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Matrix elements for type 1 unitary irreducible
representations of the Lie superalgebra g(m|n)

Mark D. Gould, Phillip S. Isaac, and Jason L. Werry
School of Mathematics and Physics, The University of Queensland,
St Lucia, QLD 4072, Australia

(Received 17 November 2013; accepted 26 December 2013;
published online 17 January 2014)

Using our recent results on eigenvalues of invariants associated to the Lie superalgebra
gl(m|n), we use characteristic identities to derive explicit matrix element formulae for
all gl(m|n) generators, particularly non-elementary generators, on finite dimensional
type 1 unitary irreducible representations. We compare our results with existing works
that deal with only subsets of the class of type 1 unitary representations, all of which
only present explicit matrix elements for elementary generators. Our work therefore
provides an important extension to existing methods, and thus highlights the strength
of our techniques which exploit the characteristic identities. © 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4861706]

. INTRODUCTION

This is the second paper in a series aimed at deriving matrix elements of elementary and
non-elementary generators of finite dimensional unitary irreducible representations for the Lie
superalgebra gl(m|n). Such representations were classified in the work of Gould and Zhang,':?
although the concept of a conjugation operation (necessary to understand unitary representations)
was well known before this thanks to the work of Scheunert, Nahm, and Rittenberg.3 There are two
types of finite dimensional irreducible unitary representations of gl/(m|n) that are defined depending
on the sesquilinear form that exists on the module (see Sec. III below for more details). In this paper,
we consider only the irreducible type 1 unitary representations, and make use of the classification
results of Refs. 1 and 2. The matrix elements of the irreducible unitary representations of type 2 will
be dealt with in a subsequent article.

The first of our papers in the series* was aimed at constructing invariants associated with
gl(m|n), and determining analytic expressions for their eigenvalues, which paves the way for the
current article. Indeed, as we shall see, we rely heavily on some of the results obtained in Ref. 4.
Another important motivation for the first article was to highlight the innovative techniques involving
characteristic identities.>> We are certainly of the opinion that these characteristic identities are a
valuable yet underestimated (perhaps even unknown) mathematical tool, and over the course of
this series of papers we aim to convince readers of their usefulness and importance. Characteristic
identities associated to Lie superalgebras have been studied in the work of Green and Jarvis'®!! and
Gould."?

Our previous paper” gives a reasonably detailed survey of the current literature on the subject, not
only concerning invariants, but also regarding the matrix element formulae themselves. We therefore
direct the reader to that article for the broad setting of the current work. The types of matrix element
formulae that we will present here were first written down by Gelfand and Tsetlin'*!* for the
general linear and orthogonal Lie algebras, and many works followed. Our approach is of a similar
nature to the work of Baird and Biedenharn,'” in the sense that we are interested in advocating the
methods used, as well as the matrix element formulae themselves, which are derived for all (i.e.,
both elementary and non-elementary) generators. We find that the results presented in this paper,
particularly in Secs. VIVII, are of such generality that they encompass the results of previous works
of Palev,'®!” Stoilova and Van der Jeugt,'® and Molev'® (also Tolstoy et al.>) for the case of the
elementary generators. Hence our methods appear to unite other approaches, and certainly contexts.

0022-2488/2014/55(1)/011703/32/$30.00 55, 0117031 ©2014 AIP Publishing LLC
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More significantly, however, the current article extends these works to derive explicit expressions
for the matrix elements of the non-elementary generators. This is important not only for analytic
completeness, but for computational efficiency. For instance, the computational time required to
compute matrix elements of non-elementary generators via (anti-)commutators grows exponentially
with the dimensions of the representation and the Lie superalgebra. Thus in any concrete application
having explicit matrix element formulae of the non-elementary generators is essential for maximising
algorithmic efficiency. This has indeed been demonstrated for prototype applications of normal Lie
algebras in the context of the nuclear shell model?' and quantum chemistry.?>-2

We also give explicit statements of branching rules for the case of all type 1 unitary representa-
tions corresponding to a basis symmetry adapted to the chain of subalgebras

glimin +1) > gl(m|n) > --- > gl(m|1) D gl(m) > gl(m — 1) > --- D gl(1).

Having such explicit rules for the decomposition of an irreducible type 1 unitary gl(m|n + 1) highest
weight module into a direct sum of irreducible type 1 unitary gl(m|n) highest weight modules lends
itself to representing the basis vectors using the familiar combinatorial Gelfand-Tsetlin (GT) patterns
generalised to the case of Lie superalgebras. Such patterns have already appeared throughout the
literature for a variety of Lie superalgebras, particularly for g/(m|n) in the articles.'®2° The branching
rules presented in the current article simplify the conditions satisfied by the weight labels in such
GT patterns to encompass all type 1 unitary highest weight modules of gl(m|n).

The paper is organised as follows. Section II provides a brief review of the context and important
notations used throughout the paper. Section III then summarises the classification results of Gould
and Zhang'-? pertaining to the unitary representations of gl(m|n) in particular. Specifically for the
type 1 unitary representations, in Sec. IV, we present three main subclasses of representations,
which correspond to certain cases already presented in the literature, and highlight a case which
is genuinely new, although somewhat simplistic. The details of the branching rules are given in
Sec. V, followed by a construction of the explicit matrix element formulae derived using characteristic
identities in Sec. VI. The explicit matrix element formulae are then presented in their entirety in
Sec. VII. To help solidify some of the concepts encountered by the reader, we present an example in
Sec. VIII that deals with an arbitrary irreducible type 1 unitary representation of g/(2|2).

Il. REVIEW

In this article, we adopt the same graded index notation used in Ref. 4, with Latin indices
1 <i,j,... < massumed to be even, and Greek indices 1 < u, v, ... < n taken to be odd. The
parity of the index is characterised by

(i)=0, (=1
As in Ref. 4, where convenient we sometimes use indices 1 < p, ¢, r, s <m + n, in which case if
p=1,..., mthen we write (p) = 0, and if p = m + pu for some u = 1, ..., n then we write

(p) = (1) = 1. In particular, the gi(m|n) generators E,, satisfy the graded commutation relations
[E gy Ers] = 840 E s — (_1)[(P)+(q)][(r)+(5)]8ps E,.

We let H denote the Cartan subalgebra of gl(m|n) made up of the mutually commuting generators
E,p,. Using the same notation as Ref. 4, we may express any weight A € H* in terms of fundamental
weights €; and §,, as introduced by Kac,?’ as

m n
A= Aigi+ Y Auby,
i=1 n=1

where the coefficients A, are the eigenvalues of the generators E,, on a corresponding weight vector.
Let v be a homogeneous graded intertwining operator

v VeV — W,
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where V and W are gl(m|n) modules, and V(g)) is the module corresponding to the fundamental
vector representation with highest weight ¢;. Setting {e" | | <r <m + n} as a homogeneous basis
for V(g1), the set of components {1/"}, collectively referred to as a vector operator, has an action on
V given by

Y=y ®v), YveV.
In terms of the graded commutator, the transformation law for vector operators can be expressed* as
[E ., v = (_1)(¢)l(ﬁ)+(q)]5rql/fp.
Similarly, let ¢ be the graded intertwining operator
P:V(E) V> W,

where V (¢)* denotes the dual vector representation. Setting {e, | 1 <r <m + n} as a homogeneous
basis for V(1) the set of components {¢, } define a contragredient vector operator, which transforms
under graded commutation according to

[Epy, ¢] = —(— 1)[(¢)+(Q)][(P)+(q)]5pr¢q )

In this article, we are interested in odd vector and contragredient vector operators (with (¢)
=1 = (¢)). In this case, if x" and ¢* are two odd vector operators, and ¢, and & are two odd
contragredient vector operators, then the following are worth noting:

[qu, ers] — [qu’ th[/é' + (_1)[(ﬂ)+(q)][l+(r)]xr[qu, I/fs],

[E g, $rEs] = [E g, ¢ 16 + (= DIPH@ONOlg 1R £

AsinRef. 4, for 1 <p,q <m + n, we define a matrix A, associated to the vector representation
e, , With entries

A; — _(_1)(11)(¢])Eqp7 (1)
which can be shown* to satisfy the characteristic identity
[[A-a][[(A-an =0, )
i=1 n=1

when acting on an irreducible gl(m|n) module V(A). The characteristic roots &;, &, are given in
terms of the highest weight labels A, by

a, =N, +m+1—pu, 1<u=<n “)

We may also define a matrix A, which is associated to the (triple) dual vector representation

o with entries

e

T
Ab = (=D E,,, (5)

which can also be shown to satisfy the characteristic equation
[[A-en [ J(A=an =0, 6)
i=1 n=1

where the characteristic roots «;, o, are given by

;=N +m—-n—i, 1<i=<m, @)

oy =pn—A,—n, 1<pu=<n. ¢))
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Using Eqgs. (2) and (6), respectively, we may construct projection operators

_ m+n A__
=T (222).

m+n
A_
ro-Ti(E2).

k#r

and then use these projections to obtain spectral resolutions of the vector and contragredient vector
operators, respectively:

Y=l + ) v,
i=1

u=1

$p =Y lil, + ) blul,.
i=1 u=l1

In the above, we have used the shift components y[r] and ¢[r], expressible in terms of the appropriate
projections (summation over repeated indices assumed) as

yIrl =y Plrl) = PIrye,
¢lrl, = Plrlig, = (=) D¢, Pr]e,.
The shift components [r] and ¢[r] effect the following shifts in the representations labels A:
Ylrl: Ay — Ay + 6,4,

Plrl: Ay — Ay — 5y

lll. CLASSIFICATION OF UNITARY IRREDUCIBLE REPRESENTATIONS OF g/(m|n)

In this section, we summarise the classification results of Gould and Zhang'-? pertaining to
finite dimensional irreducible unitary representations of gl(m|n).

On every irreducible, finite dimensional gl(m|n)-module V(A), there exists a non-degenerate
sesquilinear form (| )» (unique up to a scalar multiple) with the distinguished property

(Epgv|w)e = (_1)(071)[(p)+(q)](U|Equ)9’

with 6 = 1 or 2 relating to two inequivalent forms. The irreducible, finite dimensional module V(A)
is said to be type 6 unitary if ( | )¢ is positive definite on V (A), and the corresponding representation
is said to be type 6 unitary. Equivalently, for a finite dimensional unitary irreducible representation
7, we require an inner product such that the linear operators 7 (E,,) satisfy the Hermiticity condition,

[7( qu)]* = (— )OI (g ), ©)
where 1 denotes normal Hermitian conjugation defined by

(&), = FE,

with A denoting the matrix with complex entries conjugate to those of A.
Using the bilinear form on the fundamental weights

(8,-,81-):6[-]', (Eiv Su):()a ((S;u 8\)): _8;“)7
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that was discussed in Ref. 4, we have a non-degenerate bilinear form on the weights given by

m n
(AL A) =D AN =D AN
i=1 n=1

We also have a distinguished system of simple roots given by

O ={e —ciy1, em—81, 8~y | 1 <i<m, 1<pu<n}. (10)
Furthermore, the sets of even and odd positive roots are given, respectively, by

D) ={ei—ejll<i<j=m}U{s, =8 [1=p<v=n}

O ={e; =8, |1<i<m, 1<u<n}

Define p to be the graded half-sum of positive roots, i.e.,

l — ‘ 1<
=EZ(M—H—ZJ-FI)SJ+§Z(m+n—2v+l)8v.

j=1 v=I

Before proceeding, we remind the reader of some useful results. It is well known? that any finite
dimensional type 1 unitary representation is completely reducible, and that the tensor product of two
type 1 unitary representations is also type 1 unitary. We therefore have:?

Theorem 1. The tensor product of two type 1 unitary irreducible representations decomposes
completely into type 1 unitary irreducible representations.

Furthermore, one can easily verify the following.

Theorem 2. Let V(A) and V(A’) be irreducible type 1 unitary modules. Then V(A + A') is
also irreducible type I unitary and occurs in V(A) @ V(A').

It was shown in Refs. 1 and 2 that the type 1 unitary irreducible representations are completely
characterised by conditions on the highest weight labels:

Theorem 3. The irreducible highest weight gl(m|n)-module V (A) is type I unitary if and only
if A is real and satisfies

(i) (A + p,em — 84)>0;0r
(ii) there exists an odd index u € {1,2, ..., n} such that

(A+P’5m_8,u):O:(A78u_8n)~

Following Kac,?® a finite dimensional irreducible V(A) is called typical if it splits in any finite
dimensional module. In other words, if it is a submodule, then it must occur as a direct summand.
If V(A) is not typical, it is said to be atypical. Case (i) of the theorem corresponds to the typical
unitary irreducible modules, whereas case (ii) corresponds to the atypical ones. Details of the proof
of this theorem can be found in Ref. 1.

Given a representation 7, its dual representation 7 * is defined by*’

ﬂ*(qu) = - [ﬂ(qu)]T s

where T denotes supertranspose. Explicitly, in a homogeneous basis {e, } of V, the supertranspose
is defined as

([T[(qu)]T)aﬂ — (= )lP+HDIB) [T[(qu)]ﬁa ’
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where (8) denotes the grading of the homogeneous basis vector eg, that is, (8) = 0 (respectively 1)
if eg is even (respectively odd).

Following Ref. 30, we now show that the type 1 and 2 unitary representations are related by
duality in the following sense. If V is a type 6 unitary module with corresponding representation r,
so that Eq. (9) is satisfied, then the dual representation 7 * satisfies

([”*(qu)]f)aﬁ = [”*(qu) ]ﬁa
- (),

=—(— I)I(PH(CI)I(OO [maﬁ

— _(_1)[(P)+(q)][(01)+9—1] [Wqﬁ)]ﬂ
o

— _(—])[PH@I@+B)+0-1] ( Z(E T)
(=1 [~En]),

— [(P)+DI()+(B)+6—1]

= (=D [”*(Eqp)]aﬁ'

Using the fact that (o) + (8) = (p) + (g), i.e., the action of an even generator does not change the
grading of a vector in the module, whereas that of an odd generator does, we have

% ¥ D)+ *
[7'[ (E,,q)] = (=D)PF@P [JT (Eq,,)] .
We therefore have the following:*

Theorem 4. The dual of a type I unitary irreducible representation is a type 2 unitary repre-
sentation and vice versa.

This relationship via duality between the type 1 unitary and type 2 unitary irreducible represen-
tations then allows a complete classification of type 2 unitary irreducible representations with the
following result:!-?

Theorem 5. The irreducible highest weight gl(m|n)-module V (A) is type 2 unitary if and only
if A is real and satisfies

(i) (A + p,e1 — 81)<0;o0r
(ii) there exists an even index k € {1, 2, ..., m}, such that

(A+p,e—681)=0=(A, 5 —&1).

IV. IRREDUCIBLE COVARIANT TENSOR AND NON-TENSORIAL REPRESENTATIONS

The type 1 unitary irreducible representations of gl(m|n) under consideration in the current
article comprise representations which are as follows:

(a) Covariant tensor, i.e., those which occur in the tensor product of a number of copies of the
vector representation V (g1) with itself;

(b) Non-tensorial;

(c) Those which occur in the tensor product of an irreducible representation of class (a) with a
unitary one dimensional representation. For the purposes of this article, we simply refer to the
third class of representations as extended tensor representations.

Technically, representations belonging to the third class may be non-tensorial, but we distinguish
them because matrix element formulae for representations of this general form have not yet been
considered in the literature.
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The covariant tensor representations are discussed by Gould and Zhang in the context of their
classification scheme' (referred to as “contravariant”) and also more recently considered by Stoilova
and Van der Jeugt18 and Molev'® (where they are referred to, though, as “covariant”).

The type 1 unitary irreducible representations that we consider in this article then fall into
several distinct cases, and so our matrix element formulae that we develop here combine several
previous works with a genuinely new case (although somewhat simplistic) into a single formalism
as indicated in the following:

(a) The matrix element formulae of Stoilova and Van der Jeugt'® and Molev'® corresponding to
the irreducible covariant tensor representations, comprising both typical and atypical repre-
sentations, but all of which are type 1 unitary;

(b) The matrix element formulae of Palev,!” corresponding to the so-called essentially typical
representations.

(¢) The matrix element formulae for irreducible extended tensor representations, some of which
have not been covered in the existing literature.

We point out that there is some overlap between cases (a) and (b) above. In fact, all of the irre-
ducible typical unitary type 1 representations are either covariant tensor representations considered
by Molev and Stoilova and Van der Jeugt or essentially typical and agree with the results of Palev in
case (b). The typical irreducible representations which are non-tensorial, however, comprise all the
non-tensorial type 1 unitary irreducible representations, except those that occur in case (c). In the
current article, case (c) is genuinely new. Most importantly, we provide here a universal formalism
combining all of these cases. By contrast, in this context the atypical representations are either
covariant tensor or a tensor product of a covariant tensor representation with a one dimensional
representation.

As a result of the definition of unitary representation, particularly due to the existence of a
positive definite sesquilinear form naturally inherited throughout the canonical subalgebra embed-
dings, complete reducibility (in the subalgebra sense) follows immediately for the type 1 unitary
representations (similarly the type 2 unitary representations also).

A great deal of this discussion can be made explicit by applying the conditions of atypicality for
irreducible type 1 unitary representations given in the classification scheme of Gould and Zhang'->
to the highest weight of the irreducible representation.

Keeping in mind the results of Theorems 1 and 2, we find that we are able to characterise the
irreducible type 1 unitary representations in the following way. We make use of the system of simple
roots of gl(m|n) given in Eq. (10), extended by an additional weight (¢5) as follows:

Y =6 —¢&iy1, 1 <i<m,
Om = &m — 61,
O =0, —8ut1, 1 < <n,

O = 6u.

We refer to this extended simple root system as &’. Note that throughout we use the notation 7 to
indicate that the index is odd (i.e., u = n), to avoid any ambiguity.

Relative to the inner product (A, A’) on the weights, we may define a weight basis dual to &’
(in the graded sense) which is the analogue of the fundamental dominant weights for Lie algebras as

wi=(,1,...,1,0,0,...,0[0,0,...,0), 1<i<m,

i m—i n

w,=(=1,—1,...,—1[1,1,...,1,0,0,...,0), 1 < <n,

m n n—p

so that

(i, (pj) = Sija (U)y,» ©) = _8/1,11’ (@i, 9v) = 0 = (wy, @i).
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It is straightforward to verify that under the classification scheme outlined in Sec. III, particularly
Theorem 3, the w; are type 1 unitary, and so is wr. The w, for 1 < p < n, however, are type 2
unitary. So while we can expand A as

A= (A gwi — Y (b oy, (11)

i=1 v
in this form it is not clear that V(A) would be irreducible type 1 unitary. This can be achieved,
however, by describing such highest weights in terms of a basis consisting of only type 1 unitary
weights. Given that the w,, are type 2 unitary for 1 < u < n, we choose a slightly modified weight
basis, denoted {€2,, &, §}, which is no longer dual to the extended simple root system, but consists
of only type 1 unitary highest weights. We call these the type I unitary graded fundamental weights,
defined as

Q=w, 1<i<m,
Q=W+ Do, +ow,, 1<u<n,
&= Wpn,

§ = wr.

From Eq. (11), we can then write

m—1 n—1 n—1
A= (A @R — Y (A, 92 + ((A, om)+ Y (v + 1)(A, <pv>) e— (A gs.  (12)
i=1

= v=I v=I

With A = (A% A, ..., A | AL AL ..., Al), we can see that
A, o)=A =AY, i=1,2,...,m—1,
and

(Av(pv):_All)+A\1}+1, V:1,2,...,n—1,

sothat 0 < (A, ¢;) € Zand 0 < —(A, ¢,) € Z since A is dominant. In other words, the first two of
the four terms given in the expansion of A in Eq. (12) are a Z_ -linear combination of the subset

{Qis Qﬂ|1§l<m91§M<n}v

all of which correspond to irreducible type 1 unitary representations that are tensorial. Therefore
this part of the expansion of A comprises only tensorial weights and therefore is itself tensorial.
Concerning the coefficient of € in the expansion (12) of A, consider the following.

Lemma 1. The irreducible gl(m|n) module V (y¢) is type I unitary ifand only ify =0, 1,2, ...,
n—1lorn—1<yelR.

Proof. This follows immediately from the classification result of Theorem 3. Note that in the
casey =0,1,2,...,n — 1, V(ye)is atypical and n — 1 < y € R corresponds to the case V(y¢)
is typical. |

The significance of this result is that by Theorem 2 and the expansion (12) of A, if V(A)
is irreducible type 1 unitary, then so is V(A + y¢), specifically with y being of the form of the
coefficient of ¢ in Eq. (12) and satisfying the conditions of Lemma 1.

In fact, when y (i.e., the coefficient of ¢ in (12)) satisfies the conditions of Lemma 1 and only
takes integer values, this will also give rise to a tensorial representation. In the case y > n — 1
and is non-integer (and typical), this will correspond to a non-tensorial representation. It is these
representations which include the results of Palev!” that were not treated in the covariant tensor case
by Stoilova and Van der Jeugt'® or Molev."”
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Finally, it is easily seen that
(A, on) = —Al e R,

so the coefficient of § in (12) may be real in general. Note the following.

Lemma 2. For any w € R, the irreducible gl(m|n) module V(wd) is type 1 unitary and one
dimensional.

Proof. The fact that the module is type 1 unitary (and atypical in fact) is yet another direct
consequence of Theorem 3. Using the commutation relations, it is also straightforward to see that
the module is one dimensional for any value ® € R. ]

Note: These one dimensional modules are also type 2 unitary as can be seen from Theorem 5.
In fact these are the unique irreducible modules that are both type 1 and type 2 unitary.

The fourth and final term in the expansion (12) of A is clearly relevant to Lemma 2. Theorem 2
then indicates that a highest weight A with a non-trivial component of § is non-tensorial and occurs
in the tensor product of a one dimensional module (i.e., V (wd)) with either a tensorial representation
(like those considered in Refs. 18 and 17) or a non-tensorial representation, which also includes
those considered in Ref. 17.

We present a summary of the discussion and results of this section in the following theorem.

Theorem 6. The highest weight A of an irreducible type 1 unitary gl(m|n) representation is
expressible as

A= Ao+ ye+ o,

where A is the highest weight of an irreducible tensorial (type 1 unitary) representation, y € R
satisfies the conditions of Lemma I, and o € R.

The importance of the discussion in this section is that it puts our results of Sec. VI into
context. In Sec. VI, we determine matrix element formulae for the gi(m|n) generators on any finite
dimensional type 1 unitary representation. Theorem 6 gives us a straightforward characterisation
of all irreducible type 1 unitary irreducible representations relative to the cases (a), (b), and (c)
mentioned at the beginning of this section.

(@) In the case w = 0 and y an integer, our results will recover those of Stoilova and Van der
Jeugt'® and a subset of the results of Palev!” which are also tensorial;

(b) For w = 0 and non-integer values of y, the representations are non-tensorial, and our re-
sults once again include the work of Palev.!” For the case under consideration, i.e., unitary
representations, these non-tensorial representations are all essentially typical.

(¢) For w # 0, however, our formulae take into account cases that have not appeared in the
literature. In this case, the representations are generally non-tensorial, although in a somewhat
simplistic sense. They correspond to the extended tensor representations discussed earlier. For
this case, there is some translational invariance in the sense that the matrix element formulae
that we derive in Sec. VI do not depend on w. In addition, for distinct values of w, these
representations will be isomorphic as representations of sl(m|n).

V. BRANCHING RULES

Throughout this paper, where appropriate we use the Gelfand-Tsetlin (GT) basis notation where
Ar, p 1s the weight label located at the rth position in the pth row. The GT patterns for gl(m|n + 1)
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that we consider can be written as

Moantntl  Azmantl 0 Ammtntl | AMpgntt Amantt 0 Mamtntl AT amantd
)\l,ern )\2,m+n tee )\m,ern | )‘i,ern )‘Q,m+n T )‘«r‘t,m+n
)‘41.m+1 )“2,171+1 tee )‘«m,erl | )‘i,erl
)"l,m )\Z,m T )"m,m
A2 A2
ALl
(13)

where each row is a highest weight corresponding to an irreducible representation permitted by the
branching rule for the subalgebra chain

glimin+ 1) D gl(m|n) D --- D gl(m|1) D gl(m) D glim — 1) D --- D gl(1). (14)
With regards to the branching rules, using the notation above, we first recall the branching

conditions presented in Ref. 4, which serve as a necessary condition on the g/(m|p) highest weights
occurring in the branching rule of an irreducible gl(m|p + 1) highest weight representation.

Theorem 7. (Ref. 4) For r > m + 1, the following conditions on the dominant weight labels
must hold in the pattern (13):

)\p_.r-H = )\;,L,r > )‘-/L-H,r-H’ 1 =< 2 <n,
Miptl Z hip Z Aipr1 — 1, 1 <@ <m.

We also make use of the results of Refs. 31 and 32 specific to gl(m|1) D gl(m), adapted to the
type 1 unitary representations under consideration.

Theorem 8. (Refs. 31 and 32) For a unitary type I irreducible representation V(A) of gl(m|1),
using the notation of (13), we have the following conditions on the dominant weight labels:

Ml = Aim = Aimy1 — 1, 1 i <m—1,
A+l = Amon = Amom+1 — 1, if (A 4+ p, &, — 81) > 0 (i.e., only if A typical),
Amm = Amms1, I (A 4+ p, &, —61) = 0 (i.e., only if A atypical).
For the general gl(m|n + 1) branching rule, we have the following result.

Theorem 9. For a unitary type 1 irreducible gl(m|n + 1) representation, the basis vectors can
be expressed in the form (13), with the following conditions on the dominant weight labels:

(1) Forr>m + 1,
)"u,r+l > A;L,r = )\;/_+l,r+1’ I <p=<n,
)\i,r+1 = )‘i,r = )"i,r+1 - 1L1<i<m,
(i.e result of Theorem 7),
(2) Am+1ZAim = Aimr1 — 1,1 <i<m — 1,
Amm+1 = Amm = dmm+1 — L IF(A 4+ p, e — 1) > 0 (& only if A typical),
Amn = Amm+1, If (A + p, e — 61) =0 (& only if A atypical),
(i.e., result of Theorem 8);
(3) Forl <j<m,
Aitlj+1 = Aij = Aiji
(i.e., the usual gl(j) branching rules);
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(4) Foreachrsuchthatm + 1 <r<m + n + 1, the rth row in (13) must correspond to a type
1 unitary highest gl(m|r) weight, and for each j such that 1 <j < m, the jth row in (13) must
correspond to a highest gl(j) weight.

In the case of covariant tensor representations, it is easily verified that our branching rules
coincide with those already presented by Stoilova and Van der Jeugt in Ref. 18. Otherwise, the rep-
resentation must be non-tensorial and essentially typical (modulo a one dimensional representation
with highest weight of the form wd), and our branching rules are the full branching conditions given
in Theorem 7, which furthermore coincide with the branching rules given by Palev for the essentially
typical representations.!”>33 For a proof of the branching rule for essentially typical representations,
see Appendix A.

VI. MATRIX ELEMENTS OF GENERATORS

We now recall some of the definitions and results from our article* which will be used to derive
the matrix element formulae of the current article. Let Q[r] and O[r] (1 <r <m + n + 1) denote
the projection operators for gl(m|n 4 1) which are analogues of the gl(m|n) projections P[s] and
P[s]1 (1 <s <m + n), respectively. The gl(m|n + 1) characteristic roots are denoted 8, and B,
which are the respective counterparts to the gl(m|n) characteristic roots o« and &;. We also let ”
and ¢, denote the odd gl(m|n) vector and contragredient vector operators respectively defined by

1[/17 = (_1)(p)Ep,m+n+1 = B[in+,1+1,
¢p = (_1)(p)Em+n+l,p = _(_])(ﬂ)Bm-}—n-ﬁ-pl.

Let «, denote characteristic roots corresponding to the g/(m|n)-module V (A) and 8, denote the
characteristic roots of the gl(m|n + 1)-module V(A) such that V(A) € V(A) as a gl(m|n)-module.
In Ref. 4, we found that the betweenness conditions imply, for 1 <i < m,

o, A =1+ A,
Pi= Ve =1, & = A
which leads us to make use of the following index sets:
Iy={1<i<m|a; =g}

h={1<i<m|a=1+p},

I ={1 <u=<nj,

I1=1LUl,
I'=10LuUlI,
IT=IU{m+n+1),

I'=I'U{m+n+1}.
The (even) gl(m|n) invariants
¢ = QIr1™™ s & =0lrl, " T<r<m+4n+1 (15)

can be shown to satisfy

OlrYpir = Y VIV (B — g — (D)D) e, rel,

qel

Olrl ™ == " lgly(B —ag — (=1)) e, rel

gel’
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and have eigenvalues given by

o= ] B=B0"[]B —cts = (=D, rel, (16)
kel ks#r sel
¢ =0, r¢ I,
&= T B-B)"T]B-a&—-D2), rel, (17)
kel k#r sel’
& =0, re¢l.
It was also argued in Ref. 4 that we may define invariants §, and §, satisfying
(=) DyrPglrly =8, Plr1%, rel, (18)
PUrl Yl =5, Plrlf, rel, (19)
with eigenvalues given by
5= [] (@g—ar+ (=D T]B —a). rel, (20)
gel.q#r sel
85 =0, regl,
S=— ] @-a& -+ [[Bi—an, rel, 1)
qel’.q#r sel’
8, =0,r¢l.
Taking p = g = m + nin Eqgs. (18) and (19), we obtain the equations
Y "Gl s = =8, P11, (22)
GUrlnsn¥ 11" =8, Plrl,5), (23)

where we note that

P[r]ern P[r] m+n

m+n’ m-+n

are the gl(m|n) analogues of the invariants c, and ¢, of Eq. (15) which may similarly be expressed
in terms of the gl(m|n) and gl(m|n — 1) characteristic roots in accordance with Egs. (16) and
(17), respectively. Thus the operators on the right hand side of Eqgs. (22) and (23) may be simply
evaluated as a rational polynomial function in the representation labels of gl(m|n + 1), gl(m|n) and
glimln — 1).

In the case of unitary representations with

(vr1”)" = ¢lrl,,

we note that Eqs. (22) and (23) determine the square of the matrix elements of ¢, , and V¥, 4,
respectively. Thus we take the formulae arising from Egs. (22) and (23) to determine the matrix
elements.

Before this can be done, we need a method for determining the non-elementary generator
matrix elements of ¢, and ¥” for p < m + n. To this end, we adopt an approach that applies the
characteristic identity (6) that was first used in Ref. 34.

We first note that it is straightforward to verify that

B — @) Wlpl = YIpIB, —ap — (=D,
$LPIB, — )™ = (B — ) — (=DP) ' g[p].
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Let B denote the characteristic matrix for gl(m|n + 1), being the analogue of A, defined earlier in
Eq. (5). Using the projection operators

m—+n+1 B— lgk
olrl = < ) ;
g ﬂr - ,Bk

the characteristic identity can be expressed as
B, olrl, =B Qlrl,, 1=rs,t,u<m+n+]1,
which then leads to
By QU™+ B, 01T, = B, QU T,

with u being summed from 1 to m + n. Note that we are using the summation convention where we
sum over repeated indices from 1 up to either m + norm + n + 1 depending on the context. If it
is not obvious, we make an explicit note.

If we further restrict the s index in the previous equation up to m + n, we may then write

v Ol = (B, — A, OIr ]
Multiplying from the left by P[u] gives
Plul, v QUr "™ = Plul’ (B, — A, QI T,
= Yl Q" = (B, — ) Plu]’, QI
= (B — o) ' Y[ul QIr1" ™" = Plul, Q[r]",
= Yl B — o — (D) TQI " = Plul, QIr]'. (24)
Alternatively, the characteristic identity may be written

OlrY, B = QIrY,p;.
Setting s =m + n -+ 1 and restricting ¢ to values up to m + n leads to
QU™ ™ By + O™, B = Ol B,
= Q"B — (=1)7c.dy = QLr "B,
= —(=D)"%¢, = QUr"" (B, — A,
Multiplying on the right by P[u]’, (—1)™ then summing over ¢ gives
—(=D)"* e, Plul, = (=)™ QI 1" (B — A, Plul’,,
= —cpluly = (D" Q" Plul’, (B — o)
= —c¢lulu(Br — o) = (=D QI Pl
= —(=D"ec (B —aw — (=D Pluly = QL") Plul’,,.
Multiplying Eq. (24) on the right by P[u] gives
Yl B — aw — (=D)) QU1 Plul’, = Plul, QlrY, Plul’,
= (D"l B —a, — (D) (B =y = (=D") e, pluly = Plul, Qlr), Plul’,,.

We now must apply the shift operators ¥ [u]® and ¢[u],, in the above expression. Three cases must
be considered:
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For odd u we move ¥[u]® to the right to give
—(=D)"(B, — o) "YUl (B — aw — (=D ', @lul, = Plul,Qlr), Plul’,
= (DB, —a) (B — oy — (=D, [ul plul, = Plul’,Qlrl, Plul’,,

where in the last step we have used the fact that (8, — a, — (—1)®)~ le, is independent of u (for
odd u) and so commutes with ¢ [u]*. Equation (18) then leads to

pra Plul’y, = (Plul Qr1P[ul),

where

Pru = —(Br — ay — (=1))7NB, — )8, W) =1

Note that the above expression may be used in the gl(n) case by setting (1) = 0 when shifting labels
at the subalgebra level m or lower.

For even u and u # r, the invariant ¢, will have two extra terms when located between v [u]*
and ¢[u],, due to index set considerations. We then have

— (D)"Yl B — aw — (=D (B =y — (1)) e, plulu

= (=Dl B —aw = (D) B = = (D) B = BT (B — = (=D )plulyer
= —(=D"Y[ul (B, — o — (=)' (B, — ) Pluluc

= —(=D™(B, — ) (B — ) Y [ul pluluc,

= —(=D"B — ) (B — o + D) Y ul plulue,,

since u € I', which gives
pru=—(Br — )" (B — oty + 1), 80, () = 0,7 # u.

Finally, for even u and u = r, we have

— (D" Y[l (B =y = (=D")'(B —aw — (=1D)) e, plul,

=—(=D"Yul B —a, — (D) 'B =y — (D) (B — au — (=1))luluc,

= —(=D"Y[ul (B, — o — (=D") ' plulue,

= —(=D" B — ) Y ul plulue,

= (=D)"Y ) plulwe,,
since 7 = u and u € I', which gives

Puu = €6y, (u) = 0.
Combining the above three cases, we have
pru Plul?, = (P[u]Q[r1Pu])",

where
pru=—Br —au + D' B — )8, ) =1,
pru=—B —au + DB — )8 (W) =0,uF#r,
Puu = Cubys  (u) =0,

Pru = (IBr — oy — 1)71(,8r - au)ilcr&u gl(m) case,
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is a gl(m|n) invariant whose eigenvalues in fact determine the square of gl(m|n + 1): g/(m|n) reduced
vector Wigner coefficients. We note that the invariants p,, are only non-vanishing when r € [ and
u € I'. Similarly for the adjoint projectors, we have

(Pl Q1 PLu)) ! = pru Plul (25)
where the p,, is a gl/(m|n) invariant operator given by
Pru = (Br —oy+ 1)_](Br - au)_lErSuv () =1,

ﬁru = (BI — o, + l)_l(Br - du)_lérsu (u) = 07 u 7é r,

Puu = Eugu’ () =0,

Pru = (Br — @, — DN B, —a,)'e,8, gl(m) case, (26)

whose eigenvalues determine the square of certain g/(m|n + 1): gl(m|n) reduced Wigner coefficients.
As in the Lie algebra case,*® the above equations are all we need to determine the matrix elements
of the gi(m|n + 1) generators. We note that g,, in Eq. (26) is non-vanishing only when r € I’ and
uel

Remark: We make the observation that the expressions for ¢, and §,, given in Eqgs. (17) and (21),
respectively, take exactly the same form (up to an overall sign in the case of §,) as their counterparts
¢, and §, of Egs. (16) and (20), respectively. Specifically, the characteristic roots &, and ,34 are
merely substituted for «, and 8, respectively, and the index sets I’ and I’ are substituted for I and
I over the products. Clearly this symmetry also extends to the expressions for p,, and fy,.

A. Matrix element formulae

In general the gl(m|n + 1) generators

Wp = (_1)(p)Ep,m+n+l’ ¢p = (_1)(p)Em+n+l,p

may be resolved into a sum of simultaneous shift components

¢p = Zw[uernuernfl ~--up+1up]ps (27)

¢p = Z¢[um+num+n—l o up+lup]pa (28)

where the summations in Egs. (27) and (28) are over all allowable shift components u, for the
subalgebra gl(m|r — m) (in the case r > m) or the subalgebra gl/(r) in the case r < m. In other words,
u, takes all allowable shift values in the range 1, 2, ..., r. The simultaneous shift components of
Egs. (27) and (28) may be defined recursively according to

q
Ylmnttmin—1 ... uququ]p = Z Ylmgn .- uqul]sP[uq]Xp
s=1

q
= Plugl¥ltmin - ugnl’, 1<p=<gq,

s=1

q
dlumsnttmin—1... uquluq]p = Z(_l)(p)+(5)¢[um+n cee uqul]sP[uq]sp

s=1

q
= Zp[uq];(b[um-&-n-uuq-&-l]m 1 S )4 S q.

s=1
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Thus we obtain, by repeated application of Eqs. (22) and (25)

(_1)(p)1/f[um+n cee up]p¢[um+n s up]p = 814,,,+,,P[upup+l e Umtn—1UmnUmtn—1 - - - up]pp

m-+n
= SupenCuy || Pusss (29)
s=p+1
and similarly
m+n
Plttmrn - - uplp¥ltmsn - .. upl” = 0u,,,Cu, 1_[ Pug s (30)
s=p+1

which is the required generalisation of Eq. (23). We remark that in Egs. (29) and (30) above, the
invariants p,, ., ,, ¢,, and §,, , are expressible in terms of the characteristic roots of gl(m|s — m)
and gl(m|s — m — 1) by analogy with our previous formulae (or the Lie algebras g/(s) and
gl(s — 1) when s < m). In the case of unitary representations, Egs. (29) and (30) determine the
matrix elements of the gl(m|n + 1) generators ¢, and v/, respectively.

We now give closed form expressions for the matrix elements of the generators E;, 1 and Ej, 1
(I <1 < p). Once again using the Gelfand-Tsetlin (GT) basis notation with the label 4, , located at

the rth position in the pth row. The matrix of E, 1, is diagonal with the entries

p+1

)4
E )\r,p+l - E )‘r,p-
r=1 r=1

We consider a fixed GT pattern denoted by |A,, ;) and proceed by first obtaining the matrix elements
of the elementary generators E, , ;| and E, | ,.
We first resolve E), , . 1 into its shift components, which gives

p
Eppiiligs) =Y (=DPYr] |1y

r=1

p
= Z Nrp()”q,p+l;)\q,p;)\q,pfl)p‘q,s + Ar,p),

r=1

where [A, ; + A, ) indicates the GT pattern obtained from |A, () by increasing the label A, , by
one unit and leaving the remaining labels unchanged.

Remark: We adopt the convention throughout the article that [A,, + A, ) is identically zero if
the branching rules are not satisfied. In other words, |A,s + A,,) does not form an allowable GT
pattern. In such a case, the matrix element is understood to be identically zero.

Since the shift operators satisfy the Hermiticity condition

i
olrl, = [vIr17]',
then we may use Eq. (23) to express the matrix elements N/ as
NP (hg,p+15hg,pi Mg p—1) = ()‘q,s|‘§r,p5r,p|)‘q,s)1/2’

where §,,, and ¢, , are either invariants of the gi(m|p — m) subalgebra for m < p <m + n or
invariants of the gl(p) subalgebra for 0 < p < m.

The matrix element N/ has an undetermined sign (or phase factor). However, the Baird and
Biedenharn convention sets the phases of the matrix elements of the elementary generators E, , ; |
to be real and positive—we will follow>> and adopt this convention. Matrix element phases for the
non-elementary generators will be discussed later in this section.
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Expressions for the eigenvalues of the invariants ¢, and §, independent of the index sets were
given in Ref. 4, namely

n+1

e = (B — J]‘[(ﬂk bl )H(ﬁu B—-2" ]‘[(av Bi—2). 1<i<m,
k#i
m ,3 ,3+1 n+1
a,FH( ﬂ”+1)l_[(/3v B! H(av B, lsp<n+l,
= VEU
and
n+1
5= — i+ 1)]_[@" >]_[(ﬂv—a,—l)]_[(av—a,—1) Llsism,
ki NPRT v=1
B m o —a +2 n+1
5#=_n<m>l—[(ﬂv o+ I)H(a”_“u+1)l l=p=n

k=1 VAL

To consider these invariants as invariants of the gl(m|p — m) subalgebra we need to extend our
notation. For the ¢ equation, we carry out the replacements 8, — «,, and o, — o), 1. Similarly,
for the § equation, we have 8, — a,,+1 and o, — o). Similarly, a subscript has been added to
the index set notation to indicate the subalgebra level of the roots being compared so that for p > m,
we have

[O,p = {] <i<m | Qi p = ai,p+1}7
I_O,p = {1 < i <m | Qi p = 1 +ai,p+1}9

Ly ={l<p=p-—mj

I,=1,U{p+1},
I'=rU{p+1}.

We then obtain

Nip _ |: ﬁ ( (ak,p - al:,p - 1)(ak,p _ii,p? >

(ak,p—l - az,p - 1)(ak,p+l al,p)

kAi=1
m—1
HP (Oilvfnl_aip_Z) (Otup+l —1) :| ,pzl’H-i-l
p (o p —aip — 2)(0‘1),17 —Oip— 1)
NP — |: ﬁ ( (ak,p —Oup + 1)(0{](‘1, — Qup +2) >
H (@, p—1 — 0ty p + Do, pr1 — @y p +2)

k#p=1

m—1 —m+1 172
(Hp (oty,p—1 — aup)np (v, p+1 _au,P+1)):| ,p=>=m+ 1.

HC;lel(av,p =) p =+ 1)

Note that for the case p = m, we have
Nrm()\q,m+1 5 )\q,m; )Lq,m—l) = ()\q,s|‘§r.mér,m Mq,s)l/z,

where Snm is a gl(m|1) invariant but ¢, ,, is a gl(m) invariant. That is, ¢, ,, is dependent only on labels
atrows m and m — 1 of the GT pattern. These two rows of labels satisfy the usual g/(m) branching
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conditions. We may therefore obtain ¢, ,, from Ref. 4 by allowing the index sets I and I’ to range
over all possible values and setting all parity factors to be 0 (even) as shown below:

G= ] B-8)"J[B-a-D®). rel

kel ksr kel’

p—1

:>Clp_1_[(alp_akp) H(atp_akpl_l)l<p<m
k#i k=1
p p—1
—1 .
= l_[(ak,p - Oli,p) l_[(ak,p—l - Oli,[,),l <p=m.

k#i k=1

The above formula is consistent with that previously obtained for the U(m) case in Ref. 35.
Continuing with the p = m case, we are able to utilize the §; equations given earlier but with
n=20

Sim = B+t — 1)]‘[<ﬁk_a>, l<i<m.

k#i

After the change in notation B, = &gm+1 and o, — @4, We have

3 Qp.m — Qim .
8i,m = (am+1.m+l - - 1)1_[( , 1 <i<m,
ki Qk.m+1 — Ui m

allowing us to give the squared matrix element as

(N,m)z = Si,méi,m

m m—1
Okm — Wim 1
= (am+l,m+1 —Oim — 1) 1_[ ( ) H(ak,m - ai,m) l_[(ak,mfl - Oli,m)

o —
ki k,m+1 Lm/ e k

-1
(O‘k,m—l - Oli,m)
p .
l_[k;éi (ak.m+1 - ai,m)
The final matrix element formula is then

m 12 Zn_l(ak,m—l — m) 2
Ni = (Otm+1,m+1 —Oim — 1) m .
Hk;&l

i (Olk,m-H - ai,m)

= (am+l,m+l — O, — 1)

For p < m, we can utilize the results for the U(m) case in Ref. 35. This matrix element formula
is given here for convenience:

» . 1/2
NP — ((—1)p [T (e prr — o p = DT, (@ —Olk,pl)> , p<m.

" T17. (e p — o p + i@ty — k)

The method of obtaining the matrix elements of the non-elementary generators E;, | is similar.
Resolving E;,, 41 (I < p) into simultaneous shift components, we have

El,p+l Mq,s) = Z Iﬂ[upup_l e u1+1u1]l|kq,x)
u
= ZN[upa Up—1s -5 UIt1, ul]p"q,x + Aup,p +...+ Au/,l>’

where [, + Ay, pt...+ A, 1) indicates the GT pattern obtained from |A,) by increasing the
p — | + 1labels A, , of the subalgebra gi(m|r — m) forr =1, ..., p, by one unit and leaving the
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remaining labels unchanged. Here the matrix elements
N[Mpa up—]y ey ul+l7 M[]
are given by
+0n ¥ Ly 312
( q,s|w [upupfl o ul“rlul][w[upup*l v Lt[+1bt[] | q,s) .

Therefore, from Egs. (26) and (30), we can express this matrix element as

14
N[Mp, l/tpfl, ey M]] =4 (Supéul)l/z 1_[ (ﬁux,ux,l)l/z

s=I+1
14
=+ (80,e0) " T [Bu — s + D" B, — ) 'ed ] G
s=l+1
p p
=+~ ] [Be =@, + D' Bu — @ '], (32)
r=I s=I+1

where the undefined sign is specified later in Sec. VIB and we have

Bu, = @, = (=D 00, — 1) = (=D, — ug) + (D™ = (=D)®))m + 1),
(33)

since
Br =) (=dr+r—m—1)+m,

a = (—1D)P(= +k—m—1)+m.

Also note within Eq. (31), that the term (B,, — &, , — (—1)%-1)~! cancels the corresponding term
within the numerator of ¢, .
We may now obtain matrix elements of the lowering operators E, | | , via the relation

((A) = 8rpl Ept1.pl(R)) = (MIEp p11 (A = 8rp)),

which holds on type 1 unitary representations. We define the translated raising operator E ;,’ p+1 88

(A + 5rp)|E;,p+1|()L)) = ((MIEp, p+1l(A — 5VP)>'

Since our matrix elements are real, the translated raising operator E ;, p+1 18 precisely the lowering

operator E, 1, we seek. It is clear that, E’p p+1 18 simply obtained from £, | by making the
substitution A,, — A,,, — 1 within the characteristic roots occurring in the matrix element formula
for E, , 4 1. The final result is presented below in Sec. VIL

We now consider the matrix element N[u prUp—1, ..., Uy1, uy] of the non-elementary lowering
operators E, 1 ; for (I < p). The calculation is analogous to the E;, | case given above. We obtain

P
N[Mp, I/tpfl, ey ul] =+ (8L¢,,CL¢,)1/2 l_[ (;Oux,ux_l)l/z

s=I+1
1/2 L 1/2
=+ (u,cu) [ [-Be —tu s+ D7 Buy — ) e u, ]
s=l+1
o 14 1/2
=£[]N, [] [Be —tus + D7 Buy — e '] (34)
r=I s=Il+1

where

Bu, — ety = (=D, — ) = (=D, — ) = (D = (D" )m — 1. (35)
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Remarks

1. In view of the Remark just before Subsection VI A, we may observe that in the formula (32)
for the non-elementary raising generators, making the substitutions N, — N;,’ Bu.— Bu.
ay, , — o, , clearly gives the matrix element formula (34) for the non-elementary lowering
generators. This further highlights the symmetry of the expressions for the matrix elements in
interchange of the two types of characteristic roots &, and «,.

2. Itis understood that to apply the matrix element formula derived above, where possible terms
are cancelled first and reduced to the most simplified rational form before applying the formulae
and substituting weight labels.

3. All terms appearing in the square roots in the above formula are indeed positive numbers.

4. We remind the reader that in all cases we have adopted the convention that a shifted pattern
|)Jq’x) is identically zero if the branching rules are not satisfied. In particular, the matrix element
corresponding to a forbidden GT pattern (i.e., one for which the branching rules of Theorem
9 are not satisfied) is identically zero.

B. Phases

The as yet undetermined sign in the above matrix element equations will now be examined.
Following the Baird and Biedenharn phase convention, we choose the phases of the generators
E, ,+1 to be real and positive. By Hermiticity, the phases of the generators E, | |, are also positive.
The phases of the remaining non-elementary generators may then be calculated via the algebra
commutation relations. The phases of the matrix elements

N[upv up—la cee ULy, ul]a N[upa up—l cees UL, ul]

are then given by the expression

P
S(Nlup tp-1, ..o w)) = SNlup,upy, ..., w)= [ (=D Sw, —u,m),  (36)
s=I+1

where S(x) € {—1, 1} is the sign of x, S(0) = 1 and, as usual, odd indices are considered greater than
even indices. The details can be found in Appendix B.

VIl. SUMMARY OF MAIN RESULTS

Here we summarise the main results that have been derived in the current section, by presenting
the matrix element formulae for the generators of gi(m|n + 1) in an irreducible type 1 unitary
representation. The basis vectors can be expressed in the form (13), and we now give expressions
in terms of the weight labels A,,, using the characteristic root equations (3), (4), (7), and (8).
Note also that the labels A, determining the basis vectors are subject to the branching rules of
Theorem 9.

For generators £, | ,4+1, 1 <p <m + n, the matrices are diagonal with

p+1

p
D Pt = )by
r=1

r=1

as the entry coinciding with the vector |A, ;) in the ordered basis. Similarly, the matrix of the generator
E1; has entries 1, on the diagonal.

For raising generators, our derivation makes use of the characteristic matrix A of Eq. (1). The
matrix elements of the elementary raising generators £, , . {, 1 <p <m + n are determined by

p
E]),p+1 |)¥q,.f> = Z Nrp()‘-q.,p-‘r];)\q,p;)\q,p—l)p"q,s + Ar,p>7

r=1
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with N/ given in terms of the GT basis labels as follows. Forp > m + 1,

N.p:[ - ( Outp = hip — ki = D0 p = dip —k+1) )
i kim1 ()"k'p_l_)"lvp_k+l)()\k,p+l l,p_k+l_l)

l_[p o 1( )\v.p 1 )"1p+v+l_m_l)l_[p m+]( )\v,pfm+]_)\i,p+v+i_m_2) i|l/2
P (—hvp = hip+vHi—m—=2) Ay p—Aip+v+i—m—1) ’

NP — [H( Opthup—k—p+m+D0pp+r,—k—pn+m+2) )
" ()‘k,pfl +)V/L,p _k_,u_i_m""z)()”k,erl +)"/L,p _k_M+m+1)

m— m 1/2
Hp 1( )\vp 1+)\,up+v_ﬂ+l)np +1( )W,p+1+)‘u,p+v_,u) ]/
5#:7:1(_)\’va +hup +V = (A p FAup +v—p+1)

We also have (for the case p = m)

m—1
H A m— tm —k+i—1
N = (—Dmgimst — iy —m +i — D2 ( w1 = ))

l_[z;i ()Lk,m-H - lm —k+i- 1)

Finally, for p < m,

NP =

1

p P+1 . ; 12
(=1 | Ceopst = hip =k + D Th iy = Mpor —k +i + 1)
]‘[k#i(xi,p —Ak.p—i—k—z + DOip — hip +k —1i) ’

which was derived for the Lie algebra case in Ref. 35. The above matrix element equations are
valid for all type 1 unitary irreducible representations. Our matrix element equations match those
given by Palev!” and Stoilova and Van der Jeugt'® where they each considered a subclass of these
representations. As mentioned previously, we have adopted the convention that the phase of the
matrix elements of the elementary generators are real and positive.

We may also give explicit expressions for the non-elementary raising generators Ej, 1, | < p,
with

Eppiilhgs) =Y Nlttp iy 1, ttior, tdlhgs + Duyp + - D),
u

where the sum is over all allowable shift components, as we have already described in Egs. (27) and
(28). In this case, the matrix elements take on the form

S(Nlup,up_1,....,uD[I/_ N;
Yo B = @+ DB, — @)

Nlup,up_y,...,u]=

where the difference B,, — @,, , in characteristic roots has been given in terms of the labels A, in
Eq. (33), and the phase S(N[u,, u, — 1, ..., w]) is given in Eq. (36).

For the lowering generators, we first give the elementary generators E, {1,, 1 <p <m + n,
with

p
Epiiplrgs) = Z Ag.p+132g.p5 hgp—DIAgs — Arp).

Forp>m + 1,
Np_[ﬁ( tp = hip—k+ D) p—hip—k+i+1) >
i Kbz ()‘-k,p—l ,’p—k+l+l)()\.k,p+1 — ,p k+l)

1—[p o 1( )\u,p 1 — A‘zp+v+l _m)l_[p m+1( )Lu,p-H _)\i,p‘i‘v‘i‘i—m—l) i|1/2
P (hup = AipFvHi—m—1)(=Ayp —Aip+v+i—m) ’
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VP — [ﬁ( MeptApp—k—p+mep+ip,—k—p+m+1) )
" Akp—1+App —k —p+m+ DO pr1 + Ay p —k — p+m)

— 1/2
Hpm 1( )‘«vp 1+)";/.p+v_ﬂ)l_[l m+1( )‘«v,p+1+)\p.,p+‘)_ﬂ_1) :|/
Hv;ﬁu 1(=Ap Fhup +v == D=2 p +Aup +v—p)

For the case p = m, we have

m 1 . 172
()"km 1= im _k+l)
[Tiz (M1 — —k+i) .

Finally, when p < m, we once again make use of the results in Ref. 9, namely

NI = (—Amstms1 — Aim —m +0)? (

W\ /2
N[’ . (—I)P H/f:]l()\'k,[ﬂ*l lp k +l —+ 1) l_[ ()\'t » )\'k,1771 _ k + l)
i Hf;éi()\ti,p_)\.k,p+k—l)()\,[’p—)\,k’p+k_i_1)
The matrix elements I\_f[up, Up_1, ..., U1, u7] of the non-elementary lowering operators E, |

for (I < p) appears as

p+1 l|)\q s ZN[ups Up—1,--- U], ul]p‘g,s - Au,,,p e T AM},]>7

and are given by

S(J\_l[u,,,up s w DT N,
s 1+1 \/(ﬂu\ oy, + 1)(1314& o a”l“*‘)

where the difference B, — oy, , in characteristic roots is given by Eq. (35), and the phase
S(N[u,,, Up_1,...,u])is once again given in Eq. (36).

Once again, we remind the reader of the Remarks given at the end of Sec. VI. In particular,
any pattern not satisfying the branching rules of Theorem 9 after a shift in labels is identically zero,
and hence so is the corresponding matrix element. In the above results, the patterns to which this
comment pertains are of the form

Nlup,up_y,...,u]=

)

|)‘q,s + Ar,p)v |)Vq,s + Au,,,p +...+ Au,,l)v |)Vq,s - Ar,p) and |)Vq,s - Au,,,p e Au,,l)-

VIIl. EXAMPLE: MATRIX ELEMENTS OF THE g/(2|2) RAISING GENERATORS

As an explicit example, we calculate the action (and hence matrix elements) of each raising
generator of g/(2|2) on a GT basis vector in an arbitrary irreducible type 1 unitary module with
highest weight (A14, Aog | Afg, A34)-

In what follows, we remind the reader of the convention in place that if a vector with shifted labels
is no longer a genuine GT pattern satisfying the branching rules of Theorem 9, then it is identically
zero, regardless of how the expressions for the coefficients turn out. Hence the corresponding matrix
element would also be identically zero in such a case.

A. Elementary generators E; ;. 1

AMa Aa Aia Aig M4 Aoa Aig Asg
E A3 Aoz Mg ! A3 A2z A
L2002 Ao L R FP A2 ’

ALl A+ 1
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where
N} = Va2 = A — s+ D).
Ma raa Mg Asg AMa  Aza Aig Aig
e A3z A2z A N2 Az A3 Al
il DY P T M2+ Ao
ALl ALl
AMa  Aa Ais Aig
N2 A3 A23 A3
+N M2 Ao+ 1 ’
AL
where
N2 — A1z + A3+ D —Ar3)
! (o3 — A3 — 1) ’
N2 — A3+ 2A23)A1 — A3+ 1)
? (M3 — A3+ 1)
Ma roa Ay Asg AMa  Aza Ala Azg
E Az Aoz Mg N3 AMaz+1 A3z Ais
el DY P I P A22
ALl ALl
Aa A2a Aa Mg
Y A3 A3+l Ais
212 A2
ALl
A A4 Afa Aig
A M3 A3 Azt
3 M2 Ao ’
Al
where

N3 — (A3 —A13—2) 23 — A3 — DAiga+ A3 +2)A54 + A3+ 1)
PV oo — Ma = DOas — Az — DGz + Az D3+ A+ D)

N3 — (A3 —223)(A13 —Ao3 + D(=A14 — Aoz — D)(—A54 — A23)
2 (M2 = A3+ Dria — A23)(=Ai3 — Aoz — D(=Ai3 — A23)

N3 — A3+ A7z + D3+ A1z +2) A3 +A13) A3+ A3+ D(Ag — A13)R54 — A3 — 1)
} (2 + A3 +2)(hia + Ay + Do + A3 + Do + A7 3) '
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B. Non-elementary generators

J. Math. Phys. 55, 011703 (2014)

Aa Aig Mg

A2z Ais

A2
Aaa Aa Asg
Az A3

Ao+ 1 ’

(A3 — A3 — DA —A2+ 1D

\/(xl,l —haa 4 DOz + Az 4 DOt — Ar3)

N3l = —Nszz\/()»l,l —dp+ D7 — A

Ao +1
ALl

A13

Qa2 = A)Ris F A3 — A+ 1)
(M3 — A3+ 1) (A1 — A22) .

M4
A3

A24 A3
A23

A22

Aa A4 Aia Asa
E A3 A3 Al -
P ha Ao = Nii
Al
+ N3|
where
N2 = NINE G = a4 D7 g = hr)!
and
Ala Ao4 Afa Ada
A3 A3 Al 2
E :N
20 Ao 1
ALl
+ Nj?
+ N3}

Ao +1
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Aia Aa A4 Aig
O o S B A &
+ N
121 Ao Ao+ 1
ALl

Ma  Aa Ais Aig
A3 Azt 1l Ags

32
+ N2 A2 A2+ 1
ALl
A4 Aoa Aa Mg
3| P13 A3 Aizt+1
+ N
32102 Ap+1 ’
Al

where

32 2a73
Ni{ = NiNj

’

O =233 — A 3)Ag g + A+ D(As 4 + A 3)
(A2 — A1 3) (A2 — A3 — DAz + A1 3)

N3? = N2N3\ Gt = haa 2 Gt — R 4+ 1))

_ A3+ A3+ Dz — ALz —223)Aq 4 + 223+ DA g + A23)
(M2 =223+ Dhig —A23)Ai3 4+ Aoz + Dz +2A23)h2 — Aoz +2)(A2 — Aoz + 1)

N3P = NEN3 (o = g +3) M (hia = 2ga +2)!

. A3+ A3+ D2 — 233+ A3+ 23+ A1)+ A3+ 1)
(h23 = Az — 1) M2+ A1s 4+ 2D + A1z + Do 4+ Ais + Dhos + A1s)

(214 +213) (=254 + 213+ 1)
M2 =23+ — A1z +2)

N3 = —N22N13\/()»2,2 — 23 (R — A3 — D!

_ (A3 +223)(A110 — A3+ DA 3 — A23)(A1g + A1 3+ D(A54 + A1 3)
(M2 — 2132004 — 23— Dz + A3+ DOz +Ai3) (oo — Az — 1)

32 273
N33 = Ny N;

Q=2+ Dz —A3)(Aig+ A3+ DA g + 223)
(A2 — A3+ D(Aia —A23)(Ai3 + 223+ 1)
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and

N33 = N3N3\ Oz — As +2) (ko — Aps + 1)

J. Math. Phys. 55, 011703 (2014)

Qas 2320 — Aoz + DOz + A+ DOas + 413 +2) a3 + A3+ 1)
(M3 =3+ 1) M2+ A1z 4+ 2D + A1+ Doz 4+ Aiz + DAas + A1 s)

XJ (Aia = A1.3)0ha = Ais = 1)

(M2 —Ai3+2)(hp —Aiz+ 1)

A4

e Al3
1400,

)MT,4
A3

A24 A4

A23

321
=N
)\2!2 111

ALl

321
+ N3iy

321
+ N3,

321
+ N33,

321
+ N33,

where

A4
Az +1
Ao +1
A +1

A4
A3
Ao +1
A+ 1

AlL3
A+ 1
A +1

321
Nlll

N11N12N13\/()»1,1 —d2 = D7 = Ar)™!

Aza Afa Mg
A3 A
A22
A4 Aa Aia
Az 41 )»173
A22
A2 4 14 A3 4
A3 Azt
A2,2
A4 Aa Asg
A3 A3
Ao +1
Aa  Ag Aig
rMaz+1 Ais
A+ 1
A2 M4 Ag
)\.2’3 )\.7’3 + 1
Ao+ 1 ’

(A =222+ DA — A1 3)(R23 —A13 = 2)Afa + 2413 +2)As4 + A3+ 1)

(A22 —A13— D13 —A2a +2)Ai3+ A3+ 2)A 1 — A2 — 1)
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N3 = 11N12N23\/()»1,1 — A2 = D7 — )»1,2)_'\/()»1,2 =23 (k2 — Az — D!

(A=A + D3+ Az + DA — A1 3) (A3 — A23)
(A2 —A23 + D(A1a — A23) (A7 3 + A2z + D(Aisz + A23)(A 1 — A2 — 1)

I
& =

y (A1g+ A3+ D(A54 + A23)
(A2 —223)A2 — Aoz — 1)

N3t = N11N12N33\/()»1,1 — X2 — D7l — /\1,2)*1\/()»1,2 + A3 +3) M2+ A +2)7!

g =22+ DAz + A3+ D23 — A )03 + A1z +2) (A3 + A13)
(o3 =23 = 1) 2+ A1s 4+ 2(pa +Ais + Do+ Aiz + D(hos + A1s)

» (A23+A73+ DAz — A1) Ass — A1z — 1)
At —2A2— DRap+ A3+ 32+ i3 +2)]

NI = NINZND SOt — ha2) ot — da + D=1+ As + 371G + Aia +2)7)

_ (A2 —ALDA 3+ 2231 — Aoz + DAz — A3 —2)
(M3 =223+ 1) hoo — A3 — DOos — A3 — 2)(Ais + Az +2)

y (A3 — A3 — DAia+ A3 +2)RA54+ 213+ 1)
A3+ A3+ DO —A22)(hon + Ai3 + 32 + A1z +2)

N33 = —N|1N22N23\/()\1,1 — 227G — A2+ D!

_ G2 = M)Ga = A2z + D(is = A23) (s = A2z + D(Aig 4 423 + D(As4 +223)
(M3 — A3+ 1) (A2 — A3+ DA — A23)(A13 + Aoz + DAy — A22)

and

N33 = =NININD O = 2027 Gt = haa + D71 Gy + 21 + 27 0 + Aps + D!

_Gaa =M DGas A+ DOz + Az +2) (s +A13) (s + A3+ D
A2+ A13+2)Aa+ A3+ Do+ A3+ Dog+A1s)

» (A3 4+ 223) A1 — A2z + DAs — A13)(A54 — Aj3 — 1)
(M3 = Aoz +1) A — A22)(ho2 +Aiz +2)Ap + A1+ D

IX. CONCLUDING REMARKS

In this article, we have presented matrix element formulae for type 1 unitary irreducible repre-
sentations of the Lie superalgebra gl(m|n). We make use of classification results originally presented
in the work of Gould and Zhang'-?> (summarised in Sec. IIT) and also rely on the branching rules
presented in Sec. V.

Regarding the branching rules, some readers already familiar with similar results on the elemen-
tary generators from the works of Palev'®!” and Stoilova and Van der Jeugt'® may find our branching
rules appear too simplistic at first glance. One observation is that many of the representations may
have a highest weight with non-trivial component wé (in the sense of Theorem 6, see Sec. IV for
details). Since w$ is the highest weight of a one-dimensional representation, it will have no effect on
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the form of the branching rule. In other words, to determine the branching rule of a given irreducible
unitary type 1 gl(m|n) representation with highest weight A = Ay + ye + w4, it may be easier to
do so by first finding the branching rule of the shifted highest weight Ay + ye&. Indeed, a highest
weight of this form will either be a covariant tensor representation (the branching rule of which is
covered in Ref. 18), and if not, it will be essentially typical (in fact typical and non-tensorial), and
hence the branching rules in Refs. 17 and 33 are relevant. Importantly, the branching rules of these
articles coincide with our branching rules of Theorem 9.

The general procedure to find matrices of generators of gl(m|n + 1) (including non-elementary
ones) corresponding to a type 1 unitary irreducible highest weight representation is:

1. Determine the branching rules all the way down the subalgebra chain (14), using Theorem 9;
2. Express every basis vector as a GT pattern of the form (13);
3. Determine the matrix elements using the formulae presented in Sec. VII.

From the duality discussed in Sec. III, the dual of a type 1 unitary irreducible representation that
is tensorial will be an irreducible type 2 unitary representation that is also tensorial, but in a different
sense. In this case, the type 2 unitary representations which are tensorial are those that occur in the
tensor product of a number of copies of the dual vector representation. Matrix element formulae
and related concepts associated with the type 2 unitary irreducible representations will be discussed
in detail in a forthcoming article.
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APPENDIX A: BRANCHING RULE FOR KAC MODULES
Let L = gl(m|n + 1), with Z-gradation
L=L_@®Lo®L., Ly=glm)®glin+1)
and set L = gl(m|n) C L, with Z-gradation
L=L ®Ly®L,, Ly=glim)® glin) ® gl(1).
Now given a finite dimensional [ -module ‘7, we have the g-character
ch, V= Z myq",
where the sum is over the distinct weights v in V each occurring with multiplicity m,.
Of particular interest here is the case of a Kac-Module
K(A)=UL)®;, Vo(A)
with Vo([\), A =A0 4+ AW = (AO|AM), afinite dimensional irreducible Ly-module with highest
weight A. Clearly in this case, we have
ch,K(A) = Dich, Vo(A), (AD)

where ch, Vo(A) is the usual g-character of the irreducible Lo-module Uy(A) and lA)? is the odd
“denominator” function

bl =[la+q"
ped;
with &)T the set of odd positive roots of L.

We have a partition

&+ + +
dF = o UA;
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with <I);r the odd positive roots of gl(m|n) and
AT = {g _6m+n+1 |1 <i<m}
With this notation, we may write
D{ = D{E]
with D{ the corresponding denominator polynomial for L = gl(m|n) and

Ef = [Ta+q7).

Beaf

Now using the usual Gelfand-Tsetlin Lo | L branching rules, we have the following decom-

position into irreducible Ly-modules:

Vo(AQIAD) = B Vo(AV1AD),

A

where the sum is over all Ly-highest weights A subject to the usual betweenness conditions

A (D (€] A
Ay =N =A L, T=p<n
This immediately gives

ch,K(A) = DI Zchq Vo(A@AD)
A

= D{ > Efch, Vo(AV|AD).

A

Now observe that

Efch, V(AD|AD) = Z ch, V(AQ|AD),
AO

where the sum is over all gl/(m) dominant weights A such that
AO 2 A0 2RO .
Substituting into Eq. (A2), we arrive at

ch,K(A) = D? Z ch, Vo(A),
A

where the sum is over all Ly highest weights A = (A®|A() subject to the conditions

AV > AP > R0 1, 1<i<m,

A 1 Al
AP > AP = AP 1<p<n

These are precisely the branching conditions presented in our previous paper.*
In terms of Kac-modules, let

K(A)=U(L_)®, Vo(A)

be a corresponding Kac-module for L = gl(m|n). Then the above shows that

chyK(A) =) chyK(A),
A

(A2)

(A3)

(A4)

(A5)

i.e., the branching condition of our previous paper* coincides precisely with the decomposition of

Kac-modules in the above sense.
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In the case of an essentially typical irreducible £.-module V (A), we have
K(A)

Prvw.
A

V(A)

where the sum is over all A subject to the betweenness conditions (A3) and (A4) of our previous
paper.

Remark: We emphasize that Eq. (A5) holds for general dominant A.

APPENDIX B: PHASE CONVENTION

In this appendix, we derive the phase of the matrix elements of the generators E, , . » and then
extend this result to matrix elements of all generators E, , 1 ;.

The simple generators E,, | acting on a GT pattern |A) (A the highest weight of a type 1
unitary representation for g/(m|n + 1)) will produce

P
EppiilA) =Y NPIA +£,,),

a=1

where |[A + g,,) is the GT pattern |A) but with the ath label of the pth row shifted by + 1.
Consequently, non-zero matrix elements of the simple generators will be of the form

(A+8u,p|Ep,p+l|A> =+N5[A], (B1)

where we have set N/ to be positive by the Condon-Shortly convention. Non-zero matrix elements
of non-simple generators E, , | » are given by

N(fbp+1 = <A + Ea.p + 8b,1)+1|Ep,p+2|A> = <A + Ea,p + 5b,p+l|[Ep.p+17 Ep+l,p+2]|A)
= (A + Ea,p + Eb,p+1 |Ep,p+l |A + 5b.p+l><A + 8b.p+l|Ep+l,p+2|A>

- <A + ga,p + 5[7,p+| |E,'7+1.p+2|A + Sa,p><A + 8u,p|Ep,p+1 |A>
Using (B1), the above equation can be written as
NI = NZTA + e5,p 1 INDTTIAT = NP TA 4 20, INZTALL

where all of the matrix elements on the RHS are positive due to the Baird-Beidenharn convention.
From our previous results*

a= D" ] @ —aa+ D) ] (@ —B).acl,

bel’ \b#a cel’

and

Go= [] Be=B) ' [[B-a - (D7), ael.

kel k+a rel’
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So for odd @ and odd b
NITEAT = NZTA + 6, INDT AT = NJTA + 64, IN]TA]
= BapCa,p) 2[A + €0, p st IND T IAT = By pi1@ope) 2LA + €0 p IN[A]
= Ba.p)" P [A + e, p1)Cap) PIAINE T IAT = @ppi) LA + £0,p) By p1) PLAINI[A]

V&a_,gb_ V,B_b_&a

1 _
=Y (5, ) 2 ) PIAINS T A -
Ja,—p, e e b VBy — @, + 1

_ &u_lgb_l _ &a_,gb Npr-H[A]
@ — By a—Bp—1) "

= —@ = By — 1)@ — B PNINIT A

(@b, p+1)"*Gp,ps ) PIAINL[A]

=By — @0 + V2B — @) VANINI AL

which matches Eq. (32) for [ = p — 1. Similarly, for the cases corresponding to the other three
parity combinations of a and b, we obtain the same result.

We observe that the sign of N”/*" is directly given by the sign of B, — @,. In fact, the sign
of N[u,, u, _ 1, ..., u] is given by the multiplied signs of the p terms in (31). Note that the above
derivation implies that the sign of (o, .. ,)!/? is given by taking the square root of (8,, — @,,_, + 1)
and (B, — @,, ,) individually.

We therefore have

14
SNTup, tprs - sw) =[] SBuyu—1)
s=Il+1

p
= ] 5B, — @, (B2)

s=I+1
For (u5) =0, (uy — 1) = 0,us 7# uy—
SBu, = @, ) = S(Au, , — Ay, + 1ty — 1)
= S(uy — ug_1).
For (us) =1, (u; - 1) =1
SBuy = @) = SRy, = Ay, + 11 — uy)
= S(us—1 — uy).
For (u;) =1, (ug — 1) =0
SBu, = @u, ) = S(Bu, = Buy—1 — 1)
= S(A+p, €4, — b))
For A typical type 1 unitary, we have (A + p, €, — §,) > 0 which gives
A+p.eu, —8u)=ADFpem—8)+(A+p. e, —€n)+ A+ 0,8 —6u)
>(A+p,em —6,)>0.

For A atypical type 1 unitary, there exists an odd index 1 < p < n such that (A + p, €, — §,) =
O and (A, 8, — 8,) =0. Since the labels A, for 4 < v < n are all equal, only odd labels A, for u
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< p may be raised. For this matrix element, we necessarily have u, < p giving
(A + p, €uyy — 314&) = (A +p0,€n — 5u) + (A + 0, €uyy — 6m) + (A + 0, 8;; - 3ux)

=(A+p €, —m)tH(A+p,8,—38,)>0,
which shows that for this case the matrix element is positive, i.e.,
SBu, = Quy—1) =1, (us) = 1, (us—1) =0,
and similarly
S(Bu, — Gu,—1) = —1, (us) = 0, (u;-1) = 1.
Combining the above four cases gives
S(Bu, = @u,) = (=D TS (g — ug-y),

where, as usual, odd indices are considered greater than even indices. Finally, from Eq. (B2), we
have the result

14
SINTup, upr, o) = [T (=D S, —usy).
s=I+1
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