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Abstract In this paper, we use multi-frequency angular size
measurements of 58 intermediate-luminosity quasars reach-
ing the redshifts z ∼ 3 and demonstrate that they can be used
as standard rulers for cosmological inference. Our results
indicate that, for the majority of radio-sources in our sample
their angular sizes are inversely proportional to the observ-
ing frequency. From the physical point of view it means
that opacity of the jet is governed by pure synchrotron self-
absorption, i.e. external absorption does not play any signifi-
cant role in the observed angular sizes at least up to 43 GHz.
Therefore, we use the value of the intrinsic metric size of
compact milliarcsecond radio quasars derived in a cosmol-
ogy independent manner from survey conducted at 2 GHz
and rescale it properly according to predictions of the conical
jet model. This approach turns out to work well and produce
quite stringent constraints on the matter density parameter
�m in the flat �CDM model and Dvali–Gabadadze–Porrati
braneworld model. The results presented in this paper pave
the way for the follow up engaging multi-frequency VLBI
observations of more compact radio quasars with higher sen-
sitivity and angular resolution.

1 Introduction

For some time, radio sources (extended FRIIb radio galax-
ies, radio loud quasars, etc.) have been proposed as standard
rulers [1–4] and hence as alternative cosmological probes
complementary to standard candles (SN Ia) and anisotropies
in the cosmic microwave background radiation (CMBR).
One important class of such objects are ultra-compact radio-
sources whose cores have angular sizes of order of mil-
liarcseconds (mas) which could be measured by very-long-
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baseline interferometry (VLBI) [5,6]. In the VLBI images,
the core is usually identified with the most compact (often
unresolved) feature with a substantial flux and flat spectrum
across the radio band. More importantly, radio sources (espe-
cially quasars) can be observed up to very high redshifts,
well beyond the observed redshift range of SNIa [7] limited
to z < 2. First attempts to constrain cosmological models
using such kind of sources were due to Gurvits et al. [8], who
compiled a data-set of 330 milliarcsecond radio sources con-
taining various optical counterparts (radio galaxies, quasars,
BL Lac etc.). A sub-sample containing 145 compact sources
with little dependence of angular size on spectral index
(−0.38 ≤ α ≤ 0.18) and luminosity Lh2 ≥ 1026 WHz−1

was also derived in their analysis, based on which all data
points were distributed into twelve redshift bins and were
extensively discussed in the literature [9–11] as cosmologi-
cal probes. However, the determination of the typical value
of the linear size lm for this standard ruler (or even whether
compact radio sources are indeed “true” standard rulers) was
remaining an important problem to be solved [9,12]. Based
on the previous conclusion formulated in Cao et al. [12], that
mixed population of radio sources including different opti-
cal counterparts can not be treated as a “true” standard ruler,
Cao et al. [13] demonstrated that only in the intermediate-
luminosity radio quasars their compact structure displayed
minimal dependence of the linear size on redshift and lumi-
nosity. Therefore they could serve as a cosmological standard
ruler. Identifying 120 such intermediate-luminosity quasars
allowed Cao et al. [14] to explore various cosmological mod-
els in the high redshift range (z ∼ 3.0), a range which was
difficult to access by other cosmological probes. Such quasar
sample has also been extensively used to investigate other
dynamical dark energy models [15,16] and modified gravity
theories [17,18]. This was done however, based on the results
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of a survey performed on a single frequency 2.29 GHz and a
question might be raised whether this successful calibration
of standard rulers is just by coincidence or has a broader scope
of applications comprising VLBI surveys on other frequen-
cies. The focus of this paper is to extend the previous analysis
of Cao et al. [14] and investigate possible astrophysical appli-
cations of the multi-frequency angular-size measurements of
58 quasars covering redshifts z = 0.536−2.73. More impor-
tantly, the angular size of ultra-compact structure depends on
the observing frequency, due to synchrotron self-absorption
of the radio core (absorption in the radio emitting plasma
itself) and external absorption in the surrounding material
[19,20]. Therefore, the measurements of the angular sizes at
three or more frequencies can be used to study the physics
of compact radio-emitting region.

2 Methodology and observational data

Standard ruler approach to measure cosmological distances
[21], is based on quite obvious geometric relation

θ(z) = lm
DA(z)

(1)

between the intrinsic metric length lm of the standard ruler
located at the redshift z, its observed angular size θ(z) and
its angular diameter distance DA(z). The main problem here
is to find a convincing population of standardizable rulers.
In particular, metric sizes lm of compact radio sources may
depend on their luminosity L (i.e. on the central engine)
and display evolutionary effects, i.e. may depend on z. As
already mentioned, Cao et al. [13] using the parametrization
lm = l Lβ(1 + z)n capturing these effects, demonstrated that
the linear size lm of compact structure in 120 intermediate-
luminosity quasars observed at 2.29 GHz (later on we will
denote this frequency as 2 GHz for short) displays negligible
dependence both on redshift and luminosity (|n| � 10−3,
|β| � 10−4).

In extragalactic jets, however, the apparent position of a
bright narrow end depends on the observing frequency, owing
to synchrotron self-absorption and external absorption. Con-
sidering that 10 pc is a typical radius at which AGN jets are
apparently generated [22], it is very important to investigate
the relation between the observing frequency and the appar-
ent linear size of compact structure. To be more specific, at
any given frequency, the core is believed to be located in the
region of the jet where the optical depth is τ = 1. In the con-
ical jet model proposed by Blandford and Königl [20], if we
observe a given milliarcsecond source at different observ-
ing frequencies ν, its observed size falls as the frequency
increases [23,24], being proportional to ν−1. At this point,
one should clarify the issue of reception frequency νr and the

rest-frame frequency νe. At first sight an expectation would
be that angular sizes in corresponding angular-size vs. red-
shift diagrams should fall by an additional factor (1 + z)−1,
because the rest-frame emitted frequency has to be greater
than νe by a factor of (1 + z): νe = (1 + z)νr , thus masking
any cosmological effect. However, observations show behav-
ior which is compatible with conventional cosmologies. The
reason is almost certainly that there is a selection effect which
is operating in our favor in this context. Namely, we are deal-
ing with an ensemble of objects which may be intrinsically
similar in their respective rest-frames, but appear to be very
different in our frame. According to the unified model of
active galactic nuclei and quasars [25,26], the underlying
population consists of compact symmetric objects [27], each
comprising a central low-luminosity nucleus straddled by
two oppositely-directed jets. Ultra-compact objects are iden-
tified as cases in which the jets are moving relativistically and
are close to the line of sight, when Doppler boosting allows
just that component which is moving towards the observer to
be observed. Giving rise to the core-jet structure observed in
typical VLBI images [28], the core tends to act as the base
of the jet instead of the nucleus [20]. Those jets which are
closest to the line of sight appear to be the brightest. Follow-
ing the analysis of Dabrowski et al. [29], for a flux-limited
radio sample, a larger Doppler boost factor D is required as
z increases, which will generate an approximately fixed ratio
D/(1+z) and thus an approximately fixed rest-frame emitted
frequency (1 + z)νr/D. See Jackson [30] for mathematical
and astrophysical details.

Moreover, the dependence of the angular size (θ ) on spec-
tral index (α) which, if not considered, could also constitute
a possible sources of systematics in the dispersion of the
linear size (lm). More specifically, following the simple con-
sideration of self absorption arguments, radio sources with
flat and inverted spectra tend to have smaller sizes and there
is an obvious dependence of angular size on spectral index
(see Fig. 7 of Gurvits et al. [8] for details). In view of this
effect in the currently available sample, there have been argu-
ments based on the restricted range of spectral indices (a flat
segment of the θ − α diagram −0.38 ≤ α ≤ 0.18) that
elimination of the large compact steep spectrum sources and
most compact inverted spectrum sources will better define
compact sources as standard rulers [8]. More importantly, as
was noted in the same work, the remarkable feature of such
selection criterion lies in the fact that lowest-redshift sources
(z < 0.5), which exhibit the highest deviation on the α − z
diagram [30], will be partially excluded from the final sample
used for statistical analysis. Therefore, in this work we will
adopt the same criterion of α and concentrate on compact
radio quasars with flat spectral index.

In our analysis, we turn to the more recent VLBI imag-
ing observations based on better uv-coverage. Pushkarev and
Kovalev [31] presented the VLBI data of more than 3000
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Fig. 1 Angular size vs. redshift for the Pushkarev and Kovalev [31]
sample of 58 sources at six radio frequencies

compact extragalactic radio sources observed at different fre-
quencies, ν =2–43 GHz. This sample, however, contains a
wide class of extragalactic objects, belonging to different
luminosity categories, including quasars, radio galaxies, and
BL Lac objects. We identified 58 intermediate-luminosity
quasars from the sub-sample constructed in Cao et al. [13],
which have also been included in the Pushkarev and Kovalev
[31] sample. Figure 1 displays the observed angular size
against redshift in this sample. This way, we obtained a set of
data – summarized in Table 1 – comprising angular sizes of
flat spectrum cores in intermediate-luminosity radio quasars
at six different radio frequencies: 2, 5, 8, 15, 24 and 43 GHz.

In order to use Eq. (1) for cosmological inference one
needs to calibrate lm . According to Blandford and Königl [20]
calibrated metric size of such standard ruler should depend on
observing frequency in the same way as the observed angular
size. Owing to synchrotron self-absorption of the radio core
(absorption in the radio emitting plasma itself) and external
absorption in the surrounding material, the angular size at
any given observing frequency ν should scale as θν ∝ ν−k .
The parameter k representing the dependence of the angular
size on frequency, is related to physics of the compact radio-
emitting region: the shape of electron energy spectrum and
the magnetic field and particle density distributions. Namely,
(1) k = 1 if the core is self-absorbed and in equipartition [20];
(2) k > 1 if external absorption plays an important role [19].
Therefore, the measurements of the angular sizes at three or
more frequencies can be used for determining the value of
k and thus testing the Blandford and Königl [20] jet model
and its later modifications [32,33]. Therefore, VLBI results

obtained at other frequencies on the same sources as used in
the current study should be used for verification of the results.
We checked that frequency dependence of angular sizes in
our sample is compatible with Blandford and Königl [20]
conical jet model. For each quasar, the best-fit k parameter
and its corresponding 1σ uncertainty is determined through
a χ2 minimization method. Following the previous analysis
of a large sample of 140 mas compact radio sources [12], we
have assumed a conservative 10% statistical uncertainty in
the observed angular sizes. Figure 2 displays the distribution
of k parameter in our sample of quasars. Best-fit probability
distribution function (PDF) is represented by the blue solid
curve.

One objection one might rise towards the proposed method
is the rigid assumption of the Blandford and Königl [20] con-
ical jet model. Although there are some arguments support-
ing good consistency between the VLBI observations and
the BK79 conical jet model in the earlier studies, which was
done by using the recent multi-frequency core shift measure-
ments of many compact radio sources [19,24,34,35], one
can expect the deviation from this standard jet model. There-
fore, in the context of multi-frequency data, one can use the
characteristic linear size at 2 GHz and scale it according
to lm ∝ ν−k to any other frequency. However, this model
still requires that the quantity k is constant, while as we see
in Fig. 2 it has some distribution across the sample. Con-
sequently in the following analysis we also performed fits
assuming the linear relation: k(z) = k0 + k1z treating k0

and k1 as free parameters together with cosmological ones.
We remark here that, considering the fact that the fixed ratio
D/(1 + z) is only expected to occur at the flux limit of the
survey, it is mandatory to take this effect into consideration
and verify its usability for cosmological test. Therefore, in
the following analysis we will also use 30 quasars with flux
density smaller than 1.0 Jy, a flux-density limit resulting in a
sample observed with VLBI covering the full sky [36]. This
restricted sample is summarized in Table 1 where the names
of quasars are given in bold.

Now a cosmological-model-independent method should
be applied to derive the linear size of the compact structure
in radio quasars at 2 GHz, by constructing angular diameter
distances DA by means of GP-processed H(z) measurements
[37,38] from cosmic chronometers [39] (using publicly avail-
able GaPP code [40]). See Cao et al. [14] for detailed descrip-
tion of this procedure. The advantage of our quasar sample,
compared with other reliable standard rulers extensively used
in the literature: baryon acoustic oscillations (BAO) [41,42]
and galaxy clusters with radio observations of the Sunyaev–
Zeldovich effect and X-ray emission [43,44], lies in the fact
that quasars are observed at much higher redshifts (z ∼ 3).
More importantly, the angular diameter distance information
obtained from quasars has helped us to bridge the “redshift
desert” and extend our investigation of dark energy to much
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Table 1 Compilation of
intermediate-luminosity quasars
from Pushkarev and Kovalev
[31]

Source z θ2 θ5 θ8 θ15 θ24 θ43

J1256−0547 0.536 2.56 0.59 0.37 0.23 0.13 0.07

J0407−1211 0.573 1.82 0.33

J0922−3959 0.591 2 0.38

J1642+3948 0.593 1.29 1.28 0.54 0.24 0.19

J2332−4118 0.671 1.89 0.45

J1800+7828 0.68 0.55 0.27 0.23 0.16 0.1 0.09

J1357+1919 0.72 1.4 0.75 0.41 0.14 0.43

J1637+4717 0.74 0.72 0.23 0.08

J1239−1023 0.752 2.25 1.37 0.7

J0728+6748 0.846 0.99 0.26

J0917−2131 0.847 1.72 0.2

J1215+3448 0.857 1.31 0.82 0.51

J0538−4405 0.894 1.41 0.43

J0539−1550 0.947 1.59 0.38

J1937−3958 0.965 1.49 0.34

J0239+0416 0.978 0.89 0.23 0.05

J0132−1654 1.02 1.44 0.59 0.91 0.25

J1516+1932 1.07 0.88 0.16 0.09 0.11

J1337+5501 1.1 1.22 0.45 0.47

J1213+1307 1.14 1.53

J2331−1556 1.153 1.56 1.15 0.5 0.45

J1441−3456 1.159 1.9

J1955+5131 1.22 1.05 0.66 0.23 0.2

J1153+8058 1.25 1.19 0.31 0.27 0.15

J1023+3948 1.254 1.03 0.69 0.26 0.1

J0516−1603 1.278 1.69 0.73

J0406−3826 1.285 0.96 0.45

J0710+4732 1.292 0.79 0.75 0.16 0.12 0.07

J2314−3138 1.323 0.91 0.36

J1617+0246 1.339 1.91 0.33

J0808+4052 1.42 0.83 0.43 0.15 0.06 0.12 0.07

J1534+0131 1.435 1.24 0.86 0.43 0.18

J1033−3601 1.455 1.08 0.48

J2255+4202 1.476 0.99 0.52 0.39

J2056-4714 1.489 2 0.59

J0222−3441 1.49 0.98 0.45

J1417+4607 1.554 1.7 1.63 0.74

J2229−0832 1.56 0.82 0.18 0.11 0.07 0.04

J0409−1238 1.563 0.81 0.22

J0839+0319 1.57 1.7 0.49

J1107−4449 1.598 2.84 0.9

J1640+3946 1.66 0.64 0.28 0.27 0.12 0.08 0.05

J0110−0741 1.776 1.85

J1454−4012 1.81 2.17 0.46

J1036−3744 1.821 1.37

J0808−0751 1.837 1.18 1.23 0.29 0.1 0.07

J0639+7324 1.85 1.44 0.26
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Table 1 continued
Source z θ2 θ5 θ8 θ15 θ24 θ43

J1357−1527 1.89 0.96 0.23 0.14 0.12 0.07

J0620−2515 1.9 0.84 1.09

J1658+3443 1.937 1.82 0.47 0.57

J1327+4326 2.08 0.94 0.41 0.57

J2322+0812 2.09 2.06 1.14

J1022+1853 2.136 1.94 2.39

J0644−3459 2.165 3.28 0.57 0.91

J1035−2011 2.198 1.81 0.89 0.5 0.41 0.21

J2316−4041 2.448 1.19 0.21

J0331−2524 2.685 1.77 0.2

J0139+1753 2.73 1 0.72 0.23

Quasars with flux density smaller than 1.0 Jy are written in bold. Column (1): source (name); column (2):
redshift; column (3)–(8): angular size in milliarcseconds at 2, 5, 8, 15, 24, and 43 GHz, respectively
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Fig. 2 Distribution of k parameter in our sample. Blue solid curve rep-
resents the best fitted continuous distribution function. Pure synchrotron
self-absorption case (k = 1) is denoted by the purple dashed line

higher redshifts, reaching beyond feasible limits of super-
nova studies (z ∼ 1.4) [7].

Based on the 2 GHz angular-size measurements from the
P15 sample, we estimate the characteristic linear size as
lm,2 = 8.76 ± 0.25 pc, which is scaled to other frequency
at which angular size was observed. Note that the calibra-
tion result obtained in this paper is slightly different from
that obtained in the previous work within 1σ , which used
a compilation of 120 milliarcsecond compact radio-sources
representing intermediate-luminosity quasars [14]. However,
such mild tension will be well resolved if 2σ uncertainty
is taken into account. There exist several possible explana-
tions of this possible tension or incompatibility between the
single-frequency and multi-frequency measurements. First
of all, considering the fact that the sources used here are
only a subset of those used previously, it may be a statisti-

cal result produced by the limited amount of observational
data. Another important element producing this discrepancy
can be ascribed to the intrinsic difference of the angular-size
measurements given different techniques for image recon-
struction. The data used in the previous works are derived
from an ancient VLBI survey undertaken by Preston et al.
[36], which defines a characteristic angular size through the
ratio of total flux density and correlated flux density (fringe
amplitude) [30,45]. In this analysis, we have used multi-
frequency VLBI observations of more compact radio quasars
with higher sensitivity and angular resolution, in which, fol-
lowing the approach by Kovalev et al. [46], the most compact
component assigned as the VLBI core in contour maps is fit-
ted to the self-calibrated visibility data for all sources [31].

Thus, for the analysis of the multi-frequency quasar data,
we perform Monte Carlo simulations of the posterior likeli-
hood L ∼ exp (−χ2/2), where

χ2 =
6∑

j=1

30∑

i=1

[
θ thi, j (lm, j ;p, k) − θobsi, j

]2

σ 2
i, j

. (2)

where the k parameter is fitted together with cosmological
parameters p. The summation is over different quasars at
redshifts zi observed at different frequencies ν j . Note that
the data point with missing frequency, which is not included
in the summation, will not contribute to the χ2 statistics.
θ thi, j = lm, j/DA,i is the theoretical value of the angular size
of an object of proper length lm, j at observing frequency
ν j , while θobsi, j is the corresponding observed value with
total uncertainty σi, j . Following the previous work of Cao
et al. [14], in this analysis the total uncertainty expresses as
σ 2
i, j = σ 2

sta,i, j + σ 2
sys,i, j . We have assumed 10% statistical

error of observations in θobsi, j and an additional 10% system-
atical uncertainty accounting for the intrinsic spread in the
linear size.
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Fig. 3 Normalized posterior likelihood of �m in the flat �CDM model, which is derived from multi-frequency P15 sample

3 Results and discussion

In order to demonstrate how the above described approach
works we have constrained two simple cosmological mod-
els using the multi-frequency quasar data from Table 1. The
models we chose are: the �CDM and Dvali–Gabadadze–
Porrati (DGP) models under assumption of spatially flat Uni-
verse. In our fits the parameter k representing the dependence
of the angular size on frequency and its evolution with red-
shift are fitted together with cosmological parameters.

In our analysis we assumed flatness of the FRW metric,
which is strongly indicated by the location of the first acous-
tic peak in the CMBR [47]. This conclusion is also indepen-
dently supported by the quasar data at z ∼ 3.0 as demon-
strated in [14]. It is a well known fact for the �CDM model
while the DGP model requires a few words of reminder. This
model is one of the simplest modified gravity models based
on the concept of braneworld theory [48], in which gravity
leaks out into the bulk above a certain cosmological scale
rc. Hence this scale is a free parameter of the theory which
in the flat DGP model can be associated with the density
parameter: �rc = 1/(4r2

c H
2
0 ). It is then easy to see that the

relation �rc = 1
4 (1 − �m)2 is valid. The results for dif-

ferent cosmological scenarios on the multi-frequency VLBI
observations are listed in Table 1 and discussed in turn in the
following sub-sections. The marginalized probability distri-
bution of each parameter and the marginalized 2D confidence
contours are presented in Figs. 3, 4 and 5. In addition, we add
the prior for the Hubble constant H0 = 67.3 km s−1 Mpc−1

based on the recent Planck observations [47].

We started our analysis with the �CDM model with con-
stant dark energy density and constant cosmic equation of
state w = p/ρ = −1, while two cases of conical jet model
were considered: a non-evolving constant k parameter and an
evolving one (denoted in Table 2 as �CDM1 and �CDM2,
respectively). Parameters k, k0 and k1 were treated as free
parameters to be fitted.

Firstly, based on the prior for the Hubble constant after
Planck Collaboration XVI (2014), the likelihood is maxi-
mized at �m = 0.353 ± 0.063 and k = 0.988 ± 0.025 with
multi-frequency measurements. In the second case, when the
k parameter representing the dependence of the angular size
on frequency is allowed to evolve: k(z) = k0 + k1z, treating
intermediate luminosity quasars as standard rulers, whose
intrinsic length determined at 2 GHz scales as lm ∝ ν−k

to any other frequency, the best-fit values for the parame-
ters are �m = 0.348 ± 0.063 and k0 = 0.999 ± 0.043,
and k1 = −0.009 ± 0.0321. The results are illustrated in
Fig. 3. One can easily see that multi-frequency VLBI obser-
vations lead to reasonable cosmological fits, which motivates
us to improve constraints with a larger quasar sample from
future VLBI observations based on better uv-coverage. These
results are illustrated in Fig. 3 and Table 2. For compari-
son, one should refer to recent results obtained with other
independent precise measurements. First of all, the best fit
value of matter density parameter in the framework of flat
�CDM model reported by the Planck collaboration [47] was
�m = 0.315±0.017. Then, Hinshaw et al. [49] gave the best-
fit parameter �m = 0.279 for the flat �CDM model from the
WMAP 9-year results, while the Hubble constant was con-
strained by them at H0 = 70.0±2.2 km s−1 Mpc−1. One can
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Fig. 5 Normalized posterior likelihood of �m in the flat �CDM model with Hubble constant from Riess (2016)

Table 2 Constraint results
obtained by the quasar sample
for the flat �CDM and DGP
model

Cosmology (H0 priors) �m k0 k1

�CDM1 (Planck 2014) �m = 0.353 ± 0.063 k0 = 0.988 ± 0.025 k1 = 0

�CDM2 (Planck 2014) �m = 0.348 ± 0.063 k0 = 0.999 ± 0.043 k1 = −0.009 ± 0.032

�CDM1 (Riess 2016) �m = 0.239 ± 0.047 k0 = 0.995 ± 0.023 k1 = 0

�CDM2 (Riess 2016) �m = 0.229 ± 0.050 k0 = 1.030 ± 0.042 k1 = −0.031 ± 0.032

DGP1 (Planck 2014) �m = 0.252 ± 0.055 k0 = 0.989 ± 0.024 k1 = 0

DGP2 (Planck 2014) �m = 0.245 ± 0.054 k0 = 1.009 ± 0.043 k1 = −0.016 ± 0.032
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see that our results are consistent with these estimates. One
can consider it as a consistency between the same type of
probes – standard rulers – acoustic peaks revealed by CMBR
anisotropy measurements at the redshift of z ∼ 1000 and our
quasar sample reaching the redshift of z ∼ 3.0. One can see
that k parameter obtained from the multi-frequency sample
is consistent with the Blandford and Königl [20] conical jet
model (k = 1) at 1σ confidence level. Fits on the k parame-
ter also reveal compatibility between our sample of quasars
and the recent multi-frequency core shift measurements of
many compact radio sources: Quasar 3C 345 [19] with exten-
sive long-term VLBI monitoring database at four frequen-
cies (5, 8.4, 10.6, 22.2 GHz); Quasar 0850+581 [34] with
a dedicated VLBA experiment at 5, 8, 15, 24, and 43 GHz;
Quasar 3C 309.1 and BL Lac object 0716+714 [35] observed
with VLBA at four frequencies (8.1, 8.4, 12.1, 15.4 GHz);
Blazar 1418+546, 2007+777, and 2200+420 [24] observed
with VLBA at eight frequencies (4.6, 5.1, 7.9, 8.9, 12.9, 15.4,
22.2, 43.1 GHz).

Concerning the DGP model, marginalized distribution of
the model parameters are shown in Fig. 4. Considering the
case that both �m and k are free parameters (denoted in
Table 2 as DGP1), we get the marginalized 1σ constraints of
the parameters �m = 0.252±0.055 and k = 0.989±0.024.
Working on the evolving k parameter representing the depen-
dence of the angular size on frequency, we find that the mass
density parameter in DGP model (�m = 0.245 ± 0.054)
agrees very well with the respective value derived from joint
analysis of standard rulers and standard candles including
the measurements of the baryon acoustic oscillation (BAO),
cosmic microwave background (CMB), strong gravitational
lensing (SGL) and Type Ia supernovae (SNe Ia): �m =
0.267 ± 0.013 [50]. Constraints on the redshift-evolving k
parameters (k0 = 1.009 ± 0.043, k1 = −0.016 ± 0.032)
are even more consistent with the Blandford and Königl [20]
conical jet model and previous analysis especially with multi-
frequency core shift measurements.

Finally, in the previous analysis we have assumed the
prior for the Hubble constant after Planck Collaboration XVI
(2014), a local determination of H0 = 73.24 ± 1.74 km s−1

Mpc−1 with 2.4% uncertainty from Riess et al. [51] can be
taken to perform consistency test. Such choice enables us to
see the influence of the Hubble constant on the constraining
power of our multi-frequency quasar data. Note that the Hub-
ble constant derived from the GP-processed H(z) measure-
ments in our analysis, H0 = 69.2±3.7 km s−1 Mpc−1, is well
consistent with the above three priors on H0 at 68.3% confi-
dence level. Such consistency has been extensively discussed
in many previous works focusing on improved constraints
on the Hubble constant through different model-independent
methods [52,53]. Here, we estimate the constraint results
of the flat �CDM with constant and evolving k parameter,
which are specifically shown in Fig. 5 and Table 2. It is obvi-

ous that the values of matter density obtained with the prior
on H0 taken after Riess et al. [51], �m = 0.239 ± 0.047
(with k = 0.995 ± 0.023) and �m = 0.229 ± 0.050 (with
k0 = 1.030 ± 0.042, k1 = −0.031 ± 0.032), are generally
lower than that given by most of other types of cosmological
observations. This illustrates the importance of measuring the
Hubble constant accurately with independent techniques and
better understanding the nature of discrepancy between H0

inferred from CMBR or BAO and from local measurements
based on cosmic distance ladder. Summarizing, although
the cosmological constraints become much weaker with the
inclusion of different systematics, the current standard cos-
mological model (�m ∼ 0.3) with a significant cosmological
constant (�� ∼ 0.7) in the flat universe is still preferred by
our quasar sample at high confidence level.

4 Conclusions

In conclusion, our analysis demonstrates that multi-
frequency angular size measurements of intermediate-
luminosity quasars reaching the redshifts z ∼ 3 can be used
as standard rulers for cosmological inference. Therefore, one
may say that the approach initiated in Cao et al. [13,14] can
be further developed. More importantly, our results indicate
that, the multi-frequency quasar sample is consistent with the
Blandford and Königl [20] conical jet model (k = 1), which,
from the physical point of view means that opacity of the jet
is governed by pure synchrotron self-absorption, i.e. external
absorption does not play any significant role in the observed
angular sizes at least up to 43 GHz. One should stress that
the present paper is only the first step toward elaborating the
scheme to identify and calibrate compact radio-sources as
standard rulers taking advantage of multi-frequency obser-
vations. Still, there are several remarks that remain to be
clarified as follows.

Firstly, in performing the statistical analysis from the
multi-frequency quasar data, we find that a precise deter-
mination of the linear size through a cosmological model-
independent method plays an significant part to achieve such
goal, which remains to be addressed in future analyses on
a larger sample. On the one hand, we demonstrated that the
approach initiated in Cao et al. [14], i.e., calibrating interme-
diate luminosity milliarcseconds compact radio quasars in
sufficiently big sample obtained even at a single frequency is
promising. Namely, the intrinsic metric size lm identified at
some observing frequency, when properly rescaled, can be
used in objects observed in other surveys performed at other
frequencies. On the other hand, although the cosmological
constraints derived from multi-frequency data in the current
study agrees very well with that form the previous sample
based on single-frequency data, this inference still heavily
relies on the assumption of Blandford and Königl [20] con-
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ical jet model, i.e., the radio core tends to be self-absorbed
and in equipartition. Moreover, it is of paramount impor-
tance to determine precisely to which extent this holds for
the intermediate luminosity quasars, which should be done
in the future on a much larger sample.

Secondly, there are several sources of systematics we do
not consider in this paper and which remain to be addressed in
the future analysis. Let us start with the possible biases asso-
ciated with sample incompleteness. One general concern is
given by the fact that there are different ranges of frequencies
addressed for each source in the compiled data by Pushkarev
and Kovalev [31]. Although this problem has been recog-
nized long time ago, the most straightforward solution to this
issue is focusing on a larger sample of multi-frequency mea-
surements of compact structure covering the same range of
frequencies, which is hard to be rigorously accounted in con-
text of cosmological studies like in this paper. The other sys-
tematic is the scattering in the size determination of objects
at cosmological distances, which would furthermore affect
the derived value of the k parameter. More specifically, if the
intergalactic medium broadens the signal of the radio sources,
the apparent size will be larger at larger distances [6,8]. Fur-
ther progress has recently been achieved in the study of Milky
Way scattering properties and intrinsic sizes of active galac-
tic nuclei cores [31]. The so-called Galactic broadening is
found to be dependent on the galactic latitude and intrin-
sic scattering, while its strength is possibly correlated with
the Galactic Hα intensity, free-electron density, and Galactic
rotation measurements. However, one should note that such
effect is still difficult to be precisely quantified, especially in
the case when the Universe is filled with charged particles.

Thirdly, even with a relatively small sample of 30 sources
we were able to demonstrate that combined multi-frequency
data concerning compact radio quasars gives quite stringent
cosmographic constraints and is able to differentiate between
different cosmological models like �CDM and DGP. The
value of density parameter in �CDM model is perfectly con-
sistent with values obtained in an independent manner. More-
over when confronted with alternative methods of determin-
ing �m like from the peculiar velocities of galaxies [54] our
fits obtained for the DGP model are accurate enough to fal-
sify this model. However, strong degeneracy between H0 and
�m , illustrated in our study in the spirit of sensitivity anal-
ysis, emphasizes the importance of independent and more
direct determinations of H0. In this respect the approach of
strong lensing time delays is promising. Recent results of
the H0LiCOW project [55] already demonstrated that a few
percent accuracy in H0 determination is feasible.

Finally, the results presented in this paper pave the way
for the follow up engaging multi-frequency VLBI observa-
tions of more compact radio quasars with higher sensitivity
and angular resolution, which may make it less susceptible
to systematic errors. The approach, introduced in this paper,

would make it possible to build a significantly larger sam-
ple of standard rulers at much higher redshifts. With such a
sample, we can further investigate constraints on the cosmic
evolution and eventually probe the evidence for dynamical
dark energy [56–59].
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