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EXOTIC SMOOTHNESS ON SPACETIME 
NEW  DEVELOPM ENTS*
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I discuss recent development in investigation of physical consequences of 
exotic differential structures on manifolds. I show, following T. Asselmayer, 
th a t corrections to  the curvature after the change of differential structure 
produce a source like term  in the Einstein equations. Then I give examples 
of topologically trivial spaces on which exotic differential structures act as 
a source of gravitational force even in the absence of matter.

PACS numbers: 02.40.Ky, 04.20.Cv

1. Introduction

T he choice of m athem atica l m odel for spacetim e has im p o rtan t physi
cal significance. R iem ann has already  suggested th a t  th e  geom etry  of space 
m ay be m ore th a n  ju s t a m athem atica l too l defining a stage for physical 
phenom ena, and m ay in fact have profound physical m eaning in its own 
righ t [1]. W ith  th e  advent of general re la tiv ity  physicists began  to  th in k  
of th e  spacetim e as a differential m anifold. Since th en  various assum ptions 
ab o u t th e  spacetim e topology and geom etry have been p u t forw ard [2]. B ut 
un til recently, th e  choice of differential s tru c tu re  of th e  spacetim e m ani
fold has been assum ed to  be triv ia l because m ost topological spaces used 
for m odelling spacetim e have n a tu ra l differential s tru c tu res  and these s tru c
tu res w here tho u g h t to  be unique. T herefore th e  coun terin tu itive discov
ery  of exotic four dim ensional Euclidean spaces following from  th e  work of 
Freedm an [3] and D onaldson [4] raised various discussions ab o u t th e  possi
ble physical consequences of th is discovery. Exotic J ř j ’s are sm ooth  (C °°)
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four-m anifolds which are hom eom orphic to  th e  Euclidean four-space R 4 b u t 
no t diffeom orphic to  it. E xotic R f 1 s are unique to  dim ension four, see [5-11] 
for details. Since th en  m athem atic ian  have shown th a t  exotic (nonunique) 
sm ooth  s tru c tu res  are ab u n d an t in dim ension four. For exam ple it is suffi
cient to  remove one po in t from  a given four-m anifold to  ob ta in  a m anifold 
w ith  exotic differential s tru c tu res  [1 1 ] and  every m anifold of th e  form  M x R ,  
M  being com pact 3-m anifold, has infinitely m any inequivalent differential 
s tru c tu res . Such m anifolds play im p o rtan t role in theore tical physics and 
astrophysics and it becam e necessary to  investigate th e  physical m eaning of 
exotic sm oothness. U nfortunately , th is  is n o t an  easy task : we only know few 
com plicated coord ina te  descrip tions [1 2 ] and  m ost m athem atic ians believe 
th a t  th ere  is no finite a tlas  on an exotic R 4 and o ther exotic four-m anifolds. 
To th e  b est of m y knowledge, only few possible physical m anifesta tions have 
been discussed in th e  lite ra tu re  [2,6,7,13,  14]. In th is p ap er I would like 
to  discuss som e peculiarities th a t  m ay happen  while study ing  th e  theory  
of gravity  on som e exotic R 4ls. F irs t of all I will discuss th e  A sselm ever’s 
form ula describing th e  corrections to  th e  cu rvatu re  after th e  change of differ
en tial s tru c tu re  p roduce a source like te rm  in th e  E instein  equations. T hen  
I will show th a t  on som e topologically  triv ia l spaces th ere  exist only “com 
p licated” solutions of th e  E instein  equations. By th is  I m ean th a t  th ere  m ay 
be no s ta tio n a ry  cosmological m odel solutions a n d /o r  th a t  em pty  space can 
g rav ita te . Such solutions are coun terin tu itive b u t I am  aware of no physical 
principle th a t  would require rejection of such spacetim es.

2. Corrections to Einstein equations induced by a change 
of differential structure

E xotic R 4ls are defined as four-m anifolds th a t  are hom eom orphic to  the  
fourdim ensional Euclidean space R 4 b u t no t diffeom orphic to  it. T here  are 
infinitely m any of such m anifolds (a t least a two p aram eter fam ily of them )
[5]. N ote th a t  exotic differential s tru c tu res  do not change th e  definition of the  
derivative. T he essential difference is th a t  th e  algebras of real differentiable 
functions are different on nondiffeom orphic m anifolds. In th e  case of exotic 
R 4’s th is  m eans th a t  th ere  are som e continuous functions R 4 R  th a t  are 
sm ooth  on one exotic R 4 and  only continuous on ano ther and vice versa [9]. 
B rans conjectured  th a t  exotic sm oothness can be  a source of n o n stan d ard  
solutions of E instein  equations [6 - 8 ]. B u t it is no t easy to  guess which 
physical observable will be m odified by a change of differential s tru c tu re . 
Asselm ever gave a p a r tia l answer to  th is  problem  [13]. He considered two 
m anifolds M  and  M ' w ith  different differential s tru c tu res  and  found the  
change in covariant derrivative induced by exoticness. T hen  he was able 
to  ca lcu late th e  corresponding changes in th e  cu rvatu re  tensor and E instein



equations. To th is end he considered a 1-1 m ap n : M -4 M ' th a t  is no t 
a diffeom orphism . I t m ust n o t be sm ooth  a t som e po in t po € M  because 
M  and M ' are no t equivalent. If one considers th e  sp littin g  of th e  m ap 
da  : T M  -4 T M '  in som e neighborhood U(po) of th e  po in t po:

da  \u(p0)= ( h ,  h )  (1)

th en  th e  change in th e  covariant derivative is given by [13]

V ' =  V  +  ( b f l d h )  © (b Y d b 2) (2)

T h e  add itional te rm  d isappears if th e  m anifolds in questions have th e  sam e 
differential s tru c tu re  (are equivalent). T h e  physical conten t of th is  form ula 
can be found if one recall th e  form ula expressing th e  cu rvatu re  tensor in 
term s of th e  covariant derivative [15]:

R ( X , Y ) Z  = V x V y Z ^  V y N x Z  + V [X,Y]Z, (3)

where X , Y, Z  are vector fields. T hen  th e  E instein  vacuum  field equations 
take th e  form:

R i c ( X , Y ) - \ g ( X , Y ) =  0, (4)

where Ric  denotes th e  Ricci tensor. So th e  exoticness correction to  the  
covariant derivative leads to  [13]:

R ic k  -  \g ikR  =  2irwSj ( s  ( f i ) jk + \mk (g lm$ 0 4 )^ )^  > (5)

where ( 6| ) are th e  coord ina te  represen ta tions of th e  functions hi and w 
\  /  kl

som e constan t describing th e  w inding num ber of th e  b function, see [13] for 
details. T his m eans th a t

R i c ( X , Y )  -  b(X,Y)R fO (6)
in M ' . Asselm ever suggests a string-like in te rp re ta tio n  of th is  source term . 
I would like to  add  th e  following. Suppose we have discovered som e strange 
[19-24] astrophysical source of g rav ita tion  th a t  do not fit to  any acceptable 
solution of th e  E instein  equations. T his m ay sim ply m ean th a t  we are us
ing wrong differential s tru c tu re  on th e  spacetim e m anifold and th is  s trange 
source is so rt of an  arte fac t of th is  m istake. If we change th e  differential 
s tru c tu re  th en  everything would be O K e.g. we would get an em pty  space 
solution.



To proceed I will recall several definitions. A diffeom orphism  cf> : M  M , 
where M  is a (pseudo-)R iem annian  m anifold w ith  (pseudo-)m etric tensor g, 
is called an  isom etrv  if and only if it preserve g, <f>*g = g [15]. Such m appings 
form  a group called th e  isom etrv  group. We say th a t  a sm ooth  m anifold has 
few sym m etries provided th a t  for every choice of differentiable m etric  ten 
sor, th e  isom etrv  group is finite. Recently, Taylor m anaged to  construc t 
exam ples of exotic f ř 4’s w ith  few sym m etries [16]. Am ong these th ere  are 
exam ples w ith  nontriv ial isom etrv  groups. T aylor’s resu lt, although  con
cerning R iem annian  stru c tu res , has profound consequences for th e  analysis 
of th e  possible rôle of differential s tru c tu res  in physics w here Lorentz m ani
folds are used. To show th is  let m e define a (non-)proper actions of a group 
on m anifolds as follows. Let G  be a locally com pact topological group acting 
on a m etric  space X .  We say th a t  G  ac ts p roperly  on X  if and  only if for 
all com pact subsets Y  C X ,  th e  set {g G G : g Y  fi F  % 0} is also com pact. 
R esta tin g  th is  we say th a t  G ac ts nonproperlv  on X  if and  only if th ere  exist 
sequences x n —> x  in X  and gn — oo in G, such th a t  gnx n converges in X .  
Here gn —> oo m eans th a t  th e  sequence gn has no convergent subsequence in 
th e  com pact open topology on th e  set of all isom etrics [15]. M y discussion 
would be  based on th e  theorem s proved by Kowalskv [17]. F irst of all let 
m e quo te [17]:

Theorem 1 Let G be Lie transformation group o f a differentiable manifold 
X. I f  G acts properly on X, then G preserves a R iem annian metric on X. 
The converse is true i f  G is dosed in D iff(X).

If we com bine th is  theorem  w ith  th e  T aylor’s construc tion  of exotic R j  w ith 
few sym m etries we im m ediately  get:

Theorem 2 Let G be a Lie transformation group acting properly on an ex
otic R 4 with few  symmetries and preserving a tim e-orientable Lorentz m et
ric. Then G is finite.

F urther, due to  Kowalskv, we also have [17]:

Theorem 3 Let G be a connected noncompact simple Lie group with finite  
center. Assum e that G is not locally isomorphic to SO(n, 1) or SO(n,2). 
I f  G acts nontrivially on a manifold X  preserving a Lorentz metric, then G 
actually acts properly on X.

and

Theorem 4 I f  G acts nonproperly and nontrivially on X , then G m ust be 
locally isomorphic to S O (n ,l) or SO (n,2) fo r  some n.



Now, suppose we are given an exotic R j  w ith  few sym m etries. We can 
try  to  solve th e  E instein  equations on th is  R j .  Suppose we have found such 
a solution. W hatever th e  bou n d ary  conditions be we would face one of the  
two following s itua tions [25].

•  T he isom etrv  group G of th e  solution acts p roperly  on R j .  T hen  
according to  T heorem  3 G is finite. T here  is no non triv ial Killing 
vector field and th e  solution canno t be s ta tio n a ry  [19]. T h e  g rav ita tion  
is qu ite  “com plicated” and even em pty  spaces do evolve.

•  T he isom etrv  group G of th e  solution acts nonproperlv  on R j . T hen  G 
is locally isom orphic to  SO(n , l )  or SO (n,2 ) (T heorem  4). B u t th e  non
proper action of G on R f  m eans th a t  th ere  are po in ts infinitely close 
together in R j  (xn —> x)  such th a t  a rb itra ry  large different isome
trics (gn -A oo) in G m aps them  in to  infinitely close po in ts in R j  
(9nx n V £ R q)- T here  m ust exists qu ite  s trong  gravity  centers to  
force such convergence (even in em pty  spacetim es).

We see th a t  in b o th  cases E instein  gravity  is qu ite  non triv ial even in the  
absence of m a tte r . Let us recall th a t  if a spacetim e has a K illing vector field 
c a , th en  every covering m anifold adm its app ro p ria te  K illing vector field £ a 
such th a t  it is p ro jec ted  onto  £a by th e  differential of th e  covering m ap. 
T his m eans th a t  discussed above properties are “p ro jec ted” on any space 
th a t  has exotic R 4 w ith  few sym m etries as a covering m anifold e.g. quotien t 
m anifolds ob ta ined  by a sm ooth  action of som e finite group. N ote th a t  in 
th a t  way a weaker form  of th e  B rans conjecture [7] can be  proven: th ere  are 
exam ples of four-m anifolds (spacetim es) on which differential s tru c tu res  act 
as sources of g rav ita tional forces ju s t as o rd inary  m a tte r  does.

4. Conclusions

T he existence of topologically  triv ia l spacetim es th a t  adm it only “non
triv ia l” solutions to  th e  E instein  equations is very surprising. Such phe
nom enon m ight be  also possible for o ther four-m anifolds ad m ittin g  exotic 
differential s tru c tu res  enum erated  in th e  In troduction . T h e  first reaction  is 
to  reject them  as being unphvsical m athem atica l curiosities. B u t th is  conclu
sion m ight be erroneous [6-8,13]. If N a tu re  has no t used exotic sm oothness 
we physicists should find ou t why only one of th e  existing differential s tru c
tu res has been chosen. Does it m ean th a t  th e  differential calculus, although 
very powerful, is no t necessary (or sufficient) for th e  descrip tion  of th e  laws 
of physics? I t m ight no t be  easy to  find any answ er to  these questions.



Let m e conclude by saying th a t  if exotic sm oothness has any th ing  to  
do w ith  th e  physical world it m ay be a so u rce / exp lanation  of various as- 
trophvsical and  cosmological phenom ena. D ark  m a tte r  and  vacuum  energy 
su b stitu te s  and  a ttra c tin g  centers are th e  m ost obvious am ong th em  [2 0 - 2 2 ]. 
“Exoticness” of th e  spacetim e m ight be responsible for th e  recently  discov
ered anom alies in th e  large redshift supernovae properties. T h e  process of 
“elim ination” of exotic differential s tru c tu res  m ight also resu lt in th e  em er
gence tim e [23,24] or spacetim e signature.
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