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Abstract

We use the generalized maximum entropy (GME) estimator to take into account the
measurement error in the regression model with a composite indicator, Likert-type scales
based, as explanatory variable. We show that, the reliability measure of the observed
composite indicator can be used to define an estimator of the error variance and the
supports required by the GME approach. As well as to obtain an estimate of the slope
parameter of the model, that has statistical properties similar to the classical ordinary least
squares adjusted for attenuation estimator, GME approach allows to estimate the
measurement error that can be used to adjust the composite indicator of the latent
explanatory variable. An extensive simulation and two case studies show the usefulness of
this approach.

Introduction

Psychological and social researches are often based on questionnaires with Likert-type or
multi-item scales, used to obtain multiple indicators that are discrete variables. These
multiple indicators are assumed to be fallible parallel measurements, and their average is a
composite indicator that represents an estimate of the underlying latent variable, as it tends
to cancel out the measurement errors (Carpita and Manisera 2012). In this paper we use the
Generalized Maximum Entropy (GME) estimation approach to take into account the
measurement error in the regression model due to the explanatory variable that is a
composite indicator, based on a set of discrete indicators. We show that the reliability
measure obtained from the observed composite indicator can be profitably used to define
an estimator of the error variance and supports required by the GME approach. A Monte
Carlo simulation study aimed at comparing the approach proposed with the Ordinary Least
Squares Adjusted for attenuation (OLSA) was performed and the performance are compared
in terms of the root mean squared errors (MSE), standard error, and estimation accuracy.
Finally, two case studies, about the wage satisfaction and the customer satisfaction are
presented, in order to give some comparative empirical results.

The paper is organised as follows: in Sect. 2, the regression model with a composite indicator
as explanatory variable and the GME estimation approach are described; Sect. 3 shows the
simulation study and draws some conclusions on the performance of the two approaches



presented; Two empirical applications are reported in Sect. 4; conclusions and remarks are
given in Sect. 5.

The regression model with a composite indicator as explanatory variable

Consider two continuous latent random variables £ and nn satisfying a linear deterministic
structural relationship (Al-Nasser 2005):

n=a+f-£ (1)

where a and B are unknown structural parameters. Usually, the slope B is of primary interest
for the analysis.

The measurement model is different for the two latent variables n and €. For n, only one
continuous variable with error is observed; instead, for £ one can obtain from a Likert-type
scale only JJ discrete indicators. To formalize this, let consider 1+J continuous random
variables, with additive errors €i and §j, respectively, that are uncorrelated between them
and with ¢&:
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Then, to complete the measurement model, we consider the standard assumption that from
each continuous variable X*j only a discrete variable Xj on a Likert-type scale is observed:
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were 1tk are (c-1) cuts on the domain of Xxj that transform this continuous variable in a
discrete one Xj, assuming that the psychological distances between the cc integers are
equals (Wakita et al. 2012). Formulas (1)—(3) define the regression model with no error in
the equation (Fuller 2009, par. 2.3), extended to the case of multiple discrete indicators
observed for the explanatory latent variable. In the standard approach, € is estimated by the
average of the JJ multiple indicators:
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Our goal is to obtain good estimates of (i) the unknown structural parameter B and (ii) the
latent variable €.

Given a random sample of n observations:

(xji.w) J=1....0 i=1,..., n (5)
without consider the measurement errors in equation (2), the empirical version of the
regression (1) is:

vi=e+f-E+v i=1,....n (6)
For this model, the usual Ordinary Least Squares (OLS) estimator of the structural parameter
B is obtained as:

= Couv(§,y)
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Var(£)

It’s well known that BAOLS has a downward bias that depends on the size of the
measurement error of the explanatory variable (Fuller 2009), in particular for the model (1)-
(3) on the reliability of &7,

The ordinary least squares adjusted for attenuation (OLSA) estimator

A standard solution to estimate the parameters of the linear regression model with
measurement error in the explanatory variable, is the Ordinary Least Squares Adjusted for
attenuation (OLSA) estimator.

If the explanatory variable is the composite indicator £” in the equation (4), its true reliability
index is:
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with p&€>0 the true linear correlation coefficient between Xj and £. The index k¢ takes values
in the interval between 0 (no reliability) and 1 (max reliability). Using the sample in (5), we
can compute the mean of indicator correlations r'x (as estimate of p2¢), and obtain the
estimated reliability index:
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that is the general form of the Spearman-Brown prophecy formula, related to the
Cronbach’s Alpha of the classical item analysis (Bernstein 1994; formula 6.18 and 6.26). With
the index k¢ we obtain the unbiased estimate of B using the OLS Adjusted for attenuation
(OLSA) estimator (Fuller 2009):
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The generalized maximum entropy (GME) estimator

When the data exist in terms of noisy observations, the GME approach proposed by Golan
and Judge (1996) allows to override the distribution and additional assumptions that are
made in the traditional methods. In the regression context, this approach allows to estimate
at the same time all the parameters and the errors terms of the model (Ciavolino and Al-
Nasser 2009; Al-Nasser 2005). In this study we have developed the GME estimator for the
regression model with a composite indicator as explanatory variable described in the
previous paragraph. Considering the measurement model (2)—(3), for the composite
indicator (4), we have:
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Substituting n in (2) with (1) and considering (11), the following model specification is

obtained:

}'I-=E+ﬁ-{.§_:—ﬁ_:]+e|' i=1,...,n (12)

For the model (12) the GME estimator is outlined by the reformulation of the structural
parameters and the two error terms as expected values of some discrete random variables
Za, ZB, 26 and Ze:
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The discrete random variables are usually composed by three or five support points,
symmetric around zero, with the associated probability distributions p=(pa,pB,p6,pe) which
assume value in the interval (0,1)(0,1) and respect the following normalization constraints:

& K H F
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The idea underling the GME method is to estimate the unknown parameters and the error
terms, by maximizing the Shannon’s entropy function:
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subject to the data constraints, which are represented by the re-written model in equation
(13), called consistency constraint, and the normalization constraints, given by the equation
(14). For more details see Golan and Judge (1996).

Given the estimated probability distributions, it is possible to derive the estimate of the
parameters of the model (12) as expected values:
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and for the two error terms:
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From the first estimated error term in (17) we compute the GME adjusted composite
indicator as follow:

%.‘I{.'.‘rd'f'.':él._,glﬁ'“ﬁ i=1,....n (18)

Simulation study

With this simulation we compare the performance of different designs of the regression
model (1)—(3), using different combinations of discrete variables and levels of reliability of
the composite indicator used as explanatory variable. The method we have used to
construct homogeneous data with a one-dimensional latent trait underlying JJ discrete
variables used by Carpita and Manisera (2012) and is based on the discretization of JJ
continuous variables following a multivariate standard normal distribution with equal
correlations.

Discretization procedure

The JJ standard normal variables in (2) were discretized by mapping continuous intervals
into cc equally spaced integer numbers using (c-1)(c-1) cuts tktk as in (3). We considered
three discretization procedures resulting from non-linear monotonic transformations and
providing three distributional forms for the indicators: the one is the optimal discrete
probability distribution O, which resembles the original normal distribution rather closely;
the other two discretization procedures distort the normal distribution resulting in right-
skewed discrete probability distribution (R, with positive skewness) and left-skewed discrete
probability distribution (L, with negative skewness). Following Carpita and Manisera (2012),



we chose k=5k=5 for each discrete variable in (3) with corresponding probabilities (0.11;
0.24; 0.30; 0.24; 0.11) for the O distribution. For the skewed variables we considered the
following frequencies (0.45; 0.25; 0.15; 0.10; 0.05) for the R and (0.05; 0.10; 0.15; 0.25; 0.45)
the LL distributions. Moreover, when the distributions of the analysed discrete variables are
very different, these can be thought to be not linearly related. The adopted procedure of
discretization of the standard normal distribution in the three discrete probability
distributions OO, LL and RR, is represented in the Fig. 1
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Fig. 1 Probability distributions for the Optimal(O), Right(R) and Left(L) skewed discrete
variables

Simulation scenario

To compare the performance of GME and OLSA estimators for the model (1)—(3), we fixed
the structural parameters to a=0 and B=0.5 and the reliability index in (8) as k€=(0.7,0.8,0.9).

2 __ 1— 2
: . . 5 = P>
The variance of the error §j in (2) is computed as where:
p2 = e
€ T—(J—1)-r
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The variance of the error € in (2) is computed as o =P pg(lfp,? —
is the true linear correlation coefficient between y and n. To evaluate the interaction of
discrete variables with different probability distributions, we combined optimal (O), right (R)
and left (L) skewed variables as in Carpita and Manisera (2012). We consider four useful
scenarios of interaction (Carpita and Manisera 2012): OOO0O, LLRR, LLRO and LROO. Then
we choose the sample size n=100 and selected 2,000 random samples for each of these
combinations.

Simulation results

The first part of Table 1 reports the simulation results for three estimators (GME, OLSA and
OLS) of BB (averages of the 2,000 replications), their standard errors (SE), the root mean of
squared errors (RMSE). Results are divided according to the GME, OLSA and OLS estimators,
reported in the rows, and according to different levels of reliability, in the columns and with
four scenarios of interaction: OO0O, LLRR, LLRO and LROO. In the Table 2, we reported the
correlation between the true Latent Varibale (LV) and the estimated LV with both the
methods, in way to evaluate the accuracy, that means the ability of the GME to recover the
measurement error.

Table 1 Simulation results for the GME, OLSA and OLS estimators of § = 0.5 {average of 2,000 random
samples with sample size n = 100)

g = 0.7 g =08 g =029 g = 0.7 kg =08 kg =09

Scenario 0000 Scenario LLER
ﬁGME 0.449 0.449 0.445 0.470 0.467 0.469
ﬁ'of 5A 0.452 0.449 0.442 0476 0.469 0468
,f;'.-_}f_g 0.299 0344 0386 0.290 0.336 0386
SEGME 0.053 0.040 0.032 0.065 0.047 0036
SEnrsa 0.056 0.042 0.032 0.068 0.049 0.037
SEors 0.029 0.028 0.028 0.030 0.029 0.029
RMSEgyr 0.074 0.065 0.063 0.072 0.057 0.047
RMSEqnisa 0.074 0.066 0.066 0.072 0.058 0.049
RMSEgis 0.203 0.158 0.117 0.212 0.166 0118

Scenario RRLO Scenario LROO
ﬁ'ﬁug 0.463 0463 0461 0.459 0.456 (0.458
ﬁ’m 5A 0468 0468 0.459 0464 0.458 0.456
,E;'of_g 0.291 0.291 0.385 0.294 0.340 (.388
SEGME 0.061 0.061 0.035 0.060 0.042 0.033
SEprsa 0.064 0.064 0.036 0.063 0.044 0.034
SEors 0.029 0.029 0.029 0.029 0.029 0.028
RMSEgmE 0.072 0.072 0.052 0.073 0.061 0.053
RMSEqr5a 0.072 0.072 0.055 0.073 0.061 0.056

RMSEprs 0.211 0211 0119 0.208 0.163 0116




The OLS estimator is strongly negatively biased (about 40 %), whereas the OLSA and the
GME estimators are only slightly negatively biased (no more then 10 %). The SE of the GME
estimator is slightly lower (for k€=0.7 and 0.8) or equal (for k€=0.9) of the OLSA estimator
one, so that the RMSE of these two estimators are roughly the same. Note that the RMSE of
the OLS estimator is much higher of the previous two, due to the higher negative bias.

Table 2 shows remarkable differences of the GME for all the scenarios in its ability to re-
construct the latent variable. The simulation results bring us to the conclusion that, in term
of RMSE and standard error, there is no big differences between GME and OLSA, but the
advantages can be appreciate in term of accuracy in the estimation of the latent variable.

Table 2 Correlation between the estimates .§.-_-;M_;._~ and 1‘;: and the latent explanatory variable £ (average of
2,000 random samples with sample size n = 100)

kg =07 kg = 0.8 kg =09 kg =07 kg =0.8 kg =109

Scenario Q0000 Scenario LLRR
Corr(Egye. £) 0912 0.927 0.945 0.908 0.921 0.940
SE 0.016 0013 0.008 0.017 0.014 0.010
l:::’JJ'TI:_Eﬁ £} 0.809 0.868 0.922 0.786 0.849 0.909
SE 0.033 0,023 0.012 0.037 0.025 0.014
Scenario RRLO Scenario LROO
Cf;rr(.j?:(;y;g .£) 0.908 0.908 0.940 0.910 0.924 0.943
SE 0.017 0017 0.009 0.017 0.013 0.009
Corr(E, £) 0.790 0.790 0.910 0.797 0.858 0916
SE 0.035 0.035 0.014 0.034 0.024 0.013

Empirical evidences

In the following two sections the results obtaining with the proposed approach for two real
case studies are presented, with different regression coefficients and levels of reliability. The
first case study refers to a survey on Italian social cooperatives to evaluate the quality of
work; the second one proposes the study of the several features of the products and service
offered to adults and children of the Italian McDonald’s restaurants. We discuss the results
obtained on the real data set, and relate them to the conclusions drawn via simulation study.

ICSI example

The dataset used derives from the ICSI2007 (Indagine sulle Cooperative Sociali Italiane,
2007), a survey about social cooperatives sampled from the Istat-Census 2003 database of
the Italian National Institute of Statistics, with paid workers that in 2007 answered the
questionnaire designed by academic experts in economic and organisation fields with the
aim to investigate the objective and subjective quality of work in the non-profit sector
(Carpita and Golia 2012; Ciavolino and Nitti 2013). For this application we regress the Y =
Wage Satisfaction, measured on a 7 points scale, on the composite indicator (¢”), obtained
as average of J=4 items, measured through a 5 points Likert-type scale: X1 = Responsibility;



X2 = Effort; X3 = Stress; X4 = Loyalty. The random sample of workers is equal to 100 and it is
selected by considering only the graduated employed women. The frequency distributions
of the 4 items are reported in the Fig. 2.
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Fig. 2 Frequency distributions of the four items (X ;) used to calculate the composite indicator for the ICS1

example

Table 3 [ICSI example results

Correlation matrix X X3 X5 Xy
X 1

X2 0.510 1

X3 0.509 0,782 1

Xy 0.404 0.679 0.712 1

Y 0.441 0.553 0.528 0.556
Mean of comelations (ry ) = 0.567 Reliability {'251 = 0870

Regression results

Ry = 0.403; R}, o4 = 0.344 Estimate SE ¢ Stat
BoME 0.988 0.161 6.136
Borsa 1.008 0.150 6.720
Bors 0.878 0.131 6.702
CorrEgyp. £) 0.937 0.010

Corr(E, £) 0.902 0.015

In Table 3 are reported the correlation matrix and the estimation results for the ICSI
example. The correlations between the four items range from 0.404 to 0.783, the mean of
indicator correlations between the four items (r™x) used to compute the composite indicator
(€n), is equal to 0.567, so that the estimated reliability (kA€) defined in (9) is 0.870.



The regression model for the ICSI data has the coefficient of determinations R2ZGME=0.403
and R20LSA=0.344 (obtained with the ratio 0.3/0.87 = 0.344, as we correct for attenuation
due to the measurement error). The GME and OLSA estimates are both near to 1 and with a
similar standard errors and t-statistics, obtained by bootstraping the sample. The OLS
estimates is lower about of 12 %. We compute the correlation between the composite
indicator (€*) in (4) and the GME adjusted composite indicator (E*GME) in (18), obtaining a
positive value equal to 0.893.

To obtain an estimate of the correlations of the composite indicators £* and E*GME with the
true explanatory latent variable ¢ for this example, we use a model-based bootstrap
procedure: first of all, we recover the cuts tkin (3), by using the quantiles of the four discrete
empirical distributions in Fig. 2 then, using the model (1)-(3) we replicate 2,000 times a
random sample of n=100 observations from the standard normal distribution of ¢ with
reliability k€=0.87 (i.e. equal to the estimated reliability for this example), 02€=1.545 (i.e. the
estimated variance of the GME errors), and =0.988 (i.e. equal to the GME estimate of slope
the coefficient for this example). The obtained results are reported at the bottom of Table
3: under these assumptions (in particular the measurement error equal to 13 %), we
estimate that the true latent variable has correlation with the GME adjusted composite
indicator that is 3.5 % points greater then the correlation with the unadjusted composite
indicator (0.937 vs. 0.902).

McDonald’s example

We consider a market survey promoted with the involvement of the Corporate Relations
Manager of McDonald’s Italia. It was carried out in 2011 on a random sample of restaurants,
stratified according to their geographical location, with the aim of evaluating several
features of the products and service offered to adults and children. In this study, we consider
the answers to the customer experience management in fast food survey, conducted by
administering, in a given week, a specific questionnaire to a random sample of adults
(Dancelli et al. 2013).

Among the several questions in the questionnaire, we focus on Y == overall satisfaction,
measured on a 10 scale points, on the composite indicator €7, measured through a 5 points
Likert-type scale. In particular, respondents were asked to rating from 1 == Very Bad, 2 ==
Bad, 3 == Equal, 4 == Good and 5 == Very Good the McDonald with respect to other fast
foods, considering four aspects: X1 == Products Variety; X2 == Food Taste; X3 == Quality
Ingredients; X4 == Nutritional Quality.

From this survey, we extract a random sample of 100 customers: the frequency distributions
of the 4 items are reported in the Fig. 3.
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Fig. 3 Frequency distributions of the four items (X ;) used to calculate the composite indicator for the
McDonald’s example

Table 4 McDonald's example results

Correlation matrix X X3 X3 Xy
X1 1

X3 0513 1

X3 0524 0,733 1

X4 0416 0.633 0.540 !

Y 0.503 0.506 0.560 0.691
Mean of comelations (ry ) = 0.562 Reliability {h}-} = (LE59

Regression results

RL, .. =0.464; B2, o, = 0391 Estimate SE ¢ Stat
BGME 0.868 0.109 7963
Borsa 0.851 0111 7666
Bors 0.732 0.095 7.705
CorrlEgME. £) 0.932 0.011

Corr(E, £) 0.888 0.018

In Table 4 are reported the correlation matrix and the estimation results for the McDonald’s
Example. The correlations between the four items range from 0.416 to 0.733, the mean of
correlations between the four items (r'x) used to compute the composite indicator (£*) is
equal to 0.562, so that the estimated reliability (k*€), defined in (9) is 0.859.

The regression model based on the McDonald’s data has the coefficient of determinations

R%Z. . = 0.464 and R? = 0.391
Gue T 5T ANE RoLsa 7 (obtained with the ratio 0.336/0.859 = 0.391, as we

correct for attenuation due to the measurement error). The GME and OLSA estimates are
both near to 1 and with a similar standard errors and t-statistics obtained by bootstraping
the sample. The OLS estimates is lower about of 12 %. We compute the correlation between



the composite indicator (¢*) in (4) and the GME adjusted composite indicator (EAGME) in
(18), obtaining a positive value equal to 0.869: this evidence indirectly confirms the
simulation results, where the true LV are correctly estimated by using the GME.

The estimate of the correlations of the composite indicators £* and ¢AGME with the true
explanatory latent variable ¢ for the McDonald’s example are obtained with the same
bootstrap procedure reported in the above section: we recover the cuts tk in (3), by using
the quantiles of the four discrete empirical distributions in Fig. 3 then, using the model (1)-
(3) we replicate 2,000 times a random sample of n=100 observations from a standard normal
distribution with k€=0.859, 62€=0.858 and B=0.868, estimated from the sample as explained
in the ICSI example. The final results are reported at the bottom of Table 4: under these
assumptions (measurement error equal to 14 %), we estimate that the latent variable has
correlation with the GME adjusted composite indicator that is 3.4 % points greater then the
correlation with the unadjusted composite indicator (0.932 vs. 0.888).

Conclusion and further remarks

The purpose of this paper was to extend the regression model with a composite indicator
and affected by measurement errors by adopting the GME estimator for the case of discrete
data (Likert-type scales). The idea was to incorporate external information about the
reliability of the composite indicator by the definition of the GME errors structure. By means
of a Monte Carlo simulation study the different approaches have been compared in terms
of standard error, root mean square errors and estimation accuracy of the latent variable.

The four scenarios of interaction and two case studies show there are no significant
differences between the GME and OLSA in term of RMSE and standard error, although GME
gives better results for all the simulation conditions. The main differences can be found in
the reconstruction of the latent variable, where the GME gives better results also with a
reliability of the composite indicator equal to 0.9.
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