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We study the simplest Standard Model extension with only one extra 
right-handed neutrino. In this case there are two massless m i j2 and two 
massive m 3,4 neutrinos, and in principle both solar and atmospheric anoma
lies can be described in two different scenarios, m 3 -C TO4 (scheme I) and 
TO3 ~  to4 (scheme II). However, neither bi-maximal mixing nor the dark 
matter problem are explained in this minimal extension. Only scheme II 
can accommodate simultaneously maximal mixing for atmospheric neutri
nos and the small mixing angle MSW solution for the solar anomaly. This 
scenario can be tested in the BOREXINO experiment.
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1. In tro d u c tio n

The discovery of atm ospheric muon neutrino oscillations by the large Su- 
perkamiokande detector [1] implies th a t neutrinos are massive particles. This 
experiment has also strengthened the interpretation of the solar neutrino 
problem in term s of oscillation phenomena [2]. The results of atmospheric 
neutrino experiments can be explained by vfl —> vT oscillations with [3]

~  ( L 5  -  6) ' 1 0 _ 3  ey 2  and A tm  ~  0.82 -  1 .0 , (1 )

whereas solar neutrino experiments can be interpreted as a result of the 
v e  — v x  (x  =  ¡ i ,  t )  transition [4] with

5m2un ~  (0.5 -  0.8) • 1CT10 eV2. Asun ~  (0.72 -  0.95) (2)

in the case of vacuum oscillation (VO),

ôm2mn ~  (0.5 -  1) • 1CT5 eV2. Asun ~  (2 -  10) • 10" 3 (3)

in the case of small mixing angle (SMA) MSW transition [5], and

5m2un ~  (0.16 -  4 )  • 1CT4 eV2, Asun ~  (0.65 -  1.0) ( 4 )

in the case of large mixing angle (LMA) MSW transition. Finally, let us 
also mention th a t the LSND da ta  can be accommodated if [6 ]

¿m 2SND ~  (0.2 -  2) eV2 and A L s n d  ~  (0.3 -  4 )  • 1CT2. (5)

There is a vast literature exploring models of neutrino oscillations which 
can accommodate only two (atmospheric +  solar) or all three (atmospheric +  
solar +  LSND) anomalies. Most of them  try  to  understand why atmospheric 
and solar neutrino oscillations require near maximal mixing (Eqs. (1) and
(2)). Both are possible in the context of three nearlv-degenerate neutrinos 
or in see-saw models with a neutrino mass hierarchy [7]. Scenarios with 
additional sterile neutrino(s) where all three anomalies can be explained 
have been also investigated [8 ].

Here we study the simplest extension of the Standard Model (SM) with 
a single right-handed neutrino (RH1 model). Since the Higgs sector is not 
touched, the neutrino mass m atrix  has four param eters. This simple m atrix 
has two zero eigenvalues and we are not able to explain all three anomalies. 
Four different masses are needed to do tha t. So, we put the perm anently 
unsettled LSND result aside and investigate within this model in full detail 
solar and atm ospheric anomalies. The diagonalization and mixing m atrix 
obtained here can be used as a first step for diagonalizing two (RH2) and 
three (RH3) right-handed neutrino SM extensions, where a full description 
of the neutrino d a ta  will be possible [9].



2. M odel w ith  one r ig h t-h a n d e d  n e u tr in o  sing le t

In the SM with one Higgs doublet and one extra right-handed neutrino 
singlet v ia  the neutrino mass m atrix  has the form

M v =
( 0

0 0 a
0 0 0 h
0 0 0 c

y a b c M
)

(6 )

in the basis {ueL, Vp,Li ^ i l ) '  In this case CF1 is conserved [1 0 ] and all 
param eters can be assumed to  be real and positive (a, 6 , c, M  >  0). The 
m atrix  M v is diagonalized

UT M VU  =  d ia g (0 ,0, m 3 ,m 4) (7)

bv the unitary  transform ation

U =

c cos 0 , ic sin 0 COS C, c s m 0 sin£
- c , s COS 0, * ssin 0 cosC, s s m 0 sm £
o, — sin 0 , i COS 0 COS C, cos 0  sin Ç
o, 0, -—/sing. cos C

(8)

where

m 3,4 =

s in 0  =  

s =  sin (p =  

sin£ =  

A =

\M' 1  +  41 —  1 +  1— )
M

A c
- ,  œ » 0  =  - ,

b a
—, C =  COS ip =  —, 
À A

m  3
COS C =m3 + m4 y m3 + m4

\ / a 2 +  b2, A =  \ / a2 +  h2 +  c2.

m 4

(9)

( 10 )

( 11 )

( 12 )

(13)

The two massive neutrinos have opposite CP parities and the non-zero 
masses depend only on M  and A /M .  If A  -C M , the traditional see-saw 
mechanism works. This case, with M  greater than  1 GeV or even greater 
than  M y  (heavy neutrino singlet), has been discussed in [11-13]. m 4 is 
then ~  M .  However, we are not interested in such a case since we need 
much smaller m 3j4  masses to  be able to explain simultaneously the small 
mass squared splittings dictated by solar and atm ospheric neutrino data.
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Fig. 1. Two possible neutrino mass spectra which can describe the oscillation data 
in the RH1 model.

Two different scenarios are possible in this simple model, scheme I, where 
m 3 -C m 4 and scheme II with m 3 ~  m 4 (F ig .(l)). Since two masses are 
zero, the absolute scale of the neutrino mass spectrum  is constrained and 
m 3 7  fixed, in contrast with the general case where all neutrinos can be 
massive [14,15]. Eq. (1) requires

0.038 eV < m 4 <  0.078 eV (14)

in both  schemes. Once m  1 ,2,4 are determined, m 3 is fixed by 5m2un 
(Eqs. (2)-(4)). Hence, we are really interested in quite small M  (A) val
ues ranging in the milielectronvolt scale. Let us note th a t these masses 
do not solve the dark m atter problem. Two further remarks are neces
sary. First, the smallness of the neutrino masses compared to  other known 
particles implies no problem with non-oscillation experiments. For exam
ple,the number of neutrino species m easured by LEP1 is predicted by the 
model to  be N u =  3 (all four neutrinos can be produced in Z °  decays) 
[11-13]. Second, the Heidelberg-Moscow' limit on the effective neutrino mass, 
{m v)ee =  IJB nii < 0.2 eV from the non-observation of the neutrinoless 
double beta  decay [16], is autom atically fulfilled, as {m v)ee is equal to  the 
element (1,1) of M v in Eq. (6 ), which is equal to  zero.

3. O sc illa tion  p ro b ab ilitie s  a n d  s tu d y  o f th e  m odel

Let us apply the probability of the flavour changing a  —> ¡3 neutrino 
transition in vacuum, which is a function of the traveling distance L,

P a ^ p iL )  =  8a/3 -  Y j { ^ P aaf} s i n 2  Aab ~  2 /“jg Sm 2zla^  , (15)
a > b

w'here

R %  =  Re [UaaUribU*ahUla] , 1% =  Im [UaaU^bU ^ a] ,



and
A ah =  1.27Sm 2ah (eV2) y,

to  both mass spectra.

3.1. Scheme I

In this case the oscillation probability reads

Pa->ß — $aß —  ( l(4,i +  b’n f  +  4, i) sin2 A tm  +  l(4'i +  4,A s ' u'’’ Ann) ,
(16)

where
A tm  ~  A in ~  A 41 = A 42 and A sun — A31 — A,2-

For L =  ¿ atm =  ( 2 0  +  1 0 4) km, A tm  A un  and the second oscillation 
term  in Eq. (16) has no tim e to develop. The oscillation of atmospheric 
neutrinos is then described by

Pa-+ß (A tm ) — à aß ~  HRI'i +  P^Iß +  4, i) s ' u'’' A n m • (17)

On the other hand, a t the solar distance scale L = L soiar ~  108 km the 
first oscillation term  is averaged, sin2 A atm —> and the flavour changing
probability is

P a^ß  (¿■'solar) — Saß — 2(4,1 +  4,2 +  4, i) -  l ( 4 ' i  +  4 4  s ' u'’’ Aun- (18)

Now, it is straightforward to  find the relevant oscillation probabilities. For 
atm ospheric neutrinos we have:

P v ^V z  (¿atm) ^  sin2 2ip sin4 Ç sin4 6 sin2 A tm , (19)

Pv^^vT (¿atm) — sin2 ip sin4 Ç sin2 2 0  sin2 A tm , (2 0 )

vs (¿atm) — Sin ip sin 2 /  sin 0 sin A atm, (^1 )

and

Pv^Vy. (¿atm) — 1 —4 sin2 ip sin2 f  sin2 0

X (cos2 ip sin2 (  sin2 0 +  sin2 (  cos2 0 +  cos2 C) sin2 A tm  • (22)

W hereas for solar neutrinos the oscillation probabilities are:

A e^  (¿solar) ^  Sin2 2<p sin4 0 Q  sin4 C +  COS2 C sin2 A u n ^  , (23)

PVê v T (¿solar) — cos2 <p sin2 20 sin4 (  +  cos2 (  sin2 A u n ^  , (24)

1



and

P u e ^ u e ( ¿ s o l a r )  — 1 — 2  COS2 (p S in 2 d

[sin2 (  (sin2 (p sin2 (  sin2 0 +  sin2 (  cos2 0 +  cos2 C)

+  2 cos2 C (sin2 ip sin2 0 +  cos2 0) sin2 Zisun] . (26)

Since m 4 >> m 3 ,
s in /  <C cos /  ~  1. (27)

The oscillation parts of PUê Ufi and PVf ̂ Vr for solar neutrinos, Eqs. (23) 
and (24) respectively, are proportional to cos2/  . Depending on the angles 
ip and 0, the mixing can be large or small, so any solution (Eq. (2), (3) or
(4)) is possible. Unfortunately, the probabilities for atm ospheric neutrinos 
(Eqs. (19-22)) are proportional to sin2 /  and thus very small. As a result, it 
is impossible to explain the observed atm ospheric neutrino anomaly in this 
scheme.

3.2. Scheme I I

In this case m 3 cz m 4 and

P a ^ / 3  ( ¿ a t m )  — 5 a p  — 4  ( / / / /  +  P f , \  +  P ) \  +  ¿V .V ) s i n 2 Z i a tm  ( 2 8 )

for atm ospheric neutrino oscillations, and

( ¿ s o l a r )  — Sap — 2 (R %  +  R %  +  +  R},\) — 1 Riff sin2 Zisun (29)

for solar neutrino oscillations. These probabilities reduce for the specific 
transitions to

Pv¡j,—*ve ( ¿ a t m ) sin2 2ip sin4 0 sin2 Ziatm, (30)

P v ^ v r  ( ¿ a t m ) sin2 ip sin2 20 sin2 Ziatm, (31)

Pv^^Vg ( ¿ a t m ) o, (32)

Pve^Vfj, ( ¿ s o l a r ) ^ sin2 2 ip sin4 0 ^ 1  — ^  sin2 2 /  sin2 Zisun^ , (33)

Pye^ v T ( ¿ s o l a r ) ^ cos2 ip sin2 20 ^ 1  — ^  sin2 2 /  sin2 Zisun^ , (34)

Pi'. ( ¿ s o l a r ) cos2 ip sin2 2 /  sin2 0 sin2 Zisun (35)

( ¿ a t m )  — 1  - (sin2 2ip sin4 0 +  sin2 ip sin2 20) sin2 Ziatm, (36)



/ >,<, (¿atm (CHOOZ)) -  1 -  (cos2 ip sin2 20 +  sin2 2ip sin4 0) sin2 A atm,
(37)

1
/ ’,,, >,,, (¿solar) — 1 — - (s in 2 29?sin4 0 +  cos2 ip sin2 20)

— cos4 9? sin2 2£sin 4 0 sin 2 A sun. (38)

Since the non-zero masses are nearly degenerate, the mixing Ç is almost
maximal

1
sin Ç — cos Ç ~  —j=. (39)

v 2

The CHOOZ reactor experiment [17] constrains / ’,,, >,,, (Eq. (37)),

cos2 ip sin2 20 +  sin2 2 ?̂ sin4 0 <  0.18 for Sm 2 >  0.9 • 10- 3  eV2, (40)

and the Superkamiokande experiment constrains (Eq. (36)),

0.82 < sin2 2 ^ s in 4 0 +  sin2 ip sin2 20 < 1. (41)

Both restrictions are satisfied if cos^? ~  0 and sin20 ~  1. However, in this
case the solar neutrinos do not oscillate (Eq. (38)). This means th a t bi- 
maximal mixing for solar and atm ospheric neutrinos is not possible in the 
RH1 model. Although recent Superkamiokande da ta  favour vacuum long- 
wavelength oscillation of solar neutrinos, this can not be explained with 
only one extra right-handed neutrino singlet. However, the deficit of so
lar neutrinos can be also described by the 8 MA MSW transition (Eq. (3)) 
and all present observations (without LSND data) can be then accommo
dated in this minimal SM extension. Indeed the CHOOZ (Eq. (40)) and 
Superkamiokande (Eq. (41)) constraints are also fulfilled if cos ip A> 0 and 
sin20 <C 1. In this case (see Eq. (38))

Asun ~  cos4 ip sin4 0 (42)

satisfies Eq. (3). For example, cos2 ip =  0.17 and sin2# =  0.35 fulfill Eqs. 
(40) and (41), implying

Asun =  0.0035 (43)

which lies within the SMA MSW limits. The mixing angles determine the 
mixing m atrix  in Eq.(8 )

ve =  +0.911/1 +  0.33î/2 +  *0.177/3 +  0.17i/4,
=  —0.411/1 +  0.73î/2 +  *0.387/3 +  0.38î/4, 

vT =  —0.59î/ 2 +  *0 .5 7 î/3  +  0 .5 7 î/4 ,
vs =  —*0.71î/3 +  0.71i/4, (44)



and Eqs. (1) and (3) are fulfilled by the neutrino masses

m 3 =  0.05477 eV, m 4 =  0.05482 eV. (45)

These eigenvectors and eigenvalues are obtained from the M v entries (Eq. (6 ))

a =  0.013376 eV, b =  0.02953 eV, c =  0.04418 eV, M  5 • 1CT5 eV. (46)

In this model, contrary to what happens in the popular see-saw mechanism, 
the right-handed M ajorana mass term  M  is much smaller than  the Dirac 
masses a, 6 , c.

4. C onclusions

The RH1 model seems to  be too simple to explain the observed neutrino 
anomalies. The popular bi-maximal solution for the atm ospheric and solar 
anomalies can not be realized in this model, neither the dark m atter problem 
can be solved. Although not favoured, only the small mixing angle MSW 
transition for solar neutrinos and the m aximal neutrino mixing oscillation 
solution for atm ospheric neutrinos can be accommodated. The model which 
is the simplest SM extension, will be definitively excluded if the favoured 
‘ju st so’ mechanism for solar neutrinos persists.
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