special care, since the tail behaviour may be much more
complex than standard copula families are able to describe.
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