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PRACE NAUKOWE UNIWERSYTETU SLASKIEGO W KATOWICACH NR |1
PRACE MATEMATYCZNE II, 1972

EUGENIUSZ GLOWACKI

On approximate solutions of a non-linear functional equation

In paper [1] we have considered approximate solutions of some linear
functional equations. The role of the approximate solution was played
by the n-th term of a suitable functional sequence whose limit was the
exact solution. A similar method may be applied to more general equa-
tions.

In the present paper we construct approximate solutions, with a
preassigned accuracy, for continuous solutions of the functional equation

(1) <p(x) = h{x,<p[f(x)]},

where cp(x) is the required real-valued function of a real variable. The
functions h{x, y) and f(x) are given real-valued functions of two, respec-
tively one, real variable.

In the sequel we shall assume that the function f(x) fulfils the
following condition:

(n f(x) is continuous and stricly increasingein an interval
[f, @), moreover i < f(x) < x for X e(£, a).
(In other words, fe ft? (£, a]); cf. [2].
Let fn(x) denote the n-th iterate of the function f(x):
fe(x) = x, fntl(x) = f[fn(x)], n= 0,1, 2,...
Under hypothesis (I) we have /(]) = - and the iterates fn(x) are defined,
continuous and strictly increasing in [f, a); furthermore, for every fixed

xe(£, a), the sequence {/"(x)} is stricly decreasing and lim fn(x) = |

(cf. [2]).
Let i) be a real number such that
<2) 7i(f,y) = .

Let us fix arbitrarily a c, 0< c< a—&£



We shall make the following assumptions concerning the function h(x, y):

() The function h(x, y) is continuous in the rectangle
D= [I,f+c]X [7T—d,y+ d, d>0,
moreover, h(D)d [t)—d, t] + d].

() There exist constants O <0< 1, 0O0< 3~ ¢, O< and
such that
®3) Ih(x,y)— h(x, 9l < 0 ly— W for
Xy, x,y)e[l, I + § X [y—ay+ &
and
(4) Ih(x, rj) - hE, Y\< (1 - 0)® for ze[f,f + 3]
(1v) The function h(x, y) fulfils in the whole rectangle D the Lipschitz
condition with a constant L > 0, i.e.
(5) \h(x,y) — h(x,y)]< L \y— W for (x,y), {x,y) e D.

As has been proved in [2], under hypotheses (I), (IlI), and (lIl) equation
(1) has exactly one solution tp which is continuous in [|, f + c¢] and fulfils
the condition tp(E) = rj. This solution is given by the formula

(6) ®(x) = lim 9 (x),
where e
(7) gn+1 (x) = h{x, #,[/x0]}, n= 0, 1, 2,...,

and 90(x) is an arbitrary continuous function defined in [], £ + c], taking
values in [y—d, y + d] and fulfilling the condition

(8) m PAE) = y.
The functions <n(x) defined by (7) may be regarded as approximate
solutions of equation (1).

Let us fix arbitrarily e£> 0. We are going to find the index n in such
a manner that function g?,(x) should differ from the exact solution m(x)
in the whole interval [f, £+ c] by less than s

Let po(x) be an arbitrary continuous function in [£, £ + c] which takes
values in [y —d, y + d], fulfils condition (8) and is such that

(9) kKOx) — W< a for xe[f, £+ 3]
It follows from (9), (3) and (4) that for x e [£, £+ 3] we have
i971(x) — Ih(x, 220[/(M]) — h(x, 0t + [h(x, y) — h{E, Y\ <
N O IMf(X)] — A+ (11— 0)o < a
and, as is easily proved by induction,

(10) Jon(x) — j?K 0 for xe[f,f+ 3], n=0,12,...



Let N be the least non-negative integer such that

(11) fN(i + c)e[t,£ + 3L

Hence it follows by hypothesis (I) that

(12) fnx)e [i, E+ 6] for n~N and xe[U + c],
Let us write

(13) K = max Eq(x) — 0x)j,
[E, £+ 3

(14) a= Iogg LnkQ) + N.

We have the following

THEOREM. Under hypotheses (1), (I1), (I1l) and (IV) for every n> a
and every x e [l, £+ c], we have

IVn (x)~y (x) I< E
where qn (x) and 9 (x) are defined by (6) and (7), and <po(x) fulfils ine-
quality (9).

Proof. By (5), (3), (10), (12) and (13) we get the estimation of
\<Pn+i(x) ~ <Pn(x)], valid for n~ N and x e [f, £ + C]

I<Pn + IW — <Pn(x)\ < L N \N-JV+1tfN(x)] — <Pn-N [IN(X)]] <

< LN ONN\<p,mx)\ — po[f»X)]j < (T) ) &rK.

For the difference 9In(x) — <p(x) we get hence for n ™ IVand x e [I, £ + ]

o) — cpdl < A 100 — @60l <+ Y AA 1 eK -0s=

s=n

-] if mK ®”
Ql 1— 0

For n> a, where ais defined by (14). and for every xe (I, 1 + ¢j

I (x)—P(x) I< £

which was to be proved.
If 6= c, a= d, then for a we have the simpler formula

. *(1— 0)
a- 10go0 k '

It results from the estimation obtained in the proof that the convergence
of the sequence (<pn(x)} is the more rapid the smaller is the num-
ber 0, but if we reduce0 then N increases and a need not decrease,
This may be seen from the following



EXAMPLE. We consider the functional equation

x+ 2)p
<p{x) = for xe[O,l].
x+ 2 "t 1
We have here
h(x,y) = — Jf(x)= f ,1 =0 c= 1,
x+ 2)y+ 1 2

We take y= — and d =— Then D =][0,1]X [0,1] and
2 2

Ih(x, y)=h 9l < 3ly—yl for (x,y), x,y)eD .

For an arbitrarily chosen 0 with — < 0 < 1 inequalities (3) and (4)
2
are fulfilled for
é—4(1_0)(20_1z; 20— 1
202— 0 + 1 40

If we take v>ofx)= — , then
2

K = max Pri(x) — ?20@)] = (1 — 0)«

[0, 9

and for a we have the formula

a= logg. —— + N
® 3No
X
Since fn(x) = -—— . N is the least non-negative integer such that

2 x> —
5
Let us take e= 10-3. The exact determination of the least number
a is too complicated, but trying various values we can find that the

3
possible best estimation we have for 0 = — . Then we have

l4<ax< 15

Therefore for the equation considered

taste) — y>te)l < 10-3 for xe[O,ij.
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EUGENIUSZ GLOWACKI

O PRZYBLIZONYCH ROZWIAZANIACH NIELINIOWEGO ROWNANIA
FUNKCYJNEGO

Streszczenie

W pracy rozwazane sa przyblizenia ciggtego rozwigzania réwnania funkcyjne-
go cp(x) = h{x,ip[f(x)]}, gdzie o jest funkcja szukana. Podobnie jak w pracy [1]
jako rozwigzanie przyblizone przyjmuje sie n-ty wyraz odpowiedniego ciggu funk-
cyjnego, ktoérego granicag jest dokiadne rozwigzanie.

Celem pracy jest dobér liczby rzeczywistej a w ten sposéb, by n-te przybli-
zenie (pn (x) rozwigzania réznito sie od dokiadnego rozwigzania o z goéry zadang
wielkos¢ w géry zadanym przedziale, gdy tylko n > a

Praca zawiera 1 twierdzenie podajgace sposéb doboru liczby a, przy czym sposéb
ten jest rowniez zilustrowany na odpowiednim przyktadzie.

Oddano do Redakcji 27. 5 1970 r.
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