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Abstract. In Saminger-Platz and Sempi (Aequationes Math 76:201–240, 2008) we presented
an overview of concepts, facts and results on triangle functions based on the notions of
t-norm, copula, (generalized) convolution, semicopula, quasi-copula. Here, we continue our
presentation. In particular, we treat the concept of duality and study a few important cases
of functional equations and inequalities for triangle functions like, e.g., convolution, Cauchy’s
equation, dominance, and Jensen convexity.
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1. Introduction

In this note we continue the presentation of concepts, facts and results on tri-
angle functions that we started in [32]. We briefly recall that a triangle function
is a binary operation on Δ+ that is commutative, associative, and increasing
in each place and has ε0 as identity where Δ+ denotes the set of all distance
distribution functions, (briefly a d.d.f.), i.e., the set of increasing functions F
from the extended reals R into [0, 1], being left–continuous on R, and fulfilling
F (0) = 0 and F (∞) = 1. Moreover, ε0 is a particular d.d.f. defined, for all
x ∈ R, by

ε0(x) :=

{
0, x ≤ 0,

1, otherwise.

Triangle functions have either been treated in their most general form,
i.e., as special continuous semigroups on Δ+ or have been studied by inspect-
ing their important subclasses. Such important subclasses have been defined
by recourse to t-norms, copulas, semicopulas, and quasi-copulas as well as
(generalized) convolutions. These concepts, facts and results have been the
main focus of the first part of this primer [32]. The reader is also referred to
this first part [32] for the notations and the symbols.
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In this second part, we treat a number of topics which were omitted in the
first one, namely:

• the important concept of duality, which is studied in Sect. 3;
• some functional equations satisfied by triangle functions; in Sect. 4 we

characterize convolution, while Cauchy’s functional equation is the object
of Sect. 5;

• functional inequalities related to dominance in Sects. 6 and 7, and to
Jensen convexity in Sect. 8.

2. Quasi-inverses

Quasi-inverses of distribution functions are needed both in the theory of prob-
abilistic metric (and normed) spaces and in dealing with the concept of duality
(see next section). Quasi-inverses allow us to define an “inverse” even for d.f.’s
that are not invertible in the usual sense. They have been used in different con-
texts and by several authors (see, e.g., [12,14,15,17,25,26]). We follow here
the presentation of [11] reported also in [35], but keep in mind the detailed
analysis of [12]; in both of these papers the setting is actually more general in
that it was given for increasing functions ϕ from the closed interval [p, q] with
−∞ ≤ p < q ≤ +∞ into [r, s] (−∞ ≤ r < s ≤ +∞) such that ϕ(p) = r and
ϕ(q) = s.

Notice that, given a distribution function F : R → [0, 1] and y in ]0, 1[, one,
and only one of the following statements holds:
(QI.1) there exists a unique x ∈ R such that F (x) = y;
(QI.2) there is an interval I ⊂ R such that F (t) = y for every t ∈ I;
(QI.3) there is a unique x0 ∈ R such that �− F (x0) < y < �+ F (x0).
The formal definition runs as follows.

Definition 2.1. A quasi-inverse of a d.f. F is a function F (q) : [0, 1] → R is
defined by

F (q)(0) := −∞ F (q)(1) := +∞
and, if y is in ]0, 1[, by F (q)(y) := x, if (QI.1) holds, by F (q)(y) := x0, if (QI.3)
holds, while, when (QI.2) holds, one chooses a value t ∈ I for F (q)(y). If there
is a point y ∈ ]0, 1[ for which (QI.2) holds, then F will have infinitely many
quasi-inverses.

Graphically, a quasi-inverse F (q) of F may be obtained from the graph of
F through the following steps:

• at a point of discontinuity x0 of F , if any, add to the graph of F the
vertical segment of endpoints (x0, �

− F (x0)) and (x0, �
+ F (x0));

• reflect the graph thus modified in the diagonal of the first and third
quadrant;
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• if the reflected graph has a vertical segment, which corresponds to case
(QI.2) above, then choose the ordinate t of exactly one of the points of
this vertical segment as the value of F (q).

The following result holds.

Theorem 2.1. ([11]) Let F be a d.f., F ∈ Δ, and let F (q) be a quasi-inverse of
F . Then
(a) F (q) is uniquely determined at its points of continuity.
(b) The following conditions are equivalent:

(b1) F is strictly increasing;
(b2) F (q) is continuous on ]0, 1[ ;
(b3) F (q) is unique.
If any of these conditions holds, then F (q)(F (t)) = t for every t ∈ R. If
F is a strictly increasing bijection then the inverse function F−1 of F
exists.

(c) The following conditions are equivalent:
(c1) F is continuous;
(c2) F (q) is strictly increasing.
If any of these conditions holds, then F (F (q)(t)) = t for every t ∈ [0, 1];
the inverse

(
F (q)

)−1
of F (q) exists if, and only if, F (q) is continuous on

]0, 1[, in which case F =
(
F (q)

)−1
.

(d) F has a unique quasi-inverse that is left-continuous on ]0, 1[ and a unique
quasi-inverse that is right-continuous on ]0, 1[; these are denoted respec-
tively by F∧ and F∨ and are defined by

F∧(t) :=

{
inf{x | F (x) ≥ t}, t < 1,

+∞, t = 1,

and

F∨(t) :=

{
−∞, t = 0,

sup{x | F (x) ≤ t}, t > 0.

(e) F (F (q)(x)) ≤ x for every x ∈ R.
(f) For every x ∈ R,

F∧(F (x)) ≤ x and F∨(F (x)) ≥ x.

(g) For every increasing function G : [0, 1] → R there exists a d.f. F ∈ Δ
such that G = F (q).

(h) At every point x of continuity for F one has (F (q))(q)(x) = F (x).

Notice that if F is taken, as is often done, to be right-continuous, then one
has F (F (q)(x)) ≥ x for every x ∈ R.

Given two d.d.f.’s F1 and F2, we shall write F1 ∼ F2 if their graphs, com-
pleted, if needed, as above, coincide. Clearly, ∼ is an equivalence relation.
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Notice that F1 ∼ F2 if, and only if, they have the same points of continuity
and coincide at these points.

3. Duality

Duality for triangle functions deals essentially with the following situation.
One has a triangle function τ acting on pairs (F,G) of d.d.f.’s, and one wishes,
if possible, to express the left-continuous quasi-inverse of τ(F,G) as a function
ϕ acting on the pair (F∧, G∧) of the quasi-inverses of F and G, viz.

(τ(F,G))∧ = ϕ(F∧, G∧)

or, equivalently,

τ(F,G) = (ϕ(F∧, G∧))∧
.

The concept of duality was introduced with a greater generality than that of
our presentation by Frank and Schweizer [11]. It must be stressed that the
literature does not deal with duality for all the types of triangle function con-
sidered in [32] but only with few of them. We provide here the proofs of results
dealing with those cases, since these do not appear in the monograph [35].

The most important instance of duality is that concerning the triangle
functions

τT,L(F,G)(x) := sup {T (F (u), G(v)) | L(u, v) = x} ,

where T is a left-continuous t-norm, L belongs to L (see [35] and [32, Definition
3.5]) and is commutative and associative; we recall that in this case τT,L is a
triangle function ([35] and [32, Theorem 7.11]). However, since in order to
consider a quasi-inverse, one only needs to have a d.d.f., it will be enough to
consider the mappings τS,L where S is a left-continuous semicopula.

Let ∇+ be the set of left-continuous quasi-inverses of d.d.f.’s,

∇+ := {F∧ | F ∈ Δ+}.

Definition 3.1. For every left-continuous semicopula S ∈ S and for every L ∈ L

define a function τ∧
S,L : ∇+ × ∇+ → R

[0,1]

+ by

τ∧
S,L(F∧, G∧)(x) := inf {L (F∧(u), G∧(v)) | S(u, v) = x} . (3.1)

When L is the sum, we write τ∧
S .

Lemma 3.1. Let L ∈ L satisfy condition (LS) of Definition 3.5 in [32], let S be
a left-continuous semicopula, and let F and G belong to Δ+. Then, for every
t ∈ [0, 1],

(τS,L(F,G))∧ (t) ≤ τ∧
S,L(F∧, G∧)(t). (3.2)
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Proof. It is known ([32, Lemma 7.1]) that τS,L(F,G) is a d.d.f. for all F and G
in Δ+. Assume, if possible, that (3.2) does not hold; then there exist t1 ∈ ]0, 1[
and x1 ∈ R+ such that

τ∧
S,L(F∧, G∧)(t1) < x1 < (τS,L(F,G))∧ (t1). (3.3)

By the definition of τ∧
S,L(F∧, G∧), there exists a pair (u1, v1) such that

S(u1, v1) = t1 and L (F∧(u1), G∧(v1)) < x1.

Since t1 < 1 one has both u1 < 1 and v1 < 1 and since L satisfies condition
(LS), there exist y1 and z1 in ]0,+∞[ such that

F∧(u1) < y1, G∧(v1) < z1 and L(y1, z1) = x1;

this implies u1 ≤ F (y1) and v1 ≤ G(z1). Hence

t1 = S(u1, v1) ≤ S(F (y1), G(z1)) and L(y1, z1) = x1;

thus the definition of τS,L yields τS,L(F,G)(x1) ≥ t1. It follows from Theo-
rem 2.1 (f) that

(τS,L(F,G))∧ (t1) ≤ (
(τS,L(F,G))∧) (τS,L(F,G)(x1)) ≤ x1,

which contradicts (3.3). �
In the other direction one has the following result.

Lemma 3.2. Let L ∈ L satisfy the assumptions of Lemma 3.1, let S be a
left-continuous semicopula, and let F and G be two d.d.f.’s, F,G ∈ Δ+. If
(τS,L(F,G))∧ is continuous at t0 ∈ ]0, 1[, then

(τS,L(F,G))∧ (t0) ≥ τ∧
S,L(F∧, G∧)(t0). (3.4)

Proof. Assume, if possible, that (3.4) does not hold, namely

(τS,L(F,G))∧ (t0) < τ∧
S,L(F∧, G∧)(t0).

In order to reach a contradiction, it will be shown that (τS,L(F,G))∧ is not
continuous at t0. To this end, let x belong to the open interval]

(τS,L(F,G))∧ (t0), τ∧
S,L(F∧, G∧)(t0)

[
. (3.5)

Thus

τS,L(F,G)(x) ≥ t0.

If this inequality were strict, then there would exist y and z in R+ such that
L(y, z) = x and S(F (y), G(z)) > t0. But then

τ∧
S,L(F∧, G∧)(t0) ≤ (

τ∧
S,L(F∧, G∧)

)
(S(F (y), G(z)))

≤ L (F∧ F (y), G∧ G(z)) ≤ L(y, z) = x,

which is a contradiction. Therefore, τS,L(F,G)(x) = t0; this means that
τS,L(F,G) is constant on the interval (3.5), and that, as a consequence,
τ∧
S,L(F∧, G∧) is not continuous at t0. �
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In general, (τS,L(F,G))∧ (x0) and τ∧
S,L(F∧, G∧)(x0) may differ at a point x0

where (τS,L(F,G))∧ is not continuous. However, Lemmata 3.1 and 3.2 together
yield the next result.

Theorem 3.3. Let L ∈ L satisfy the assumptions of Lemma 3.1 and let S be a
left-continuous semicopula. Then, for all F and G in Δ+,

(τS,L(F,G))∧ ∼ τ∧
S,L(F∧, G∧).

Corollary 3.4. If F1, F2, G1 and G2 are d.d.f.’s such that F1 ∼ F2 and G1 ∼
G2, then τS,L(F1, G1) ∼ τS,L(F2, G2).

Proof. Since F∧
1 = F∧

2 and G∧
1 = G∧

2 , Theorem 3.3 yields

(τS,L(F1, G1))
∧ ∼ τ∧

S,L(F∧
1 , G∧

1 ) = τ∧
S,L(F∧

2 , G∧
2 ) ∼ (τS,L(F2, G2))

∧
,

which proves the assertion. �

Remark 3.1. Let F be any well-formed formula consisting of elements of Δ+

and ∇+, of the operations ∧, ∨, S and L, and of the relations ∼, =, ≤ and ≥.
The dual of F is the well-formed formula obtained from F by interchanging
the elements of the pairs Δ+ and ∇+, ∧ and ∨, T and L and by reversing all
the inequalities (in particular, hence, by interchanging sup and inf). If F is
true, then so is its dual; and the proof of the dual of F is the dual of the proof
of F . As a consequence, any result consisting of two dual statements may be
established by proving just one of the two statements.

The next result provides a sufficient condition that ensures that the equiv-
alence sign ∼ in Theorem 3.3 may be replaced by the equality one.

Theorem 3.5. Let L ∈ L satisfy the assumptions of Lemma 3.1. If L ∈ L is
continuous on R

2

+, and if the semicopula S is continuous, then, for all F and
G in Δ+,

(τS,L(F,G))∧ = τ∧
S,L(F∧, G∧). (3.6)

Proof. Because of Lemma 3.1, it suffices to establish inequality (3.4). Without
loss of generality, one may assume (τS,L(F,G))∧ (t0) < 1. Choose any x0 such
that

(τS,L(F,G))∧ (t0) < x0 < 1. (3.7)

It is enough to prove that

τ∧
S,L(F∧, G∧)(t0) ≤ x0, (3.8)

from which (3.4) follows immediately.
It follows from (3.7) that τS,L(F,G)(x0) ≥ t0; thus, for every n ∈ N, there

exist yn and zn in R+ such that

L(yn, zn) = x0 and S(F (yn), G(zn)) > t0 − 1
n

(3.9)
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Now (yn) has a convergent subsequence (yn(k)) and the corresponding sub-
sequence (zn(k)) has a convergent subsequence (zj)j∈N. One may choose the
sequences (yj)j∈N and (zj)j∈N to be monotone. Set

y0 := lim
j→+∞

yj and z0 := lim
j→+∞

zj .

Because of the continuity of L,

L(y0, z0) = L

(
lim

j→+∞
yj , lim

j→+∞
zj

)
= lim

j→+∞
L(yj , zj) = x0.

Thus, by (3.7), y0 < 1 and z0 < 1. Since F and G are isotonic, the limits of
both of the sequences (F (yj))j∈N and (G(zj))j∈N exist. Now the continuity of
T and (3.9) yield

t0 = lim
j→+∞

(
t0 − 1

j

)
≤ lim

j→+∞
S(F (yj), G(zj))

= S

(
lim

j→+∞
F (yj), lim

j→+∞
G(zj)

)
= S

(
�+F (y0), �+G(z0)

)
.

For every ε > there exists δ = δ(ε) > 0 such that

L(y0 + δ, z0 + δ) < L(y0, z0) + ε = x0 + ε.

Therefore

τ∧
S,L(F∧, G∧)(t0) ≤ τ∧

S,L(F∧, G∧)
(
S
(
�+F (y0), �+G(z0)

))
=inf

{
L (F∧(u), G∧(v)) | S(u, v)=S

(
�+F (y0), �+G(z0)

)}
≤ L

(
F∧ (�+F (y0)

)
, G∧ (�+G(z0)

))
≤ L (F∧(F (y0 + δ), G∧(G(z0 + δ))
≤ L(y0 + δ, z0 + δ) < x0 + ε,

which establishes (3.8) and, hence, the assertion. �

The following theorem will have an important consequence (see below The-
orem 3.7).

Theorem 3.6. Let S be a left-continuous semicopula and let L ∈ L satisfy
condition (LS) of Definition 3.5 of [32]. If S(u1, v1) < S(u2, v2), whenever
u1 < u2 and v1 < v2, then

∀ F,G ∈ Δ+ (τS,L(F,G))∧ = τ∧
S,L(F∧, G∧). (3.10)

Similarly,

∀ F∧, G∧ ∈ ∇+
(
τ∧
S,L(F∧, G∧)

)∧ = τS,L(F,G). (3.11)

or, respectively,

τS,L(F,G) =
(
τ∧
S,L(F∧, G∧)

)∧
, (3.12)
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and

τ∧
S,L(F∧, G∧) = (τS,L(F,G))∧

. (3.13)

Proof. In accordance with Remark 3.1, it suffices to prove one of the two state-
ments, for instance, equation (3.10). To this end, all that is needed is the proof
that τS,L(F,G) is left-continuous on R+. �

In a special case, the last result leads to an elegant and very useful expres-
sion.

Theorem 3.7. If T = M = Min, then

∀ F,G ∈ Δ+ τM,L(F,G) = L(F∧, G∧)∧. (3.14)

In particular, if L = Sum,

∀ F,G ∈ Δ+ τM (F,G) = (F∧ + G∧)∧
. (3.15)

4. Functional equations: convolution

An interesting characterization of convolution was given in [4] as the unique
solution of a functional equation satisfied by a function τ that belongs to a
class of functions larger than that of triangle functions. In this section we give
the details and the proofs in the case of triangle functions. The functional
equation in question is the following

τ

(
F + G

2
,H

)
=

1
2

τ(F,H) +
1
2

τ(G,H), (4.1)

where F , G and H are distance distribution functions. This equation bears a
marked analogy to the classical Jensen functional equation.

Definition 4.1. Let Φ be a binary associative function on R that can be repre-
sented in the form

Φ(x, y) = ϕ−1 (ϕ(x) + ϕ(y)) , (4.2)

where ϕ : R → R is continuous, strictly increasing and such that ϕ(0) = 0.
The triangle function τ is said to be in step with Φ if, for all a and b in R+,

τ(εa, εb) = εΦ(a,b). (4.3)

Notice that the convolution ∗ is in step with addition.

Lemma 4.1. For every pair F and G of d.d.f.’s, one has, for all x ∈ R,

σΠ,Φ(F,G)(x) =
[(

F ◦ ϕ−1
) ∗ (G ◦ ϕ−1

)] ◦ ϕ(x). (4.4)
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Proof. Since F ◦ ϕ−1 and G ◦ ϕ−1 are in Δ+, one has

σΠ,Φ(F,G)(x) =
∫

{(u,v):ϕ(u)+ϕ(v)<ϕ(x)}

d (F (u) · G(v))

=
∫

{(s,t):s+t<ϕ(x)}

d
((

F ◦ ϕ−1
)
(s) · (G ◦ ϕ−1

)
(t)
)

=
[(

F ◦ ϕ−1
) ∗ (G ◦ ϕ−1

)] ◦ ϕ(x).

�

Lemma 4.2. The triangle function σΠ,Φ is continuous and in step with Φ.

Proof. The continuity of σΠ,Φ was established in [4, Corollary 1].
For all a and b in R+, one has

σΠ,Φ(εa, εb) =
[(

εa ◦ ϕ−1
) ∗ (εb ◦ ϕ−1

)] ◦ ϕ =
[
εϕ(a) ∗ εϕ(b)

] ◦ ϕ

= εφ(a)+φ(b) ◦ ϕ = εϕ−1(φ(a)+φ(b)) = εΦ(a,b).

�

It is immediate to prove the following.

Lemma 4.3. The triangle function σΠ,Φ is a solution of (4.1).

The next result contains the main step in the announced characterization.

Lemma 4.4. For a continuous triangle function τ the following statements are
equivalent:

(a) it satisfies (4.1);
(b) for every pair of sequences (Fj)j∈N and (Gk)k∈N in Δ+,

τ

⎛
⎝∑

j∈N

Fj

2j
,
∑
k∈N

Gk

2k

⎞
⎠ =

∑
j,k∈N

τ(Fj , Gk)
2j+k

. (4.5)

(c) for all F , G and H in Δ+ and for every number α ∈ [0, 1]

τ(α F + (1 − α)G,H) = α τ(F,H) + (1 − α) τ(G,H);

(d) for every pair of sequences (Fj)j∈N and (Gk)k∈N in Δ+, and for all
sequences of positive real numbers (λj)j∈N and (μk)k∈N with

∑
j∈N

λj =∑
k∈N

μk = 1,

τ

⎛
⎝∑

j∈N

λj Fj ,
∑
k∈N

μk Gk

⎞
⎠ =

∑
j,k∈N

λj μk τ(Fj , Gk). (4.6)
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Proof. (a) =⇒ (b) An induction argument, the commutativity of τ and a bit
of patient work show that

τ

⎛
⎝ n∑

j=1

Fj

2j
+

ε∞
2n

,
n∑

k=1

Gk

2k
+

ε∞
2n

⎞
⎠ =

n∑
j,k=1

τ (Fj , Gk)
2j+k

+

[
1 −

(
1 − 1

2n

)2
]

ε∞,

for all d.d.f.’s F1, F2,. . . , Fn, G1, G2,. . . , Gn. Because of the continuity of τ ,
letting n go to +∞ yields (4.5).

(b) =⇒ (c) Consider the binary expansion α =
∑

j∈N
αj/2j , with αj in

{0, 1} for every j ∈ N; then 1 − α =
∑

j∈N
(1 − αj)/2j ; here, again, 1 − αj is in

{0, 1}. Then

τ(α F + (1 − α)G,H) = τ

⎛
⎝∑

j∈N

αj F + (1 − αj)G

2j
,H

⎞
⎠

=
∑
j∈N

τ(αj F + (1 − αj)G,H)
2j

=
∑
j∈N

αj τ(F,H) + (1 − αj) τ(G,H)
2j

= α τ(F,H) + (1 − α) τ(G,H).

(c) =⇒ (d) This is established by an induction argument similar to that of
the first step in the present proof, and by recourse to the continuity of τ .

(d) =⇒ (a) It suffices to take in (4.6), Gk = H for every k ∈ N, λj = 1/2j ,
for every j ∈ N, F1 = F , and Fn = G for n ≥ 2. �

Theorem 4.5. The following statements are equivalent for a continuous triangle
function τ :

(a) τ = σΠ,Φ;
(b) τ satisfies (4.1) and is in step with Φ.

Proof. The implication (a) =⇒ (b) follows from Lemmata 4.3 and 4.2.
(b) =⇒ (a) Let (aj) and (bk) be isotonic sequences of positive numbers

and let (αj) and (βk) be sequences of positive numbers such that
∑

j∈N
αj =
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∑
k∈N

βk = 1. Then, Lemma 4.4 and (4.3) imply

τ

⎛
⎝∑

j∈N

αj εaj
,
∑
k∈N

βk εbk

⎞
⎠ =

∑
j,k∈N

αj βk τ(εaj
, εbk

)

=
∑

j,k∈N

αj βk εΦ(aj ,bk) =
∑

j,k∈N

αj βk σΠ,Φ(εaj
, εbk

)

= σΠ,Φ

⎛
⎝∑

j∈N

αj εaj
,
∑
k∈N

βk εbk

⎞
⎠ .

Therefore, τ equals σΠ,Φ on the set E × E, where

E :=

⎧⎨
⎩
∑
j∈N

αj εaj

∣∣∣∣∣∣
∑
j∈N

αj = 1, αj ≥ 0, aj ≥ 0, aj < aj+1 (j ∈ N)

⎫⎬
⎭ .

Since E is dense in Δ+, when this space is endowed with the topology of
weak convergence, and since τ is continuous, τ equals σΠ,Φ on the whole space
Δ+ × Δ+. �

5. Functional equations: Cauchy’s equation

Basing himself on the work of Powers [19], Riedel [22,23] made a detailed study
of Cauchy’s functional equation on Δ+. In this section we report his results.
It is necessary to consider first Cauchy’s equation for a t-norm T . A function
θ : [0, 1] → [0, 1] is a solution of Cauchy’s equation for T if, and only if, it
satisfies, for all x and y in [0, 1],

θ (T (x, y)) = T (θ(x), θ(y)) . (5.1)

Related results are also obtained in [9,30].
The constant solutions θ(x) = 0 and θ(x) = 1, for every x ∈ [0, 1], will be

called trivial.
We recall that a continuous t-norm T is Archimedean if there exists a con-

tinuous strictly decreasing function g : [0, 1] → R+ with g(1) = 0, such that T
is represented in the form

T (x, y) = g(−1) (g(x) + g(y)) , (5.2)

where the function g is an (inner) additive generator of T and

g(−1)(x) := g−1 (min{x, g(0)})

is its quasi–inverse; if g and h generate the same t-norm T , then they are
related by the relationship g(x) = k · h(x) (x ∈ [0, 1]).
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When T is Archimedean the continuous solutions of (5.1) are given in
the following theorem, which is proved by relying on the theory of the usual
Cauchy’s functional equation (see [1,2]).

Theorem 5.1. Let T be an Archimedean continuous t-norm and let g be one of
its (inner) additive generators. Then the following statements are equivalent:
(a) θ is a continuous solution of (5.1);
(b) there is a constant k ≥ 1 such that

θ(x) = g(−1) (k · g(x)) .

A mapping ϕ : Δ+ → Δ+ is a solution of the Cauchy’s functional equation
for a triangle function τ , if, and only if, for all d.d.f.’s F and G,

ϕ (τ(F,G)) = τ (ϕ(F ), ϕ(G)) . (5.3)

If τ has no non-trivial idempotents, namely if τ(F, F ) = F implies either
F = ε0 or F = ε∞, then ε0 and ε∞ are the only constant solutions of (5.3). In
general, if ϕ is a solution of (5.3), then ϕ maps idempotents to idempotents,
and preserves n-th τ -powers, i.e. ϕ (Hn

τ ) = (ϕ(H))n
τ , for every H ∈ Δ+ and for

every n ∈ N. We recall that, for a given sequence (Fj)j∈N in Δ+, one defines

τ2(F1, F2) := τ(F1, F2)

and, for n > 2,

τn(F1, F2, . . . , Fn) := τ
(
τn−1(F1, F2, . . . , Fn−1), Fn

)
so that the nth τ -power of H ∈ Δ+ is defined by Hn

τ := τn(H,H, . . . ,H).
Moreover, it is easily seen that, for every triangle function τ , the following are
solutions of (5.3):
(a) the identity map idΔ+ ;
(b) the τ -power function ϕ(F ) := Fn

τ (n ∈ N; F ∈ Δ+);
(c) if τ has a non-trivial idempotent H ∈ Δ+, τ(H,H) = H, the mapping

ϕH defined, for all F ∈ Δ+, by ϕH(F ) = τ(F,H).
To the best of the authors’ knowledge, the general solution of (5.3) is known

for a proper subset of sup-continuous triangle functions only [24].

Definition 5.1. A mapping ϕ : Δ+ → Δ+ is said to be sup-continuous if, for
every family {Fι | ι ∈ I} of d.d.f.’s,

sup
ι∈I

ϕ (Fι) = ϕ

(
sup
ι∈I

Fι

)
,

while a triangle function τ is sup-continuous if, for every family {Fι | ι ∈ I}
of d.d.f.’s, and for every G ∈ Δ+,

sup
ι∈I

τ(Fι, G) = τ

(
sup
ι∈I

Fι, G

)
.
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Tardiff (see [38, Sect. 6.2]) proved that τT is sup-continuous whenever T is
a continuous t-norm and that convolution is not sup-continuous.

In looking for solutions of the Cauchy’s equation, the following lemma
allows us to restrict our attention to a subset of Δ+ in the presence of sup-
continuity.

Lemma 5.2. [22, Lemma 4.4] When both ϕ : Δ+ → Δ+ and the triangle func-
tion τ are sup-continuous, ϕ is a solution of the Cauchy’s equation (5.3) if,
and only if

ϕ (τ (δa,b, δc,d)) = τ (ϕ (δa,b) , ϕ (δc,d)) , (5.4)

for all a and c in R+, and for all b and d in [0, 1], where

δa,b(x) :=

⎧⎪⎨
⎪⎩

0, x ∈ [0, a] ,
b, x ∈ ]a,+∞[ ,
1, x = +∞.

Definition 5.2. Given a lattice L, an order automorphism is a mapping ϕ :
L → L such that both ϕ and ϕ−1 are order-preserving.

When Δ+ is regarded as a lattice, one has the following result, proved in
greater generality by Powers.

Theorem 5.3. [19, Theorem 3.4] For a mapping ϕ : Δ+ → Δ+ the following
are equivalent
(a) ϕ is an order-automorphism of Δ+;
(b) there are an order-automorphism θ of [0, 1] and an order-automorphism

γ of R+ such that ϕ = θ ◦ idΔ+ ◦ γ, or, equivalently, such that, for every
F ∈ Δ+,

ϕ(F ) = θ ◦ F ◦ γ. (5.5)

The previous theorem immediately allows us to solve the Cauchy’s equa-
tion (5.3) in the important case of triangle functions of the type τT .

Theorem 5.4. [22, Theorem 5.3] If T is a strict Archimedean t-norm with an
additive generator g, i.e., g(0) = +∞, then, for an order automorphism ϕ of
Δ+, the following statements are equivalent:
(a) ϕ is a solution of the Cauchy’s equation for τT ;
(b) there exist two strictly positive numbers k and l such that, for every

x ∈ R+ and for every F ∈ Δ+,

(ϕ(F )) (x) = g−1 (k · g (F (l · x))) .

If T is a continuous, non-strict Archimedean t-norm with an additive gen-
erator g, i.e., g(0) < +∞, then, for an order automorphism ϕ of Δ+, the
following statements are equivalent:
(a) ϕ is a solution of the Cauchy’s equation for τT ;
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(b) there exists a strictly positive number l such that, for every x ∈ R+ and
for every F ∈ Δ+,

(ϕ(F )) (x) = F (l · x).

Finally, we note that Riedel ([23]) has extended the above results to the
case when the triangle function τ of equation (5.3) is of the form τ = τT,L

where T is an Archimedean t-norm with a generator g, viz.

T (u, v) = g(−1)(g(u) + g(v))

and L is of the form

L(x, y) = f−1(f(x) + f(y));

here f is a continuous, strictly increasing map from R+ onto R+ such that
f(0) = 0.

We also mention that Alsina and Schweizer ([6], but see also [18]), relying
on the theory of duality (see Sect. 3), proved that τM is the unique solution
of the functional equation

τ

(
F

(
id

R+

a

)
, F

(
id

R+

b

))
= F

(
id

R+

a + b

)
,

where F is in Δ+, a and b are strictly positive real numbers and id
R+

is the
identity function on R+.

6. Functional inequalities: dominance

The concept of dominance plays a crucial role in the definition of products of
probabilistic metric (and normed) spaces (see [16,38,39]). It was introduced
for triangle functions in [39] but was soon extended to binary operations on a
partially ordered set ([35]). We state the definition in this more general setting.

Definition 6.1. Let (X,≤) be a partially ordered set and let f and g be two
binary operations on X. Then f dominates g, written f � g, if, for all x, y,
u, and v in X,

f(g(x, y), g(u, v)) ≥ g(f(x, u), f(y, v)). (6.1)

When the operations share the same neutral element, dominance between
them induces their order. Associativity and symmetry, resp. bisymmetry, of the
operation ensure its self-dominance (see also [27,35,39]). Therefore, it imme-
diately follows that dominance is an antisymmetric and reflexive relation on
the set of triangle functions as well as on the set of all t-norms. The question
of whether it is also transitive on the set of t-norms has been open for sev-
eral years. Examples of the transitivity of dominance in special families lead
to the conjecture that this would indeed be the case in general [8,13,33,37]).
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However, it was proved by Sarkoci [34] that the dominance relation is not tran-
sitive on the class of continuous t-norms and therefore also not on the class
of t-norms, in general. Sarkoci’s counterexample was found among continu-
ous ordinal sums of t-norms and was based on the violation of the necessary
conditions for dominance between such t-norms (compare also [28,31]). The
example of non-transitivity of dominance given in [8, Example 4.2.3] deals with
functions that are associative, commutative, but not increasing.

Since triangle functions of the type ΠT are pointwise induced by some
left-continuous t-norm, we can immediately state the following result.

Corollary 6.1. The dominance relation is reflexive and antisymmetric, but not
transitive on the set of triangle functions.

It is remarkable that although dominance has been introduced for oper-
ations on partially ordered sets, it had been discussed mainly for triangle
functions and t-norms. With the introduction of dominance for aggregation
functions in [29], the discussion of dominance in a more general setting has
been revived. In this section we prove several general results on dominance
between operations on Δ+. Since there is no full characterization of such oper-
ations but there are several classes known, we then turn to dominance between
members of such classes and, in particular, dominance between triangle func-
tions included in these classes in Sect. 7.

6.1. General results on dominance

Since triangle functions are increasing in each argument and associative as well
as commutative the following results follow immediately.

Proposition 6.2. [39] For an arbitrary triangle function τ , τ � τ and ΠM � τ .

Moreover, ΠM dominates any operation on Δ+ which is increasing in each
argument.

Corollary 6.3. The triangle function ΠM dominates all n-ary operations α on
Δ+ that are increasing in each place.

Proof. Let α be an n-ary operation on Δ+ which is increasing in each argu-
ment, let F1, . . . , Fn, G1, . . . , Gn be in Δ+ and choose x ∈ R; then

α(F1, . . . , Fn)(x) ≥ α (min{F1, G1}, . . . ,min{Fn, Gn}) (x),
α(G1, . . . , Gn)(x) ≥ α (min{F1, G1}, . . . ,min{Fn, Gn}) (x).

Therefore,

α (min{F1, G1}, . . . ,min{Fn, Gn}) (x)
≤ min {α(F1, . . . , Fn)(x), α(G1, . . . , Gn)(x)}
= ΠM (α(F1, . . . , Fn), α(G1, . . . , Gn)) (x).

�
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Proposition 6.4. Let α, αi, αj, αk be binary operations on Δ+ that are increas-
ing in each place. If for some i, j, k ∈ N, αi, αj, αk dominate α, then the
mapping βi,j,k : (Δ+)4 → Δ+ defined, for all x ∈ R, by

βi,j,k(F1, F2, F3, F4)(x) := αi(αj(F1, F2), αk(F3, F4))(x)

is increasing in each place and dominates α.

Proof. Since αi, αj , and αk are increasing in each place, so is also βi,j,k. Let
Fi and Gi (i = 1, . . . , 4) be in Δ+. Then

βi,j,k(α(F1, G1), α(F2, G2), α(F3, G3), α(F4, G4))
= αi(αj(α(F1, G1), α(F2, G2)), αk(α(F3, G3), α(F4, G4)))
≥ αi(α(αj(F1, F2), αj(G1, G2)), α(αk(F3, F4), αk(G3, G4)))
≥ α(αi(αj(F1, F2), αk(F3, F4)), αi(αj(G1, G2), αk(G3, G4)))
= α(βi,j,k(F1, F2, F3, F4), βi,j,k(G1, G2, G3, G4)).

�
This rather general proposition allows us to derive several results on domi-

nance for binary operations on Δ+ by considering special αi’s or by restricting
them to subclasses of (Δ+)4.

Proposition 6.5. Let α, αi, αj and αk be binary operations on Δ+ that are
increasing in each place and define the following operations on Δ+:

β
(2)
i,j,k : (Δ+)2 → Δ+, β

(2)
i,j,k(F1, F2) := αi(αj(F1, F2), αk(F1, F2));

β
(3,1)
i,k : (Δ+)3 → Δ+, β

(3,1)
i,k (F1, F3, F4) := αi(F1, αk(F3, F4));

β
(3,2)
i,j : (Δ+)3 → Δ+, β

(3,2)
i,j (F1, F2, F3) := αi(αj(F1, F2), F3).

If αi, αj and αk dominate α, then β
(2)
i,j,k dominates α. If αi and αk, resp. αj,

dominates α, then β
(3,1)
i,k , resp. β

(3,2)
i,j , dominates α.

Proof. Let α, αi, αj , αk be binary operations on Δ+ that are increasing in each
place. Then, for all F1 and F2 in Δ+, β

(2)
i,j,k(F1, F2) = βi,j,k(F1, F2, F1, F2) so

that, because of Proposition 6.4, β
(2)
i,j,k dominates α whenever αi, αj and αk

dominate α. Moreover, for all F1, F2, F3 and F4 in Δ+,

β
(3,1)
i,k (F1, F3, F4) = αi(ΠM (F1, ε0), αk(F3, F4));

β
(3,2)
i,j (F1, F2, F3) = αi(αj(F1, F2),ΠM (F3, ε0)).

Since ΠM dominates all the operations on Δ+ that are increasing in each place,
it follows that β

(3,1)
i,k , resp. β

(3,2)
i,j , dominates α whenever αi and αk, resp. αj ,

dominate α. �
It is immediate that, by recursion, the previous result can be extended to

n-ary operations recursively defined by some binary operations αi.



Vol. 80 (2010) A primer on triangle functions II 255

Corollary 6.6. Let α, α1, . . . , αn (n ∈ N) be some binary operations on Δ+

that are increasing in each place. Then, for all F1, . . . , Fn+1 in Δ+, the oper-
ations β(n+1), β(n+1) : (Δ+)n+1 → Δ+ defined by

β(n+1)(F1, . . . , Fn+1) := αn(αn−1(αn−2(. . . , . . . ), Fn), Fn+1);
β(n+1)(F1, . . . , Fn+1) := αn(F1, αn−1(F2, αn−2(. . . , . . . )))

dominate α whenever every αi (i = 1, . . . , n) dominates α.

6.2. Triangle inequalities in probabilistic metric spaces

In probabilistic metric (=PM) spaces a function F assigns to each pair of
elements p and q in a non-empty set X a d.d.f.. Then, for x > 0, the value
F(p, q)(x) is interpreted as the probability that the distance between p and q
is less than x. The triangle inequality takes, for all p, q, r ∈ X, the following
form

F(p, r) ≥ τ(F(p, q),F(p, q))

where τ denotes a triangle function associated with the given PM space. Dif-
ferent PM spaces will be characterized by the choice of the triangle function
τ . For more details and special classes of PM spaces, we recommend [35].

Several proposals for products of PM spaces may be found in the literature
(see, e.g., [3,7,10,16,38,39]). We prove a more general result that covers the
approaches mentioned before for the case of finite products.

Theorem 6.7. Consider a (finite) family of PM spaces (Xi,Fi, τi), i = 1, . . . , n,
n ∈ N, let α be an n-ary operation on Δ+ which is increasing in each place,
and define

−→F on X :=
∏n

i=1 Xi, for all −→p , −→q , −→r in X, by
−→F (−→p ,−→q ) = α(F1(p1, q1), . . . ,Fn(pn, qn)). (6.2)

If there exists a triangle function τ such that α dominates τ , τ � α, and that
τ ≤ τi for every i = 1, . . . , n, then

−→F satisfies the triangle inequality on X

with respect to τ , so that (X,
−→F , τ) is a probabilistic metric space..

Proof. Because α dominates τ and is increasing in each argument, we can
conclude that

τ(
−→F (−→p ,−→q ),

−→F (−→q ,−→r ))
= τ(α(F1(p1, q1), . . . ,Fn(pn, qn)), α(F1(q1, r1), . . . ,Fn(qn, rn)))
≤ α(τ(F1(p1, q1),F1(q1, r1)), . . . , τ(Fn(pn, qn),Fn(qn, rn)))
≤ α(τ1(F1(p1, q1),F1(q1, r1)), . . . , τn(Fn(pn, qn),Fn(qn, rn)))

≤ α(F1(p1, r1), . . . ,Fn(pn, rn)) =
−→F (−→p ,−→r ),

which concludes the proof. �
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Since every triangle function τ dominates itself, it follows that also every
τ -power dominates τ , since in this case τn = β(n) with α = τ as described
by Corollary 6.6. Therefore, any finite τ -product of probabilistic metric spaces
(Xi,Fi, τi) where τi ≥ τ is a probabilistic metric space under τ (compare
also [3]).

In addition, since every weighted mean, and, hence, in particular, the arith-
metic mean AM dominates W (see [20,21,29]), ΠAM dominates ΠW as well
as τW,L for arbitrary L ∈ L (see also Propositions 7.1 and 7.7 below). Further,
because of Corollary 6.6, for every n ∈ N, β(n) applied to ΠAM also dominates
τW,L. In this case one explicitly has for β(n) and for all Fi ∈ Δ+

β(n)(F1, F2 . . . , Fn) =
n∑

i=1

1
2i

Fi

such that every (finite) Σ-product of Menger spaces with respect to τW is again
a Menger space with respect to τW (compare also [3]).

Similar considerations hold for probabilistic normed spaces (see [36]).

7. Functional inequalities: dominance in special classes

Some of the results we prove in this section are new while others extend those
by Tardiff [38, Theorem 6.11] proved for the special case of L = + only. We
shall often use the following class of d.d.f.’s: for a ∈ [0, 1], define γa : R → [0, 1]
by

γa(x) :=

⎧⎪⎨
⎪⎩

0, if x ≤ 0,

a, if 0 < x < ∞,

1, if x = ∞.

(7.1)

Each γa belongs to Δ+. Notice that ε0 = γ1 and ε∞ = γ0. Moreover, the set
γ+ := {γa | a ∈ [0, 1]} is linearly ordered, i.e., γa ≤ γb whenever a ≤ b, so that
(γ+,≤, γ0, γ1) forms a sub-chain of the lattice (Δ+,≤, ε∞, ε0).

7.1. Pointwise induced operations

Let us first turn to pointwise induced operations ΠA on Δ+, in partic-
ular to pointwise induced triangle functions. Recall that ΠA(F,G)(x) =
A(F (x), G(x)) for all x ∈ R.

Theorem 7.1. Let A1 and A2 be two left-continuous binary aggregation func-
tions on [0, 1]. Then ΠA1 dominates ΠA2 if, and only if, A1 dominates A2.
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Proof. It is immediate that, whenever A1 dominates A2, also ΠA1 dominates
ΠA2 . Vice versa, assume that ΠA1 dominates ΠA2 . Then we wish to show that,
for all a, b, c and d in [0, 1],

A1(A2(a, b), A2(c, d)) ≥ A2(A1(a, c), A1(b, d)).

Let a, b, c, and d be fixed arbitrarily in [0, 1]; then, for every x ∈ ]0,+∞[,

A1(A2(a, b), A2(c, d)) = A1(A2(γa(x), γb(x)), A2(γc(x), γd(x)))
= A1(ΠA2(γa, γb)(x),ΠA2(γc, γd)(x))
= ΠA1(ΠA2(γa, γb),ΠA2(γc, γd))(x)
≥ ΠA2(ΠA1(γa, γc),ΠA1(γb, γd))(x)
= A2(A1(a, c), A1(b, d)).

�

Corollary 7.2. Let T1 and T2 be two left-continuous t-norms. Then ΠT1 domi-
nates ΠT2 if, and only if, T1 dominates T2.

7.2. Operations involving semicopulas

We now invoke mainly known sufficient conditions for operations involving
semicopulas. For a detailed discussion on these, we refer to [32, Sect. 7].

Theorem 7.3. Let S1 and S2 be left-continuous semicopulas and let L1, L2 ∈ L
satisfy condition (LS). Then, the following holds:

(a) If S1 � S2 and L1 � L2, then τS1,L1 � τS2,L2 .
(b) If L1 and L2 fulfil (LB) and τS1,L1 � τS2,L2 , then S1 � S2.

Proof. Consider two left-continuous semicopulas S1 and S2, let L1 and L2 in
L satisfy (LS), and let x be in R. Assume first that S1 dominates S2 and that
L1 is dominated by L2, S1 � S2 and L1 � L2.

Define

Ax,12 = {(u1, u2, v1, v2) | L1(L2(u1, u2), L2(v1, v2)) = x},

Ax,21 = {(a1, b1, a2, b2) | L2(L1(a1, b1), L1(a2, b2)) = x},

F : R
4 → [0, 1] , F (a, b, c, d) := S2(S1(F1(a), G1(b)), S1(F2(c), G2(d))).

Since L2 dominates L1, it follows that, for every (a1, b1, a2, b2) ∈ Ax,21,

L1(L2(a1, a2), L2(b1, b2)) ≤ L2(L1(a1, b1), L1(a2, b2)) = x.

If equality holds, then (a1, a2, b1, b2) belongs also to Ax,12. Otherwise, set

y := L1(L2(a1, a2), L2(b1, b2)) < L2(L1(a1, b1), L1(a2, b2)) = x.
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Since L1 and L2 are increasing and continuous in each place (except, possibly,
at (0,∞) and (∞, 0)), there exist a∗

1, a∗
2, b∗

1, and b∗
2 with a∗

1 > a1, a∗
2 > a2,

b∗
1 > b1, and b∗

2 > b2, such that

L1(L2(a∗
1, a2), L2(b1, b2)) = L1(L2(a1, a

∗
2), L2(b1, b2))

= L1(L2(a1, a2), L2(b∗
1, b2))

= L1(L2(a1, a2), L2(b1, b
∗
2)) = x,

thus all quadruples in the previous expression belong to Ax,12. Since S1 and
S2 are increasing in each place, it follows that

F (a∗
1, b1, a2, b2) ≥ F (a1, b1, a2, b2), F (a1, b

∗
1, a2, b2) ≥ F (a1, b1, a2, b2),

F (a1, b1, a
∗
2, b2) ≥ F (a1, b1, a2, b2), F (a1, b1, a2, b

∗
2) ≥ F (a1, b1, a2, b2),

and, therefore, for all (a1, b1, a2, b2) ∈ Ax,21 there exists (u1, u2, v1, v2) ∈ Ax,12

such that F (u1, u2, v1, v2) ≥ F (a1, b1, a2, b2) and, even more, that

sup
Ax,12

F (u1, v1, u2, v2) ≥ sup
Ax,21

F (a1, b1, a2, b2).

Then, because the semicopulas involved are left-continuous, and because S1 �
S2 and L1 � L2, one has, for arbitrary F1, F2, G1 and G2 in Δ+,

τS1,L1 (τS2,L2(F1, F2), τS2,L2(G1, G2)) (x)

= sup
L1(u,v)=x

S1

(
sup

L2(u1,u2)=u

S2(F1(u1), F2(u2)), sup
L2(v1,v2)=v

S2(G1(v1), G2(v2))

)

= sup
L1(L2(u1,u2),L2(v1,v2))=x

S1(S2(F1(u1), F2(u2)), S2(G1(v1), G2(v2)))

≥ sup
L1(L2(u1,u2),L2(v1,v2))=x

S2(S1(F1(u1), G1(v1)), S1(F2(u2), G2(v2)))

= sup
L1(L2(u1,u2),L2(v1,v2))=x

F (u1, v1, u2, v2)

≥ sup
L2(L1(a1,b1),L1(a2,b2))=x

F (a1, b1, a2, b2)

= sup
L2(L1(a1,b1),L1(a2,b2))=x

S2(S1(F1(a1), G1(b1)), S1(F2(a2), G2(b2)))

= sup
L2(a,b)=x

S2

(
sup

L1(a1,b1)=a

S1(F1(a1), G1(b1)), sup
L1(a2,b2)=b

S1(F2(a2), G2(b2))

)

= τS2,L2(τS1,L1(F1, G1), τS1,L1(F2, G2))(x)

which concludes the first part of the proof.
Next assume that L1 and L2 fulfil (LB), i.e., Ax,i = {(u, v) | Li(u, v) = x} is

bounded, for every x ∈ [0,+∞[, so that u < ∞ and v < ∞, for all (u, v) ∈ Ax,i.
As a consequence, for every x ∈ [0,+∞[, for every left-continuous semicopula
Si and for arbitrary a and b in [0, 1],

τSi,Li
(γa, γb)(x) = sup

Ax,i

Si(γa(u), γb(v)) = max{0, Si(a, b)} = Si(a, b)

= γSi(a,b)(x).
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Further, assume that τS1,L1 dominates τS2,L2 . Let a, b, c, and d be in ]0, 1] and
let x be in [0,+∞]. Then there exist u1, u2, v1, v2 in [0,+∞] with L1(u1, v1) =
x and L2(u2, v2) = x and

τS2,L2(γa, γb)(u1) = S2(a, b) = γS2(a,b)(u1),
τS2,L2(γc, γd)(v1) = S2(c, d) = γS2(c,d)(v1),
τS1,L1(γa, γc)(u2) = S1(a, c) = γS1(a,c)(u2),
τS1,L1(γb, γd)(v2) = S1(b, d) = γS1(b,d)(v2).

One can then conclude

S1(S2(a, b), S2(c, d)) = sup
L1(u1,v1)=x

{0, S1(S2(a, b), S2(c, d))}

= sup
L1(u1,v1)=x

S1(τS2,L2(γa, γb)(u1), τS2,L2(γc, γd)(v1))

= τS1,L1(τS2,L2(γa, γb), τS2,L2(γc, γd))(x)
≥ τS2,L2(τS1,L1(γa, γc), τS1,L1(γb, γd))(x)
= S2(S1(a, c), S1(b, d)).

If 0 is in {a, b, c, d}, then

S1(S2(a, b), S2(c, d)) = 0 = S2(S1(a, c), S1(b, d)),

since 0 is the unique null element of each semicopula; thus dominance is proved.
�

The next result is an immediate consequence of the fact that, for an oper-
ation L ∈ L, conditions (LS) and (L0) imply condition (LB).

Proposition 7.4. Let T1 and T2 be two left-continuous t-norms and let L1, L2 ∈
L be commutative, associative, and fulfil conditions (LS) and (L0). Then the
following holds:
(a) If T1 � T2 and L1 � L2, then τT1,L1 � τT2,L2 .
(b) If τT1,L1 � τT2,L2 , then T1 � T2.

Notice that the commutativity and the associativity of L imply its bisym-
metry, i.e., L dominates itself. Therefore, the following holds.

Corollary 7.5. Let T1 and T2 be two left-continuous t-norms and let L ∈ L be
commutative, associative, and fulfil conditions (LS) and (L0). Then T1 domi-
nates T2 if, and only if, τT1,L dominates τT2,L.

Analogously one can conclude as follows.

Corollary 7.6. Let T be a left-continuous t-norm and let L1, L2 ∈ L be commu-
tative, associative, and fulfil conditions (LS) and (L0). If L2 dominates L1,
then τT,L1 dominates τT,L2 .
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Proposition 7.7. Let A1 be a left-continuous aggregation function. Let S2 be a
left-continuous semicopula and L ∈ L satisfy condition (LS).

(a) If A1 � S2, then ΠA1 � τS2,L;
(b) if L fulfils (LB) and ΠA1 � τS2,L, then A1 � S2.

Proof. (a) For arbitrary x ∈ R, and for all F1, F2, G1 and G2 in Δ+, one has

ΠA1(τS2,L(F1, F2), τS2,L(G1, G2))(x)

= A1

(
sup

L(u1,u2)=x

S2(F1(u1), F2(u2)), sup
L(v1,v2)=x

S2(G1(v1), G2(v2))

)

≥ sup
L(u,v)=x

A1(S2(F1(u), F2(v)), S2(G1(u), G2(v)))

≥ sup
L(u,v)=x

S2(A1(F1(u), G1(u)), A1(F2(v), G2(v)))

= τS2,L (ΠA1(F1, G1),ΠA1(F2, G2)) (x).

(b) Let L fulfil (LB), let ΠA1 dominate τS2,L, and let a, b, c and d be in
]0, 1]. For every x ∈ [0,+∞], there exist u and v in [0,+∞] with L(u, v) = x;
therefore

A1(S2(a, b), S2(c, d)) = A1 (τS2,L(γa, γb)(x), τS2,L(γc, γd)(x))
= ΠA1(τS2,L(γa, γb), τS2,L(γc, γd))
≥ τS2,L(ΠA1(γa, γc),ΠA1(γb, γd))(x)
= sup

L(u,v)=x

S2(ΠA1(γa, γc)(u),ΠA1(γb, γd)(v))

= max{0, S2(A1(a, c), A1(b, d))}
= S2(A1(a, c), A1(b, d)).

If 0 belongs to {a, b, c, d}, then A1 trivially dominates S2. �

In particular, if A1 and S2 are left-continuous t-norms and, moreover, if L
fulfils (L0), and therefore also (LB), then the following result holds.

Proposition 7.8. Let T1 and T2 be two left-continuous t-norms and let L ∈ L
be commutative, associative, and fulfil the conditions (LS) and (L0). Then T1

dominates T2 if, and only if, ΠT1 dominates τT2,L.

7.3. Operations involving co-semicopulas, quasi-copulas, or copulas

Theorem 7.9. Let S∗
1 and S∗

2 be two continuous co-semicopulas and let L1, L2 ∈
L satisfy (LS) and (L0). If S∗

1 dominates S∗
2 , S∗

1 � S∗
2 , and L1 is dominated

by L2, L1 � L2, then τ∗
S∗

1 ,L1
� τ∗

S∗
2 ,L2

.
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Proof. For an arbitrary x ∈ R, and for arbitrary F1, F2, G1 and G2 in Δ+ the
following holds, because of the continuity of the co-semicopulas involved and
the fact that S∗

1 � S∗
2 ,

τ∗
S∗
1 ,L1

(
τ∗
S∗
2 ,L2

(F1, F2), τ∗
S∗
2 ,L2

(G1, G2)
)

(x)

= inf
L1(u,v)=x

S∗
1

(
inf

L2(u1,u2)=u
S∗

2 (F1(u1), F2(u2)), inf
L2(v1,v2)=v

S∗
2 (G1(v1), G2(v2))

)
= inf

L1(L2(u1,u2),L2(v1,v2))=x
S∗

1 (S∗
2 (F1(u1), F2(u2)), S∗

2 (G1(v1), G2(v2)))

≥ inf
L1(L2(u1,u2),L2(v1,v2))=x

S∗
2 (S∗

1 (F1(u1), G1(v1)), S∗
1 (F2(u2), G2(v2))) .

Define

Ax,12 = {(u1, u2, v1, v2) | L1(L2(u1, u2), L2(v1, v2)) = x};
Ax,21 = {(a1, b1, a2, b2) | L2(L1(a1, b1), L1(a2, b2)) = x};

F : R
4 → [0, 1] , F (a, b, c, d) := S∗

2 (S∗
1 (F1(a), G1(b)), S∗

1 (F2(c), G2(d))).

Since L1 is dominated by L2, for every (u1, u2, v1, v2) ∈ Ax,12 it follows that

L2(L1(u1, v1), L1(u2, v2)) ≥ L1(L2(u1, u2), L2(v1, v2)) = x.

If equality holds, then (u1, v1, u2, v2) belongs to Ax,21. Otherwise, set

y := L2(L1(u1, v1), L1(u2, v2)) > x.

Since L1 and L2 are increasing and continuous in each place, there exist u∗
1,

u∗
2, v∗

1 and v∗
2 with u∗

1 < u1, u∗
2 < u2, v∗

1 < v1, or v∗
2 < v2, such that

L2(L1(u∗
1, v1), L1(u2, v2)) = L2(L1(u1, v

∗
1), L1(u2, v2))

= L2(L1(u1, v1), L1(u∗
2, v2))

= L2(L1(u1, v1), L1(u2, v
∗
2)) = x,

i.e. all the quadruples involved are in Ax,21. Since S∗
1 and S∗

2 are increasing in
each place, it follows that

F (u∗
1, v1, u2, v2)≤F (u1, v1, u2, v2), F (u1, v

∗
1 , u2, v2)≤F (u1, v1, u2, v2),

F (u1, v1, u
∗
2, v2)≤F (u1, v1, u2, v2), F (u1, v1, u2, v

∗
2)≤F (u1, v1, u2, v2),

and, therefore, that

inf
L1(L2(u1,u2),L2(v1,v2))=x

F (u1, v1, u2, v2)≥ inf
L2(L1(a1,b1),L1(a2,b2))=x

F (a1, b1, a2, b2).
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But S∗
1 and S∗

2 are continuous so that

τ∗
S∗

1 ,L1
(τ∗

S∗
2 ,L2

(F1, F2), τ∗
S∗

2 ,L2
(G1, G2))(x)

≥ inf
L1(L2(u1,u2),L2(v1,v2))=x

F (u1, v1, u2, v2)

≥ inf
L2(L1(a1,b1),L1(a2,b2))=x

F (a1, b1, a2, b2)

= inf
L2(L1(a1,b1),L1(a2,b2))=x

S∗
2 (S∗

1 (F1(a1), G1(b1)), S∗
1 (F2(a2), G2(b2)))

= inf
L2(a,b)=x

S∗
2

(
inf

L1(a1,b1)=a
S∗
1 (F1(a1), G1(b1)), inf

L1(a2,b2)=b
S∗
1 (F2(a2), G2(b2))

)

= τ∗
S∗

2 ,L2

(
τ∗

S∗
1 ,L1

(F1, G1), τ∗
S∗

1 ,L1
(F2, G2)

)
(x),

which proves the assertion. �

The following corollaries describe particular instances for triangle functions
involving t-conorms or, respectively, quasi-copulas.

Corollary 7.10. Let T ∗
1 and T ∗

2 be continuous t-conorms and let L1, L2 ∈ L
be commutative, associative and satisfy (LS) and (L0). If T ∗

1 dominates T ∗
2 ,

T ∗
1 � T ∗

2 , and L1 is dominated by L2, L1 � L2, then τ∗
T ∗

1 ,L1
� τ∗

T ∗
2 ,L2

.

Corollary 7.11. Let Q1 and Q2 be two symmetric quasi-copulas such that Q1

and Q2 are associative and let L1, L2 ∈ L be commutative, associative and
satisfy (LS) and (L0). If Q1 � Q2 and L1 � L2, then ρQ1,L1 � ρQ2,L2 .

Proof. It was proved in [32, Corollary 9.2] that under the present assumption,
ρQi,Li

= τ∗
Qi,Li

, thus the result follows immediately. �

Notice that the condition Q1 � Q2 reads, for all x, y, u, v in [0, 1], as

Q1(Q2(x, y), Q2(u, v)) = Q2(x, y) + Q2(u, v) − Q1(Q2(x, y), Q2(u, v))
= x + y + u + v − Q2(x, y) − Q2(u, v)

−Q1(x + y − Q2(x, y), u + v − Q2(u, v))
≥ x + y + u + v − Q1(x, u) − Q1(y, v)

−Q2(x + u − Q1(x, u), y + v − Q1(y, v)),

which is equivalent to

Q2(x, y) + Q2(u, v) − Q2(x + u − Q1(x, u), y + v − Q1(y, v))
≤ Q1(x, u) + Q1(y, v) − Q1(x + y − Q2(x, y), u + v − Q2(u, v)).

Since commutativity and associativity of an operation imply its bisymmetry
and, therefore, its self-dominance, the following corollaries follow.

Corollary 7.12. Let T ∗
1 and T ∗

2 be continuous t-conorms and let L ∈ L be com-
mutative, associative and satisfy (LS) and (L0). If T ∗

1 dominates T ∗
2 , T ∗

1 � T ∗
2 ,

then τ∗
T ∗

1 ,L � τ∗
T ∗

2 ,L.
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Corollary 7.13. Let T ∗ be a continuous t-conorm and let L1, L2 ∈ L be com-
mutative, associative and satisfy (LS) and (L0). If L1 is dominated by L2,
L1 � L2, L1 � L2, then τ∗

T ∗,L1
� τ∗

T ∗,L2
.

Corollary 7.14. Let C1 and C2 be two associative copulas (and, thus, also
two continuous t-norms). Then σC1,max dominates σC2,max if, and only if, C1

dominates C2.

Proof. Since, for an associative copula C, the triangle function σC,max coin-
cides with ΠC (see [32, Lemma 10.4]), the result follows. �

8. Functional inequalities: Jensen convexity

Convexity is an important property for every family of mappings; in the con-
text of triangle functions, one has the following definition.

Definition 8.1. A triangle function τ is said to be Jensen-convex if, for all F ,
G, H, K in Δ+, one has

τ

(
F + G

2
,
H + K

2

)
≤ 1

2
τ(F,H) +

1
2
τ(G,K). (8.1)

The following lemma is an immediate consequence of the fact that the
arithmetic mean dominates W .

Lemma 8.1. The triangle function ΠW defined by

ΠW (F,G)(x) := max{F (x) + G(x) − 1, 0} (F,G ∈ Δ+)

is Jensen-convex.

In [5] inequality (8.1) is studied under slightly different assumptions. There-
fore, we give here the details for d.d.f.’s and triangle functions.

Lemma 8.2. For a continuous triangle function τ the following statements are
equivalent:

(a) τ is Jensen-convex;
(b) for all sequences of d.d.f.’s (Fn) and (Gn), τ satisfies the following

inequality

τ

⎛
⎝∑

j∈N

Fj

2j
,
∑
j∈N

Gj

2j

⎞
⎠ ≤

∑
j∈N

1
2j

τ(Fj , Gj). (8.2)

Proof. (b) =⇒ (a) Given F , G, H, K in Δ+, choose the sequences (Fn) and
(Gn) in the following way: F1 = F , G1 = H, while, for n ≥ 2, Fn = G and
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Gn = K. Thus

τ

(
F + G

2
,
H + K

2

)
= τ

⎛
⎝F

2
+ G

∑
n≥2

1
2n

,
H

2
+ K

∑
n≥2

1
2n

⎞
⎠

≤ 1
2

τ(F,H) + τ(G,K)
∑
n≥2

1
2n

=
1
2

τ(F,H)

+
1
2

τ(G,K).

(a) =⇒ (b) We prove by induction that, for every n ≥ 2, the following
inequality holds

τ

⎛
⎝ n∑

j=1

Fj

2j
+

ε∞
2n

,

n∑
j=1

Gj

2j
+

ε∞
2n

⎞
⎠ ≤

n∑
j=1

τ(Fj , Gj)
2j

+
ε∞
2n

. (8.3)

For n = 2, (8.1) yields

τ

(
F1

2
+

F2

4
+

ε∞
4

,
G1

2
+

G2

4
+

ε∞
4

)

= τ

(
F1

2
+

1
2

F2 + ε∞
2

,
G1

2
+

1
2

G2 + ε∞
2

)

≤ 1
2

τ(F1, G1) +
1
2

τ

(
F2 + ε∞

2
,
G2 + ε∞

2

)

≤ 1
2

τ(F1, G1) +
1
4

τ(F2, G2) +
1
4

τ(ε∞, ε∞)

=
1
2

τ(F1, G1) +
1
4

τ(F2, G2) +
1
4

ε∞,

namely (8.3) for n = 2. Assume now that (8.3) holds for a natural number
n ≥ 2. Then

τ

⎛
⎝n+1∑

j=1

Fj

2j
+

ε∞
2n+1

,

n+1∑
j=1

Fj

2j
+

ε∞
2n+1

⎞
⎠

= τ

⎡
⎣F1

2
+

1
2

⎛
⎝n+1∑

j=2

Fj

2j−1
+

ε∞
2n

⎞
⎠ ,

G1

2
+

1
2

⎛
⎝n+1∑

j=2

Gj

2j−1
+

ε∞
2n

⎞
⎠
⎤
⎦

≤ τ(F1, G1)
2

+
1
2

τ

⎛
⎝n+1∑

j=2

Fj

2j−1
+

ε∞
2n

,
n+1∑
j=2

Gj

2j−1
+

ε∞
2n

⎞
⎠



Vol. 80 (2010) A primer on triangle functions II 265

≤ τ(F1, G1)
2

+
1
2

⎛
⎝n+1∑

j=2

τ(Fj , Gj)
2j−1

+
ε∞
2n

⎞
⎠

=
n+1∑
j=1

τ(Fj , Gj)
2j

+
ε∞

2n+1
,

which proves (8.3) in general. The continuity of τ now yields the assertion. �

As in [5] one can now prove that ΠW is the strongest solution of inequality
(8.1).

Theorem 8.3. [5, Theorem 1] For every continuous Jensen-convex triangle
function τ , one has τ ≤ ΠW .

9. Open questions

As in the first part of this primer ([32]) we end by listing a few open questions.
1. Cauchy’s equation (5.3) has been studied only when the triangle function

τ is of the form τ = τT or τ = τT,L, with restriction on both the t-norm
T and on the function L. What are the solutions of (5.3) when τ belongs
to a different family of triangle functions?

2. Cauchy’s functional equation is the most fundamental, and, therefore, the
most natural functional equation to study, see Chaps. 2–4 in [2]; but, of
course, there are many other analogues of important functional equations
to be considered.

3. Are there results similar to those of Sect. 8 when Jensen-convexity is
replaced by convexity? In other words it is interesting to study the
inequality

τ (α F + (1 − α)G,α H + (1 − α)K) ≤ α τ(F,H) + (1 − α) τ(G,K)

for α ∈ ]0, 1[.
4. The question naturally comes to one’s mind whether the converse of

Theorem 7.9 holds, namely, whether S∗
1 dominates S∗

2 whenever τ∗
S∗

1 ,L1

dominates τ∗
S∗

2 ,L2
.

5. The commutativity of addition naturally leads to a different form of
inequality (8.1), namely

τ

(
F + G

2
,
H + K

2

)
≤ 1

2
min {τ(F,H) + τ(G,K), τ(F,K) + τ(G,H)} .

This seems to be worth investigating.
6. In recent years great attention has been devoted to the study of Schur-

convexity. A similar study ought to be started for triangle functions.
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10. Conclusion

By extending and streamlining proofs, by making reference to developments
intervened after the original results were presented, by collecting the known
results, by unifying the notation, the authors have aimed at an up-to-date
presentation of triangle functions which are the roots for so many important
functions such as, e.g., copulas and triangular norms. It is remarkable that
copulas and t-norms somehow started to live a life of their own and have been
treated extensively in different contexts. And the authors have been curious
to see the impact of the actual results to the roots, triangle functions. And
indeed, several new perspectives and results could be found. Moreover, the
unified notation has helped to shed a clearer light on some aspects of triangle
functions so that additional new results could be achieved. In particular this
second part profits from these adopted viewpoints. As an example we simply
refer to the large amount of new results related to dominance which is impor-
tant when constructing Cartesian products of probabilistic metric and normed
spaces. The authors, therefore, believe that by this primer, consisting of two
parts with different foci, they have provided the background for future inves-
tigations on triangle functions and a handy reference for interested readers
willing to start research on triangle functions. The list of open questions in
both parts indicate that (new) interesting questions on triangle functions are
still open.
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