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Abstract

We consider the problem of making one choice from a known number of 1.i.d.
alternatives. It is assumed that the distribution of the alternatives has some un-
known parameter. We follow a Bayesian approach to maximize the discounted
expected value of the chosen alternative minus the costs for the observations.
For the case of gamma and normal distribution we investigate the sensitivity
of the solution with respect to the prior distributions. Our main objective is to
derive monotonicity and continuity results for the dependence on parameters of
the prior distributions. Thus we prove some sort of Bayesian robustness of the
model.
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1 Introduction

There are many situations, where one has to select one offer of sequentially arriving
alternatives. Special examples that have been considered in the literature are the
secretary problem, the problem of job search or the problem of selling an asset.
There are several possibilities for modelling this situation.

In this paper we investigate the following model: There is a fixed number N
of alternatives. The decision maker has to choose exactly one of these offers. The
alternatives can be described as independent and identically distributed real random
variables X1, ..., X, which can be observed sequentially at a cost ¢ per observation.
We consider two possibilities of the reward structure. If the decision maker stops
after the nth observation, 1 < n < N, his reward is either X,,, if no recall is allowed,
or max{Xy,..., X,,}, if recall is allowed. We assume that the common distribution
of the observations involves a parameter #, which is unknown to the decision maker.
We follow a Bayesian approach to find a strategy that maximizes the discounted
expected total reward.

This problem has been considered in the literature for several choices of distri-
butions. Sakaguchi (1961) and DeGroot (1968) regarded this problem under the
assumption of a normal distribution with unknown mean. Stewart (1978) obtained
some results for the case of a uniform distribution with unknown endpoints and
Tamaki (1983) studied it for observations drawn from a gamma distribution.

The main objective of this paper is to investigate the sensitivity of the solution
with respect to parameters of the prior distribution. This is an important topic for
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justifying the use of the Bayesian approach, since there is always some uncertainty in
the elicitation of a prior distribution. Using appropriate notions of stochastic order
relations and probability metrics, we derive (for the model with normal and gamma
distributed alternatives) monotonicity and continuity results for the dependence on
parameters of the prior distribution. As a by-product of this approach we prove in
Theorem 4.2 a conjecture of Tamaki (1983).

Our paper is organized as follows. In section 2 we define a Bayesian control model,
that gives a formal description of the problem mentioned above. Section 3 contains
some well known facts about stochastic orders and probability metrics. These are
used in section 4 to derive the main results about monotonicity and continuity. In
section 5 we compare our analytical bounds with computational results.

2 The Bayesian Control Model.

The problem described in the introduction can be modelled as a Bayesian Control
Model (BCM) as introduced in Rieder (1975, 1988), see also Rieder and Wagner
(1991).

The BCM is given by a tupel (5, 4,D,7Z,T,0,p1,Q,r, Vo, 3) which in our case has
the following meaning:

(i) The state space S := M U {oo} with the following interpretation: M C R
is the set of possible alternatives and s € M is the best momentary available
alternative. If you have already accepted an offer, then you are in state s = oo.

(ii) The action space A := {0, 1} has the following meaning: If you accept an
alternative then a = 1, and if you reject it then a = 0.

(iii) The restriction set D C 5 X A desribes, which actions a are allowed in state
s. In our case we have D = 5 x A/{oo,1}. This means, that if we have
accepted an offer (s = co) then we must reject all subsequent offers (a # 1).

(iv) The disturbance space Z := M, as in our case the ”disturbances” are the
new offers.

(v) The transition function 7' : D x Z — 5 describes the transition from the
momentary state s to the new state s’ under action @ and disturbance 2. If we
accept an alternative then the new state is s’ = co. Hence T'(s, 1,2) = oo for
all s and z. If we reject an offer, then the new state is the next offer z if no
recall is allowed and max{s, z} if recall is allowed. Thus we have T'(s,0,2) = 2
resp. 1(s,0,z) = max{s, z} for all z and all s € M. Sometimes we will use
the convenient notion sV z := max{s, z}.

(vi) © # 0 is an arbitrary parameter space for the unknown parameter of the
distribution Q(6,dz), 8 € O, of the offers. We assume that there is a o-finite
measure v on Z, such that Q(6,-) has a density ¢(8,-) with respect to v for all
0eco0.



(vii) The prior distribution jug is an arbitrary probability measure on O, which
represents the initial knowledge about the unknown parameter.

(viii) The one step reward function r: D — R describes the reward that we get
in one period. If we accept an offer then we get the value s of the best actually
available offer; if we reject it, we have to pay the observation cost ¢; and if we
are already in the absorbing state s = co then we get nothing. Hence we have

0, s=o
r(s,a) = s, seM,a=1
—c, seEM,a=0

(ix) The terminal reward function V; : 5 — R determines the reward, that we
get at the end of the procedure after the N-th period. It is equal to s, if s € M
and 0, if s = oco.

(x) Finally, all rewards are discounted in each period by a discount factor § €

(0,1].

For each parameter 8 € O, we denote by V]@W(s) the expected discounted reward,
when we start is state s € 5, apply the (history dependent) N-stage policy 7, and
if Q(6,-) is the distribution of the alternatives.

Following the Bayesian approach, our aim is to maximize the Bayesian expec-
ted reward

Vae(s)i= [ poldd) Vio(s)
over all N-stage policies 7.

It is well known, that the Bayesian Control Model can be reduced to a Markovian
Control Model (MCM) by augmentation of the state space to § := § x P(0), where
P(©) is the set of all probability measures on ©. Moreover, if there is a so called
sufficient statistic, then we can diminish P(©) to an information space I. A formal
description of this procedure can be found in Hinderer (1970) and Rieder (1975,
1988). It is skipped here.

In our model the value iteration then assumes the following form:
Vi(i,5) = max{s,cx(i,s)}, ke N, e €I, se M, (2.1)

where
chliys) = —c + ﬁ/@(i,dz) Vi (6(i, 2), T(s,a,2)). (2.2)

Here the function ¢ describes the bayesian updating of the parameter ¢ under the ob-
servation z, i.e. if u(¢,-) is the prior distribution and we observe z, then u(¢(¢, z),-)is
the corresponding posterior distribution. The transition probability measure Q(¢,-)
is defined as

Qi,dz) = /u(i,de) Q6. d=). (2.3)



The state s = oo is an absorbing state with Vj(i,00) = 0 for all k € IN and ¢ € [I.
Therefore, this state will not be considered any more.

Example 2.1. (cf. DeGroot (1968))

Assume that Q(#,dz) = N(8,v), a normal distribution with unknown mean 6 and
known variance v. Assume further that the prior distribution is also a normal
distribution po = N(2,b). Then it is well known, that after observing z, one gets as
posterior distribution again a normal distribution

zv+2b vh

v+b v+ b)'
Hence it is sufficient to know the value of the mean and the variance of the current
posterior distribution. Thus we can choose I = R xR~q as information space. From

(2.3) we deduce that Q(z,b,-) = M(z,b+ v). The value iteration then assumes the
form

Vig1(z,b,s) = max{s, —c+ ﬁ/N(x,b+ v,dz) Vk<$llj ::: gb, VV—fb,T(s,a,z))}
(2.4)

a

= N(

Example 2.2. (cf. Tamaki (1983))

Let Q(8,dz) = , (6,\) be a gamma distribution with unknown scale parameter
and known shape parameter A\. Assume that the prior distribution is also a gamma
distribution, po = , (2,y). Then one gets as posterior distribution again a gamma
distribution g1 = , (z + 2,y + A). Hence one can choose I = Rsg X Rsg. From
(2.3) we get Q(z,y,-) = GB2(A,y,2), where GB2(a,d,v) is the generalized beta
distribution of the second kind with the density

(atd) 2Ty

. ” 767 ” € Rxo.
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This distribution has been considered e.g. by Cummins et.al. (1990).

The value iteration is then given by

Vk+1($,@/,5) = maX{Sv —c+ ﬁ/GBQ(/\vvavdZ) Vk($ +z,y+ /\,T(S,Q,Z)). (25)
a

If no recall is allowed, then the function ¢; defined in (2.2) is independent of s
and hence it is optimal at stage k to accept an offer s iff

s> enli) i= —c + ﬁ/@(i,dz) Vi1 (6(i, 2), 2).

Thus we have an optimal policy of control limit type. We will prove now that this
is also true if recall is allowed.

Theorem 2.1 Assume that recall is allowed. Then it is optimal to accept the offer
s at stage k iff s > ¢}.(i), where

(i) :=inf{s : s > cx(i,8) = —c + ﬁ/Q(i,dz) Vic1(o(4,2),8V 2)}.



Proof. This follows immediately from (2.1), if we can show that s — s — ¢x(¢, s) is
non-decreasing. But this follows easily by induction on k. a

3 Stochastic Orders and Probability Metrics.

The main purpose of this paper is to show monotonicity and continuity results of
the functions ¢ — Vj(¢) resp. ¢ — ¢x(¢). For this we need appropriate concepts of
stochastic orders and probability metrics.

Definition 3.1 a) Let P,Q be probability measures with distribution functions F
resp. G. Then P is said to be stochastically smaller than @ (written P <y @Q), if
F(z) > G(z) for all z € R.

b) If P, Q) have densities f resp. g with respect to some o-finite measure p, such that

F(yg(z) < f(z)g(y) for all = <y,

then P is said to be smaller than Q) in likelihood ratio order (written P <;. Q).

A concise treatment of these orderings can be found in Shaked and Shanthikumar
(1994). The most important facts that we need here are summarized in the following
theorem.

Theorem 3.2 «) The relation P <g Q holds iff [ f dP < [ f dQ for all increasing
functions, such that the integrals exist.

b) P < Q implies P <4 Q.

Example 3.1. a) For normal distributions we have the following result:
N(pr,08) <ip N(pz, 03) it N(p, 0f) <o Nz, 03) iff p1 < pz and of = 0.
b) For the case of gamma distributions we get

(g v) Ly (g, o) i (aq, 1) < s (@g,v2) iff (g > a3 and vy < 1),

¢) The family of generalized beta distributions GB2(«, ¢, v) introduced in Example
2.2 is <p-increasing in a and ¥ and <;.-decreasing in §. Due to Theorem 3.2 b) the
same is true for the ordering <. a

Next we want to introduce a probability metric that is valuable for proving con-
tinuity results. It turns out, that the Kantorovich metric is a suitable concept.

For a Lipschitz function f: R — IR we define the Lipschitz seminorm

HfHL = sup |f($) — f(y)| .

r#y |$ - y|
We denote by £ the set of all Lipschitz functions and £; shall be the set of all
Lipschitz functions f with ||f||z < 1.

P, will denote the collection of all probability measures with finite mean. Then
the Kantorovich metric is defined as follows, cf. Zolotarev (1983) or Rachev (1991).



Definition 3.3 For any two probability measures P, Q) € P,, we define the Kanto-
rovich distance

(P.Q) = sup{‘/fdP—/fd@‘:fesl}.

For random variables X,Y with distributions Px, Py € P,, we write ((X,Y) :=
C(PXv PY)

It is well known that the Kantorovich metric is equivalent to the L!-distance of
the corresponding cumulative distribution functions, i.e. if F' and G are the c.d.f.’s
of P resp. (7, then

o0

(PQ) = [ 1P - Gl da. (3.1

— 00

cf. Rachev (1991), p. 6. Using (3.1) it is very often possible to calculate the
Kantorovich distance explicitly. Some important cases are treated in the following
theorem. The easy proof is omitted.

Theorem 3.4 a) If X,Y are integrable random variables with X <, Y, then
C(X,Y) = EFY - EX.

b) Assume X is an integrable random variable and Y := aX with a > 1. Then
(X,Y)=(a—-1) F|X]|.

¢) (aX,aY)=a- -((X,Y) forall a > 0.

d) (X +aY+a)=C(X,Y) foralla € R.

Example 3.2. From Theorem 3.4 the following examples can easily be derived.
a)If X ~ N(z,b) and Y ~ N (y,b), then ((X,Y) = |z — y|.
b) If X ~ A (2,b1) and Y ~ N(z,bs), then {(X,Y) = /2/7 - [v/b1 — VD2l
cl) If X ~GB2(ay,6,7),Y ~ GB2(ag,d,7) and § > 1, then
XY) =Jar —anf-7/(6 - 1),
c2) If X ~ GB2(a,6,71), Y ~ GB2(a,d,72) and 6 > 1, then
(X.Y) = |n— 72| -af(6 - 1).

e3) If X ~ GB2(a,61,7) and Y ~ GB2(a, 63,7) and 61,62 > 1 then

1 1

X,Y)=ay- - :
((X,Y) =ay i —




4 Monotonicity and Continuity Results.

Now we want to show some monotonicity results of the functions i — Vj(¢). (It is
then easy to derive monotonicity for ¢ — ¢x(7) resp. i« — ¢,(7).) To prove monoto-
nicity with respect to parameters of the prior distribution we need an appropriate
concept of stochastic ordering. As it is easy to see that the function s — V,,(¢,s)
is increasing, a natural candidate is the usual stochastic order < . But this order
relation is not preserved under conditioning. If one looks for a stronger order re-
lation, which is preserved under conditioning, then one is lead in a natural way to
the likelihood ratio ordering, cf. Keilson and Sumita (1982). Using this ordering
resp. its multivariate counterpart <y,, introduced by Karlin and Rinott (1980), it
is possible to show general results about monotonicity for partially observed control
models. For a detailed exposition of this approach see Rieder (1991). By applying
Theorem 4.3 in that article to our model we get the following result.

Theorem 4.1 Assume that

(i) (0,z) — q(0,2) is a TPy-function.

(i1) There are some i,j € I, such that p(,-) <¢p p(g,-) and p(i,-) or p(j,-) is TP;.
Then ¢ (i) < cx(g) resp. (1) < €.(4)-

However, the assumption that ¢(, z) is a TPy-function is often not fulfilled. It
is well known that if ¢ is twice differentiable, then ¢ is TPy iff

0 log q(8, z) 0 forall 6,z
But if e.g. Q(6,-) =, (6,v), then

d d
@Ebgq(e’z) =—1 forall 0,z

and hence ¢ is not TPs.

Therefore, it is often better to prove monotonicity results directly by induction,
using the fact that s — V,,(¢,s) is increasing. We will do this now for the case of
offers from a gamma distribution.

Theorem 4.2 In Frample 2.2 the function V,(z,y,s) is increasing in x and decre-
asing in y (in the model without recall as well as in the model with recall).

Proof. By Example 3.1 ¢) GB2(A\,y,z,-)is <g-increasing in z and < -decreasing
in y. Combining this with the fact that s — V,,(4, s) is increasing (in both models),
the result follows from (2.5) and Theorem 3.2 a) by induction on n. o

Remark. Due to his computational results, Tamaki (1983) conjectured for the
model without recall, that y — V,,(x,y,s) is decreasing. But he was not able to
prove this theoretically except for A = 1.



For the case of normally distributed offers we have the following result. We skip
the proof, as it is similar to that of Theorem 4.2.

Theorem 4.3 In Fzample 2.1 the function V,(x,b,s) is increasing in z (in the
model without recall as well as in the model with recall).

There is no general monotonicity result for b — V, (2,0, s). In the model without
recall b — V,(x,b,s) is decreasing, if § = 1. This can be proved by using the
representation for V,, given in Lemma 4.7. We conjecture that this is also true in
case 3 < 1, but it seems to be difficult to prove this. In the model with recall,
however, it is easy to see, that b — Vi(z,b, s) is strictly increasing if s < —¢ + fa.

Next we want to show that in Example 2.1 and 2.2 we have continuity of the
function ¢ — V,,(7,s). In fact we will show that this functions are locally Lipschitz,
and we will give exact bounds for their oscillation. All subsequent results hold for
the model with recall as well as for the model without recall. In the proofs we will
restrict ourselves to the model with recall, as this model is the computationally more
difficult one.

The main tool of our investigations will be the following lemma.

Lemma 4.4 a) ||V,,(¢,-)||r <1 for all i € I and n € Ny.
b) For every f € £ and P,Q € P, it holds

\/fdP—/jd@\s\um-aR@)

Proof. a) follows from (2.1) by induction, using the fact that for any probability
measure P and all Lipschitz functions it holds || [ P(dz)f(z,)||; < max. | f(z, )|

and || max{f, g}z < max{|f||z. llgllz}. -
b) It f € £, then f/|fllz € £1. Hence

fap— [rag| = (fe-|[-L—ar— [ L _aq| < |flL-cP.@)
DB 17T

A. Normally distributed offers.

In Theorem 4.3 we have shown, that # — V,,(,b, s) is increasing. Now we are able
to show bounds for the growth of this function. We will use the abbreviation

n—1
o, (t) = Zt”, t> 0.
v=0

Theorem 4.5 Forallb € Ry, s € R andn € Ng we have |V,,(-,b,s)||r, < fo,(5).



Proof. We proceed by induction. The assertion obviously holds for n = 0. Hence
assume that [|V,(-,b,s)||r < Bo,(B) =:d, for all b € Ry and s € R.

(i) Fix b € Ry and s € R and define ¢y(z,2) := (zv + 2b)/(v + b) and ¢2(2) :=
sV z. Then we have ||g1(z,-)||r = b/(v + b) and ||g2||r, = 1. Hence we get for

vb zv+zb vb
h($72’) = Vn(gl($72)vl/—_|_l)792(2)) = Vn<l/7+b,l/—+b,8\/2),

using the induction hypothesis and Lemma 4.4 a),
b
h(z, - < dy- 1- =d, - ——+1 4.1
12, )z < dn-llgall + 1 llgallz P (4.1)
and [|h(-,2)||L < d,-v/(v+0b) for all z € R.

(ii) By Example 3.2 a) we have ((N(z,b),N(y,b)) = |z — y| for all 2,y € R.
Hence for f(z):= [ N(2,b+ v,dz) h(z,z) we can conclude

50— F)] = | [ Aebtvde) bz = [ N(wb+ v2de) o, 2)

IN

/N(ac,b—l— v,dz) |h(z, 2) — h(y, 2)|

‘/Nx b+wv,dz) My, = /Ny,b+ydz)h(y, z)

=yl £+ Nh(y, )|z - (N (2, 8), N(y,0))

n

—|—b
b
= d, — |z — d, —— +1 _
V+b|w yl + ( +b+)|w Yl
= (dy+1)-|z -1yl

Applying this to V,41(2,b,s) = max{s, —c+ Ff(x)} yields
an—l—l('vbvs)HL < ﬁ : (dn + 1) = ﬁ : (ﬁgn(ﬁ) + 1) = ﬁ . O-n+1(ﬁ)‘

Od
For the sensitivity with respect to b we can show the following result.
Theorem 4.6 For all x,s € R and b,b' € Rsq we have
V(2. 0,8) = V(2,6 8)| < - Vb= V| + pn - |0 = V], (4.2)

where the sequences (V,),(pn) are defined recursively as follows:
Yo = po = 0 and for n € Ny

Ynt1 = B - (77% + Un-l-l(ﬁ) : \/g)

Prn+1 — B - (pn ‘I'ﬁo-n(ﬁ) ) i) :

v

and



Proof. As Vj is independent of b, there is nothing to show for n = 0. Hence we
assume that (4.2) holds for some n € INg. For fixed s,2 € R we define

zv+zb vb
fb(Z) = Vn(ﬁ’TH’SVZ)

and Qp(+) := N(z,b+ v).
(i) Combining Theorem 4.5 with the induction hypothesis yields

Vn<xl/+2b vb \/Z)_Vn<x1/—|—zb’ vb' 5\/2)

|fo(2) = fu(2)] =

v+b ’Z/—I—b’s v+b v+b’
7
< Vﬂ(acu—l—zb7 vb ,SVZ)—Vn<$V+Zb, vb ,5\/2)
v+b 'v4b v+¥b v+
xv+ 20 vb xv+ 20 vb
Vn 1 0T 1 N _Vn 9 9 N
+ (z/—|—b’ P Z) (V—I—b’ v+’ Z)
4.5 xv+ 20 xv+z2b
< . _
< foulf) v+ v+b
n vl vb n vb' vb
Tn v+b v+b Pn v+¥b v4+b
z—z-1b=¥
< g VTV + e =] + Bon(y L=

v+b

(ii) An easy calculation shows [ Qy(dz) | —z| = b+ v-\/2/7, and by Example
3.2 b) we have ((Qy, Q») = /2/7 - |\/b+ v — /b + v|. Furthermore, from equation
(4.1) we get || ol < 0n41(5). Hence we obtain

Vasr(abo) = Vo (8,9 < 5| [ @uld) i)~ [ Quidz)sitz)

< ol faaine - mol + (e - [auane)
(z’),§4.4 5. (%-‘\/E—\/I;‘ + pu- |V —b]
© fon(d)- |’;—+”b’| NI 2/ 4 C(Qu Qi) - Iyl

IN

ﬁ-(%-‘ﬁ—\ﬂ;‘ + pn- |0 0|

2 2
s B (8)- b= ]2 2 Vo= VB a(9)
VB VEL & pa ¥

10




a

In case 8 = 1, the results of Theorem 4.5 and 4.6 can be improved considerably.
This is due to the following lemma, which can easily be proved by induction.

Lemma 4.7 If 3 = 1, then we have for all z,s,t € R, b € R>o and n € IN:

Vi(z,b,s) = t+Vy(z—tb,s—1). (4.3)
Theorem 4.8 If 3 =1, then ||V,.(-,b,5)||1, < 1 for all s € R, b € R>g and n € N.

Proof. By Lemma 4.7 we have V,,(z,b,s) = z 4+ V,,(0,b, s — 2). Combining this with
Theorem 4.3 and the fact that s — V,,(0,b,s) is increasing yields the assertion. O

Utilizing Theorem 4.8 we can also improve the result of Theorem 4.6. For a
detailed proof see Miiller (1995).

Theorem 4.9 In case § =1 for any x,s € R and b,b’ € R~q it holds

|Vn($vb7‘9) - Vn(valvsﬂ < Ve |\/5_ \/y| + pPn |b - b/| (4'4)
with v, = 1/V27 - n and p, = /2/(7v) - n.
A. Gamma distributed offers.

For gamma distributed offers we are able to show similar results. The proofs are
skipped, since they are similar to the case of normal distributions. We refer to
Miiller (1995) for more details.

Theorem 4.10 For ally > 1, s,x,2’ € Ryg and n € Ny we have

A A
|Vn($7y75) - Vn(90/7y78)| < yﬂ——l *Op (ﬂ + yﬂ——l) . |$ — $/|. (45)

Theorem 4.11 Ify,y’ > a > 1, then we have for all x,s € Rsg and n € Ny:

1 1
|Vn($7y75)_vn($vy/78)| < 7n$‘—

S 4.6
y—1 ¢y =10 (4.6)

where the sequence (v,) is recursively defined as follows: vo = 0 and

Ynt1 = ﬂ'<7n+A'<%+%'0n(ﬂ+%)+l)).

11



5 Numerical Results.

In the model without recall, the value function V; and the control limit function
¢, can be computed numerically. This is due to the fact, that s — Vi(¢,s) if of a
very simple structure, namely the maximum of two affine functions. The explicit
formulas can be found in DeGroot (1968) and Tamaki (1983). The latter article also
includes some lists with numerical values.

In the model with recall, however, this is not the case. Therefore the model with
recall is numerically intractable, and hence it is of special interest to investigate the
structure of the solution as we did in the previous section.

For the (computationally tractable) model without recall and with normally dis-
tributed offers we computed in case § = 1 the exact values of the function ¢4(0,b)
and compared the numerical results with the analytical bounds for the oscillation
given in Theorem 4.9. It turned out that - especially for large N - the analytical
bounds are not very tight, but this is not surprising due to the recursive nature of
the bounds.

A Ck(O, b)

0.5

Figure 1: b — ¢(0,b) for 5 =1, c=1, k=40 and v = 2,6 and 10.
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From Figure 1 you can see, however, that the qualitative behavior of b — ¢(0,b)
is described very well by (4.4). In fact, b — ¢,(0,b) seems not to be Lipschitz in a
neighbourhood of 0. On the contrary, it somehow looks like b — aq — ag - Vb for
some constants oy € R and ay > 0, as one would expect if the bounds in (4.4) where
tight. By rescaling the b-axe with the transformation b — /b one gets a function,
which is Lipschitz in a neighbourhood of 0, as claimed in Theorem 4.9, cf. Figure 2.

A Ck(O, b)

Figure 2: Vb — ¢(0,b) for 3 =1, ¢c=1, k =40 and v = 2,6 and 10.
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