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On an Equation of Sophie Germain

Radostaw Lukasik®, Justyna Sikorska, and Tomasz Szostok

Abstract. We deal with the following functional equation
F@)? +4f () = (f@+y) + F W) (fz = y) + f(y))

which is motivated by the well known Sophie Germain identity. Some
connections as well as some differences between this equation and the
quadratic functional equation

fle+y)+ flz—y) =2f(x) +2f(y)

are exhibited. In particular, the solutions of the quadratic functional equa-
tion are expressed in the language of biadditive and symmetric functions,
while the solutions of the Sophie Germain functional equation are of the
form: the square of an additive function multiplied by some constant. Our
main theorem is valid for functions taking values in a unique factorization
domain. We present also an example which shows that our main result
does not hold in each integral domain.

Mathematics Subject Classification. 39B05.

Keywords. Sophie Germain identity, quadratic functional equation, biad-
ditive and symmetric functions, functional equations on integral domains.

1. Introduction
We deal with a functional equation motivated by the identity
a' +4b* = ((a+b)* +b%) ((a — b)* + b*) (1)

which is attributed to Sophie Germain. In fact, she mentioned only the iden-
tities

p2+4:(p2_2>2+4p2

W Birkhiuser
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(which, in view of Fermat’s two squares theorem, implies that no number of
the form p? + 4 is prime) and

Pt =0 - @)+ 2% = (0° + ¢*)? - 207
for details see [4,6]. Although (1) is very easy to check, it is extremely useful in
solving number theory problems. It is also a common tool for contests problems
like: show that the number 5444 4 4°%% is not prime or calculate the sum of the
. 0o k .
series >~ | qriry, for details see for example [7].
Inspired by the identity (1), we consider the following functional equation

f@P+4fw)’ = (f@+y) + fW) (f@—y) + f)). (2)

It is immediately seen that the function f(z) = cz? is a solution of (2). We

ask if there are any solutions of (2) other than f(z) = cz?. Since we do not
want to assume any regularity conditions of the functions in question, the first
guess is that (2) may be equivalent to the equation of a quadratic function

flx+y) + flz—y) =2f(x) +2f(y). (3)

Surprisingly, it will turn out that only some solutions of the quadratic func-
tional equation (3) satisfy (2). It is a rare behavior in the world of functional
equations. Dealing with functional equations it is more common that either an
equation preserves all solutions of the linear equation it is connected with or
it forces the continuity of its solutions (like Aczél equation

F(y)F(:c)(yx)f<$;ry>

does, see [1]).

2. Main Results
Assume that (G, +) is an abelian group, R is an integral domain.

Lemma 1. Let char R # 2. If f: G — R satisfies (2) for all x,y € G then it is
even.

Proof. Tt is easy to see that f(0) = 0. Put 2 := 0 into (2) in order to obtain

Af(w)?* =2fW)(f(=y) + f), yeG,
2f(w)(f(=y) = f(y)) =0, yeq,

whence

)’ =fWf(-y), yed. (4)

fy
Surely, we also have f(—y)? = f(y)f(—y) for all y € G. Consequently, f(y)? =
f(=y)? for all y € G and f(y) = 0 if and only if f(—y) = 0. Therefore, if
f(y) # 0 then by (4), f(y) = f(—y), and finally, f is even. O
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The following example shows that the assumption that R is an integral
domain is essential.
Example 1. Let f: Z4 — Z4 is given by
_Jx ifx#0
f(x)_{z if &= 0.

Then f satisfies (2) and it is not even.

Lemma 2. If f: G — R satisfies (2) for all x,y € G then f(2z) = 4f(x) for
all z € G.

Proof. Observe first that if f(z) = 0 for some x € G then f(2z) = 0. Indeed,
assume f(zo) = 0. It is enough to put x := 2z and y := z into (2) in order
to get the assertion.

Put now y := « in (2). Then 5f(z)? = (f(2z) + f(z)) f(z) for all z € G,
which gives

f@)(f(22) —4f(2)) =0, z€G,
and completes the proof. O
Theorem 1. Let char R # 2. If f: G — R satisfies (2) for all x,y € G then it

is quadratic, i.e., it satisfies equation f(x+y)+ f(z —y) = 2f(x) + 2f(y) for
all z,y € G.

Proof. By (2), we have
f@)?+3f(y)° = fle+y) flz—y) + f@)(fle+y) + fle—y), zyed
(5)

Interchanging the roles of x and y and using Lemma 1 (the evenness of f) we
obtain

F@?+3f(@)? = fle+y)fx—y) + f(@)(fl@+y) + fx—y), zyeq.
(6)
After subtracting Eq. (5) from (6) side by side we get
2f(2)” = 2f(y)* = (f(x) = f(W) (f(z +y) + flx —y), zy€eG,

that is,
(f(x) = f() (2f(z) +2f(y) — flz+y) = f(z—y) =0, zyeG. (7)

Substitute now = +y and x — y in the place of x and y, respectively, first
in (2) and then in (7). By Lemma 2, we have

fla+y)P+4af(z—y)? = Af(@)+ fz—y)(4fy) + flz—y)), zyeC
(8)
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and

(fl@+y) = fle =) (fl@+y) + fl@—y) - 2f(x) - 2f(y)) =0, =z,y€C.
(9)
Suppose that for some z,y € R we have f(z) = f(y) and f(z +y) =
f(z = y). Then by (2),
51 (@) = (f(e+y) + /@), (10)
and by (8),

5f(+y) = (4f () + f(z +v))°. (11)

From (10) and (11), it follows that 4f(x)f(z + y) = 0 which in turn gives
f(z) = f(x+y) =0, and consequently, f(z +y) + f(z —y) = 2f(x) + 2/(y).
Our assertion is now derived from (7) and (9). O

Remark 1. Tt is enough to consider the function f : Zg — Zg given by f(x) =
3, x € Zg, to see that the assumption that R is an integral domain is essential
in Theorem 1.

Theorem 2. Let charR # 2, f: G — R. Then f satisfies (2) if and only if
there exists a unique biadditive and symmetric function A: G?> — R satisfying

Az, 2)A(y,y) = Alz,y)?, z,y€C (12)
and such that 4f(x) = A(x,x) for all x € G.
Proof. Assume that 4f(x) = A(z,z) for all z € G, where A: G> — R is a
biadditive and symmetric function satisfying (12). Then we have
16(f(z+y)+ W) (fl@—y) + f)
= (Alz +y,z+y) + Ay, ) (Ale —y,2 — y) + Ay, y))
= (A(z,2) +2A(y,y) + 2A(z,y)) (A(z, 2) + 2A(y, y) — 24(z,y))
= (A(z,2) + 24(y.))" — 44(x,y)’
= Az, 2)” + 4A(y,y)* + 4A(z, 2) Ay, y) — 4A(z,y)*
=16f(z)* +64f(y)?, =,y € G,
which shows Eq. (2).
For the converse, by Theorem 1, function f is quadratic and by [3]
(see also [2]) there exists a biadditive and symmetric function A: G2 — R
such that 4f(x) = A(z,z) for all x € G (it is enough to define A(x,y) :=

flx+y) — f(z —y) for all z,y € G and to prove (see [3]) its symmetry, addi-
tivity with respect to the first variable and the uniqueness). Substituting the
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form of f into (2) we obtain
0=16(f(z+y) + f() (f(x —y) + f(y)) = 16f(2)* - 64f(y)
= (Al +y,z+y) + Aly.y) (Alz —y, 2 —y) + Ay, y))
— Az, z)? — 4A(y,y)°
= (A(:c, x) + 2A(y,y) + 2A(x, y)) (A(x, x) + 2A(y,y) — 2A(=x, y))
— A(z,2)* — 4A(y, y)?
= (Alz,2) + 2A(y,y))” — 4A(z,y)? — Az, 2)? — 4A(y, y)?
= 4A(z, 2)Aly,y) — 4A(z,y)?, @,y € G,
which shows condition (12). O

Theorem 3. Let R be a unique factorization domain with char R # 2. Function
f+ G — R satisfies (2) if and only if there exist an additive function a: G — R
and a constant vy € R such that f = vya?.

Proof. Assume that f satisfies (2). In view of Theorem 2 there exists a bi-
additive and symmetric function A: G — R satisfying (12). If A(z,2) = 0
for all z € G, then f = 0. Assume that A(zp,z9) # 0 for some z; € G.
Since A(zg,20) = 4f(20), then there exist pairwise different prime elements

DPls--sPksq1y---,q of R, my,...,ng,my,...,m; € N, and a unit u € R such
that
A(zo, 20) = élu-p%”1 — -pi"" -q%ml*l coe q?ml_l.
Let y=u"tqi-...-q,a=4p" - ...-p* - q(" - ... q"". For every z € G
there exist prime elements di,...,d; of R different from pq,...,px,q1,-.., a1,
numbers $1, ..., Sk, t1,...,t € NU{0} and a unit v € R such that
A(x,x):4v~p‘1“-...-pZ’“qil-...-qltl cdy ..o dj.
Using (12) we obtain
Az, 20)% = 16uv - p3 51 -pi"k+‘9’° SgimT ~q12ml_1+t’ dy .. dj.
Hence, sq,..., s are even, tq,...,t; are odd and
51 Sk t1—1 t;—1
A(m,zo):4w~p?1+2 -...-pzk+2 -q;nﬁ_ 2 -...-qlml+ EEEE ST o
for some prime elements r1,...,r; of R different from p1,...,pk,q1,...,q and
a unit w € R. Now we have
Az, 2 s1 P t—1
M:w.plz.'.'.pk? q12 . ..ql2 'T1'..."I"i€R.

Define a: G — R by the formula a(z) = @ for x € G. It is obvious that
a is additive. We have also

4o’ f(x) = o Az, x) = dyA(20, 20) Az, 7) = 47A(w, 20)* = dya*a(z)?,
for all # € G, which shows that f = ~va?.
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Now assume that f = ya? for some additive function a: G — R and a
constant v € R. Then we define A: G> — R by the formula

A(z,y) = dya(x)aly), z,y € G.

It is obvious that A is biadditive, symmetric and A(x,x) = 4f(z) for x € G.
We have also

A(z,y)* = 16va(2)*a(y)? = Az, 2)A(y,y), v,y € G,
so A satisfies (12) and in view of Theorem 2, f satisfies (2). O

Corollary 1. Let f: Z — Z. Then [ satisfies (2) if and only if there exists
v € Z such that f(z) = vya? for all v € Z.

Proof. In view of Theorem 3, f satisfies (2) if and only if there exist § € Z
and an additive function a: Z — Z such that f = Ba®. Since for the additive
map a we have a(m) = ma(1) for m € Z then taking v = Ba(1)? we derive
that f satisfies (2) if and only if there exists v € Z such that f(z) = yz2. O

The following example shows that Theorem 3 may not hold in integral
domains that are not unique factorization domains.

Ezample 2. Let R = (1, X3, X4 X5 ...) be a subring of Q[X]. Define A: R? —
R by

Aag +azX? + -+ ap, X", bo + b3 X + -+ + b, X™)
= a0b0X3 + (aobg + CL3bQ>X4 + a3b3X5

for all ag,as,...,an,bo,b3,...,0;m € Q, m,n > 3. It is easy to see that A is
biadditive and symmetric. We have also

Alag+azX> + -+ an X", bo + b3 X> + -+ + b, X™)?
= (a0b0X3 + (a0b3 + (lgbo)X4 + a3b3X5)2
= a%b%XG + 2(a(2)b0b3 + &0a3b(2))X7 + (4a0a3b0b3 + a%b?), + a%bg)Xg
+ 2(agasb3 + a3bobs) X* + a3b3X 17
= (agX® + 2a0as X* + a3 X°) (B3X> + 2bobs X * + b5X°)
= Aao+ asX®+ -+ an, X", a0 + a3 X® + - -+ a, X") A(b + b3 X?
+ by XM by + b3 X+ 4+ by X,
so, A satisfies (12).

Suppose that there exist an additive map a: R — R and v € R such that
A(z,z) = va(z)? for x € R. We have ya(1)? = A(1,1) = X3, so a(1) = q for
some 0 # g€ Qand v = q%X?’. We observe that ya(X?)? = A(X3, X3) = X5,
whence, a(X?)? = ¢?X? ¢ R, which is a contradiction.
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