Metadata, citation and similar papers at core.ac.uk

Provided by Repositério Institucional da Universidade de Aveiro

NUMERICAL ALGEBRA, d0i:10.3934/naco.2013.3.77
CONTROL AND OPTIMIZATION
Volume 3, Number 1, March 2013 pp. 7794

HAHN’S SYMMETRIC QUANTUM VARIATIONAL CALCULUS

ARTUR M. C. BrITO DA CRUZ
Escola Superior de Tecnologia de Setibal, Estefanilha, 2910-761 Setibal, Portugal

Center for Research and Development in Mathematics and Applications
Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal

NATALIA MARTINS AND DELFIM F. M. TORRES

Center for Research and Development in Mathematics and Applications
Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal

ABSTRACT. We introduce and develop the Hahn symmetric quantum calculus
with applications to the calculus of variations. Namely, we obtain a necessary
optimality condition of Euler—Lagrange type and a sufficient optimality condi-
tion for variational problems within the context of Hahn’s symmetric calculus.
Moreover, we show the effectiveness of Leitmann’s direct method when applied
to Hahn’s symmetric variational calculus. Illustrative examples are provided.

1. Introduction. Due to its many applications, quantum operators are recently
subject to an increase number of investigations [24—26]. The use of quantum differ-
ential operators, instead of classical derivatives, is useful because they allow to deal
with sets of nondifferentiable functions [4,10]. Applications include several fields
of physics, such as cosmic strings and black holes [27], quantum mechanics [12,29],
nuclear and high energy physics [18], just to mention a few. In particular, the
g-symmetric quantum calculus has applications in quantum mechanics [17].

In 1949, Hahn introduced his quantum difference operator [13], which is a gen-
eralization of the quantum g¢-difference operator defined by Jackson [14]. However,
only in 2009, Aldwoah [1] defined the inverse of Hahn’s difference operator, and short
after, Malinowska and Torres [24] introduced and investigated the Hahn quantum
variational calculus. For a deep understanding of quantum calculus, we refer the
reader to [2,5,6,11,15,16] and references therein.

For a fixed ¢ € ]0,1] and an w > 0, we introduce here the Hahn symmetric

difference operator of function f at point t # % by
—4q

flat+w)— fg " (t—w))
(=g Ht+(1+gHw

Dy [y () =
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Our main aim is to establish a necessary optimality condition and a sufficient opti-
mality condition for the Hahn symmetric variational problem

L(y) = /ab L (t, Y7 (t), Dy [y] (t)) dq.wt — extremize

yey' (a.b],, R)
y(a)=a, y(b) =5,
where o and S are fixed real numbers, and extremize means maximize or minimize.
Problem (P) will be clear and precise after definitions of Section 2. We assume that
the Lagrangian L satisfies the following hypotheses:
(H1) (u,v) = L (t,u,v) is a C* (R?,R) function for any t € I;

(H2) t - L (t,y" (t), Dy [Y] (t)) is continuous at wp for any admissible function
Y;

(H3) functions ¢ — 0j42L (t, ¥ (t), Dy [1] (t)) belong to V! ([a7 b] ,]R) for all
admissible y, ¢ = 0, 1;

(P)

where [ is an interval of R containing wg := %, a,be I, a<b, and 9;L denotes
the partial derivative of L with respect to its jt}?argument.

In Section 2 we introduce the necessary definitions and prove some basic results
for the Hahn symmetric calculus. In Section 3 we formulate and prove our main re-
sults for the Hahn symmetric variational calculus. New results include a necessary
optimality condition (Theorem 3.8) and a sufficient optimality condition (Theo-
rem 3.10) to problem (P). In Section 3.3 we show that Leitmann’s direct method
can also be applied to variational problems within Hahn’s symmetric variational cal-
culus. Leitmann introduced his direct method in the sixties of the 20th century [19],
and the approach has recently proven to be universal: see, e.g., [3,8,9,20-23,28].

2. Hahn’s symmetric calculus. Let ¢ € ]0,1[ and w > 0 be real fixed numbers.
Throughout the text, we make the assumption that I is an interval (bounded or

unbounded) of R containing wg := 1L We denote by 19 the set [ := ql+w :=
—q

{qt + w: t € I'}. Note that 9% C [ and, for all t € I?*, one has ¢! (t —w) € I.
For k € Ny,

1—q°
Definition 2.1. Let f be a real function defined on I. The Hahn symmetric
difference operator of f at a point ¢t € 19\ {wp} is defined by
. flat+w) = fla ' (t-w)

DfI,UJ[f](t): (q—q_l)t+(1+q_1)w ’

while Dy, [f] (wo) := f'(wp), provided f is differentiable at wy (in the classical

sense). We call to Dy, [f] the Hahn symmetric derivative of f.

Remark 1. If w = 0, then the Hahn symmetric difference operator D, ,, coincides
with the g-symmetric difference operator Dg: if ¢ # 0, then
- flat) — f(a't)

Duolfl () = = sy = Dl 0
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for t = 0 and f differentiable at 0, Dy o [f] (0) = f' (0) =: D, [f] (0).
Remark 2. If w > 0 and we let ¢ — 1 in Definition 2.1, then we obtain the well
known symmetric difference operator D,:
- fl+w) —ft-w)
D, t) = .
171 =
Remark 3. If f is differentiable at ¢ € I9“ in the classical sense, then

lim Dy [f](t) = f'(2).

(g,w)—(1,0)

In what follows we make use of the operator o defined by o (¢t) := gt +w, t € I.
Note that the inverse operator of o, o1, is defined by o~ ! (t) := ¢! (t —w).
Moreover, Aldwoah [1, Lemma 6.1.1] proved the following useful result.

Lemma 2.2 ( [1)). Let k € N and t € I. Then,
1. Uk(t):JOO'O'-'OO'(t>:qkt+W[l€]q,'
—_——
k times

2. (o* (t))_l = Ft)y=¢" (t —w [k]q>.

Furthermore, {o% ()}, is a decreasing (Tesp. an increasing) sequence in k when
t>wp (resp. t < wp) with

wo = inf o®(t resp. wo=supor(t) ).
o=t * 0 (resp. i =supat(o)

The sequence {o=k(t)}22, is increasing (resp. decreasing) when t > wy (resp. t <
wo ) with

—k . —k
00 21€1g o "(t) (resp oo = inf o ( ))

For simplicity of notation, we write f (o (t)) := f7 (t).

Remark 4. With above notations, if ¢ € I9“\ {wo}, then the Hahn symmetric
difference operator of f at point ¢ can be written as

Dol = =

Lemma 2.3. Letn € Ny andt € I. Then,
L) — 0" (1) = ¢ (o (1) — 0 (1),
where 0° = id is the identity function.
Proof. The equality follows by direct calculations:
o" ) —o" () ="M+ wn + 1], - ¢t —win— 1],
=¢"(¢—q¢ ) t+w(@"+¢"")
=q" (qt +w—q t+ q_lw)

=q" (0 (t) ="' ().

The Hahn symmetric difference operator has the following properties.

Theorem 2.4. Let o, € R and t € I9%. If f and g are Hahn symmetric differ-
entiable on I, then
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1. Dywlaf + 89} () = aDyu [f] (1) + 8Dy g) (6,
2. Dy 9] (6) = Dy 1] (69 w1 QD)

- [f Do [f1() g7 (t) — ) Dgw (91 () .0 oy o .
s DWM (t) = i o7 (097" (1) £0;
4. w [f]1 =0 if, and only if, f is constant on I.

Proof. For t = wy the equalities are trivial (note that o(wp) = wo = 0~ (wp)). We
do the proof for t # wy:

1.
Dy laf+ 59 ) = WAL G- 0L Jg) (O
_ 70~ O O
IR TR0
= aDQ,w [ﬂ (t) + ﬂDq,w [g] (t) .
2,
Bttt = 8 0= 0
_rrw-re, ot oy 97 (1) =97 (1)
=~ W O
= Dy [f1 () g7 () + 7 (t) Dy [g] (1)
3. Because
1 1
~ 1 _ M g
Pua ] 0= To=
_ 1 97 () —97 " (1)
97 (t) g7 (t) o(t) —o (¢
_ Dyulgl @)
g° (t) g7 " (1)
one has
~ f = 1
Dy L]0 =Dy [12] 0
- 1 o1 ~ 1
~ D) s+ 57 0D [ 0
Dou [f11) o Dy [9] (1)
97 () 7 9o (t) g7 " (1)
Dyw [f1(H)g° " (8) = f7 " (t) Dy [9] (1)
9° (t) 9o " (t)
4. If f is constant on I, then it is clear that Dq w [f] = 0. Suppose now that
Dy [f] = 0. Then, for each t € I, ( wlf }) (t) = 0 and, therefore, f (t) =
fo° (t). Hence, f(t) = fo (t) = = fo°" () for each n € N and t €

I. Because lim, o f(t) = limnﬁﬂ,o f”2n (1), lim, 100 02" (t) = wo (by
Lemma 2.2), and f is continuous at wp, then f () = f(wg) forallt € I. O
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Lemma 2.5. Fort € I one has Dy, [f7] (t) = ¢D,., [f] (o (1)).
Proof. For each t € I'\{wp} we have

Dq,w [f71(t) =
and
170 = f (1)
o2 (t)—t
_ - f
TR =I0) (see Lemma 2.3).
We conclude that D, [f7] (t) = gDy [f] (o (t)). Finally, the intended result fol-
lows from the fact that Dy, [f7] (wo) = ¢Dqg. [f] (wo). O

Dyulfl(o(t) =

Definition 2.6. Let a,b € I and a < b. For f : I — R the Hahn symmetric integral
of f from a to b is given by

a

b ~ b B
/ f(t> dq,wt = f(t) dq,wt _/ f(t) q,wt7

0

where

T +oo
/ F ) dgt = (0 (1) =0 (@) S @17 (@), wel,

0 n=0
provided the series converges at * = a and x = b. In that case, f is said to be Hahn
symmetric integrable on [a,b]. We say that f is Hahn symmetric integrable on I if
it is Hahn symmetric integrable over [a, b] for all a,b € T.

We now present two technical results that will be useful to prove the fundamental
theorem of Hahn’s symmetric integral calculus (Theorem 2.8).

Lemma 2.7 (cf. [1]). Let a,b € I, a <b. If f: I — R is continuous at wy, then,
2n-+41

for s € [a,b], the sequence (f” (s)) y converges uniformly to f (wo) on I.
ne

The next result tell us that if a function f is continuous at wg, then f is Hahn’s
symmetric integrable.

Corollary 1 (cf. [1]). Let a,b € I, a < b, and f : I — R be continuous at wy.

Then, for s € [a,b], the series Z:i% g2rtipe (8) is uniformly convergent on I.

Theorem 2.8 (Fundamental theorem of the Hahn symmetric integral calculus).
Assume that f: I — R is continuous at wy and, for each x € I, define

F(x) := ' f(t)dg ot

wo

Then F is continuous at wy. Furthermore, D, .,[F)(x) exists for every x € 19 with
D, o[F|(z) = f(z). Conversely,

foralla,b e I.
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Proof. We note that function F' is continuous at wy by Corollary 1. Let us begin
by considering x € I7“\{wp}. Then,

Dy [T — /0 ’ f(t) dq,wt] (z)

J2 f () dgot — [ £ (1) dyet
B o(z)—o 1 (x)

+oo
=— o o@)—0o(o(x R e
o @ e @ T o)

+o0o _—
) e e @] T 7 @) )

n=0
= 2n po®" = 2n+2 po?" 3
= @) =T (@)
n=0 n=0
= 2n po2™ 2(n+1) g2(nt1)
=> (7" (@) — I f ()
n=0
=f(z).
If x = wp, then
Dy [F) (wo)
iy £ w0+ h) — F(wo)
h—0 h
: 1 —1 = 2n+1 po?nt!
= lim [07! (wo + h) — o (wo + h)] ;q f (wo + h)
= lim 1 [¢7" (wo+h—w)—q(wo+h) —w] ioqznﬂf”?n“ (wo + h)
h—0 h 0 0 o 0

: 1 - — — o n g2ntt
=lim = [(7' — Qe+ (~g ' = Dwt (0 =) b DT (wo +h)

n=0
: 1 (q_l - q) w _ _ = n g2+l
:,{Eﬂ)hll_q+(—q1—1)w+(q1—q)h];q2 T (wot h)
. 1 1+ q —-1- q -1 = 2n+1 po2ntl
_’{%h[(qﬁ- . >w+(q q)h]nz_oq f (wo+ h)
_ 1 - q2 = 2n+1fo’ + h
= p Zq (wo + h)
n=0
“+oo
= (1-¢*) > ¢*"f (wo)
n=0
1
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Finally, since for € I\{wo} we have

[ Pr 10t = o S b, 0
on 1fa 0271-1—1 (LL') _ fa 1 02n+1 (x)
= [U Z q + 02n+1 (x)z —_ o1 (£2n+1 (x)))
on 1fa U2n+1 (x)) _ fa—l (02n+1 (x))
= [o— n
= [ Z q q2n+1 (0' (;E) o1 (1‘))

“+oo

3 [ -5 )
n=0

= f (@)= f(wo),

where in the third equality we use Lemma 2.3, then

/Dw tfbwm@@mfbwmm;m

0

= f(b)—f(a).

The Hahn symmetric integral has the following properties.

Theorem 2.9. Let f,g : I — R be Hahn’s symmetric integrable on I, a,b,c € I,
and o, 8 € R. Then,

1. f Q) qwt_o

ff —Jy f () dge

ff qwt—fftq,wff

N (af + Bg) (t) gt =a [ f(t WHM g (t) dg.wt;

if Dq o [f] and Dy, [g] are continuous at w, then

SIS

fU D []()dq,wt:f(t)g(t)

Proof. Properties 1 to 4 are trivial. Property 5 follows from Theorem 2.4 and
Theorem 2.8: since

Dy [f9] (t) = Dg [F1(8) g7 (1) + 17 (t) Dy [9] (1),
then

f7 (#) Daw 9] (t) = Dy [f9] (£) = Dy [£1 (1) 97 (2)

b
;/Dwvwmww;@

Remark 5. Relation (1) gives a Hahn’s symmetric integration by parts formula.

and hence,

b
/f” £) Dy 9] (1) dyrt = £ (£) 9 (1)

O
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Remark 6. Using Lemma 2.5 and the Hahn symmetric integration by parts formula
(1), we conclude that

b

~af (P 1)) 57 Oyt @)

Proposition 1. Let c € I, f and g be Hahn’s symmetric integrable on I. Suppose
that | f (t)] < g (t) for all t € {c®** (c) :m € No} U{wo}-
1. If ¢ > wy, then

b
/ £ (5) Dy [9] (1) dyust = 17 (£) g (1

a

CF () dyut

wo

S / g (t) dq,wt

0

2. If c < wg, then

T ) dyut

c

wo -
S / g (t> dq,wt-
c

Proof. If ¢ > wyp, then

f(t)dg .ot

wo

+oo
[0_—1 (C) — (C)] Z q2n+1f(72n+1 (C)‘
n=0

+oo
<[o7H Q) —a @] ¢

n=0

7 o)
™= 2n+1

<o )=o) D g7 (o)
n=0

- / g () dgt.

If ¢ < wy, then

wo

£ () dgut

c

“+o0
_ | [071 (C) - O’(C)] Zq2n+1fg2n+1 (c)|
n=0

IN

+oo
o7 (@) = ()] Y g™
n=0

17 o)

+o0
- _ [0_—1 (C) —U(C)] Zq2n+1

7 )

IN

+oo
_ [0_—1 (C) — (C)] Z q2n+1g,72n+1 (C)
n=0

wo -
:/ g(t) dg,wt

providing the desired equality. O
As an immediate consequence, we have the following result.

Corollary 2. Let ¢ € I and f be Hahn’s symmetric integrable on I. Suppose that
f()=0 forallt € {o*" T (c) :n€No} U{wo}.
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1. If ¢ > wyq, then

/c f(t)dgut > 0.

0

2. If ¢ < wy, then
wo -
f (t) dg.wt > 0.

c

Remark 7. In general it is not true that if f is a nonnegative function on [a, b],
then

b
/ f(t)dgut > 0.

As an example, consider the function f defined in [—5, 5] by

6 if t=3
fl@y=¢ 1 if t=4
0 if te[-5,5]\{3,4}.
For ¢ = % and w = 1, this function is Hahn’s symmetric integrable because is

continuous at wg = 2. However,

Aﬁf (t)dy ot = /26 ft)dgut — /24 F(8)dyut
= (10 — 4) f (;)MH 76— (6 3) io (;) 2n+1 p—

n=0 n=0
B 1 1

—6(2> ><1—3<2) X 6

= —6.

This example also proves that, in general, it is not true that

b B b B
/ F(©)dyut| < / 1 (1)) dyt

3. Hahn’s symmetric variational calculus. We begin this section with some
useful definitions and notations. For s € I we set

(8] i= {027”1 (s):n €Ny} U{wo}.
Let a,b € I with a < b. We define the Hahn symmetric interval from a to b by
[a,b],, = {o®" " (a) :n e No} U {o®" " (b) : n € No} U{wo},

for any a,b € I.

that is,
[a,8] 0 = [alg 0 VU Bl -
Let r € {0,1}. We denote the linear space

{y I - R D;w lyl,i=0,r, are bounded on [a,b], , and continuous at wo}

endowed with the norm
-

lyll, = > sup | [l ()

i—0 t€labl, o,

where DY, ly] = v, by V" ([a.8],., . ).

)
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Definition 3.1. We say that y is an admissible function to problem (P) if y €
% ([a, by ,]R) and y satisfies the boundary conditions y (a) = @ and y (b) = S.

Definition 3.2. We say that y. is a local minimizer (resp. local maximizer) to
problem (P) if y, is an admissible function and there exists § > 0 such that

L(y.) <L(y) (resp. L(y«) = L(y))
for all admissible y with [jy. — yl[, < d.

Definition 3.3. We say that n € V! ([a,b]q’w ,R) is an admissible variation to
problem (P) if 5 (a) =0 =7 (b).

Before proving our main results, we begin with three basic lemmas.
3.1. Basic Lemmas. The following results are useful to prove Theorem 3.8.

Lemma 3.4 (Fundamental lemma of the Hahn symmetric variational calculus).
Let f € YO ([a, by ,R). One has

/b F) R (t)dgut =0

for all h € )° ([a,b]q’w ,R) with h(a) = h(b) = 0 if, and only if, f(t) =0 for all
t € [a,b) -

Proof. The implication “<" is obvious. Let us prove the implication “=". Suppose,
by contradiction, that exists p € [a,b], , such that f (p) # 0.

1. If p # wp, then p = 6%+ (a) or p = o2k*1 (b) for some k € Nj.
(a) Suppose that a # wy and b # wp. In this case we can assume, without
loss of generality, that p = o2**! (a). Define

Mﬂ_{ﬁ (a) if t = 0?*+2 (q)

0 otherwise.

2k+1

Then,

/ O h (0 dyot

o_2n+2

+oo
= [0 ®) o )] D (B hT ()

n=0

“+o0
o [071 (a) o (a)] Z q2n+1fg2n+1 (CL) h¢72n+2 (a)
n=0

= [ @ o @] [ @] #0,

which is a contradiction.
(b) Suppose that a # wy and b = wy. Therefore, p = 0%+ (a) for some
k € Ny. Define

Mﬂ_{ﬁ (a) if t = 0?+2 (q)

2k+1

0 otherwise.

We obtain a contradiction with a similar proof as in case (a).
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(¢) The case a = wp and b # wy is similar to (b).
2. If p = wp, we assume, without loss of generality, that f (p) > 0. Since

: 2n+2 . : 2n+2 .
nEIJIrloo g (a) o nEIJIrloo g (b) = o

and f is continuous at wy,
o_2'n.+1 2n+1

lim (a) = lim f7 (b) = f (wo) -

n——+oo n——+oo
Therefore, there exists an order ng € N such for all n > ng the inequalities

o_2n+1 2n+1

f (a) >0 and f° (b)>0
hold.
(a) If a,b # wo, then for some k > ng we define
52k+1
_Ugfl(a)—g'b()a) if t = 0?2 (a)
B o2hHL )
h (t) = Lk if £ = g2k+2 (b)
0 otherwise.
Hence,
b
o ~ o2k+1 o2k+1
[ 108 O duat =247 @7 ) > 0

(b) If @ = wy, then we define

h(o) = { ) it =022 (p)

0 otherwise.

2k+1

Therefore,

b
)R (0 gt = [071 (0) = o (8)] @™+ |17

wo

2k+41

] #o0.

(¢) If b = wy, the proof is similar to the previous case.

O

Definition 3.5. Let s € [ and g : I X ]75,67[ — R. We say that ¢ (¢t,-) is d-
ifferentiable at 6y uniformly in [s] . if, for every ¢ > 0, there exists § > 0 such
that

q,w

g (t’ 9) -9 (ta 90)

0<|0—6h <d6= 00,

- 829 (t7 90) <e

for all t € [s], , where Oag = g—g.

q,w?

Lemma 3.6 (cf. [24]). Lets € I and assume that g : Ix]—0,0[ — R is differentiable
at 6o uniformly in [s], . If [ g(t 60) gt exists, then G (0) = ) dg.ut
for 0 near 0y, is differentiable at 6y with

G (00) = | Bag (t,60)dyut.

wo
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Proof. For s > wg the proof is similar to the proof given in Lemma 3.2 of [24]. The
result is trivial for s = wg. Suppose that s < wg and let € > 0 be arbitrary. Since
g (t,-) is differentiable at 0 uniformly in [s] . then there exists § > 0 such that
for all t € [s], , and for 0 < |# — 0y| < ¢ the following inequality holds:

9(t,0) =gt 06)
0 — 0o

q,w

— 029 (t,00)| < 57— (3)

2 (wp — 8)

Since, for 0 < |6 — 0y| < &, we have

G(0) — G (6 s ~
GO =GO " 59 (t.00) dyut
0 — 6o wo
S g (t,0)dy ot — [° g(t,00)dy ot s y
RATCULSEY NI
0 — 6 wo
y t,0)—g(t,0 ~
= | [ [ 00|
wo — Yo
wo ~
< /5 mdqwt (using Proposition 1 and inequality (3))
€ wo . €
= — ldg ot = =
2 (wo — 8) /s B 2 <€
then we can conclude that G’ () = Dag (t,00) dg ot O
wo
For an admissible variation n and an admissible function y, we define ¢ : |—€, [ —

R by ¢ (¢) := L (y + en). The first variation of functional £ of problem (P) is defined
by 0L (y,n) := ¢’ (0). Note that

Lten= [ L(ty @)+ e @), Duulul O+ Do 1] (1)) dyt

a

=Ly(y+en) —La(y+en),

where
13

ﬁs(y+6n)=/

wo

L (57 (0 + en” (6), Dyes ] () + €Dy ) (1)) iyt

with £ € {a,b}. Therefore, §L (y,n) = 0Ly (y,n) — 6Lq (y,n).
The following lemma is a direct consequence of Lemma 3.6.

Lemma 3.7. For an admissible variation  and an admissible function y, let
9(t.) 1= L (1.7 () + en7 (8. Dy 9] () + €Dy 1] (1))
Assume that
1. g(t,-) is differentiable at wo uniformly in [a,b], ;
2. Le(y+en) = fjo g(t,e) cZWL & € {a,b}, exist for e = 0;
3. [, 929 (t,0) gt and f:jo Dag (t,0) dy ot exist.
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Then,

b

& (0) 1= 6L (y,1) = /

a

0aL (1,47 (8), Dy [0} () 7 ()

+ 0L (1,57 (1) Do 9] (1)) Do (t)] gt

3.2. Optimality Conditions. In this section we present a necessary optimality
condition (the Hanh symmetric Euler-Lagrange equation) and a sufficient optimal-
ity condition to problem (P).

Theorem 3.8 (The Hahn symmetric Euler-Lagrange equation). Under hypothe-
ses (H1)-(H3) and conditions 1 to 8 of Lemma 3.7 on the Lagrangian L, if y. €

Yl ([a,b]qw ,R) is a local extremizer to problem (P), then y. satisfies the Hahn
symmetric Euler—Lagrange equation

02L (197 (8), Dy [9) (1)) = Dy |7 5L (o (7) 4

for allt € [a,b],

Proof. Let y. be a local minimizer (resp. maximizer) to problem (P) and n an
admissible variation. Define ¢ : R — R by ¢ () := L(y«+en). A necessary
condition for y,. to be an extremizer is given by ¢’ (0) = 0. By Lemma 3.7,

/

0aL (1.9 (1), Dys 0] (1)) " (1)

+05L (1,92 (1), Dy [9-] (1)) Do 1) (t)] pst = 0.

Using the integration by parts formula (2), we get

b
L (892 0. Dy ) () Dy ) () dyet
b

= 0L (o197 (). (Do l0]) () m (1)

a

—q / b (Do [7= 0L (7,07 (1) (Daes [9]) ()] ) )7 (8) gt
Since 1 (a) = 1 (b) = 0, then
[ [t (o7 0. D01 0)
(Do [ 002 (72 (). (B 1) 0)] ) )| 0t =0

and by Lemma 3.4 we get

0oL (ta y? (t) s Do [y:] (f)) = q ([)q,w [7’ — O3L (T, Y2 (1), Dgw [ys] (T))})U (t)
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for all ¢ € [a,b] g0 Finally, using Lemma 2.5, we conclude that

0L (1,57 (8), Dy 0] (1))

= Dy [ = 0L (0 (7) 57" (1), (Do l]) " ()] ).

The particular case w = 0 gives the g-symmetric Euler-Lagrange equation.

Corollary 3 (The ¢-symmetric Euler-Lagrange equation [7]). Let w = 0. Under
hypotheses (H1)-(H3) and conditions 1 to 3 of Lemma 5.7 on the Lagrangian L,

if y. € V! ([a,b]%o 7R) is a local extremizer to problem (P) (with w = 0), then y.

satisfies the q-symmetric Euler—Lagrange equation

0L (t.y (at) . Dy ly) (1)) = Dy [r = BsL (ar.y (a*7) . Dy o] (a7)) | ()
for all't € [a,b], .

To conclude this section, we prove a sufficient optimality condition to (P).
Definition 3.9. Given a Lagrangian L, we say that L (¢,u,v) is jointly convex
(resp. concave) in (u,v) if, and only if, 9;L, i = 2,3, exist and are continuous and
verify the following condition:

L(t,u+ui,v+wv1)— L(t,u,v) > (resp. <) 0oL (t,u,v) us + 93L (t,u,v) vy
for all (t,u,v), (t,u +uy,v+v;) € I x R2

Theorem 3.10. Suppose that a < b and a,b € [c]q. for some c € I. Also, assume
that L is a jointly convex (resp. concave) function in (u,v). If y. salisfies the
Hahn symmetric Euler—Lagrange equation (4), then y,. is a global minimizer (resp.
mazximizer) to problem (P).

Proof. Let L be a jointly convex function in (u,v) (the concave case is similar).
Then, for any admissible variation 1, we have

L(y« +n) — L (y«)

b - ~
-/ (L (157 () +7° (1), Dy 9] (8) + Do 1] (1)

—L <t7 y7 (t) aDq,w [y] (ﬂ)) ~q,wt
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Using the integration by parts formula (2) and Lemma 2.5, we get

C@«+m—£@9>&¢Qﬂﬂwf@%@%wMY@Dn@b

+ / b [aQL (t.9 () Dosw [y (1))

—ZMPH%L@ﬁ%f(ﬂ(MMM)UD@”W@WWt
Since y, satisfies (4) and 7 is an admissible variation, we obtain

Ly +n) —L(y:) 20,

proving that y, is a minimizer to problem (P). O

Example 1. Let ¢ €]0,1[ and w > 0 be fixed real numbers. Also, let 7 C R be an
interval such that a := wg,b € I and a < b. Consider the problem

L(y) = /ab \/1 + (Dq,w [] (t))QCZq,wt — min
ye Y ([a,b]w ,R)
y(a)=a, y(b)=0o.

If y, is a local minimizer to the problem, then y, satisfies the Hahn symmetric
Euler-Lagrange equation

(5)

i (g 1) ()

Dy |T+— = .
JH(@WM)vD

It is simple to check that function y. (t) = t is a solution to (6) satisfying the
given boundary conditions. Since the Lagrangian is jointly convex in (u,v), then
we conclude from Theorem 3.10 that function y, (¢) = ¢ is indeed a minimizer to
problem (5).

(t)=0 forall té€[a,b],,. (6)

3.3. Leitmann’s Direct Method. Similarly to Malinowska and Torres [24], we
show that Leitmann’s direct method [19] has also applications in the Hahn sym-
metric variational calculus. Consider the variational functional integral

um—LgQ@%mﬁwmaﬁ%w

As before, we assume that function L : I x R x R — R satisfies the following
hypotheses:

(H1) (u,v) = L (t,u,v) is a C* (R?,R) function for any ¢ € I;

(H2) t - L (t,gj" (t), Dy [7] (t)) is continuous at wp for any admissible function
Y;

(H3) functions t — 9; oL (t, 77 (t), Dy 7] (t)) belong to V! ([a, b, . JR) for all
admissible g, ¢ = 0, 1.
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Lemma 3.11 (Leitmann’s fundamental lemma via Hahn’s symmetric quantum
operator). Let y = z(t,7) be a transformation having a unique inverse § = z (t,y)
for all t € [a, b] such that there is a one-to-one correspondence

y(t) < y(t)
for all functions y € Y* ([a,b]q’w ,R) satisfying the boundary conditions y(a) = «
and y (b) = B and all functions jj € Y* ([a, bl g ,R) satisfying
7(a) = 2 (a,a) and §(b) = % (b, B). (7)

If the transformation y = z (t,y) is such that there exists a function G : I x R — R
satisfying the identity

L (8,7 (8), Dy ly) (9) = L (57 (1), Dy [5] (9)) = Dy [r = G (1.7 (1))] 1)

Vt € [a,b]qw, then if §. is a maximizer (resp. minimizer) of L with §. satisfying
(7), Yy« = 2 (t,§x) s a maximizer (resp. minimizer) of L for y. satisfying y. (a) = «
and y, (b) = 6.

Proof. Suppose y € V! ([a, b] 4w ,R) satisfies the boundary conditions y (a) = « and

q,w’

y (b) = B. Define function j € P! ([a,b]qvw ,R) through the formula § = z (¢,y),
t € la,b], . Then, y satisfies (7) and
b

L(y) - L(7)

-/ L (6 (). Dy 0) d ot - [ E(tr ® Dol ) dyt

i a
_ / Dy [ = G (1,5 (1))] (t) dyut

=G (b,5 (b)) — G (a,7(a))

=G (b,z(b,B))—G(a,z(a,q)).

The desired result follows immediately because the right-hand side of the above
equality is a constant, depending only on the fixed-endpoint conditions y (a) = «
and y (b) = 5. O

Example 2. Let ¢ €]0,1[, w > 0, and a := wy, b with wy < b be fixed real numbers.
Also, let I be an interval of R such that wg,b € I. We consider the problem

@)= [ ((Pacbl )+ a7 (041D, 0) (1)) ot — i

yey' (labl,. R)
yla)=a, y(b) =5,
where «, 8 € R and a # . We transform problem (8) into the trivial problem

(8)

L(y) = /ab (Dq,w 9] (t))2 dqwt — min

je ! ([a,b]w,R)
y(a)=0, y(b)=0,
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which has solution § = 0. For that we consider the transformation
y(t) =4 (t)+ct+d,

where ¢, d are real constants that will be chosen later. Since y7 (t) = §7 (t)+co (t)+d
and Dy, [y] (t) = Dg.. [7] (t) + ¢, we have

(Do 100+ v (1) + Dy o] (1
= (Dae 19 (t))2 +2¢Dq 0 (5] (8) + ¢ + qd + q57 (8) + Dy [5] (8) + ¢ (qo (1) +1).
Therefore,

(Du b1 0)"+ a7 (041D, 1) 0]~ (Du 11 0)

= Dy [2¢7] (t) + Dy [(* + qd) id] (t) + Dy [0 - 4] () + Dy [0 - id) (¢)
=Dy [2c7+ (2 +qd)id+ 0§+ c(o-id)] (),

where id represents the identity function. In order to obtain the solution to the
original problem, it suffices to choose ¢ and d such that

ca+d=a«a
{ ch+d = )
, . . a—f ap —
Solving the system of equations (9) we obtain ¢ = 2 and d = . Hence,
a— a—

the global minimizer to problem (8) is

a—pf af — ba
t) = t .
y(®) a—b * a—b
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