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ELECTROMAGNETIC STRUCTURE OF THE MASSIVE, DIRAC  
NEUTRINOS*

By H. C z y ż , K. K o ł o d z ie j  a n d  M. Z r a ł e k  

D epartment o f  Theoretical Physics, Silesian University, Katowice**

(Received M ay 21, ¡986)

All the electromagnetic formfactors for the massive, Dirac neutrinos are calculated 
in the frame o f  the GSW  model. Their dependence on the Kobayashi-Maskawa mixing  
and C, P, T properties are discussed. Three formfactors depend on  gauge, the other ones are 
gauge independent. In the static limit q2 -* 0, in one loop approximation the Dirac neutrino 
has two electromagnetic characteristics— the magnetic moment (which vanishes for massless 
neutrino) and anapole (which is different from zero in the massless limit). Present experimental 
data do not give possibility to check these static properties o f  the neutrinos.

PACS numbers: 12.15.-y

1. Introduction

One of the characteristic properties of neutrinos is their electromagnetic structure. 
Such electromagnetic structure was investigated [1, 2, 4, 5] in the frame of the Glashow- 
-Salam-Weinberg (GSW) model [3]. In those papers usually unitary gauge was applied 
[1], not all possible diagrams were taken into account [2,4] or only massless neutrinos were 
investigated [1, 5]. In spite of lack of the experimental verification (up to now) of the neutri­
no oscillation phenomena [6] the problem of massive neutrinos is still actual from experi­
mental [6] and theoretical [7] point of view. In the case of massive neutrinos there 
is a problem what kind of mass they have, Dirac or Majorana? One of the features which 
will distinguish both cases in future experiments is the electromagnetic structure of the 
neutrinos. In this paper we would like to investigate in details the electromagnetic structure 
of massive Dirac neutrinos in the frame of GSW model. In the lepton sector of the model 
we use the Kobayashi-Maskawa mixing [8], like in the quark sector. In our calculations 
we apply full on-mass shell renormalization scheme [9] similar to [10]. In this renormaliza­
tion scheme using linear’t Hooft-Feynman gauge we have obtained six different form-
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factors Ffq2) i =  1, 2, ... 6 for all neutrinos. We also obtain that the neutrino current 
is not conserved

This unphysical result is caused by a gauge dependence. The current is calculated from the 
Green function which depends on gauge. Only the static limit q2 -> 0 for formfactors 
is gauge independent and has physical interpretation. There were a few attempts [11] to give 
physical validity to formfactors in the case of q2 #  0 so we will not consider this problem. 
Not all formfactors depend on gauge. To find which one depends on gauge we perform 
our calculations also in non-linear gauge [12, 13], where the Ward identities for the electro­
magnetic vertex remain the standard identities in quantum electrodynamics. It follows 
from this property that the neutrino current is conserved

From this calculation we find that three formfactors Fu F4, F6 (see Chapter 3) depend on 
gauge. The other ones are gauge independent (in our gauges). In the one loop approxima­
tion the massive neutrino has a magnetic moment and an anapole moment [2]. The electric 
moment vanishes in this approximation. The magnetic moment is proportional to neutrino 
mass and vanishes for massless neutrino. The anapole moment depends on the KM mixing 
and is different from zero for massless neutrino.

In Chapter 2 we present the calculations of the neutrino current in the linear and the 
non-linear gauges. In Chapter 3 the properties of the neutrino current are discussed. Its 
static characteristics are presented in Chapter 4. In Chapter 5 we summarize our results.

2. Electromagnetic current of the neutrinos in the frame of the Glashow-Salam-Weinberg
model

We assume that all neutrinos have non zero masses and there exists a mixing in the 
leptonic sector like one in the quark sector of GSW model with three generations of fer­
mions. Thus we introduce the lepton Kobayashi-Maskawa (KM) matrix Acn (c, n =  1, 2, 3 
are flavour indices) which mixes flavours in the leptonic sector.

To investigate the structure of matrix elements of electromagnetic (EM) current 
between two one-particle neutrino states in momentum space we calculate vvy vertex 
within the GSW model to the one loop approximation. To check gauge dependence of the 
various formfactors we perform our calculations in two different gauges. Namely, in the 
linear ’t Hooft-Feynman gauge, where the gauge fixing Lagrangian has the form

4%  *  0. (1.1)

- i t - N O N L I N E A R  _  n  H Jn — " (1.2)

^ g f  = - \ A w r i - i M v/<pt\2- J ( d flz>i - M z<p'3)2- Y ( d gA>1)2, (2.1)

and in the non-linear gauge with the gauge fixing term [12]



In the last formula A3 denotes the third of the group components of SU(2) gauge field 
before transformation to the physical fields, which is done by the formula

We know that the GSW theory is renormalizable in both of these gauges [14]. It is 
worth to mention that we renormalize vvy vertex in a selfconsistent way. That means, 
we are able to remove divergences of all Green functions to an arbitrary' order of perturba- 
tive calculations (see [10], [9]).

We found Feynman vertices in both gauges using our version of GSW Lagrangian 
[9]. The vertices in the non linear gauge which differ from those in the linear one and are 
used in this paper are listed in Appendix A. In the nonlinear gauge some three point 
couplings vanish and as a result smaller number of diagrams contribute to three or four- 
-point Green functions (see for example Fig. 2). Unfortunately there appear some additional 
four-point vertices which make two-point Green functions a little bit more complicated 
(see. Appendix B).

The Feynman diagrams which contribute to the vvy-vertex in linear and nonlinear 
gauges are shown in Fig. 1 and Fig. 2.

(2.3)

A?

«/ «/ •/

Fig. 1. Feynman diagram involved in vertex v„vmv in linear gauge

Fig. 2. Feynman diagram involved in vertex v„vmy in nonlinear gauge



Let us briefly describe our renormalization scheme [9]. We perform on-mass shell 
renormalization of GSW model up to the one loop approximation. In this case the counter­
term to the vvy vertex, following from our Lagrangian, equals [9].

ie M2
?"(1 -J S ^Z A , (2.4)

where we introduced matrix renormalization of fields in Z —A sector [10]

(2.5)

with

'¿ZZ — 1 — d ZZ, Z aa — 1 — à AA, ZzA — — AzA> Z lAZ — — à.

We use on mass shell (OS) renormalization conditions in the form given in the papers 
[9, 10]. In our case it is enough to introduce only two conditions, for transverse part 
of Z —A propagator

Thus, to determine the renormalization constants Aza and Aaz, we must calculate Z —A 
propagator both in linear and non-linear gauges to the one loop approximation. Diagrams 
which contribute to these propagators and our final results for them are shown in 
Appendix B.

Substituting (B. 1) and (B.2) into (2.6) one obtains the following values of A ZA and Aaz

[Re n ZA(q2) — M\Aza +  q2(AZA +  AAZ)~\q2 =0 — 0, 

[Re n ZA(q2) — MIAza + q2(AZA + AAZ)]q2 =M2z =  0. (2.6)

4 za —

+F 0(MW, Mw, M2) +̂ + ëè - M  Z



JZA 0,

A 17 —
e2Mu M i

9C u v  I  3  r r v r  1 + V —  , 7 T 7 T  +6 M l 9M l  ' V 3MZ
+ |  In M l

+ F0(MW) Mw, Mz)
/28
\ 3 m 1~

M l
6 M lJ  M l  ¿ _ J

V  Q № t(M l -  M l)  -  T3iM l)

X (i Cuv +  Re F2{m„ mh M |) -R e  Fffm;, mh M l)) (2.8)

in the non-linear one.
Renormalized neutrino EM current has the same structure in both considered gauges:

f ( P ,  <l) = ~ ie
- i e 3M l

64n2( M l - M l ) I M J 2

X «B(p2)[M/(g2) /  +  F(( g V  + iGl(q2)q,i 

+ ys(Bi(q2) f  +  iDt(q2) f  + C ^ / q ^ j u f l p A , (2.9)

where p  =  p x + p2, q =  P i—P u Anl — KM matrix element in leptonie sector, and we 
assumed that neutrino spinors un(p3), un(p2) satisfy the Dirac equation.

Functions Afq2), Bt(q2), C,(q2), Dt(q2), Efq2) and Gt(q2) are listed in Appendix C.

3. Neutrino formfactors, current conservation

The Hamiltonian of the neutrino interaction with electromagnetic field may be written 
in the form

h , = V U , C3-1)

where is, by definition, electromagnetic current and A* is the photon field. Matrix elements 
of this current have the form

=  - i e u ( p 2, l 2) r itu (p1,A 1), (3.2)

where p u  /.¡, (p2, a2) are momentum and helicity of incoming (outgoing) particles (see 
Fig. 3).

Physical requirements, e.g. hermitieity of the hamiltonian and the fact that spinors 
u and u fulfil the Dirac equation, lead to the following form of the operator



Fig. 3. Diagram which may contribute to electric dipole moment o f  the neutrino

where Ft (i =  1, ..., 6) are real scalars which depend only on q2, and m  is the mass of 
a  particle. Our operator Ftl, which was obtained in straightforward calculations of neutrino 
current (see Chapter 2), has the same form and we may write Ft in terms of A h Bu Q, 
D„ E„ G, (see (2.9))

F l =  6471 2(M2- M 2) X  A u A lA " 

e2M |p  =  _______ £____
2 647r2(M l-M O

l=t

e2M l
Fi ~  64n2(M l-M ^ )  ¿ _ j  Al”AnlG‘

1=1

3

m n 2m ( M l - M l )
1 =1

I AinAtiEi,



64n2( M l - M l )
i= 1 

3

Fb 647I2(M |-M ^) (3.4)

We have here six independent functions, instead of four as for example in papers [2, 15] 
because we do not require up to now the current conservation

If we define the electromagnetic current in terms of renormalizable gauge fields [11], 
the current conservation will be a result of Ward-Takahashi identity

where F ffy — fermion-fermion-photon vertex, S F(p) — fermion propagator.
It is fulfilled for QED [16]. In the frame of GSW model property (3.6) depends on gauge. 
It is satisfied e.g. in unitary gauge and in nonlinear gauge [13]. In linear’t Hooft-Feynman 
gauge (3.6) is not valid and we cannot expect the current conservation in the form (3.5). 
Broken current conservation means that some parts of the operator depend on a  choice 
of the gauge and then they cannot be physical observables. However for q2 = 0 the current 
conservation has still the form (3.5) and additionally we can interpret most of the form- 
factors. It is easy to see that 2mF2(0)+F1(<S) =  charge Q,

— = dipole magnetic moment M  
2m

(nonrelativistic interaction has the form — MoB),
—F5(0) =  dipole electric moment D 
(nonrelativistic interaction has the form — DoE), 
and //ifO) =  dipole anapole moment A 
(nonrelativistic interaction has the form Ao  rot B).
F3(0) and F6(0) are not physical observables and in nonrelativistic approximation we cannot 
write their interactions in form of coupling with electromagnetic fields (or derivatives of the 
fields).

It is interesting to see what kinds of properties the formfactors have when we assume 
that the theory has some discrete symmetries, like C, P, T. All these properties which are 
valid for any momentum transfer q2 are given in Table I. We can see that when CP is not 
broken, Fs must be equal to zero. In GSW model CP is broken only due to phase factor in 
the KM matrix, but in one loop approximation only absolute values of the elements of 
KM matrix go to the electromagnetic current and then Fs must vanish in this approxima­
tion (what can be checked in straightforward calculations). At higher orders, where the

(3.5)

q W ?  = e [ s Y ( p - q ) - S F' ( p ) l (3.6)



The properties o f formfactors at discrete symmetries. “ —” denote that formfactors are equal to zero
when symmetry is conserved

Formfactor
Symmetry F i f 2 f 4 Fs F6

C + + — _ + _
P + + + — — —

T(CP) - + - +

phase of the KM matrix enters the diagram, the formfactor F5 (and from this the electric 
dipole moment) can be different from 0. An example of this diagram is given in Fig. 3.

Let us return to our results for electromagnetic current of neutrinos. After easy but 
rather long calculations we can obtain

for nonlinear gauge, and
2 „2-e m M zq

(In M l  - F 0(MW, Mw, q2))

(3.7)

(3.8)

for linear gauge.
To obtain the results (3.7) and (3.8) we use reduction formulae (D.3-D.6) from 

Appendix D,
We see that for our linear gauge the electromagnetic current is conserved only for 

q2 =  0, as expected.

4. Static properties o f  neutrinos

Let us see now what is the physical contents of electromagnetic current of neutrinos. 
It is worth to mention that our results are exact, we took into account all diagrams in one

loop approximation and calculated without any approximation like O ( — ). Our results
\M w /

are
G,(q2) =  0, Dt(q2) =  0, (4.1)

what is the consequence of the CP violation only by phase in the KM matrix. This means 
that dipole electric moment of neutrino vanishes in one loop approximation as expected 
(see Chapter 3).

(2m£, +  A;)(q2 =  0) =  0, (4.2)

where m is neutrino’s mass. This means of course that neutrino’s charge is equal to zero.



I /  m, +  _  l n '
m M 2w /  L

m l
2M2,

mr•5 ■> Wim2+ - i _ M^ +  '
2 MwM

2 . ( S A  — m 2+ m f+ M
+ - pr ln I -------—-—■-----------

N/zd \  2m,M-n1Y1 w m

2 M i

where

m4 +
2  ■ « 2  4.m, 5mw m

  +  - r ^  +2 2 M:W .

! ' m2 + -M ^+ fM ^m ,2-  -^X w 2 w i 2 W
w.

d = m —2m (m, +  Mw)+(m , — M^) .

(4.3)

(4.4)

Ei is proporiional to the magnetic moment of neutrino but it is rather difficult to see its 
behaviour using the above formula. When we left only first term in series in powers of 
m

Mr,
, we obtained for the magnetic moment of neutrino (see Chapter 3)

m
1 eV

(4.5)

so we get the same result as e.g. in [2].
We have used here the following values of the masses and fine structure constant taken 

from [17]

Mw = 80.8 GeV, Mz =  92.9 GeV, me =  0.5110034 MeV 

m„ =  105.65932 MeV, mt =  1.7842 GeV, 

a =  1/137.03604, e =  1.6021892. 10"19C.

It is worth to mention that M  does not depend on the KM mixing because d , does not 
depend on / in this approximation.

Ct(q2 =  0) =  -  
m

1
m,2 m 

+
2 I

H"
m ^jA  \

2 ' 2 M l j  

'y[A +mf — m2+Mw

\ M 2J

11 
6

m ^jA  

2m,2 m
6M l

2 m,Mw 

3 m,2 2 mi X_l
—  +M w + — 4



Anapole moment is dependent on Q  (see Chapter 3) but as for Ex it is difficult to see its 
behavior using (4.6). In the same approximation as for Ex the C, depends however on I

and in consequence the anapole moment is dependent on the KM mixing and may vary 
by 2 orders of magnitude when the KM matrix is changed:

A  (10~18 -j- 10~16)/iB . (4.8)
1 ev

Both values, magnetic and anapole moments are, however, experimentally unaccessible. 
Antineutrino gives reactor experiments only upper bound for the magnetic moments of 
electron and muon neutrinos [17]

M Ve <  1.4 • 1 0 M V|i <  8.1 • 10“ %iB

what is 9 order of magnitude bigger than reasonable theoretical values (with small neutrino’s 
masses). For the anapole moment of the neutrinos there is no experimental evidence up to 
now.

5. Conclusions

The massive Dirac neutrino possesses the magnetic moment and the anapole moment. 
The magnetic moment vanishes for the massless neutrino but the anapole moment is different 
from zero in this limit. In the second loop approximation, the electric dipole moment also
appears. Unfortunately all these characteristics are few orders of magnitude out of experi­
mental power. The static (q2 -> 0) properties of neutrino are well defined, gauge independent 
values. But there still remains the question whether we can define formfactors as physical
observables. In the paper [11] Jegerlehner and Fleisher have tried to define formfactors
in a gauge independent manner in terms of “Abelian fields” . They have concluded that 
formfactors in their definition are really gauge independent but they have bad behaviour 
for q2 -> oo. Formfactors in terms of fields in renormalizable gauge have good behaviour 
for big q2 but they may be gauge dependent. We have calculated matrix elements of electro­
magnetic current of neutrinos in two gauges, in t ’Hooft-Feynman linear gauge and in
nonlinear gauge. It is worth to mention that electromagnetic current conservation is in fact
a consequence of Ward-Takahashi identities. Then in some gauges we may have nonconser­
vation of this current (for example in linear t ’Hooft-Feynman gauge). In spite of gauge 
dependence of the current nonconservation, some of the formfactors may be gauge inde­
pendent. We have only results for two gauges and we cannot conclude whether the form­
factors are really independent. In our calculation three formfactors ( i j ,  F4, and F6) are
gauge dependent and we may expect that some of the formfactors are really gauge inde­
pendent.



APPENDIX A

The Feynman vertices in the nonlinear gauge (2.2) which differ from vertices in the 
linear gauge used in this paper.

M v

vM z-M w  

( + ie),

U ( P 1 + P2) V v+ 2p k M- 2p?gVł],

{Pi+PiY

2 Mv

w

APPEN D IX  B

We present here the results for Z — A propagator both in the linear and the nonlinear 
gauge. The diagrams which contribute to them are shown in Fig. B1 and Fig. B2 respec­
tively.

/7%U')un =
e2M L

c,uv 3+ i . A i
3 + 6  M 1

M l * 4 2
i  Jffl. 
9 M l

W

,  , 1 Mi  , 4 MI +  3MW
M i ,  + s ' v



ix I dx  In (D2(x, Mw))+ 4  > Qi l2 Q iz M l
Mw

- 1
M l

k c ,
31 M l  I 1 6 uv

+  d x ( x  —x )  In ( D 2(x , m,)) 1 4— -y - 2M, ) ]
kTk*

Q jv  J d x  In  (D 2(x , M w))

o

Mv / 'M N 0 N L 1 N  _ _m \ ( k )
1 e2M 2W

i6n2 -Jm 2z- m I  V6 fc2
C  I  1 7  I 1

Cuv( 3 +6  M l

+
M i M i —14Mw

9 »,2 9 3M.w
1n M 2 -  I M L+i Mz

I  3  + «  M 2

M l —14Mw2 _Z 
’ 3

w
d x  In (D 2( x ,  M w) ) + 4  >  a  1 2 6 . 1 ^ -I

■ 7,,-
Ml

3i m i ; /  ^ uvS’ Cliv + d x ( x 2 —x )  In  (D 2(x , mi) )

W ¡VJ
/T7», ^  r**t,

/T " w >**'/ T  '*'0 0 "^ +  /  '/'+ J ~ T  Ivv +-
hA

ig£
».

» O O  f N 4+  <\r-. .'V'-s-j V V V W + - -  v -v X A a  -j- 's/I K a

Fig. Bl. The diagrams which contribute the Z — A propagator in the linear gauge. (We should sum over 
all indicated particles with proper combinatorial factors.)

w *

w J

O '
w~
v±

'iA+s-qr fu\ +  V l •V\j +

V-1
C"

C"

r\y\>N/V'' 4- W v V v  •+" O '
Fig. B2. The diagrams which contribute to the Z -  A  propagator in the nonlinear gauge. (We should sum 

over ail indicated particles with proper combinatorial factors.)



where Qt — electrical charge of j'-th fermion, T3i— 3-rd component of weak isospin of 
2

i-th fermion and Cuv =  — - y E+ ln  (4np2), (yE — Euler’s constant), D2(x, m) =  m2- k 2
£

X  x ( l — x ) .

APPENDIX C

We present here the list of the coefficients A h fi„ Dh Ft, and C, which were defined 
in Eq. (2.9) both in linear and nonlinear gauge,
a) The linear gauge:

AY"(q2) = 2 In M w+y —2 —2 J dx |  d y y { l~ 2 m ; + l  g,(m2- m 2)
0

+ q 2+ >-(4m2 -  q2) +-§• y 2K,(-  m2 +  i  <72) —I  x 2y 2K,q2]
U3 i

+ + y ( - 4 m l  + q 2) + y 2(m2n - l  q2) + i  x 2y 2q2}
" 3 1

2

- I  K, In D3i +  (2 +  L x,) In U3I-  - / - - 7  [A L,N(q2) —Re X LW(M 2z) l
q - M z

l I
1

'  - TP . D31
t f w ( q 2) = 2  In M w + t  S i — 2 — 2

0 o

+ 42+ j(m 2f t - Ç 2) + y >,2Si(- '” 2+ i  d2) - i  * W f t ]

+ 2 -  [ - m ,2 +  y<?2 +  >’2(m2- i  q2) + i: x2J‘V ] - t  ft 1° D3i
^31

+ ( 2 + i  e,) In B 3\  -  2 [VLINQ 2) -  Re AL,N(Mi)],
J « - M z

1 1

Eu "(q2) = —2m„ J dx J dyy  j / -  [2 + ><-4 +  -| ft)+T



where

F,UN(g2) =  ¿2m, Hdyy2x
D ( - 2 + y  6 i+ k y Ki)

3 1

m l
+  iT  " 7 7 2  + 7 ^ 1D3I V Mw
1 1

C/'1N(<?2) =  - 2m. j </x J dyy  | 2 _  [2 + X ~ 2 +  7  ft) - T *V i?/]

XL1N(g2) -  Re XL,N(Mi)

0 0

1 r 1 —2 2 ~ll
+  bT ,[2)“ 1 ^  c,]r  T ^ i

— y L1N(g2) +
2M?

In Ml

X u\ k 2) =  |
M l____________ Mw

3 1 M* u 1 '-2

M l  , .
In Ml/ —2 —f  In Mh+  ( 3 + , M i

6’ M w

+ T J ln D̂ x' Mw)“4 6« ̂ 2;
0 i

M l
M l

- 1

1

- Tn
M l

3i Mj,
dxx(x — 1) ln D2(x, m(),

2Ml f
Y LlN(/c2) =  - p -  dx  ln D2(x, My,).

0

b) The nonlinear gauge:
1 I

A fh(q2) -  y  Ki ~  2 J dx  J  dyy  j —  [ -  2m2 + -j g,(mf -  m~)
0 0

+  g2 + y(4m2 -  g2) +■! y 2K,( -  m2 + i  g2) g2*,]

+ J -  ><-4m 2 + g2) + i  k, ln D3 1 kx I11 D3i 
P 31

[ X NL( g 2 ) - R e X NL( M D ] ,
q - M i



1 1

B f \ q 2) =  \  Qi -  2 J  dx |  dyy | 2 _  [£ Ql(mf - m 2) + g2 
0 0

+  y(mxe i - q 2) +  j: y 2Qi(-m2n+  i  <Z2) —§: x2y 2q2Ql'j

+ yq2+ i  0i In D31~ t  Qi In D3l
U^i

- ^ - —2 [VNL(q2) - R e  YNL(M2)], 
q —M z

E»L(q2) =  £ iJN(«2),

¿>rL(«2) = ¿ » W ) ,

£ W )  = F f - 'V ) ,

CTL(«2) =  - 2m„ dx C2+ X  - 2 + -I &) - 4  x2y 2Qil
( + '3 !

where

1

¿>31
+  = - ( 2 y - 4 x 2y 2QL) - p ± - 2 [X N\ q 2) - R e  ANL(M2)], 

q — m z

My
X NL(k2) = 11 — \  

3 ' M l
NL -̂2' -  2 i 14 \ TA In M.2Mi

w

+
[*(■

M 2
M

+ 34
w

2 M 2 / M 2 
3 k2 I M l

dx In D2(x , Mw)

E fi{2e' Mz \  M |
- 1  -  T,

M l 3« ,  ^ 2
m w

dxx(x — 1) In D3(x, m;),

and in both gauges we introduced abbreviations

¿>31 =  D3l(x ,y )  = (1 -  >’)M ^ +  y[m f - q 2x ( l - x ) ' ] - y ( l -  y )p 2, 

D3l = D3l(x ,y )  = ( l - y ) m f  + y [ M l - q 2x ( l - x y ] - y ( l - y ) p 2, 

P = ( l ~ x ) p 1+ x p 2, 

x  =  2x —1,

2 M l+ m f  + m l
M w



APPENDIX D

It is easy to see that these are connections between integrals over Feynman parameters 
which appeared in Appendix C which are necessary for obtaining for example the equalities
(3.7) and (3.8). The method of obtaining reduction formulae, which are listed below, is 
described in [18]. We define first a few values

c “  = W ‘' Y ’0 0
1 1

Cm =  J dx j d y y l n D 3> (D.l)
0 0

where

=  ( l - y ) M  + y[m 2- q 2x ( l - x y ] - y ( l - y ) p 2,

and

p =  ( l - x ) p 1+ xp2, q =  p2~Pi-

p lt p 2 — fourvectors which have the following property p i  = p \,

1
Ft(mi, m 2, q2) =  |  d xxk ln (q2x2 +  x(m2 — m2 — q2) + m l~  is) (D.2)

o

e — positive infinitesimal, and m u M  —  masses.
The reduction formulae read

1
2Cn  =  C02 =  2C12 =  — =---- y—

2(pf ~  4 /4 )

x [F 0(m, m, q2) - F 0(M , m, P ? )-(M 2+ p ? - m 2)C01] (D.3)

Cin = ?  F0( m ,m ,q 2)+ M 2C01- C t2(p21- m 2 + M 2) - L  (D.4)

C2i  =  -  . 2, i 2 IA, {Fo(.m, m, q2) ( p \ - q 2j2)
*q (p i - q /4)

+ F i(M , m, p l ) ( - 2 p 21 + q2) + 2M 2p lC 0l

+ 2C12(p21- m 2 + M 2) ( - p l - q 2! 2 ) - p 21}, (D.5)

C03 =  2Ct3 =  -  ^ p 2^ 2-j ^ { - F 0(m, m, g2) +  2F1(M, m, pf)
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