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NONSINGULAR BILINEAR FORMS
ON DIRECT SUMS OF IDEALS

BEATA ROTHKEGEL

(Communicated by Stanislav Jakubec)

ABSTRACT. In the paper we formulate a criterion for the nonsingularity of a
bilinear form on a direct sum of finitely many invertible ideals of a domain. We
classify these forms up to isometry and, in the case of a Dedekind domain, up to
similarity.

©2013

Mathematical Institute
Slovak Academy of Sciences

1. Introduction

The theory of bilinear forms over commutative rings is a natural generalization
of the theory of bilinear forms over fields. In both of these theories (in particular
in the construction of the Witt ring) the notion of a nonsingular bilinear form
plays an important role.

Let R be a commutative ring and M be a finitely generated projective
R-module. A symmetric bilinear form «: M x M — R is said to be nonsingular
if the adjoint homomorphism a: M — M* = Hompg (M, R) defined by

a(m)(n) =a(m,n) for all m,n € M,

is an isomorphism of the module M and the module Hompg (M, R) of all linear
functionals f: M — R. When the form « is nonsingular, the bilinear space
(M, «) is said to be nonsingular or an inner product space over R.

Similarly as in the case of a bilinear space over a field, if the module M is free,
then « is nonsingular if and only if its matrix in any basis of M is invertible. But
unlike a space over a field, in general the module M has not a basis. Therefore

2010 Mathematics Subject Classification: Primary 11E81.
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BEATA ROTHKEGEL

we should formulate a necessary and sufficient condition for the nonsingularity
of a for any finitely generated projective module M, not necessarily free.

In 2] such a condition is given for an invertible fractional ideal of a domain.
In our paper, in Section 2, we prove a criterion for the nonsingularity of a for
a direct sum Iy & --- @ I, of n > 1 invertible ideals I,...,I,. For example,
every finitely generated projective module M of rank n over a one-dimensional
noetherian domain has such a form (cf. [7t Chapter I, Prop. 3.4, 3.5|; M =
I ® R™! for some invertible ideal I of the ring R).

In Section [3 we classify all nonsingular bilinear forms on a module Iy ®- - -® 1,
up to isometry. Assuming R is a Dedekind domain, in Section [d] we classify these
forms up to similarity.

Throughout the paper R* denotes the group of invertible elements of the
ring R.

2. Nonsingularity

In the paper [2] the following theorem is proved.

THEOREM 2.1. ([28 Thm. 2.5]) Let R be a domain and K its field of fractions.
Let I be a fractional ideal in K. The ideal I admits a nonsingular bilinear form
if and only if I? is a principal ideal.

The next theorem describes all nonsingular bilinear forms on I.

THEOREM 2.2. ([28 Thm. 3.1]) Let R be a domain and K its field of fractions.
Let I be a fractional ideal in K and assume I> = pR for somep € K, p # 0.
If a is a nonsingular bilinear form on I, there exists a unique element u € R*
such that for all x,y € I we have

U

a(z,y) = =xy. (1)
p
Conversely, if u € R*, then the map o: I X1 — R defined by () is a nonsingular
bilinear form on I.

We describe all nonsingular bilinear forms on a direct sum of finitely many
fractional ideals.
We use the following lemma.

LeMMA 2.3. ([7: Chapter I, Prop. 3.5]) Let R be a domain and let I be an ideal
i R. If I is invertible, then it is a finitely generated projective R-module of
rank 1 and conversely, each finitely generated projective R-module of rank 1 is
isomorphic to some invertible ideal of R.
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

PROPOSITION 2.4. Let R be a domain and K its field of fractions. Let M
be a direct sum of finitely many fractional ideals in K. Then M is a finitely
generated projective R-module of rank n > 1 if and only if there exist invertible
ideals I, ..., I, of the ring R such that

M=Le &I,

Proof.

(«<=) This implication is obvious. Since every ideal I;, j = 1,...,n, is
a finitely generated projective R-module of rank 1, the module M is finitely
generated, projective and

rank M =rank [} + - -+ rank [, = n.
(=) Let
M=Ji®& --®J;

for some fractional ideals Jq, ..., J; in the field K. We prove that k = n.
Fix j € {1,...,k}. There exists an element 0 # d; € R such that

d;J; < R.
The map v;: J; — d;J; defined by
Y (x) = djx for all z € J;
is an isomorphism of R-modules. Then
M=2diJi @ ®dpJg.

Let m be a maximal ideal in the ring R and M, be the localisation of the module
M at m. Then

Mg = (diJ1), @ @ (dr i)y, -
Since d;J; is a finitely generated projective R-module, the ideal (d;J;), is
a finitely generated projective Ry-module. Therefore (d;J;),, is a free module

(cf. [3t Chapter I, 2.4 Cor.]), so (d;J;) . is a principal ideal, i.e.

m
ranky, (d;J;),, = 1.
Then rank (d;J;) =1, so
n = rank M = rank (d1J;) + - - - + rank (d Jy) = k.
Finally, we have

MngJIEBEBdana
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BEATA ROTHKEGEL

where dqJq,...,d,J, are finitely generated projective R-modules of rank 1.
Therefore by Lemma there exist invertible ideals I, j = 1,...,n, of the
ring R such that d;J; = I;, so
M2L&---3I,.
d

We give a necessary condition for the existence of a nonsingular bilinear form
onI1@---PI,. In order to do that, we use the following properties and theorem
of Steinitz.

LEMMA 2.5. ([7: Chapter I, Lemma 3.1, Prop. 3.5]) Let R be a domain and let
I be an invertible ideal in R. Then

(1) It =717,

(2) I®grJ=1J for any fractional ideal J,

(3) I®rI* = R.
THEOREM 2.6 (Steinitz). ([4 1.1.6]) Let R be a domain and let K be its field
of fractions. If ay,...,ax, by,...,b; are nonzero ideals in R and the R-modules
a1 @ -Pag and by § --- @ by are isomorphic, then there is an element ¢ € K

such that
ap---ag =cby---by.

THEOREM 2.7. Let R be a domain and let I, ..., I, be invertible ideals in R.
If the module I @ - - - ® I, admits a nonsingular bilinear form, then (I - - ‘In)2
18 a principal ideal.

Proof. Leta: @ I;x @ I; — R be anonsingular bilinear form on the module
j=1 " j=1

DI =1® - &I, Then the mapa: @ I; — (@ Ij) is an isomorphism
j=1 J=1 Jj=1
of R-modules, so

P = <€B Ij> :
j=1 j=1
But . . .
(@%‘) =P
j=1 j=1

and by Lemma 2.5 7 = Ij_l. Therefore
Sr=Pr
j=1 j=1

710
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

Obviously
(L L)er@P L= L)ern P
j=1 j=1
SO
P L)yer ) =P (L L)or I ). (2)
j=1 j=1

By Lemma
Moreover,

SO
([1...[n)®R]j—1 >~ (I---I; 4 'Ij+1"'In)®RIj®RIj_1
= (L Ij—1-Ij41--- 1) ®r R
=2 CRERY FERRY FURRERY
Therefore from (2)) it follows that
@(h"'ff“'fn) g@(h"'qu'fjﬂ'“fn).
j=1 j=1
By theorem of Steinitz there exists an element ¢ € K such that
(I - L))" =c(ly--- 1,)" .

Hence
(I - L)t e (1 - 1)L

Of course
(I - -~In)_("_1) ®r (I -- .[n)”H =~ (I - ..]n>—(n—1) ®r (I - ..[n)"—l ’

so by Lemma 2.5
(I ---1,)* = R.

Therefore (17 - - - In)2 is a free R-module, i.e. it is a principal ideal. O
Now we describe any symmetric, not necessarily nonsingular, bilinear form
n
on @ Ij
Jj=1
For every j € {1,...,n} let us denote
2 2
S o= (I L;1)?  (Ijy1 -+ 1)
711
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BEATA ROTHKEGEL

(if n =1, then S1; = R). Moreover, for 5,k € {1,...,n}, j # k, put
Sy, = ([1...]%1)2 ;- (]j+1...]k71)2 - (g )R
PrROPOSITION 2.8. Let R be a domain and I, ..., I, be ideals in R such that

(Il"'In)2 = pR for some 0 # p € R. A map a: @ I; x

n
I; - Risa
Jj=1 Jj=1

n
symmetric bilinear form on @ I; if and only if there exist uniquely determined

=1
elements a;i € Sji, a;x = arj, j,k € {1,...,n} such that

n
Ak
a (@ mn), W) = Y ;xjyk

k=1

for all (z1,...,2n), (Y1,---,Yn) € D I;.
j=1

Proof.
(«<=) The bilinearity of « is obvious. It suffices to notice that for j =1,...,n
we have
2 ajj
aj; € Sjj = Qj; T;Y; € <I1 . In) ZpR — 73 T;Y; € R
\v/ p
er?
and for j,k=1,...,n,j#k
p
ajr € Sjr = ajpxjyr € (I1- -~In)2 =pR — ]kxjyk € R,
\v/ p

SO
Oé((xl,...,xn),(yl,.n,yn)) ER

for all (z1,...,2n),(y1,...,yn) € D I;.
j=1

(=) Fix j,k € {1,...,n}, j # k. We prove that there exists a uniquely
determined a;; € Sjx such that

ajk
a(0,...,z5,...,0),(0,...,yx,...,0)) = ;) Yk

for all z; € I, yp € Ii.
Let x; € I, yx € I, and K be the field of fractions of the ring R. Then
a((0,...,z5,...,0),-) |5, €I}.
By [2: Lemma 2.3] there exists an element c¢; € K such that
a((0,...,z5,...,0),(0,...,yk,...,0)) = cjyp

712
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

for (all) yx € Iy. Similarly,
a0, Yky -5 0), ) |1, €17,
so there exists ¢, € K such that

a(0,...,Yk,-.-,0),(0,...,2;5,...,0)) = cpz;.

for (all) z; € I;. Since a is symmetric, c¢;yr = cxxj. Hence for all x; € I;\ {0},
yr € I \ {0} the ratio
c;j ¢
T =" —ideK
Lj Yk
is a constans. Moreover,

dirxijyr = cjyr = a((0,...,z,...,0),(0,...,Yk,...,0)) € R.
The elements x;y; generate the ideal I;1, so
djkp € djk (I -+ I,)? C djp ;T C R.
Denoting a;j := d;ip, we finally get
py
a((0,...,25,...,0),(0,. .., Yp,...,0)) = ;kxjyk

for all z; € I, yr € Ii.
The uniqueness of a;, follows from the cancelation property in a domain.
Since o is symmetric, a;; = ay;. It suffices to prove that a;i, € Sji.
Because
ajk:vjyk €ER forall z; € I;, yr € I,
SO g
a;rziyr € pR = (I - --In)2 for all z; € I;, yp € I.

Hence
ajpljTy C (]1...[n)2 — ([1...]%1)2 .[J? ) (Ij+1"'Ik71>2 .],3 ) (]k+1...[n)2_
Multiplying by I ;1 N ! we obtain
a;r R C Sj,
ie. ajp € Sjk.
In an analogous way we prove that for every j € {1,...,n} there exists a

uniquely determined a;; € S;; such that
i
a((0,...,25,...,0),(0,...,y5,...,0)) = ]J)jxjyj

for all z;,y; € I;.
The bilinearity of « gives the thesis. O
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We formulate a necessary and sufficient condition for the nonsingularity of c.

THEOREM 2.9. Let R be a domain and Iy,...,I, be ideals in R such that

n

(I - In)2 = pR for some0 #p € R. Let a: I; x @ I; — R be a symmetric
j=1 j=1
bilinear form on @ I; defined by the formula
j=1
a5k
a((zr,..oyzn), (Y1, oy yn)) = J T Yk,
=1 P
J,
where aj, = axj € Sji, j,k € {1,...,n}. The form « is nonsingular if and only

if
—1
det (ajk)lgj,kgn =p"t.u

for some invertible element u € R*.
Proof. We know that

det (ajk) = Z +aik, - Aok, s
(k1,..kn)
where {k1,...,k,} = {1,...,n}. Hence
det (aju) € Y Sik, Sk,
(K1, ki)
But
S1ky 0 Snk, = (I1 - ..[n)Q(nfl) _ pn71 'R,

S0
det (a;r) =p" " u (3)
for some element u € R.
Let m be a maximal ideal in R and (él (1) am) be the localisation of the
j=

space (EB I;, a) at m. The ideals (11),, ..., (In),, are finitely generated projec-
j=1

tive Ry-modules. From [3: Chapter I, 2.4 Cor.] it follows that (1), ,...,(In)
are free modules, so they are principal ideals. Let

(Il)m = g1, ..., (In)m = gnllm
for some ¢1,...,9n € Rn. Then
g% o giRm = ((Il)m e (In)m)2 = pRma

m
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

SO

gi g =pv (4)

for some invertible element v € R},. Observe that the form oy, has the following
matrix

aiy - g% a12 - gig92 ... Qin - gign

A 1 a21 - 9291 a2 - Qg <o Q2p - g29n
p

An1 Gng1 An2 - Gng2 -  Gnn - G2

in the basis

B=((91,0,...,0),...,(0,...,95,-..,0),...,(0,...,0,95))

of the free Ry-module @ (I;)
=1
(=) We show that w is invertible.

m°

Since by the assumption « is nonsingular, from [I} (1.4) Prop.] it follows that
o is nonsingular. Hence there exists an invertible element v € R}, such that

1
u:detA:pn -gfg%-“g,%'det(ajk)-

Therefore by ([B]) and (4)
v=u0-u,
sou=v-v"!t € R. Hence u is invertible in R.
(«<=) By the assumption u € R*, so u € R},. Therefore det A =v-u € R},

SO iy is nonsingular. From [It (1.4) Prop.] it follows that the form « is nonsin-
gular. (I

Example. Let R be a domain and Iy,..., I, be ideals in R such that I? =
@ R,...,I2 = q,R for some qi,...,q, € R\ {0}. For every j € {1,...,n} let
a;: I xI; — R be a symmetric bilinear form on the ideal I;. By Proposition 2.§]

for every j € {1,...,n} there exists a unique element a; € R such that
.
aj(z,y)= "y for all z,y € I;.
a;
Let

<EEIj,a> =(I,a1) L L (I, ap)

be an orthogonal direct sum of the spaces (I1,a1), ..., (In, ay). Then

715
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BEATA ROTHKEGEL

a((x1,...,xn),(y1,...,yn)) = a1(x1,y1)+a2(ﬂc2,y2)+~-~+an(xn,yn)
a1 az an,
= T+ T2yt  Taln
q1 q2 dn
"L a;b;
= D ey
=1 P

n
for all (Ila”'axn)a(yla"'ayn) S @ I]’ where P ‘= q192 - Q4n, b] = dq1--
j=1
e Qj—1j4+1 - - -Gn, J = 1,...,n. We show the geometrically obvious fact that the
n
space (@ I, a) is nonsingular if and only if the space (I}, ;) is nonsingular
j=1

for every j € {1,...,n}.
Observe that

(—71"'In)2=fI1"'an=pR-
Moreover, for j € {1,...,n} we have
ajj = ajby €bR= (I L;_1)" - (Ljsa - 1n)" = S
and for j,k € {1,...,n}, j #k,
aji =0 € Sjp.
By Theorem 2.9

n—1

a is nonsingular <= det (ajx) =p" " -u for some wue€ R"

a1b1 0 N 0
0 a2b2 . 0
<+ det ) ) ] ) =p"l.u
0 0 cee apby

for some wé€ R*
aias---a, =u for some u € R*

a; € R* forevery je{l1,...,n}

1ot

a; is nonsingular for every j € {1,...,n}.
716
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

3. Isometry

n
Now we classify nonsingular bilinear forms on € I; up to isometry. For
j=1
k,re{l,...,n}, k #r, let us denote

T = (I -+ 1) - I7L - T,

We describe all automorphisms of the module € I;.
j=1

PrOPOSITION 3.1. Let R be a domain and Iy, ..., I, be ideals in R such that

(I - 1,)*> = pR for some 0 % p € R. Assume that @ I; admits a nonsingular
j=1

n n
bilinear form. A map ¢: @ I; — € I; is an automorphism of the module
j=1 j=1

n
@ I; if and only if there exists a matriz
j=1

1
C= P : (Ckr)1§k,r§na crr €EPR, Cpr € Thr, k,7 € {17 . .,n}, k #r,

such that det C' is an invertible element in R and

3

©Wy--yYn) = W1, yn) - C for all (y1,...,yn) € I;.

j=1
Proof.
(=) Let a: @ I; x @ I; - R be a nonsingular bilinear form on & I;
Jj=1 j=1 j=1
defined by

n
ik
a((xla"'7xn)7(y17"'7yn)): § ! TjYk, ajkesjk7
J,k=1

n
for all (z1,...,20),(W1,-..,yn) € @ I;. Foreveryr =1,...,nlet f,. :=m. 0,
j=1
where 7, is a projection map,
Tp (215 ey Zry ooy Zn) = 2p

for all (21,...,2r,...,2n) € @ I;. Of course
j=1

- yn) = (Fr (W un) s fn (Y152 0n)

717
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n
and the maps f,, 7 = 1,...,n, are linear functionals on the ideal € I;. Since
=1
. J
« is nonsingular, there exist elements (z1,,...,2n,) € @ I;, 7 =1,...,n, such
j=1
that

a((xlrv"'axnv')7(y17"'7yn)):fT'(ylv"'ayn)
for all (y1,...,yn) € @ 1, ie.

j=1

1 n n

p‘z Zajkxﬁ“ yk:fT(yla"'vyn)
k=1 \j=1

n n
for all (y1,...,yn) € @ I;. Denote cir := > ajrxjr. Then
j=1 j=1

n

1
~ch7«yk:fr(y1,...,yn), r=1,...,n
p k=1

for all (y1,...,yn) € @ I;. Therefore
j=1

@(yla"'ayn):(fl(yla"'ayn)a"'afn(yla"'ayn))

C11 C12 e Cin
1 C21 C29 e Con
= W15 Yn) -
p
Cn1 Cn2 ... Cpn
= (yla"'ayn) -C.

We show that ¢, € pR, cgr € Ty, for k,r € {1,... ,n}, k #r.
Fix k,r € {1,...,n}. From the definition of f,. it follows that

1
p‘ckr~yk:fr(O,...,yk,...,O)EIT for all yg € Ii.

Hence
Ckr Yk €Ep- I for all yi € I,

SO
Assume k£ = r. Then

718
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NONSINGULAR BILINEAR FORMS ON DIRECT SUMS OF IDEALS

Multiplying by I,-!, we obtain
Crp * R g p- Ra

i.e. ¢ € pR.
Assume k # r. By (B)

Hence

SO Crr € Ty
‘We have

1 1
detC' =det - (ckr) = 0 Z *C1py t Cary s
p p

(r15--Tn)

where {ry,...,r,} = {1,...,n}. Since ¢;; € pR = (I, ---1,,))* and ¢;,, € Tiy,,
1 # 1y, it is easy to observe that

Ciry - Cnp, € (It -+ 1,)*" = p"R.

Therefore det C' € R. Since ¢ is an automorphism, det C' € R*.
(<) Let k,re{l,...,n} and y, € Iy. Then

1
CkrYr € Ir-
p
Indeed, let k = r. Then

1 1
cr €pR = ¢ € R = cppyr € I
p p

If k # r, then
hr € Top = (I -~ L) - I 1,
= CkrYk € (Il T In)2 : IT = pIr
1
= CkrYik € I,«.
D
Therefore
1 n 1 n n
(p(yla"'ayn): 'chlyka"'a 'chnyk E@IJ <6>
Lt Lt j=1

Obviously ¢ is a homomorphism of R-modules. We prove that ¢ is bijective.

719

Brought to you by | Uniwersytet Slaski - University of Silesia - Silesian University
Authenticated
Download Date | 3/26/19 12:39 PM



BEATA ROTHKEGEL

n
Fix (21,...,2n) € @@ I; and consider the system of n equations
j=1
1 n
-chrYkzzr, r=1,...,n. (7)
P4

Since the matrix of (7)) is equal to CT and
det CT = det C # 0,

the system (7)) has a unique solution (y1,...,yn) € K™, where K is the field of
fractions of the ring R. For every k € {1,...,n} replacing the ktk column of the

matrix CT with (z1,... ,zn)T we obtain
C11 C21 ... px1 ... Cpi
1 : : : : )
yr = det ) | ek ek oo Pz oo cnr |- (detC)
Cin Conn ... DPZpn ... Cpn

Using the fact that z, € I, ¢;; € pR and ¢, € Tip,, © # 1y, for ri,ry €
{1,...,n}, we show that the determinant in the numerator is an element of the
ideal Iy. Moreover, detC € R* so yx, € I, k =1,....n, ie. (Yy1,...,yn) €

D ;.
j=1

Finally by (@), for every (z1,...,2,) € I; there is a unique element

j=1
n
(Y1,---,Yn) € €D I; such that
j=1
gp(yla"'vyn) = (Zlv"'azn)a
i.e. ¢ is an automorphism. g

THEOREM 3.2. Let R be a domain and I,...,I, be ideals in R such that
(I - --In)2 = pR for some 0 # p € R. Let o and B be nonsingular bilinear

forms on the module @ I; defined by

j=1
.
(@1 n) W1 y)) = “;ijyk,
e N aik, bk € Sji.
B,y zn), () = D ;jxjyk,
j,k=1
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n n
Then the inner product spaces (@ Ij,oz) and (@ Ij,ﬁ> are isometric if and
j=1 j=1

only if there exists a matriz C' such as in Proposition Bl and

(ajk)1§j,k§n =C- (bjk)1§j,k§n -CT.

Proof. Observe that

(@)~ (@)

n n
<= there exists an automorphism ¢: @ I — @ I; such that
j=1 j=1

a((x17~-~,xn);(y1,.-~,yn)):B(@(xl,-~-7xn)7§0(y17~-~,yn))
forall  (z1,...,2n),(Y1,.--,Yn) € @Ij
j=1
<= there exists an automorphism ¢: @Ij — @Ij such that
j=1 j=1
1 T
(xl,...,:vn) . » (ajk) - (Y1, Yn)

1
:ga(xl,...,xn)-p-(bjk)~g0(y1,...,yn)T

for all  (z1,...,2n),(Y1,.--,Yn) € @Ij
j=1

<= there exists a matrix C such as in Proposition B and
T
(xlv' : '7xn) ' (a/]k:) ' (ylv' : 7yn)
= (@1, @n) - C (bjg) - O (s )

forall (z1,...,%n),(y1,...,Yn) € @Ij
j=1
<= there exists a matrix C such as in Proposition B and
(aju) = C - () - CT.
(I
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4. Similarity

Let (M,«) and (N, ) be inner product spaces over a domain R. We say
that (M, «) and (N, 8) are similar, if there exist metabolic spaces (M7, a7) and
(N1, 1) such that the spaces (M,a) L (Mi,a1) and (N,3) L (Ny,pB:1) are
isometric.

The spaces (M, «) and (N, 3) are similar if and only if their similarity classes
(M,a), (N, ) in the Witt ring W (R) of the ring R are equal.

If R is a Dedekind domain and K its field of fractions, then by Knebusch’s
theorem the natural homomorphism ¢: W (R) — W (K) defined by

¢((M,a)) = (K ®r M,d),
where
d(z®y,z@t)=z2-a(y,t) forall z®y,z0te K®r M,
is injective (cf. [B p. 93]). Hence
(M,a)y =(N,B) in W(R) <= (K®rM,d)=(K®rN,p) in W(K).

n
We classify nonsingular bilinear forms on a module € I; up to similarity in
j=1
the case when R is a Dedekind domain.

THEOREM 4.1. Let R be a Dedekind domain and K its field of fractions,
char K # 2. Let Ih,...,1I, be ideals in R such that (I -- ~In)2 = pR for some

0 #p € R. Let a and B be nonsingular bilinear forms on the module @@ I;
j=1
defined by

n
Ajk
05((371,-~-,In),(yl,-.-,yn)): Z ’ LYk,

7,k=1
" b
ik
B((xlau'7xn)7(y17"'7yn)): Z ; LjYk,
J,k=1

ajk,bjr € Sjr. Then the inner product spaces (é Ij,a) and (é Ij,ﬁ> are
stmilar if and only if there exists a matriz = =

C = (Chr)1<k, r<n cer €K, kyre{l,....n},
such that det C s an invertible element in R and

(ajk)1§j,k§n =C- (bjk)1§j,k§n -CT.
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Proof. The forms o and 8’ have the following matrices

(Pajk)1gj, k<n > (pbjk)1§j, k<n
in the basis
B=(1®(p,0,...,0),...,1®(0,....p,...,0),...,1®(0,...,0,p))

of the linear space K @r @ I; over the field K. Therefore
j=1

<@Ij,a>:<@fj,ﬁ> = <K®R@Ij,a'>:<K®R€BIj,5’>
Jj=1 J=1 j=1 j=1
= <K®R@Ij,a'> = <K®R@Ij,5’>
j=1 j=1

over K (by [6} Thm. 13.1.3]; char K # 2)

<= there exists a matrix C = (cx), ckr € K,
such that detC # 0 and
(paji) = C - (pbji,) - CT
<= there exists a matrix C = (cg), ckr € K,
such that detC € R* and
(ajr) = C - (bj) - CT.
The last implication “=-" follows from the following observation. Since
det (a;1,) = (det C)* - det (bjz)
by Theorem
PPt ou = (detC)* - ptw
for some invertible elements u,v € R*. Then
u=(detC)* v
and (det C)* € R*. But R is integrally closed, so det C' € R*. O
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